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ABSTRACT

The generation of net solitonmotion induced by random transitions amongN symmetric phase-shifted sine-Gordon potentials is investigated,
in the absence of any external force and without any thermal noise. The phase shifts of the potentials and the damping coe�cients depend
on a stationary Markov process. Necessary conditions for the existence of transport are obtained by an exhaustive study of the symmetries
of the stochastic system and of the soliton velocity. It is shown that transport is generated by unequal transfer rates among the phase-shifted
potentials or by unequal friction coe�cients or by a properly devised combination of potentials (N > 2). Net motion and inversions of the
currents, predicted by the symmetry analysis, are observed in simulations as well as in the solutions of a collective coordinate theory. A model
with high e�cient solitonmotion is designed by usingmultistate phase-shifted potentials and by breaking the symmetries with unequal transfer
rates.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5092797

The directed transport of particles and solitons in the absence
of net forces is termed the ratchet phenomenon. It appears in
nonequilibrium systems when the spatial and/or temporal sym-
metries are broken. Generally, an asymmetric potential breaks
the spatial symmetry and a biharmonic external force is used to
break temporal ones. Symmetry considerations allow predicting
the necessary conditions satis�ed by potentials and forces in order
to induce net motion. Moreover, the symmetry analysis reveals
that the ratchet phenomenon also may occur when symmetric
potentials are employed and no net forces are applied. In this
paper, a stochastic soliton ratchet is investigated by using ran-
dom transitions among N phase-shifted symmetric sine-Gordon
potentials with no external forces and no thermal noise. A rigor-
ous symmetry analysis carried out shows all the possibilities to
induce current. Since our results may be related with experiments
in Josephson junctions, a high e�cient stochastic soliton ratchet
is designed by using multistate phase-shifted potentials and by
breaking the symmetries with unequal transfer rates.

I. INTRODUCTION

Ratchet phenomenon of particles appears in nonequilibrium
systems when the relevant symmetries are broken.1 While spa-
tial inversion symmetries are broken by means of asymmetric
potentials,2 the noise sources jointly with external forces guarantee
the nonequilibrium.3 Soliton ratchet, the natural extension of this
phenomenon to complex nonlinear objects,4,5 such as �uxons6–9 and
chains of colloidal particles,10 has attracted a lot of attention in recent
years due to its potential practical applications.11,12

The ratchet e�ect of particles and solitons is governed by the
symmetries of the systems.13,14 In the experimental realizations, even
if the physical models are unknown, there are measurements which
depend only on the symmetry properties of the magnitudes and
devices.7,9,15–17 The presence of certain symmetries leads us to predict
the speci�c conditions for the absence of net motion and its inver-
sion upon the variation of system parameters.1,18 Moreover, when
harmonic forces or potentials are used to induce the e�ect, sym-
metry considerations alone predict the current dependence on the
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phases and amplitudes of all harmonics, regardless of the system
under consideration.13,14

Symmetries predict the existence of soliton ratchets in deter-
ministic models, where the time and space average of all external
forces is zero. The mechanism leading to a net soliton motion is
the desymmetrization of the basins of attraction that correspond to
solitons moving in opposite directions. This is basically achieved
through di�erent combinations of asymmetric �eld potentials and/or
asymmetric external ac forces (see Refs. 19–22 as well as the review
article23). Curiously, from the analysis of symmetries, it turns out that
the asymmetries of the potential and of the time-dependent external
forces are not essential.24,25 Indeed, in Ref. 25, a biased drift of soliton
was achieved, in the absence of any external force, by a simple com-
bination of two symmetric potentials with a relative phase-shift and
deterministic transitions between them at �xed times.

Originally, the ratchet phenomenon was proposed as the pos-
sibility of rectifying thermal �uctuations of particles.26–31 The �nd-
ings of these studies motivated the examination of solitons in noisy
environments.32,33 Under the in�uence of white noise, the robust-
ness of the soliton transport was numerically established4,34,35 and the
study of the whole phase-space of the system was enhanced.36 It is
worth mentioning that the sole action of the time-correlated noise
sources was unable to induce any netmotion of solitons,32,33 although
the inclusion of noise e�ectively added a unidirectional motion in
a parameter range where zero-averaged velocity was observed for
deterministic cases.21,37,38 In spite of all these studies, the rigorous
analysis of the symmetries in the context of stochastic soliton ratchets
remains unaddressed.

Therefore, themain purpose of the current research is to explore
in depth the symmetries of stochastic soliton ratchets. As a paradig-
matic model, we focus on the damped sine-Gordon (sG) equation,
in which random transitions occur among phase-shifted symmetric
potentials, each of them having its own dissipation. Symmetries dic-
tate that in a single symmetric potential, it would be impossible to
obtain a directed soliton motion. It is only the random transitions
among these potentials that are recti�ed, giving rise to a net cur-
rent. Remarkably, a detailed study of the symmetries of the system
reveals that there are several ways to reach net movement. Perhaps
the most evident is by using unequal transfer rates. But other possi-
bilities, such as unequal frictions and proper combinations of phase
shifts, are also investigated. This stochastic route to soliton ratchet
has already been studied for Brownian particles,39–42 where the inter-
potential transfers coexist with the thermal noise, thereby adding an
extra source of randomness to the dynamics. However, in our study,
neither thermal noise nor external forces are present. The recti�ca-
tion mechanism emerges through the coupling between the transfer
rates and the internal structure of the soliton. This is clari�ed using a
collective coordinate (CC) theory that provides a better understand-
ing of the simulation results and complements the symmetry analysis.
All this investigation leads us to address a second goal: the design of
an e�cient soliton ratchet, that is, a directed solitonmotionwith high
average velocity. This is achieved by tuning the random �uctuations
among N symmetric sG potentials so that the resulting phase shift
always increases.

The outline of the paper is as follows. In Sec. II, a damped sG sys-
temwith random transitions among a set of phase-shifted symmetric
potentials is introduced, and a thorough analysis of the symmetries

present is provided. Numerical simulations that verify the existence
of the soliton ratchet phenomenon are presented in Sec. III. Di�er-
ent ways of breaking the symmetry and comparison with the CC
approximation are explored. In Sec. IV, a multistate case is proposed
that is properly designed in order to attain a very e�cient recti�-
cation mechanism. Finally, our main results are summarized in the
conclusions.

II. MODEL AND SYMMETRY CONSIDERATIONS

In the present study, we consider a sine-Gordon equation of the
form

∂tt8(x, t) − ∂xx8(x, t) = −βJ(t)∂t8(x, t) − sin
[

8(x, t) + θJ(t)
]

,

(1)

where both the damping coe�cient βJ(t) and the phase-shift θJ(t)
depend on a stationary Markovian stochastic process J(t), which
takes values in a set of N possible states {1, . . . ,N}. Thus, Eq. (1)
represents a sG system in which random transitions occur among
phase-shifted symmetric potentials, UJ(t) = 1 − cos[8(x, t) + θJ(t)],
each of which has its own dissipation. This type of equation has been
used to model the dynamics of the phase di�erence 8 of Josephson
junctions with tunable phase shifts θJ(t).12,43–45

A more general situation in which the �uctuations of β and θ

are governed by di�erent stochastic processesH(t) and K(t), respec-
tively, could also have been considered.However, it can be shown that
this case can alternatively be described using only a single stochastic
process, with a number of states equal to the product of the num-
ber of states of H(t) and K(t), and whose statistical properties are
determined from those of H(t) and K(t).

The Markovian process J(t) is fully determined by the proba-
bility pj for J(t) to take the value j at any time instant, and by the
conditional probability p(j, t|k, 0) for J(t) to take the value j at t, given
that its value at 0 is k. Both pj and p(j, t|k, 0) satisfy a master equation
of the form

∂tPj(t) =

N
∑

j′=1

Wj,j′Pj′(t), (2)

with Wj,j′ = wj,j′ − δj,j′
∑N

j′′=1 wj′′ ,j, where wj,j′ is the transition prob-

ability per unit time from state j′ to state j. Speci�cally, pj is a nor-
malized time-independent solution of Eq. (2) and p(j, t|k, 0) is the
solution of Eq. (2) corresponding to the initial condition Pj(0) = δj,k.
For simplicity, it will henceforth be assumed that there exists only
one normalized time-independent solution of Eq. (2), so that J(t) is
uniquely determined by the transition matrixWWW with entriesWj,j′ .

Since our focus is on solutions of Eq. (1) with only one kinklike
structure present, boundary conditions of the forms

lim
x→+∞

8(x, t) = lim
x→−∞

8(x, t) + 2π (3)

and

lim
x→+∞

∂x8(x, t) = lim
x→−∞

∂x8(x, t) (4)

are considered. In addition, kinklike functions of the forms

8(x, 0) = 4 arctan (ex) − θ̄ (5)
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and

∂t8(x, 0) = 0 (6)

are used as initial conditions, where θ̄ =
∑N

j=1 θj/N is the arithmetic
average of the phase shifts.

Let 8
[

x, t;θθθ ,βββ , j(·)
]

denote the solution of Eq. (1) correspond-
ing to a particular realization j(·) of the aforementioned stochastic
process. In order to determine the symmetry properties, the depen-
dence on the parameters appearing in Eq. (1) has been explicitly
indicated by introducing the column vectors θθθ = (θ1, . . . , θN)T and
βββ = (β1, . . . ,βN)T . The velocity of the kink and the average kink
velocity can be, respectively, calculated from the expressions

V
[

t;θθθ ,βββ , j(·)
]

=
1

2π

∫ +∞

−∞

dx x∂tx8
[

x, t;θθθ ,βββ , j(·)
]

(7)

and

V(t;θθθ ,βββ ,WWW) = 〈V
[

t;θθθ ,βββ , j(·)
]

〉WWW, (8)

where 〈·〉WWW denotes the average over the realizations of the process
J(t) corresponding to a given transition matrixWWW. Finally, the long-
time average velocity is given by the limit

V∞(θθθ ,βββ ,WWW) = lim
t→∞

V(t;θθθ ,βββ ,WWW). (9)

For an arbitrary value 1θ , let us consider the vector 1θ1θ1θ =

(1θ , . . . ,1θ)T . Then, it is easy to verify that the function
8

[

x, t;θθθ + 1θ1θ1θ ,βββ , j(·)
]

+ 1θ satis�es the problem given by Eqs. (1)
and (3)–(6). Therefore, from the uniqueness of the solution of this
problem, it follows that 8

[

x, t;θθθ ,βββ , j(·)
]

= 8
[

x, t;θθθ + 1θ1θ1θ ,βββ , j(·)
]

+ 1θ . By using Eqs. (7), (8), and (9), one then obtains that

V
[

t;θθθ ,βββ , j(·)
]

= V
[

t;θθθ + 1θ1θ1θ ,βββ , j(·)
]

, (10)

V (t;θθθ ,βββ ,WWW) = V (t;θθθ + 1θ1θ1θ ,βββ ,WWW) , (11)

and

V∞ (θθθ ,βββ ,WWW) = V∞ (θθθ + 1θ1θ1θ ,βββ ,WWW) . (12)

Analogously, it can be veri�ed that the function 2π − 2θ̄ −

8
[

−x, t; 2θ̄̄θ̄θ − θθθ ,βββ , j(·)
]

, with θ̄̄θ̄θ = (θ̄ , . . . , θ̄ )T , also satis�es the
problem given by Eqs. (1) and (3)–(6). Therefore, from the unique-
ness of the solution of this problem, it follows that8

[

x, t;θθθ ,βββ , j(·)
]

=

2π − 2θ̄ − 8
[

−x, t; 2θ̄̄θ̄θ − θθθ ,βββ , j(·)
]

. Thus, using Eqs. (7), (8),
and (9), it is straightforward to see that

V
[

t;θθθ ,βββ , j(·)
]

= −V
[

t; 2θ̄̄θ̄θ − θθθ ,βββ , j(·)
]

, (13)

V (t;θθθ ,βββ ,WWW) = −V
(

t; 2θ̄̄θ̄θ − θθθ ,βββ ,WWW
)

, (14)

and

V∞ (θθθ ,βββ ,WWW) = −V∞

(

2θ̄̄θ̄θ − θθθ ,βββ ,WWW
)

. (15)

A direct consequence of the three equations above, together with
Eqs. (10), (11), and (12) for 1θ = −2θ̄ , is that

V
[

t;θθθ ,βββ , j(·)
]

= −V
[

t;−θθθ ,βββ , j(·)
]

, (16)

V (t;θθθ ,βββ ,WWW) = −V (t;−θθθ ,βββ ,WWW) , (17)

and

V∞ (θθθ ,βββ ,WWW) = −V∞ (−θθθ ,βββ ,WWW) . (18)

At this point, it is worth mentioning that the ordering that we
have chosen for labeling the states of the stochastic process J(t) is
completely arbitrary and, therefore, modi�cation of such ordering
does not alter the physical results. This implies that V(t;θθθ ,βββ ,WWW)

andV∞(θθθ ,βββ ,WWW)must be invariant under permutations of the labels
assigned to the states of J(t). In order to mathematically formulate
this invariance, let us consider a permutation σ of the N states and
de�ne the N × N matrixTTTσ with components (TTTσ )j,j′ = δσ j,j′ , where
σ j is the result of applying the permutation σ to the state j. Then, the
parameters {θθθ ,βββ ,WWW} and

{

TTTσθθθ ,TTTσβββ ,TTTσWWWTTT
T
σ

}

represent essentially
the same system and, consequently,

V(t;θθθ ,βββ ,WWW) = V(t;TTTσθθθ ,TTTσβββ ,TTTσWWWTTT
T
σ ) (19)

and

V∞(θθθ ,βββ ,WWW) = V∞(TTTσθθθ ,TTTσβββ ,TTTσWWWTTT
T
σ ). (20)

Let us assume now that there exists a permutation σ̃ such that
TTTσ̃θθθ = 2θ̄̄θ̄θ − θθθ . According to Eqs. (14) and (15), it is, therefore, clear
that

V (t;θθθ ,βββ ,WWW) = −V (t;TTTσ̃θθθ ,βββ ,WWW) (21)

and

V∞ (θθθ ,βββ ,WWW) = −V∞ (TTTσ̃θθθ ,βββ ,WWW) . (22)

Taking into account that TTTσ̃TTTσ̃θθθ = θθθ and Eqs. (19), (20), (21),
and (22), one then obtains that

V (t;θθθ ,βββ ,WWW) = −V
(

t;θθθ ,TTTσ̃βββ ,TTTσ̃WWWTTT
T
σ̃

)

(23)

and

V∞ (θθθ ,βββ ,WWW) = −V∞

(

θθθ ,TTTσ̃βββ ,TTTσ̃WWWTTT
T
σ̃

)

. (24)

From the above two equations, it is clear that if TTTσ̃βββ = βββ

andTTTσ̃WWWTTT
T
σ̃

= WWW, then V (t;θθθ ,βββ ,WWW) = V∞ (θθθ ,βββ ,WWW) = 0. Conse-
quently, a necessary condition for the existence of directed motion is
that there exists no permutation σ̃ which simultaneously veri�es

(i) TTTσ̃θθθ = 2θ̄̄θ̄θ − θθθ ,
(ii) TTTσ̃βββ = βββ , and
(iii) TTTσ̃WWWTTT

T
σ̃

= WWW.

A direct consequence of this result is that, as is to be expected, it is
impossible to induce directed motion by only �uctuating the damp-
ing coe�cients while keeping a �xed potential. Indeed, in this case,
the identity permutation would satisfy the aforementioned condi-
tions leading to the absence of average motion.

III. NUMERICAL STUDY OF THE SYMMETRIES

We have performed numerical simulations of the damped sG
equation (1), with the boundary conditions (3) and (4) and initial
conditions (5) and (6), in order to check the existence of net kink
motion due to stochastic transitions among symmetric sG potentials.
A Runge–Kutta algorithm with space step 1x = 0.02 and time step
1t = 0.02 has been used. A total number of 2500 points have been
considered such that the length of the system is L = 50.

Chaos 29, 053119 (2019); doi: 10.1063/1.5092797 29, 053119-3

Published under license by AIP Publishing.

https://aip.scitation.org/journal/cha


Chaos ARTICLE scitation.org/journal/cha

We have veri�ed numerically that, for this system, averaging
over realizations provides the same results as performing a time-
average over a su�ciently long single trajectory. The latter procedure
has been used in the numerical calculations owing to its better com-
putational e�ciency. In order to prevent spurious e�ects due to the
�nite size of the system, we have divided the kink trajectory into
M = 100 time intervals of duration T = 5000 units of time, after
which the whole system is shifted so that the kink center of mass is
reset to zero. For each interval, the time-average velocity is computed
as

Vi =
1

T

∫ ti+T

ti

dt ∂tX(t) =
X(ti + T) − X(ti)

T
(i = 1, 2, . . . ,M),

(25)
where ti = (i − 1)T and

X(t) =
1

2π

∫ +∞

−∞

dx x∂x8(x, t) (26)

is the center of mass of the kink, in accordance with expression (7).
Note that, as a consequence of the shift of the center ofmass described
above, X(ti) = 0 for i = 1, . . . ,M in Eq. (25). The long-time average
velocity is then obtained as

V∞ =
1

M

M
∑

i=1

Vi. (27)

As an example, let us �rst consider the simplest case of a two-
state sG system. This means that J(t) will only take two possible
values 1 and 2 and, consequently, the set of symmetric potentials is
reduced to two elements,

U1(8) = 1 − cos(8 + θ1),

U2(8) = 1 − cos(8 + θ2). (28)

In this case, regardless of the values of θ1 and θ2, condition (i) of
Sec. II always holds for the transposition σ̃1 = 2 and σ̃2 = 1, which
corresponds to the matrix

TTTσ̃ =

[

0 1
1 0

]

. (29)

Therefore, directed motion can be generated on the condition that
β1 6= β2 and/orW1,2 6= W2,1. In addition, according to Eq. (24), it is
clear that

V∞ (θ1, θ2,β1,β2,W1,2,W2,1) = −V∞ (θ1, θ2,β2,β1,W2,1,W1,2) .
(30)

For this dichotomous Markov process, the equilibrium popula-
tion of the state j is

pj =
Wj,j′

Wj,j′ + Wj′ ,j

(j 6= j′), (31)

and the residence time, τj, in the state j has a probability density

g(τj) = Wj,j′ exp (−Wj,j′τj) (j 6= j′). (32)

Consequently, a realization of the process J(t) can be performed
assigning to each state j residence time values

τj = − ln(z)/Wj,j′ (j 6= j′), (33)

where z is a random number between 0 and 1.

FIG. 1. Time evolution of the kink center for a dichotomous Markov process J(t)
with transition rates W2,1 = 0.4 and W1,2 = 0.1. The dashed straight line is the
linear regression line that fits the data. Its slope provides a guide so that the net
movement of the kink to the right can be appreciated. The remaining parameter
values are β1 = β2 = 0.8 and θ1 = −θ2 = 0.5.

Let us initially take θ1 = −θ2 = 0.5 andβ1 = β2 = 0.8.Directed
motion is possible only if W1,2 6= W2,1. For W2,1 = 0.4 and W1,2 =

0.1, one realization of the time evolution of the kink center can be
observed in Fig. 1. The dashed straight line is the linear regression
line that �ts the data. This line has been plotted only as a guide to the
eye in order to appreciate the net movement of the kink to the right
and, therefore, the appearance of a ratchet e�ect.

The dependence of the kink velocity on the asymmetry param-
eter 1p = p2 − p1 = (W2,1 − W1,2)/(W1,2 + W2,1), for �xedW1,2 +

W2,1 = 0.5, is shown in Fig. 2. The circles correspond to the simula-
tion of the sG equation (1), while the line represents a CC approxi-
mation. This CC theory (very brie�y described in the Appendix, and
whose details can be found in Ref. 25) employs three collective coor-
dinates: the kink center, its width, and the value of the background
�eld, whose role is essential for the appearance of the ratchet e�ect.
The phase di�erence between the potentials considered in Eq. (28)
induces signi�cative changes in the background which, via its cou-
pling with the kink width, supplies momentum to the kink center
[see Eq. (A2) in the Appendix]. Note also how the symmetry (30)
for equal frictions, β2 = β1, can be clearly appreciated. Indeed, V∞

is an odd function in 1p, and, moreover, V∞ = 0 for 1p = 0 (i.e.,
for equal transition rates). The lack of ratchet e�ect when 1p =

±1 corresponds to the limiting cases in which no transitions occur.
As a consequence, V∞ displays nonmonotonous behavior reaching
extrema at 1p ≈ ±0.60.

If we consider again a dichotomous Markov process J(t)
between the potential states speci�ed in (28) but now with equal
transfer rates, then the only possibility for the generation of a net
motion is by breaking condition (ii) of Sec. II, that is, by choosing
di�erent frictions (see Refs. 40, 46, and 47, where the friction coef-
�cients break the dynamical symmetry and generate net motion of
particles). The resulting long-time average velocity is plotted in Fig. 3
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FIG. 2. Dependence of the averaged kink velocity on 1p = p2 − p1 for fixed
W1,2 + W2,1 = 0.5 (circles). The result obtained by using the collective coordinate
theory is depicted with a solid line. The remaining parameter values are β1 =
β2 = 0.8 and θ1 = −θ2 = 0.5.

as a function of 1β/β̄ , where 1β = β2 − β1 and β̄ = β1 + β2, for a
�xed value of β̄ = 2 (circles). The CC theory (solid line) provides
only a qualitative description of the simulation results. Both CC the-
ory and simulation show clearly two consequences of the symmetry
(30) for equal transfer rates W1,2 = W2,1: zero averaged kink veloc-
ity for 1β = 0 (β1 = β2) and the fact that V∞ is an odd function
of 1β . Moreover, current reversals are observed. This is a counter-
intuitive e�ect, namely, that by varying the damping the direction of
the current can be reversed.47The subsequent fast increase (decrease)
of the kink velocity corresponds to the limit 1β/β̄ → +1(−1) in
which the friction of one of the two states tends toward zero. In this
limit, the kink becomes unstable and is eventually destroyed by the
transitions. For this reason, we have restricted the simulations to the
interval −0.9 ≤ 1β/β̄ ≤ 0.9.

Let us consider �nally a third case in which symmetry condi-
tions (ii) and (iii) of Sec. II are ful�lled but condition (i) is broken. In
order to break (i), at least three states are necessary. Therefore, to the
states speci�ed in (28), let us add a third state

U3(8) = 1 − cos(8 + θ3) (34)

and keep θ1 = −θ2 = 0.5. Even if equal frictions for the three states
and equal transfer rates between them are chosen, directed motion
may in principle be generated except for θ3 = 0 and θ3 = ±3/2, since
for any permutation σ , θσ3 6= 2θ̄ − θ3 = −θ3/3.

The resulting kink velocities as functions of θ3 are shown in
Fig. 4. We have restricted θ3 to the range −0.5 ≤ θ3 ≤ 0.5 in order
to avoid transitions between states with phase di�erences larger than
1, which generate strong deformations in the kink structure. The CC
theory (solid line) reasonably approaches the simulation results (cir-
cles). Notice that V∞ is an odd function of θ3. This property can
be easily understood by taking into account Eq. (18) together with

FIG. 3. Dependence of the averaged kink velocity on1β/β̄ , where1β = β2 −
β1 and β̄ = β1 + β2, for a fixed value of β̄ = 2 (circles). The result obtained by
using the collective coordinate theory is depicted with a solid line. The remaining
parameter values areW1,2 = W2,1 = 0.1 and θ1 = −θ2 = 0.5.

Eq. (20) for the permutation σ1 = 2, σ2 = 1 and σ3 = 3, which
corresponds to the matrix

TTTσ =





0 1 0
1 0 0
0 0 1



 . (35)

IV. HIGH EFFICIENT RATCHET

In Sec. III, the net motion is achieved in successive stages,
where the kink advances and backs up asymmetrically as shown
in Fig. 1. For this reason, similarly to other soliton ratchets,4,19,25,34

the averaged kink velocities obtained are rather low. In this respect,
the improvement of the e�ciency of the ratchet phenomenon has
attracted the attention of experimentalists and theoreticians in the
context of Josephson junctions.8,48

Here, in order to enhance the e�ciency of the ratchet e�ect, a
new case in which J(t) is now a Poisson process is considered. This
process takes values j in a set {1, . . . ,N}, and the corresponding phase
shifts are θj = −2π j/N. Initially, J(0) = 1 and its value increases in
time with steps of one unit that occur at random moments with a
rate Wj+1,j = γ . The label j is periodic because after the value N,
it then again takes the value 1. In other words, Wj,j′ = γ δj,j′+1 for
j′ ∈ {1, . . . ,N − 1} and Wj,N = γ δj,1. Moreover, we will take equal
frictions βj = 0.8, for j = 1, . . . ,N. Therefore, a realization of this
process is a sequence of random jumps from the potential

Uj(8) = 1 − cos

(

8 −
2π j

N

)

(36)
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FIG. 4. Dependence of the averaged kink velocity on θ3 for fixed θ1 = −θ2 = 0.5
(circles). The result obtained by using the collective coordinate theory is depicted
with a solid line. The remaining parameter values are Wj,j′ = 0.5, for all j 6= j′,
and β1 = β2 = β3 = 0.8.

to the potential Uj+1(8), which can be easily simulated by gener-
ating a set of random numbers zj between 0 and 1, and assigning a
residence time τj = − ln(zj)/γ to each potential state.

In this case, the symmetry condition (i) of Sec. II holds. If the
permutation σ̃ j = N + 1 − j is applied, it clearly follows that

θσ̃ j =
2π(j − N − 1)

N
= −

2π(N + 1)

N
+

2π j

N
= 2θ̄ − θj. (37)

Additionally, condition (ii) is evidently ful�lled because all the fric-
tions are equal. However, condition (iii) is broken since

Wσ̃ j,σ̃ j′ = WN+1−j,N+1−j′ = γ δ1−j,2−j′ = γ δj,j′−1 6= Wj,j′ . (38)

In Fig. 5, the averaged kink velocity is plotted vs the parameter
N, for γ = 0.5 and γ = 0.2 (upper and lower curves, respectively).
The most interesting feature of this �gure is the high e�ciency of
the ratchet mechanism re�ected in the large values of the resulting
velocities. The excellent agreement between the CC theory (solid
and dashed lines) and the simulations (circles and triangles) is also
remarkable, especially for large values of N, that is, when transi-
tions between potential states are su�ciently smooth. Note that even
for those large values of N, the e�ciency of the ratchet mecha-
nism remains very high and the kink velocities are three orders of
magnitudes over those obtained in Sec. III.

In order to better understand how this high e�ciency is
obtained, let us compare the two-state sG system considered at
the beginning of Sec. III with the N-state sG system considered
here. In the �rst case, the phase di�erence between two consecu-
tive states of the process θJ(t) alternately takes the values θ2 − θ1 and
θ1 − θ2. Depending on whether this phase di�erence is positive or
negative, the kink center moves backward or forward, respectively.

FIG. 5. Dependence of the averaged kink velocity on the number N of cosine
potentials for γ = 0.5 (top curves) and γ = 0.2 (bottom curves). The results
obtained by using the collective coordinate theory are depicted with a solid line
(γ = 0.5) and a dashed line (γ = 0.2). The results obtained from the simulations
of the sG equation are plotted with circles (γ = 0.5) and triangles (γ = 0.2). The
remaining parameter values are βj = 0.8 for j = 1, . . . ,N.

The result is, therefore, a sequence of forward and backward displace-
ments, as can be seen in Fig. 1. When W1,2 6= W2,1, these forward
and backward displacements do not cancel each other, resulting in a
nonzero net displacement of the kink but with a low average veloc-
ity. By contrast, in the N-state system, the phase di�erence between
two consecutive states of θJ(t) is always −2π/N [note that a phase
di�erence of 2π(N − 1)/N is equivalent to a phase di�erence of
−2π/N]. As a consequence, the kink center always moves forward,
thus signi�cantly improving the e�ciency of the ratchet mechanism.

V. CONCLUSIONS

In this paper, a study of a type of stochastic soliton ratchet has
been addressed. The generation of directed solitonmotion is induced
by random transitions among a set of symmetric sG potentials. These
potentials are identical except for the presence of state-dependent
phase shifts. In addition, each potential state has its own dissipa-
tion coe�cient. Remarkably, in our study, neither thermal noise nor
external forces are present.

A rigorous analysis of the symmetries of the stochastic sys-
tem has been provided since, as is well known, the emergence of
net motion is mainly determined by the breakdown of such sym-
metries. This analysis leads us to predict the necessary conditions
for the existence of transport and for the appearance of current
reversals upon the variation of the system parameters. By means of
numerical simulations, various di�erent ways of reaching net motion
have been explored. The case of unequal transfer rates among the
potential states has �rst been considered, but other possibilities, such
as unequal frictions and suitable combinations of three (or more)
symmetric sG states, have also been investigated.
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As a consequence of this investigation, a very e�cient soliton
ratchet has been designed by means of properly tuning the random
�uctuations among N symmetric sG potentials. It is to be expected
that the high average velocities observedwith this recti�cationmech-
anism will raise interest in the exploration of possible experimental
research in this area.Moreover, although our study is restricted to sG-
like equations, the results obtained can be extended to other models
with topological soliton solutions.
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APPENDIX: COLLECTIVE COORDINATE THEORY

Here, the same approach is used as that developed in Sec. III of
Ref. 25 in order to obtain the equations of motion for the collective
coordinates. To this end, let us propose a solution of Eqs. (1), (3),
and (6) of the form 8(x, t) = 9(x, t) + ϕ(t), where 9(x, t) is the
“naked” kink �eld, for which limx→−∞ 9(x, t) = 0. The background
�eld is represented by ϕ(t) and satis�es the di�erential equation

ϕ̈(t) = −βJ(t)ϕ̇(t) − sin
[

ϕ(t) + θJ(t)
]

, (A1)

with the initial conditions ϕ(0) = −θ̄ and ϕ̇(0) = 0. Here, the dots
denote the derivative with respect to time. For the function 8(x, t),
we use the same ansatz proposed in Ref. 25 with two collective coor-
dinates, X(t) and L(t), which are, respectively, the center of mass and
the width of the kinklike structure. Straightforward calculations of
the time variation of the energy and the momentum of the kink (for
details, see Ref. 25), yield the kink velocity

Ẋ(t) =
πL(t)ϕ̇(t)

4
(A2)

and

L̈(t) =

[

L̇(t)
]2

2L(t)
−

3L(t) [ϕ̇(t)]2

8
− βJ(t)L̇(t)

+
6

π 2L(t)

{

1 − [L(t)]2 cos
[

ϕ(t) + θJ(t)
]}

, (A3)

which has to be solved with the initial conditions L(0) = 1 and
L̇(0) = 0.

Finally, the average kink velocity can be calculated from Eqs. (8)
and (A2) after numerically solving the di�erential equations (A1) and
(A3).
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