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TORIC VARIETIES AND ADDITIONAL RESULTS
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Dr. Dan Edidin, Dissertation Supervisor

ABSTRACT

From the recent work of Edidin and Satriano, given a good moduli space morphism
between a smooth Artin stack and its good moduli space X, they prove that the Chow
cohomology ring of X embeds into the Chow ring of the stack. In the context of toric
varieties, this implies that the Chow cohomology ring of any toric variety embeds
into the Chow ring of its canonical toric stack. Furthermore, the authors give a
conjectural description of the image of this embedding in terms of strong cycles. One
consequence of their conjectural description, and an additional conjecture, is that the
Chow cohomology ring of any affine toric variety ought to vanish. We prove this result
without any assumption on smoothness. Afterwards, we present a series of results
related to their conjectural description, and finally, we provide a conjectural toric
description of the image of this embedding for complete toric varieties by utilizing

Minkowski weights.
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Chapter 1

Introduction

Intersection theory on singular schemes has historically been troublesome due to the
difficulty in defining intersection multiplicities and an intersection product satisfying
the expected geometric properties. For example, a natural condition an intersection
product ought to satisfy is some form of the moving lemma [9, Theorem 1.6]. This
lemma guarantees that given two Chow classes «, 8 € A,(X), there ought to exist
generically transverse cycles A, B € Z(X) representing «, § respectively such that
a - = [AN B] (the intersection product is represented by the class of AN B). In
the discussion after [9, Theorem 1.6], they enumerate several examples detailing the
failure of the moving lemma in a variety of ways; in particular, there are examples of
varieties with no intersection product satisfying this lemma.

In the work of |10, Chapter 17], Fulton introduces the Chow cohomology ring of
any scheme which does carry an intersection product. If X is smooth, then this ring
is isomorphic as rings to the ordinary Chow ring with the intersection product as
defined in [10, Chapter 6]. The definition of this ring and its intersection product
essentially guarantees it to be the weakest intersection theory on any scheme, in the
sense that any other conception of intersection theory ought to map to the Chow

cohomology ring 18, Section 8]. Unfortunately, Fulton’s Chow cohomology ring and



intersection product still seem to lack geometric significance. However, there is an
approach using intersection theory on stacks.

If G is an algebraic group acting on a scheme X, the work of [5] defined the
G-equivariant Chow groups and Chow cohomology rings of X in a manner similar
to Borel’s equivariant cohomology. Furthermore, they show that their constructions
satisfy all of the same properties as the ordinary Chow groups and cohomology rings.
One of the most important applications of this theory is towards providing a means of
understanding intersection theory on quotient stacks. Given a quotient stack [X/G],
the intersection theory of this stack is defined to be the G-equivariant intersection
theory of X.

Now suppose & is a smooth Deligne-Mumford quotient stack, X is a scheme, and
there exists a morphism X — X. If this morphism is a coarse moduli space morphism,
then there is a pushforward isomorphism A*(X)g = A*(X)g. The intersection prod-
uct on X' thus descends to an intersection product on A*(X)g; since X is smooth, its
intersection product does possess geometric significance. Furthermore, by [19], every
variety with at worst finite quotient singularities can be realized as the coarse moduli
space of some smooth Deligne-Mumford quotient stack, and hence, such a variety
possesses an intersection product on its rational Chow groups.

Even if X — X is not a coarse moduli space morphism and X is not Deligne-
Mumford (but is assumed to be Artin), the work of [§] demonstrates that there can
exist maps between their Chow cohomology rings. In particular, if X — X is a good
moduli space morphism, then the authors of the previous paper is able to construct

a pullback map A} (X)q — A*(X)g and show that A} (X)q embeds as a subring



into A*(X)g. Thus, the Chow cohomology ring once again inherits a geometrically
significant intersection product. However, merely knowing that the Chow cohomology
ring embeds as a subring is still somewhat unsatisfactory; instead, it would be far
more meaningful to be able to explicitly identify what subring the Chow cohomology
ring corresponds to. In this same paper, the authors are also able to show that the
subring is contained in the group of topologically strong cycles; however, there are
examples of topologically strong cycles which are not the pullback of operational
classes, and hence, the image is not characterized by being topologically strong. To
attempt in identifying the image, the authors conjecture that the Chow cohomology
ring ought to correspond to the ring of strong cycles. They are able to prove this in

dimension 3 and in a variety of other cases.

1.1 Main Results

Following their conjecture on the relationship of the image to strong cycles, we first
consider the consequence of this conjecture for affine toric varieties. In conjunction
with another conjecture, one ought to predict that the Chow cohomology ring of any
affine toric variety should vanish. We confirm this conjecture, and hence, provide
indirect evidence of towards the conjecture concerning strong cycles. The proof is

provided in Chapter 6.

Theorem 1.1.1. Given any affine toric variety X (o), Ak (X (o)) =0 for k > 0. In

particular, A} (X (o)) = Z.

Besides this primary result, we also give a series of minor results which are conse-

quences of what [8] has proved. In particular, we show that the Chow cohomology ring
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of any three dimensional toric variety has the structure of an ideal in the Chow ring
of its canonical toric stack, and furthermore, we show this structure fails in higher
dimensions. Furthermore, in dimension three, we give a conjectural description of
what this ideal I is in terms of the intersection of kernels. Also, we prove that any
variable corresponding to a ray which does not lie in any non-simplicial cone generates
an ideal contained in the Chow cohomology ring. Finally, we give a conjectural toric

description of the image in terms of Minkowski weights.



Chapter 2

Intersection Theory

In this chapter, we will review the relevant material from intersection theory on
schemes and quotient stacks necessary for the later chapters. We begin by reviewing
the Chow groups of a scheme and the properties they enjoy following [10]. Note,
these are the algebraic-geometric analogues of the homology groups of a topological
space and serve as a foundation for the remaining discussion on intersection theory;
in particular, the Chow groups are also referred to as the Chow homology groups.
Following this, we will proceed to discuss the algebraic-geometric analogue of the
cohomology ring of a topological space called the Chow cohomology ring. However,
the construction of the Chow cohomology ring requires extended work in contrast to
its topological analogue.

Afterwards, we discuss equivariant intersection theory and the construction of the
equivariant Chow homology and cohomology groups following [5]. These satisfy the
same formal properties as the ordinary Chow homology and cohomology groups, but
their construction is quite different. With these in hand, the construction of the Chow
homology and cohomology groups of a quotient stack are defined as the equivariant
Chow homology and cohomology groups. We recall an important computation due

to [3] to be used later in the paper concerning computing the equivariant Chow rings



of certain open subschemes of A",

Finally, we end this section with a brief survey of the main result of [§]. Given a
good moduli space of a stack, the Chow cohomology ring of the good moduli space
embeds into the Chow cohomology ring of the stack. This will serve as the motivating
result for Chapters 5 and 6.

For this section, we adhere to the following notation and definitions. X will be
always be a scheme over Spec(k) where k is an algebraically closed field. A subvariety
of X is an integral, separated, closed subscheme of X. A point will be a closed point.
The field of rational functions of a subvariety V' C X is the field of fractions of Oy x,

denoted R(V'), and the group of non-zero rational functions is denoted R(V')*.

2.1 Chow Groups

Following [10, Chapter 1], a k-dimensional prime cycle is a k-dimensional subvariety
of X, let Z,(X) denote the free Z-module generated by all k-dimensional prime cycles;
a general element of Z;(X) is called a k-cycle.

Let W C X be a (k + 1)-dimensional subvariety, then there is a natural means of
associating a k-cycle to each non-zero rational function on W. For if r € R(W)* and
V' C W is a codimension one subvariety of W, then by |10} Section 1.2 and Appendix

A], there is a group homomorphism

ordy : R(W)* — Z,

wherein the value of ordy (1) represents the order of vanishing of r along V. Since

there are only finitely many subvarieties of W for which ordy (r) # 0, this produces

6



a well-defined k-cycle defined by:
div(r) = Z ordy (r)[V].
VCW,codimyy (V)=1
The free Z-module generated by all k-cycles derived from rational functions on sub-

varieties of X is denoted Raty(X) which is a subgroup of Zx(X).

Definition 2.1.1. The k-th Chow group of X is the quotient group
Ap(X) = Zk(X)/ Ratg(X).

The direct sum of all Chow groups is denoted A.(X) = @p=0Ax(X).

The Chow groups satisfy functorial properties with respect to proper morphisms
and flat morphisms. Associated to any proper map f : X — Y, [10, Section 1.4]
demonstrates the existence of an induced covariant map on Chow groups called the

pushforward of f:

Hence, if X is complete over k, there is a natural morphism of 0-th Chow groups
sending a O-cycle on X to a 0-cycle on Spec(k). Since Ag(Spec(k)) is freely gener-
ated by the class [Spec(k)], Ao(Spec(k)) = Z - [Spec(k)], it follows that any class

in Ao(Spec(k)) is uniquely determined by the integer for which it is a mutliple of

[Spec(k)].

Definition 2.1.2. If X is complete over k, then the degree of o € Ay(X), denoted as
either degy (a) or [y (), is defined to be the unique integer such that the pushfoward
of av is equal to this integer multiplied against [Spec(k)] in Ag(Spec(k).

7



Furthermore, associated to any flat map of relative dimension n g : X — Y, [10,
Section 1.7] demonstrates the existence of an induced contravariant map on Chow

groups called the pullback of g:

g AY) = Aa(X)

Moreover, the pullback and pushforward satisfy further compatibility properties
together.
With the previous two concepts defined, the following proposition provides one of

the primary means of computing Chow groups.

Proposition 2.1.3. [10, Proposition 1.8] Let Y be a closed subscheme of X and
U=X\Y. Ifi:Y = X and j : U — X dnenote the canonical inclusions, and
15 © ALY — A X s the pushforward of i and 7 : A, X — AU 1is the pullback of 7,

then the following sequence is exact for all k:

2.1.1 Chern Classes

In preparation for our discussion of the Chow cohomology ring, for each vector bundle
V' — X of rank r, there exists a collection of morphisms on the Chow groups called the
Chern classes of F, denoted ¢;(E). Although our utility for them is limited in this
thesis, the theory of Chern classes is absolutely integral to the study of intersection
theory and will serve a motivation for the definition of the Chow cohomology ring.
Geometrically, the Chern classes can be identified with classes in A, (X) representing
the degeneracy loci of the appropriate number of global sections of F, see [9, Theorem

5.3(b)] and the previous discussion.



In particular, each Chern class defines a morphism of groups:
G(E) : Ap(X) — Ap_i(X),

whose value on a € Ai(X) is denoted ¢;(E) N a. These morphisms satisfy a variety
of compatibility properties: dimensional vanishing, commutativity, compatible with
proper pushforwards, compatible with flat and l.c.i. pullbacks, and more |10, Section
3.2 and Ch. 6].

We conclude this section with one last useful result: the Chow groups of a vector

bundle is isomorphic to the Chow groups of X with a shift in degree.

Theorem 2.1.4. [10, Theorem 3.3(a)] Let m : E — X be a vector bundle of rank r

over X, then the flat pullback
7 A, X — ALE
s an isomorphism for all k.

2.2 Chow Cohomology

2.2.1 Chow Rings of Smooth Schemes

Assume that X is smooth, then the diagonal morphism dx : X — X x; X is a regular
embedding; hence, one can define the intersection product of two Chow classes

a, f € A.(X) by utilizing the Gysin homomorphism of the diagonal |10, Section 6.2]:

a-f:=0x(axf).

The Gysin homomorphism is derived from Fulton’s construction of the intersection

product by utilizing the deformation to the normal cone |10, Chapter 5 and Section

9



6.1]. If X is further assumed to be equidimensional and dim(X) = n, then the Chow

cohomology ring of X has the following simple definition.

Definition 2.2.1. Under the above assumptions, the k-th Chow cohomology group

of X is denoted by A*(X) and defined to be
AR(X) = Ap_p(X).

The Chow ring of X is the direct sum of all Chow cohomology groups, A*(X) =

D=0 AR (X).

With this definition, the intersection product described above defines a product
structure on A*(X):

AR(X) x A(X) = ARTD(X).
This makes A*(X) into a commutative, associative, graded ring with unity.

Remark 2.2.2. Given o € A¥(X), then intersection against a defines a morphism of
groups: Aj(X) — A;_x(X) where f — «a - . From this perspective, elements of
the Chow ring of X define operations on the Chow groups of X analogous to the
definition of Chern classes in the previous subsection; this will be the fundamental
observation used to generalize the concept of Chow rings to singular schemes in the

next section.
2.2.2 Chow Cohomology Rings

If X is not smooth, then the diagonal morphism is not a regular embedding, and hence,
Fulton’s construction of the intersection product is not applicable. To ameliorate this

situation and to make sense of the Chow ring of a singular scheme, [10, Chapter

10



17] generalizes the concept of Chern classes and defines the Chow cohomology ring to
consist of all formal operations on the Chow groups which satisfy analogous properties

of Chern classes.

Definition 2.2.3. |10, Definition 17.1 and 17.3] The k-th Chow cohomology group,
denoted A% (X), is defined as follows: an element ¢ € A} (X) is a collection of ho-

momorphisms of groups of the form:
AP AX = Ay X,

for every morphism ¢ : X’ — X, for every p, and which are compatible with respect
to proper pushforward, and flat and l.c.i. pullbacks. An element ¢ € A’O“p(X ) is often

called an operation or operational class.

Given two such operational classes as defined above, the composition of these

classes will serve the role as the intersection product.

Definition 2.2.4. Given ¢ € AF (X) and d € Al (X), define ¢ - d € AM(X) as

follows: if g : X’ — X is a morphism of schemes, then

(cd)?) = P od? : AX') = Ay y(X') = Ay n(X).

g g

Under the above intersection product, the graded group @=0A% (X) is a commu-
tative, associative, graded ring with unity. Note, in |10, Example 17.3.3], this graded

ring does satisfy dimensional vanishing: if k& > dim(X), then A} (X) = 0.
Definition 2.2.5. The Chow cohomology or operational Chow ring of X is the
previously defined graded ring denoted

AZp(X) = @k>oAlgp (X) :

11



If X is smooth, then [10, Corollary 17.4] proves that the Poincaré duality map
Ak (X) — A¥(X) is an isomorphism of rings, wherein, the intersection product de-
fined by composition corresponds to the intersection product as defined in the previous
section. Hence, this conception of the Chow cohomology ring through operations does

generalize the construction in the previous section.

Remark 2.2.6. In [10] and other sources, the Chow cohomology ring is also simply
denoted A*(X) without the subscript ’op’, regardless if X is smooth is or not. We
will deviate from this convention to emphasize the distinction between operational

classes in the smooth and non-smooth cases.

2.2.3 Kimura’s Exact Sequence

Due to the general definition of operational classes, the Chow cohomology ring is
often difficult to compute. However, there is a method due to [16] which can allow us

to compute the Chow cohomology ring of X, given that we have an envelope X' — X.

Definition 2.2.7. A morphism X’ — X is an envelope if it is proper, and for each
closed subvariety V' C X, there exists a closed subvariety V' C X’ such that the

restriction V' — V is birational.

The following exact sequence due to Kimura provides of means of computing the

Chow cohomology of X inside the Chow cohomology of an envelope.

Theorem 2.2.8. (16, Theorem 2.3] (Kimura’s Ezact Sequence) Let X' — X be an

envelope which is an isomorphism outside of S C X and E C X', then
k k k k
0 — Agy(X) = AL (X)) @ A, (S) = A, (E)

15 exact for each k.

12



Remark 2.2.9. By |10, Example 17.3.2] or |16, Lemma 2.1], given an enveleope X' —

X, the pullback along this morphism already induces an injection A} (X) C A% (X').

Remark 2.2.10. If X' — X is merely proper and surjective, then above sequence is

still exact if tensored with Q.

Thus, if one is able to compute the Chow cohomology rings of X', S, and E along
with the kernel of the above map, then the Chow cohomology ring of X is in theory

computable.
2.3 Equivariant Intersection Theory

For this section, let G be an algebraic group over Spec(k), with dim(G) = g, which
acts on X. The quotient stack [X/G] is the fibered category defined in the usual man-
ner: over a scheme S, [X/G](S) consists of all G-torsors over S with a G-equivariant
morphism to X, and morphisms consist of isomorphisms forming Cartesian diagrams
which commute with the G-equivariant morphisms to X. If X = pt, then the quotient

stack of X by G is the classifying stack of GG, denoted BG.
2.3.1 Chow Homology and Cohomology of Quotient Stacks

Following [5], the equivariant Chow groups are constructed in a somewhat analogous
manner to Borel’s construction of equivariant cohomology, with the role of EG re-
placed by certain open subsets in representations of G. To construct such groups,
begin by choosing an [-dimensional representation V' of G which contains an open

subset U C V on which G acts freely and codim(V — U) > (n — i).

Definition 2.3.1. [5], Definition-Proposition 1] Let X := (X x U)/G, then the i-th

equivariant Chow group of X, denoted A¥(X), is defined as:

13



AT(X) = Ainy(Xa).

Remark 2.3.2. Note, the fact that this definition is independent of the choice of
representation is also contained in [5, Definition-Proposition 1]. Also, due to the
above definition, the equivariant Chow groups may not vanish in high degree, which

is unlike the ordinary theory of Chow groups.

The equivariant Chow groups satisfy the same formal properties ( |10, Chapters

1-6]) as the ordinary Chow groups (see [5, Sections 2.1-2.5]).

Definition 2.3.3. The i-th equivariant Chow cohomology group of X, denoted
AL (X), is defined to consist of operations on the equivariant Chow groups satisfying
the same properties as mentioned previously for all G-equivariant morphisms X' —
X. Furthermore, the equivariant Chow cohomology ring of X is A%L(X) =

Prz0AG(X).

With the above definitions established, we can next turn towards intersection

theory on quotient stacks.

Definition 2.3.4. The i-th Chow group of the quotient stack [X/G], denoted

A,([X/G]), is the (i — g)-th G-equivariant Chow group of X:

A([X/G)) = A (X).

The i-th Chow cohomology group of the quotient stack [X/G], denoted A*([X/G]),

is defined to consist of operations on A, X" — A, ;X' for all morphisms X' — [X/G]
where X’ is a scheme and satisfy the same properties as mentioned previously. Fur-
thermore, the Chow cohomology ring of [X/G] is A*([X/G]) := &= AM([X/G]).

14



Proposition 2.3.5. /5, Section 5.3] The above definitions are independent of the pre-
sentation of [X/G]; i.e., if [X/G]| = [Y/H], then the above groups are all isomorphic.
Furthermore, the Chow cohomology ring of [X/G] is isomorphic to the G-equivariant

Chow cohomology ring of X :

AY([X/G]) = AG(X).
2.3.2 The Chow Ring of Certain Open Subschemes of A"

We end this section with a computation due to [3] computing the G-equivariant Chow
rings of certain open subschemes of A" where G is diagonalizable. The usefulness
of this result will be seen in later sections dealing with computing Chow rings of
canonical toric stacks. Let G be a diagonalizable group with a faithful action on A"
(G injects into G), and X = A" — Z where Z = L; U ... U L; with L; being linear,
G-invariant subspaces, then the goal of this subsection is to compute Ag(A™ — 7).

We begin by applying the excision exact sequence for equivariant Chow groups to

identify A%L(A™ — Z) as a cokernel:

AL(Z) = ALA™) - AL(A" — Z) — 0.

By the vector bundle property of Chow groups, A% (A™) = A% (pt); for brevity,
A% (pt) will be denoted simply by Af. Recall, BG denotes the classifying stack
of G and is the quotient stack [pt/G]; hence, A}, is the Chow cohomology ring of
BG. If G is diagonalizable, then Ay, = Sym(X(G)) is the symmetric algebra of the
character group of GG, and hence, morphisms between character groups give rise to
morphisims of equivariant Chow rings of points. In our context, since the action

is assumed to be faithful, the injection G C G, induces a surjection of character

15



groups X (G}}) — X(G), and further, it induces a surjection of equivariant Chow

rings AL, — Af.

Definition 2.3.6. In the above setup, define C(G) = ker( &n — AG. Equivalently,

it is the linear ideal generated by the relations among the image of X (GJ,) in X (G).

Hence, A;(A™) in the excision sequence has been computed as a quotient of Af n
which has been computed as mentioned previously. For the image of the kernel, since
each L; is linear and isomorphic to A* for some k, it follows that the image of A% (Z)

is the ideal generated by the equivariant fundamental classes of each L; in AF,.

Definition 2.3.7. In the above setup, let Z denote the ideal of Af, generated by the

images of the equivariant fundamental classes of each L;.

Thus, by combining the above definitions and results, we obtain:
AGA" = Z) = AG /2 = A [(C(G), 2).

Each of the above ideals can be explicitly computed. Let eq,...,e, denote the
canonical basis characters of X (G}) = Z", then associated to each character is a
1-dimensional representation, and we set ti,...,t, to be the first Chern class of the
respective 1-dimensional representation. By [5], Gn = Z[ty, ...,t,]. For the linear
equivalence ideal, let vy, ..., vy be a basis for ker(X(G?,) — X(G)), then C(G) is the
ideal generated by the corresponding first Chern classes of vy, ..., vy expressed in terms

of tl) ...,tni

V; = Zaijej = Za,;jtj S C(G)

J J

16



For the ideal Z, let L; be an irreducible component, then L; = V(z;,, ..., x;) where
x1,...,T, are coordinates for A", then the equivariant fundamental class of L; is ¢;, -

t;

1

17



Chapter 3

Toric Varieties

The purpose of this chapter is to review the relevant material from the theory of
toric varieties necessary for the later chapters. Recall, a torus is an algebraic group
isomorphic as a group and isomorphic as a scheme to G,. A toric variety is a variety
containing a torus 7T as a dense open subscheme, wherein the action of 7" on itself
extends to an action on the entire variety. We begin by discussing the correspondence
between normal toric varieties and cones and fans along with recalling an assortment
of related notions. Following this, we discuss the geometry of the action of the torus
on the variety through the Orbit-Cone Correspondence. Then we conclude the first
section with a discussion of toric morphisms, the behavior of orbit closures under such
morphisms, and define the additional concepts to be used later.

In the second section, we review the Cox construction of a toric variety. This
expresses a toric variety as a good categorical quotient of an open subscheme of
A" modulo a diagonalizable subgroup of the torus of A™. The importance of this
construction will be seen throughout Chapter 4; it will serve as the foundation for
the construction of the canonical toric stack, and the various notions associated to
the Cox construction will appear in computing the Chow ring of the canonical toric

stack. Finally, we end this chapter with discussing the main results of [12] concerning
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intersection theory on toric varieties.

3.1 Basic Concepts

3.1.1 Cones

Following [11] and [4], let k£ be an algebraically closed field, let N and M be dual
lattices over Z with (—, —) thier associated perfect pairing (N and M will be the
lattices of 1-parameter subgroups and characters of a torus respectively), and we
denote their associated vector spaces over R by Ng := N ®z R and Mr = M ®z R.
Recall, a subset o C N is a convex polyhedral cone if for each v,w € o, A\v+pw € o
for all A > 0 and p > 0, and o is generated by finitely many vectors. The polyhedral
cones corresponding to affine toric varieties must satisfy the following two additional

properties.

1. A cone o is strongly convex if ¢ N (—o) = 0 (equivalently, o contains no

positive-dimensional linear subspace).

2. A cone o is rational if ¢ is generated by vectors in the lattice N.

Throughout, a cone will always refer to a strongly convex, rational, polyhedral
cone unless specified otherwise. Associated to any cone o C Ng, the dual cone of o,

denoted o, can be constructed in Mg as follows:
o={ue€ Mg : (v,u) >0, for all v € o}.
We have the following additional basic definitions:

1. The dimension of ¢ is the the dimension of the linear space R - o spanned by o,

denoted dim(o).
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2. A face of o is the intersection of ¢ with the vanishing locus of any fixed u € o

3. The codimension of a face 7 of ¢ is dim(o) — dim(7).

4. A facet of o is a face of codimension 1.

5. A ray of ¢ is a face of dimension 1.

=

. A primitive generator of a ray of ¢ is the unique minimal lattice point on the

ray.

Remark 3.1.1. The strong convexity assumption is further equivalent to the statement
that {0} is a face of o.

Let S, := 0N M be the integral points of the dual cone, and note that S, is
an additive semigroup. In order to construct an affine variety from this semigroup,
we need that S, is finitely generated, and this has been established in the following

well-known lemma.

Lemma 3.1.2. [/, Proposition 1.2.17] (Gordan’s Lemma) If o is a rational, conver,

polyhedradl cone, then S, is a finitely generated semigroup.

Associated to any finitely generated semigroup S, one can define the associated
finitely generated group ring k[S]. As a k-vector space, it is additively generated by
the symbols 2* where s € S. Furthermore, the multiplication on k[S] is induced from

the addition on S

Definition 3.1.3. Given a cone o, the affine toric variety associated to o, denoted
X (o), is defined to be:
X (o) := Spec(k[S,]).
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Remark 3.1.4. If ¢ = {0}, then k[M] = k[z'];c; is the coordinate ring of G?, if
n = dim(Mpg). In this case, X(0) is denoted Ty and will be the torus acting on our
affine toric varieties as mentioned in the introduction. The following discussion will

demonstrate how T embeds into and acts on X (o).

Suppose 7 C o is a face of o, then there is a natural induced morphism of
semigroups S, — S,. This morphism further induces a morphism of k-algebras
k[Sy] — k[S;], and hence, it induces a morphism of affine varieties X (7) — X(o).
Relying on |11, Proposition 1.2], the following lemma demonstrates that this mor-

phism is an open embedding.

Lemma 3.1.5. [11] If T is a face of o, then the above map X (1) — X (o) is an open

embedding, and moreover, the image of X (7) is a principle open subscheme of X (o).

Thus, we can now properly motivate the definition of strong convexity and explain
the existence of the torus Tl. For if o is strongly convex, then {0} is a face of o,
and hence, Ty is a principle open subscheme of X (o). To determine the action of Ty
on X (o), note that a morphism of semigroups S, — k (where the latter is viewed as
a multiplicative semigroup) corresponds bijectively to points of X (o). Hence, given
a point = : S, — k of X(o) and a point ¢t : M — k* of Ty, the action t on z is
determined by the morphism of semigroups obtaining by merely producing z and .

Finally, we conclude this section with passing reference to the relationship between
arbitrary affine toric varieties, as defined in the introduction, and affine toric varieties

as described in this section.

Theorem 3.1.6. [, Theorem 3.1.5] Suppose X is an affine toric variety as defined

in the introduction, then there erists a cone o such that X = X (o) if and only if X
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18 normal.

3.1.2 Fans

Definition 3.1.7. A fan A is a collection of cones in Nr such that:

1. for each cone o € A, every face of ¢ is contained in A,

2. for each pair of cones 0,0’ € A, 0 No’ is a face of each.

The concept of a fan is an analogue of a simplicial complex for cones. The im-
portance of fans is that they induce toric varieties (which are in general not affine).
Based upon the previous, for each cone o € A, we obtain an affine toric variety X (o).
For cones 0,0’ € A, their affine toric varieties can be glued together since o N o’ is
simultaneously a face of each, and hence, X (0 N¢’ is simultaneously a principle open

subset of X (o) and X (o).

Definition 3.1.8. Given a fan A, the toric variety associated to A, denoted X (A),

is defined to be the variety obtained by previously described gluing procedure.

Remark 3.1.9. The scheme obtained by this gluing procedure is indeed separated |11,
Section 1.4], and furthermore, the action of the torus T on each X (o) extends to
an action on X (A). Thus, this definition does produce a toric variety as described in

the introduction.
Similar to the conclusion of the previous section, we remark on the relationship

between an arbitrary toric variety and one that arises from fans.

Theorem 3.1.10. /4, Corollary 3.1.8] Suppose X is a toric variety as defined in
the introduction, then there exists a fan A such that X = X(A) if and only if X is

normal.
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3.1.3 Orbit-Cone Correspondence

The geometry of the action of Ty on X(A) can be easily described in terms of the
combinatorics of A as follows. First, note that for each cone o € A, there exists a
distinguished point, denoted ~,, determined by the morphism of semigroups S, — k

defined by either: if m vanishes on o, then m — 1, and otherwise, m — 0.
Definition 3.1.11. Let ¢ € A, then:

1. O(o) :=Tn - 7, is the orbit of the distinguished point of o,

2. V(o) = O(o) is the orbit-closure of the previous orbit.

The Orbit-Cone correspondence, detailed in the following theorem, demonstrates

that all Ty-orbits arise in the above manner.

Theorem 3.1.12. [f| Theorem 3.2.6(a),(b)] (Orbit-Cone Correspondence) There
is a bijective correspondence between cones o € A and Ty-orbits defined by sending

o+~ O(o). Furthermore, dim(O(c)) = dim(Ng) — dim(0o).

We conclude this subsection by describing how V(o) has the structure of a toric

variety arising from a fan related to A.

Definition 3.1.13. 1. Given a cone o, define N(0) = N/N, where N, is the

lattice generated by o N N.

2. [4], 3.2.8] Given a fan A and a cone o € A, define the fan, denoted Star(o), as

follows:

Star(c) = {7 C N(o)r : 0 is a face of 7 € A}.

Proposition 3.1.14. [4, Proposition 3.2.7] If o € A, then V(o) = X (Star(o)).
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3.1.4 Toric Morphisms and Star Subdivisions

The purpose of this subsection is to review the correspondence between equivariant
morphisms of toric varieties and certain morphisms of lattices, and then describe an

important class of examples which will be used throughout the later chapters.

Definition 3.1.15. 1. [4, Definition 3.3.1] Given a pair of lattices N', N and a
pair of fans A’, A in N’, N respectively, a morphism of lattices ¢ : N' — N is
compatible with respect to the fans if for every cone o’ € A’, there exists a

cone o € A such that ¢r(c’) C 0.

2. [4] Definition 3.3.3] Suppose X (A) and X (A’) are toric varieties, then a mor-
phism of varieties ¢ : X(A’) — X(A) is toric if it sends the torus of X (A’) to

the torus of X (A) and the restriction of ¢ to the tori is a group morphism.

Theorem 3.1.16. [/, Theorem 8.3.4] Toric morphisms correspond to compatible

morphisms of lattices.

Suppose N = N’ and ¢ = idy, then if ¢ is compatible with respect to fans
A, A C Ng and |A| = |A’|, we say that A’ is a refinement of A. Note, although the
underlying map of lattices is trivial, the associated map of toric varieties X (A’) —
X (A) is far from trivial. Suppose we fix a particular fan A, then among all possible

refinements, we distinguish a special collection of such refinements.

Definition 3.1.17. e Suppose o has primitive generators uq, ..., u,, then the star

of o is the vector Star(c) = Y"1 u;.

e The star subdivision of ¢ is the fan, denoted o*, whose maximal cones are all
of the form Cone(Star(o), u) where p is a facet of o.
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e The star subdivision of a fan A with respect to a vector v, denoted A*(v),
is the fan consisting of all cones not containing v, and all cones of the form

Cone(T,v) where v ¢ 7 and {v} U7 is contained in a cone of A.

Proposition 3.1.18. /4, Proposition 3.3.15, Lemma 11.1.8, and Proposition 11.1.6]
Given a fan A, then A*(0) is a refinement for each cone o € A, and the induced toric
morphism identifies X (A* (o)) with the blowup of X (A) at the distinguished point 7, .
In particular, the induced toric morphism is a birational, proper map which is in fact

projective.

We conclude this section with understanding the behavior of orbit closures under

toric morphisms.

Theorem 3.1.19. /4, Lemma 3.3.21 and Theorem 11.1.10] With notation as above,
suppose o is a cone in A with orbit closure V(o) C X(A). If oy, ..., 0k denote the min-
imal cones of A" such that o is minimal over ¢(o;) then the irreducible decomposition

of the inverse image of V(o) is:

k

(Vo) =V (o).

=1

In particular, in the case of a refinement, o; can be characterized as the minimal

cones intersecting the relative interior of o.

3.1.5 Simplicial, Smooth, Semi-Proper, and Semi-Projective

In this final subsection, we review a series of definitions and a few results to be used

in later chapters.

Definition 3.1.20. 1. Given a cone o, we say that o is simplicial if its primitive

generators are linearly independent over R. A fan A is said to be simplicial if
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every cone contained in it is simplicial. The toric variety X (A) is simplicial if

A is simplicial.

2. Given a cone o, we say that ¢ is smooth if its primitive generators form part of
an integral basis for N. A fan A is said to be smooth if every cone contained

in it is smooth.

Simplicial toric varieties correspond to toric orbifolds; these are varieties which
possess at worst finite quotient singularities. Smooth toric varieties are known to cor-
respond to toric varieties whose associated fans are smooth [4, Theorem 3.1.19(b)].
Although the existence of resolutions of singularities is famously difficult, the con-

struction of a resolution of singularities for singular toric varieties is quite explicit.

Theorem 3.1.21. (4, Theorem 11.1.9] Every fan A has a refinement A’ such that
A is smooth, A" contains every smooth cone of A, A" is obtained by a sequence of star
subdivisions of A, and the associated toric morphism X (A') — X(A) is a projective

resolution of singularities.
Finally, we introduce two additional definitions to be used later.

Definition 3.1.22. A toric variety X (A) is semi-projective/semi-proper if the
natural map X (A) — Spec(I'(X(A), Ox(a))) is projective/proper and X (A) has a

torus fixed point.

Remark 3.1.23. Given a cone o, the toric variety associated to the star subdivision
of o has a special relationship between X (0*) and X (o), namely, X(c*) — X(0)
is a projective toric morphism, or in terms of the language that follows, X (o) is a

semi-proper and semi-projective toric variety.
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3.2 Cox Construction of a Toric Variety

The Cox construction recognizes a toric variety as a good quotient of an open subspace
of affine space modulo a diagonalizable subgroup of a torus. The importance of this
construction will be seen in Chapter 4 concerning the construction of the canonical
stack of an arbitrary toric variety, and moreover, the related notions appearing in the
Cox construction serve an essential role in computing the Chow rings of the canonical

stacks.
3.2.1 Exceptional Set

Following [4, Chapter 5], given a full-dimensional fan A on a lattice N, the total
coordinate ring of X (A) is the polynomial ring k[z, : p € A(1)] freely generated by
the variables z, in bijective correspondence with the rays. Suppose n = |A(1)| such

that A" = Spec(k[z, : p € A(1)]), then for each cone o € A, define the monomial:
2’ = H z,, where {p;} are the rays not ontained in o.

As o runs over all cones of A, these monomials form an ideal whose vanishing

locus will be the exceptional set.

Definition 3.2.1. Define B(A) = (27),ea to be the ideal generated by these mono-

mials, then the exceptional set of A is the following closed subscheme of A™:
Z(A):=V(B(A)) C A",

The open subscheme A™— Z(A) modulo a certain diagonalizable group will present
X (A) as a good quotient. We remark that A" — Z(A) is a toric variety described by

the following fan.
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Definition 3.2.2. Given a fan A, the canonical fan of A is the fan denoted >

which is generated by cones of the form &, for ¢ € A, where:
7 = Conele, : p € o(1)) c RAWL

Proposition 3.2.3. [4, Proposition 5.1.9 (a) and (b)] The toric variety X (¥Xa) is
isomorphic to A™ — Z(A). Furthermore, the morphism of lattices Z" — N defined

by sending the canonical basis vectors to the primitive gemerators induces a toric

morphism A" — Z(A) — X(A).

Before proceeding to discuss the diagonalizable group of interest, the irreducible
components of Z(A) serve an important role in describing the Chow ring of the

canonical stack, and fortunately, they possess a simple combinatorial interpretation.

Definition 3.2.4. A set of rays C' C A(1) is a primitive collection if the following

holds:
1. For each proper subset C" C C, there exists o € A such that C" C o(1).
2. There does not exist a cone o € A such that C' C o.
Note, given a primitive collection C', we can generate a linear subspace V((z,,)icc)-

Proposition 3.2.5. [4, Proposition 5.1.6] The irreducible components of Z(A) are

all of the form V((z,,)icc) where C is a primitive collection of rays.
3.2.2 The Subgroup of the Torus

To define the diagonalizable group G for which A™ — Z(A) will be the quotient of,

we begin as follows: let dim(A) = k, then define a morphism of lattices Z" — Z* by
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sending the canonical basis vectors to the minimal generators of the rays of A. Note,
this morphism has finite cokernel; hence, the dual map is injective. If we set L to be
the cokernel of this dual map, then the group G is defined to be Hom(L, G,,), the
group of characters of L, which injects into the torus of A”. The following lemma

provides an additional information concerning the structure of G.
Lemma 3.2.6. [/, Lemma 5.1.1] Let G be defined as above, then
1. CU(X(A)) is the character group of G.

2. G is isomorphic to a product of a torus and a finite abelian group, and in

particular, G is reductive.

3. |4, Theorem 5.1.9c] The toric morphism A" — Z(A) — X(A) is constant on

G-orbits.

3.2.3 The Cox Construction

With the group G and A™ — Z(A) defined as above, the Cox construction is summa-

rized in the following theorem.

Theorem 3.2.7. [/, Theorem 5.1.11(a)] Given the toric morphism A" — Z(A) —
X (A) described above, then X (A) is the good quotient of A™—Z(A) modulo the action

of G.

3.3 Intersection Theory on Toric Varieties

3.3.1 Chow Groups of Toric Varieties

Following [12, Section 1], the generators and relations of the Chow groups of a toric

variety are well-understood and are described in terms of torus-invariant subvarieties
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and divisors of characters. Given 7 € A of codimension k41, the orbit closure of each
o containing 7 as a facet is a divisor in V(7). Furthermore, N, /N, is a 1-dimensional
lattice; let n,, € N denote an integral point whose image generates this quotient
lattice. As remarked above, the lattice containing the fan of V(7) is N(7). Its dual
lattice is denoted M(7) = 7+ N M. Given u € M(7), let 2% denote the associated

rational function defined on T(;), then by [12],

[div(@)] = Y (u,ng0) - [V (0)].

(o

The sum is over all ¢ containing 7 as a facet.
Theorem 3.3.1. [12, Proposition 1.1] Given a toric variety X (A),

1. Ap(X(A)) is generated by the classes of orbit closures [V (o)] where o has codi-

mension k in A.

2. The group Raty(X(A)) is generated by all relations of the above form as T runs

through all cones of codimension k + 1 in A and u runs over a generating set
of M(T).

3.3.2 Chow Cohomology of Toric Varieties

Although one may hope that there is a similar toric description of the Chow coho-
mology of an arbitrary toric variety, such a description simply isn’t known except in
certain cases. The goal of this subsection is to review the main case in which the
Chow cohomology is known - the complete case. For the entirety of this subsection,
we will assume A is a complete fan. As in the previous chapter, the complete toric
variety has a degree map Ag(X(A)) — Z. Hence, given an arbitrary ¢ € A% (X(A)),

this gives rise to a morphism Ag(X(A)) — Ag(X(A)) which can be composed with
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the degree map. The function which sends an operational class to a morphism of

groups defined in this manner is denoted Dx:
Dx : AL (X(A)) — Hom(A,(X(A)),Z).

In general, this map is far from an isomorphism, but in the case of complete toric

varieties, Totaro has shown that this map is an isomorphism.

Theorem 3.3.2. |12, Proposition 1.4] If X is a complete toric variety, then Dx is

an 1somorphism.

This isomorphism leads to the following simple description of the Chow cohomol-
ogy in terms of the Minkowski ring. The notation A®*) denotes the collection of

codimension k cones of A.

Definition 3.3.3. [12, Section 2] A function ¢ : A®) — 7Z is a Minkowski weight

of degree k if

Y {uner)e(o) =0,

oceAF):rCo

for every cone 7 in A¥*1) and uw € M(7). The collection of all such functions is
denoted MW*(X(A), and the Minkowski ring of X (A) is defined to be the graded

ring MW*(X(A)).

The defining condition of a Minkowski weight corresponds exactly to the relations
of the Chow cohomology ring; thus, the following theorem is established in light of

the previous discussion:

Theorem 3.3.4. (19, Theorem 2.1] The Chow cohomology of a complete toric variety
is isomorphic as groups to its Minkowski ring: A}, (X(A)) = MWHX(A). In fact,
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this isomorphism extends to an isomorphism of rings once multiplication of Minkowski

weights is suitably defined [12, Section 3].

For examples of computing the Minkowski ring of some interesting toric varieties,

see the computations in Chapter 6.
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Chapter 4

Toric Stacks

The purpose of this chapter is to review the recent theory of toric stacks following [13].
In this paper, they consolidate a variety of other definitions that have been in use
by introducing the theory of stacky fans. We begin by recalling the basic definitions
concerning toric stacks and stacky fans along with the basics of toric morphisms, then
we move forward to discuss our main object of interest - the canonical toric stack.
In particular, the canonical toric stack of a toric variety is the stacky generalization
of the Cox construction and presents the toric variety as a good moduli space of this
stack. Finally, by utilizing the results discussed at the end of Chapter 2, we present

generators and relations for the Chow ring of the canonical toric stack.

4.1 Stacky Fans and Toric Stacks

Following [13], we begin with the definition of a toric stack. Let X(A) be a toric
variety associated to a fan A, let Ty be the associated torus, and let G C T, be a
subgroup. Note, since Ty C X (A) is a dense open subscheme of X (A), it follows that
the quotient stack [X(A)/G] contains the torus Ty/G as a dense open subscheme.

Furthermore, the action of Ty/G on itself necessarily extends to an action on [X/G].

Definition 4.1.1. [13| Definition 1.1] Under the above notation, a toric stack is
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any Artin quotient stack of the above form [X(A)/G].

Remark 4.1.2. Note, since [X(A)/G] contains Ty/G as a dense open subscheme, it
follows that these quotient stacks have trivial generic stabilizers. In [13], they also
introduce non-strict toric stacks to accommodate other definitions allowing generic
stackiness. These non-strict toric stacks can be shown to arise from non-strict stacky
fans, just as toric stacks, in the above definition, can be shown to arise from stacky
fans. Since the canonical toric stack is a toric stack, as in the previous definition, we

will refrain from defining non-strict toric stacks.

The theory of stacky fans serves the same role as fans in the theory of toric va-
rieties: the geometry of the quotient stack can generally be understood in terms of
the combinatorics of the stacky fan. Furthermore, just as normal toric varieties cor-
respond to fans, toric stacks correspond to stacky fans (under the above definition,

the toric stacks are necessarily normal).

Definition 4.1.3. A pair (A, : N — L) is a stacky fan if N and L are lattices, A

is a fan on IV, and the cokernel of g is finite.

We next describe how a stacky fan gives rise to a toric stack. Since the cokernel of
S is finite, it follows that the dual of [ is injective: * : L* — N*. Furthermore, since
this latter map is injective, it follows that the induced map on tori T : Ty — T}, is

surjective. Note, Ty is the torus of X (A).

Definition 4.1.4. Under the above notation, let Gy, = ker(73), then the toric stack

associated to a stacky fan (A, ) is defined to be the quotient stack [X (A)/Ggl.

Remark 4.1.5. Under our beginning definition, it’s easy to see every toric stack arises

as the toric stack associated to a stacky fan since Ty, = T /G3.
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4.1.1 Toric Morphisms of Toric Stacks

Similar to toric morphisms between toric varieties, toric morphisms between toric

stacks correspond to morphisms of stacky fans.

Definition 4.1.6. |13, Definition 3.1] A toric morphism of toric stacks is a mor-
phism which restricts to a homomorphism of tori and is equivariant with respect to

that homomorphism.

Definition 4.1.7. [13, Definition 3.2] Given two stacky fans (A’, 5" : N' — L)
and (A, : N — L), then a morphism of stacky fans is a pair (®,¢) where
&: N — N, ¢: L — L, o is compatible with respect to the fans A’ and A, and the

following diagram commutes:

N —— N

L

L' —— L
The result of |13, Theorem 3.4] establishes that toric morphisms equivalently arise

from morphisms of stacky fans, but the proof is not immediate from the correspon-

dence in the theory of toric varieties.

4.2 Canonical Toric Stacks

Given a full-dimensional fan A on a lattice NV and its associated toric variety X (A),
the canonical toric stack, denoted X' (A), is a smooth quotient stack possessing a
special relationship with X (A). Following [13, Section 5|, there are two equivalent
definitions for the canonical stack. The first is given in terms of the Cox construction,

and the second constructs X'(A) as a toric stack arising from a canonical stacky fan.
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Definition 4.2.1. The canonical stack of X(A) will be denoted by X (A) and is
equipped with a toric morphism X(A) — X(A); it can be constructed in either of

the following ways:

1. The Cox construction of a toric variety produces an open subscheme U C A2

and a diagonalizable group G such that X(A) = U/G, [4, Theorem 5.1.11].
The canonical stack of X (A) is the quotient stack [U/G] with toric morphism

U/G] — X(A).

2. Alternatively, let (X, 3 : ZI*MW! — N) be the stacky fan where 3 is defined by
sending the canonical basis vectors to the primitive generators of A, and X4 is
the canonical fan defined in Chapter 2. The toric stack associated to this stacky

fan is the canonical stack X'(A).

Furthermore, the toric morphism X(A) — X (A) is easily constructed from the

following morphism of stacky fans:

ZIAO N

I

N:

In what follows, the most significant consequence of the existence of X (A) — X (A)
is that this is a good moduli space morphism. From [1, Definition 4.1], a morphism
from an Artin stack to an algebraic space is a good moduli space morphism if it
is cohomologically affine and Stein; in Chapter 5, we will further review the definition
of good moduli space morphisms and their importance, but for the present chapter,
we simply wish to mention the following result which will be integral to the work of

Chapter 5 and 6.
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Theorem 4.2.2. (15, Theorem 6.3 and Example 6.23] The canonical stack morphism

X(A) = X(A) is a good moduli space morphism.

Example 4.2.3. Let o denote the cone generated by {(1,0, 1), (0,—1,1), (—1,0,1),(0,1,1)}
in R3, then X (o) is a 3-dimensional, affine, singular toric variety with four rays. Let
B : Z* — 73 be defined by sending the canonical basis vectors to the primitive gen-
erators of o; note, the preimage of o under 3 is the cone defining A*. Furthermore,
the cokernel of the dual of 3 is Z* — Z? defined as the matrix [1, —1, 1, —1]; hence,
if we apply D(—) := Hom(—, G,;,) to this cokernel, we see that Gg = G,,, and defines
an action of A* with weights (1,—1,1,—1). Thus, the canonical stack of X (o) is

X(0) = [AY/Gri].
4.3 The Chow Ring of a Canonical Toric Stack

The Chow ring of X(A) admits a simple presentation due to the structure of the
open subscheme of A™ for which it is the quotient of. Indeed, if n = |A(1)[, then as
discussed in Chapter 2, the toric variety X (Xa) = A" — Z(A) where Z(A) is a finite
union of Gg-invariant, linear subspaces. Thus, by [3], we can directly compute the
Chow ring of any canonical toric stack. We begin by re-defining the ideals discussed

in Chapter 2 relative to the current situation.

Definition 4.3.1. 1. The linear equivalence ideal of A, denoted L(A), is de-

fined to be L(A) := C(Gp) as in Chapter 2.

2. The Stanley-Reisner ideal of A, denoted Z(A), is defined to be Z(A) := Z

as in Chapter 2.

Corollary 4.3.2. Under the above notation,
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AN(X(A)) = A/ Z2(A) = Ag,, /(L(A), Z(A)).

As mentioned at the end of Chapter 2, the above ring can be explicitly computed.
But in the context of toric stacks, the Stanley-Reisner ideal has a simpler, combina-

torial interpretation.

Remark 4.3.3. The irreducible components of Z(A) correspond to primitive collec-
tions of rays as mentioned in Chapter 3. Furthermore, this correspondence is of the
following form: {p;,, ..., pi, } is a primitive collection if and only if V(z;,, ..., x; ) is an
irreducible component of Z(A). Hence, since Z(A) is generated by the equivariant
fundamental classes of Z(A), if {¢;} denote the generators of Ag, as in Chapter 2,

then t;, - ... - t;, generates the Stanley-Reisner ideal.
Example 4.3.4. Let A be the fan generated by the rays
{(17 07 1)7 (07 _17 1)7 (_17 07 1)7 <07 17 1)7 (07 Oa 1)}7

and whose maximal cones are described as {0123,014, 124,234,304} (see our conven-
tion on defining toric varieties in Chapter 5.5). Then define 3 : Z°> — Z3 by sending
the canonical basis vectors to each of the primitive generators.

Let ty, ..., t4 denote the generators of Chow ring, then the linear-equivalence ideal
is generated by the dot product between the column vectors of the transpose of 3

and the variable vector (to, ...,t4). Hence,
L(A) = (to — to, t1 — t3, 0 + .. + 3 — La).

For the Stanley-Reisner ideal, we utilize the previous remark. There are two
primitive collections of rays {0,2,4} and {1,3,4}. Hence,
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Z(A) = (t0t2t4,t1t3t4).
Thus,

A*(X(A>> = Z[to, ...,t4]/<t0 — tg, tl — tg,t() + ...+ t3 - t4, t0t2t4, t1t3t4) =

Zlto, 1]/ (2t5(to + 1), 23 (to + t1)).
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Chapter 5

The Image of the Embedding of
Chow Cohomology Rings

We begin this chapter with an outline of the material in [8]. The central result of their
paper, which serves as the guiding result for this chapter and the next, is that for
any good moduli space morphism 7 : X — X, there is a pullback map which embeds
A;,(X) into A*(X). As mentioned in the introduction, the value of this result is that
it provides a significant step towards giving a geometric interpretation of the inter-
section product of operational classes along with a further geometric interpretation
of the operational classes themselves. However, the fact that this embedding exists
is insufficient in obtaining such geometric interpretations, unless one can characterize
the image of this embedding.

Hence, a natural question following this result is whether one can give a geometric
characterization of the image, or in the context of the canonical toric stack of a toric
variety, can one give a toric characterization of the image of this embedding. Working
towards identifying the image, the authors of [§] are able to show that the image of
any operational class is generated by topologically strong cycles; these are cycles
on X which are almost saturated with respect to w. However, there are examples

of topologically strong cycles which are not the pullback of any operational class
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for certain specific schemes X; hence, topologically strong cycles are insufficient to
characterize the image. As a refinement of topologically strong cycles, the authors
introduce the concept of a strong cycle and are able to show, in a variety of instances,
that the image seems to coincide with the group generated by strong cycles. Thus,
they are led to conjecturing that the image of the Chow cohomology ring of X is
equivalently described as Chow cohomology classes generated by strong cycles.
Following our summary of the above results, we then focus on the toric situation.
We provide a series of results related to the above discussion. Afterwards, we provide a
conjectural toric characterization of the image for complete toric varieties by utilizing

Minkowski weights.
5.1 The Embedding of Chow Cohomology Rings

The concept of a good moduli space of a stack is a generalization of good categorical

quotients in geometric invariant theory.

Definition 5.1.1. |1} Definition 4.1] Given an algebraic stack X and a scheme X, a

morphism 7 : X — X is a good moduli space morphism if

1. 7 is cohomologically affine: the pushfoward =, is an exact functor,
2. mis Stein: Ox Z 7, 0x.

Following [7], if X — X is a good moduli space morphism, then a closed point
r € X is stable if 77!(7(z)) = x under the induced map of topological spaces;
furthermore, the point is properly stable if it is stable and the stabilizer of x is
finite. The stack X is stable or properly stable respectively if there exists a good

moduli space morphism such that the set of stable points or properly stable points
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respectively is non-empty. Once again, these definitions are modeled after the related
notions in geometric invariant theory. If X* and AP® denotes the open substack of

stable and properly stable points respectively, then note the following remark.

Remark 5.1.2. The open substack XP* is the maximal, Deligne-Mumford substack of
X such that 7= 1(7(XP®)) = XP5.

Given a morphism from a quotient stack to a scheme, 7 : X — X, [8] constructs a
pullback map 7* : A; (X) — A*(X), wherein, the pullback is defined by sending an
operational class on X to its evaluation on the fundamental class of X: ¢ [X]. The
main result of [8] establishes that this is an embedding of the Chow cohomology ring
of the good moduli space into the Chow cohomology ring of the stack over Q.
Remark 5.1.3. Before stating this theorem, in the case that X is Deligne-Mumford,
then this embedding is in fact an isomorphism over Q. Hence, if we restrict © to XP*

and its image 7(AX?®), the Chow cohomology rings are isomorphic over Q.

Theorem 5.1.4. |8, Theorem 1.1] Let X be a smooth, connected, properly stable,

Artin stack with good moduli space m: X — X, then ©* is injective over Q.

5.2 Background on Strong Cycles and Related No-
tions

5.2.1 Strong and Topologically Strong Cycles

Following [§], let X be a smooth Artin stack with good moduli space X such that
the good moduli space morphism 7 : X — X is properly stable. If Z C X is a
closed substack, let Z = 7(Z) C X; note, since 7 is cohomologically affine and Stein,
it follows that the coherent sheaf of ideals defining Z pushes forward to a coherent

sheaf of ideals in Oy, hence, Z has the structure of a closed subscheme of X.
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Definition 5.2.1. Let Z C X be an integral substack, then

1. Z is saturated with respect to 7 if 771(7(2)) = Z.

2. Z is strong if dim(Z) = dim(Z) and Z is saturated.

3. Z is topologically strong if dim(2) = dim(Z) and 7 1(7(Z)),eq = Z.
With these two notions defined, we can construct the following two graded groups:

1. Let A% (X/X) C A*(X) denote the relative strong Chow group of degree

k; this is the subgroup generated by codimension k strong cycles on X.

2. Let AF,(X/X) C A*(X) denote the relative topologically strong Chow group
of degree k; this is the subgroup generated by codimension k£ topologically strong

cycles on X.

The following lemma allows us to reduce the study of strong and topologically

strong cycles to their étale local structures.

Lemma 5.2.2. [§, Lemma 3.3] A cycle Z C X is strong or topologically strong if

and only if it 1s étale locally strong or topologically strong respectively.

Etale locally, these notions have the following descriptions by the local structure
theorem of [2]: given a point x € X, there is an étale neighborhood of the form
U/G.] — X of x, where G, is the stabilizer of z, such that U/G, — X is an étale
neighborhood of m(z) and the relevant diagram involving 7 : X — X is Cartesian;
furthermore, by shrinking U if needed, we may assume U = Spec(A). Under this
assumption, if Z C [U/G] is a cycle with defining ideal I C A and Z denotes its
image under 7, then the conditions defining strong and topologically strong cycles

are equivalent to the following:
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e dim(Z) = dim(2) if and only if dim(A/I) = dim(AY/I%),
o Z=r7"Y2) if and only if I is generated by invariant functions of A“.

o Z = 7 1(Z),eq if and only if there exists an ideal J generated by invariant

functions such that v/.J = I.

Remark 5.2.3. The above description provides an effective means of verifying if a
cycle is strong or topologically strong. By working locally, if the substack is defined
by G-invariant functions, then the substack is strong. Hence, this will be our primary

method used in the last section of this chapter to verify if a cycle is strong or not.
5.2.2 Stratification by Stabilizers

In [8, Section 3.1], they demonstrate the existence of a stratification of X of the form

Xo C ... C X,, = X such that:
1. X; \ X;_1 has finite quotient singularities,

2. X — X,,_1 is the image of XP®, the maximal saturated Deligne-Mumford open

substack of X (see the remark of the previous subsection).

This stratification is constructed by iteratively considering the locus of maximal
dimensional stabilizers. In order for a cycle Z to be saturated with respect to m and
satisfy the dimension condition, Z must necessarily intersect the maximal saturated
Deligne-Mumford substack, and hence, its image must also intersect X — X,,_;. The
following proposition establishes an analogous property for the intersection with each
element of the stratification. Moreover, it provides a useful restriction for a cycle to
be strong and topologically strong.
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Proposition 5.2.4. [§, Proposition 3.8] If Z is topologically strong, then

1. 20 (X = Xp1) £ 0,

2. For k < n — 1 and every connected component Y of Xi, dim(7z=3(ZNY)) <

dim(Z2).

Conversely, given an integral closed subscheme satisfying nontrivial intersection with

X — X1, define Z2 = 7Y ZN (X = X,_1)), then if Z2 = 7 (Z)rea then Z is

topologically strong.

As a useful corollary of the previous result, we can detect whether an integral
closed subscheme of X is the image of a topologically strong cycle in small degree

due to the fiber over X,,_;.

Corollary 5.2.5. /8, Corollary 3.11] If dim(Z) = 0 or 1, then Z is the image of a

topologically strong cycle if and only if Z C X — X,,_1.
5.2.3 The Image is Topologically Strong and Consequences

Beyond demonstrating the pullback map is an embedding, [8] further establish that

the pullback sends Aﬁp(X ) into the topologically strong subgroup.
Theorem 5.2.6. [8, Theorem 4.1] If c € A} (X), then 7*(c) € Af,(X/X).

To outline the proof of the above argument, the authors begin by showing the
pullback of the first Chern class of a line bundle is strong if X possesses an ample line
bundle, topologically strong cycles push foward to topologically strong cycles under
proper maps, and the pullback of any polynomial in the Chern classes of arbitrary

vector bundles is topologically strong. The proof then proceeds by passing to a
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projective (hence, an ample line bundle exists) resolution of singularities wherein the
Chow cohomology ring is known to be generated by Chern classes of vector bundles;
hence, the authors then pushforward and pullback appropriately to apply the above
results and prove that the image is topologically strong.

Lastly, the authors of [§8] provide an additional collection of partial results to-
wards identifying the relationship between the image of the pullback and strong or

topologically strong cycles.

Theorem 5.2.7. By [8, Theorem 1.5]:
1. If X is smooth or has finite quotient singularities, then A*(X)q = A7, (X /X)q.
2. If X has an ample line bundle, then *(A},(X)) = AL (X/X).
3. If Z is reqularly embedded strong substack of codimension k, then Z € W*(Algp(X)).

4. If k = dim(X)—1 or k = dim(X), then ©* is an isomorphism onto A¥,(X /X )o;
furthermore, if the maximal saturated Deligne- Mumford open substack is repre-

sentable, then AX,(X/X)g = Ak, (X/X)g.

Furthermore, if dim(X) < 3, X possesses an ample line bundle, and the mazimal
saturated Deligne-Mumford open substack is representable, then the pullback induces

an isomorphism A} (X)g = A% (X)q, see (8, Corollary 1.6]
5.2.4 Conjectures
We now specialize to the toric situation. Let X'(A) — X(A) denote the canonical

toric stack, our first conjecture is a specialization of the conjecture discussed in the

introduction.
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Conjecture 5.2.8. Given an arbitrary fan A, its associated toric variety X (A), and

its canonical stack X (A) — X(A), the image of A} (X (A))q is equal to A% (X (A)/X(A)).

Furthermore, partially based upon the results of Chapter 6 along with some general
conjectures in intersection theory, we further refine the above conjecture in the context

of toric varieties and toric stacks:

Conjecture 5.2.9. Given an arbitrary fan A and its canonical stack X (A), the Chow

ring of X(A) is generated by strong complete intersections.

Remark 5.2.10. By reading the introduction to Chapter 6, the combination of these
two previous conjectures leads us to conclude that A (X (o)) ought to vanish for any

affine toric variety.

Finally, we provide one additional question/conjecture that is yet to be formalized.

Conjecture 5.2.11. Suppose Y — X (A) is another good moduli space morphism,
what conditions are necessary to guarantee there exists a map Y — X(A) commuting

with X and such that A*(X(A)) C A*(Y)?

In |13, Section 4], they introduce the theory of fantastacks; these are slight gener-
alizations of the Cox construction which preserve the good moduli space. Hence, if
Y is any fantastack over X (A), then Y — X (A) is a good moduli space morphism
and the embedding theorem of Edidin-Satriano applies. Furthermore, it’s somewhat
straightforward to verify that A*(X(A)) C A*(Y) for any fantastack over X(A).
Hence, the heart of the previous question/conjecture concerns to what extent this
result can be extended. Due to the canonical nature of the canonical toric stack, it

seems reasonable that its Chow ring ought to be particularly natural among all other
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good moduli space morphisms Y — X (A); however, one has to be careful since, in

general, there may not even exist a map ¥ — X(A).

5.3 Some Results Related to these Ideas and Con-
jectures

As a consequence of the above discussion, in dimension three, we can recognize that
the Chow cohomology ring has a special algebraic structure in the Chow ring of the
canonical toric stack. Note, this algebraic structure is only noticeable through the
embedding of the previous section; even in the case that A is complete and we identify
the Chow cohomology with the Minkowski ring, it is essentially undetectable that the

Minkowski ring possesses this structure.

Proposition 5.3.1. If dim(A) = 3, then there exists an ideal I C A*(X(A)) such

that:

T (AL (X(A)) = 1+ 1 C A*(X),

Proof. Given x € A*(X), it suffices to show z -z € 7*A; (X) where z € 7* A% (X)) for
k=1,2,3.

If K = 1, then z is represented by a strong cycle by the last theorem of the previous
section. Let Z denote this strong cycle. Since X (A) is 3-dimensional, the locus where
X — X fails to be Deligne-Mumford consists of finitely many points (these are the
subvarieties corresponding to the non-simplicial cones; however, since every cone in
dimension 2 or less is simplicial, it follows that the only non-simplicial cones are in
dimension 3 which necessarily correspond to points). Let Z denote the image of Z in

X (A), then since Z is Cartier, the support of Z can be moved away from this finite
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set of points. In which case, Z and Z are supported over the Deligne-Mumford locus
wherein the Chow rings are isomorphic, and hence, the class of x - z is also supported
on the Deligne-Mumford locus since z - z is supported in Z. Thus, the product is the
pullback of an operational class.

For k = 2,3, z is still represented by a strong cycle Z because of the low degree
corollary mentioned above. Furthermore, since strong cycles are topologically strong,
they must satisfy the transversality condition listed above. Hence, it follows that
Z and Z must be contained in the Deligne-Mumford locus again, and the previous

argument carries through. B

We also have a conjectural description of the ideal I in dimension 3. To describe
this, for each o € A, let X(0) — X (o) denote the canonical stack of the open affine

toric variety X (o). Set K, to be the kernel of the pullback A*(X) — A*(X(0)).

Conjecture 5.3.2. If dim(A) = 3, then the ideal I from the previous proposition is

equal to:

I= ﬂKo.

cEA

The verification of this conjecture in dimension 3 relies on the second conjecture

mentioned above concerning complete intersections.

Proof. First, by chapter 6, A% (X (o)) = 0 in positive degree. Hence, the ideal I
is included in the right hand side of the above, and it merely suffices to verify the
leftward inclusion. Since the operational Chow ring is known to coincide with the
strong Chow ring, it suffices to verify that each element in the intersection of the

kernels is generated by strong cycles.
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Let [Z] be such a cycle of codimension 1, then since X is smooth, this cycle is
locally of the form on each affine open set [V (f)/Gp]. But since this cycle is in kernel
of each affine, this is equivalent to each such representative being a Gg-invariant
function, and hence, it must be strong.

For higher codimension, if we assume the above conjecture that Z is a complete
intersection locally generated by [V(fi, ..., fr)/Gp], then the previous argument still

applies since being in the kernel is equivalent to strong on each open affine. B

Remark 5.3.3. However, this result does not generalize to higher dimensions. In the
next section, we give an example of a dimension 4, complete toric variety whose Chow

cohomology ring cannot be of the above form due to the ranks of its Minkowski ring.

Finally, we end this section with a further structural result.

Proposition 5.3.4. Suppose p is a ray not contained in any non-simplicial cone of
A, and let t, denote the corresponding variable in A*(X(A)), then the ideal (t,) C

T AL (X (A)).

Proof. The proof proceeds along similar lines to the previous ones. Since p is not
contained in any non-simplicial cone, it follows that the closed subscheme V(z,) C
AlRMIin the canonical toric stack and its image are apart of the Deligne-Mumford
locus. Let z € A*(X(A), then x - t, is supported on V(x,) which is contained in
the Deligne-Mumford locus. Hence, once again, it follows that the product is the
pullback of an operational class, and altogether, the ideal of ¢, must be contained in

the pullback of the Chow cohomology ring.
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5.4 Conjectural Algorithm for the Image for Com-
plete Toric Varieties

Recall from the previous chapters, the Chow cohomology ring of any complete toric
variety is isomorphic to the Minkowski ring of the toric variety. By representing oper-
ational classes as Minkowski weights, we can provide a conjectural, effective algorithm
for computing the image of A} (X(A)) modulo certain kernels living in the Chow ring

of the canonical stack of a simplicialization. An outline of the method is given below:

1. Given a complete fan A and an operational class ¢ € A% (X(A), begin by

identifying ¢ with a Minkowski weight w, € MW*(X (A)).

2. Construct a simplicialization A’ by star subdivisions of A, and let ¢ : X(A') —

X (A) be the associated toric morphism.

3. Construct ¢*(w.) € MWF*(X(A')); by [12], this Minkowski weight is defined
by extension by zero. That is, given a codimension k cone o € A/, if 0 € A,
then ¢*(w.)(0) = w.(o); and if o is a new cone constructed from the star

subdivisions, then ¢*(w.)(o) = 0.

4. By [12, Section 5], the correspondence between A; (X (A’))q and MW*(X(A')q
is known when A’ is non-singular. In particular, the map sending a homogeneous

polynomial to the following defines the isomorphism:
p+— (0 +— deg(p-z7)).

In the case that A’ is simplicial, one can generalize the degree map used in [12] to

construct a correspondence between MW*(X (A’)) and A*(X (A’)g following [6].
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Hence, let p. denote the homogeneous polynomial corresponding to the pulled

back Minkowski weight.

5. Conjecturally, we claim that there is a means of identifying this homogeneous
polynomial with a class in A¥(X(A)) unique up to a subgroup of A*(X(A).
In particular, this is done by either annihilating the additional variables corre-
sponding to the new rays of the simplicialization in degree 1, or by expressing
the additional variables in terms of a combination of the original variables mod-

ulo a subgroup in degree > 2.
5.5 Computations

For each of the following examples, we compute generators and relations of their
strong Chow rings and their Minkowski rings, apply the previously described algo-
rithm and output its results, and emphasize some additional details specialized to
each. Throughout this section, we adhere to the following notational conventions

unless specified otherwise:
1. All sequences will be zero-indexed.

2. Given the sequence of primitive generators of the fan, the ray p; corresponding

to the i-th primitive generator will be written as '’
3. Given a cone determined by the rays p;,, ..., p;,, the cone will be written as
iy .

4. Once an ordering of A®) has been established, then a Minkowski weight of
degree k, ¢ : A®) — Z will be written as a sequence (ay,..,a,) if n = |A®)],
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Wherein implicitly, if o; denotes the i-th cone of A®) in the above ordering,

then c(0;) = a;.

5.5.1 Dimension 3 - Cone over the Square with an additional
Ray

Primitive Generators = ((1,0,1),(0,—1,1),(-1,0,1),(0,1,1),(0,0,—1)).

Maximal Cones = (0123, 014, 124, 234, 304).

Weight Matrix =

O =
— O
(NI )
N———

N\
(el
— O

Chow Ring of Canonical Stack:
A*(X(A)) = Z[x(h I, $2,$37$4]/(I0—$2,$1—J73, 200+2x1—2X4, ToToTy, X1, I3,$4).

The canonical toric stack is:

X(A) = [A°\ (V (20, 22, x5) UV (21, 23, 25)) /G2,

Note, X(A) = Proj(k[zory, 129, o3, T3X0, T5)).

Minkowski Ring

For each collection of cones A®), we impose the following orderings:
e Degree 0: (0123,014,124,234,034)
e Degree 1: (01,12,23,03,34, 14,04, 24),

e Degree 2: (0,1,2,3,4)
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Then in accordance with Chapter 3.3.1 and the above orderings, the additive

generators of the Minkowski ring in each degree are as follows:
e Degree 0: (1,2,2,2,2),
e Degree 1: (1,1,1,1,2,2,2,2),

e Degree 2: (1,0,1,0,2), and (0,1,0,1,2).

Strong Generators

The following are strong generators and are computed in [§]. To verify strong-ness,
compute their local descriptions under the above Proj isomorphism. Note, these are

actually strong complete intersections.

1. Degree 1: [V (x4)/G?] with Chow class 2x¢ + 2.

2. Degree 2: [V (z4,70)/G2], [V(x4,21)/G?] with Chow class 2zq(zg + x1) and
2£L'1 (IO + (L’l).

Output of the Algorithm

Instead of relying on our Sage implementation, we will explicitly work out this exam-
ple by hand. In degree 1, let ¢ be the Minkowski weight defined by (1,1,1,1,2,2,2,2).
We can simplicialize A by star subdividing the cone 0123 (in fact, this is a resolution
of singularities) by introducing the ray with primitive generator (0,0, 1); let A’ denote
this cone. By [12], the pullback of ¢ will assume the same values on cones in A and
0 otherwise. Hence, if 05, 15,25, 35 is the ordering of the new cones appended to the
above ordering, then the pullback is equal to (1,1,1,1,2,2,2,2,0,0,0,0).

Let p. denote the homogeneous degree 1 polynomial associated to this Minkowski

weight. The Chow ring of the canonical stack admits the following presentation:
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A"(X(A) =

ZLlxg, x1, o, T3, Ta, T5) /(X — Xa, T1 — T3, 220 + 201 — T4 + T5, Taks, ToT2, T123).

In particular, we fix xg,x1, 25 as generators, then p. = agxr; + a1 + asxs is a
unique representation of p.. We use the known correspondence between Minkowski
weights and homogeneous polynomials as mentioned in |12} Section 5] to compute the

coeflicients.

01: fp - ToT1 = asxrorixs = 1 implies a5 = 1.

12, 23, 30 are the same computation.

04: fa1m0x1x4 = 2 implies a; = 2.

14: fa0$0x1x4 = 2 implies ag = 2.

23 and 34 are the same computation.

05: f a12Xox 15 + a5;1:0:c§ = 0. However, by the above presentation and the fact

that a; = 2 and a5 = 1, this polynomial vanishes; hence, its degree is indeed 0.

15, 25, 35 are the same computations.

Thus, p. = 2x¢ + 221 + x5, and if we either delete x5 or re-write x5 and view this
polynomial as living in A*(X'(A)), then p. = z4 and is strong.

For degree 2, let ¢ be the Minkowski weight (1,0,1,0,2) and d the Minkowski
weight (0, 1,0, 1,2), then once again, they pullback to (1,0, 1,0,2,0) and (0, 1,0, 1,2,0).

Let p. and p, denote their respective polynomials which are of the form:

Pe = apToT1 + bToTs + cT1T5,  pa = €xoT1 + [ToTs + gT1T5.
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If we utilize the same correspondence to compute the coefficients, for p. we have that:

0: [ cxozizs = 1 implies ¢ = 1.

1: fbx0x1x5 = 0 implies b = 0.

2, 3 are the same computations.

4: faxox1x4 = 2 implies a = 2.

5: [axorizs+criad = 0. However, with a = 2 and ¢ = 1, the defining relations
of the Minkowski ring imply this polynomial is indeed 0, and hence, its degree

does vanish.

Thus, p. = 2x¢x; + x5, and similarly, pg = 2xox1 + zoxs5. If we use the relation
Ts5 = —2x0 + —2x1 + T4, p. = x124 and pg = woxry4. Both of these are strong. Thus,

our algorithm is successful in this example.

Remark 5.5.1. Tt is possible that non-singularity of the resolution is crucial to this
algorithm, and may be an essential reason the algorithm works perfectly on this exam-
ple. The work of [12] only establishes the identification of homogeneous polynomials
in the Chow ring and Minkowski weights for smooth complete toric varieties. For
the remaining examples, their resolutions are merely simplicial, and hence, this may
affect their results even though we are utilizing the method of [6] to generalize the

degree map.

5.5.2 Dimension 3 - Fan over the Cube
e Primitive Generators = (1,0,1),(0,—1,1),(-1,0,1),(0,1,1), (1,0, —1),
(0,—1,-1), (=1,0,—1), (0,1, —1).
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e Maximal Cones = (0123, 4567,0145, 1256, 2367, 0347).

e Weight Matrix =

10000 O 1 O
01000 O O 1
00100 1 -1 1
00010 1 0 0
00001 -1 1 -1

Minkowski Ring

For each collection of cones A we impose the following orderings:

e Degree 0: (0123,4567,0145,1256,2367,0347),
e Degree 1: (01,12,23,03,04, 45,15, 26, 56, 67,47, 37),
e Degree 2: (0,1,2,3,4,5,6,7).

Then in accordance with Section 3.3.1 and the above orderings, the additive gen-

erators of the Minkowski ring in each degree are as follows:

e Degree 0: (1,1,1,1,1,1),

e Degree 1: (1,1,1,1,1,1,1,1,1,1,1,1)

e Degree 2: (1,0,0,0,0,0,1,0), (0,1,0,0,0,0,0,1), (0,0,1,0,0,1,—1,1),

(0,0,0,1,0,1,0,0), (0,0,0,0,1,—1,1, —1).

)

Strong Generators

We can identify X (A) as Proj(k[x0xl2223, x4252627,...] (the remaining genera-
tors are the other maximal dimensional cones), and X (A) is the quotient of A% —

V(z0z12223,...) modulo G> . Let p be a suitably generic homogeneous polynomial
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of degree 1 in the variables z0x122x3, ... (e.g. the sum of all of the monomials). The

following are strong generators:
1. Degree 1: [V (p)/G3 ] with Chow class xg + ... + 3.
2. Degree 2: V(x;,p)/G3 ] with Chow class x;(xg + ... + x3) for i = 0,1, ..., 4.

The verification that the generator in degree 1 is strong is immediate, since a
generic combination has weights (1,1, 1,1,0) which is the precisely the weight associ-
ated to each open set, we can simply divide through by the generator of that open set.
For degree 2, we consider the case i = 5 (note that the other cases are simpler), and we
let p be the sum of all the monomials. In this case, V (x4, p) = V (4, 0123+1256+2367).
Consider the open set D(0123), then interestingly, this subvariety cannot be written
in terms of invariant functions valid on the entirety of D(0123) (since the weights of
4 cannot be expressed integrally in terms of 0123). Instead, note that if 0123 # 0,

then either 1256 or 2367 are not 0; hence,

D(0123) = (D(0123) N D(1256)) U (D(0123) N D(2367)).

On the first open, rescale 4 to 0145 and then divide by 0123 throughout all terms to
obtain invariant functions. Similarly, on the second open, rescale 4 to 0347 and then

divide by 0123.

Output of the Algorithm
e Degree 1: 220+ 4%l +2%x22+ 225 — 2% 27+ 828+ 8210+ 8 xll
e Degree 2:

1. 2% 2l %22 + 2% 22 %23 — 2% 22%x 20 +4 %20 %28 +4 xx1 % 28
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2. 2% 20%xx3+2*%xx2x 23 —2xx3 %27 +4+20*%xx8 +4 %21 * 28
3. 2xx0% 21 +2%20%x 23 —2*xxl %D+ 252226 — 2% x3x 27+ 8xxl %8
4, 2% 20x 21 +2xxl 22 —2xxl*xaxdb+4*x20*%x 28 +4 % xl % 8

5. —2%xx0%xx4+2xxl%xxd — 2% 2226 +2%xx3*%x27 +4+x20%x28 —4*xxl %28

In degree 1, we cannot re-write the additional variables in terms of the original
ones to remove these additional variables. However, if instead we annihilate these
variables, then indeed we obtain a strong generator after using the linear relations.

In degree 2, if re-write the additional variables in terms of the original ones and
then simplify, once again, we do not directly obtain the original variables as in the
previous example (there appears to still exist 28’s). However, it appears that modulo
the kernel of the A¥(X(A’)) — A¥(X(A)), these possibly are the strong generators.

The uncertainty is due to complications with Sage.

5.5.3 Dimension 3 - Fulton’s Fan over the Cube

e Primitive Generators = ((1,2,3),(—1,1,1),(-1,1,-1), (1,1, —-1),

(1,-1,-1),(-1,-1,-1), (1,-1,1), (—=1,—1,1)).
e Maximal Cones = (0167, 2345, 4567, 1257,0123,0346).

o Weight Matrix =

20000 5 1 =2
01000 1 1 -1
00100 O 1 O
00010 0 0 1
00001 -1 -1 1

Fulton’s fan over the cube modifies the (1,1, 1) ray to produce a complete non-

projective toric variety with vanishing Picard group. Since the Picard group vanishes,
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we would expect to observe no strong divisors and instead see the strong cycles

concentrated in codimension at least 2.

Some Strong Generators

The computation of strong generators in this case will utilize the properties of strong
cycles discussed in the previous sections. In this case, since dim(X (A)) = 3, a strong
cycle must miss the non-Deligne-Mumford locus, or concretely, it must miss the 6
singular points corresponding to the maximal dimensional cones (note, this is an
equivalence; if it misses the 6 singular points, then it’s contained in the Deligne-
Mumford locus wherein the Chow rings are known to be isomorphic, hence, it then
follows that the cycle must be strong). Note, the weights corresponding to the max-

imal dimensional cones are:
1. 0167: 11110
2. 2345: 51110
3. 4567: 41110
4. 0123: 21110
5. 0346: 31110
6. 1257: 31110

Let w = (a,b,c,d, e) be an arbitrary weight, then all semi-invariants of this weight

are of the form:

—bag— 2 2 b—ap—
l‘(a ag—ar+2as)/ 1127 ag—a7+ag

c—ay7 d—ag etagtar—ag
1 Ty Ty

ag .07 .48
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Where ag, a7, ag are arbitrary. We claim that if we fix any weight, then any combi-
nation of semi-invariants in that weight must necessarily pass through one of the sin-
gular points (and hence, cannot be strong). For example, for the weight (1,1, 1,1,0),
all of the semi-invariants pass through 0123; similarly, for (2,1,1,1,0), all of the
semi-invariants pass through 0123 as well. For (3,1,1,1,0), the semi-invariants miss
4 of the 6 singular points, but they still pass through 0123. However, for (4,1,1,1,0)
and (5,1,1,1,0), although all semi-invariants miss 0123, they do pass through 0346.
Furthermore, it is easy to see that if e # 0, then we can never move away from 4567.
Thus, it seems reasonable to conclude that no matter the weight, there will always
be a singular point passing through each of the semi-invariants.

For degree 2, to obtain strong cycles, our strategy will be to choose semi-invariants
of different weights such that their intersection misses all singular points. For example,
consider the weights (5,1,0,0,1) and (3,1,1,1,0), the former misses 0123 and 0167
only, while the latter misses the remainder. Hence, by considering a generic sum of
semi-invariants in (5,1,0,0, 1), denoted p, and a generic sum in (3,1,1,1,0), denoted
q, it follows that [V (p, q)/G] is strong since it misses the singular points. However,
note that we can utilize Sage in this problem: to compute all semi-invariants of a
given weight, to determine which singular points the semi-invariants miss, and then
to determine if the semi-invariants of two different weights miss all of the singular

points.

Remark 5.5.2. To use Sage for this problem, we use the Polyhedron package to gen-
erate a closed polyhedron satisfying the desired inequalities from the above generic

semi-invariant, that is, requiring the exponents to be non-negative. To obtain all
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semi-invariants of a given weight, we use the integral points command.

Unfortunately, if one generates a large range of weights to choose pairs from, the
computational time can be immense, and as the weights grow in size, it seems the
prospect of missing all singular points becomes rarer. In addition to the above semi-

invariants, Sage has also found the following:

1. (5,1,0,0,1) and (3,1,1,1,0) with semi-invariants:

(a) (5,1,0,0,1): 0% % z1 * x4, 4? * x5,

(b) (3,1,1,1,0): 203xx1*x2xx3, 20*xx3%24*26, 20V %215 26%27, 21%22%25% 7.

2. (0,0,0,0,1) and (0,1,0,0,0) with semi-invariants:

e (0,0,0,0,1): x4,

e (0,1,0,0,0): x1.

3. (0,0,0,0,1) and (3,1,1,1,0) with the above semi-invariants.

Minkowski Ring

For each collection of cones A®) we impose the following orderings:

e Degree 0: (0167,2345,4567,1257,0123, 0346),

e Degree 1: (01,12,23,03, 34, 45, 25, 46, 06, 57, 17, 67),

e Degree 2: (0,1,2,3,4,5,6,7).

Then in accordance with Section 3.3.1 and the above orderings, the additive gen-

erators of the Minkowski ring in each degree are as follows:

62



e Degree 1: (0,0,0,0,0,0,0,0,0,0,0,0),

e Degree 2: (2,0,0,0,0,5,1,—2),(0,1,0,0,0,1,1, —1), (0,0,1,0,0,0,1,0),

(0,0,0,1,0,0,0,1), (0,0,0,0,1,—1,—1,1).

For Minkowski weights, we see once again that there are 5 generators in degree 2
and no generators in degree 0. By utilizing the algorithm mentioned above, one could

conjecturally construct the Chow classes of the strong generators.

5.5.4 Dimension 4 - Cone over the 3-dimensional Cube with
an additional Ray

e Primitive Generators = ((1,0,1,1),(0,—1,1,1),(0,1,1,1),(—=1,0,1,1),(1,0,—1,1),

(0,—1,-1,1),(0,1,—1,1),(=1,0,—1,1), (0,0,0, —1)).
e Maximal Cones = (01234567, 01238, 45678, 02468, 13578, 23678, 01458).

o Weight Matrix =

10000 O O 1 2
01000 O 1 0 2
00100 1 0 0 2
00010 1 1 -1 2
00001 -1 -1 1 0

The purpose of this example is to note the failure of Proposition 5.3.1. The
ranks of the Chow groups of X(A) are 1,1,1,5,1 for degrees equal to 0,1,2,3,4. If
T A*(X(A)) = 1+ I and if s is the degree 1 generator, then multiplying s against
the variable corresponding to any ray would be contained in 1+ /. However, it’s easy
to verify through Sage (or any computer algebra system by implementing the Chow
rings) that multiplying s against the other rays are independent of one another. This
would imply the 2nd degree group should have more than 1 generator; however, this

contradicts the ranks of the Chow groups.
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Chapter 6

The Chow Cohomology Ring of an
Affine Toric Variety Vanishes

Our main goal in this section is to the prove the following theorem:
Theorem 6.0.1. Let X(0) be any affine toric variety, then
k _
A (X (o)) =0 for all k > 0.
In particular, A} (X(0)) = Z.

Recall from the previous chapter, we conjecture that the pullback of A7 (X (A)) in
A*(X(A)) ought to be generated by strong complete intersections. Since we are not
imposing any assumptions on A, a simple test case for this conjecture should be when
A = o is the fan of a single cone, X (o) is an affine toric variety, X(A) = [A"/G], and
A*(X(A)) = Az

In this context, a strong complete intersection of [A™/G] is of the form [V(py, ..., px) /G|
where py, ..., pr. are G-invariant polynomials; however, if V(py, ..., px) is a complete in-
tersection, then the Chow class of this cycle is the product of the Chow classes of
[V(p;)/G]. But since p; is G-invariant, its Chow class is 0, and hence, the Chow class
of the cycle [V(py, ..., px)/G] is necessarily 0. Thus, if our conjectures are true, then

we would expect A% (X (o) = 0 for all k> 0.
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For smooth affine toric varieties, this can be shown directly since every smooth
affine toric variety is of the form A" x G* | and a short argument involving the vector
bundle property of Chow groups along with the excision sequence will demonstrate
the Chow ring of such a variety necessarily vanishes. However, for singular affine toric
varieties, this result is far from obvious. Interestingly, we claim this result holds even
if spite of the fact that it’s easy to produce examples of singular affine toric varieties
with non-trivial Chow homology groups; in other words, we can produce prime cycles
which are not rationally equivalent to zero.

Nonetheless, there are other reasons for expecting this result to be true. [14] notes
that singular affine toric varieties ’constitute a class of intuitively contractible vari-
eties, generalizing in a natural way affine spaces’, and in particular, all vector bundles
on singular affine toric varieties are free so the Grothendieck ring is isomorphic to Z.
Furthermore, the following arguments can be modified to also show that the opera-
tional K-theory of any affine toric variety vanishes as well.

For an outline of the argument, we begin by star subdividing o to produce ¢ :
X(c*) — X(0). By the results in Chapter 3, this map is an isomorphism outside
of S = V(o) and E = ¢~1(S). Hence, if we apply Kimura’s exact sequence to this
subdivision, to prove A} (X (o)) vanishes it suffices to prove A% (X (0*)) — Al (E) is
injective.

If X(0*) and & denote the canonical stacks of X(c*) and E respectively, then by
utilizing the main theorem of 8], we will construct a diagram over Q involving the
Chow rings of these canonical toric stacks and Kimura’s exact sequence. Hence, to

show the previous map is injective over Q, it will suffice to show the map between
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Chow rings of canonical stacks is an injection over Q. But in fact, this map will
be an isomorphism over Z. To conclude the argument and remove the rationality
assumption, we prove that the Chow cohomology ring of any affine toric variety must

be torsion-free.

6.1 Proof of the Theorem

To fix notation, let ¢* denote the star subdivision of ¢ with respect to its star v :=
Star (o), let p, be the corresponding ray in o*, let ¢ : X (0*) — X (o) be the associated
toric morphism, and let S = V(o) C X (o) and F = ¢~ *(S). Note, the morphism ¢
is an isomorphism outside of S and E. Furthermore, let X(0*) — X(¢*) and € - F

denote the canonical the stacks of X (0*) and F respectively.

6.1.1 Kimura’s Exact Sequence

We begin by explicitly identifying the divisor F.

Lemma 6.1.1. Under the above notation, E =V (p,).

Proof. By construction, p, is contained in the interior of o, and if 7 is a cone of o*
non-trivially intersecting the interior of o, then 7 necessarily contains p,. Hence, p, is
the unique minimal cone of ¢* intersecting the interior of o. The lemma then follows

from Theorem B.1.70. W

Remark 6.1.2. Note, Payne proved in [17, Lemma 1] that any proper birational, toric
morphism is an envelope. Since star subdivisions, and more generally refinements,
produce such morphisms, it follows that ¢ : X (0*) — X (o) is an envelope. Thus, we

can apply Kimura’s exact sequence to ¢.
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Since the closed subscheme S is O-dimensional and irreducible, A°(S) = Z and
A¥(S) = 0 for k > 0. Therefore, if we apply Kimura’s exact sequence to ¢, we obtain

the following exact sequence:
k k * *

Thus, to show A% (X(0)) = 0 for k& > 0, it suffices to show A} (X(0*)) —
Ak (V(py)) is injective. To accomplish this, the following two steps will further
demonstrate that it suffices to consider the Chow rings of the associated canoni-
cal stacks, and in subsection 6.1.3, we will show that these Chow rings are in fact

isomorphic.

6.1.2 A Commutative Diagram of Canonical Stacks

The goal of this subsection is to show that we can construct an injectve morphism
E — X(o*) such that the following diagram of stacks and good moduli spaces is

commutative:

(6.1)

|

— X(o%)
— X(0%)

&

E

Let X,+« denote the canonical fan as constructed in Chapter 3.2.1 for the variety
Al"MI\ Z(0*), then as remarked in Chapter 3, this toric variety is equipped with a
toric quotient morphism X (3,-) — X(c*). If n = |o(1)|, let x4, ..., 2,11 be coordi-

nates on Al°"Ml such that x,41 corresponds to the ray p,. Note, since orbit closures in

X (A) correspond to vanishing sets of rays in X (XA ), we have a commutative diagram
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of G-quotients:

(V(zn) \ 2) —— X(%)

l l (6.2)

E— X(o%)
where G is the group acting on X (X,+) such that X(c*) = [X(X,+)/G]. We claim
that if we quotient Diagram by G and then consider the corresponding diagram
of quotient stacks and good moduli spaces that [(V(z,41) \ Z/G)] = €.

We begin with the following basic result of toric varieties:

Lemma 6.1.3. A collection of rays of o* is primitive if and only if the corresponding

collection in Star(p,) is primitive.

Proof. Let C be a primitive collection of ¢* and and let C’ be the associated collection
in Star(p,). If D' C C" is a proper subset and D C C denotes the corresponding
subset, then since D is contained in some cone, it follows that D’ will be contained
in the image of that cone, and similarly, if C' C 7(1), then C' C 7 would contradict
C being primitive. Thus, if C' is primitive, then C’ is primitive; the converse holds

by a similar argument. B

The existence of the commutative diagram (6.1)) now follows from the following

lemma.
Lemma 6.1.4. Let £ denote the canonical stack over E, then £ = [(V(x,11)\ 2)/G].

Proof. By definition, £ is the quotient stack of the form [(A™\ Z’)/G’] where Z" and
G’ are defined as previously. By the previous lemma, there is an obvious isomorphism

between A"\ Z" and V(z,11) \ Z(c*). We claim that G = G’ and the action of G’ on
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A™\ Z' coincides with the action of G on V(x,,1) \ Z(0*) under this isomorphism.

Indeed, this follows from the commutativity of the following diagram of character

groups:
0 — Zk1 > 2" > X(G') —— 0
0 > ZF y 2" —— X(G) —— 0

The vertical maps are the duals of the canonical quotient maps for the primitive

generators of p, and e, respectively. B

Remark 6.1.5. Note that unless o* is a resolution of singularities, diagram (/6.2]) is
not Cartesian. The following examples shows that even if o* is a simplicialization the

diagram fails to be Cartesian.

Example 6.1.6. Consider the cone o with ray generators given by {(1,1,1), (—1,0,1),
(1,0,1), (0,—1,1)}, and its associated star subdivision o* obtained by adding the ray
generator (1,0, 4) and subdividing appropriately. We claim that in this example, £ is
not saturated with respect to 7. Following [8, Remark 3.4], since dim(€) = dim(E)
and 7(€) = F, it suffices to show £ is not strong.

With the notation as in this section, the action of G2, on A®\ V (1, z3) UV (z2, z4)

is given by the matrix:

3 =21 -2 0
2 -3 0 =31

If £ is strong, then the ideal (x5) is generated by an invariant function on each open
set D(x1x9), D(xox3), D(x324), and D(z1x4). However, on D(x;x9) where xy, 25 are
invertible, the weight (0, 1) on x5 cannot be expressed integrally in terms of (3,2) and

(—2, —3) for xq, x5 respectively (however, (0,1) can be expressed rationally in terms
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of these weights, hence, (z5) is generated up to radical by an invariant function on
D(z1x2)); thus, £ is not strong, but the above argument does show & is topologically

strong.

6.1.3 The Embedding of Edidin-Satriano

Since the canonical stack morphisms are good moduli space morphisms, we have
that A} (E)q C A*(E)q and A} (X (0%))q C A*(X(0%)q. Hence, by combining these
injections with the main result of the previous section and Kimura’s exact sequence,

the following diagram commutes:

0 —— AG(X(0))g — AG(X(0")g — A5, (E)g
AN X(0))g — A¥(E)g

Since the vertical maps are injections, to show A} (X (0*)) — Ak (E) is injective

at least over Q, it suffices to show A*(X(c*))g — A*(E)g is an injection. In fact, we

claim this map is an isomorphism over Z.

6.1.4 The Pullback of Chow Rings of Canonical Stacks is an
Isomorphism

Theorem 6.1.7. Let £ — X(0*) be the injective morphism constructed in Step 2,

then the pullback induces an isomorphism A*(E) = A*(X(0")).

Proof. By the previous lemma, & = [(V(z,41) \ Z(0%))/G] C X(c*) = [(A"T!\
Z(0*))/G]. Hence, the Chow rings of the canonical stacks are the following equivariant

Chow rings:

A(X(0")) = AG(A™\ Z(07)), and A*(E) = AG(V(ns1) \ Z(07)).
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Since Z(o*) does not contain z,.1, we can write V(x,.1) \ Z(0*) = A" \ Z’ and
A"\ Z(o*) = (A™\ Z’) x A! for the obvious exceptional set Z’ C A". In particular,
the inclusion of canonical stacks is the quotient by G of the zero section A™\ Z' C
(A" \ Z') x Al of a G-equivariant vector bundle over A"\ Z’. Hence, the pullback in

G-equivariant Chow groups along this inclusion is an isomorphism. B

Before proceeding, we also give an alternative, direct proof of the above fact
wherein we explicitly show these two rings are isomorphic; however, the alternative

proof is only valid over Q.

Proof. (Alternative Direct Proof) By the previous section, the Chow rings of the

above stacks admit the following presentations:
1. A*(X(0%))g = QIs1, ..., Sn, 8]/ (L, Z),

2. A*(E)g = Qlt1, ... ta] /(L. Z)).

The variables s; correspond to the rays of ¢ C ¢* and s corresponds to the ray p,,
while the variables t; corresponds to the images of the rays of o* in N(p,). The
restriction morphism sends s; — t;, and if s = p(sy,...,s,) for some polynomial p,
then s|g = p(ty, ..., t,).

By the above lemma, it follows that if we replace s; with ¢; in Z, then Z' = Z. We
claim a similar result holds for the linear equivalence ideals. In particular, we claim
that L and L’ are equivalent after expressing s as a linear polynomial in sy, ..., s, and
sending s; — t;. Suppose dim(Ng) = N and {e;} are the canonical basis vectors for

N, then we can express the primitive generators of o* along with v as follows:

N n N
uj = E :aﬂeim = E Vv = E Ase; where A; = Z?:l Qjj-
i=1 k=1

=1
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The linear equations of L are generated by the following system of equations:

si1a11 + ... + Snlnl + SA1 =0

S101N + ... F spann +sAN =0

Without loss of generality, suppose A; # 0, then

S (s1a11 + ... + Span1)-

Let {€;} denote the images of the basis vectors in N(p,), then since T = 0,

Furthermore, note that the images of the primitive generators in this quotient lattice

can be expressed as:

N yy
mX (o () re)
Thus, the linear equations of L' are generated by:

t1 (a11(—Az /A7) + ar2) + ... + tu(an(—Az /A1) + an2) =0

F1 (a1 (—An JAL) + @) + o+t (ann (—An A1) + dny) = 0

Finally, if we substitute the above description of s as a linear polynomial in sq, ..., s,
into each generator of L, we obtain exactly the previous set of equations after sending

S; to tz |

Thus, A% (X(0))g = 0 for & > 0. The final step will be to show A} (X (o)) is

torsion-free.
6.1.5 Chow Cohomology of Semi-Proper Toric Varieties

We recall from Chapter 2 the definitions of semi-proper and semi-projective toric
varieties. A toric variety X (A) is semi-projective if it has at least one torus fixed
point and the natural map X (A) — Spec(I'(Ox(a))) is projective; equivalently, it is
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semi-projective if A has full-dimensional convex support and X (A) is quasi-projective.
Similarly, a toric variety is semi-proper if it has at least one torus fixed point and
the previous natural map is proper. Hence, for an affine toric variety X(o), any
refinement A of o produces a semi-proper toric variety X (A) which is proper over
X(o). By [16, Lemma 2.1], A} (X (o)) injects into A} (X (A)); hence, if we can show

the latter ring is torsion-free, it follows that the former is necessarily torsion-free.

Theorem 6.1.8. Let X(A) be any semi-proper toric variety, then Aj (X(A)) is

torsion-free.

Remark 6.1.9. Since we can always construct a resolution of singularities of ¢ through
star subdivisions, the resulting toric variety will necessarily be projective. This is
because a star subdivision is an example of a regular subdivision. Hence, although
considering the semi-proper case isn’t strictly necessary, since we also obtain a non-
trivial result about the Chow cohomology rings of semi-proper toric varieties, we feel

it is worthwhile to work through perspective.

The first step towards this result will be to reduce to smooth, semi-projective toric
varieties. Indeed, by toric Chow’s lemma [4, Theorem 6.1.18], there exists a projective
toric variety X(A’), and toric morphism X(A’) — X(A), where A’ is a smooth
refinement of A, such that the map X (A’) — X (o) factors through X (A) — X (o).
Hence, A} (X(A)) C A*X(A'), and once again, if we can show the latter is torsion-
free, it follows that the former is necessarily torsion-free. From this point forward,
let 0’ be a smooth refinement of o such that X (¢’) is a smooth semi-projective toric

variety.

Remark 6.1.10. For a smooth projective toric variety, [11], Section 5.2] demonstrates
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that its Chow ring is torsion-free by producing the Bialynicki-Birula decomposition

of such a variety from a particular ordering of the maximal dimensional cones.

In [15], Hausel and Sturmfels generalize the construction of |11, Section 5.2] to
smooth semi-projective toric varieties by utilizing the moment map associated to a
1-parameter subgroup, and in particular, they construct the Bialynicki-Birula decom-
position of a smooth semi-projective toric variety by producing a collection of locally

closed subsets {U;} satisfying the following properties:

1. Each U; is a union of orbits, and hence, the closure of U; is a union of U;’s.
2. X (0') is the disjoint union of the U;’s.

3. Each U; & An*i,

In particular, by [9), Definition 1.16], this decomposition of X (¢’) is an affine strati-
fication. By [1§], the classes of U; form a basis for A*(X (¢’)), and hence, A*(X (0”)) is
necessarily torsion-free. This concludes the proof of the previous theorem. Thus, since
A; (X (o)) C A*(X(0")), it follows that A% (X(0)) is torsion-free, and by combining
all of the previous subsections, this concludes the proof of the main theorem.

6.2 Main Example

Arguably the simplest example of an affine singular toric variety is the cone over the
square. In this following example, we explicitly verify the isomorphism of Section

6.1.4 and hence establish its Chow cohomology ring vanishes by hand.
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Example 6.2.1. Let o denote the cone generated by {(1,0, 1), (0,—1,1),(—1,0,1),(0,1,1)}
in R3, then o* is actually a resolution of singularities of . In particular, the vertical
maps are isomorphisms in Kimura’s sequence. Furthermore, £ = V(p,) = P! x P!,

and we can explicitly compute A*(X(c*)) as:
A" (X(c")) = Z[s1, ..., 84, 8] /(81 — S3, 82 — S4, 81 + ... + S4 + S, 5153, S254)-

Hence, s; = s3, S3 = 84, and s = —2s; — 2s9; and A*(X(0*)) = Z[sq, s0]/(s?,53) is
clearly isomorphic to the Chow ring of P! x P! as predicted by Theorem [6.1.7] This
calculation also directly verifies that A7 (X (o)) is torsion free since it injects into the

ring Z[s1, s3]/ (s, s3) which has no Z-torsion.
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