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Abstract

We consider a nonlinear nonparametric elliptic Dirichlet problem driven by the
p-Laplacian and reaction containing a singular term and a (p — 1)-superlinear per-
turbation. Using variational tools together with suitable truncation and comparison
techniques we produce two positive, smooth, ordered solutions.
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1 Introduction

Let Q@ c RY be a bounded domain with a C?-boundary dQ and let 1 < p < 4-o00. In
this paper we study the following nonlinear Dirichlet problem with a singular reaction
term:
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(1.1

—Apu(z) =u@)™ + f(z,u(z)) inQ,
u|3Q = 0, u > 0.

In this problem A, stands for the p-Laplace differential operator defined by

Apu = div(|Dul?2Du)  Vu € Wy'P(R),

forl < p < +oo. Also u € (0,1) and f: Q@ x R — R is a Carathéodory
perturbation of the singular term (that is, for all x € R, z — f(z, x) is measurable
and for almost all z € Q, x — f(z, x) is continuous). We assume that f(z, -) is
(p — 1)-superlinear near +oo but need not satisfy the usual in such cases Ambrosetti-
Rabinowitz condition.

We are looking for positive solutions and we prove the existence of at least two
positive smooth solutions. Our approach is variational based on the critical point
theory, together with truncation and comparison techniques.

In the past multiplicity theorems for positive solutions of singular problems were
proved by Hirano et al. [20], Sun et al. [31] (semilinear problems driven by the Dirich-
let Laplacian) and Giacomoni et al. [18], Kyritsi—Papageorgiou [21], Papageorgiou
et al. [27], Papageorgiou—Smyrlis [28,29], Perera—Zhang [30], Zhao et al. [32]. In all
aforementioned works, there is a parameter A > 0 in the reaction term. The presence of
the parameter A > 0 permits a better control of the right-hand side nonlinearity as the
parameter becomes small. In particular in [29] the authors also deal with superlinear
singular problems. However, the assumptions lead to a different geometry. More pre-
cisely, in [29] the perturbation function f(z, x) has afixed sign, thatis, f(z, x) > 0. We
do not assume this here. In fact our conditions here force f(z, -) to be sign-changing by
requiring an oscillatory behaviour near zero (see hypothesis H(f)(i)). Our work here
complements that of [27], where the authors deal with the resonant case, that is, in [27]
the perturbation f(z, -) is (p — 1)-linear. The present work and [27] cover a broad class
of parametric nonlinear singular Dirichlet problems. We mention also the parametric
work of Aizicovici et al. [2] on singular Neumann problems. For other parametric
problems see also Gasinski—Papageorgiou [7—16]. Nonparametric singular Dirichlet
problems were examined by Canino—Degiovanni [4], Gasifiski—Papageorgiou [6] and
Mohammed [25]. In [4,25] we have existence but not multiplicity while in [6] we have
also multiplicity results (the methods of proofs in all these papers are different).

2 Preliminaries and Hypotheses
Let X be a Banach space and X* its topological dual. By (-, -) we denote the duality

brackets for the pair (X*, X). Given ¢ € C L(X) we say that ¢ satisfies the Cerami
condition, if the following property holds:

“Every sequence {u,},>1 € X such that {¢(u,)},>1 is bounded and
(I + lualDg'(un) — 0 in X* asn — +oo,

admits a strongly convergent subsequence.”
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Positive solutions for nonlinear singular superlinear elliptic equations 763

Evidently this is a kind of compactness-type condition on the functional ¢. Using
the Cerami condition one can prove a deformation theorem from which follows the
minimax theory of the critical values of ¢. A basic result in that theory is the mountain
pass theorem which we will use in the sequel.

Theorem2.1 If ¢ € clx) satisfies the Cerami condition, ug,u; € X, 0 < r
< [lur = uoll,

max{p(uo), p(u1)} < inf{p) : |lu —uoll =r} =m,
and

¢ = inf max t
yerogtglw(y( )

withT = {y € C([0,1]; X) : y(0) = ug, y(1) = uy}, thenc > m, and c is a
critical value of ¢ (that is, there exists u € X such that ¢(u) = ¢ and ¢'(u) = 0).

The Sobolev space Wol’p(Q) and the Banach space Cé Q) ={uecC(Q): uha
= 0} will be the two main spaces of this work. By || - || we will denote the norm of
Wé "P(Q). On account of Poincaré’s inequality, we have

1,
lull = 1 Dull, Yu € Wy'P(R).
The Banach space Cé () is an ordered Banach space with positive (order) cone
Ci ={uecCl(Q): uz) =0 forallz e Q).

This cone has a nonempty interior given by
. ou
intCy ={u e Cy: u(z) >0forall z € Q, 8—|BQ <0¢.
n

Here g—z denotes the normal derivative of u defined by

u (D )
— = (Du,n ,
on RY

with n being the outward unit normal on 9€2.
LetA: W, P (Q) — W (@) = W7 (Q) (%+§ = 1) be the nonlinear map
defined by

(A(u), h) =/ |DulP~2(Du, Dhygn dz Vu, h € Wy P (Q).
Q

In the next proposition, we recall the main properties of this map (see Motreanu et al.
[26, p. 40]).
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764 Y.Baietal.

Proposition 2.2 The map A: Wol’p(Q) — W’LP/(Q) is bounded (that is, maps
bounded sets to bounded sets), continuous, strictly monotone (thus maximal monotone)
and of type (S)+, that is,

“if u, s uin Wol’p(Q) and lim sup(A(uy), up, — u) < 0, then u, — u in
n—+00

L, »
W, 7 ().
By p* we denote the critical Sobolev exponent corresponding to p, i.e.,

Np :
p* _ N_—p if p <n,

+oo if N < p.

The hypotheses on the perturbation term f are the following:
H(f): f: @ x R — R is a Carathéodory function such that f(z,0) = O for a.a.
z € Qand

(i) there exista € L°°(Q2) and r € (p, p*) such that
| f(z,x)| <a(x)(1 +xr_1) fora.a.z € Q,allx >0
and there exists w € C!() such that
w(z) >C>0forallz e Q, ApweL®(Q), A,w<0foraa zeQ
and for every compact set K C €2, there exists cx > 0 such that
w@) "+ fz,w(i@) < —cx <0 foraa.zeK;
(i) if F(z,x) = fox f(z,s)ds and for every A > O we define

£(z.x) = (ﬁ - 1)x1—“ +A(f (@ 0)x = pF(z, %)),

then

. F(z,x)
lim
X— 400 xP

= 400 uniformly for a.a. z € €,

and there exists 8, € LYQ), B5.(z) = 0 for a.a. z € Q such that
&.(z,x) < &(z,y) + Bu(z) foraa.zeQ,all0<x <y;
(iii) there exists § € (0, ¢] such that

f(z,x) >0 foraa.ze Q,all0 <x <6;
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Positive solutions for nonlinear singular superlinear elliptic equations 765

(@iv) for every o > 0, there exists EQ > 0 such that for a.a. z € Q the function
x — f(z,x) +§Qxl’*1

is nondecreasing on [0, o].

Remark 2.3 Since we look for positive solutions and the above hypotheses concern
the positive semiaxes R = [0, +00), without any loss of generality, we assume that

f(z,x) =0 foraa. ze®, allx <0. 2.1

Hypothesis H(f)(ii) implies that for a.a. z € Q, f(z,-) is (p — 1)-superlinear, that
is,

i f(z,x)
im

xX— 400 xl"l

= 400 uniformly for a.a. z € Q.

We stress that for the superlinearity of f(z, -) we do not use the Ambrosetti—-Rabinowitz
condition which says that there exist 7 > p and M > 0 such that

0<rF(z,x) < f(z,x)x foraa.zeQ, allx > M, essQian(~, M) > 0.

This condition implies that f(z, -) has at least x"~!-growth near 400, that is
cox™ 1 < f(z,x) foraa.ze Q, allx > M,

for some co > 0. This excludes from consideration (p — 1)-superlinear nonlinearities
with “slower” growth near +o0o (see Example 2.4). Here we replace the Ambrosetti—
Rabinowitz condition with a quasimonotonicity condition on £(z, -) (see hypothesis
H(f)(ii)), which incorporates in our framework more superlinear nonlinearities.
Hypothesis H (f)(ii) is a slight generalization of a condition used by Li—Yang [23].
It is satisfied, if there is M > O such that for a.a. z € 2, the function x —— %
is nondecreasing on [M, +o00) and this in turn is equivalent to saying that for a.a.
z € Q, £(z, -) is nondecreasing on [M, +00). For details see Li—Yang [23]. Hypothe-
ses H(f)(i) and (iii) imply that for a.a. z € 2, f(z, -) exhibits a kind of oscillatory
behaviour near zero. In hypothesis H (f) (i), the condition A ,w(z) < Ofora.a.z € Q,
implies that

0< / |Dw|p_2(Dw, Dh)gn dz forall h € Wol’p(Q), h(z) >0 foraa.ze Q.
Q
Evidently the condition with w(-) in hypothesis H ( f)(7) is satisfied if w(z) = c4 > 0
forall z € Q and essQinf f(,cq) < —C%. So, hypotheses H (f)(i) and (i7) dictate an
+

oscillatory behaviour for f(z, -) near zero.
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766 Y.Baietal.

Example 2.4 The following function satisfies hypotheses H ( f). For the sake of sim-
plicity we drop the z-dependence:

Fl) = xP—1 —exr—1 if 0<x<1,
T xP nx 4+ A —o)x?7 i 1<,

withl < g < p <r < 4ooand ¢ > 2 [see (2.1)]. Note that f although (p — 1)-
superlinear, it fails to satisfy the Ambrosetti-Rabinowitz condition.

Finally let us fix our notation. If x € R, we set x* = max{% x, 0}. Then given
ue Wol’p(Q) we define u®(-) = u(-)* and we have

te Wol’p(Q), u=u"—u", Jul=ut+u".

Set 6+ ={uecCcl(Q): ulg =0, % < 0on 322N u~'(0)}. We also mention that

when we want to emphasize the domain D on which the cones C; and int C are
considered, we write C1 (D) and int C4 (D).

Moreover, by | - |y we denote the Lebesgue measure on R and if ¢ € C!(X),
then

Ky={ueX: ¢'(u)=0}

(the “critical set” of ¢).

3 Positive Solutions

In this section we prove the existence of two positive smooth solution for problem

(1.1).

Proposition 3.1 If hypotheses H(f)(i) and (iii) hold, then there exists u € int C1
such that

—Apu(z) Su@ "+ f(z,u(z)) foraa. z e
u<w

Proof We consider the following auxiliary singular Dirichlet problem

—Apu(z) =u()™™ inQ,
ulpo =0, u>0.

From Proposition 5 of Papageorgiou—Smyrlis [29], we know that this problem has a
unique positive solution # € int C.

With¢ > 0 and § > 0 as postulated by hypotheses H (f)(i) and (iii) respectively,
we choose

. )
€ (0min {1, i i f) -
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Positive solutions for nonlinear singular superlinear elliptic equations 767

We set u = ti € int C. We have

—Apu(z) = 1PN =A () = P ()M
Su@™™ < u@ "+ f(z,u(z)) foraa. zeQ

(recall that + < 1 and see hypothesis H(f)(iii) and Papageorgiou—Smyrlis [29]).
Moreover, we have u < w. O

Using u € int C, from Proposition 3.1 and w € Cl(Q) from hypothesis H(f)(i),
we introduce the following truncation of f(z, -):

u()™*+ f(z,u(z) if x <u(z),
gz, x) = x "+ f(z,x) if u(z) <x <w), 3.1
w@ ™+ fz,w@) if w(@) <x.
Given y, v € whr(Q), y < v, we define

[y, vl = {u € WP (Q) : y(z) <u(z) < v(z) foraa. z € Q.

Also by intcé @ Ly, vl we denote the interior in the Cé (2)-norm topology of [y, v] N
Cl(Q).

Proposition 3.2 Ifhypothegs H(f)(i) and (iii) hold, then problem (1.1) admits a
solution ug € [u, wl N Cé ().

Proof et
Y X
G(z, x) =/ 2(z,8)ds
0
and consider the functional ¢ WO1 "7(Q) — R defined by
~ 1 )4 ~ Lp
o) = ;||Du||p — | G(z,u)dz VYue Wy ().
Q

Proposition 3 of Papageorgiou—Smyrlis [29] implies that ¢ € C! (Wé’p (2)) and we
have

@ W), h) = (AGu), ) —/§(Z,u)hdz Vh e WP ().
Q

From (3.1) it is clear that ¢ is coercive. Also, the Sobolev embedding theorem implies
that @ is sequentially weakly lower semicontinuous. So, by the Weierstrass—Tonelli

theorem, we can find ug € WO1 "7 () such that

Po) = inf (),
ueW,'’ ()
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768 Y.Baietal.

s0 @' (ug) = 0, hence
(Aug). h) = / S@uh dz Yhe W), 3.2)
Q
In (3.2) first we choose & = (u — uo)* € Wol’p(Q). We have

(A0, (= 10") = [ B0~ o) d:
= /Q([“ + f@w)w—uo)tdz > (A@w), (u —uo)™*)
[see (3.1)] and Proposition 3.1), so
(AW — Alwo), - u)*) <0,
hence u < uo.

Next in (3.2) we choose h = (g — w)* € Wé’p(Q) (see hypothesis H(f)(i)).
Then we have

(Aug), (wo —w)™) = /Q?(z, uo)(uo — w)* dz
= /Q(w_” + @ w) o —w)Fdz < (A(w), (uo — w)™)
[see (3.1)] and hypothesis H (f)(i)), so
(Aug) — A(w), (uo — w)™) <0,
hence uo < w. So, we have proved that
ug € [u, wl. (3.3)

From (3.1), (3.2) and (3.3), we have
(AGuo), h) = / "+ fuoDhdz  Vhe WP (). (3.4)
Q

Let d(z) = d(z, dQ) for z € Q (the distance from the boundary 3<2). Then Lemma
14.16 of Gilbarg-Trudinger [19, p. 355] implies that there exists 69 > 0 such that

d € int Cy(Qs,).

where Qs) = {z € Q: d(z) =d(z,9Q) < dp}. Let D = 5\ 25, and consider the
ordered Banach space C (D) with positive (order) cone C(D).. Since up(z) > ¢ > 0
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Positive solutions for nonlinear singular superlinear elliptic equations 769

for all z € D, it follows that
deintC(D)y.

Recall that u € int C (see Proposition 3.1). So, on account of Proposition 2.1 of
Marano—Papageorgiou [24], we can find 0 < ¢; < ¢ such that

c1d <u < cod. 3.5)

For all h € W,"” () we have

'/ uy"hdz
Q

for some ¢3,cq4 > 0 (since 2 C R¥ is bounded, u € (0,1) and using Hardy’s
inequality; see Brézis [3, p. 313]).

Therefore from (3.4) and since u, " e LY(Q) (see Lazer-McKenna [22, Lemmay]),
it follows that

1 h h
<o [ @ Blaz < [ Blaz<aim
cJQ d Q d

{ —Apuo(z) = uo(z) ™™ + f(z,uo(z)) in,
uplae = 0.

Invoking Theorem B.1 of Giacomoni—Schindler—Tak@ [18], we have that ug € int C..
Therefore finally we can say that ug € [u, w] N Cé(Q). O

If we strengthen the conditions on the perturbation term f(z, x) we can improve
the condition of Proposition 3.2.

Proposition 3.3 If hypotheses H(f)(i), (iii) and (iv) hold, then
ug € intcé@) [u, w].
Proof From Proposition 3.2 we already know that
up € [u, wlN Cé(ﬁ).
Let 0 = ||w|lco and let Eg > ( be as postulated by hypothesis H(f)(iv). We have

—Apuo(z) — up(2) * 4+ Euo(2)P " = f(z,u0(2)) + Eputo(z)P !
> f(z,u(2)) + Eu(2)" ™ > Gou(x)? !
> —Apu(z) —u() " +Eu(x)P ™! foraazeQ (3.6)

[see (3.3)], hypotheses H (f)(iv), (iii) and Proposition 3.1). Then (3.6) and Proposi-
tion 4 of Papageorgiou—Smyrlis [29], imply that

up —u €int Cy.

@ Springer



770 Y.Baietal.

Let Do = {z € Q : up(z) = w(z)}. The hypothesis on the function w (see hypothesis
H(f)(i)), implies that Dy € 2 is compact. So, we can find an open set U C 2 with
C2-boundary dU such that

DyCUCUCR.
We have

—Apw(2) —w@) * +Ew@)P ! = g+ fzw(@) + Ew ()P !
> f(z, w(2) + Ew@)P ™ > f(z, u0(2)) + Epuo(z)P !
= —Apup(z) —uogx)™" +/§§\Quo(z)"’_1 foraa. z e U

[see (3.3) and hypotheses H(f)(i) and (iv)]. Then Proposition 5 of Papageorgiou—
Smyrlis [29] (the “singular” strong comparison principle) implies that

w — ug € int C4(U).
Since Dy C U, it follows that Dy = ¢ and so we have
up(z) <w@) VzeQ.
Therefore, we conclude that ug € intcé @ [, w]. O

Next we produce a second positive solution for problem (1.1).

Proposition 3.4 [f hypotheses H (f) hold, then problem (1.1) admits a second positive
solutionu € int C4.

Proof We introduce the following truncation of the reaction term in problem (1.1):

u@ M+ fz,u@) if x<u@)

x_ﬂ + f(Z7'x) lf E(Z) < X. (37)

e(z,x) = {

Clearly this is a Carathéodory function. We set E(z, x) = f(jc e(z, ) ds and consider
the functional ¢, : Wol’p (2) — R defined by

1
(1) = ;||Du||§ —f E(z,u) dz VYue W(}"’(sz).
Q

We know that ¢, € C! (Wol’p (£2)) (see Papageorgiou—Smyrlis [29, Proposition 3]).
Claim: ¢, satisfies the Cerami condition.
Let {uy}u>1 C Wol’p(Q) be a sequence such that

los(un)| < My VYn €N, forsome M; > 0, (3.8)
(1 + un D@l (un) — 0 in W HP(Q) asn — +oo. (3.9)
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From (3.9) we have

Wl
'(A(u,,),h) —/ e(z,un)hdz‘ < g, Wy P (Q), (3.10)
Q L+ flunl

with &, — 0T In (3.10) we choose h = —u;, € W,'” (). Then
| Du,, 15 — / ™"+ fz,w)(~u,)dz <&, VneN
Q

[see (3.7)], so
1 Du; Iy < es(+ llu, |) Vn €N,
for some ¢5 > 0, thus
the sequence {u, },>1 C Wol’p(Q) is bounded. (3.11)

We use (3.11) in (3.8) and we have
|1 Du; 11 — /Q PE(z,ul)dz| < My ¥n €N, (3.12)
for some M > 0. Also, if in (3.10) we choose h = u;\ € Wol"’(Q), then
— IDu; 1% ~|—/Qe(z, whutdz <e, ¥neN. (3.13)
We add (3.12) and (3.13) and obtain
/Q(e(z, wHut — pE(z,u;f))dz < M3 Vn €N,
for some M3 > 0, so
/Q(f(z, whHut — pF(z,ul)dz < My Vn €N,
for some M4 > 0 [see (3.7)], thus

/ E(z,ul)dz < My VneN. (3.14)
Q

Suppose that the sequence {u;},>1 < W(}’p(Q) is not bounded. By passing to a

subsequence if necessary, we may assume that

||u;:'|| — +4o00.
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772 Y.Baietal.

uy
flaif |
subsequence if necessary, we may assume that

Lety, =

forn € N. Then ||y,|| = 1, y, = 0 for all n € N. So, passing to a next

Yo —>y inWyP(Q) and y, — y in LP(Q), (3.15)
with y > 0.
First assume that y # 0. Let Q4 = {z € Q : y(z) > 0}. We have |24 |y > O [see
(3.15)] and
ut(z) — +oo foraa.z e Qy.

Hypothesis H (f)(ii) implies that

F(z,u; (2) _ G u;f (2))

Vu ()P —> +o00 fora.a.z € Q.. (3.16)
st 1P wl(z)p "

From (3.16) and Fatou’s lemma we have

F +
/ %dz —> 400 asn — +o0. (3.17)
o, llunlIP

On the other hand hypothesis H (f)(ii) implies that we can find Ms > 0 such that
F(z,x) >0 foraa.z €, allx > Ms.

It follows that

F(z,u’
/ —(Z+u" Ly > —cs VneN, (3.18)
a\ey  llug 1P

for some cg > 0. From (3.17) and (3.18) we infer that

F(z,uf
f %dz —> +00 asn — +00. (3.19)
Q llug P

On the other hand, from (3.12) we have

E(z,u’
/ Mdz <c7(L+ IDyf 5 Vn eN,
e lupll?

for some ¢7 > 0, so

Fzut
/ wdz <cg VneN, (3.20)
Q luglI?

for some cg > 0. Comparing (3.19) and (3.20), we have a contradiction. This proves
the Claim when y # 0.
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1
Next assume that y = 0. For k > 0, let v, = (kp)? y, forn € N. Then from (3.15)
we have
vy == 0 inW,P(Q) and v, — 0 in L”(R). (3.21)

We can find no € N such that

1
0 < (kp)»r — <1 Vn=no. (3.22)
lluen |l
Let ¢, € [0, 1] be such that
(p*(tnu,“:) = rnai(l (p*(tuj[) Vn € N. (3.23)

XX

From (3.21) and Krasonoselskii’s theorem (see Gasifiski-Papageorgiou [5, Theorem
3.4.4, p.407]), we have

/ E(z,v,)dz — 0 asn — +oo. (3.24)
Q
From (3.22) and (3.23), we have

1
02 > 9200) = 1 Dv1} —f E(z, vn)dz
Q

Vn =2 ny 2 ng

N

>k—/ E(z,v,)dz >
Q

[see (3.24)]. But k > 0 is arbitrary. So, we infer that
@x(tqu) — +o00 asn — +oo. (3.25)

We know that
@«(0) =0 and @.(u) < Mg Vn €N, (3.26)

for some Mg > 0 [see (3.8) and (3.11)]. From (3.25), (3.26) and (3.23) it follows that
t, € (0,1) Vn > nsy.

Then we have
_d + ) +y o+
0= —ou(tu,)r=r, = (@, (tnut,), u, )

dt

(by the chain rule), so
I D (tau;) 115 =/ e(z, tyu, )t ) dz ¥n = no. (3.27)
Q
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We have
/ e(z, tnu:)(t,,u;:') dz
Q
- / W+ fGw) (i) dz
{(0<tyust <u}

+ / ((tattn) ™" + f(z, tau,))) (tqus}) dz
{u<taul}

</ [“(rnu,j)dwr/ (tau, ) dz
{0<tyu;f <u) {u<tatef )

+/ f(z,z)(tnu,f)dw/ E(z,u)dz
{0ty u;f <u) (u<tau}

+ / pF(z. tau;l) dz + 18I (3.28)
{u<tau}

[see (3.7) and hypothesis H (f)(ii)].
We use (3.28) in (3.27) and recall that u(z) ™" + f(z, u(z)) > Ofora.a. z € Q (see
hypothesis H(f)(iii)). We have

I Dt — p/ W™+ f(z, W)ty ) dz
{0<tyu;t <u)

£ (tau;) ™ dz —/ pF(z, tyu))dz
I = i<ty (u<tau;t}

< /Qaz,u:)dw 181

(see hypothesis H(f)(ii)), so
ot < / E(z,uf)dz+co <clo YneN. (3.29)
Q

for some c9g, c19 > ||B]l1. Comparing (3.25) and (3.29), we have a contradiction.
So, we have proved that

the sequence {u,f},gl C Wé’p(Q) is bounded. (3.30)
From (3.11) and (3.30) we infer that
the sequence {u,},>1 C Wol’p(Q) is bounded.
So, passing to a subsequence if necessary, we may assume that
up —>u inWyP(Q) and u, — u in LP(RQ). (3.31)
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In (3.10) we choose h = u,, — u € Wol”’(Q). We have
(A(uy), uy — u) —/ e(z,un)(uy —u)dz < e, VneN, (3.32)
Q
with &/, — 0T. Note that

/ e(z, up)(uy, —u)dz
Q
= f ™"+ fz,w)(u, —n)dz
{un<u}
+/ w, "+ f(z,un))(uy —u)dz VneN (3.33)
{u<up,}

[see (3.7)]. Recall that 4 € int C,.. Hence we can find ¢1; > 0 such that

o~

1 < enu?
(see Proposition 2.1 of Marano—Papageorgiou [24]), so

1
£ 7
ur < cfju,

thus

cpu Mt < "

| ‘1;

_r
for some ¢y > 0. From Lazer—-McKenna [22, Lemma], we know thatu, ” € LP(Q),

socppu M e Ll’/(Q). Therefore, we have
/ w "+ fz,w)(wuy, —u)dz — 0 asn — +oo (3.34)
{un<u}
[see (3.31)]. Similarly, we have
/ (u, " + f(z, un))(n —u)dz — 0 asn — +o0. (3.35)
{u<un}

We return to (3.32), pass to the limit as n — 400 and use (3.33), (3.34), (3.35). We
obtain

Iim (A(up),u, —u) =0,

n—+00

sou, — uin WO1 P(Q) (see Proposition 2.2) and thus ¢, satisfies the Cerami condition.
This proves the Claim.
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From (3.1) and (3.7) we see that

Ol wl = el fu,wi (3.36)

(here @ is as in the proof of Proposition 3.2). From the proof of Proposition 3.2, we
know that
ug € int Cy is a minimizer of @, (3.37)

while from Proposition 3.3, we know that
ugy € intc(l)@) [u, w]. (3.38)
Then (3.36), (3.37) and (3.38) imply that
ug is a local C§ (Q2)-minimizer of ¢,

thus
ug is a local Wol’p(Q)—minimizer of s (3.39)

(see Theorem 1.1 of Giacomoni—Saoudi [17]). Using (3.7) we can easily see that
Ky, C{ueCl(): u(z) <u(z) forallz e Q). (3.40)

Therefore we may assume that K, is finite or otherwise we already have an infinity
of positive smooth solutions of (1.1) [see (3.7)] all bigger than u( and so we are done.
The finiteness of K, and (3.39) imply that we can find ¢ € (0, 1) small such that

@x(uo) < inf{gy () : lu —uoll = o} = mx (3.41)

(see Aizicovici et al. [1, proof of Proposition 29]). Hypothesis H (f)(ii) implies that
if u € int Cy, then
@« (tu) — —o0 ast — +o00. (3.42)

Then (3.41), (3.42) and the Claim permit the use of the mountain pass theorem (see
Theorem 2.1). So, we can find & € Wol'p(Q) such that

ue Ky and my, < @ (). (3.43)

From (3.40), (3.41), (3.43) and (3.7) we conclude that w € int Cy, @ # ug, u is a
positive solution of (1.1) and & > uo. O

We can state the following multiplicity theorem for problem (1.1).

Theorem 3.5 If hypotheses H(f) hold, then problem (1.1) has two positive smooth
solutions

uo,ﬁe intC+, u— up € C+ \ {O}
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