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Abstract

In this paper we develop a time-fractional operator calculus in fractional Clifford analysis. Initially we
study the L,-integrability of the fundamental solutions of the multi-dimensional time-fractional diffusion
operator and the associated time-fractional parabolic Dirac operator. Then we introduce the time-fractional
analogues of the Teodorescu and Cauchy-Bitsadze operators in a cylindrical domain, and we investigate
their main mapping properties. As a main result, we prove a time-fractional version of the Borel-Pompeiu
formula based on a time-fractional Stokes’ formula. This tool in hand allows us to present a Hodge-type
decomposition for the forward time-fractional parabolic Dirac operator with left Caputo fractional derivative
in the time coordinate. The obtained results exhibit an interesting duality relation between forward and
backward parabolic Dirac operators and Caputo and Riemann-Liouville time-fractional derivatives. We
round off this paper by giving a direct application of the obtained results for solving time-fractional boundary
value problems.
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1 Introduction

Nowadays, one of the most studied fractional partial differential equation is the time-fractional diffusion equation
due to its wide range of applications (see and the references therein indicated). In the
context of physics-mathematics this equation is connected with the non-Markovian diffusion processes with
memory (see ), while in probability theory it is related to jumping processes (see [8]). In the classical case,
the diffusion equation describes the heat propagation in a homogeneous medium. The time-fractional diffusion
equation models the anomalous diffusions exhibiting sub-diffusive behavior, due to particle sticking and trapping

phenomena (see e.g. [24]).

The multi-dimensional time-fractional diffusion equation case was studied in several papers, e.g.
21)32]. In the fundamental solution of this equation was deduced in terms of H-functions. In the
author studied several properties of the fundamental solutions of multi-dimensional time, space, and space-time
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fractional diffusion-wave equations. In [3\4,19+H21] Luchko and his collaborators used the representation in terms
of Mellin-Barnes type-integrals to study some properties of the multi-dimensional space-time-fractional diffusion-
wave equation. Explicit series representations for the fundamental solution of the diffusion-wave operator and
the so-called time-fractional parabolic Dirac operator were obtained in [10], for arbitrary dimension.

During the last decades, Clifford analysis proved to be a good tool to study partial differential equations
of mathematical-physics. In particular, we have the work of Giirlebeck and Sproflig based on a Borel-Pompeiu
formula and on an orthogonal decomposition of the underlying function space where one of the components
is the kernel of the corresponding Dirac operator [11]. This theory was successfully applied to a large type of
equations, e.g., Lamé equations, Maxwell equations, and Navier-Stokes equations. Fractional versions of these
equations has been attracting recent interest (cf. [5,/1827}31]).

The aim of this paper is to continue ideas introduced in |10] and use the fundamental solution of the
time-fractional diffusion-wave and parabolic Dirac operators to develop, in the context of fractional Clifford
analysis, a time-fractional operator calculus related to the time-fractional parabolic Dirac operator defined
via left Caputo time-fractional derivative. In order to do that we initially study the L,-integrability of the
fundamental solutions of the time-fractional diffusion and the time-fractional parabolic Dirac operators deduced
in [10]. Then, we introduce the time-fractional analogues of the Teodorescu and Cauchy-Bitsadze operators and
we investigate some important mapping properties. Moreover, we present a Hodge-type decomposition for the
L,-space with respect to the time-fractional parabolic Dirac operator. The results exhibit an interesting “double
duality” between forward and backward time-fractional parabolic Dirac operators, and between Caputo and
Riemann-Liouville time-fractional derivatives. This double duality appears in a non-trivial generalization of the
Stokes’ formula as well as in the time-fractional Borel-Pompeiu formula and in the Hodge-type decomposition.
Throughout the paper we show that we can always recover the results of the classical function theory for the
parabolic Dirac operator when considering the limit case of 3 = 1. Possible applications of our fractional integro-
differential hypercomplex operator calculus are the study of boundary value problems with time-fractional
derivatives such as the time-fractional Navier-Stokes equation and the time-fractional Scrodinger equation. For
integer time derivatives these equations had been already study in the context of Clifford analysis (see |6L/7]).

The structure of the paper reads as follows: in the Prelimaries’s section we recall some basic facts about
Clifford analysis, fractional derivatives and their main properties. In Section [3| we recall the fundamental
solution of the n-dimensional time-fractional diffusion operator deduced in [10] and some estimates for this
function and its derivatives deduced in [17]. In Sectionwe study the conditions that ensure the L,-integrability
of the fundamental solution of the time-fractional diffusion operator and of the fundamental solution of the
time-fractional parabolic Dirac operator. In the following section, we study the time-fractional Teodorescu and
Cauchy-Bitsadze operators in a cylindrical domain. Finally, in Section [ we present a Hodge-type decomposition
for the L,-space, where one of the components is the kernel of the time-fractional parabolic Dirac operator.
This represents the main result of the paper, apart from the time-fractional Borel-Pompeiu formula. We round
off this paper by giving an immediate application to the resolution of time-fractional boundary value problems.

2 Preliminaries

2.1 Hypercomplex analysis

We consider the n-dimensional vector space R™ endowed with an orthonormal basis {ej,- - , e, }. The universal

real Clifford algebra Cfy ,, is defined as the 2"-dimensional associative algebra which obeys the multiplication
rule

61'€j+€j6i = 726”', Z,] = 1,...,?’L. (1)

A vector space basis for Cl, is generated by the elements ey = 1 and eq = ep, ---ep,, where A =

{h1,...,hxg} C M ={1,...,n}, for 1 < hy < --- < h < n. Each element = € C¥,, can be represented by
x =73 ,xae4, with 24 € R. The Clifford conjugation is defined by T =) , x4€4, where €4 =€y, - - - €p,, and
e; = —ej, for j=1,...,n, and gy = ¢y = 1. We introduce the complexified Clifford algebra C,, as the tensor



product
C,:=C®Cl, = {UJ:ZU/A@A, wa E(CvACM}a
A

where the imaginary unit ¢ of C commutes with the basis elements, i.e., ie; = e;i for all j = 1,...,n. To avoid
ambiguities with the Clifford conjugation, we denote the complex conjugation by f, in the sense that for a
complex scalar wyq = a4 +1ibys we have that wg‘ = a4 —ibys. The complex conjugation can be extended linearly
to whole of the Clifford algebra and leaves the elements e; invariant, i.e., eg- =ejforallj=1,...,n.

A C,-valued function defined on an open set U C R™ has the representation f =), faea with C-valued
components f4. Properties such as continuity, differentiability, and integrability of a C,-valued function need
to be understood componentwise. For instance f € L,(U,C,,), or shortly f € L,(U), means that {f4} C L,(U)
or, equivalent, that [, |f(x)[P dz < +oo. La(U) can be turned into a C,-module, with the following Clifford

inner product
()= | Tt do. @)

Next, we introduce the Euclidean Dirac operator D,, = Z;;l €0, , which factorizes the n-dimensional Euclidean
Laplacian, i.e., D? = —A, = — E;Zl (“)%j. A Clifford valued C'-function f is called left-monogenic if it satisfies
D.f =0on U (resp. right-monogenic if it satisfies fD, =0 on U).

In order to define the parabolic Dirac operator we need to introduce a Witt basis. We start considering the
embedding of R™ into R"*2 and two new elements e, and e_ such that ei =+1,e¢2 =—1,andeje_ = —c_e,.
Moreover, ey and e_ anticommute with all the basis elements e;, j = 1,...,n. Hence, {e1,..., e, e4,e_} spans
R7*1:1 With the elements e, and e_ we construct two nilpotent elements f and f! given by

f= e g - and ft = e —; . (3)
These elements satisfy the following relations
=2 =0, G +fi=1 fej+ef=Fej+ef =0,j=1,...n (4)

The extended basis {ei,...,en,f, fT} allow us to define the parabolic Dirac operator as D, ; := D, + {0, + fT,
where D, stands for the Dirac operator in R™. The operator D, ; acts on C,-valued functions defined on
time dependent domains 2 x I C R™ x R*, i.e., functions in the variables (z1,z2,...,2,,t) where z; € R for
j=1,...,n,and t € RT. For the sake of readability, we abbreviate the space-time tuple (z1,z2,...,Tn,t)
simply by (z,t), assigning © = z1e; + -+ + xzpe,. For additional details on Clifford analysis, we refer the
interested reader for instance to |7}9}/11].

2.2 Fractional derivatives and special functions

Now we recall the definitions of the fractional integrals and fractional derivatives that will be used in the paper.
Let a,b € R with a < b and let 8 > 0. The left and right Riemann-Liouville fractional integrals I f . and Ibﬁ, of
order 3 are given by (see [15])

(Iflif) (t) = F(lﬂ) /at (tf(wu;)lﬁ dw, t>a, (5)
(Jf_f) (1) = F(lﬂ) /tb (w{(;”))l_ﬁ dw, t<b. (6)

By RLDS + and RLDb’B, we denote the left and right Riemann-Liouville fractional derivatives of order 5 > 0 on
[a,b] C R, which are defined by (see [15])

(0ss) 0 = (i sy 0 = pt [ s @

_1\m m b w
(D) 0 = 0" (D)0 = g | g o <t (®)



where m = [§] + 1 and [3] means the integer part of 5. Let CDf + and CDbﬁ, denote, respectively, the left and
right Caputo fractional derivative of order 8 > 0 on [a, b] C R, which are defined by (see [15])

(pLr) @ = (1) @) = - (ml_ % /a t e / (Z)) ©) qu,  t>a, (9)
(chj, f) t) = (-1 (fgz—ﬁpm f) ) = F&l)mﬂ ) /tb . jr(;)éwgﬁl dw,  t<b. (10)

Throughout the paper, AC™([a,b]) denotes the class of functions g which are continuously differentiable on
[a,b] up to the order m — 1 and g(™~1) is supposed to be absolutely continuous on [a,b]. Now, we recall an
important result about the boundedness of the fractional integrals I 5 and I 5 (see Theorem 3.5 in [29]).

Theorem 2.1 [f0< < landl <p < %, then the operators Ia+ and If, are bounded from Ly(a,b) into
Ly(a,b), where ¢ = 15 and [a,b] C R.

The previous theorem will play an important role in the study of the mapping properties of the time-fractional
integral operators introduced in Section

The fundamental solution presented in [10,/17] is represented in terms of a Fox H-function. The Fox H-
function H};" is defined via a Mellin-Barnes type integral in the form (see [16])

(a1, ai),...,(ap, a I'(b; + I'(l —a; —a;s
H;Tq’n P P p _ / 5] ) qu 1 ( ) 5 dS, (11)
(b17 ﬁ1)7...,(bq, ﬁq 27” Hv n+1 a‘l +a;s ) Hj:m,+1 F(l _bj _ﬁjs)
where a;,b; € C, o;, 8; e Rt fori=1,...,pand j =1,...,¢, and L is a suitable contour in the complex plane

separating the poles of the two factors in the numerator. A detailed study of the properties and convergence of
the Fox H-function can be seen in [16].

3 Estimates of the fundamental solution of the time-fractional diffusion-

wave equation and its derivatives
We consider the multi-dimensional time-fractional diffusion-wave equation defined by
(C(f?g+ - CQAI) u(z,t) =0, (12)

where (z,t) € R* x RT, 8 €]0,2[, and ¢ > 0. Here, C@éﬂ is the left Caputo time-fractional derivative of order
B (see @[)), and A, is the Laplace operator in R™. The first fundamental solution of satisfying the initial
conditions u(z,0) = 6(z) if 0 < 8 < 1, and u(x,0) = §(x) and dyu(x,0) =0if 1 < 8 < 2 was deduced by several
authors (see e.g. |10L[15,[19,20]). In [10] the authors obtained the fundamental solution G (x,t) in the form

bt | @) (151

T ) )

where H}"."(2) is the Fox H-function. Asymptotic behaviour of this fundamental solution and its derivatives

(z,t) € R® x RT, (13)

were studied in [17]. Therein, the authors studied the multi-dimensional space-time-fractional diffusion-wave
equation given by

(Cag+ - Ag) u(z,t) =0, (14)

where 3 €]0,2[, a €]0, 400, and A2 is the fractional Laplacian. We remark that we changed the roles of o and
B in [17], in order to have the same fractional parameter in the time-fractional derivative. In |17] was introduced
the following auxiliar function

2% 2 |2t
paﬁ(x’t) = 2| ey T 92a ) (z,t) € R"® x RT, v E Ra_, o € R, (15)
T2




where H, ,, corresponds to the following H-function
(17 1) ’ (1 - Jvﬂ)

H,.(r):= Hys | r § ,  reRT (16)
(§ +’77a) ) (171)a (1+'77a)

Moreover, the function p(x,t) := poo(z,t) is the first fundamental solution of . From now on we consider
c=1in and , and « =1 in , and (16, which implies that p(z,t) = G2(z,t). Therefore, the
results presented in [17] for p(x,t) are the same for G2 (z,t). Since we want to prove the L,-integrability of G2
and its derivatives, we consider the following particular cases of Theorems 5.1 and 5.5 presented in [17] (note
again the change of the roles of o and f in [17]).

Theorem 3.1 (cf. [17, Thm.5.1]) Let B €]0,2[, o0 € R, and n € N. Then for |z|*t=# > 1

Poo(@,t)] S 7" t77 (17)
and for |z|*t=8 <1
o3 if n=1
poo(x, ) S 777 (1+ In (Jz[*t=7) ) if n=2 . (18)
|| 2o =P if n>2
Before we present the particular case of Theorem 5.5, we introduce, for each multi-index a = (a1, ...,a,) and

k € N, the following notation:

DE={D3: lal =k}, DI=D{-Dir, D=t (19)
z;
Theorem 3.2 (cf. [17, Thm.5.5]) Let § €]0,2[, c € R, n € N and k € Ng. Then for |z|?t=? > 1
1
’D];pmo(a?,t)’ 5 |x|—n—k o e—(|x‘2t*5>2—[3 (20)
and for |z|?t=8 <1
| D5 oo, )| S e T EF2 T (21)

We end this section with a short remark about the notation used in the previous theorems and in the remaining
parts of the paper (see [17] for more details). We write f < g for |z| < e (resp. |z| > €) if there exists a positive
constant x independent of z such that f(z) < kg(z) for |z| < e (resp. |z| > ¢).

4 L,-integrability of the fundamental solution and its derivatives

4.1 The case of the time-fractional diffusion operator

In this section we prove the L,-integrability of G? and its derivatives only for 3 €]0,1[, which corresponds to
the diffusion case. Let us start with the L,-integrability of G5,

Theorem 4.1 The fundamental solution G2 belongs to L,(R"x]0,T]), T € R, whenever p and 8 satisfy the
following conditions:

(i) Ifn=1 thenpe}l,w[andﬂe]o,l[;

B
(i) Ifn:2thenpe}l,%{andﬂe](),l[;

(i1i) If n > 2 then p € 11,p1[, where

n if ﬁe}o,n—2[
n—2 n

2+ Bn 5 Be {n—Z’l}
Bn n

b1 =




Proof: The proof is quite long and technical, however the calculations are straightforward. Considering

z=r7rw, with 7 >0 and w € S"!, we obtain

T
||GELH§1P(R"'><]O,T]) :A /li{n ‘p()’o(l’,t)'p dz dt

T +oo
:/ / / Ipo.o(rw, t)|? vt dw dr dt
o Jo gn—1
T +oo
_A(Sn_l)/ / Ipo.o(r,t)[F "~ 1 drdt
o Jo

B
t2
Sn 1 / / |p00 r,t |p n— 1drdt+/ / |p0,0(7‘,t)|p pr—1 dT’dt),
t2

11

where A(S™~!) denotes the surface area of S"~1. Let us start with the analysis of I, which corresponds to the
integral over the region |z|?t~# < 1. Taking into account the estimates in Theoremwe need to consider
separately the cases when n =1, n = 2, and n > 2. Hence, by we have

o Casen =1:

T i3 1-£(p+1)
P 2T
I< / tFdrdt =
o Jo Blp+1) -2
provided that
2 —
p 6]1, ﬂﬂ{ and S €]0,1[. (22)

e Casen =2:

é
1</ / =7 (1+ [In (r2t7)|)* rdrdt.

Considering the change of variable s = 72t~# in the integral with respect to r, we obtain

1 /Tt eTHHAA=P)T(1 4 p,1)
I< 7/ / t=B@=D (1 4 |In(s)|)P dsdt = —,
5] (1+ ()] ICEET)

where I'(a, z) denotes the incomplete gamma function (see [2]). The previous result is valid only under

the conditions

pe]l,l—gﬁ{ and S €]0,1]. (23)

o Casen > 2:

T %
1< / / pP(n=2) 4=Bp n—1 qp. gy
o Jo

Making s = 72t~# in the integral with respect to r, we obtain

Bn(p—1)
1- 2

_ n(p— 1) 2p+2 ﬂn(p 1) 2T
dsdt =
/ / a S R B @ —np— 1)’

under the conditions

€11,m], with pL = ) (24)




Now, let us study /1, which corresponds to the integral over the region |z|?t=# > 1. Taking into account
in Theorem and applying the same change of variables s = r2t=# we have, for any n € N

T oo T oo 1 Bn=1
7 = / /ﬁ el gy — - / / s s = 21 .
0 Jtz 2J)o 1 (2—0Bn(p—1)) (n(p—1))

The previous result is only valid under the conditions

24 6n
pe]l, n

Finally, combining the conditions , , , and we obtain
(i) Case n = 1: Taking into account and , we get

pe}l,min{H,M}[ A B0 1] o pG}l,%ﬁB{ A B o],

[ and B €0, 1]. (25)

B B
(ii) Case n = 2: Taking into account and (25)), we get
1
pe]l,—gﬁ[ and S €]0,1].

(iii) Case n > 2: Taking into account and (25)), we conclude that p € |1, p:[, with

, n 2+pn| _ n : n—2
mm{n_27 Bn }_n—2 if BG]O, - {

24 fBn " 66[7@271}
Bn n

4.2 The case of the time-fractional parabolic Dirac operator

In [10] the authors studied the so-called time-fractional parabolic Dirac operator, which is a first-order differential
operator that factorizes the time-fractional diffusion operator, and obtained its first fundamental solution. This
operator is defined in the Clifford algebra setting by

DY = Dy +1 0, +1, (26)

where D, = 2?21 e;0z; is the Euclidean Dirac operator, Caéi is the left Caputo fractional partial derivative of

order 8 €]0, 1] given by @, and {f, fT} are the Witt basis elements defined in . This operator satisfies the
following factorization property (see [10])

(°D20.)" = (Da 4108 +1) (Do 700 +17) =20+ B

Applying CDf o+ tO G? we obtain the representation of the fundamental solution of CDf o+ in terms of H-
functions (see [10])

G w,t) = (Do +§ 05, + 1) Giw,) (27)
1 n 1
z H12 th (075) ’(1_5’5)7(_n71)
= oz gz Hs2 | —
2% || ] (1-n,1), (o,g)

1 n 1

1 ol apz [ (02) (1-35.3)
+ f N . 2 2,1
2z |z|n tB S

- (8.2)
i |0, -5

| (0, g)

1

-
+ 212 |z|m

0,2
2,1



Taking into account , , and the fact that G2 (z,t) = poo(z,t), we get the following relation between
Cgf and the derivatives of pg o:

Gl (1) = (Du+§ D +51) poa(a.t)

= Dm p0,0(l'a t) + fpﬂ,O(x7 t) + fT p0,0(xa t)a (28)

where the time-fractional derivative was calculated via the following relation proved in [17]

Cag-%— Do,y (xa t) = Po+B,y (35, t)' (29)
Making use of , Theorem Theorem and proceeding in a very similar way as it was done in the proof
of Theorem we obtain to the following result.

Theorem 4.2 The fundamental solution Cgf belongs to L,(R"x]0,T1), T € R, whenever p and 8 satisfy the
following conditions:

(i) Ifn—lthenpe}l and B €10, 3;

]
(i1) If n =2 then p € 11, pa[, with

P if Be]o,;[
b2 = ;
1 1
S 1 e[p]
(iii) If n > 2 then p € |1, p3[, where
nﬁl i 56]0’2715712{
R P m—2 [
+ bpn . n—
B(n+2) if 66[ 5n ’1{

Proof: The steps of the proof are similar to those in Theorem [4.1] We have

’ T
= D t t) + 1 A" dx dt
H g. B /o /| 2 00,0(x,t) + Fpgo(a,t) +§ poo(z,t)| do

T
< / / ( D2 po,o(x, )" + |pgo(e, )" + |po,o(z, t)|p> dx dt
0 n

t2
=A(s") / / (|Dmpo,o($»t)|p +Ipso(z, )" + |p0,0($at)|p) || d|a| dt
o Jo

I

A [ (1Pepoote. 0 + sole. OF + o, 0 ) e~ die .
t2

J

Let us start with the analysis of I, which corresponds to the integral over the region |z|?t~# < 1. This integral
is split in three integrals:

r o v
1= [ Demstal? o dalde [ ool O ol dlal
0 0 0 0

11 12

B
t2
/ / Do (@, O |2 djz] dt (30)

I3




Taking into account in Theorem and applying the change of variables s = 2t~ with r = |z|, we obtain

T ft
I < / / PP =) ¢ =Bp =1 g gy
o Jo

T 1
— }/ =5 (np=1)+p) g4 / g— R
2.Jo 0

9 T1—4 (n(p—1)+p)
2-Bnp-1)+p)p@E-n(p-1)

[Ny

under the conditions

pe]me{gztﬁynﬁl}L 3€]0,1, and n > 1. (31)
When n = 1 we have
2
pe]1,;’f{ and €0, 1]. (32)

We pass now to the analysis of Is. From in Theorem we conclude that it is necessary to consider three
cases depending on the value of n. Hence, applying the same change of variables already considered, s = r2¢t=#
with r = |z|, we have

e Casen =1:

T ot 1-2(1+3p)
» 2T P
I 5/ / = dr dt :;,
o Jo 2—B(1+3p)

under the conditions

pe}l,Q;ﬁB[ and ,66}0,;{. (33)

e Casen =2:

N[

T t
R [ [ )
0 0

1 T 1
- / 1-Ber=1) gy / (1 + [In(s)])” ds
0 0

T1—6(2p—1)p(1 +p,1)
21-8@2p-1) ~

where I'(a, z) denotes the incomplete gamma function and the parameters p and [ satisfy the conditions

pe]l,l;ﬂﬁ{ and B€]0,1]. (34)

e Casen > 2:

T
I < / / pP(n=2) 4 =28p pr=1 g gy
o Jo

1 T B 1 p(n+2)—n+2
L[ v [,
2 0 0

9 T1-5(p(n+2)—n)
2-B(Mnm+2)-n)(n-pn+2)’

where p and 8 are such that

pe]me{;(:f’;),anH and B €]0,1[. (35)




Concerning I3 it corresponds to the integral I in the proof of Theorem Hence, the convergence conditions
are (22), (23), and when n = 1, n = 2, and n > 2, respectively. We pass now to the analysis of J, which
corresponds to the integral over the region |x|?¢~# > 1. Once again this integral is split in three integrals:

T +oo T +oo
— [ [, 1ot e e [ [ psale )l ol dis] e
0 t2 0 t2

J1 J2

T +oo
+/ /{j Ipo.o(x, )| |=|" ' d|z|dt. (36)
0 t2

J3

Taking into account in Theorem and applying the change of variables s = 2t~ with r = |z|, we obtain
+oo
JIN/ / ) ()T o g gy

+o0 1
:7/ +—5 (n(p=1)+p) dt/ s Meﬂnsz*ﬂ ds
2 Jo 1

Tlff(pﬂt(p D) (B -2)
=B rnp—1) B 2wme-y) (p),

where E,(z) is the exponential integral function (see [2]), and the parameters p and f§ satisfy the following
conditions

2+ fn
B(n+1)

In the case of Jo we consider the estimate in Theorem and we apply the change of variables s = 12t

with r = |z|, which yields
+oo
J2 S / / A A

“+oo
= 1/ t~ Sp(n+2)-n) dt/ s e ds
2 Jo 1

B T1-4(p(n+2)—n) (B—2)
~ 2-B(p(n+2) —n)

p€:|1, { and 3 €]0,1]. (37)

E, nwe-20-1(p),
2

where

2+ fpn
B(n+2)
Concerning J3 it corresponds to the integral I in the proof of Theorem 4.1} Hence, the convergence conditions

are ., for any n € N. In order to complete the proof we combine the condltlons - in the following
way:

(i) Case n = 1: taking into account , 7 , , , , we get

. [2482-52-02+5 2+0 1 2-p 1
e}l’mm{ %5 36 B 38 B HABG}%{ < pe}l’w[we]%[‘

(ii) Case n = 2: taking into account , , , , , , we obtain

(148 148 2428
pe}me{Z, 525 ' 33 }[ and 5 €]0,1]

which is equivalent to p €]1, ps[, where
1 1
ﬂ if B¢ [3’ 1 |:

pG}l, { and G €]0,1]. (38)

W =

2 if 66}0,
b2 =
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(iii) Case n > 2: taking into account , , , , , and we get

(24 8n 24+6n 24 fPn n n
1 d 0,1
pe fmn 2L T S e aa)| e Aeb
which is equivalent to p €]1, p3[ with
n 2n — 2
i 2n -2
n—1 ' BE]O’ 5n {
b3 =
2+ B(n+2) i Be[zn—2,1]
n on

It remains to study the L-integrability in R™x]0,T], T € R, of the derivatives of “G”, which will be useful in
the next section to establish the mapping properties of the time-fractional Teodorescu operator. Taking into

account 7 , and we can write
Oy G2 (w,t) = Dappo(@,t) +Fpaso(@,t) +§ paol,t), (39)
Oz, GP(2,1) = 0x, Depoo(w,t) +§0u, pgo(@,t) + 1 Ou, poo(z,t), j=1,...,n. (40)
From we have the following theorem.

Theorem 4.3 The time-fractional partial derivative C@& Cgf belongs to L,(R"x]0,T]), T € R, whenever p
and B satisfy the following conditions:

(i) Ifn=1 thenpe}l,?ﬁﬁ[andﬁe]o,%[;

(i1) If n =2 then p € 1, p4[, where

P if ﬂe]o,é[
bs = 5
L e 3]
(iii) If n > 2 then p € |1, ps[, with
nT—Ll if BE]O’QnEmQ{
N 3 M — 2
+ bn . n —
B(n+4) if BE{ 5n ’1{

The proof of this theorem follows the same line of reasoning of the proof of Theorem and it is omitted.
However, we remark that for the analysis of the first term of we use Theorem and for the analysis of
the second and third terms we use Theorem Concerning the L,-boundedness of we have the following
result.

Theorem 4.4 The partial derivatives O, Cgf, j=1,...,n, belong to L,(R"x]0,T]), T € R, whenever p and
B satisfy the following conditions:

(i) Ifn=1 thenpe}l,%[andﬁe](),%[;

(i) If n > 2 then p €)1, pg| with

n . n—1
n—1 if ﬁE}O, 2n {
Pe = .
‘ 2+ fBn . n—1 2
B(n+3) i pe [ 2n ’3[

11



We omit the proof of this theorem due to the similarities with the previous ones. However, we would like to
point out that during the proof are used the estimates in Theoremwith k = 2. For the case when |z|?t=# > 1
we use the estimate in Theorem For the case of |x|?¢~# < 1, and in order to guarantee the convergence
of the involved integrals, we need to consider the following improvement of the estimate (21) in Theorem

|DEpro(z, )] S| " 4P n>2 (41)
The new estimate is obtained applying the inequality |z;| < |z|? instead of |z;| < |z|, for € R™ with
n > 2, in the proof of Theorem 5.5 in [17]. We remark that in the previous estimates we need to consider
k = 2 since 0, egh = Oz, Dy po,o is a second order derivative of pgo. When n = 1 we can not use either the

estimates or 1} Therefore, we need to study the L,-integrability of J, Cgf when n = 1 using the explicit
expression of Cgf. By [10] we have that for n =1 it is given by

B (o t) = — _ =l 1 AN _l=l
G @) = —55 W—SJ—B( 2 )W () T g r e T )

z
||

wlw

Since | Cgf | is an even function we can assume x > 0, which implies that % = 1. By straightforward calculations

we obtain

CoB(p 1) = % _lzl —1 A _ll
Oz g+(x’t)_2tﬁ W_% _32/3< t§>+f2t26 W_s 1—2,3( .2 + f Y W_s 1-5 ) x> 0.(42)

P} 27 27

2
Finally, studying the L,-integrability of in Rx]0,T], T € R, we obtain the conditions given in (¢) of
Theorem [£.41

5 Time-fractional operational calculus

5.1 Time-fractional Stokes’ theorem

In this section we develop a Stokes’ Theorem for the time-fractional parabolic Dirac operators of Caputo and
Riemann-Liouville types given by

D} g = Do+ + T, Dl - = Da—10p 1, (43)

and

REDY =Dy + 7105, +1, RDD =D, — 0] — 1, (44)

where D, = Z?:I e;0z; is the Dirac operator in R™, and caéi+, Caﬁ_, RL8g+ and RL@f_ are the Caputo and
Riemann-Liouville time-fractional derivatives with parameter 5 €]0,1[ given by @[), , 7 and . Due
to the properties of the Witt basis elements and since D? = —A, we have the following factorizations of the

time-fractional diffusion operators

(Do) =Bt B (D) = A+ O ()

2 2
(D2, ) = —an + "oy, (D2 7)) = A+ "o (46)
From now on until the end of the paper we consider a cylindrical space time domain C = 2x]0, 7] C R x(0, +00).
In the next theorem we present a time-fractional Stokes’ formula involving the operators #*D”  and °D? ..

Theorem 5.1 (Time-fractional Stokes’s theorem) For u,v € AC*(C)NAC(C) the following time-fractional
Stokes’ formulas hold

/C:(UCDZT,)UM(RLDQW o)]dwat = /Fludo—z,tw/rzu(—wf (15=%) dx, (47)
/C:<uCDf’O+)v+u(RLDf’T, )] daar :/Fludag;,tv—&-/mu(—l)"f (1270) de, (48)
/C:(uRLDfm)Hu(C . v) dz dt _/Fludcrx,tv+/r2 (Ig:%) (—1)" fvdz, (49)
/c (w0 ;) vt u (DL, v)] dedt = / wdo vt / 2 (£2%u) (-1 o da, (50)

12



where dogy = doy dt, doy = Dy | dx = Z?Zl(—l)j“ej dz; is the oriented surface element, and de = dx, ... dz,

represents the n-dimensional (oriented) volume element.

Proof: In order to not overload the paper we present only the proof of , however, we remark that the
proof for (48] . ., and (50)) is analogous. Suppose that u,v € AC'(C)N AC(C). We start deducmg the Stokes’
theorem for the operators cph o T and FLD? 2.0+ without the fT-component. From ., and we obtain

/C(u(pffCag,))vdxdt:/c(upx)vdxdt n /C(uf;jﬁa)fvdxdt. (51)

I 11

For the integral I we apply the classical Stokes’ formula for the Dirac operator obtaining

T
/(uDI)v dxdt:/ /(qu)U dz dt
c o Jo
T T
:/ / udogy v — / /u(va) dx dt
o Joo 0o Ja

:/ udog v — /u(va) dx dt, (52)
r, c

where T'; = [0, T] x 092. Concerning integral 1, taking into account the definition of I;iﬁ (see @) and changing

the order of integration we obtain

/(u[l ﬁa fodedt = // uIl ﬁa )"} vdtda
:/Q/OT r(ll—ﬁ) /tT 1(‘;7;(13;;2 dw (—1)"§ v(z, t) dt dz
:/Q/OTU;U(x,w) (—1)"§ ml_ﬁ) /Ow (Z}(f’:))ﬂ dt dw dz

= /Q/OTuﬁv(x,w) (—=1)"f (I&+’Bv) (2, w) dw dz.

Now, making w = t and applying integration by parts with respect to the time variable, we get

/Q/OTui(x,t)(—l)"f (1770) (@, t) dt
[l )2 = [Fucars (9 e) aifas
/qu(—l)nf ( o+ v) dx—/cuf (RL35+U> dx dt, (53)

where

/qu(—l)"f (I&J%) dx = /Q [u (=)™ f (I&:ﬂv)}zzj dx.
Merging (52) and (b3)) in (51) leads to
/c (u (Dw - fcaég_)) v ddt = /1“1 udog v — /Cu(Dwv) dx dt

+/F u(=1)"f ( o+ v) dx/cuf (RL(95+1}> dx dt.

Rearranging the terms in the previous identity we obtain

/C(u (Dz—fcag,))v+u((p$+fRLag+)v) dx dt :/Fludamv—&—/r u(=1)"f (Iéjﬁv) dz. (54)

2
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Adding and subtracting « ! v in the right-hand side of leads finally to the time-fractional Stokes’ formula:

/C[(uchij_)Hu(mpi0+ v)}d;cdt = /Fludar,tw/mu(mf ([01;%) da.
|

We observe that the Stokes’s formula for the time-dependent case in the classical Clifford analysis is given by
(see [7])

/[(uD;t)v—Fu(D;:tv)]d:cdt :/ udog v, (55)
c ac

/ [(uD} ) v+u (D, v)] dedt = / wdog v, (56)
c ac

where Dit := D, + §0; £ {1 are the forward /backward parabolic Dirac operators. However, in the fractional
Clifford analysis setting we obtain a more complicatedly “double duality” relation. On the one hand the formula
involves forward and backward time-fractional parabolic Dirac operators, and on the other hand it also involves
both the Caputo and Riemann-Liouville derivatives. Moreover, in the fractional case the integral over OC is
split into two integrals over I'; and I's, which does not occur in the classical case.

Remark 5.2 When 8 = 1, we have that the operators CDgo
RLDf T CDf - correspond to D ,; and the operators I;iﬁ, Ié:ﬂ reduce to the identity operator. Therefore,
for B =1 the time-fractional Stokes’ formulae and (@) become equal to the classical Stokes’ formula ,

and the time-fractional Stokes’ formulae @ and (@ become equal to the classical Stokes’ formula (@)

+ and RLDf o+ correspond to th; the operators

In the next section we deduce a time-fractional Borel-Pompeiu formula and we introduce the time-fractional
analogous of the Teodorescu and Cauchy-Bitsadze operator. Before we do that we need to understand the
behaviour of the time-fractional Dirac operator CDg T when the arguments of the function w in are
translated and reflected in space and time. Denoting the translation operator by 7, g, u(y, w) := u(61+y, 62 +w)
and the reflection operator by R, ., u(y, w) := u(—y, —w), and taking into account the definitions of the time-
fractional parabolic Dirac operators presented in , and the definitions of the right and left Caputo fractional
derivatives presented in and @[), we can deduce by straightforward calculations the following relation (where
the derivative is with respect to the variable (y,w) € C):

(u(Oy — 9,6~ ) DY = (T, 0, Ry uly, ) D

= —T9,,6. Ry,w (U(ya w) CDf,w)
== (uD,. ) (61 — .02 — w). (57)

5.2 Time-fractional Teodorescu and Cauchy-Bitsadze operators

In this section we introduce the time-fractional Teodorescu and Cauchy-Bitsadze operators and study some of
their properties. Replacing u by Cgf in leads to the following time-fractional Borel-Pompeiu formula and
also to the time-fractional Cauchy’s integral formula.

Theorem 5.3 Let v € ACY(C) N AC(C). Then the following time-fractional Borel-Pompeiu formula holds

v(x,t) —I—/ Cgf(x—y,t—w) (RLDfo+ v) (y, w) dy dw
. v,

— [ G-yt w)dourw) + [ G-t - w) (-0 (5770) Gwydy (59)
Iy

I

Moreover, if v € ker (RLDg 0+), then we obtain the time-fractional Cauchy’s integral formula
vant) = [ G =t = w)doy o) + [ G =t =0 ()7 (B) wydy. (59

14



Proof: Note that “G”(y,w) is the fundamental solution of CD5,0+ satisfying CD570+ Cgf) (y,w) = §(y, w).
Thus, replacing in u by Cgf(x -yt —w) =Tot Ryw Cgf(y, w) and using 1} with 0 = x and 0 = t, we
obtain

/ (5(1} - Y, t— U)) U(yv w) dy dw + / Cgf (.1? - y7t - ’LU) (RLDg,(Vr U) (y7 ’LU) dy dw
c C

- / Cgf (SC - Y, t— U.)) dgy,111 v(y, w) + /
IS

G =yt —w) (~1)"F (1) (g, w) dy,
Ta

which leads to the time-fractional Borel-Pompeiu formula . Additionally, if v is in the kernel of RLDS o+
then the second integral of the left-hand side of the preceding expression is equal to zero. Therefore, we arrive
at the time-fractional Cauchy’s integral formula stated in .

We observe that, as a consequence of the “double duality” mentioned previously, we can also deduce another
three alternative versions of the time-fractional Borel-Pompeiu formula from , , and .

Remark 5.4 When 8 =1 the time-fractional Borel-Pompeiu formula and the time-fractional Cauchy’s integral
formula reduce to the corresponding formulae presented in [7].

Based on we introduce the time-fractional Teodorescu and Cauchy-Bitsadze operators and study their
properties.

Definition 5.5 Let g € AC*(C). Then the linear integral operators of convolution type

(°725) (@.t) = = [ G2 =t = w) g dy o (60)

(Cng) (z,t) = /F Gl —y,t —w)doyw gy, w) + / Glo—y,t —w) (-1)"f (131’39) (y,t)dy (61)

1 FQ

are called the time-fractional Teodorescu and Cauchy-Bitsadze operators, respectively.

Remark 5.6 In the case 8 = 1, the time-fractional operators CTf and CFf coincide with the correspondent
ones defined in [7].

The previous definition allows us to rewrite in the alternative form
(chv) (2,t) = v(z,t) — (CTf RLD570+ v) (z,t), (z,t) eC.

Before we deduce two operating properties of the fractional integral operators and (61)), we need to un-
derstand the behaviour of the time-fractional Dirac operator CDf - when the arguments of the function over

which we apply the derivatives is only translated. Taking into account the definition of CDS - and the defini-

tion of the left Caputo fractional derivative presented in @, we can deduce by straightforward calculations the
following relation (where the derivative is with respect to the variable (z,t) € C):

C:D‘fﬁ%+ (w(x + 01,y + 62)) = CDf,,G; (To,.0, u(x, 1))

= To, 0, (CDiOJr u(w,t))

_ (CDB 0+u) (z+ 01, + 0s). (62)

I?

Theorem 5.7 The time-fractional operator CTf is the right inverse of CDf)OH i.e., for g € L,(Q), with
pE ]1, ﬁ[ and B €]0, 1], we have

(9D2y. OTlg) (2,) = glast).
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Proof: In view of the definition of CTf given in , and the relation deduced in l) with 8, = —y, 05 = —w,
and the fact that Cgf is the fundamental solution of CDf o+ satisfying (CDf o+ Cgf (x,t) = 6(x,t), we have

(%D “Ti9) (0.6) = = [ D], (0w =t = w)) gly. )y
- /c Ty-w (CDiw G (x, t)) gy, w) dy dw
= [Tt gt dyaw

z—/é(x—y,t—w)g(y,w)dydw
c

=g(z,t).
]

In a similar way as in [14], we introduce the fractional Sobolev space Wal;ﬁ P(C), specifically adapted to our
problem and considering the left Caputo fractional derivative @), with the norm ||-||y;1.6.» (c) given by:
at

p — P - p caB 4||”
g = W+ 2o 100 ey + |20y

where || - ||, () is the usual L,-norm in C and j €]0,1].
_1g_1
Theorem 5.8 The fractional operator CFf maps WolJr v ”7p(6C)—functi0ns to functions belonging to the ker-
_1g_1
nel of CD§,0+7 i.e., the fractional operator CFf satisfies (CDQOJr Cng) (x,t) =0, foreveryg € Wol+ v p’p(8C)
with p € ]1, ﬁ[ and 8 €]0,1].

Proof: In view of the definition of CFf given in , and the relation deduced in with 6; = —y, 0, = —w,
(

and the fact that Cgf is the fundamental solution of CD§,0+ satisfying <CD5Hr Cgf x,t) = d(z,t), we have

(CDio%— CFfQ) (Iat)

— [ D2, Gyt - w)doyuglv.w) + [ DL, G = it = w) (-1 (179) (. 0)dy
I'y

Ty

= | T (DL G @,1)) doya gy w) + | Ty (D2 G0 (@,0)) (—1)"F (15 79) (1) dy
T 1Y

= | Towd@ ) doy gl w) + [ Ty 8(a0) (1" (1579) (5:0) dy

_/n 5(w—y,t—w)d0y,wg(y,w)+/ 6(z —y,t —w)(=1)"f (15169) (y,t)dy

I
=0, (63)

where the integral over I'; is equal to 0 because (z,t) € C and (y,w) € I'; U 'y and, therefore, (z — y,t —w) #
(0,0).

Now, we present some mapping properties of the fractional operators “T% and “F7.

Theorem 5.9 The operator CTf is bounded from Ly(C) to L.(C) with 1+ L =

—|—%, such that q € }1,&{
and the parameters p and 3 are in the conditions of Theorem[].9

1
P
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Proof: Let q € ]1, ﬁ {, and the parameters p and 8 be in the conditions of Theorem Using the

Young’s inequality for convolutions (see Theorem 1.4 in [29]) and taking into account the L,—integrability of
Cgf studied in Theorem , we obtain

[r2el,, e, =162

v < o, 9l

Concerning the derivatives of CTf we have the following theorem.

Theorem 5.10 Let g € Ly(C) with ¢ = }1, ﬁ[ The spatial derivatives of CTf with respect to x;, j =

1,2,...,n and the time-fractional derivative of CTf are bounded and satisfy the mapping properties
Oz, (Cng) i Ly(C) — L, (C), ji=12....n
%@(%ﬁﬁ;%wyeme

with 1+ 1 =1+

respectively.

, such that the parameters p and 3 are in the conditions of Theorem and Theorem

=

1
P
Proof: To show the boundedness of the operator €T’ f , it suffices to study the convolution terms (see |26])

/cazj C’gf(x -yt - w)g(y,w) dydw = /CT—y—w 81.7' Cgf(z,t)g(y, w) dydw, j=1,...,n,
and
/603@ Gl —y,t —w) gy, w)dy dw = /CT—y—w 05, “G7 (1) g(y, w) dy duw,

where on the right-hand side of the last equality we used with 6; = y and 65 = w. In Theorems and
were studied the conditions over p and 3 such that the kernels of the previous convolutions are L,-functions.
Hence, making use of the Young’s inequality for convolutions (see Theorem 1.4 in |29]), we get for the partial
derivatives with respect to x;

CpB _ Cop -
(°T ) _H(ax. ) <‘ax . j=1,....n,
J ( I P < |% 9L e l9llz,c)> 7 n
and for the time-fractional derivative
H L.(©) G )*g L.(C) L) ||9||Lq(0),

where 1+ % = % + %, with ¢ € ] 1, ﬁ {, and the parameters p and § are in the conditions of Theorems and
3] respectively.

The preceding last two theorems allow us to prove the continuity of ¢T f

Theorem 5.11 Let 1 + % = % + % with q € ]1, ﬁ [, and the parameters p and B be in the conditions of
Theorems (4.2, 4.3, and|4.4| simultaneously. Then operator €T? : L,(C) — WL (C) is continuous.
+ q o+

This result is a direct consequence of Theorem and Theorem and, therefore, we omit the proof. We
observe that when 8 = 1 the mapping results for the Teodorescu operator correspond to the classical ones
(see [7]). Now, we study the mapping properties of CFf.
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Theorem 5.12 Let q € }1, 1—(1}%6)1)[’ p € }1, ﬁ{ and B €]0,1]. The operator CFf acts continuously on

1-2.8—45.p

W (0C), more precisely, the operator
Cps PP 18,9 cps
B2 Wy, (0C) — Wyi*(C) Nker ( Dm’0+)

15 continuous.

_1g.1
Proof: Let the parameters ¢, p and 8 be in the conditions given. For a function h € VVol+ vh pm(@C) we
can find a function g € W;’ﬂ’q((}) such that tr(g) = h, where tr(g) denotes the usual trace of the function g
(see [11]). By the time-fractional Borel-Pompeiu’s formula we may infer that

CrBy _ CrB RLHB
Fin=(1- TP D) ) g.

y,0t

In the view of the continuity of CTf and taking into account that for a function g € VV&;B 1(C) we have

RLDfAmg € Wolf’q(C), and hence we conclude that (I - OF? RLDS 0+> g € Woljrﬁ’q(C). By Theorem [5.8] we
have

0 =07, Fn = (D, (1- 917 "] L)) g, (64)
This in turn implies that g € Woljrﬁ’q(C) N ker(CDf o0+ )
]

Remark 5.13 When 8 = 1 we obtain the classical results obtained in [1] for the time-dependent T and F
operators.

6 Hodge-type decomposition and Boundary Value Problems

The aim of this section is to obtain a Hodge-type decomposition and to present an immediate application of this
decomposition in the resolution of boundary value problems involving the time-fractional diffusion operator.

Theorem 6.1 Let q € ]1, ﬁ} ,pE ]1, ﬁ[ and 8 €]0,1]. The space Ly(C) admits the following direct
decomposition

Ly(C) = Ly(C) Nker (CDfm) ® D’ . (wgfm (C)>. (65)

-1
Proof: By (—Am + C@&) we denote the unique operator solution for the problem (see [1}/28] where the
0

existence and uniqueness of solutions of this type of boundary value problems is studied)

(—AI + CB@) u =, inC
u =0, on 0C

where u,v € L,(C). As a first step we take a look at the intersection of the two spaces that appear in the
decomposition. Let

he [Ly(€) nker (D20, )] 0 DL, (W(}Zﬂ’p (C)) :

[e]
We directly see that “D” ' h = 0 in C. Moreover, since h € °D” . (Wolf P (C)), there exists a function
o -1
g EWoljrﬁ’p (C) with CDf,mg = h and (—Aw + C@éﬂ) g = 0. From the uniqueness of (—Aw + Ca@)o we obtain

that g = 0. Consequently, h = 0. Hence, the intersection of these subspaces only contains the zero function,
which implies that the sum is direct.
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Now, let h € Ly(C) and hs such that

x,0F

1 o
hy :=°D”? (*Am + Cﬁéi) CDf,oJL € CDf,o+ (Wolfp (C)> :

0

Applying CDf o+ to the function hy := h — ha, we get

CcnB _CnB Ccnb
Dz,0+h1_ ch,0+h_ Dm70+h2
-1
_CpB CpB  CpBb CqB Crb
- Dz,0+h_ Dac,0+ Dac,0+ (‘Aw"‘ 80+)0 Dw,o+h

1
=D} goh— (=80 + 05 ) (2. +05 ) Dy
= CDf,o+h - CDf,o+h

= 0.

Therefore, hy € ker (CDf 0+). Since h € L,(C) was arbitrarily chosen our decomposition is a direct decompo-

sition of the space L, (C).
|

Corollary 6.2 From the decomposition @ we have the following projectors
1.5,
PP : Ly(C) = Ly(C) Miker (CDfm) Q% - L,(C) = °D’ . <W0f’ P (C)) .
Remark 6.3 As a consequence of the “double duality” mentioned previously we can also deduce another Hodge-
type decompositions and P and Q-type projectors for the operators CDf T RLDf o+ and RLDf e

As in the previous results, when g = 1 the Hodge-type decomposition presented in Theorem coincides with
the decomposition presented in |7]. Moreover, for 8 = 1 we have that ¢ = p and p €]1, +oco[. For the particular
case of p = 2 the decomposition is orthogonal with respect to the inner product (see Theorem 3.3 in [7]).
We end this section by presenting an application of our results solving boundary value problems.

Theorem 6.4 Let g € Woljfa’p(C) with p € ]1, ﬁ[ and B €]0,1]. Then, the solution of the problem
(-2.+%9 )h=g incC
h=0 on OC
s given by h = CTf CQf Cng.

Proof: The proof is based on the properties of the operator CTf and of the projector CQE . Since CTf is
the right inverse of DY ., we get

(<808 b = DA DS, 77 Q% TSy = D2y, QS €Ty =Dl Tl =
|
1g41
Corollary 6.5 Let g € ngp’Ber’p(@C) with p € }1, ﬁ{ and 8 €]0,1]. Then, the solution of the problem
(~a.+%5 )h=0 inc
(67)
h=g on 0C
s given by

h="Flg+ T} Q1D 5, (68)

where g is the ngﬂ’p—extension of g.
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. - . . 1+2.6+%, . L
Proof: Let p and 3 in the conditions given. Since g € W, * a (AC) there exists a WOQ;B 1P _extension §

with tr(g) = g. If we consider h = f + g, then the problem will be transformed into
(fo + Cagi) f= (fAz n Ca@) § inC
f=0 on 0C
From Theorem we conclude that, the solution f of the previous problem has the form
f =017 Q% T (—a, + D], 5

Using the time-fractional Borel-Pompeiu formula , and taking into account that CPf =1- CQE and
DY . CD = =2y + €Oy, , we find
f==10 QD] g+ T QY FI°D] .G
——OTFCD} G+ OTF OPID? 5
=—g+ T °PPD] G+ OFFg.

Since h = f + g we get .

From Theorem and Corollary [6.5] we get

1 1
Theorem 6.6 Let f € Woliﬂ’p(c) and g € Wosz’BJrler,P(aC) with p € ]1,@[ and f €]0,1]. Then, the

solution of the problem

(—AI+08§+) h=f inC
h=yg on 0C

(69)

s given by
h=CFPg+ °T? PP D] | G+ TP Q° “17, (70)
where § 1is the Wolfp’ﬁﬂ’p—extension of g.

Proof: Let h; and hs be the solutions of the problems and , respectively. Then h = hy + ho solves
the boundary value problem .

We observe that as consequence of the “double duality” mentioned across the paper, the previous results can
be also deduced with the correspondent rearrangements in the definition of the Teodorescu operators and
@ projectors, according to the correspondent Borel-Pompeiu formula and Hodge-type decomposition, for the
operators —A, — %07, —A, + RL@f and —A, — #L98.

7 Conclusions

In this work we presented a generalization of several results studied in Clifford analysis in the context of non-
stationary problems (see e.g., [7]) to the context of fractional Clifford analysis. Possible applications of our
fractional integro-differential hypercomplex operator calculus are the study of boundary value problems with
time-fractional derivatives such as the time-fractional Navier-Stokes equation and the time-fractional Scrodinger
equation. This study is out of the scope of this paper and it will be subject of future research.
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