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1. Introduction

In this paper, we study a class of the Cauchy problems for evolution inclusions of subdifferential type
in the framework of evolution triple of spaces. Recently, the problem has been studied in [21] without
the convex subdifferential term and under the sign condition for the nonconvex potential, and in [8],
where reformulated as a variational-hemivariational inequality, has been analyzed under a restrictive
smallness hypothesis on the constants involved in operators A and 9J [see problem (1.1), (1.2) below].
Here, we replace this restriction by a weaker condition and further examine the continuous dependence
for such inclusions which was not studied before. In this way, the present paper is a continuation of [8].
Moreover, we provide a new application of our results to a semipermeability problem with nonmonotone
and possibly multivalued subdifferential boundary conditions.

The main feature of the evolution inclusion under consideration is that both multivalued terms are
generated by subdifferential operators which take their values in the dual space and not in a pivot space,
and moreover, such inclusions depend on operators involved in the subdifferential maps and assumed
to be history-dependent. We should note that Gasinski et al. [6] investigated an abstract first-order
evolution inclusion in a reflexive Banach space extending several earlier work on parabolic hemivariational
inequalities by Migérski [13], and Migérski and Ochal [15], and others.

The initial value problem for evolution inclusion under consideration reads as follows. Find w €
L2(0,T;V) with w’ € L?(0,T;V*) such that

w'(t) + A(t,w(t)) + (Riw)(t) + M*0J(t, (Sw)(t), Mw(t))
+N*9p(t, (Rw)(t), Nw(t)) > f(t) ae. t e (0,T), (1.1)
w(0) = wy. (1.2)
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In inclusion (1.1), the symbol 9J stands for the generalized gradient of a locally Lipschitz function
J(t, z,-) and dy¢ denotes the convex subdifferential of a convex and lower semicontinuous function (¢, y, -).
Furthermore, (1.1) involves three nonlinear operators R, Ry and S assumed to be history-dependent. It is
worth to observe that inclusion (1.1) finds an equivalent formulation as the following history-dependent
variational-hemivariational inequality, see [8, Problem 7]:

(w'(t) + At w(t) + (Raw)(t) — f(£),v — w(t))vexv
+J0(t, (Sw) (), w(t);v — w(t)) + @(t, (Rw)(t),v) — ¢(t, (Rw)(t),w(t)) = 0 (1.3)

for all v € V, a.e. t € (0,T). Existence and uniqueness results for a particular form of inclusion (1.3),
under more restrictive hypotheses, have been recently proved in [22] where J = 0, and in [23] where
J is independent of the history-dependent operator. We refer to [14,17,18,20,28,29,31,33] for various
related results on history-dependent inequality problems, and to a recent monograph [32] for a compre-
hensive research. Moreover, various classes of related differential variational inequalities and differential
hemivariational inequalities have been studied only recently in [10-12,24,35].

The novelties of the paper are following. First, we prove existence of the unique solution to prob-
lem (1.1), (1.2) under a weaker (relaxed) smallness condition than in [8, Theorem 9]. Since the smallness
condition is simpler here, it is applied to a wider class of evolution inclusions. Second, we deliver a contin-
uous dependence result for the map (f, wg) — w for problem (1.1), (1.2) in weak topologies. Note that a
convergence result in norm topologies for a problem in which d.J does not depend on the history-dependent
operator was obtained in [32, Theorem 99]. Third, we provide a new application of the continuous depen-
dence result of Theorem 7 to a dynamic frictional contact model with history-dependent operators, and a
new well-posedness result for a semipermeability problem. Finally, note that the continuous dependence
result in weak topologies obtained in this paper can be used in analysis of various optimization and opti-
mal control problems for variational and variational-hemivariational inequalities with history-dependent
operators.

2. Essential tools

Let us recall some basic definitions from nonlinear analysis in Banach spaces. For more details in this
connection, we refer to, e.g., [2-4].

Let X be a Banach space. Throughout this paper, we denote by (-, -) x«x x the duality pairing between
a Banach space X and its dual X*, and by || - ||x the norm in X. When no confusion arises, we often
drop the subscripts. A function ¢: X — R U {400} is proper if its effective domain domp = {z € X |
p(z) < 400} # 0. Tt is lower semicontinuous (l.s.c.) if x, — = in X entails p(z) < liminf ¢(z,).

Let ¢: X — R U {400} be a convex function. An element z* € X* is called a subgradient of ¢ at
we X if

(", v —u)xxx < @) —p(u) foralveX. (2.1)

The set of all #* € X* which satisfy (2.1) is called the (convex) subdifferential of ¢ at u and is denoted by
Op(u). Next, we recall the notions of the generalized directional derivative and the generalized gradient
of Clarke for a locally Lipschitz function ¢: X — R. The generalized directional derivative of ¢ at u € X
in the direction v € X is defined by

wo(u; v) = limsup Yy +tv) — Q/J(y)

y—u, t]0 t
The generalized gradient of 1 at u € X is given by
(u) = {u* € X* | (usv) > (u*,v) o\ forall ve X}
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The locally Lipschitz function v is called regular (in the Clarke sense) at v € X if for all v € X the
one-sided directional derivative 1’ (u;v) exists and satisfies 1/°(u;v) = 9/(u;v) for all v € X. In what
follows the generalized gradient of Clarke for a locally Lipschitz function and the subdifferential of a
convex function will be denoted in the same way.

Recall that an operator A: X — X* is said to be demicontinuous if for all v € X, the functional
u — (Au,v)x+xx is continuous, i.e., A is continuous as a map from X to X* endowed with the weak
topology. Let 0 < T' < oo and A: (0,T) x X — X*. The Nemytskii (superposition) operator associated
with A is the operator A: L?(0,T; X) — L?(0,T; X*) defined by

(Av)(t) = A(t,v(t)) for ve L*(0,T;X), ae. te(0,T).
A multivalued operator A: X — 2% is called coercive if either its domain D(A) = {u € X | Au # 0} is
bounded or D(A) is unbounded and
im inf { (u*, u)x~xx | u* € Au}
llullx —o0. ueD(A) lullx

= 400.

Given a set D in a normed space E, we define |D||g = sup{||z||g | * € D}. The space of linear and
bounded operators from a normed space E to a normed space F' is denoted by L(F, F). It is endowed
with the standard operator norm || - || z(g,p). For an operator L € L(E, F), we denote its adjoint by
L* € L(F*, E").

Recall that the spaces (V, H, V*) form an evolution triple of spaces, if V' is a reflexive and separable
Banach space, H is a separable Hilbert space, and the embedding V' C H is dense and continuous. We
introduce the following Bochner spaces V = L2(0,T; V), V* = L*(0,T;V*),and W = {w € V | w’ € V*}.
It follows from standard results, see, e.g., [3, Section 8.4], that the space W endowed with the graph
norm |wllw = |Jw|ly + ||[w'||y+ is a separable and reflexive Banach space, and each element in W, after
a modification on a set of null measure, can be identified with a unique continuous function on [0, 7]
with values in H. Further, the embedding W C C(0,T; H) is continuous, where C'(0,T; H) stands for the
space of continuous functions on [0, 7] with values in H.

Finally, we state a fixed point result (see [9, Lemma 7] or [30, Proposition 3.1]) being a consequence
of the Banach contraction principle.

Lemma 1. Let X be a Banach space and 0 < T < oco. Let F: L?(0,T;X) — L?(0,T; X) be an operator
such that

[(Fon)(t) = (Foa) ()% < C./o lvi(s) = va(s)[I% ds

for all v, vo € L?(0,T;X), a.e. t € (0,T) with a constant ¢ > 0. Then, there exists a unique v* €
L?(0,T; X) such that Fv* = v*.

3. History-dependent evolution inclusions

We start with the study of existence and uniqueness for abstract first-order evolution subdifferential
inclusion in a general form. Our study is a continuation of paper [8] where a class of general dynamic
history-dependent variational-hemivariational inequalities has been investigated. The aim is to provide
an improved version of result in [8, Theorem 6] which actually holds under a more general smallness
hypothesis.

We study the operator inclusions in the standard functional setting used for evolution problems which
exploits the notion of an evolution triple of spaces (V, H, V*). We use the notation V, V* and W, recalled
in the previous section.

Given A: (0,T)xXV = V* ¢: (0, T)xV =R, f: (0,T) — V* and wg € V, we consider the following
Cauchy problem for the evolution inclusion.
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Problem 2. Find w € W such that
w'(t) + At w(t)) + 0v(t, w(t)) 3 f(t) ae. te(0,T),
w(0) = wo.

Here, 9(t,-) is a locally Lipschitz function and 0¢ denotes its Clarke generalized gradient. We recall
that a function w € W is a solution of Problem 2, if there exists w* € V* such that w'(t) + A(t,w(t)) +
w*(t) = f(t) ae. t € (0,T), w*(t) € OY(t,w(t)) a.e. t € (0,T), and w(0) = wy.

In the study of Problem 2, we need the following hypotheses.

H(A): A: (0,T) x V. — V* is such that

(i) A(-,v) is measurable on (0,T) for all v € V.

(if) A(t,-) is demicontinuous on V for a.e. t € (0,7).
(iii) ||A(t,v)|v+ < ao(t) + ai||v]]y for allv € V, a.e. t € (0,T) with ag € L*(0,T), ag > 0 and a; > 0.
(iv) A(t,-) is strongly monotone for a.e. t € (0,T'), i.e., for a constant m4 > 0,

(A(t,v1) — A(t,v2),v1 — v2)vexv = mallvr — v2[f,
for all v1, vo € V, a.e. t € (0, 7).
H(): ¢: (0,T) x V — R is such that
(-, v) is measurable on (0,7T) for all v € V.
¥(t,-) is locally Lipschitz on V for a.e. t € (0,7).
10¢(t, v)||v+ < co(t) + er||v]|y for all v € V, ace. t € (0,T) with ¢y € L2(0,T), co >0, ¢; > 0.
0Y(t,-) is relaxed monotone for a.e. t € (0,7, i.e., for a constant m, > 0,

(21 — 22,01 —V2)yexv = —my|lvg — ")2”%/
for all z; € OU(t,v;), zs €V, v, €V,i=1,2 ae. t € (0,7T).
(Ho): f€V*, wgeV.
(H1): ma > my.
We have the following existence and uniqueness result.
Theorem 3. Under hypotheses H(A), H(), (Ho) and (Hy), Problem 2 has a unique solution.

Proof. The proof follows the lines of [8, Theorem 6]. For this reason, we provide only an argument for
the coercivity of the operator F: V — 2V defined by Fv = Av + Buv for v € V, where A: V — V* and
B:V — 2V are the Nemytskii operators corresponding to the translations of A(t,-) and di)(t,-) by the
initial condition wy:

(Av)(t) = A(t,v(t) + wo),
Bu={v* eV |v"(t) € 0v(t,v(t) +wy) for ae. t € (0,7T)}
forveVand ae. t € (0,T). By H(A)(iii), (iv) and H(¥)(iii), (iv), we have
(A(t, z) + OU(t, 2), 2)vxv = (A(t,z) — A(t,0), 2) v+ xv
+H{(OY(t,z) — OY(t,0), 2) v xv + (A(L,0) + OY(t,0), 2) v xv
> (ma —my)|I2ll} = (ao(t) + co(t)) I 2llv
forall z € V, a.e. t € (0,T). Next, let v € V. We obtain

(Av + Bu, v)pswyp = /0 ((Av)(t) + (Bu)(t),v(t))v-xv dt
T
- / CA(t, 0(t) + wo) + DU(L, 0(t) + wo), v(t) + wo)vey di

—/0 (A(t,v(t) + wo) + 0Y(t, v(t) +wp), wo)v+xv dt. (3.1)
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Using H(A)(iii) and H ()(iii), we get

[(A(t, v(t) + wo) + O(t, v(t) + wo), wo)v=xv|
< (1A, v(t) + wo)llv= + [[09 (£, v(t) + wo)llv=) lwollv
< (ao(t) + co(t) + (a1 + c1)l[wollv)[[wollv + (a1 + c1)lJwol|v [Jv(@)[|v-
Integrating this inequality on (0,7"), by the Holder inequality, we deduce

T
—/ (A(t,v(t) + wo) + OV (t, v(t) + wp), wo)v+xv dt > —(ag + 01)||w0||%,
0

—VT(|laollz> + llcollz2)l[wollv — VT (ax + e1)[lwollv [[v]lv- (32)
Combining (3.1) and (3.2), we obtain
(Ao + Bo, o)y > (s — 1) [0 + w3 — (laollzz + lleollz2)llo + woly
—VT(|laollz> + llcoll z2)l[wollv — (a1 + e)T w3 — (a1 + c1)Jwollv VT ||v]lv
for all v € V. Finally, by the inequality (a +b)* > 2a2? — b? for all a, b € R, we conclude

1
(Fo,0)vexy = 5 (ma = my)[oll} = (ma = ma)wolls, = (laollz2 + lleollz2) v ]lv

—(llaollzz + llcoll z2) (1 + VT)|Jwolly — (a1 + c1)Tl|woll3 — (a1 + c1)|lwollv VT o]y

From the smallness hypothesis (H;), we infer that F is a coercive operator. The rest of the proof of this
theorem is analogous to [8, Theorem 6], and therefore, it is omitted here. O

Observe that existence and uniqueness result of Theorem 3 was proved earlier in [8] under the more
restrictive smallness assumption m4 > max{m., 2v2¢1 ).

Note that condition H(¢)(iv) has an equivalent formulation in terms of the generalized directional
derivative of ¢(t,-), that is, 99(t,-) is relaxed monotone for a.e. t € (0,T) with constant m, > 0 if and
only if

POt v1500 — v1) + YO, v2;01 — v2) < My |lur — val|}

forallv; e V,i=1,2 a.e t € (0,T). For details and examples, see, e.g., [7, Remark 3.1], and [19,20,32].
We pass now to the evolution inclusion with history-dependent operators which is the main object of
our study in this paper.

Problem 4. Find w € W such that
w' (t) + A(t,w(t)) + (Riw)(t) + M*0J(t, (Sw)(t), Mw(t))

+N*9p(t, (Rw)(t), Nw(t)) > f(t) ae. te€ (0,T),
w(0) = wo.

In this problem, dJ denotes the generalized gradient of a locally Lipschitz function J(t,z,-) and
Oy is the convex subdifferential of a convex and lower semicontinuous function ¢(t,y,-). Despite two
subdifferential terms generated by convex and (in general) nonconvex functions, the inclusion involves
three nonlinear operators R, R; and S called history-dependent ones.

We introduce the following hypotheses on the data of Problem 4. Let X, Y, Z and U be Banach
spaces.

H(J): J: (0,T) x Z x X — R is such that

(i) J(-, z,v) is measurable on (0,7T) for all z € Z, v € X.
(ii) J(t,-,v) is continuous on Z for all v € X, a.e. t € (0,T).
(iii) J(t, z,-) is locally Lipschitz on X for all z € Z, a.e. t € (0,T).
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(iv) [|0J(t, z,v)||x* < cos(t)+ecisl|z|lz+cas||v|x forall z € Z, v € X, a.e. t € (0,T) with ¢y € L*(0,T),
CoJ, €17, €27 2 0.
(v) 9J is relaxed monotone in the following sense
(0J(t, 21,v1) — OJ(t, 22,02),v1 — V2) x*x X

> —myllvy — vl % — My |21 — 22

|zllv1 — valx

forall z; € Z, v, € X,i=1,2,ae. t € (0,T) with my; >0, my; > 0.
H(p): ¢: (0,T) xY x U — R is such that
(i
(it
(iii

(iv

(-, y,u) is measurable on (0,7) forally € Y, u e U.

o(t, -, u) is continuous on Y for all uw € U, a.e. t € (0,T).

o(t, y, -) is convex and l.s.c. on U for all y € Y, a.e. t € (0,T).

100(t, y, u)||o+ < cop(t)+crpllylly +e2pl|ul|v forally € Y, u € U, ace. t € (0,T) with ¢, € L*(0,T),
Copsy Clyp, C2p Z 0.

(v) @t y1,u2) =t y1,ur) + ot y2, ur) = @(t, Y2, uz) < By [ly1 —y2lly lur —uzllu for all y; € Y, u; € U,

)
)
)
)

i=1,2 ac. te(0,T) with 3, > 0.

H(M,N): M € £(V,X), N € L(V,U).
(H): R:V — L*(0,T;Y), Ri: V — V*, and S: V — L?(0,T; Z) are such that

t
(i) |(Rv1)(t) — (Ru2)(t)|ly < cR/ llv1(s) —va(s)|vds for all vy, v € V, a.e. t € (0,T) with cg > 0.
0

(i) [|(Rro1)(#) = (Rav2) (8]

t
(iil) [[(Sv1)(t) — (Sv2) ()]l z < cs/ [lv1(s) —va(s)||vds for all vy, ve € V, a.e. t € (0,T) with cg > 0.
0

t
v+ < cp, / [lv1(s)—va(s)||vds for all vy, v2 € V, ae. t € (0,T) with cg, > 0.
0

(Hs): ma > my|| M|

Theorem 5. Under hypotheses H(A), H(J), H(y), H(M,N), (Ho), (Hz) and (Hs), Problem 4 has a
unique solution.

Proof. The proof is based on Theorem 3, uses some ideas from [8, Theorem 9] and consists of three steps.
Step 1 Let us fix £ € L?(0,T;V*), n € L?>(0,T;Y) and ¢ € L%*(0,T;Z) and define a functional
’(/)gnct (O,T) xV —R by

Yene(t,0) = (€(1), v)vexv + J (& (1), Mv) + o(t,1(t), Nv)

forallveV,ae. t € (0,7T).

We will verify that ¢, satisfies hypothesis H (). First, it is clear by assumptions H(J)(i), (ii) and
H(p)(1), (ii) that both J(-,-,v) and ¢(-,-,u) are Carathéodory functions for all v € V, v € U. Making
compositions with measurable functions (0,7) 3t +— ((t) € Y and (0,T) > ¢t — n(t) € Z, it is obvious
that the functional 1¢pc (-, v) is measurable on (0,7 for all v € V. This implies H(1)(i). Next, we observe
that H(t)(ii) is satisfied. Indeed, using [3, Proposition 5.2.10] and H(p)(iii), we infer that o(t,y,-) is
locally Lipschitz on U for all y € Y, a.e. t € (0,T). Hence, taking into account H(J)(iii) combined with
H(M, N), we obtain that the functional ¢¢,¢(t, -) is locally Lipschitz on V for a.e. t € (0,T), i.e., H(¢)(ii)
holds.

Subsequently, since J(t,z,M-) and ¢(t,y, N-) are locally Lipschitz for all z € Z and y € Y, a.e.

€ (0,T), we apply the chain rule in [3, Proposition 5.6.23] to get

Ipene(t,v) C &(t) + M7 (t,((t), Mv) + N"0p(t, n(t), Nv) (3.3)
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for all v € V and a.e. t € (0,T). Exploiting (3.3), we easily have

[0venc(t, 0)llve < NE@ v+ + [[MT0J(t,((t), Mv)|lv= + [N*Op(t,n(t), Nv)|v-
<[1E@ v+ + cos (t) + crsIMINC@) 2 + car M [P [v]lv
+cop(t) + c1pIN[[[In(®)]ly + cag NI (|v]lv
<co(t) +ellvllv

for all v € V, a.e. t € (0,T), where co € L?(0,T), co > 0 and

c1 = maX{CQJHM||2;C2cp||NH2} > 0.

Condition H (w)(iii) follows.
Finally, we will check the relaxed monotonicity condition H(¢)(iv). We use H(J)(v) and the mono-
tonicity of dp(t,y,-) for all y € Y, a.e. t € (0,T), see [3, Theorem 6.3.19], which entail

(Ohenc (t,v1) — Openc (t, v2), v1 — V2)v=xv
=(0J(t,((t), Mv1) — 0J(¢,((t), Mva), Mvy — Mua) x-x x
+{0¢(t,n(t), Nv1) — 0p(t, n(t), Nvz), Nvy = Nvg)u«xu
> —my [ M(v1 —v2)[|% = —mg||M[lor — va[3
for all v1, vo € V, a.e. t € (0,7). We deduce that condition H(¢))(iv) is satisfied with m, = m || M|>.
This completes the proof of H(1)).
Since my = my||M|?, hypothesis (Hsz) implies condition (H;). Therefore, by applying Theorem 3,
we obtain that there exists a unique element we,¢ € VW which solves the inclusion in Problem 2 with

replaced by t)¢,c. Moreover, by (3.3), it is clear that we,¢c € W is also a solution to the following problem:
find w € W such that

w'(t) + A(t,w(t)) + §(t) + M*OJ(t,¢(t), Mw(t))
+N*0p(t,n(t), Nw(t)) > f(t) a.e.te (0,T), (3.4)
w(0) = wo.
Step 2 We claim that a solution to the problem (3.4) is unique. Let wi, we € W be solutions to the
problem (3.4). For simplicity, we skip the subscripts £, 7 and ¢ in this part of the proof. Take ws(t) as

the test function in the inclusion in (3.4) satisfied by wy, take wy(t) as the test function in the inclusions
(3.4) for we, and add the two resulting expressions. We have

(wi(t) = wh(t), w1 (t) — w2 () v=xv + (At wi(t)) — A(t,wa(t)), wi(t) — wa(t))v-xv
+(0J (¢, C(t), Mw (t)) — OJ(t, ((t), Mwa(t)), Mw; (t) — Mwsa(t)) x+xx
+(d(t,n(t), Nwy(t)) — dp(t, n(t), Nwa(t)), Nwi(t) — Nwz(t))u-xv =0

for a.e. t € (0,T). Next, we integrate the above inequality on (0,t), for all ¢ € [0,7] and then use the
integration by parts, H(A)(iv), H(J)(v), the monotonicity of the convex subdifferential and condition
w1 (0) — w2(0) =0 to deduce

s ) = wn )l + ma [ ur () = wa(s) s =y [ an(9) = wa(o) [ ds <0

for all ¢ € [0,T]. By the smallness condition (Hj3), we conclude wy = wsy. The solution to problem (3.4)
is unique.
Step 8 Consider operator A: L2(0,T;V* x Y x Z) — L*(0,T;V* x Y x Z) by

A(&,1,¢) = (Riwgne, Rwenc, Sweye)  for all (€,1,¢) € L2(0,T;V* x Y x Z),



114 Page 8 of 22 S. Migérski and Y. Bai ZAMP

where wepc € W denotes the unique solution to the problem (3.4) corresponding to (§,7,¢). By an
argument similar to the one used in [8, Theorem 9 and Lemma 3], we deduce that there exists a unique
fixed point (£*,7*,¢*) of A, i.e.,

(& ,n*,¢*) € L*(0,T5;V* x Y x Z) and  A(E",n",¢%) = (€, 7", ().

Let we+p+¢c+ € VW be the unique solution to the problem (3.4) corresponding to (£*,7n*,¢*). By definition
of operator A, we have

£ = Ri(weyege), 17 = Rwgy¢-) and (7 = S(wep¢).

Finally, we use these equalities in (3.4), and conclude wgs,+¢+ is the unique solution of Problem 4. This
completes the proof of the theorem. O

4. A continuous dependence result

In this section, we provide a new continuous dependence result for Problem 4. We study the continuity
in the weak topologies of the map which to the right-hand side and initial condition in Problem 4 assigns
its unique solution.

We will prove first the following a priori estimate on a solution.

Proposition 6. Under hypotheses of Theorem 5, if w € W is a solution to Problem 4, then there exists a
constant C' > 0 such that

lwll o,y + wlw < C(A+ Jlwollv + | £]
+|R10|| 20, 7v+) + 1501 2 (0,729 ) -

v+ + | RO 2 (0,7;v)

Proof. Let us denote by w € W a solution to Problem 4. This means that there are ¢ € L?(0,T; X*) and
n € L?(0,T;U*) such that

w'(t) + A(t,w(t)) + (Ryw)(t) + M*E(t) + N*n(t) = f(t) ae. te (0,7T), (4.1)
&(t) € dJ(t, (Sw)(t), Mw(t)) ae. t € (0,T), (4.2)
n(t) € dp(t, (Rw)(t), Nw(t)) ae. te (0,T), (4.3)
w(O) = Wop. (44)
We take the duality with w(¢) in (4.1) to get
<w/<t) + A<t7 w(t>) + (le)(t)7 w(t)>V*><V + <§(t)’ Mw<t)>X*><X
+(n(t), Nw(t))y+xy = (f(£), w(t))v-xv. (4.5)
In the estimates below, we use several times the Holder inequality, Young’s inequality ab < %az + ﬁbz

with € > 0, and elementary inequality (a+b)? < 2 (a?+b?) for all a, b € R. Let t € [0, T]. From hypothesis
(H2), we have

I(Rw)®)I < 20?375/0 lw(s)I} ds + 2 [ (RO)(®)1F, (4.6)

[(Ryw)(t)] Ve (4.7)

t
2, §2(:231t/0 leo(s)|% ds + 2||(R:0)(¢)]

I(Sw)(®)117 < 26%15/0 lw(s)If5 ds + 2[1(SO)(®)17- (4.8)
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By assumption H(p)(iv) and (4.6), we obtain

[{D(t, (Rw)(t),0), Nw(t))y-xv| < (cop(t) + crpl (Rw)(t) [y ) N [[[[w(t)llv

g? 1
5|\Nll2|\w(t)||2v + ;(Cﬁw(t) + e[ (Rw) (1))

e? cgo(t) | 2cF CR cf
S INPle@Iy + ==+ —5 / () ds + 2~ RO
The latter combined with (4.3) and the monotonicity of the convex subdifferential implies

(n(t), Nw(t))y«xy = (9p(t, (Rw)(t), Nw(t)), Nw(t))y«xy
<390( (Rw)(t),0), Nw(t))y+xy
2
IV o) — 222
Similarly, by hypotheses H(J)(iv) and (v), (4.2), and (4.8), we get

(
{€(1), Mw(t)) x-xx = (9J (L, (Sw)(t), Mw(t)), Mw(t)) x-xx
> (0J(t, (Sw)(#),0), Mw(t))yxy — my||M|*|lw(®)|

(t
>~ MR - S 1M o] - 220

IN

IN

2¢2 AT 2¢2
*71225 /O\Iw(S)II%/dS* —L11(S0)(1)1%-

Next, exploiting (4.7), we have

t 2 t
/«&wmmw@Wwwbéi/HMMﬁm
0

c
Rl / / |w(T)||% dr ds—l—f/ [I(R10)(

On the other hand, a 81mple calculation gives

[ en v as< G [ @it as+ 2 [

V*

177+

t 2
€ 1
| o)) ds < Sl + gz loolom,

01¢CT lp
o) 261,k /Hw ||Vds—2 I(RO)DF -

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

Subsequently, we integrate (4.5) on (0,t) for all ¢ € [0, T], use integration by parts formula in [4, Propo-

sition 8.4.14], H(A)(iii) and (iv), and inequalities (4.9)—(4.13), to deduce

1 3?2 ¢
§WUM'Qm—mNMW—3~3NNW+MN /leb®

1 1
§||w0||H t53 922 ||a0||L2(0 Tt =3 (||CO<PHL2(O )t llcosl|Za (0,1))

1
+?ﬂ%@%T+%ﬂéT+%lt/ ([ 1wl ar)as+ o [ 1GIR-as

2c3 [t 2¢c
222 [0 as+ % [ IR0 a5+ 23 [ jsosz ds.

Now, by (Hs), we choose € > 0 such that
5
2

2
3
ma —my|M|[* = = = S (IN|* +[IM]*) > 0
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Hence, for some positive constants d;, = 1,...,5, we have

t 1 t s
[ o) ds < gl + 7 ey + s [ ([ Tt ar) as
t

+d4/0 (1RO )IZ + I(R10)($)[F- + [(S0)(5)[1% ) ds + ds

for all ¢t € [0, T]. Applying the Gronwall lemma, see, e.g., [19, Lemma 2.7], we deduce the desired estimate
on the term |w|y. By (4.1), we obtain the bound on ||w’[y«, and finally also on the norm of the
solution w in C(0,T; H). This proves the estimate in the statement of the proposition and completes the
proof. O

To provide a result on the continuous dependence, we need stronger versions of hypotheses introduced
in the previous section. In particular, operator A will be assumed to be time independent and the weakly—
weakly continuous which obviously implies the demicontinuity in H(A)(ii). All hypotheses introduced
below are clearly satisfied in applications in Sects. 5 and 6.

H(A);: A: V — V* is such that
(i) A is weakly—weakly continuous.
(i) ||Av|lv+ < ag + a1]jv||y for all v € V with ag, a3 > 0.
(iii) A is strongly monotone with constant m4 > 0, i.e.,
(Avy — Avg, v1 — va)y=xy = mallvr — val3
for all v1, v € V.
H(J)1: J: (0,T) x Z x X — R is such that H(J)(i)—(v) hold and
(vi) JOt,-,;w): Z x X — R is upper semicontinuous on Z x X for all w € X.
H(M,N)y: M and N satisfy H(M, N), and their Nemytskii operators
M:WCV—L*0,T;X) and N: W CV— L*0,T;U)
are compact.
(Hy): R, Ry and S satisfy (Hs), and
(i) R:WcCV—L*0,T;Y) and S: W C V — L*(0,T; Z) are compact.
(ii) Ry:V — V* is weakly—weakly continuous.

(iii) (RO, R10,S0) remains in a bounded subset of L2(0,T;Y x V* x Z).

Theorem 7. Under hypotheses H(A)1, H(J)1, H(yp), H(M,N)1, (Ho), (Hs), and (Hy), if {fn} C V*,
fn — [ weakly in V*, {wi} CV, wf — wo weakly in V', and {w,} CW, w € W are the unique solutions
to Problem 4 corresponding to {(fn,wq)} and (f,wo), respectively, then w,, — w weakly in W, asn — cc.

Proof. The existence and uniqueness of solution is a consequence of Theorem 5. We prove the continuous

dependence result. Let {f,} C V*, f, — f weakly in V*, {wi} C V, wj — wy weakly in V, and

{w,} C W be the unique solution to Problem 4 corresponding to {(f,,w{)}, n € N. Then,
W (t) + Awn (t) + (Riwn ) () + M™&, (1) + Ny (t) = fu(t) ae. t € (0,71), (4.14)
En(t) € OJ(t, (Swy)(t), Mw,(t)) a.e. t€ (0,T), (4.15)
M (t) € Op(t, (Rwy)(t), Nw,(t)) ae. te(0,7), (4.16)
wy, (0) = wg. (

By Proposition 6 combined with (Hy)(iii) and weak convergences of {f,} and {w{}, the sequence {w,}

is uniformly bounded in WW. By the reflexivity of W, we can find a subsequence, denoted in the same way,

such that w, — w weakly in W with w € W, as n — co. We will prove that w is the unique solution in
W to Problem 4 corresponding to (f,wp).
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Using an argument similar to [34, Lemma 13], from hypothesis H(A);, we known that
Aw, — Aw weakly in V*, as n — oo. (4.18)
By assumption (Hy)(ii), it follows
Riw, — Rijw weakly in V*, as n — oo. (4.19)
Further, we use H(M, N); to get Mw,, — Muw in L?(0,T; X) and Nw,, — Nw in L?(0,T;U), which,
for a next subsequence, entails
Muw,(t) = Mw(t) in X, and Nw,(t) = Nw(t) in U, for a.e. t € (0,T). (4.20)
On the other hand, by (H4)(i), we have Rw,, — Rw in L*(0,7;Y) and Sw,, — Sw in L?(0,T; Z). Hence,
again for a subsequence, it holds
(Rwy)(t) — (Rw)(t) inY, and (Sw,)(t) — (Sw)(t) in Z, for a.e. t € (0,T). (4.21)

Next, we prove the following claims. O

Claim 1. If J: (0,T) x Z x X — R satisfies H(J)(iii), (iv) and H(J)1(vi), then the multivalued map
Zx X3 (z,x)— 0J(t, z,x) C X*

is upper semicontinuous from Z x X into X* endowed with the weak topology with nonempty, closed
and convex values, for a.e. t € (0,7). Indeed, let us fix t € (0,7) \ Ny, m(N;) = 0. Having in mind [3,
Proposition 4.1.4], it is sufficient to show that for any weakly closed subset D of X*, the weak inverse
image (0J)~ (D) of D under dJ(t,-,-) is closed in the norm topology, where (0.J) (D) is defined by

(D)~ (D) ={(z,2) € Zx X | 0J(t,z,&)ND #0 }.

Let {(zn,xn)} C (0J)~ (D) be such that (z,,z,) — (z,2) in Z x X, as n — oco. Then, there is {¢,} C X*
such that ¢, € 0J(t, zn,x,) N D for each n € N. Hypothesis H(J)(iv) implies that the sequence {(,} is
bounded in X*. Hence, from the reflexivity of X™*, without any loss of generality, we may assume that
¢n — ¢ weakly in X*. Since D is weakly closed, we have { € D, and by condition ¢, € 9J(t, zn, xy), We
get

(CnyW)xrxx < Jo(t,zn,xn;w) for all we X.
Taking into account hypothesis H(J);(vi) and passing to the limit, we have

<Caw>X*><X = limsup<<naw>X*><X < limsuP Jo(taznaxn;w) < Jo(t,z,x;w)

n—oo n—oo

for all w € X. Thus, ¢ € dJ(¢t, z,z), and finally, we get ¢ € 0J(t,z,2) N D, i.e., (z,2) € (0J)” (D). Hence,
(0J)~ (D) is closed in Z x X. The fact that the map dJ has nonempty, closed and convex values follows
from, e.g., [19, Theorem 3.23(iv)]. This completes the proof of the claim.

Claim 2. If p: (0,7) x Y x U — R satisfies H(p)(ii)—(iv), then the multivalued map
Y xU > (y,u) — 9¢p(t,y,u) CU”

is upper semicontinuous from Y x U into U* endowed with the weak topology with nonempty, closed and
convex values for a.e. t € (0,7T). This fact be proved similarly as Claim 1. The map d¢ has nonempty,
closed and convex values since ¢ has finite values and we use [4, Proposition 6.3.10]. Let ¢ € (0,7) \ Ny
with m(Ny) =0, E C U* be weakly closed, and let

(09) (BE) ={(y,u) €Y x U | Op(t,y,u) NE # 0 }.

Let {(yn,un)} C (0p)~(E) and (yn,un) — (y,u) in Y x U, as n — oco. We can find {p,,} C U* such that
Pn € 0(t,yn,un) N E for each n € N. It is clear from H(¢)(iv) that the sequence {p,} is bounded in U*,
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which by the reflexivity of U* entails, at least for a subsequence, p,, — p weakly in U*. Obviously, p € E
and

(pn, Wrxu < @ty Yn, w) — @(t, Yn,u,) for all we U.
Next, it follows from [3, Proposition 5.2.10] that (¢, y, -) is locally Lipschitz. Hence, using H (¢)(ii)—(iv),
by [19, Lemma 3.43], we infer that o(t, -, -) is continuous on Y x U. This allows to pass to the limit below

(p,w = w)y+ s = limsup(pn, w — tn) v+ v

n—oo

< lim (o(E yn, w) = @Y, Yns un)) = @ty w) — @t y, u)

for all w € U. This means that p € 0p(t,y,u) N E and finally (y,u) € (0p)~ (E). Hence, the set (0p)~ (E)
is closed in Y x U, which by [3, Proposition 4.1.4] implies the desired upper semicontinuity of do(t, -, -).

We now pass to the limits in (4.15) and (4.16). In both cases, we apply a convergence theorem of
Aubin-Cellina [1], in a version provided in [16, Proposition 2] or in [27, Lemma 2.6]. Exploiting hypotheses
H(J)(iv) and H(y)(iv), it follows that sequences {&,} and {1, } are uniformly bounded in L?(0,T; X*)
and L2(0,T;U*), respectively. Hence, again by passing to a subsequence if necessary, we may assume
that

&, — € weakly in L*(0,T; X*) and 7, — n weakly in L?(0,T;U*) (4.22)
with (&,71) € L?(0,T; X* x U*).

From convergences (4.20), (4.21), (4.22) and properties of 9J of Claim 1, we apply the aforementioned
convergence theorem to deduce

£(t) € DJ(t, (Sw)(t), Mw(t)) ae. te (0,T). (4.23)

In a similar way, by (4.20), (4.21), (4.22) and Claim 2, we are able to apply the same convergence theorem
to get

n(t) € dp(t, (Rw)(t), Nw(t)) ae. te (0,T). (4.24)
On the other hand, it is immediate to see that
M*E, — M*E and N7*n, — N*n weakly in V*. (4.25)

Since the map
Wsw—w()eH

is linear and continuous, from convergence w, — w weakly in W, we have w,(0) — w(0) weakly in H.
Passing to the weak limit in H in (4.17), we obtain w(0) = wy. Applying convergences w,, — w', (4.18),
(4.19), (4.25), and f,, — f weakly in V*, we take the limit in w!, + Aw, + Riw, + M*&, + N*n, = fn
in V*. Hence,

w 4+ Aw + Rjw + M*E+N*np=f in V"
The latter combined with (4.23), (4.24) and w(0) = wp imply that that w € W is a solution to Problem 4

corresponding to (f,wp). Since the solution is unique, we conclude that the whole sequence {w,, } converges
weakly in W to w. This completes the proof of the theorem. O

5. Application to a frictional contact problem

In this section, we provide new continuous dependence results to a dynamic viscoelastic contact problem
with friction which in its weak form leads to a history-dependent evolution inclusion analyzed in Sect. 4.
Note that existence and uniqueness result for this problem has been obtained in [8] under a more restrictive
smallness condition while the continuous dependence in weak topologies for this problem has not been
studied before.
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We shortly recall the necessary notation and refer to [8,19,30] for a detailed explanation and a dis-
cussion on mechanical interpretation. Let Q C R%, d = 2, 3, be a regular domain occupied in its reference
configuration by a viscoelastic body. Its boundary I' consists of three disjoint measurable parts I'p, 'y
and I'¢, such that m(T'p) > 0. The body is clamped on T'p (the displacement field vanishes there), the
surface tractions act on I'y, and I'¢ is a contact surface. All indices i, j, k, [ run between 1 and d and,
unless stated otherwise, the summation convention over repeated indices is applied. We use u = (u;),
o = (045) and e(u) = (g;5(u)) to denote the displacement vector, the stress tensor and linearized strain
tensor, respectively. The latter is defined by

1
gij(u) = 5 (uij + )

where u; ; = Ou;/0x;. For a vector field, we use the notation v, and v, for the normal and tangential
components of v on 9N given by v, = v - v and v, = v — v, v, where v stands for the outward unit
normal on the boundary. The normal and tangential components of the stress field o on the boundary
are defined by 0, = (ov) - v and o, = ov — o,v, respectively. The symbol S¢ stands for the space of
symmetric matrices of order d, and the canonical inner products on R? and S? are given by u - v = u;v;
for all u = (u;), v = (v;) € RY, and o - 7 = 0y;7;; for all & = (0;), T = (75) € S, respectively.

We are interested in the evolution process of the mechanical state of the body, in the finite time
interval. The classical formulation of the contact problem is stated as follows.

Problem 8. Find a displacement field w: Q x (0,T) — R? and a stress field o: Q x (0,T) — S% such that
for allt € (0,T),
t

o(t) = de(u(t) + Be(u(t)) + ; C(t—s)e(u'(s))ds in Q, (5.1)
pu”(t) =Diva(t) + fo(t) in Q, (5.2)
u(t) =0 on I'p, (5.3)
o(t)v = fy(t) on T'y, (5.4)
o (1) € k(uw(£)D5, (i, () on T'c, (5.5)

o011 < B [ ur))1s).

o Wi
o = Fb</0 ot (5) ds) T ) £ 0 on T'e, (5.6)
and

w(0) = ug, u'(0)=wo in Q. (5.7)

Now, we recall the weak formulation of Problem 8. To this end, we need the classical Hilbert spaces
V={ve H'(QRY) |v=0 onTp}, H=L*(KRY), H=L*(S
with their standard inner products and norms. The symbol ||v|| represents the norm of the trace operator
v: V — L3(;RY). For v € HY(Q;RY), we use the same symbol v for the trace of v on I and we use the
notation v,, and v, for its normal and tangential traces.

For the weak formulation of the problem and further discussion, we need the following hypotheses.
H(e): o : Q x 8 — S% is such that

(i) o (x,e) = a(z)e for all e € S, ae. x € Q.

( ) ( ) = {a”kl( )} with Qijkl = Qjikl = Qliij € L ( ) i, 5,k 1=1,...,d.
(iil) aijpi(x)eijem > alle||? for all € = (g5) € S¢, ae. z € Q with « > 0
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H(%B): #: QxS — S is such that

(i) Z(xz,e) =b(z)e for all € € S, ae. x € Q.

ii) b(x) = {bijri(z)} with bijrr = bjirs = bikij € L>(Q), 1,5,k 1=1,...,d.

iiki(T)gijep > 0 for all € = (g45) € S¢ ae. x € Q.

H(€): €: Q x S? — S? is such that

i) €(x,t,e) = c(x,t)e for all € € S, ace. (x,t) € Q.

(1) C(iB,t) = {cijkl(w,t)} with Cijkl = Cjikl = Clkij € LOO(Q), ’i7j, k,l =1,.. .,d.
For the potential function j,, we assume

H(j,): ju: Tc x R — R is such that

S o

(i) j,,(-,r) is measurable on I'c for all r € R and there is € € L?(I'¢) such that j,(-,&(-)) € L*(T'¢).
(ii) ju(=,-) is locally Lipschitz on R for a.e. « € T'c.
(iii) |8]V(SC r)| < & for all r € R, a.e. ¢ € ' with ¢ > 0.
(iv) (8ju(a} r1) — 04, (x,72))(r1 — 1r9) > —B|ry — ra|? for all 71, 7y € R, a.e. & € I'c with 8> 0.
(v) ju(z,-) or —j,(z,-) is regular for a.e. € T'c.

For the damper coefficient &£ and the friction bound Fj, we assume
H(k): k: Te x R — Ry is such that

(i) k(-,7) is measurable on I'c for all r € R.

(ii) there are k1, ko such that 0 < k1 < k(x,r) <k, for all r € R, a.e. € ['c.
(iii) there is Ly > 0 such that |k(z,r1) — k(x,72)| < Li|ry —ref for all r1, ro € R, ae. x € .
(Fy): Fy: I'c x R — Ry is such that

(i) Fy(-,r) is measurable on I'c for all r € R.

(ii) there is Lg, > 0 such that |Fy(x, 1) — Fp(x,r2)| < Lp,|r1 — ro| for all ri, ro € R, a.e. x € T'e.
(iii) Fy(-,0) € L2(T¢).
H(fo): the densities of body forces, surface tractions and the initial data satisfy

=

fo € L*(0,T; L*(;RY), £y, € L*(0,T; L*(Tx;RY)),  ug, wo € V. (5.8)
Finally, we define f: (0,7) — V* by
(f@), v)vexv = (fot), V) + (f2(t), YV) L2(1 R (5.9)

for all v € V and a.e. t € (0,T). Under the above notation, we obtain the following weak formulation of
Problem 8 in terms of the displacement.

Problem 9. Find w: (0,T) — V such that for allv € V, a.e. t € (0,T),

/QU”(t)'(v*u (1)) dz + (e (u' (1)), (v — u'(1)))n

H

+(Pe(u(t)),e(v — ))H —|— / C(t—s)e(u'(s))ds,e(v — u’(t)))

+ / R / ||u7<s>uds) (o -l (1)) T

+ [ K(un () jo(ul, ()i vy — up,(t)) AT > (F(t),v — w0/ (t))v-xv,

Ie

and
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Let w = u’. Then

t) = /Otw(s)ds+u0,

(5.10)

and subsequently, u, (t) = fg wy(s)ds + ug, and u,(t) = fg w,(s)ds + ug, for t € (0,T). Using these

relations, Problem 9 in terms of velocity can be equivalently formulated as follows.

Problem 10. Find
(0,T) — V such that for allv € V, a.e. t € (0,T),

/ w'( —w(t))de + (Fe(w(t)),e(v —w(t)))xn
t
+ 935 / w(s)ds + uo),s(v - / E(t— s)e(w(s))ds,e(v — w(t)))
0 H
t s
[ R 1/ wT@)m«+um.cw)uwTH—anam)dr
T'o 0
t
+/‘%/uﬁ@@+m0ﬁ@ﬂ&%—mﬁWﬂzU@m—wmwww
To 0
and
w(0) = wo.
Next, let X =Y = Z = L?(I'¢), U = L?*(I'c;RY), and introduce operators A: V — V* R:V —
L2(0,T;Y), Ri: V = V*, S:V — L?(0,T;Z), M: V — X, and N: V — U as follows:
(Aw, v}v*xvf (He(w),e(v))y forall w,veV, (5.11)
(Rw / w,(r)dr + ug-||ds forallw eV, t e (0,T), (5.12)
(Riw)(t), v >V*XV»_.(33(J€ e(w(s)) ds+u ) £(v)) (5.13)
t
+( %ﬁ-@aw@MMdmL{mwuweuveutemjy
0
t
(Sw)(t) = / wy(s)ds +ug, forallweV, te (0,7T), (5.14)
0
Mv=wv,, Nv=w, forall veV. (5.15)

Further, consider the boundary potentials J: (0,7) x Z x X — R and ¢: (0,T7) xY x U — R defined by

J(t,z,v) = / k(z)jy(v)dl' forallze Z, ve X, t € (0,7),
T'e

ot y,v) = / Fp(y) ||lv||dT’ forallyeY, veU, te (0,T).
e

(5.16)

(5.17)

With the notation above, we formulate the following history-dependent evolution inclusion associated

with Problem 10.

Problem 11. Find w € W such that
w'(t) + Aw(t) + (Riw)(t) + M*0J(t, (Sw)(t), Mw(t))
+N*0p(t, (Rw)(t), Nw(t)) > f(t) a.e. te (0,T),

w(0) = wo.
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The following result concerns the well-posedness of Problem 11.

Theorem 12. Assume hypotheses H(/), H(A), H(¢), H(j,), H(k), H(Fy), and H(fy). If
a> Bk, (5.18)

then Problem 11 has a unique solution w € W. Moreover, the map V* x V 3 (f,wp) — w € W is
continuous in weak topologies.

Proof. We will apply Theorem 7 with a suitable choice of spaces, operators and functionals introduced
above. First, it is clear that under H (/) the operator A defined by (5.11) satisfies A € L£(V, V™), and
H(A); with ag =0, a1 = [|A||z(v,v+) and m4 = a.

Now, we verify properties in H(J); for the functional J given by (5.16). Conditions H (J)(i)—(iii)
follow from H(j,)(i)—(iii), H(k)(i), (ii) and [19, Theorem 3.47(i)—(iii)]. From [19, Proposition 3.37(ii),
Theorem 3.47(v), (vi)], we have

dJ(t,z,v) C / k(2)0j,(v)dl' forall z€ Z, ve X, ae. te(0,T).
e

Hence, we obtain that H(J)(iv) holds with cs(t) = koo+\/|T'c|, and ¢15 = cay = 0. Moreover, by a

similar argument as in [8, Theorem 13], we get

JO(t, 21,0102 — v1) + JO(t, 22, v2; 01 — Vo)
<myllvr — vk + Mz — 22l zllvr — va|x

for all 21, 20 € Z, vy, v2 € X, a.e. t € (0,T), where m; = Bky and my = ¢yLy. Hence, H(.J)(v) follows.

Next, we verify H(J);(vi). Let {z,} C Z, {v,} C X, 2, — zin Z and v,, — v in X. By passing to a
subsequence, we may suppose that z,(z) — z(z) and v, (x) — v(z) for a.e. z € T'. Then, we use proper-
ties of the generalized directional derivative and generalized gradient stated in [19, Proposition 3.23(ii),
(iii), Theorem 3.47(iv)]. By H(j,) and H(k), for all w € X and a.e. t € (0,T), we obtain

JO(t, 2, v w) < / (2 (2))7 (0 (2); w(x)) dT

Te

< Lyco / Jon(2) — 2(2) [w(z)| dT + / B(2(2))7(0n (); w(x)) dT

Fc FC
which entails

limsup JO(t, 2, vp; w) < limsup/ E(2(2))5%(vn (z); w(z)) dT
T'c

§/ E(2(2))72(v(z); w(x)) dT = JO(t, 2, v; w).
I'c

The last inequality follows from hypothesis H (j,,)(v) and [19, Theorem 3.47(vii)]. Hence, we deduce that
JO(t,,;w): Z x X — R is upper semicontinuous for all w € X, a.e. t € (0,7). Condition H(J)1(vi) is
verified.

Subsequently, by a modification of the reasoning used in [8, Theorem 13|, we easily verify that ¢
satisfies conditions H (¢)(ii)—(iv) with co,(t) = V2| Fy(0)||y, c1, = V2LE, and ca, = 0. Further, a direct
calculation implies that H(y)(v) holds with 8, = Lp,. We conclude that condition H(y) is satisfied.

By definition (5.15), it is clear that operators M and N satisfy H (M, N) and they are compact. From
[21, Theorem 2.18], we infer that the Nemytskii operators corresponding to M, and N are compact too.
Therefore, condition H (M, N); holds.

Next, by hypothesis H(fy) and definition (5.8), we know that the regularity condition (Hy) holds.
Hypothesis (Hj3) is a consequence of the smallness condition (5.18).

We now verify condition (Hy). It follows from [33] that operators R, R; and S given by (5.12)-
(5.14), under hypotheses H (%) and H(%), are history-dependent with constants cg = T||v||, cr, =
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B +[|€|| Lo (@;s4) and cs = [|7]|. Hence, (Hz) follows. Next, to prove compactness of operators 12 and 5.
We present the proof for R, while a proof for S is omitted being analogous. Let v,, — v weakly in W. From
[21, Theorem 2.18], we know that yv,, — yv in L2(0,T; L?(T¢; R?)), where v: V — L2(0,T; L?(T'¢; RY))
is the Nemytskii operator corresponding to the trace v (for simplicity denoted in the same way). By
Hoélder’s inequality and a direct calculation, we have

t
[(Rvn)(t) — (Ro)(@)|ly < T/O lvn(s) —v(s)| L2 (re;re) ds
< TVT||vn — | 120 1:22 (P o)

for a.e. t € (0,T). Hence, it follows (Rv,)(t) — (Rv)(t) in Y, for a.e. t € (0,T). By the Lebesgue domi-
nated convergence theorem, we get Rv,, — Rv in L?(0,T;Y). Thus, operator R: W C V — L?(0,T;Y)
is compact. It is also clear that (R0, .S0) belongs to a bounded subset of L2(0,T;Y x Z).

To prove the continuity of R; in weak topologies, we denote

(Rirw)(£), v) v v = (,@(/Ots(w(s))ds +u).e(v)) .
()0, 00w = ( 0t s)ew(s)ds.ev))

foralw eV, veV,te (0,T). Let {v,} CV be such that v,, — v weakly in V. Then, for all ) € V*,
all t € [0,7T], we have

< / vn(s) dsa¢>vw = / on(8), )y ds = (0 By

(0, )y = /Ot<v(5)a1/)>v*xvd8 - </0tv<s> ds,w> |

V*xV
that is,

t t
/ v, (s)ds +ug — / v(s)ds +up weakly in V, for all t € [0,T]. (5.19)
0 0

Since B is linear and continuous, we deduce Ri,v, — Ri1v weakly in V*. Also since Rp2 is linear and
continuous, it is also weakly—weakly continuous, and therefore, Riov,, — Ri2v weakly in V*. We conclude
that R is weakly—weakly continuous, history-dependent, and clearly, R;0 is bounded in L?(0,T;V*). In
this way, condition (Hy) is verified. The conclusion of the theorem follows now from Theorem 7, which
completes the proof. O

Observe that Problems 10 and 11 are equivalent. This follows form the facts that every solution to
Problem 11 is a solution to Problem 10, and that both problems have unique solutions. Thus, w € W
solves inequality in Problem 10 if and only if it is solves inclusion in Problem 11. We apply Theorem 12
to deduce the following well-posedness result for variational-hemivariational inequality in Problem 9. It
shows the continuous dependence of the solution to the contact problem with respect to the densities of
applied forces and the initial data.

Corollary 13. Assume hypotheses H(</), H(A), H(€), H(j,), H(k), H(Fy), H(fo), and (5.18). Then,
Problem 9 has a unique solution with regularity w € V and u' € W. Moreover, if {(f;, fx,ugy,wg)} C
L2(0,T; L2(;RY) x L2(Dyn; RY)) x V x V, and
(£5: F%) = (Fo, Fiy) weakly in L*(0, 75 L*(Q R) x L*(Px; RY)), (5-20)
(ug,wy) — (wg, wp) weakly in V x V| (5.21)
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then
u,(t) — u(t) weakly in V, for all t € [0,T],
u, — u' weakly in W, (5.22)

where {u,} and u are unique solutions to Problem 9 corresponding to (fy, fn,us, w§) and (fo, fn, %o,
wy), respectively.

Proof. Assume (5.20) and (5.21). Let f,,, f € V* be elements defined by (5.9) corresponding to (f7, fx)
and (f, f n), respectively. Since the map (f, f,,) — f is linear and continuous, we have f,, — f weakly
in V*. Combining this with hypothesis wg — wg weakly in V', by Theorem 12, we infer w,, — w weakly
in W, where u,,(t) = fot w,,(s)ds +uf and u(t) = f(: w(s)ds + ug for all ¢ € [0, 7], see (5.10).

Clearly, we have u], — u' weakly in W, and analogously as in the proof of (5.19), we obtain

fg wy(s)ds — fgw(s) ds weakly in V, for all ¢ € [0,7]. The latter together with hypothesis (5.21)

implies (5.22). This completes the proof. O

6. Application to a semipermeability problem

In this section, we illustrate the applicability of results in Sect. 4 in analysis of a semipermeability problem.
Our aim is to provide the weak formulation of the problem which will be a variational-hemivariational
inequality without history-dependent operators and to establish its well-posedness.

The semipermeability boundary conditions describe behavior of various types of membranes, natural
and artificial ones and arise in models of heat conduction, electrostatics, hydraulics and in the description
of flow of Bingham’s fluids, where the solution represents temperature, electric potential and pressure.
These boundary conditions were first examined by Duvaut and Lions [5] in the convex setting, where
semipermeability relations were assumed to be monotone and they led to variational inequalities. More
generally, nonmonotone semipermeability conditions can be modeled by the Clarke generalized gradient,
see, e.g., [6,15,25,26] and the references therein.

Let © be a bounded domain in R? with Lipschitz continuous boundary I'. The latter is decomposed
into three mutually disjoint and relatively open subsets I'y, I'y, and I'. of T such that I' = T, UT, U T,
and m(I'.) > 0. We denote @ = Q x (0,7), ¥, =T, x (0,7), £, =T, x (0,T) and ¥. =T, x (0,T) with
0 < T < oo. Consider the following initial-boundary value problem.

Problem 14. Find u = u(z,t) such that

0
871: + Au+ 901 (u) + 0g1(u) > f1 in Q
Ou + 0ja(u) 3 foon X,
%z/A
w
BN + 0ga(u) 3 fron 3

u=0on X,
u(0) =up in Q.

where A represents a linear operator A: V. — V*, 8‘9712 denotes the conormal derivative with respect to
operator A, and v stands for the unit outward normal on the boundary. Problem 14 has been studied in
[6] under more restrictive hypotheses and a different weak formulation.

To provide the weak formulation of Problem (14), we introduce assumptions on the data of the
problem. Let V ={v € H*(Q) |[v=0o0onT.}, H=L*Q),V=L*0,T;V),W={ueV|u eV} We
denote by i: V — H the embedding operator and by v: V — L2(T") the trace operator. For v € H({),
we always write v instead of iv and ~yv.

We need the following hypotheses on the data.
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(A)a: A: V — V™ is such that A = — Z?’j:l D;(aij(z)D;), and
(1) Qi € LOO(Q) fori, j=1,...,d.
(ii) Eij:l aij(2)&& > al|€]]? for all € € R, ae. x € Q with a > 0.
(j1): J1: @ x R — R is such that
(i) 71(-,-,7) is measurable on @ for all » € R and there exists e; € L?(Q) such that ji (-, -, e1(:)) € LY(Q).
(ii) jl(l‘ t -) is locally Lipschitz for a.e. (x,t) € Q.
(iii) le(ac,t,r)| < cpj(t) + c1j|r| for all 7 € R, ae. (z,t) € Q with co; € L2(0,T), ¢c1; > 0.
(iv) (0j1(z,t,r1) — Oji(x,t,m2)) (11 — ra) > —Bijlr1 — raf? all 71, ry € R, ace. (z,t) € Q with 31; > 0.
)

H(jo): jo: Xy x R — R is such that
(i) j2 ( ,-,7) is measurable on ¥, for all r € R and there exists es € L*(T',) such that ja(-, -, ea(:)) €
LY(Za).
(11) Jo(z,t,-) is locally Lipschitz for a.e. (z,t) € X,.
|0ja(x, t, 1) < c2)(t) + czj|r| for all r € R, a.e. (x,t) € X, with co; € L2(0,T), ¢35 > 0.
(iv) (Oja(z,t,1m1) — Ojo(,t,72))(r1 — 12) > —Paj|ri — ra? all r1, ro € R, ace. (x,t) € B, with Baj > 0.
H(g1): g1: @ x R — R is such that

=

=

(1) ¢1(-,-,r) is measurable on @ for all r € R.
(ii) g1(=,t,-) is convex and ls.c. for a.e. (x,t) € Q.
(iil) |8g1(z,t, )| < cog(t) + c1glr| for all r € R, ae. (x,t) € Q with cog € L3(0,T), ¢14 > 0.

|
H(g2): g2: ¥p x R — R is such that

g2(+, -, ) is measurable on X, for all r € R.

g2(z,t,-) is convex and Ls.c. for a.e. (z,t) € Xp.

i) [Ogo(x,t,7)] < cog(t) + c3qlr| for all r € R, ace. (z,t) € Ty, with coy € L2 (0,T), ¢34 > 0.
H(f): fr € L*(Q), fo € L*(Za), fo € L* (%), ug € V.

(Hs): a > By lill* + Ba; 7)1
By a standard procedure, we obtain the following weak formulation of Problem (14).

Problem 15. Find u € W such that for allv € V, a.e. t € (0,T), we have
(u'(t) + Au(t) = f(t),v — u(t))v-xv
+/ 3z, t,u(t); v — u(t)) dz + / Gz, t,u(t);v — u(t))dl
Q

+ / (62 (£, 0) — g1 (., u(t))) d + / (g2(.t,v) — galax, £, u(t))) dT > 0,
Q I'y
u(0) = ug.
Here, f: (0,T) — V* is given by

<f(t)»U>V*xv=/Qf1(t)Ud$+/F Ja(t)vdl + g fo(t)vdl

forveV, ae te(0,T).

Theorem 16. Assume hypotheses H(A)2, H(j1), H(j2), H(g1), H(g2), H(f), and (Hs). Then, Problem 15
has a unique solution uw € W and the map

L*(Q) x L*(Sa) X L*(34) X V' 3 (f1, fas foruo) —u €W

is continuous, where all spaces are endowed with their weak topologies.
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Proof. We sketch the main points of the proof. We introduce functionals Jy: (0,7)x H — R, J3: (0,T) x
L3*(Ty) = R, 1: (0,T) x H— R, and ¢2: (0,7) x L?(T'y) — R defined by

Ji(t,v) = / Ji(x,t,v(x))de for v € H,
Q

Ja(t,v) = /F jo(z,t,v(x))dx for v e L*(T,),

a

pr(t0) = [ gilato@)de for o e,
Q

wa(t,v) = / ga(z,t,v(z))de for v € L3(Ty),
Iy

and operators M1 = Ny =i € L(V, H), My = Ny = v € L(V, L*(T')). With this notation, we consider the
following evolution inclusion. O

Problem 17. Find v € W such that
o' (t) + Au(t) + MTOJy(t, Myu(t)) + M3 0Jo(t, Mau(t))
+N70p1(t, Nyu(t)) + NyOpa(t, Nau(t)) > f(t) ae. t e (0,T),
u(0) = up.

It is clear by definitions of the convex and Clarke subdifferentials, and properties of the generalized
directional derivative, see [19, Theorem 3.47], that any solution to Problem 17 is also a solution to
Problem 15. We will show below that the solution to Problem 11 is unique, and moreover, by a direct
calculation we verify that under our hypotheses the solution to Problem 15 is also unique. Hence, we
conclude that Problems 15 and 17 are equivalent.

Problem 11 is now treated by exploiting the methods used in Theorems 5 and 7 . Since the operator
A € L(V,V*) is coercive, it satisfies condition H(A);. Note that J; satisfies condition H(J), where the
variable z is omitted, X = H, m; = (14, and m; = 0. Taking into account that Jt, s w): X — Ris
upper semicontinuous for all w € H, a.e. t € (0,T), see [19, Proposition 3.23(ii)], we deduce that H(J);
holds too. Analogously, we check that J, satisfies H(J)1 with m; = 0y, and m; = 0.

Furthermore, we easily verify that both ¢; and 9 satisfy condition H (). In particular, H(p)(v) holds
automatically. The Nemytskii operators corresponding to M; and My are compact, see [6, Examples 5.2
and 5.3]. Hence, H(M, N); is satisfied. Conditions (Hs) and (Hy4) hold trivially. Condition (Hs) implies
the smallness assumption of type (H3). We are in a position to apply Theorems 5 and 7 to Problem 17 to
obtain its unique solvability and a continuous dependence result. Since Problems 15 and 17 are equivalent
with their unique solution, this completes the proof. O
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