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Abstract
In this note we show that an one-dimensional algebraic subset V of arbitrarily dimen-
sional polidisc D

n , which has the polynomial extension property, is a holomorphic
retract.

Keywords Extension property · Holomorphic retract · Algebraic set

1 TheMain Result

Let f : V → C be a function on some non-empty subset V of Cn . We say that f is
holomorphic (onV) if for every point ζ ∈ V there existsU an open neighbourhood of ζ
inCn and there exists a holomorphic function F : U → C such that F |U∩V = f |U∩V .

The algebra of bounded holomorphic functions on V is denoted by H∞(V) and we
equip this space with the supremum norm:

|| f ||H∞(V) = sup
ζ∈V

| f (ζ )|.

By P(V) we denote the subalgebra of polynomials of H∞(V).

Definition 1 Take U a bounded domain in C
n and let V be a non-empty subset of U .

We say that V has the polynomial extension property with respect to U if for every
polynomial f ∈ P(V) there exists a bounded holomorphic function F ∈ H∞(U )

satisfying F |V = f and

||F ||H∞(U ) = || f ||H∞(V).
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Recall thatV a subset ofU is called holomorphic retract if there exists a holomorphic
map r : U → V such that r |V = id|V .

We call the set V algebraic in D
n if there are polynomials p1, . . . , ps such that

V = D
n ∩ ⋂s

j=1 p−1
j (0).

The main result of the paper is:

Theorem 2 Let n ≥ 3. Suppose that the set V ⊂ D
n is an one-dimensional, algebraic

and that it has the polynomial extension property. Then it is a holomorphic retract.

This theorem is an n-dimensional generalization of the result by Kosiński and
McCarthy (cf. [7], Theorem 5.1), where the authors proved it in case of the tridisc.
In what follows, we will adopt their method, but with some modifications. Before we
get to the proof, we will need some extra tools. For recent developments in the studies
of extension properties and for some motivations we refer to [2,8] and to the Agler,
Lykova and Young paper [1].

2 Preliminaries

Recall the automorphism group of polidisc

Aut(Dn) = {Dn � (z1, . . . , zn) 	→ (eiα1hw1(zσ(1)), . . . , eiαn hwn (zσ(n))) ∈ D
n :

α j ∈ R, w j ∈ D, j = 1, . . . , n, σ ∈ �},

where� is the group of all permutations of n-elements and each hw j is a Möbius map.
We denote by m the Möbius distance on the unit disc

m(z, w) :=
∣
∣
∣
∣

z − w

1 − zw

∣
∣
∣
∣ , z, w ∈ D.

Let U be a domain in C
n and let kU be the Kobayashi pseudodistance for U :

kU (z, w) = inf{p(λ, μ) : there is ϕ ∈ O(D, U ) such that ϕ(λ) = z, ϕ(μ) = w},

where p(λ, μ) = tanh−1(m(λ, μ)) is the Poincaré distance on the unit disc D in C.
Denote by cU the Carathéodory pseudodistance

cU (z, w) = sup{p( f (z), f (w)) : f ∈ O(U ,D)}, z, w ∈ U .

We say that the function f ∈ O(D, U ) is a Kobayashi extremal map with respect
to two distinct points z, w ∈ U if there are λ,μ ∈ D such that f (λ) = z, f (μ) = w

and

kU (z, w) = p(λ, μ).
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Similarly we define the Carathéodory extremal map for a pair of points z and w, as a
map g ∈ O(U ,D) which satisfies

cU (z, w) = p(g(z), g(w)).

Finally, a complex geodesic is a range of Kobayashi extremal map. In case when
the bounded domain U is convex, it follows from the Lempert theorem (see e.g. [6],
Theorem 11.2.1) that for any pair of points in D and for every Kobayashi extremal f
through these points there exists a Carathéodory extremal map g, being a left-inverse
to f , which means that g ◦ f = id|D.
Definition 3 Take two points z, w in polydisc D

n such that z �= w. We say that z
and w form a k-balanced pair, where 2 ≤ k ≤ n, if after a possible permutation of
coordinates, we have

m(z1, w1) = · · · = m(zk, wk) ≥ m(z j , w j ), j ∈ {k + 1, . . . , n}.

If w = 0 then we will say that z is a k-balanced point.

Recall that the subset V of a domain U is called relatively polynomially convex if
V is polynomially convex and V ∩ U = V .

Lemma 4 (cf. [7], Lemma 2.2) If U is a bounded domain and V is a relatively poly-
nomially convex subset of U that has the polynomial extension property, then V is
connected.

Theorem 5 (cf. [7], Theorem 2.3) Let U be bounded, and assume that V ⊂ U has
the polynomial extension property. Let ϕ be a Carathéodory–Pick extremal for U for
some data. If ϕ|V is in P(V), then ϕ(V) contains the unit circle T.

Lemma 6 Let V ⊂ D
n be a relatively polynomially convex set that has the polynomial

extension property. Suppose thatV contains an n-balanced pair (a, b). ThenV contains
an n-balanced disc of the form

{(hw1(λ), . . . , hwn (λ)) : λ ∈ D},

where hw j are Möbius maps, j = 1, . . . , n.

Proof Take an automorphism that interchanges b with 0 and a with some point α ∈
D

n\{0} such that α1 = · · · = αn . Set ϕ(z) = (z1 + · · · + zn)/n. Since cDn (z, w) =
max{m(z j , w j ) : j = 1, . . . , n} (cf. Corollary 2.3.5. in [6]), it follows that ϕ is a
Carathéodory extremal for (a, b). By Theorem 5, the set V contains the unit circle
{(ζ, . . . , ζ ) : ζ ∈ T}, and the polynomial convexity of V leads to the conclusion that
V contains n-balanced disc {(λ, . . . , λ) : λ ∈ D}. �

Let πk : C
n → C

k denote the natural projection on the first k-coordinates
z1, . . . , zk .
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Lemma 7 If we take a point a = (a′, a′′) ∈ C
k × C

n−k which is an isolated point of
π−1

k (a′)∩V , then we are able to find a polydisc U = U ′ ×U ′′ ⊂ C
k ×C

n−k centered
at a and such that πk : U ∩ V → U ′ is proper.

Proposition 8 ([3], Theorem 3.7) Let X be an analytic set in C
n and a ∈ X with

dimaX = k. If there is a connected neighborhood a ∈ U = U ′ × U ′′ such that
πk : U ∩ X → U ′ ⊂ C

k is proper, then there exists an analytic set Y ⊂ U ′,
dimY < k and p ∈ N such that

(1) πk : U ∩ X \π−1
k (Y) → U ′\Y is a locally biholomorphic p-sheeted cover. In

particular, #π−1
k (z′) ∩ V ∩ U = p for all z′ ∈ U ′\Y .

(2) π−1
k (Y) is nowhere dense in X(k) ∩ U, where X(k) = {z ∈ X : dimzX = k}.

Proposition 9 ([3], Proposition 3.3.3.) Let G ′ ⊂ C
k, G ′′ ⊂ C

m be open subsets.
Suppose V is analytic in G = G ′ × G ′′, and take a projection πk : (z′, z′′) 	→ z′.
Assume that V ′ = πk(V ) is a complex submanifold in G ′ and that πk : V → V ′ is one-
to-one. Then V is a complex submanifold in G and πk : V → V ′ is a biholomorphic
map.

The next lemma is standard.

Lemma 10 Let X ,Y be analytic where X is additionally irreducible. Then if w ∈
X ∩ Y and the germs (X )w and (Y)w are equal, then X ⊂ Y .

To obtain the main result, we will prove that V is a graph of holomorphic map.
Then we will apply the following theorem by Heath and Suffridge [5]:

Theorem 11 The setV is a holomorphic retract ofDn if and only if, after a permutation
of coordinates, V is a graph of a map from D

p to D
n−p for some 0 ≤ p ≤ n.

3 Proof of theMain Result

For any regular point w there exists a unique irreducible component containing it.
Recall that the properties of having the polynomial extension property, connect-
edness, being relatively polynomially convex and being a retract are all invariant
under application of an automorphism of D

n . Hence, for given k-balanced pair
of points (z, w) which is not (k + 1)-balanced we can assume that z = 0 and
w = (w1, . . . , w1, wk+1, . . . , wn) with |w1| > |w j | for j > k.

Lemma 12 Assume that V is an algebraic and one-dimensional set in D
n that sat-

isfies the polynomial extension property. Suppose that V contains both 0 and w =
(w1, w1, . . . , w1, wk+1, . . . , wn), where w is a regular point of V with |w1| > |w j |
for j = k + 1, . . . , n and 2 ≤ k ≤ n − 1. Then the irreducible component S ⊂ V
passing through w is contained in {z1 = z2 = · · · = zk}.
Proof Suppose that S is not contained in {z1 = · · · = zk}.

Since w is a regular point, by Lemma 4 it is not isolated in V . Hence locally around
w the set S can be described by holomorphic functions

{( f1(λ), . . . , fn(λ)) : λ ∈ D(ε)}, where ε > 0.
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Here we can assume that f1(0) = · · · = fk(0) = w1 and f p(0) = wp whenever
p ∈ {k + 1, . . . , n}. Decreasing ε we may also assume that the above set is contained
in {|zk+1|, . . . , |zn| < |z1|, . . . , |zk |}. Define

u(λ) = max
1≤ j≤k

{| f j (λ)|}, for λ ∈ D(ε),

and let

S j = {λ ∈ D(ε) : u(λ) = | f j (λ)|}.

We claim that it is possible to find a pair of indices p, q ∈ {1, . . . , k} with p �= q and
a sequence {λn}∞n=1 ⊂ Sp ∩ Sq converging to zero.

Suppose the contrary. Since the functions describing first k coordinates coincide at
a point 0, then for all pairs of indices 1 ≤ i, j ≤ k we have | fi | = | f j | on some subset

i j ⊂ D(ε) with 0 ∈ 
i j being an accumulation point. If there exists an index p such
that | f p| ≥ | f j | on D(ε) for all j �= p, then we are done. Otherwise for some p �= q
we can pick two sequences (λn)∞n=1 in Sp and (μn)∞n=1 in Sq , both of them converging
to 0 ∈ D(ε). Let permute the indices such that p = 1, q = 2.

After possibly passing to a subsequence, any pair of points λn and μn we can
connect by an arc in D(ε) in a way that any n-th arc does not meet the previous n − 1
arcs. On every such n-th curve, by continuity argument, we can find a point νn such
that for some p ∈ {2, . . . , k}we have | f1(νn)| = | f p(νn)| ≥ | f j (νn)| for all j �= 1, p.
Since there is only a finite number of coordinates, we can again pass to a subsequence
if necessary, and find an index i0 such that | f1(νn)| = | fi0(νn)| for all (νn)∞n=1. This
proves the claim.

Now we have two possibilities.

Case 1 There is an index j0 such that we have f1(νn) = ωn f j0(νn) for E := {ωn :
n ∈ N} being an infinite subset of T and such that 1 ∈ T is an accumulation point of
E . After a possible permutation of coordinates we may assume that j0 = 2.

Consider the mappings

Fωn : Dn → D

z 	→ z1 + ωnz2
2

.

For any ωn ∈ E we can take a point a = (a1, ωna1, a3, . . . , an) := ( f1(νn), . . . , fn

(νn)) with |a1| ≥ |a j | for all j = 3, . . . , n and there is a geodesic

λ 	→
(

λ, ωnλ,
a3
a1

λ, . . . ,
an

a1
λ

)

in D
n passing through 0 and a. Now, Fω is a left inverse to the Kobayashi extremal

through these points and by Theorem 5 we obtain that T ⊂ Fωn (V). Therefore T ×
E ⊂ π2(V). On the other hand, the variety V is one-dimensional and algebraic, so
over any point ζ in T (except perhaps some zero-dimensional singular set) there is
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only a finite number of points lying over ζ . Hence we get a contradiction and so
S ⊂ {z1 = · · · = zk}.
Case 2There is an index j0 and a sequence (νn)∞n=1 such that f1 = f j0 on that sequence
and hence on the whole D(ε). Then we have S ∩ Bw(t0) ⊂ {z1 = z j0} for a suitable
t0 > 0. Here Bw(t0) is a ball centered at w. Since S is irreducible, we have from
Lemma 10 that in fact S ⊂ {z1 = z j0}.

Choose all j ∈ {2, . . . , n} for which we can find such a sequence (νn)∞n=1 where
f1(νn) = f j (νn) for all n and repeat the above argument. After a possible permutation
of indices we get S ⊂ {z1 = · · · = zl}. Now, if l = k then we have finished. However,
if l < k then for some j0 ∈ {l + 1, . . . , k} we would find ourselves in a situation from
Case one, which leads to the contradiction. �
Lemma 13 If V is an algebraic subset of Dn of dimension one that satisfies the poly-
nomial extension property, then locally V is a graph of a holomorphic function.

The local character of the Lemma 13 allows us to make some simplifications. It
is enough to prove that V is smooth at 0 ∈ V . Moreover, any analytic set can be
decomposed to its irreducible components and locally we can choose finite number of
them. Therefore we can choose t > 0 for which all points in V ∩B(t)\{0} are regular
and we can write V ∩B(t) = U1 ∪ · · · ∪ Us for some s ∈ N, where U j are irreducible
components passing through zero (and hence Ui ∩ U j = {0} whenever i �= j).

We will prove the Lemma 13 in a batch of sublemmas.

Sublemma 14 If there exists a point w ∈ V ∩ B(t) such that |w1| > |w j | for j =
2, . . . , n, then the irreducible component of V ∩ B(t) passing through 0 and w is a
graph {(λ, λ f2(λ), . . . , λ fn(λ)) : λ ∈ D(ε)}, where f j are in the open unit ball of
H∞(D(ε)).

Proof Take the projection to the first variable

π1 : Dn → D,

z 	→ z1.

Let S be the irreducible component of V passing through 0 andw. Note, that π−1
1 (0)∩

S = {0}. Otherwise we could find point x = (0, x2, . . . , xn) ∈ S with at least one
x j �= 0. Since S is irreducible, we could connect x and w by a curve on which
there would be a point that forms with zero a pair which is at least 2-balanced. Then
Lemma 12 would give a contradiction.

Now, it follows from Lemma 7 and Proposition 8 that there exists a polydisc U
such that π1|U∩S is an analytic d-sheeted covering with at most 0 being the critical
point. If d = 1 then by the analytic graph theorem the irreducible component S is a
graph of holomorphic function.

Suppose for the sake of contradiction that d > 1. We shall note that there is no
nonzero point x ∈ S ∩ {|z1| = · · · = |zn|}. Indeed, if there is one, then we can choose
such a point x and a curve γ : [0, 1] → S connecting w = γ (0) and x = γ (1), and
such that γ (t) /∈ S ∩ {|z1| = · · · = |zn|} for any t ∈ [0, 1). Then we apply Lemma 6
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and we get n-balanced disc through x additionally to the curve γ , which contradicts
the assumption that x is a regular point.

Therefore we can assume that there is no point in S\{0} with all the coordinates
equal on modulus. The Lemma 12 allows us additionally to note that there is also no
k-balanced point for 2 ≤ k ≤ n − 1. So we can see that |z1| > |z j |, j = 2, . . . , n
for all nonzero z in S. Otherwise, by a continuity argument we would find a nonzero
point x ∈ S such that |x1| = |x j | for some j ∈ {2, . . . , n} and this as we noted is not
possible.

Since we assumed that d > 1, we can find another point w′ different than w in
the fiber π−1

1 (w1) ∩ S, with some coordinates w′ = (w1, w
′
2, . . . , w

′
n). Let ϕ be the

automorphism which maps

z 	→ (hw1(z1), . . . , hwn (zn)),

where hw j is a Möbius map. Then

w is interchanged with 0;
w′ is mapped to w′′ := (0, hw2(w

′
2), . . . , hwn (w

′
n)).

Now, all points except at most w are regular in ϕ(S). Let γ : [0, 1] → ϕ(S) be a
curve that joins γ (0) = w and γ (1) = w′′. We can choose γ such that it does not pass
through zero. It is easy to see that there has to be a point t0 ∈ (0, 1) such that γ (t0) is
k-balanced for some k ≥ 2. Again Lemmas 6 and 12 give a contradiction.

Hence near zero S is a graph of a holomorphic function. Additionally we have
shown that there is no k-balanced point for any k ≥ 2, which means that | f j | < 1 on
D(ε) for all j = 2, . . . , n. �
Sublemma 15 Fix k ∈ {2, . . . , n −1}. Suppose there is a point w ∈ V∩B(t) such that
|w1| = · · · = |wk | > |w j | for j ∈ {k + 1, . . . , n}. Then the irreducible component
passing through 0 and w is a graph {(λ, ω2λ, . . . , ωkλ, λ fk+1(λ), . . . , λ fn(λ)) : λ ∈
D(ε)}, where f j ∈ H∞(D(ε)) and ω j ∈ T.

Proof The proof is essentially the same as the proof of Sublemma 14, so we just make
few additional observations.

It follows from Lemma 12 that in the component S containing w there is no s-
balanced points with k < s ≤ n − 1.

Take an automorphism which multiplies every of the first k coordinates by suitable
unimodular constants, so we are allowed to assume that w1 = · · · = wk . Therefore
the unique component S passing through 0 and w is a subset of {z1 = · · · = zk}. Take
the projection πk to the first k variables, which again we can assume to be proper when
restricted to S ∩ U for U being some polydisc.

We need only to show, that the projection is single sheeted. Suppose then that there
is another point w′ = (w1, . . . , w1, w

′
k+1, . . . , w

′
n) ∈ π−1

k ((w1, . . . , w1)) ∩ S ∩ U ,
different thanw. Since S is contained in {z1 = · · · = zk}, we have already reduced the
problem to the situation from the Sublemma 14, so we can apply it to get the result. �
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Sublemma 16 Suppose V contains two discs D1 := {(λ f1(λ), λ, λ f3(λ), . . . , λ fn

(λ)) : λ ∈ D(ε)} and D2 := {(λ, λg2(λ), . . . , λgn(λ)) : λ ∈ D(ε)}, where all f j , g j

are in the closed unit ball in H∞(D(ε)). Suppose there is no open set U such that
D1 ∩ U = D2 ∩ U. Then in arbitrarily small neighbourhood of the origin we can find
two points w ∈ D1\{0} and w′ ∈ D2\{0} such that (w,w′) forms a pair, which is at
least 2-balanced.

Proof If both f1, g2 ≡ 0, the result is obvious.We can assume at least one of them, say
f1 is not the zero function. Take some point w = (w1, . . . , wn) ∈ D1 with w2 = λ0
and w j = λ0 f j (λ0) for j ∈ {1, . . . , n}\{2}. Choose λ0 so that f1(λ0) �= 0. Then
we pick another point x = (x1, . . . , xn) := (λ1, λ1g2(λ1), . . . , λ1gn(λ1)) in D2 so it
satisfies λ1 = λ0 f1(λ0).

Take an automorphism ϕ of the unit polydisc that interchanges 0 and x :

z
ϕ	→ (

hx1(z1), . . . , hxn (zn)
)
.

Since any point in D1 can be joined with 0 by a curve, we can also link x with every
point from ϕ(D1). Take an appropriate curve γ : [0, 1] → ϕ(V)with γ (0) = ϕ(w) =
(0, mx2(w2), . . . , mxn (wn)) and γ (1) = ϕ(0) = x . By the continuity argument the
curve γ has to meet a point which is at least 2-balanced. �
Proof of the Lemma 13 The Lemma 6, Sublemmas 14 and 15 show that any irreducible
component passing through 0 in its neighbourhood is a graph of holomorphic function.
Suppose that the variety V is a union of at least two graphs. After a permutation of
coordinates V contains two discs:

D1 = {(λ, λ f2(λ), . . . , λ fn(λ)) : λ ∈ D(ε)}; (1)

D2 = {(λg1(λ), λ, λg3(λ), . . . , λgn(λ)) : λ ∈ D(ε)}, (2)

for f j , g j being in closed unit ball of H∞(D(ε)) and with 0 being the only point of
intersection of these two discs.

Observe that none of points from D1\{0} forms n-balanced pair with any point
of D2\{0}. Otherwise by Lemma 6 there is n-balanced disc through these points
contradicting the assumption, that the only intersection point ofD1 andD2 is the zero
point.

Suppose there is k-balanced pair (x, y) ∈ D1×D2 for 2 ≤ k ≤ n−1. Choose k that
is the largest possible. Then by Lemma 12, after perhaps permutation of coordinates
we have

D1\{0} ⊂ {z : m(z1, y1) = · · · = m(zk, yk) > m(z j , y j ) for j = k + 1, . . . , n},
(3)

D2\{0} ⊂ {w : m(x1, w1) = · · · = m(xk, wk) > m(x j , w j ) for j = k + 1, . . . , n}.
(4)

This implies, that in fact any pair (z, w) ∈ D1 × D2 except (0, 0) is k-balanced. In
particular if we take z = 0 ∈ D1, we see that λg1(λ) �= 0 for all λ ∈ D(ε)\{0}.
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Now, for some λ0 ∈ D(ε)\{0} choose λ1 ∈ D(ε) such that λ1 = λ0g1(λ0). There-
fore m(λ1, λ0g1(λ0)) = 0 contradicting inclusions (3) and (4). Hence there is no
k-balanced point either.

Finally, recall that discs (1) and (2) intersect only at point zero. So, by Sublemma 16
there is always a pair of point which is at least 2-balanced, but this is impossible by
what we just showed.

This finishes the proof. �
Proof of the Theorem 2 We know already that V is smooth, i.e. free from singular
points. Acting on V with an automorphism we lose no generality if we assume that
0 ∈ V .

Suppose that V contains a k-balanced pair of points for k ≥ 2 and take such a pair
where k is the largest possible. If k = n then V contains a n-balanced disc D due to
Lemma 6 and that disc covers the whole V , so Theorem 11 finishes the proof. Indeed,
we can assume up to automorphism that D = {(λ, . . . , λ) : λ ∈ D}. If there exists
some point x ∈ V\D, then for any point w = (λ0, . . . , λ0) ∈ D, the pair (x, w)

is at most k-balanced for some k ≤ n − 1. By Lemma 12 and after permutation of
coordinates we have m(x1, λ) = · · · = m(xk, λ) > m(x j , λ) for j = k + 1, . . . , n,
for all λ ∈ D. Taking λ = x1 we get a contradiction.

Suppose now k < n. It follows again from Lemma 12 that there is no j-balanced
pair in V which is not k-balanced, for any 2 ≤ j < k. Hence we can assume that

V ⊂ {z ∈ D
n : |z1| = · · · = |zk | > |z j | for all j = k + 1, . . . , n} ∪ {0}. (5)

Take the projection to the first coordinate π1 : V → D which by virtue of the
inclusion (5) is proper. Recall that for any a ∈ V we have dimaV = 1. By Proposition 8
the projection π1 is a local p-sheeted covering except at most discrete set of singular
points, for some p ∈ N. But the set of singularities is empty. Suppose now that
p > 1. Then since we assumed that zero is in V , we can now pick two points {0, w} ∈
π−1
1 (0)∩V wherew = (0, w2, . . . , wn) �= 0. But this contradicts the assumption that

for V the inclusion (5) is satisfied, so in fact p = 1.
Therefore π1 : V → D is an one-to-one map, so by Proposition 9 it is a biholomor-

phism. Now, Theorem 11 finishes the proof. �
Remarks If we strengthen the assumptions in Theorem 2, demanding that the variety
V has the H∞-extension property instead of the polynomial one, then V is connected.
Bearing in mind first three paragraphs of the Proof of the Theorem 2 we observe that

V ⊂ {z ∈ D
n : |z1| > |z j |, for all j = 2, . . . , n} ∪ {0}.

Define f := zn/z1 ∈ H∞(V). There exists F ∈ H∞(Dn) an extension of f . Then
g := z1F is an nontrivial extension of zn|V so there are satisfied assumptions of the
following theorem by Guo, Huang and Wang [4]:

Theorem 17 Suppose V is a subset of Dn and zn|V has a nontrivial extension. Then V
has the formV = {(z′, f (z′)) : z′ ∈ πn−1(V))}, where f is the unit ball of H∞(Dn−1).



2780 K. Maciaszek

Acknowledgements I would like to expressmy gratitude to ŁukaszKosiński for his guidance and numerous
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