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Abstract

The existence and uniqueness of global solutions for a fractional func-
tional differential equation is established. The asymptotic behaviour of a
lattice system with a fractional substantial time derivative and variable
time delays is investigated. The existence of a global attracting set is es-
tablished. It is shown to be a singleton set under a certain condition on
the Lipschitz constant.
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1. Introduction

In this paper, we study the global existence and the long time behaviour
of solutions for a fractional delay lattice system of the form

{ D?ui(t)— (ui_l(t)—2ui(t)+ui+1(t))+)\ui(t)+f¢(t, uit) :0, t> T,
ul(t) = ¢z(t - 7_)7 vt e [7— - haTL

(1.1)
where A € R, 0 < a < 1, i € Z and the Caputo fractional substantial
derivative D¢ is defined as
DY f(x)=DI'IY f(x)], v=m—u, m is the smallest integer which exceeds p,

where

I f(z) = F(ly) /0 (2 — 1) 1e=B@=T) {(1)dr, v >0,

is the fractional substantial integral [5 [7] and I" is the Gamma function.
is a positive constant and
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D= <8i+,6’)m: <D+5>m= <D+ﬁ><D+B>...(D+B>.

The concept of fractional substantial derivative was introduced in 2006
by Friedrich et al. [8] to consider retardation effects in Kramers-Fokker-
Planck type equations, where these are expressed mathematically by a
fractional substantial derivative, which is more appropriate to characterize
nonlocal coupling in time and space than the classic fractional derivative.
The fractional substantial derivative is widely applied in physics, such as
long jump of Lévy flights, anomalous diffusion, turbulence research, Fokker-
Planck equations, forward and backward fractional Feynman-Kac equations
etc [13, 6]. Moreover, the fractional substantial diffusion model is useful
in applications to geophysics [I1] as well as finance [4]. In finance, where
the tempered stable process models price fluctuation which displays semi-
heavy tails, resembling a power law behavior at moderate time scales, but
finally converging to a Gaussian at large time scales. See [8| [3] for more
information about the application of fractional substantial derivative, [10]
and related literatures for the classic fractional calculus.

A main objective is to analyze the existence of solutions of fractional
functional differential equations with the Caputo fractional substantial de-
rivative, since there has been little published on this topic or on fractional
lattice systems with delay.

First we use Leray-Schauder’s fixed point theorem to prove the existence
of local solutions for a fractional functional differential equation with a €
(0,1). Then, by a priori estimates, we prove that the local solution is
actually a global one. Our assumption here on delay term f(t, u;)is weaker
than many available references. Finally, we apply this result to a fractional
lattice system with variable delay, i.e., system , and obtain the existence
and uniqueness of global solutions, as well as global attracting sets. Our
result also applies to fractional lattice systems with distributed delay.

The paper is structured as follows. Notation, some basic definitions and
preliminary results are included in the next section. Additionally, Section
is also devoted to the global existence and uniqueness of solutions for
an abstract fractional functional differential equation in a separable
Hilbert space. This theoretical result is applied to a fractional delay lattice
system in Section [3} A priori estimates are obtained in Section 4] and used
in Section [f]to establish the main result of this paper, namely, the existence
of global attracting set while, which becomes a singleton under appropriate
conditions.
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2. Preliminaries

Let X be a separable Hilbert space with norm || - || and inner product
(,+). ForafixedT € R, Cp := C([t—h,T]; X), h > 0,T > 0, be the Banach
space of continuous functionsu : [t — h,T] — X, endowed with the norm
llullc, = sup,_p<s<r ||u(s)|]. For anyu € Crand t € [7,T], we denote by ut
the element of Cy = C([—h,0]; X) defined by u;(0) =u(t + ), 0 € [~h,0].

The dual coupling between X and its dual X* is denoted by (-, -). Since
X is a Hilbert space, by the Riesz representation theorem, X* is isomorphic
to X. So the dual coupling (-,-) is the inner product in X.

Let X, be the space X endowed with the weak topology. We consider
the space Cp,y = C([—h,0]; X,,) and say that uf — u; in Cp,, if for any
0 € [—h,0] withu"(t + 6,) — u(t +6) in X, for all §, — 6.

We say that the function f : [0,00) x Cy — X is weakly continuous in
bounded sets for each t € [0, 00), if u” — u in Cp 4, and ||u"||¢, < M for all
n imply that f(t,,u) — f(t,u¢) in X,,. Similar concepts were introduced
in [2] to establish the existence of solutions for a delay differential equation
in a Banach space.

We consider the global existence theorems for the following delay differ-
ential equations with Caputo fractional substantial time derivative in the
separable Hilbert space X,

{ Dgu(t) = f(t,w), t=>r, (2.1)
u(t)y=9¢(t—7), Vte|[r—h,T], '
where the nonlinear term f is weakly continuous in bounded sets.

DEFINITION 2.1. A function v € Cr is called a solution of the initial
value problem ((2.1)) if u(t) = ¢(t — 1) for t € [T — h, 7| with ¢ € Cp, and,
for t € [1,T], u(t) satisfies the integral equation

u(t) = e Pl 4~ t — ) e B £ (r w)dr 7, T].
(1) = 00) 7+ o [ (=) Flrun)dr, t € [r,T]

Hereafter, we assume that:

(Hy) The mapping f : [r,00) x Cyp — R is continuous, and there exists
M > 0 such that

If(t, ) — ft, V)| < Mille —Ylle, for all p, ¥ € Cy and t € [T, 00).

(H2) The function f(¢,0) is L*a locally integrable, and there exists
G > 0 such that

t
/ (t =) e P f(r0)Pdr < G, Vi T
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Now for any ¢ € Cy, we define an operator Sy : C — Cr by

o(t—71), te€[r—h,T7]

S¢u(t) = —B(t—7) L K _oya—1_—B(t—r)
»(0)e -I—F(a)/T(t r)* e flryuy)dr,t € [T(,QT;.)

We can prove that the operator Sy is well-defined on C7 by a similar method
as Lemma [2.1], so the details are omitted.

Since X is a separable space, there exists a sequence such that the subset
{e1,€2, -+ ,en, -} is dense in X, and by the Gram-Schmidt procedure, we
can obtain an orthonormal subset of X, still denoted by {e1,e2, - ,en, - }.
Taking X,, = {e1,e2, -+ ,e,}, and P, : X — X,, an orthonormal projector,
defined as P,u = u,, and P,¢ = ¢,, for every n, we can introduce the
mapping S, ¢ : C7 — Cr as, for any ¢y,

on(t—7), ter—h,T],
Sl (t):= 1 [t
e ¢n(0)€—ﬂ(t—T)_|_F()/(t—r)a_le_ﬂ(t_T)Pnf(T‘, Up,r)dnt € [1,T].
« T

We will need the following auxiliary theorem.

THEOREM 2.1. (Leray-Schauder’s fixed point theorem [9] 12]) Let T’
be a continuous and compact mapping of a Banach space X, such that the
set {x € X : x = ATz, for some 0 < A\ < 1} is bounded. Then T possesses
a fixed point.

For any positive constant p, denote by

A(ﬂ) = {un 6CT3u71(t) :d)n(t*h)ate[T — h, 7-]7 and t:[u%”hbn(t)”g IO} :
’ (2.3)

LEMMA 2.1.  For any ¢ € Co, the operator S, 4, maps the bounded
subset A(p) C Cr into another bounded set A(p') C Cr.

P roof For our purpose, it is enough to show that for Vp > 0,
there exists a positive constant p’ such that for each u, € A(p) we have
SUPefr 1] [ Snsun(t)]l < p', where A(p) is defined in ([2-3). Let u, € A(p) be
arbitrary. From the definition of S, 4 as in , we have for all ¢ € [, T},

—« t
2rﬁ(a) /T (t=r) @D e PENE (r up, |Pdr. (2.4)

IS, ptun (£ <216 (0)]|*+
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By (Hy) and (Hg), we derive
Lf (ry )12 = 1 (s ) = £ (0, 0)+ f (, 0) |2 S 2M 3, 4211 £ (7, 0) |2
which together with (2.4) and the Gronwall lemma implies that

95
2 2
[Sngun(t)llc, < 2l0llc, + T(a)

Hence, S, 4 maps the bounded set A(p) into another bounded set A(p’). O

+2MEB729p? == p'? < o0, Vt € [1,T).

LEMMA 2.2.  For any ¢ € Cy, the mapping S, ¢ Is continuous and
completely continuous.

P roof. Step 1: First, we verify that S, 4A(p) is relatively compact.
Since X, has finite dimension n, it suffices to prove that the family of
continuous functions {Sy, pun : u, € A(p)} is uniformly bounded and is a
family of equicontinuous functions of Cp on [r,T]. As proved in Lemma
for any u, € A(p), we find ||Sy, sun(t)|lc, < p', which implies that
{Sn¢tn : up € A(p)} is uniformly bounded.

On the other hand, for any ¢1,te € [r,T] with t; < t2, we have

1Sn,6u(t1) = Snpu(ta)ll < T dn(0)||le™? — e7P2[ + Ay + Ap. (2.5)
By (Hz) and the Holder inequality, A; can be bounded by

1 t -1 - —r a—1_ — -r
A1) / [(t1 =) e PO — (=) eI f (1 )|
Mip'

<

(11 —7)% — (fa—7)* + (t2 — “)“”r(l@( / (t—r)et

IMa+1)
t1 Mo
(=) ([ o))+ 2 (1)
_ o= B(ta—t1) t1
(163)Q/‘(tl—-T)a_le_ﬂ@r”jﬂf(rJDHZdr)é.
Tpe s
(2.6)
Again, thanks to the Holder inequality,
1 £2
Ag=——— _ya—1,—B(ta—r) )
=gl ), ) TS dr|
(2.7)

Mip(ta—t1)® (t2—7§1)%' to _ el =Bl ey Ry
Ta+1) | al(a) (/tl (t2=7) If (r, )| dr)z .

From (2.5, (2.6) and (2.7, the right-hand side of (2.5 tends to zero as
t1 — to . Therefore {S, gun, : u, € A(p)} is equicontinuous on [r, 7], and
therefore S,, 4A(p) is relatively compact in X,,.
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Step 2: Now we show that S, 4 is continuous on Cr. Let u}l € Cr be
a sequence such that u!, — u in C7 as i — co. We can prove that, for any
t € [r,T], as i goes to oo,

g, — uille, = sup |, o (¢ + 0)—u(t +6)[| < sup ||uf, ,(t) — u(t)] — 0.
fe[—h,0] te[r,T]

Then from Eq. (2.2), (H4) and the Holder inequality, we have for all
terT],

1,015, () = S pu(t)]*
2

_ 1 ! a1 _—B(t—r) i

= Fag || [ T (Pt rad) = Paf ) dr
Mg [* (a=1) —B(t—r) |, i 2
b [ =0

Hence,
1Sn,pup () = Snpu(®)|* < Mi 52 |lu;, — ullg, — 0 as i — oo.

Therefore the operator S, 4 is continuous on Cr. By the arbitrariness of p
and Lemma we have that Sn,(buil is uniformly bounded on Cr, while
Step 1 implies that Sn,qguf1 is a family of equi-continuous functions. There-
fore, by the Arzela-Ascoli theorem, we obtain that S‘Wi)uf1 — Speu in Cr.
And hence, from Lemma[2.1] Step 1, Step 2 and the Arzela-Ascoli theorem,
we obtain that S, 4 : C([t — h,T); X,,) = C([7 — h,T]; X,,) is continuous
and completely continuous. O

LEMMA 2.3. Assume that (H1) — (H2) hold true, then for any ¢ € Cy,
the fractional functional differential equation (2.1)) has at least one local
solution in X,,.

P r o o f. We use the Leray-Schauder fixed point theorem to prove this
conclusion, i.e., there exists an open set O C C([r — h,T|; X,,) with u,, #
ASp pun for XA € (0,1) and u,, € 00.

We need to prove that if u, = AS, gu, with X\ € (0,1) on O, then
Uy, €intO.

Let u, € C([t—h,T); X;,) and u, = ASy, uy for some 0 < XA < 1. Then
for every t € [1,T7,

un(t) = A {gﬁn(O)eﬁ(tT) + Fi

a)

t
/ (t—r)* e PP, f(r, un,r)dr} .
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From (H1) — (H2) and the Holder inequality withp = 1+a and ¢ = 1+1,
we find for all t + 6 > 7,

[[un(t + 0)]]

1 t+0
=\ HQSn(O)e_B(HG_T)+ (o) / (t+0—rY e PP, f(r, uy, ) dr

1

e t+6 4 7T q

S\|¢n(0>e‘ﬁ“+9‘”ll+Br<a> +To </ o >““r—vr||%od7“> ’
(2.8)

where 0 < G(t +0) = Ié(_:) (f:w(t + 0 — r)e~Le B £ (1 0)|2dr), and

Ty = er(aj)ﬁ ‘
() T¥ar(a)
Note that if 7 — h <t < 7, then
_ gB(t+20—27)

[un(B)[| = [on(t =)l < e 2 [[énlley-
Then for any t > 7,

t
Bt _aB(t—27) Bt B
€q2 ||un’t||(q:0 < 0*6 2 ||¢7LHZ() —+ Gleqz —+ Tl/ quT ”Un,THZOdT’
T

where C* = BqGQBh) Gl = g;(qo(j) 3q_1Gq and T1 = 3(1_11—616%_

Applying Gronwall’s inequality, we find for all ¢ > 7,
5
[unglld, < CeT=8ED 4 0,

Thus, there exists a positive constant B* such that |luy||¢, < B* for
all t € [1,T]. Set

O = {un € C(r — BT} X) : [funlley < B* +1}.

Note that Sy, 4 : O — C([r—h, T); X,,) is continuous and completely contin-
uous. From the choice of O, there is no u,, € 0O such that u, = AS, 4(un)
for X € (0,1), on the other hand 0 € O is obvious. Therefore, as a con-
sequence of Theorem we deduce that S, 4 has a fixed point u, in O,
which is a local solution of in C([r — h,T); Xpn). O

LEMMA 2.4. Under the assumptions of Lemma for any ¢ € Cj,
problem (2.1)) has a local solution in C([t — h,T]; X).

P r o of. In Lemmal2.3] we have proved the existence of local solutions
of problem (2.1) in C([r — h,T]; X,,). By taking the limit, we prove the
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existence of local solutions of problem (2.1)) in C([r — h,T]; X). For this,
we form the approximating equations:

D?un(t) = Pnf(tu un,t)a t>T,
Un(t) = Gn(t — 1), vt e [r—h,1].

Similarly as in Lemma there exists a solution w, to problem ([2.9)) on
[7,T] such that

(2.9)

sup Jun(t)|| < C. (2.10)
te[r,T]

Since X is a separable Hilbert space, from (2.10)) we can conclude that for

any t € [1,T], {un(t)}2, is weakly convergent to u(t) in X. Moreover for

any tm,t € [t — h, 7| with t,, — t, we have when n, m go to oo,

[tn(tm) — u(®)| <l @nltm — 7)=(tm — T)|| + [|(tm — T) = (t = 7)|| = 0.

On the other hand, for any t,,,t € [r,T] with ¢, — t, and any v € X*, we
have as n,m go to oo,

[(un(tm) = u(t), v)] < [(un(tm) = u(tm), V)| + [(utm) = u(t),v)] = 0.

Therefore, {u,+}°, is weakly convergent to u; in Cy.
Now we prove that u(-) is a solution of (2.1). For this we need to pass
to the limit in the following integral

on(t—7), te[r—h,T1],

Unp(t):= t
Q gbn(O)e_B(t_T)—l—l/(t—r)o‘_le_ﬁ(t_r)Pnf(r, Up,r)dr,t € [1,T].

N
(2.11)
Since f is Lipschitz continuous, for any ¢ € [7,T], we obtain
f(t,unt) — f(t,ue), weakly in X. (2.12)

Using the Riesz representation theorem, we obtain that for any v € X*,
there exists a unique w € X such that (u,v) = (u,w) for all u € X, and
therefore

[(Pof (t,un), v) — (f(t ung), )]
= |(Paf(t,unt) — f(t,unt), w)| (2.13)
- ‘(f(t7un,t)7(I_Pn)w) SC”(I_Pn)'LUH — 0, n— oo.

Then by (2.12))-(2.13]) and Lebesgue’s dominated convergence theorem we
obtain for any v € X*,

t t
</ (t—r)*"te B p £ (r, Up,y)dr, V) —></ (t—r)*"Le™ B f (o wy)dr, ).
. i (2.14)

Hence, (2.11)) and (2.14]) imply that, for any v € X*,
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which means that

¢
u(t) = u(r)efﬁ(tfﬂ +/ (t — r)o‘*lefﬁ(tfr)f(r, u)dr, for all t € [1,T].

g

THEOREM 2.2. (Global existence and uniqueness and continuous de-
pendence on the initial values of solutions of Caputo substantial fractional
differential equation) Suppose that (H;) and (Hz) hold. Then,

(i) for any ¢ € Cy, the initial value problem with the initial con-
dition u(t) = ¢(t — 1), t € [T — h, 7], has a unique global solution
u(+,¢) on the whole interval [T — h, 00).

(ii) on any bounded time interval [7,T], where T > 0, the solution
u(+,¢) depends continuously on ¢, i.e.,

lim sup ||u(t, ¢) — v(t,)|lc, = 0.
P—

Proof Part (i): From Lemmas we know that has a local
solution on [ — h,T]. So we need to prove that the local solution is a
global one. Namely, we prove that the local solutions will not blow up on
any bounded interval. By a similar procedure as we used in Lemma [2.3
we can prove that for any solution u(t), we have for all ¢t > T,

)G, < Cei=5)t=7) 4 ¢

which implies that the local solution u(¢) will not blow up on any finite
interval [7,T]. Then it is actually a global solution on [T — h, o).

Finally, we show that the global solution is unique. Let u(t),v(t) be
solutions of with the same initial value ¢. Then for ¢t € [1,T],

) —v(t)H=HP(1a) [ = e )= )

Replacing ¢t by t + 6 in (2.15]), note that ||u(t + 6) — v(t + 0)|| = 0 when
t+60 < 7 with 6 € [—h,0]. On the other hand, takingp =1+a,qg=1+ é,
then by Holder’s inequality, we have, for t + 60 > 7,

. (2.15)

t+6

lu(t+0) —v(t+0)| < Ty (/ e
which means (here T} is defined in (2.8))

_aB(t+6-1)
2

q
||, — v,n||godr> ,
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t
i sh Br
ethHut —ullg, < TgeqT / e'2 |Juy — vop||Gdr, V> T
T
By the Gronwall inequality, we obtain ||u; — v¢|| = 0, which implies that

l|usg — v]|g, = O for all ¢ € [r,T]. Thus, the global solution is unique.

Part (ii): Choose and fix T' > 0 and ¢, ¢ € Cp. Since u(+, ¢) and v(-, ¢)
are solutions of ({2.1)), condition (H4) implies that
—B(t—T 1 ! a—1 —pB(t—r
lu(t, ¢) —v(t, )ll< e )W(O)—W(O)HJFF(Q)/ (t =) ey v, by dr:

Replacing t by t + 6 with t + 6 > 7 in the last inequality,
[u(t +0,0) —v(t+0,9)|

t+6
_ _ _aB(t+6—r)
< e Mg — pllg, + To </ e llur—vrn?,»odr)
T

Notice that, for 7 — h <t < 7, we have

¢ (2.16)

_ B(t+20-27)

lu(t, ) —v(t, o)l = [[¢(t —7) =t =) <e” 2 (¢ — ¢llco,
which together with (2.16) yields, for all ¢t > 7,

g8t qB(t—27—2h)

t
ast 48(t=27—2h) ash asr
e 2 Jlug —wellg, <2% 2 o — <p||go—|—Tgeq2 (/ e’ |luy — ergOdr) .
T

By the Gronwall lemma, we conclude, for all ¢t > T,

T(‘)Z_ﬂ) (t—7)

lue — velleo < 26| — pllceet™ 2 )T 50, as ¢ ¢,

which implies qil)im sup ||u(t, ) —v(t, ¢)|lc; = 0. The proof is completed. O
—

3. Fractional lattice systems with time variable delays

Now we will apply our abstract theory developed in the previous section
to the fractional lattice system ((1.1)).

3.1. Setting of the problem. Let (? = {v = (v;)icz : Y ;ep V7 < 00}

be the separable Hilbert space with norm |[v[| = (3 ;cz vg)% and scalar

(2
product (w,v) = 3, wiv;, and let £° = {v = (v;)icz : sup;ez |vi| < 0o}
be the Banach space with norm ||v|oc = sup;cz |vi|. Further, we use the
notation X = 2, Cr = CO([r — h,T);0?) and Cro = C([1 — h, T]; £>°),

where T' > 0, with the norms

lulley = suplu(s)[l, and lullor = sup [Ju(s)]co-
s€[—h,T)] s€[—h,T)]
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By simple computation, we can verify that C7 C Cr o with [Jullcy, <
llullc, for all u € Cr.

We consider the system (1.1)) on the phase space Cp. To this end, we
assume the following conditions:

(C1) The operator f : [1,00) x Co — X given by the rule (f(¢,u:)); =
fi(t,ui), i € Z, is well defined, bounded and continuous.
(C2) There exists Ly > 0 such that

1t 0) = Ft o)l < Lyll¢ = @lle,  for all ¢, € Co and ¢ > 7.

(C3) The function f(t,0) is L? local integrable, and there exists a positive
constant L such that

t
/ (t — ) Le B f(r,0)|2dr < L, Vt>T.

REMARK 3.1. We would like to mention that condition (Cj) holds
if all the component functions f;, i € Z, are globally Lipschitz with the
same Lipschitz constant, while condition (Cgz) holds provided that each
component function f;, 7 € Z, is Lipschitz continuous with a constant Ly,

1/2
and Ly = <ZZ L%) < 00, @ € Z. And condition (Cg) holds if it holds
for each f; with constant L;, and L =), L; < 00, i € Z.

We first establish the existence of solutions for problem (1.1)). For this
we rewrite it in abstract form. We define the operator A : X — X by

(AU)Z = —v;_1+ 2v; —vi41, 1€ Z.
It is easy to check that
|Av|| < 4[jv]|  for all v € £2. (3.1)

Then the operator F': Cp — X is defined by F(t,v) = —Av(0) — f(t,v) —
Av(0). Problem (1.1)) can be rewritten as

{ DSu(t) = F(t,ug), t>T,
u(t) = ot — 1), Vt € [t — h,T].

THEOREM 3.1. Assume that (C1)-(Cg) hold. Then for every ¢ € Cy,
the problem (|1.1)) has a unique solution defined on [T — h,o0).

P r o o f. It is not difficult to check that F'(t,v) satisfies (H;) and (Hz).
Thus the conclusion follows from Theorem 2.2 O



12 L. Liu, T. Caraballo, P.E. Kloeden

3.2. Time variable delays. We will consider time variable delays with
the delay function satisfying the following condition:

(D1) For each i € Z the function p; : [0,00) — [0, h] is continuous.

We consider a function f : [0,00) X Cp — X given component-wise by
the rule (f(¢t,v)); = fi(t,v;), where

0
fi(t,vi) = Fl,i(ta Ui(—pi(t))) + /h bi(t, s,vi(s))ds

with h > 0, i.e., putting v = u; = u(t 4 -), problem (|I.1)) can be rewritten
as, fort > 7,1 € Z,

D?ui(t) — (ui,l(t) — 2u; (t)0+ Ui+1(t)) + )\u@-(t)-l-

Fra(us(t — ps(t))) + /_h bo(t, 5, us(t + 8))ds = 0, (3.2)
ui(t) = ¢i(t — 1), Vt € [T — h, 7].

We also use the following conditions:

(D) F,; are continuous in (¢, z), and satisfy that |Fy ;(¢, ) — Fy ;(t,y)| <
Ailx — y| for all x,y € R and uniformly in ¢t > 7, where A; is a
positive constant and |Fy;(t,0)| < |Ag;| and uniformly in ¢ > 7,
where Ay = (AQ,i)ieZ € (2.

(Ds3) bi(t, s, x) are continuous in (¢, ), and |b;(¢, s,x) —b;(t, s,y)| < |Asz,4]-
|z — y| for all z,y € R and a.a. s € [—h,0], uniformly in t > 7,
and |b;(t,s,0)| < mo,;(s), with mo,(-) € LY(—h,0), mgi(s) > 0,
As = (Asi)icz € ¢? and Mg = D iz MO%Z. < oq where My; =
fgh moﬁ-(s)ds.

Let us check conditions (C1) and (Cg). First, in order to obtain (Cy)

we prove that f is well defined and bounded as well as continuous. By
(D2)-(D3), we deduce that

S IFLi(vi(=pi)? < D243 + 243 |[0]|3,,

1€Z 1€EZ

0 2
S ([ Intesntoias) < 2ol + 203
iez, NP

for all ¢ > 7. Then for all t > 7, by (D7), we have

0 2
||f(t7v)||2§2<z|F1,z‘(vz'(—m(t))))|2+z (/ |bi(t7s,vi(8))|d8> )
i€Z icz NV —h
<A||Ag||® + 4AT||v[|Z, + AMG + 4h°| As|?||v]|2,
(3.3)
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And from (D2) and (Dg), for any v, u € Cp, we obtain that
IF () = f(tw)]]* < (247 + 2] As]) v — ullg,- (3-4)

Besides, let t,, > 7, {vp,}22, C Co, and t > 7, v € Cp such that ¢, — ¢,
and v, — v in Cy. Notice that F; and b;(t, s, z) are continuous in (¢, z),
we have when n goes to infinity

[ fi(tn, vn) = fi(t, 0)

< ||F1,i(tn, vn) — F1i(t,v)|| + ||/ i(tn, S, 0n(8)) — bi(t, s,v(s))ds|| — 0.

Therefore (Cy) holds true.
On the other hand, for any ¢t > 7,

¢
[ = e ) g0
T . .
—/ (t—r)a_le_ﬁ(t_r)Z\Fi(r,O)+/ bi(r, s,0)ds|*dr (3-5)
T —h

1€EZ

< 287%(|| Ao|* + M§) < co.
Note that the Fj; are Lipschitz continuous and the b;(t, s, z) are Lips-
chitz continuous in z. Hence, (C1), (C2) and (Cs) are true by (3.3)-(3.5).

Thanks to Theorem we see that for every ¢ € Cp, problem (3.2) has a
unique solution defined on [T — h, 00).

4. Estimates of solutions

We obtain some estimates of solutions in this section. Such estimates
will imply that the solutions are bounded uniformly with respect to bounded
sets of initial conditions and positive values of time.

LEMMA 4.1. Assume that (D1), (D2) and (Dg) hold and there exist
positive constants q and c¢ such that

qB —2¢ > 0. (4.1)
Then, every solution u(-) of (3 . with ur = ¢ € Cy verifies
ac a8 2be
—(%5 —o)(t—7) b
lu tHcO_SqB—i—ce tatbt oo

q
1

T+a (o2 aBh
where a = 3‘1_12‘162‘1%“@%)\@3, b=37"1C1, c=C} (W) €ez.

() e
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P r o o f. The proof is similar to those of Lemmal[2.3|and Theorem [2.2]
g

For the proof of compactness of the attracting set, we need the following
lemma.

LEMMA 4.2. Suppose that assumptions of Lemma [£.1] hold, and there
exists a positive constant Cg such that q8 > 2Cs. Then, for any € > 0
there exist T'(e, B), K (e, B) such that

sup Z lui(t +0)|2 < Ce, t>T(e,B),
ORI\ o122k (e, B)

for any initial condition ¢ € B C Cy and any solutionu(-) of withu, =¢.

P r o o f. The proof is similar to that in Bates et al. [1], so is omitted.
O

5. Main results

5.1. Existence of the global attracting set.

THEOREM 5.1. Assume that g > 2max{c,Cs}. Then

(1) for any bounded subset B C Cr, any sequence {t,} with t, —
o0 (n — 00), {¢"} with¢™ € B, any sequence of solutions {u"(-)} of
problem with u! = ¢" € B, the sequence {uj } is relatively
compact in Cp;

(2) for any bounded subset B of Cr, the set

w(B) ={¢ : 3, — oo, ¢" € B and a sequence of solutions u"(-)
of problem 1' with u? = ¢" € B such that uy — 1 in Cr}

is nonempty, compact and attracts B;

(3) the set A = |J{w(B) : B C Cr, B bounded} is bounded in Cr, com-
pact in the topology of Cy. Moreover, it is the minimal closed set
that attracts all bounded subsets of Cr in the topology of Ct, where
E denotes the closure of E.

P r oo f. The proof is based on [I] and is given in four steps:

Step 1. Without loss of generality, we assume that ¢, > h for alln € N
and ||¢||c, < d for all ¢ € B. Thanks to Lemma [4.1] for fixed 6 € [—h, 0]
we can find a subsequence (denoted as u") such that uf’ (§) — v in ¢2. In
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fact, the convergence is strong, which can be deduced from Lemma
Indeed, for any ¢ > 0 there exist M (¢) and N(e) such that

sup Z [ul(t, +0)]? <, Z lvil? < g,
O=h 01\ jij>2m ji|>2M

and \/ZIiIQM [ul (t, +0) —v;|? < e if n > N, so that

lug, (0) = vl < [ D7 [ul(tn +60) —vil>+ [ D> [ul(ty +6) — vi]> < Ce.
|i|>2M li|<2M

Thus, {u} (§)} is precompact in £* for any 6 € [—h,0]. In order to apply
the Arzela-Ascoli theorem, we need to check the equi-continuity property.

To do this, by Eq.(3.1), (D2)-(D3) and Lemma we obtain that every

solution u(-) of (3.2) with u, = ¢ € B C Cr satisfies

0
4u(O]+ Nl + 173 e = s+ | [ olt.0,ute+ 0>>d9H

g(4+M0W4mw+¢mmﬂﬁ+2Amw%T+th@+am@WM@Tgd,

for all t > 7. Arguing as in the proof of Theorem we have that for
n € N and 6y, 0 € [—h,0],

e~ P01 _ =802

Hu”(tn+91) —u"(tn+92)|] < d —I—Clwl _92|o¢

Then, Arzela-Ascoli’s theorem implies that uj’ is relatively compact in Cr.

Step 2. By the conclusion (1) and the definition of w(B), the nonempti-
ness and compactness of w(B) follow immediately. Now we show that w(B)
attracts B. If not, there exist &’ > 0 and sequences {tn} with ¢, = o0, {¢"}
with ¢" € B and solutions {u"(-)} of (3.2 . ) with uf = ¢" such that

dlstcT(utn, w(B)) >¢e', VneN, (5.1)

where distc, (-, ) is the norm of Cr. Using the conclusion (1), we obtain
that uy is relatively compact and possesses at least one cluster point v in
Cr. By the definition of w(B), it is clear that v € w(B), and this contradicts
B, )

Step 3. Let A = [J{w(B) : B C Cr, Bbounded}, and {y,}5°; be
a sequence in A with y, € w(By) and |[Bullc; = subyep, [¥ller < dn.
Then by the definition of w(By,), we can deduce that there exist sequences
{tn} with ¢, — oo with ¢" € B,, and solutions {u (-)} of (3.2) with

= ¢" € B, such that for all n € N, .

lut,, = ynlleo < - (5.2)
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Now we need to prove that uj is relatively compact in Cp . Since X = 0
is reflexive, from Lemma We see that for fixed 6 € [—h,0], {uf (0)}
is relatively compact in X,,. On the other hand, we deduce that {u} } is
equicontinuous. In fact, by the method we used in Step 1, we could obtain
that from Lemma[2.2} (Cs) and (Cg), if n € N, 61, 0 € [—h,0] and 6, < 65,
then we have for all n sufficiently large,

" (tn + 61) — u"(t,, + 0o)|| < Cle P — %2 1 C(0y — 6;)>.

Thus we conclude that {uj } is relatively compact in C. Combining this
with (5.2)), we obtain that {u"(-)} is relatively compact in Cp, and thus

A=|J{w(B): B C Cr, B bounded}

is compact in the topology of Cj.

From Lemma and the conclusion (2), we see that A is bounded in
Cr, and attracts all bounded subsets of Cr in the topology of Cr.

Finally, we show that A is the minimal closed set attracting set. In-
deed, if there is another closed set A’ which attracts any bounded set
B C Cr, then by the definition of w(B), we deduce that w(B) C A’, and
thus (J{w(B) : B C Cp, B bounded} belongs to A’. Since A’ is closed, we
have A = [J{w(B) : B C Cr, B bounded} C A’. The proof of Theorem
is completed. O

5.2. Singleton case. To show that the forward attracting set is a singleton
set, we need the following lemma, which is proved like Theorem

LEMMA 5.1. Assume that
_Bh o4 ot _ae® a1 2
e 2 5 > 2% Thap  Ttag Tta [ T+e (a )CH’

8(164+A2+A2+ M2
where C11 1= ( +F2La)l+ D,

Then for any two solutions u(t) and w(t) of problem (3.2)) corresponding
to initial values ¢ and v, we have the strict contracting property
2 2¢ (48 _ —
lue = welles, < Cllé = llgh e~ e > 7,
aBh

where C1o := 2a+ip_afé(a2)CfleTﬁ_2a.

THEOREM 5.2. Assume the condition in Theorem[5.1]. If we addition-
ally assume that, for each i € Z and any s € [—h,0], F1,;(0) = b;(t,s,0) = 0.
Then the set A=|J{w(B): B C Cr, B bounded} is a singleton set. Moreover,
it is the minimal set that exponentially attracts all bounded subsets of Cp.
Thus, every solution exponentially decays to zero in the topology of Cr.
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P roof. Since foreachi € Z and any § € [—h, 0], Fy ;(0) = b;(¢,6,0) =
0, it follows from Lemmathat for any solution u(-) of problem (3.2) with
initial value ¢, we have

(9B,
lue|2 < g 20e~ (59" e >0, (5.3)

Let B be a bounded subset of C7 with || Bl|c, = supyeg [|¥]lcy < d.

We show that w(B) is a singleton set. If not, then there would exist
z,y € w(B) such that x # y. By the definition of w(B), there exist se-
quences {7,} and {s,,}, respectively, with 7, — oo (n — o0) and s, — o0
(m — 00), {¢"} and {¢™} with ¢™,¢™ € B, solutions {u"(-)} and {w™(-)}
of problem with v = ¢", w = 4™ such that

m

n e =y (m—o00) in Cr.

u? —r (n—o0) and w

From (j5.3) we deduce that

_(@B-=2Cy9) _ (gB8=2¢) _
||U¢n _ w?fn”CT < Ce g = (Tn—T) +Ce = (5m 7)7

which implies that
|ur —wg' |le; =0 asn — oo and m — oo.

Hence, ||z — yl|lc, = 0, this is a contradiction. Since w(B) is the same
singleton set for each bounded set B, we obtain from that A is a
singleton set. Indeed, as w(Bi) = {z1} and w(B2) = {z2}. Now B =
B1UBjy, sow(B;) Cw(B) for i = 1,2, but as w(B) only contains one point.
Hence 1 = x3. Moreover, every solution exponentially decays to zero in
the topology of Cr. Thus the proof is completed. O
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