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Abstract
A competitive, dynamic made! of entry into & new industry is set up and
beth 5 positive and normative propertiss are studied. The mein asumptions are

* that uncertainty with respect to s eveniua! size prevalls and that leter waves of

snirants are able o observe how profitable serlier entrants had been. The major
resull reported is that the equiltibrium rate of entry lags behind the oplimum ona

* This paper was completed whils the author was visiting the Universidade Nova
e Lishoa. | am grateful o the Luso-American Foundations for Development for
thelr finsncial support and o the UNL for thelr hospilalily and technicol
sasistance, both of which had greatiy facilitsted the completion of this menuscript.
Needless 1o say, responsibiiity for (he views expressed hersin and thelr selentifie
gosuracy les with me,



1. introdyction

Wher a new market opens {as a result of a product being newly fnvented,

for instance) or when an existing market sterts to exparid { dus to the discovery of

" new uses for the product transacted in it), uncertainty regarding its eventual size
15 Hkely 10 prevall and 1o affect the pace of eniry Intn it Surely, firms will not
enter into the market et once. Instead, some will enisr inttially, whils cthers will

wall and see whatl the consequances of thal early enlry had beer, 1 the market - In -

retrospect ~ urns out to be "largs”, then early eniranis seem o have enlerad "al
the right Time”. On e other hand, i the reverse is irye, then those who had
walted seem 10 have been “wise to postpone entry”. What determines succsss in
such olreumstances’?

The purpose of the present paper is o consider a situation whers success
is random or, in other words, where excessive profits are dus to luck. The basic
tenst of the model below 15 thal no markel participant possesses superior
decigion-maeking capabilitieé or. superior knowledge. Ex-anle, they all face
uncertainty in meking their entry decision, At that peint in time, the timing of
entry entalls o tradeolf between gaining better information {which the “wait and
ae0" strategy delivers) end realizing Terge profits (which the “immediete entry™
sirategy mighi celiver ). Ex-post, some firms generste higher profits than others
but that, agsin, is stiributable lo Tuck only and s the inevitable conssquence of the
uncoriainty they have initially faced The gaéi of this paper, then, i3 1o formalize
this unpertainly, anslyse the time-paltierns of entry undyr i and examing their
waifare properties,

The problem of growth and capecity expansion fn & new market hed
previously been examined by Spence [ 1979], bwt his analysis i more pertinent
to the oligupoly case under certainty. Here we look, instesd, at the svolition of 4
new industry under uncertainty and we do so under competitive (1e. free-eniry)
conditions, The focus of the analysis is on the traditional comparison betwesn the
competitive evolution and the optimal one. This comparison acquires nterest tn
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our setting because mérkels for future contingences which are writlen on the Size
of the naw market ace (by sssumption) non-existent. Relatedly; our setling
aesumes gway the possibility of eontrants betwsen present and fullirs generations

of entrants, The primary finding cancerning this welfare comparison it that the

pompetitive pace of expansion lags behind the socially optimal one, this result
being closely related 1o what KJ. Arrow [1962] had pointed out more than 25
years ag in his séminal paper on the Loonamies of Learning by Doing.

Our second objective is to expand the literaturg-on the “Economics of
Learning" to the multi-agent sstting. Previous studies on this subjest {1, {1, 1],
[1. hed used 2 Bayesian satting (as we do) and had emphasized the tradeolf between
learning vio sxperimentation vs. maximizing present payoffs given the current
state of knowlegge. More importantly, perhaps, their focus had been on the
implieations of this tradesff on the observed tme-saries of agents’ sctions. While
valuable, these papers focus on the single agent case (monopoly, the hodsehold:
consumer, 6tc.) and, as & result, gtve no consideration to the conserquences of
agents interacting with aach’ other {sither strategically or via markets). In
pariiculgr, In suoh seitings # is not possible to explors the implicotions of one
sgent being eble to costiessly learn from enother agent's experience {by observing

. the cutcome of the latter’s sction), In contrast, our formulation feouses on the

multi-agent case eng in doing so it Bring into light an externalily which arises
under those conditions, Broadly speaking, this externality is due to the fact that
gxisting firms are not rewarded for the informational benefite which their actions
gonfer upon Tulure generations of enirants and, hencs, faf] o take thesa bensflis
into acoount in making their own endry dacisions. For this reason, the aclual paee
of capacily expansion i inefficiently slow.

The rest of the paper is organized as follows. The next section sets up the
model. The section follawing it introducss the equitibrium concept, proves its
existence and uniqueness and provides wo sxamples llustrating the resulls.
Section 4 sets up the planner’s shiective funclion, derives s st of firet order
conditions which are necessary for iis oplimum, compares them with ihe
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equitibrium conditions a5 stated forth in section 3 and complates the parametric
exampeas staried there, Section S containg concluding comments.
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2.A. Consumers

The consumption side of the market is désoribed by a stationary (inverse)
dgemand function,

i, Q8
p{Gs) = - {2.13
0, 028 )

where @ £ R, At t=0, 8 is an unknown paramelsr. its prior distrilution ts

descrited by the cdf F(a) with & corresponding pdf fla). The faﬂg&ir&g
restrictions on F are maintained throughout the paper. R

Assumption A1 F(.) is strictly incressing, continuously
differentiable and has a finite first moment;

) This specification of demand may seem restrictive, and simittedly, it is.
Ye have horrowad 1t from the optimal inventory Hierature, this paper being 8
compstitive, dynamic contribution to 1L The major adventege of (2.1} fs s
Sractability: nol only with respect to ths ostablishument of genergl exislents and
uniqueness results (see section 3.A below), but aiso In terms of computations and
the derivation of closed-form expressions for both the equilibrium and the
optimum {ses the examples in sections 3B and 4.0). On the other hand, the
central 1dea which undertes this paper, nsmely, that potentis! entrants get o
phserve the outcomes of extant firms’ actions ond hencs ¢et Lo Isarn from their

experience, does not seem to hinge upen this particulsr choice of a parameiric
demand funstion.
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2.B. Producers

Time 18 discrete and 15 indexed by 1=0,1,2,.. AL 1=0, X, firms are
present in {he market and at each subseguent Uime period, vy new firms enter. The

ac:t of entry entalls & trreversible Investment, the per unit ¢ost of which s c.
Thus, the soofal cast -~ in terms of pericd t dollars - assootaled with the sntry

- of yg firms 1s cyy, Firms are non-atomic and, oncs entered, are infinitely tived

{1e., each firm's investment Is sssumed not to depreciate). Each {irm’is capable
of preducing one unit per period - &t 2ere variable cost. Letting x; denote the

number of existing firms at time { (after entry in that period had taken place),
we have:

-~
&

t
Xe=Xgt 2 ¥, Xy 2 0 beingisfliglygiven. (2.2)
=1

-

By qur foregoing assumptions, x; is also the avaiiaiale‘{and perfectly inslastic)

supply in the industry st time U The product market apens in each and every time
period and equilibrium in it is determined by the ststionary demend, (2.1, and

the éu;}piy. xq. More expiicitly,

1, 8<%

pp = (2.3}
0, 2%

Balow the entry sequence, (yy), will be alternativaly considered either as

market-delermined -~ assuming freg-eniry and imposing 8 2ero-profit condition
~- or 88 & contrad variable chosen by § "sopial plenner™, In either case, a common
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discount fector, B= , 18 essumed. The following joint restriction 15 fraposed,

t4r

, 1
Assumplion A.2: ¢ (e
i-p

~ {Tnis assumption efiminates the unintergsting possibliity of & degenerate outcome
whers entry does not oocur 2t ali),

a

Potential firms (s discussed above there 1o an iafinite supply of them at
cost ¢} and the plenner are symmetrically informed, At the beginning of time t,'it
16 publicly kriown whether there 3 still &n excess demend fn the market, 16.,

whether 8 > Xy or whether the markst hed already been seturated, 8 < x;_q.

Within our paremetric exampie this information s revealed by the euiiidbrium
price in the product market 8t time t-1, 1.8, by the relstionship {2.3) for 122,

For-T=1 1115 assumed that 8 > X, (ang, thus, thet F{.) which 1s intreducad In
section 2.A 1s actually F(.10 > %), For simplicity's sake, however , we shall omit

an explicit mention of the 8 > x, condition).

Allowing the entry decision st time t 1o depend on the price st -1, is
based on the more general Idea thet prispective entrents ere ebls to oblain
infor mation regarding the future profitability of their target industry by reaging
Tinanciel statements, employment figures and gensrol business news pertaining to
the firms which are siready gperating in that tndustry. This information,
however, is availabls anly after & cerialn Lime lag, end the lsngth of the time
parizd in the mods! (1) corresponds exactly 10 this "observation lag”. No doudt,
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operating firms will stlempl 1o conceal such informalion. Howsver, these
sttempts are heither costless nor are they perfectly sucosssful [ 13 and to the
extent that some (nformation doas fesk oyt the features highlighted by this moge!
will be of ralevance.

.
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. Heuristivally speaking, the equiiibriun; concept considered here is one
where the ret {expected) profit availeble to each entrant al each point in time is

zero. Mors precisely, any sequence of investments, v = {yJ™=1, induces -3

rm time-path of prices, {p8yii*"=1 [2]. Furthermore, given this
time~path and the information available at time { {see 1.C abiove), a conditional
distribution of prices starting as of that date is computable (specifically, the
joint distribution of py, pys q...) 16 well-defined once py. po..., iy Andy or8
known). From this conditional distribution, in turn, one ¢an delermine the
expected discounted revanus (starting as of Ume 1) of & Mirm which sells one unit
of the product in perpetuity. This eovenue Is exactly the return which ,a«ra{tzmk
entrant (ot t) should antictpate on an fnvestment of ¢ dotlars and -- 1In
equilibrium -~ the two (he., revenus and cost) must be equal. Thus, an

equilibrium investment path, {y)*™=1 15 one for which the property of
cost=expacted discountad revenus holds ot each and every polnt In time.

Notationatly, given y  {y{)*1=1 and the corresponding x & (xg) =0
(288 (2.2)), we first defins;

Pt = PriBs xp g 8 Xpag- 1187 %), (3.1}
- ' Prig>x., )

Bn= Z By =Pri®>xplerx. )= ———e, (3.2)
k=n+1 Prie>x..q)

a
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- k*? f
ry = z PLi (& M), t=12,.k=0,1,2,. - {3‘3)
k= n=0 '

(Bg? is the probability that © dollars invested at time t will vigld a positive
raturn for pxgatly k periods; § , 15 the probability that they will vield e postive

return for ol legst o+ | periods; ry is the Iifatz’m’e revenue which this investment

is expected to geﬂeratél
- k-1 - *» - -
NOTE: ry = b pt,i(( 28M=3 g2 pt.k)“ 2z Bﬁqm. {3.4)
k=0 fi={) =l Kene | =0 ’
Next we iniroduce:

DEFINITION: A perfect foresight, free entry equilibrium (PFFEE) isa smf;ce of
tnvestments, (yyJ, for which the induced probabiitities, {py i), are such that

c=ry 1= 1.2 (3.5)

NOTE: Sinte the ry's depend on the vecter of capacity levels, (x;), condition (3.4)

dofines an infinile system of {non-Yinear) equations in an infinile number of
"unknowns”, {x{)*(= . Thearem 1 below establishes that a simple and unique

solution to 1t exists and that it cen be delermined recursively.

THEQREM 1: Under sssumption {A.1), 2 unique PFFEE exists and # can be
detormined serially from following set of conditions:

g I+$c)[wa(xt_pytlth_;}] . - {386}

ROTE: The RHS of { 3.6} is the expected discounted revenus which isavailable lo a
firm entering &l the begining of time {, and it depsnds on the endogeneous date,

—— -
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(xp), viathe torm 1-Flxp.y + y4l85 X4 ).
é_g{,‘g&% start oyl by proving & pair of cloims. -

CLAIM L 9¢ =040 8 1 et . (3.7

Pr(8> Xes 14p-1) PR Xp/PE(B2 X 1)

PROQE; ey p-17 “ ®
Prig> x Prie > x)/Pri8> %)
tn
= (ses expression (3.2)).
1.0
, . 7
CLAIM2; ry =G (1 +Brysq). (38

BROOF: ry=Z gMgyn=0y 0+ % fPoy,
n=Q n=1

=00 B2 I g 0%t a0y =00 0B T PG p

n=1 ty={)

=gy (14Bryy 1),

where the (irst equaiity is based on expression (3.4) and the third one on claim |
(that is, on (3.7)).

Returning fz;aw to the proaf of the theorem, it is clear from the way the
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mode) had been sat up that g, g = 1-F{x;[8> x;_ ) {68 exprasszan {3 2)). Thus,
subsiizzziing ¢ {instead of ry andry, 1) into (3.6) we et

o= (IO 1-Fix g + vyl % p)) L (38)

Qbviously, given an k(. ; this squetion has s uniqus solution, y {hers the
sirict monotonicity of F 15 being used), and our proof 15 complete.

1. {Uniform) 3Specializing the fundamental zero-prafit condition (3.8} o
the case whera F(R) =8, 0 <8 £ | and essuming x,, = ( we have:

0Gty) T o

= . (3.9) .
T=%4-y 1+fc
- From this we readily btain:
1-(1-fe ,
yi = (1-xg ) mal f-xp ) = sl 1-a)t"E, (3102)
U e
Txg = (1-a)(1-x4. 1), (3.10p)
and
Xy = 1-(1-a)t , (3.100)

That 1s, 1n the uniform case the equiliorium s such that the ti periog
investment 15 equal o & constant fraction, & (which by assumption A.2 is strictly
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between 26ro and one), of the maximum residual market, 1-x_y.

Thus, the sequence of investments forms. s geometric series with g first
term = & and 8 decay rate = 1-g. Furthermorg, from the definition of & {ses
{3.108)7 we ses - as one would heve expecled ~ that investments are
monotonically increasing In @ {the discount factor) anddecreasing inc

Z, {Exponentisl) Spectalizing ( 3.6) agéin to the cose where
FleA) = 1-6™ | Ocace (hi:ei;mmns%mt parametery  (3.11)

and assuming X, = 0, we have:

Fod £
&”?‘th {312}
1+Bc
Thus: _
o 1 +fic
Yy=——lgg (—) = y® (3.13a)
A ¢
{a constant},
and
{ 1+§c)
Xy = Yot = e T () {3.13k)
3 c

(3 constant investment path makes sense hare sihce the condition 8 > 2 affects the

exponeniial densily by shifting # 2 unils to the right, leaving its shape
ynchanged).
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In terms of comparative statics, (3.12) shows thet investmants are
decreasing in & { the distributions F(,[A) are stochestically ortored by ., 8 lerger
A corresponding to a smaller distribution); Hkewise, v? 1s decreasing fn c and fs
increasing in .

For hothexamples 1 and 2, the implisd ime- ;;ai{efns of investments are

non-inereasing (LB, yy 2 ¥ieq. U 2 1) This property holds, more generally,

under the following {sufficient) condition,
1-F(-)
1(.}

PROPOSITION 1. Assuma the hazerd ratic

is (strictly) decressing. Then

the squitibrium investment sequence, (yy)™=1, is (strictly) decreasing.

-
W

: E : Fles2)-F(2)”
PROGE:  Note thet the family of distributions, {—————=},34. is

! . 1-F(2}
étochasiia&%%y decreasing in 2.

5 ,{sta«»z}~§< 2)
82 1-F(2) i

[(8+2)~8(2)]] 1-FL2)]+ K 2HF{ 8+ 2)-F(2)]
[1-F(2312

E-d

o2 1-F(2)1-H2) 1~F( 8+2))
{1-F(2))2

>0,

1=F{.}

whers the last insquality follows from the monstonicity of (

1.}

. .
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The proposition now foliows immediately, If we rewrite the equitibrium
gondition, (3.6, 88 o

?.(Xt_T + Vi}’ ?(thﬂ ! ”(i’ﬁ}{?
= <1,
1-Flgeqd i+ fic

A usefyl implicalion of the above oroof s stated in the next corsliary. We
shall have an oceasion to apply it in the next sectian,

CORGLLARY 1. ijrzasez‘- the condition statad In Proposition 1,

» 8f(R+7} »
J ® <] B1(8)8, 2eR,.
Q 5‘?{2) 4 »

o A g
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Our approach here is to sst-up the peridd one soctal objective, exprassing
it 85 a function of the stock variables (Xy ¥=,..) (rather than the {low variables,

(¥1¥g,..)) and derive from it the first-order conditions which are nacessery,

for en oplimum. in the appendix we ocutline the more indirect, dynamic
prograsaming approach. Obviously, the two &pproachw yieid tbe same et of
gptimality conditions.

Constoer, then, an Investment plon, (v, }*n=1, and its assoolated total

L]

capacity sequence. (xn)*n=1 (where, as before, x,=x* Z ;). For &(xn,xmﬂ
. . i=-1 4

(

it follows from our Informational essumptions (see Section 1.C shove) that
invastments take place for ihe {irst n+ ! periods and thet they cease immediately

after yp,. 1 had occured. At that point in time it becomes known thet productive

iy, X4 1. Sxceeds the aclual demand - 6 and, as capfial doss not depreciate,
further investments {at that point) would be socially wasteful. Thys, the reslized
investment path which arises when 8 ¢ (X, Xpe 1] 18 (¥ 15 ¥+ 1,0.0,..) a0 the
total cost associated with it {sxpressed in terms of pariod | dollars) is:

n+ i
c 2 pily (41)
=1

Turning to consumers’ bensfits we note that they are constrained by the
svailable productive coapacity during the "growth phase” {1e., during periods
1,2,..,0} and are fully satisfied thereafter [ 3] (during the "mature phese™), In

other words, consumers’ stream of benefits s of the form (X Xo,. X, 8.8,..)

1y el RO R A 4
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which, conditional on 8w (xp Xp, 1] hes an expected discounted valus of:

n | Xnat O

3 Bl pR— [ —fe  (42)
=1 Flxpe | -F(xg} xp . 1P : ‘

Thus, combining {4.1) ang {4.2) and taking the expected yalus under the prior,
(.3, we get 5 el soctel benefitof

- Xﬁ@i ﬁ"% 1 . 8
S e Tty + T gl + pn—T(ele) =
=0 x, i<l =1 i-g
“» n"1 . n - Xn.}'i”a i
=% {(~¢ Z pl~Ty;+ Eﬂif‘xﬂlF(xnﬂ)-F(xn)] «Br{ 18R}, " (4.3)
n=Q  i=| f=1. 7 ¢ Xy -8

Next, setting Yi=X{~Xi- | end manipulating the resulling expression (see
the appandix for ful) details) we get:

- Ene 8
WO 8 0 £ Bx, {180 1-F (o, -l 1-FLxg )]} + [+ —1(8)08]
n=0 | Xy 1B

{44}

{4.4) is tha soclal objective function, and we first prove thal 3 meximum o #
axists.

t-F(8)
THEQREM 2: Assums the hazard ratio, =~ is docreasing in 6. Then
1(3)

W) attains a maximum, x" , which satisfies the property xn*s nM, where

B e s g, A
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1

: {*s 1(8)d9.
(1-pc o

Mn

PROGE: The proposition is proven in two steps.

-

CLAIM L An trwestment plan, (Yo )ne 1, 15 Dot optimal unless s for il ma 1,

-

BROQE: Starting from any Xp,. 1 8nd aSSUM tng 83Xy, 1, Consumers’ flow of benefits

- 8 ] .
- cennotexceed | ~—1(8]8 > x,.. ; Jd8 (which is what a ully informed planner
X1 1P '

would attain Dy choosing vy, = 8=x,_ ¢ ). But,

- B Xp-1 . » awxnm1 )
J——flele > x,_1)d8 = +f f(8ls > %, (Jd8 =
0 1~»|i_ i-f o 1-p . .:/
Xpu1 = pf(as x;,, 17 X t .
. " I o< — + oM, N

-f o (1-@l1-F(xy.y)] 1-f

wherea the above inequatily follows fram the corollary following proposition 1 (in

section 3). Thus, if y>M the continuation velue of (4.4) would be below

Xp.. X

fn 1 , n-1

e it 415 15 impossible since — is attainable by chocsingyy = 0.tz n.
1-§ i-f

The tmportance of clstm 2 is that it allows us 1o seek an optimum ta W{X) over
tha restricted set A, whers

A8 {(Xy) ™= 1102 ,50M).

By Tychonoff theorem A is compast in the product topotogy. Thus, i remain to
show

W A+ AR T - ——

e s——
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CLAIM 2: Tha functional (4.4} 15 continuous on A, where A is endowed with the
product opaiogy,

PROOE: Rewrite{d.4)as Wixy = o+ Z BMulxy %54 1),
n= - ‘

whers

7 @
a(z,2) = Z{0+8e) 1 -F(V~el 1-F(2)]}+] ?w;f(anm ,
-

and nots that, by assumption A1, u is a continusus and bounded function on RZ.
Hence. givan an o > 0, an Nle) can be found for which )

v

7

2 PMuCkp e 1) - u(X X e 12 <072, forallxx s A
n=N{g}+1

let x o A be glven and et x dencle s projection on KNe) {1s., xp=x,

i=1,..,N(¢)). Then by tha continuity of u(,,.), A nsighbourheod, 0{e Xig RN(e),
of X exists for which

Max | u{Xpy Xps 17800 5 X g 13 C072N(0),X" 6 Do x).
1¢nsN(e)

Thug, for any x" e Ofe) # {¥'e AJx' 0 O{e x}} we havs
N(O) -

IWOO-WOOIS Z B0l Xy 17U Xy 131+ 2 B UK Xy 1 )-U( gk 47 )6

n=1 n=N(ej+

" -y i

i, P 1 o

=

e A g

o ki Ahemaha &
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And our claim 18 proven.

Theorem 2 valtdates a differential approach to the maximization of (4.4},
and we proceed o the derivation of s first-order conditions. Differentieting
(4.4) with respect to x, we get:

AW

%X{ ‘

Finally, from (4.5}, after division by &i"‘ " ~F{x3.. 1)1, the following
proposition 1s gertvad, '

JHEOREM 2 The planner’s first~order optimetily condilions aragiven by

o= (] +§0)[ 1 -F{thg 2 xt_ 1 }3 ¥ wt.§ 1 f(X{IG > th t )x =] azaw‘ s fé.ﬁ)

\

Let us pose here for & moment and give these condilions an economis
interpretation es & set of marqinal equivalences, On the LHS of (4.6) we clearly
have the cost assaclated with the entry of ane extra firm et tme . On the RHS, the
bansfil is two~fold. First, there s the direct Lenefit which s dus to the fact that
produstive cepacity ~ and siong with it consumption ~ 15 increased &5 a resuit of
his invastment act. The value which the product marke! allaches to this benefit is
awactly equal to the first ferm on the RHS - 85 the proof of theocsm 1 above
shows, Second, there ia the {nformationg] bensfit which 15 dus to the potential
avoidance of the wastefu] invesiment, vy, 1. This investiment is wasteful whenaver

8e{xy.xy + A) (A being an “infinitestmai®), and it 15 avoided sinca the Incipient

firm lowers the perfod t price from 1 {0 0, signalling thereby the
“unwarrantedness” of vy, y (recall that period 4 prics hecomas known at t+1 and

that py = O signifies the end of the growth era). Observe that 8 ¢ [xyx;+A) occurs

= (0Bl 1 -FOx - 1-FOg Pl Bl =X} (48)

_—

5 W




with probability f(x[e > x;.. ) ) and thel the amount of money.{ in terms of period

t dollars) saved In that event is fC vy, ;- Hencs, the second term on the RHS of

(4.6 s incend the {expected) informational value of the fncipient firm's entry
o pertogt,

4.8. Compsaring the Optimyum with 1hs Equitibriym

The discrepancy between the first-order optimality conditions, (4.6),
and the PFFEE conditions, {3.6), is now revesled. Clearly, the informational
yalug of the entry act, 1.8, the second term on the RHS of {4.6), is not taken into
account in & free—market setting Hancs, private invesiments are reduted and the
productive capecity whish is actually availabls in the industry et eech poift in
time s below that which would have pravalled under the social optimum. More
formally, we havs ' ’

IHEOREM 4: The optimum sequence of productive capacity levals, {x;%)™ =0, is
. largar, term by term, than ths equilibr fum ssquance, ()" =0,

EROOE: We proceed by induction. For t=0 we-cer tainly have x%=x;%, Assumg now

that x4 2 %® for some 1> © and suppose, per absurdum, that xq., 1© < Xy, (& Than
we must have

1=F{xps 1018 > %) > 1-FCxps BI85 X9 2 1-Flxq, 17185 %),

using {he sirict menotonicily of F and the inductive hynothesis,

But then, by (3.6) and {4.6), respectively:

I -

. g
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i

o= {1+BO 1-Fxpa 19180 %)) < CHO) 1-F(xge Ol 0@ =
=o-Boya P flxe Mol e

This establishes the sought efter contradiction. Thus, Xy. 10 2 Xi 39 and
the theorem is prwen.'

4.C. txamoles

_ Unlike the agatlibr ium (ﬁm (3.6)), the optimality conditions, ( 4.6;. are
ngt sertally solvabie starting from some initial condition, x,. The reason 15 that
(4.6) defines a second-order difference equation and, thus, obtaining & specific
solution to i raquires that this solufion's value - ol iwg distinet points - be
specified. When the suppurt of F 15 bounded, a second boundary condition is x, =%,

" where 8 is the supremum of this support. {The appendix furnishes a rigorous

justification for this boundary condition) otherwise, one has to select (by
“inspection”) emong the salutions to (4.6) one which is actuelly an optimum.
These two approaches ars (respectively) 11lustrated In the two examples below,

1) %o = 0 end F 1s uniform on [0,1]. In thet cese the first-orger
conditions, (4.6}, spectahize 1o

3*)({ 1
*Polxgey - xg - '
T=Xge s 1%y

e=(1+fc)
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or, after multiplying by 1-x4.. | and rearrenging,

-

fe T B {1 *2&0})&’1 LXK = e 1-g)-1 | (4.7}

Which is & second-order tinsar difference equation with constent coefficients {se2
Goldoerg [ 1), A particular selution to 1t is:

= 1-(t-t, L " (4.89)

—1+41 + 4o 1-o+f0)
- :

whers ¥ = (4.80)

-

« d
This solution is obtained by postulating Hs form (which, 36 turn, is

motivated by the equilibrium saluticn, (3.10)) and then solving the quadratic
equation, -

Foyl «y-[1-oofic) =0 | © (480)

which results when we substitute {4.88) into (4.7). By our meintained
assumption, (A2}, only the Terger of the iwo roots of {4.8¢) (e, (4.8b)) is
soonomically sensible, that 15, y e (0,1). While other solutions to (4.7) do exist

{and are of the form xpk]xt( ‘ )+k2xt(2), where kq end kz* are arbitrary
constents and x(D = (mt (141,2), m; and my being the roots of the

characteristic equation Bem2-{ 1+28c)m+¢=0), they do nat satisfy the pair of
boundary conditions x;=0.0,=1 — unless Ky=ko=0, Thus, we conclude that

(4.8a) 1s, in facl, the ypigue maximizer of expression (4.4), From (4.8a), it is
gasy 16 show now that

yr=w {1-x1. 1), (4.8d)
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f-xg = { 1=y ) T-xy g ). o {4.8¢)

am

Therefore, both the investment policy funclion end the ohserved tims
sories of capacily levels are of the ssme form as (hose which emerge in
equilibrium. The only differencs is that ¥ > & {which follows from {A.2)) ond,

. thus, as theorem 4 asserts ;0 2 x? for each and every t.

 Using equation (4.80), which determines v, we con also establish
comnparative statics results anajogous to those established in section 3B.1, We
have '

-~

rd
‘/
W o{1-yd) _ *
S >§a * ’ {4’%)«
¥ 1+ %oy ‘
snd
n 1-p(1yd)
e 2 s ¢ (] . {4.9b)

& 1+ Py

Finally, farther caleulations show that the Bellman equation (s the
sppendix ) s solved by 8 Tinsar function

V(x) =vg+ vix, with

1={ 1-9)2-2( 1-P)oy
Yo = , {4.10a)
201-B) 1-B( 1-9)2]
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and

201-Bloy 20 1-B) 1-9) 25 2992

Yt " {42{}{3}

201-p) 1-B( t-9)2)

The result of numerical calculations for the gngopenous veriables
{ay ;"zz"’¥ 3 given the values of the exogenous data over 8 grid in the (B.c) plane
1& reported in Table { balow.
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los i1 1o lalal INTloslt I2la s
BN N .
0.98 . 0.98
0.95 , 095
990 0.90
0.80 1080
0.50 - 050
a - VYalues v ~Values
c .. c -
es5 |t {2 4|38 05 |+ 12| 4.8
8 . Q s
098 u 0.98
655 0.95!
0.96. 0.9
0.80 0.80
050 | 050
¥ ~Values ¥ -~ Vaioes
¢ i
TABLE 1

2) %y = 0 snd F is exponential with parameter A>0, 1.6, F(8) = {~¢7A8,
in that case the first-orgder conditions reduce to;

. N



o= 1+Po)e MR- 1} 4 Bo(xgy ¢ -xpde MX - 1)

-

-

- gAY +fo+itdyia), 1= 1.2,
whersyy =X = Xy

Defining:

Wy e M 1egorhcy],
we can express (4.11) mors soncisely &

wyivnsd=c t= 1.2,

%fnplicitly differentisting the curve w(y y')=c, we nole thet along if one must

& w 1 !
mEee—z b —d Ry 2 1+

ty L% fic Bc -

Thus, thres types of solutions to the dynemic-system (4.13) exist

{consult Figurs | balow).
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{4.11)

(412}

-
W
/

S 1413)

{4.14)
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{i) A constent time-path v; ® v°, where ¥ is such that w(y®y%)=¢’
Note that the function {{y) = wlyy) 15 strictly diminishing in v, that

E(0)=1+B0c (by assumption (A.2)) and that

Hm L{y)=0. Thus, & uniguey® as sbove exists,
Youbm

(i1) A time-path y; which monotonically diverges to infinity #t a
supergeometric rate, 18, one for which yy > y° and Yisg 2 gt Y. where g e

gefired tn {4.14) {by (4.14) and figure 1, vy, 1-¥¢ 2 Bvg-vi- 1) from which
this time pattern foliows).

{111} An investment path which monotonically declines {0 zero in finite
time, i.e., one for whichy <y?andy =0 for all t £ some T.
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in the appendix we show that meither (11) nor (ifi). constitutes an
optimum, which Teaves us with (1) as the unique maximizer of (4.4), Therefors,
wa have:

e

'yiwg . ) (4.182)

-

where y© is the (unique) soilstion of e™MY{ | +fo+Bchy]=c and,
Xy = Yo . (4.18b)

which, as in the uniform exampls, has the same form os the equiiibrium sequencs.
Furthermore, one can show that ¥ 2 V% whith conforms, of course, with the
general assertion contained in theorem 4, ) = i

Regarding comparative statics resulls wa can implicitly differentiate the
equation {ly;p.cA) m w(y.y.p.cA)=C which yislds:

w0 e(1+M)
o = >0, {4.19a}
B 1+Pchy
¥ f(1ay) ‘ .
—— - <{, {4.1¢h)
3 1oy )

and
o
s =N {4.19¢)
L Y

{{4.19¢c) makes sense since & lerger A means 8 less favorable - in the first order
stochastic dominance sense - gistribution and thus smatler investments).

- B R R U
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Finally, &8 in the uniform case, tha velus funclion for the sxponsntial
program turns out 1o be Tingar, ¥(x) = vy + vyx, with

4
162 - (1-Bloay® :
Vo= ; (4.200)

g
(1-In( 1-pe™™Y )

ang
!

Yy®— ' - (4.20b3
t-f |

-

' “ A~
Table 1! below raports the values of the endogenous var tebles v% 0., and

vy for sgridof §.0 values, -

o h -, W,

s ek

+ ——

WA WA ML SR R o
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- y ” , i
. 05 2 4
) ;}5 P2 )
0.98 098
095 0.95
*0.50 056
0.80 080
056 0.50
] &
y o Vahes y -Yalves
[« <
st 1 | 2 0511 |2 | 4.
f , B '
0.58 0.98
095] 095
0.90 090
0,60 0.80
456 0.50
¥ o~ Vahnrs v ~Yalues
8 1
TABLE 2
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This paper considers the compelitive evolution of a new markst undar
uncsrtainty. The sffects of uncertainty on entry in-s static model had previously
been examined by [ ], whereas sequeniial entry under certainty hed been
considered by [ 1, [ 1. Here the main premisa is that entry coours in waves, and
that ister entrants get {o observe how successful earlier entrants had been andare
able to act upen that information. Cur ;1:*1man,; sonclusion under these conditions
is that a divergence betwsen the optimum and the squilibrium arises, which is
simtlar in spirit to what the research and devalopment literstura had pointed out,
in our selling, informational spillovers ocour beceuse the signalling content of
sntry { from which later antrants banefit) goes unrewardad. Hence, the sctusl rate
of entry is tnefficiently low. The viability of corrective measures (such o5

governmantal subsidies or ¢oliaboration among prospective entranis) remaing the
subject of futurs research, P

e m e T A



JRETP CI——

33

HOTES

[ 1] M for mo other reason they require cooperation among opersting firms, and

those are assumed to compets with sach other.,

[2] Becauss of the special demand function, { 2.1}, we have postulated, the form of

- this time-path s very simple: prices ara first squal {0 unity; then they drop

ta 2ero end rematn there forever. From the perspective of time zers, then, the

rengdomness which is embedded i this tims-path is stmply & matter of when
will the drop in prices ooour for the first time, <~

#

[3] To elaborate; there is an excess demand in the industry during the growih
phese, that 1s to say, 8> x; for i=1...,nend an excess supply, 1,85 Xgy 1.
thereafter.

e A A
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APPENDIX

1. The feliowing lemmas 13 neetled both for the derivetion of (4.4) in the
text and for the boundary condition x_ =8, fmposed in section 4.0.1,

LEMMA B. 1. Under sssumplions A1 end A2, tiwé optimal sequence of
capacity levels, {(x,)*n=1, converges to & (8 being the supremum of the
distribution F),

PROOE: x, Is incressing and, thus convergent (possibly {0 mfinity).

Assume, contrary to our claim, that x, —% <8, Letx' > % ba such that

I-F(x'l8 >%} R
s ) (} (—> ¢, by A2 Thus, by A1, for ' suificiently
t-§ 1~§

- close o X this inequal ity talds), Then 85 n—» », we have

1-F(x'|g > k) -
2n) # (x'-X) ————— - {x"-X) ey
1§
whers
_ -F(x'le> %)
op# {X'=K) e 0(X'-¥} 2 §
I-§

{This exploils the continuity of F{.1.) in ils second varisble, which follows from
assumption A.1) ‘

e e g e S




A2

Pick now an Integer N for which

KX~y < e/ 4 and 2N} > €/2,

ond consider the following slternative fnvestment potiey, (§)™=1:

Y3 LN

X=Xy U1=Net
G taN+2

Denote the value of this policy at xy (1.8, when X = x 8nd it is known that 8>xy)
by up and denote the value of the original policy st the same state by u, Then we

have: ) -
X 8 X
Ugsf ——r(ale> ) &b » —[1-F(Rja> )],
Xy =P -p ” ;
" and
X 8 X 8 X'
up = | ——1f(afarxy)dd+ [ —f(oje Yap) 8 v — [1=F(x'[8 > %]
1B % i-B -

e

X @ %
~ox a2 [ ——1(0]8 > xy) o1 ¢ —[F(xa > xy) - F{Xj@ > xy)]
Xy 1-8 1-8,

.
+ =L 1=F( 182 g - o) - o{K-xy )
-8

i [ M e S

b r——— A
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Thus, )

X%

Up - Ug 2 L1-FOc (o> xgd] - olx'-X) - olX-xy).

i-g
2 Z(N) - o{X-xyg) > 672 -~ 6074 = 8,742 0.

Tharefore, &t x=xy the origingl policy s dominated by the alfernative,

(¥;), which contradicts the former's presumed cptimality. The proof 1s now
oomplete,

2. Deriving expression (4.4) frem (4.3). -

&
. &
Xne] ® a
The Jest term,B7f  ~—=1f(8)ds, insite the braces of (4.3) and (4.4) 1is
xn I"'a

-

identical. Thus, it remains 10 deal with the terms precading it

Note, first, that

R+ n+ - 8

S ply=3 ,91“3“3"‘2-%): X+ B %y + (1B 201 x5,
1 1 i

Thus,
rel n+1 n

-3 gzwiyi +3 8}_.; Xi*(1+9C*C)(§Ft“‘xi)tcxa-ta“xm;,
1 1 L

Next,

ERE 5. . L

W W e e
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w n "
02 Pt xIF(xgsq) - FlX] =
=0 {=1

= 3 BT S IR ) - PO = 3 BT k1RO,
fm 1 n={ . f=1

= 2 Bxpe g [1-F{xq. 901,
=0

where the first equality follows from a chenge in the order of summation and the
second from Temma B. | {according to which F{x_)=1). -

Ve
. . rs
% ¢

Therafore,

- f
‘ z {0 +fo-g) 2 91"1 Xj*ﬁg*@nxn.p §]{F(XR* ;)“F(xn)}
=0 =1 .

=gt & {(1+80-03 B 1L 1-Flxp, 168 [P (R 1 -F 0}
n=0

= (Xt b3 ﬁﬁxm l{( 1*&'33{?"“){“‘. i )]'C{i"?(xn}]}.
n=0

which corresponds to the first two terms in axpression {4.9), Our dorivation is
now complete,

AN, TR - i A A
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3. The dynamic programining approach
The Bellman equation corresponding to the planner's program may be
wrillsn as o

X4y § ’
Yixi=Max {-oy+ | 1ol g8+ Doy+pVxyIl{ 1-Flxeyvien)l} (3.1}
yz0 X 1~ .

THEQREM S: Assume F hag a compact support. Then there extsts a unique and
sontinuous solution to the Ballman equstion. ’

PROOE: Consider the Banach space of continuous functions, €, on the support of F,
toosther with the sup-norm on 1t The RHS of (5.1} defines & mapping, T, on thet
spacs. We show that 1t 15 g contrection map and that iﬁe image of & continuous
tfunction under it is continuous as well. This, by the Banach fixed point thegredm,
is aH that is needed, - o

Let then ¥V o C. By nu‘r n‘;aintaiﬁad assumption, A1, the RHS of (5.1) is
continuous in the patr (x.y). Thus, a maximum to i exisls, and by the thegrem of
the maximum (see Berge [ 1. p. ) the maximized vaius ts continuous in . This
gstablishes thal T s indeed inle G

Next, for any ¥ & C let H{y;x,¥) be the RHS maximand and Tet h(x.¥} be
the corresponding maximizer {which, 83 we have just shown, does exist). Let ¥,
VeC be given. Then; '

ITYOO-TV( = [HOR(X YY) - HEBOx )y =
o HOMX, VI V) - HOA(X, Y)Y,

assuming without loss of genarality thet the left hand term is targer than the ri{;ht
hand one.

gt
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Continuing,
HUMX DT - HOMx DY)

= {xry BV xey)L *i’(x*?i%x)}“{xw*#'f(x‘*y)]{ 1-F{x+yle>x)]

= BL¥ Oy )-YOery I 1-Flxsyl o] <BIV-YILL

whers y = h(x.,Y). Thus, T is a contraction with modulus f and our claim 13
proven. '

From this point on we shell proceed under the further assumption that vV
is, in fact, differentiatle This is not guarentesd by theorem S, but holds, for
instance, if one further restriction is imposad on the exogenous data. Namely, that
the terms inside the braces of (4.4) are concave ( sae Benventiste and Scheinkman
[ 1,p. ). Differentiating the RHS of (5.1 the following first-order: condition is
obtained. SR

- vy
C= [ 1B (o)) T-F (x4 yienO)] =B x+ylmx)[¥(x+y)- — 1. (5.2)

1-p
Furthermore, by the envelope theorem,
f(x) x+y 8 X
V{x}=ce {f g ez [x+y+B¥{x+y )l 1-F{x+y]850])
=Fx) x 1B 1§
f{x} X
=g+ [Y(x vy ], A (8.3 .
t-F{x} 1-§

using equation (S.1) toeliminate the tarm [x+y+B¥(xev ) 1-F{x+vlosx}].

Evalusting now (5.3) at x+y {instead of x) end using tha resulling expression to
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X4y i

pliminate [V{x+y) » ——1 from {5.2) (1he last term on its RHS), we obtain:
1-p a ‘

¢ = (1+fe){ 1-Fix+yiox)] + acy*f{x*yis)x) . . (5.4}

{(where v 15 the meximizer of the RHS of {5.1) for next period's stats, 1.8, for
K'=x+y). This colncides with (4.6) (salling x=x¢.q, y=yy and y'=yy, 1) end our
derivations are complets,

4. Proving the optimality of a constant investment path, yy=y® for the
gxponential cass {sention 4.5.2),

The following preliminary result is nesded -
ra

LEMMA B8.2: Given an existing capacity Tevel of x; and the information that 8>x,,
t_hé continuglion value of the planner's progrem under the exponential

Xq -

distribution 18—+ K, where k c= 8 the maximal value of the planner's

-
obiective whin x=0,

PROQE: Denoting, mare explicitly, the ;x%anner‘ls objsctive by W(X;x,) we heve
by (4.4);

WY xixg} = exﬂ"‘ 2 Fn {XQQ T(( ; "'ﬁc)[ 1 ”f{xﬁin i ig)!an”d 1 "ﬁ(lnlﬂi‘xo)]}
n=0

Xpet 8
+ ] ——1(8l8>xg)de]
Xg, 1-f

AR

A g o —
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=0+ 2 BF D ({0 H4B0dl 1-Flng, 1&;;9333{})}«*&1-F(x3~x;:e)o)}
n={ o

¥npey ®
s ——tax00)},
Xn 1P

where the Tatier equality follows from the fact that F {s exponentially distributed,

Introducing now 1he notation X & X, - Xg, 8' = 8 - x, and writing F(2) fnstead of
F{zla > O) weget:

-

WX xg=cxgt 2 gﬂ[x‘m1+x0){{1+§c§i§-?(x'm;}3~8{}~F(x‘n){}r}’f

n={ ' ‘
Knet 84 o *
+ [ s (8" }08°]
Xg . 1-p
- ' x'n*1 e‘
o D PN (OB RO el 1-FOE T | —1(8')08')
=0} X‘“ -8
- ’ F(X}y E)WF()"{;
expcr T PO+ 1-FOX y -cl1-FOX ) }

n=4 i-g

[r——
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T4Be~¢ | - . .
= W{x,0)+x.{c+ +{——=£) Z PMBFUxy, (J-F(x )]
‘ t-p -8 n=0

oy . . .
= WX 0)+xg{— +(— = &) [Z §7* 1 Flp, 1)- THVFOX])

1-§ - (Lt n=0
X
0
=W{x;0)+ —
1-§
- ’ a» - ”
since F(x'g) = Oand thus 2 PRF(X' ) = X BNF(x',). )

ne) h=0 “

Sumimarizing, we heve shown that:

)
W{xsxy) = —— + W{x0).
-
1-F{}
But W{x;07} 1s bounded by theorem 4 {note thet the hazard ratio, +i5 @
)

1
constant, ) and the lamms is proven.
3

PROPOSITION 2 The investmant time paths sullined tnf 1) and (311) of section
4.0.2. above are pot optimal,
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EROOF: 1. We furst rule oul sny 1rvestment path for whichy, T w

Specislizing ($.1) {0 the exponential case we have:

_ ! fg Y
¥(x) = Max {~cy + — [x{1-g"AY}+ - ya W]
y20 -3 A
+ Deeyep¥(x+y)o 4}, . {5.5)

X ‘ ‘ _—
We certainly have ¥{x} 2 — (by seitingy = 0). On the other hand, the tefm in

Y

traces on the RHS of (5.5) equals to

o [-¢ &Y
-0y &~ {x +

- X+y)eww} s[x+ yepv(x +Y)}§"§Y
-8

x  1-a~W
= A b —— 4

X*y
+ B MY(x+y) - —1
-8 A 1-p

X l-g™™Y
§ QY+ ot
-p A 1-8)

+ gAYk, (5.6)

where the last step follows from lemmas B.2.

But the expression on the RHS of (5.6), considerad as s function of ¥ oniy,

E R

S e
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ceriainly lends to minug infinfly &5 v lents lo infinily. Thus, for sufficlently

X
lergay the RHS of (S8} is belew -, Furthsrmors, under the postulsted

1-g :
policy. {that Is, one where vy T ), sueh v's do eventually emergs ond this

contradicts the optimality of such policies and completes the proof of our first
gssertion,

2. We now show that vy = O connot be optimal. For v » D, the RHS of
{S.5) exceds

- 1-07& X4y
gy + =[x + - oyl AY] 4 g WY
18 A -8
/ .
. F
X 1-a"AY
R . (8.7)
- X{1-B)
oy
where the last term on the RHS of (5.7) (ie, —e ™) is substituted in for
-8 :

the larger term, De+y+Bv{x+yile™MY. Congidering now the RHS of (5.7 a5 2
function of y, we differentinte it with respect to thet variabie which yields
1
-+ ——> 0 (byA2)aty=0. Thus, a sufficiently smally dominates y=0 snd
1-§
our second assertion is salabiished as well,
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