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Abstract: The main aim of this work is to obtain Paley—Wiener and Wiener’s Tauberian results associated with
an oscillatory integral operator, which depends on cosine and sine kernels, as well as to introduce a consequent new
convolution. Additionally, a new Young-type inequality for the obtained convolution is proven, and a new Wiener-type

algebra is also associated with this convolution.
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1. Introduction

We will build a new convolution associated with an integral operator of oscillatory nature which exhibits
very distinctive properties. This is constructed in Section 3, after having a previous section where some
auxiliary known results are recalled. Young’s convolution inequalities are also obtained for the new convolution.
Moreover, consequent Paley—Wiener type theorems will be derived in Section 4. The main aim of Section 5 is
to obtain Tauberian-type results for our oscillatory integral operator. This gives rise to a nonclassic notion of
translation which interconnects well with the kernel of the integral operator, therefore being a key ingredient in
our construction of a Wiener—Tauberian-type theorem. To conclude the paper, a new Wiener—Pitt-type theorem
is also deduced.

Having that plan in mind, we would like to start by recalling that for any f € L' (or L?), the span of
translations (17—, f) () := f(x + a) is dense in such spaces if and only if the real zeros of the Fourier transform
of f is the empty set (or a set of zero Lebesgue measure). This gives rise to the necessary and sufficient
condition under which any function in L' (or L?) can be approximated by linear combinations of translations
of a given function. These facts are related with the classic Wiener’s theorem. This theorem was taken into
consideration by Gelfand when stating a theorem in terms of commutative C*-algebras. For the convenience of

our presentation, let us formulate the classic Wiener’s Tauberian theorem: Suppose h € L. If the convolution
(f * h)(z) tends to zero at infinity for some f € L' whose Fourier transform f has no real zeros, then the

convolution (g * h)(x) tends to zero at infinity for any g € L'. More generally, if

lim (f *h)(x) = A/f(ac) dx

T—00
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for some f € L', then also holds

lim (g* h)(z) = A/g(m) dx

Tr—r0o0

for any g € L'. A stronger conclusion that h(z) — A might not hold, but it is true if an additional condition
about slow oscillation is imposed on h (see [13, Theorem 9.7]).

The crucial importance of Wiener’s and Tauber’s results is that the asymptotic behavior at infinity of
some objects (with rare information) can be discovered through other ones whose properties are better known.
For instance, invoking Wiener’s Tauberian theorems, Ikehara presented a simple proof for the Prime Number
Theorem. This event was seen as a clear identification of the Wiener’s and Tauber’s exceptionally original ideas,
and caused a great attention, giving rise to a significant number of studies related to the theory of oscillatory
integrals and their convolutions (see [6-8] and the interesting comprehensive analysis therein). As it is well
known, the above issues are concerned with certain oscillatory integrals and convolutions. Together with other
relevant theoretical and applied needs, a significant amount of recent investigations on oscillatory integrals and
convolutions continue to be done in both analytical and numerical perspectives (see [4, 9-11, 14, 17-20]).

Within the just presented framework, we will consider the oscillatory integral operator 1), ; defined by

1

(T0af) ) 1= oy [ (ncos(en) + isin(oy) £ (s) dy. 1)

with n € C\{0}. A particular case of this operator, with n = 2 had been already considered in [3], but there the
main purpose was focused on the analysis of consequent Heisenberg uncertainty principles where such operator
takes an important role. In a sense, T, ; can be considered as a model oscillatory integral operator for the class

which uses separately the cosine and sine integral kernels.

We will now indicate some of the notation used in this work. Let F and F~! denote the Fourier and
inverse Fourier transforms, given by

(F 1@ = g [ )y

respectively. Let

1

1 .
(T0)@) = g [ o)) dy. (T(e) = e [ sintan) ) dy

stand for the cosine and sine Fourier transform, respectively. It is clear that T ; = n1. + i1, and 2T, ; =
(n—1F + (n+1)F~!. We will denote by @ the reflection of the function ¢; i.e. p(x) = p(—2), v € R".
Moreover, the reflection operator will be denoted by W. Thus, (Wy)(z) := ¢(z) = ¢(—z). We will denote
by (-,-)2 the usual inner product of L?(R™) and by || - |2 the corresponding norm. More generally, we will be
using || - ||, for the usual norm of LP(R™) for 1 < p < oco. Finally, B(x¢,9) := {z € R" : |z — x¢| < §} denotes
the open ball centered at zg € R™ with radius §, and S stands for the Schwartz space.

2. Auxiliary results

In this section, we introduce some results associated with the operator T}, ;, whose special case with 7 = 2 were

obtained by the authors in [3], which will be used either to prove or to interpret some further results in the

present work. We shall use the multidimensional Hermite functions defined by ®,(z) := (71)‘a|e%‘z|2Dge*|‘”‘2 .
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Theorem 1 The Hermite functions are eigenfunctions of the operator T, ; with eigenvalues £n,+i. Indeed,

the following formula holds

lo] .
—1)72 nd,, if la]=0,2 (mod 4
TM%Z{( )5 /ol (mod 4) @

(=1)"z id,, if la]=1,3 (mod 4).

Proof If we consider L?(R") as the domain of the Fourier and inverse Fourier transform F and F~!,
respectively, then the domain of T}, ; is also L2(R"). In fact, we can rewrite Ty, ; as T),; = 252 F+2EL =1, Since
Fo, = (—i)l*l®, and F~1®, = il®®, (see [16]), we have T}, ;®, = [Z5+(—i)lol + ZELilel] &,. Calculating
the coefficient on the right-hand side of this equality, we obtain (2). O

It is worth remarking that if n = 4, then the eigenvalues are just 4 ¢. This case of T}, ; corresponds
to the well-known Hartley integral transform H with the kernel cas(zy) scaled by the constant ¢, which is an
involution operator in L?(R") as H? = I (see [1]). As the reader will see and may make some comparison
between the polynomial identity in Theorem 3, the 2-involution of H, and the 4-involution of the Fourier
operator F* = I (and also between almost all the statements in this work and those of the well-known Hartley
and Fourier transforms), the Hartley integral transform is a very special case in some sense. Hence, for simplicity
and to avoid eventual confusion, throughout this paper we will assume that n ¢ {0, +i}.

The following auxiliary lemma is very useful for proving some of our further theorems.

Lemma 1 (cf. [16]) The formula

teo in xr —
L0+ fa -0 = tim L [ g A0

A—o0 T — oo

holds, provided % € LY(R).

Theorem 2 (Riemann-Lebesgue lemma) T, ; is a bounded linear operator from L*(R™) into Co(R").

Namely, if f € L*(R"), then T, ;f € Co(R™) and

do

T % 0o < )
|| uB fH (271_)5

flli,  with & := \/77|22+ L [('77'22_ 1)2 . %(77)2} 3 “

Proof By the Riemann—Lebesgue lemma for cosine and sine Fourier transforms 7T, and Ty, as defined above,
we deduce that if f € L'(R"), then T, ;f € Co(R"). We shall prove the norm inequality. Let us write
1 =mn +1in2, with 11,72 € R. By using the identity

ncos(zy) + isin(ay)|” = (nf +n3 — 1) cos®(xy) + 1 + n2 sin(2zy)

2 2 2 2 1.2 3
- Ot = DU 4y g singae) = P2 () 9002]costaa -0

2

for some 0 € R, we deduce that |ncos(zy) + isin(xy)| < dp. We then have

HY%JfHa>::SUP
zER™

(2;)3 / [ncos(ay) + isin(zy)] f(y) dy’
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1 ..
< sup ———r / ncos(ay) +isin(zy)| | f(y)| dy <
zerr (27)2 Jgn

do
(2m)

£ 1711 (5)

Theorem 3 T, ; is a continuous linear operator of S into itself, and fulfills the reflection and polynomial

identities:

-1 n?+1
I+

T2 =
e 2 2

W, and T,,—(n°—1)T;,—n’I=0.
Moreover, the operator T, ; is invertible in S.

Proof Clearly, T}, ; is a continuous operator in S. We shall prove the polynomial identity. Let us first prove

the identity (Tglf)(m) = #f(m) + #f(—x), for every f € S. For A > 0, consider the n-dimensional box

in R": B(0,\) :={y=(y1,..-,yn) ER" : Jyx| <A, k=1,...,n}. Obviously, fB(o N cos(zy) sin(zv) dx = 0.

Acting inductively on n, we obtain

/ cos (y(z — 1)) dy = 2" sin (M(z1 — t1)) - - - sin (A(zp, —tn)). ()
B(0,\)

(1‘1 _tl)"'(xn_tn)

Since f € S, we may use the Fubini’s theorem, Lemma 1, and (6) to calculate (T,?lf)(ac)7 with x € R", as
follows

2 = lim L cos(x 1sin(x cos 1sin
(T = Jim sz [ peoston) +isinen)dy [ ncostyt) + sincu) 1)

- imi n2+1cos x i 1cos T — isin (y(z
=1 (2m)" /nf(t)/B(M)[ 3 (y(@+1) + —; (y(z — 1)) + nisin (y( +t))] dy dt

A—00

= lim L n2+1cos T 772 cos (u(z —
= Jim g [0 /B(O’A)[ 3 €08 (u(@ +1)) + =5 cos (y( t))} dy dt

— lim 1 / |:772 _12"sjn()\(y1 —tl))...sin)\(yn_tn)

Aooo (2m)% 2 (1 —t) - (Yn — tn)
n? +12"%sin (M(y1 +t1)) - -sin (A(yn + tn)) P -1 n? +1 n
3 ot L) o Ol 0D iy iy = L) + L o), weme (@

Thus, we have

(T f) (@) =13 (T3 ) ()]

2 2
=12 | ) + T )
=1 [’ —1 7+ 1 41 [’ -1 U
S T )+ T |+ T T o + T )
4 4
L@+ T ), weR Q

Combining (7) and (8), we get T;{if —(n* - 1)T$7if —n?f =0, for every f € S. The polynomial identity for

T, is proved.
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2 2
Moreover, by this polynomial identity, we obtain T}, ; [FIQT;’Z S Tw} = [%TBJ ~ AT, Ty =1,
2
which implies that T;,; is invertible by Tr;zl = W%Tf]‘l — "n—;le. O

Actually, the inversion formula of 77, ; can be expressed in an explicit way by Theorem 4.

Theorem 4 (inversion and uniqueness theorem) If f € L*(R"), and if T),;f € L'(R™), then

1

oyt [ @) |5 eostan) — isin(an)| dy = £(0), ©)

for almost every x € R™. Consequently, if f € L*(R™) and if T, ;f =0, then f=0.
Proof Let us first prove the inversion formula in S, i.e.

glx) = ;/ (Ty,:9)(y) [1 cos(xy) — isin(xy)} dy, forevery x € R", ge€S. (10)
R™ n

(2m)?
Indeed, since T),;g9 € S, the inner function on the right-hand side of (10) belongs to S. This means that
the integral (10) is uniformly convergent on R™ according to each variable x1,...,24. Let us calculate the

right-hand side of (10), using Fubini’s theorem, Lemma 2 and (6). Thus, we have

oo [ @) | eostan) — isinton) |y = Jim e [ o, D)) [+ costay) — isinGen) | dy

(277)% A—00 (27T)L2L

= lim ﬁ /Rn [:} cos(zy) — isin(xy)} /]3(07)\) [ cos(yt) + i sin(yt)] g(¢) dtdy

. 1 1 .. .
= lim @ /n g(t) /B(O’)\) [77 cos(zy) — zsm(xy)] [ncos(yt) + isin(yt)] dy dt

A—00
. 1
:)\hﬁrr;o @ /n g(t) (/B(o,,\) (cosy(xz — 1)) dy dt)
_ 1 lim ot) 2" sin (A(x1 —t1)) -+ -sin (A(z, — tn)) it = g(x),

(27‘()" A=oo Jpn (561 —tl)“'(l‘n —tn)

for every € R™ (having in mind that g € §). Identity (10) is proved. Now let f € L'(R"), and let g € S.
Clearly, [pn f(2)(Ti9)(x)de = [, 9(y)(Ty.if)(y)dy. Hence,

[ s@ @i = o [ ([ @ |5 oostan) — isinten)| de ) (700

— [ @@ (g [ T ) | costan) ~ isinan)| ay) de = [ uto) Ty 0))

By (10), the functions T} ;g cover all . Therefore, [o,(fo(x)— f(z)) ¥(x)dx =0, for every ¥ € S. Since S
is dense in L'(R"), it follows fo(x) — f(x) = 0 for almost every z € R™. O

The operator T;,; is continuously extended onto L?(R") and fulfills the following Parseval-type identities

that are significantly different from the usual integral transforms.
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Theorem 5 (Parseval-type identities) The following identities hold for any f,g € L*(R"):

2 2
L ALE (11)
_ _ 2+1 1—|nf?
@ T = e + 2|n'|2' (. Wg) (12
(Tt Tita)e = 520 (1002 + T 1. W) (13)

Proof Let us write T;,; = %F+ "THF_l. The well-known identities (Ff,g)e = (f, F~1g)2 and (F~1f g)o =
(f, Fg)2, and a straightforward computation yields the just presented identities (11)—(13). O

Remark 1 If n € R\{0}, then the identity (13) becomes
(Tyif, T, )2 = (f, Wg)a. (14)

Corollary 1 The point spectrum of the operator T, ; defined on the Hilbert space L*(R™) is given by o =
{ +n, iz’}. Moreover, if |n| # 1, then T, ; is not a unitary operator.

Proof For any n € C\{0,4i} given, the polynomial P(t) := t* — (n? — 1)t —n? has four distinct roots within
{ +n, :I:i}. Hence, if X & {£n, +i}, then the inverse operator of (Al + T, ;) is given by

AN = + 11 = [N = + 1T, + NT, = T
A= (2 = 1A =92 .

(M + Tn,i)_l =

The corollary follows from Theorem 1, as { +n, :I:i} are the eigenvalues of T}, ;. Furthermore, if |n| # 1, then

the spectrum of T}, ; does not lie on the unit circle. It implies that the operator T}, ; is not unitary. O

So, in contrast to the Fourier and Hartley cases, where we may recognize unitary operators defined in
L?(R™) (after performing a normalization), the operator T}, ; is not unitary, provided |n| # 1 (and in such case

also cannot be normalized in view to be transformed into a unitary operator; cf. (11)).

3. Convolution and Young-type inequality

In this section, we propose a new convolution operation and prove a Young-type inequality for the constructed

convolution.

Theorem 6 If f,g € L*(R"),

¥ () = 47’(;0 / (32 + 1) (2 —u) + (7 — 1)f(z +u) + (7 — 1) f(—z + u)
(P — 1) f(~x — u)] glu)du, (15)

defines a convolution operation for T, ;, which satisfies the following factorization identity and norm inequality:

Tl ¥ 0)) = TN @@ 17 % ol < 2L g (16)
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Proof We start by the factorization identity, deducing it in a direct way as

( nzf)( )( nzg)( ) =

(271r)“ / " / , [neos(au) +isin(zu)] fn cos(av) + isin(av)] f(w)g(v)dudv

:Zn zi i / . / [ncos(@(u+v)) +isin(z(u+v))] f(u)g(v)dudv

77 -1 //n neos(z(u —v)) + isin(xz(u — v))] f(u)g(v)dudv

477)7(— 1 // ncos(z(—u 4 v)) + isin(z(—u + v))] f(u)g(v)dudv
47777 2—7T1 /n/nfl cos(z(—u —v)) +isin(z(—u — v))] f(u)g(v)dudv (17)

:jn 21 i /n / [1 cos(xy) + isin(xy)] f(y —v)g(v)dydv

+477 -1 /n/” 7] COS xy)—i—zsm(xy)]f(y_,_v) ( )dydv

77 -1
4n(

2 -
47177(27r1 /n/ [ cos(xy) + isin(zy)] f(—y — v)g(v)dydv

/n / [ cos(zy) + isin(zy)] f(—y + v)g(v)dydv

1 Ty Ty

:(27r)g /n [ncos(zy) +isin(zy)] (f * 9)(y)dy =T,.(f * g)(z),

which proves the factorization identity. The norm inequality is a special case of the possibilities of choice of
p,q,r in Theorem 7, as showed by Corollary 2 below. O
The decomposition of the trigonometric kernel as in (17) takes a preponderant role in the above proof of

the factorization property. This technique continues to be helpful in several proofs below.

Similarly to the Young-type inequality based on the Fourier transform, we will also obtain a consequent
result associated with our convolution for the 7}, ; transform.

T , , .
Theorem 7 (Young-type inequality, see [2, 11, 15]) The convolution L, given in (15), is a continuous

bilinear map between suitable L°(R™) spaces in the sense that, if 1 < p,q,r < oo satisfy

1 1 1
S =—+1,
poq T
then
Ty,
*': LP(R™) x Lq(R”) — L"(R"),
IF %" gl < £ llpllgllq, (18)

2n|(2m)% I()

for any f € LP(R"), g € LY(R").
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Proof We have two different cases associated with the parameter r.

Case 1: 1<r<oo. Put

M(z) := - [z —u)g(u)du;  N(zx) := . f (@ + u)g(u)du;

P(z) = f( z+u)g(u)du;  Qx) = f( x —u)g(u)du.

The convolution (15) contains four terms M, N, P and @, and each one of those is scaled by a constant.
By the Minkowski inequality it suffices to prove the Young inequality for each term. Indeed, if f € LP(R"™),
g € LY(R"),

N = [t wgdu= [ f-u)gd= (¥ 5))

Rn

F - ~
where (- * -) stands for the usual Fourier convolution. Clearly, g € LY(R"), and ||gll, = ||gllq for any ¢ > 1.

By the known Young’s convolution inequality, [N(@)ll, = |f * Gl < /1,1, = 1/, gll,- Similarly,

1M @)l = 1 * 9)@)llr < 1/ 1pllgllqs
1P@)e = 1(f * D =2)r = I * D@l < 11115l = 115 ll9lla,
Q@) = I(F * g)(=2)llr = (£ * 9) @)l < I Fllpllllq-

Case 2: r = co. By the Holder inequality with 1/p+ 1/¢ =1, we have

[[hs(£2)[[oo < esssUD,cRn / [f(xz £ y)llg(y)| dy < esssup,ern [[f(F2 £ Y)llpllglly = [[fllpllgllq-
Now, the result follows from the Minkowski inequality. O

Corollary 2 The convolution operation given by (15) is continuous in the Banach space L*(R™). Namely, we

have

T ‘77| + 2
If * gl < 2lnl@n)? =[Sl llgll-

The norm inequality (16) in Theorem 6 has been proved by Theorem 7 with p=g=7r =1.

Theorem 8 The space X := L'(R™), equipped with the convolution multiplication (15), becomes a commutative

algebra without unit.

Proof By Theorem 6, we derive that L!'(R"), equipped with the convolution multiplication (15), has a
commutative ring structure. In addition, we have the multiplicative inequality in Corollary 2.

What remains is to prove that X has no unit. Suppose that there exits an element e € X such that
Ty,i Ty, . . : :
f=f * e=e % f,forevery f € X. We choose the Hermite function Dy(x) := e—3lel® ¢ 1 (R™) for which

Ty,s .
T,:P0 = n®y, by Theorem 1. Using the factorization identity and the fact that &5 = ®q %" e, we obtain
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T,.i(®o) = T,,,:(P0)T5,,i(e) or, equivalently, n®y = n®oT;, i(e). Since $o(z) # 0, for every z € R™, we derive
T,.e)(x) = 1, for every € R™, which contradicts the fact that lim, _.. (7} ;e)(x) = 0, which is deduced
7, |z] m,

from the Riemann-Lebesgue lemma as showed by Theorem 2. Hence, X has no unit. O

4. Paley—Wiener theorems

This section is devoted to some Paley-Wiener theorems. As it is well-known, these type of theorems have
different applications such as in the theory of differential equations (see, for example, [13, Chapter 8]), and in
harmonic analysis, e.g., in the sense of uncertainty principles; namely, Corollary 3 below can be considered to be
an elementary form of that principle: the Fourier transform of a nonzero function (or, a nonzero distribution)

of compact support is never compactly supported (see also [5]).

Theorem 9 (Paley—Wiener theorem) (i) If ¢ € D(R™) has its support in B(0, R), R > 0, then the function
defined as follows

9(2) = (Tyi8)(2) = / (neos(yz) +isin(y2))é(z) dy, = € C” (19)

n

is entire and there are constants v, < oo such that

|9(2)] < (14 |2) PR, (20)

for all z € C™ and for every p=0,1,2,....

(ii) Conversely, assume that g is an entire function satisfying (20) with R > 0, for all z € C" and every

p=0,1,2,..., then there exists a function ¢ € D(R™), supported in B(0,R), such that (19) holds.

Proof (i) To prove this theorem, we will use a similar result for the Fourier transform because our operator

can be written in terms of the Fourier transform and its inverse. In fact, we have

1
(2m)

D2 = ooy [ o) dy = (FO)(2),

and

g92(2) == 1 - /n eiyzgi)(y) dy = (Fflqb)(z) (with z € C™)

(2m)?

are entire functions, and there are constants 'y,(,l), 71(,2) < 00 such that

191(2)] < AL+ |2]) 7S,

and
192(2)] < AP (1 + |2]) PePISG,

for every p=0,1,2,... and for all z€ C*. As T}, ; = %AF + %HFA, we have that

Los(2) = (T,.0)(2)
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is an entire function for which

77_1 +1 — 3(z
l9()| < |15 + T5—=2 | (L4 J=]) e,

2 2
for every p = 0,1,2,... and for all z € C™. For the proof of the item (ii), we can use a similar reasoning,
because of the existence of the inverse of the operator, which ensures the existence of such a function ¢. O

Let C°(R™) denote the set of all infinitely differentiable functions with compact support.

Corollary 3 Let f € CX(R™). If T, ;f has compact support, then f=0.

Proof By contradiction, let us suppose that f is a nonzero infinitely differentiable function with compact
support and that the support of T, ;f is also compact. Thus, there exists an R > 0 such that f(z) =
(Ty,if)(x) = 0 for all |z| > R. By Theorem 9, T,,; f can be extended to an entire holomorphic function on C"
(see [13]). By the uniqueness theorem of holomorphic functions, for a nonzero holomorphic function g on an
open domain D, if g(z9) = 0, then there exists a & > 0 such that g(z) # 0, for any z € B(zp,0) (except for z,
of course). Since (7},;f)(2R) = 0 and, for any 6 > 0, we have 2R+6/2 € B(2R, ) and (T}, f)(2R+0/2) = 0.
Thus, we deduce that T}, ;f = 0 on all C", and therefore also on all R®. By the uniqueness theorem of T, ;,
f(z) =0 for almost every = € R™. Since f € C°(R™), f =0 everywhere on R™ — which contradicts the initial
assumption. O

We will denote by CJ*(R™) the space of all m-differentiable complex-valued functions on R™ that vanish
at infinity. The relation between the differential operator and the convolution multiplication is given by the

following proposition.

T”?vi

Proposition 1 Let 1 <p < oo andlet 0 <m < oo. If f € LP(R™) and g € CJ*(R™), then f * g€ CJ"(R™)
and
k Ty, Ty, k .. n .
D¥(f % g)=f x (D%g), for any multi-indez k € N* with |k| <m. (21)

Proof We know that
lim f(tx £ u)g(u) du = 0.

|z| =00 JRrn

i . . .
Thus, f * g€ Co(R") := CJ(R™). Let ¢ = p/(p — 1) be the conjugate exponent of p, and for a given function
g, let (Thg)(x) = g(x — h) denote the translation by h € R™.
Consider k = 0. For h € R™, by changing variables and then applying the Holder inequality, we have

0 ) (¥ )| < [l [ 1= 0t - o)

=11 [ 17+ ) glu =) - 9()] du
=11 [ 170 (gt b) = gl d

+n* =1 o [f (=2 —u) (9(u = h) — g(u))| du
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ot ([ 15— ) ([ s - s i)
([ stevar an)” ([t - e an)’
i —1|( (ot u)l du); ([ totusm =gl au)
([ e du)‘l’ ([ totu=m - gt du>;]

4l + 2 fllplm—ng = gllg + @Inl* + 2)lI fllpllng — gllq] -

S%
4ln|(2m)=

-1

Q=

+ [n* = 1]

1
=T ® U

Case 1: ¢ =o00. The terms ||74pg — gllco tend to zero when h — 0 since g is uniformly continuous.

Case 2: q < oo. We know that the translations are continuous in LP(R™) in the sense that, for all

g € LP(R™), we have |19 —g|l, = 0 as h - 0 € R™.

Ty, Ty, Ty,i
Combining these two cases, we have |(f * g)(z+h) —(f * g)(z)| = 0,as h — 0. Thus, f * g€

Co(R™).
We now prove (21) for the case |k| = 1. Let e; := (0,..., 1,...,0) denote the j-th unit vector of R"
and let ¢ > 0 be given. Using some changes of variables and applying the mean-value theorem, we have that

there are constants s1, s, s3,s4 € [0, ] such that

C0)0) =gy | ) [ (0ot tes = 1) = glo - ) f(0) du
LR —1) / (g +te; +u) — g(z +u)) F(u) du
HOP 1) [ (gl teg 4 ) - 9o+ ) f(w) du
07 = 1) [ (gl te; )~ g~z - w)) f(u) du

e | [ ot ey =) - gl = ) )

4n(2m)5

H0P = 1) [ (gle+ te; +u) = glo+ ) Flu) du
FOP 1) [ @t te; - w) ~ Gl - w) () du
07 = 1) [ @+ tes o+ 0) = G+ ) f(w) du

! )
:477(2702{(37724—1) Rnf( u)5— o, g(x —u+sie;) du
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0P =t () g+ ut sre;) du
Rn CL'j

0 -
+(n* = 1)t A f(u)gg(xfqus;;ej)du
" J

—(n* =1t [ S )81‘ G2+ u+ sae;) du .

By hypothesis, %g, %E € Co(R™). By the above proof (for k¥ = 0), we derive that each term on the
right-hand side of the last identity belongs to Co(R™). Then,

Ty,

o . Ty (K g tte) - (f * 9@
o, * 9)@) =lm ;
*# 2 ui T —u)du 2 i T+ u
T [P+ [ @ grae—wdus o2 =) [ g ater v
1o} 0
#ot =) [ fgaatadi= 2 =) [ fgat-o -]
iy | 4D [ et it (-0 [ feu g
dn(2m)z R7 8333 R7 Ox;
Hop =) [ fat e 620 [ fa -0 gt ]
R™ Lj R™ Lj
(1% ) @
This implies that f s g € C}(R™). Identity (21) follows now by induction on |k|. O

Th,i
Proposition 2 If f,g € L'(R"), then we have f % g=0 on

C

7= [(supp(F) + supp(9))]| 11 [Gupp(F) +supp(—g))] 1 [(supp(=1) +supp(9))] N [supp(=F) + supp(=9))] -

Ty,
In particular, supp(f * g) C Q.

i

T,
Proof We will analyze each of the four integral terms in the definition of our convolution < . For the first

and second ones, we note that

flzFu)glu)du = / flzFu)g(u)du, zeR™

R™ {(zFsupp(f))Nsupp(g)}

If x ¢ supp(f) £ supp(g), then f(x Fu) =0 for any u € supp(g). It follows

/ [z Fu)g(u)dy =0,
{(zFsupp(f))Nsupp(g)}
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for any x € (supp(f) & supp(g))¢. Hence,

supp ( . f(xFu)g(u) dU> C supp(f) £ supp(g)-

Similarly, for the third and fourth integrals, we have

fl—x £ u)g(u)du = / f(—x £u)g(u)du, xzeR".

R supp(g)

If « ¢ —supp(f) £supp(g), then f(—z 4+ u) =0, for any u € supp(g). This implies
[ peet gy o,
supp(g)

for any x € (—supp(f) £ supp(g))¢. Therefore,

supp ( . f(=z £ u)g(u) du) C —supp(f) & supp(g).

T7,i T7,i
We deduce that supp(f * g) € Q. Consequently, f * ¢g=0 on Q°. O

Remark 2 For elements f and g such that supp(f) = —supp(f) and supp(g) = —supp(g), the last result

coincides with the known one for the classical Fourier convolution.

5. Wiener’s Tauberian theorems

The Wiener’s theorem obtained in 1932 states that the closed linear hull of translations of a function f € L!(R)
is the whole space L!'(R) if and only if its Fourier transform never vanishes, i.e. (Ff)(z) # 0, for every
x € R™. This theorem, together with the generalizations of Gelfand for normed rings and Banach algebras,
plays an important role in many fields of mathematics (and, in particular, has direct consequences in Tauberian
theorems).

In this section, we will prove some versions of Wiener’s Tauberian [12, 13] theorems related with T}, ; and
the convolution constructed previously. The next two lemmas below are typical features of the integral operator

Ty, and will be also helpful to prove the forthcoming Wiener-type Tauberian theorems.

Lemma 2 (local constant approximation) Suppose that f € L*(R"), o € R" and € > 0 are given. Then,
there exists an h € L*(R™), with ||h||1 < €, such that

(Ty.ih)(x) = (T f) (o) — (T.i f) (), (22)

for all x in some neighborhood of x .

In other words, an arbitrary function f € L'(R™) can be approzimated by a function f + h such that
T,,,i(f + h) is constant in a neighborhood of a point xo € R™.
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Proof We shall present a proof of the sufficiently explicit approximation of h in some sense. We are able to
freely choose a one-variable bump function 6(z) € S which satisfies the condition

e(x)e(z){l’ if |z <1

0, if x| > 2.
A bump function in n variables is obtained by taking the product of n copies of the above bump function in
one variable; thus,
0(z1, 22, ..., 2n) = 0(z1)0(x2) - - 0(y).

By [3, Theorem 4], T),; is an invertible operator in S. Thus, the function g. given by

1 1 .
0) = (1,20)(0) =t [ | conta) = sintan)| o)ty

,7(2;) /R cos(zy)f(y)dy  (as 6(y) = 6(~y)) (23)

belongs to & C L'(R"), with (7;,,9+)(z) = 6(z) =1 on B(0,1). For short, we put

gx(z) == A" [ncos(zox) + isin(zoz)] g« (A1),

which is also in S, for any A > 1. Changing the variable A~'y := y and decomposing the kernel as in (17), we
obtain

(Ty,i9x) () :(271_1)2 / i [ cos(xAy) + isin(zAy)] [n cos(woAy) + isin(xoAy)] g«(y)dy

2
- (2;)3 /n {3774; L [ cos((a + o)) + i sin(Ay(z + 20))]

n?—1

+ p [ncos(Ay(x — x)) + isin(Ay(x — x0))]

T Breos(hy(—a+ 20) + isin(y( =z + 20))]

= froos(y(- — a0) + sy — 20)] | . )

32 +1 n?—1 n? -1
— (Th,i9+) (M@ + m0)) + TR (Ty,i9+) (M@ — 20)) + TR (Ty,i9+) (A(—=z + 20))
-1
I (Th.ig«) AM(=z —z0))  (as Tig+(2) = 0(z) = 1 on B(0,1))
_Jm on B(0,1/A), if zp=0,A>1
’72;1 on B(xg,1/)), if @ # 0, 71 < ||zo]l-

Ty,
We now consider hy(z) := (T, f)(z0)ga(z) — (g» % f)(z), which is a function in L*(R™) by Theorem 6.
Corresponding to the above two cases of x(, we deduce

(T,ihx) (@) =T, f) (o) (Ty,iga) (@) = (T, ) () (T,i92) ()

1137



CASTRO et al./Turk J Math

_ {@(Tn,if)(m — (Tif)(@) on B(0,1/A) if wo =0, A > 1;

5 [(Tnif)(@o) = (Tyaf)(@)]  on Blwo, 1/A) if @ # 0, A7 < ||z,

which proves identity (22) with: (i) %h,\ in place of h for g =0 and = € B(0,1/\); and (ii) 772221]”\ in place

of h for zg # 0, A™1 < ||zo]|.
We will justify that ||hy]l1 — 0 as A — oo. For this purpose, we again split the kernel as in (17) and
note that |ncos(t) 4+ isin(t)| < dp for all t € R (as indicated in the proof of Theorem 2), to have

[ha(@)| = [(Ty,i f)(z0)ga(z) — (9a T £)(@)
AT ) N
= Tn@E /Rn{(Sn +1) [ncos(zo(z + y)) + isin(zo(z + y))]

+ (0 = 1) [ncos(wo(w — y)) + isin(zo(z — y))]

+ (0 = 1) [ncos(zo(~x + y)) + isin(zo(~z +1))]

(P~ 1) Iy cos(zo(—z — ) + isin(zo(— — y)] }9*(A‘1x)f(y)dy

_ /n{(3772 + 1) [ncos(zo(x —y)) + isin(zo(z — y))] g« (x ; y)

+ (n* = 1) [ncos(zo(x +y)) +isin(zo(x + y))] g (x ;'\_ y)

+ (n* — 1) [ncos(zo(—z + y)) + isin(zo(—z + y))] g« <_x)\+ y)

07 = ) rcostao(—z — ) + isinan(—2 )] g. () Fra

p— Ain
Aln|(2m) %

/n {(3772 + 1) [ncos(zgv) + isin(zqv)] g. (’U ; y)

+ (n? = 1) [ncos(zov) + i sin(xov)] g. <U 1_ y>

+ (n* = 1) [ncos(zov) + i sin(xv)] g« <y ; v> — (n* = 1) [ncos(xv) + isin(zov)] g (—y}\— U)
A Ipcos(ean) + sin(eon)] g.0/A) 10}

Thanks to (23), g«(z) = g«(—x) for every & € R™. Thus, we have

_ A—TL
4n|(2m)2

()] /n {4772 [ cos(wov) + i sin(zov)] g (U ; y)

—4n* [2 cos(zov) + isin(zgv)] g*(v/)\)}f(y)dy’ .
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Since |ncos(t) + isin(t)| < dp for all ¢ € R, as shown in the proof of Theorem 2, we obtain

o [ 15l dy [ ncos(aon) +isinteon)la. (0 = 1)/) = 5.0/ do

_I1l6oA " 51
= e

[l
(2m)%

1Pl <

j/n|9*(@1—-y)/k)-—g*(v/A)|dv
/HWAS—RM)—g@MdSi2§+Q

Therefore, we can choose A\ large enough such that [|hy]]1 <€, for all x € B(0,1/)\). O

We introduce the following definition.

Definition 1 Let f € L'(R"). Then,

32 +1 21 21 21
”4n f(x+a)+n 1 1

(Taf)(x) :=

is called a translation by a € R™.

Note that for the well-known translation defined by (7,f)(z) = f(z — a), the asymptotic behaviors at +oo as
well as at —oo of f and 7,f do not change. However, this fact can be different for the above one. Given a

function f € L'(R™), let T(f) denote the linear hull of all translations 7, f, with a € R™. Then, spans(f)

denotes the closed linear hull of translations of f, i.e., span(f) := T(f). Since

N

spany(f) = Z(ﬁjf)(a:)/\j ta; ERPN=1,2,... 5,

j=1

the span;(f) contains the convolution presented in Theorem 6, for g € L'(R™).

We notice that the remarkable difference between the translation introduced in Definition 1, which we
need, and the usual one, (7_qf)q(z) = f(z + a), arises from the different structure of the kernel 7 cos(zu) +
isin(zu) in comparison with the kernel of the Fourier transform. In particular, the subset £ := {z = €'® :
x € R} C C assumes an abelian group structure for the usual multiplication as the set £ is the unit circle,
in contrast with the subset {ncos(z) + isin(z) : « € R} C C, since |npcos(z) + isin(z)| # 1 for some = € R,
provided n # £1.

For the Banach space L!'(R") with the usual norm, consider W := T, ;(L'(R")). As for W, we endow it
with the norm of L*(R"), that is, |15, fllw = || f|l1. Equipped with that norm, L'(R") and W are topological

vector spaces. Moreover, W has the pointwise multiplication structure with

Tyi T,
1T D) Taig)lw =T % g)lw = 15 % gl
3In* +2 3Inl* +2
<Samy g el = 5 s i flwl Tl
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Thus, L'(R™) and W are Banach algebras equipped with the convolution and pointwise multiplications,

respectively. Let us consider also the spaces
Xo:={f € L"(R") : T, f has compact support} C L'(R");

Wo :=T,,:(Xo) CW =T, ;(L*(R™)).

Similar to Lemma 2, the proof of the following lemma should come from the convolution (15), as we will see in
(27)-(30). Here, the dependence of the kernel 7 cos(xy) + isin(zy), the convolution (15), and the translation
(24) is significant.

Lemma 3 W, is dense in W.

Proof We start by noticing that 7, : f(z) — (ncos(az) + isin(azx))f(z), for any a € R™ fixed, and
the translation 7, : f ~ T.f, defined as in Definition 1, are bounded linear operators in L!(R"), with
17afllr < dollf]l1 and

6[n)? + 4

Toflh € sz
ITuflh < s

fl1-

Remark that 7,(Wy) C Wy, for every a € R™ and T,,,Y, = T,T5,,;, which can be expressed by the following

diagram
LYR™) — W S5 W,

ST

LYR"Y) —— W > W,

n,1

that is commutative. Moreover, X is invariant with respect to those operators. Indeed, suppose that f € Xg,
which implies (T;,;f)(£z £ a) € W, for a € R™. We obtain

(T3, Y1) () :L/n[n cos(zu) + isin(zu)] [ cos(au) + isin(au)| f(u)du

(2m)%
=$ (37" + 1) (T f)(x +a) + (n° = 1) (T f)(x — a) + (n* — 1)(T,:f)(—x + a)
—(* = )(Tpif)(—z —a)], (25)

that belongs to Wy, and

(a2 :(271) / treos(ay) + ésin{zy) {37]1: S+ 1724; Ly —a)+ 7724; f(=y+a)
Ly =) do
- (271)3 /n [3771: ~ reos(a(s = a)) + isinfa(s — o))
+ 7724,7 L ircos(e(s + a)) + isin(a(s + a))] + "2477 [ cos(z(—s + a)) + i sin(z(—s + )]
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n°—1
4n

=[ncos(az) + isin(az)] (T): f) (x), (26)

[ncos(x(—s — a)) +isin(z(—s — a))]| f(s)ds

which belongs to Wy. Thus, X is invariant as mentioned above.

Let 0 # f € Xy. Clearly, f € Xo. By (25) and (26), we have that Tiof, Txaf, (ncos(bz) +
isin(bz))(Teaf)(z) and (ncos(bz) + isin(bz))(Teaf)(z) are in Xg, for a,b € R™. To prove the lemma, we can
use the fact that a bounded linear operator has dense range if and only if its adjoint is injective (see Theorem
4.12 and its corollaries in [13]). Thus, we can consider the (continuous) adjoint operator of the bounded linear
operator acting between two normed spaces T,; : L'(R") — W, that is Tj, : W* — (Ll(R”))*. Recall that

the dual space (Ll(]R"))* is L>°(R"). We shall prove that 7}y,

, is injective. Let us consider

S ::{ (ncos(bx) + isin(bz)) (Tof)(x), (ncos(bzx) + isin(bx)) (T_o f)(x),

(ncos(bzx) +isin(bx)) (To f)(x), (ncos(bx) + isin(bx)) (’T,af)(x)} C Xo.
If a function ¢ € L>°(R™) is orthogonal to X, then ¢ L S. Hence,

/n [n cos(bx) + i sin(bx)]

e T e+ e - T ) s =020
/n [ cos(bz) + i sin(bx)]
2 2 - -
/n [ cos(bz) + i sin(bx)]
2 2 - - ‘-
[3774:Irlf($a)+ n477 1f(—x+a)+ 77477 1f(x*a)— n477 1f(l’+a)] i 2
/n [ cos(bx) + isin(bx)]
[3n4:1f(—:c+a)+ 774; e —a)+ ] 24_1f(x+a)_ 774— f(x_a)] Pt =0- G0

for all a,b € R™. The identities (27)—(30) can be seen as an homogeneous system of four equations with four

unknowns:
/n (ncos(bz) + isin(bz)) f(xz + a)o(x) dz,
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whose determinant is given by

3n%+1 n’—1 n?—1 n?—1
n2471 377%11 _:71;771 n fq
det(A)=| ., & LM 4 [ =-nP#0 (31)
ngfq _ :7127’71 37]4211 772421
4n 4n 4n 4n

This implies that the system of equations (27)—(30) has only the trivial solution, i.e.

/n [ncos(bx) + isin(bx)] f(+x £ a)p(x) dx =0,

for every a,b € R™. By the uniqueness theorem (Theorem 4) for T;, ;, we have that f(£z £ a)¢(z) = 0, for

almost every x and every a € R™. Integrating with respect to the variable a € R™, we obtain

0= [ [f(Fz+a)d(z)da = d(z)|f]1,
Rn
which follows ¢(z) = 0, almost everywhere, once [|f|l; # 0. Therefore, the operator T ; is injective. Since
f # 0, we derive that ¢(x) = 0 almost everywhere. Therefore, the operator Ty, has a trivial kernel, i.e. is

injective. O

Theorem 10 (Wiener-type Tauberian theorem) Let K € L'(R™). The set (T,,;K)W is dense in W if
and only if (T5,;K)(x) #0, for all z € R™.

Tn,i
Proof Suppose that (T, ;K)(z9) = 0, for some z¢o € R™. By the factorization identity (16), T, (K =«

n,i

f)(xo) = 0, for all f € L'(R™). Having in mind that T}, ;(K g f), for all f € LY(R"), are uniformly
continuous functions on R™, we deduce that (T}, ,/K)W is not dense in W, which contradicts the assumption.

Conversely, for any ¥ € L'(R"), such that T,:;¥ € W, we need to prove that T, ;¥ € (me By
Lemma 3, we only need to prove that the above inclusion holds for T, ;¥ € Wy, with 0 # ¥ € X,. By rescaling
with the coefficient (||¥]|;)”", we may assume that ||¥||; = 1. On the other hand, we put (T5,:K)(0) :== B #0.
Observe that (T;,,K)W is dense in W if and only if (7}, ;K')W is, where K’ = 7K. Therefore, we may

assume that (7),;K)(0) = 1. By Lemma 2, there exists an h € L'(R") with [|h]; < such that

2|n|
3[n2+2
1 —(Ty,:h)(z) = (T5,; K)(z) on B(0,9). (32)

Note that T, ;h is uniformly continuous on R™ and (7}, ;h)(z) tends to 0 as @ — 0 [3, Theorem 3]. Therefore,
we can choose ¢ small enough such that |(T),;kR)(z)| < 1 on B(0,6). Combining (32) with the factorization

identity for the convolution, we have

: "= ; . x) on
1= (Tyih)(@) — D [Tpal)@)]™ =14 3 Tua [(h) } (2) B(0,4), (33)

m>0 m>1
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where we assume that

i Tn,i Thi . Ty Th,:
(h) *1.=p, (h) * ™:=h ¥ hx o % h, form>2.

m times h

T7,7L
Now, we can construct a sequence of functions in L!'(R") by choosing go := ¥ and g, := h % gm_1, for

Ty,i

m > 1. In fact, g, =V ll (h) ™, for any m > 1. By the norm inequality of the convolution, we have

32 +2\" m 3|77\2+2
[gmll1 < ( IOl = = mme ) IR

2Jn|(2m)> 2n|(2m) %

m
since |¥]; = 1. As ||h]1 < %, we have [|gm|1 < (W) < 1. Hence, the series >, -, gm is

convergent in L'(R™) and defines a function G € L*(R"),

D=3 gula). (34)

m>0

There are two cases for the support of 1}, ; W.
Case 1: supp(T,,¥) C B(0,). Combining (32), (33), (34) and the previous assumption on T, ;¥ , we
have
1 —(Tyih)(2)] T,V (x) = (T, K)(x)(T5,:¥)(x), forevery x € R".
Thus,

1

@) =17 @)

(T, K) () (1,4 0) ()

=(T0:K) () (T 0) (z) |1+ Y Ty [ ] (x)

m>0

—(TiK)(@) | (Tyig0)(@) + T, L) F ()

m>1

=(T,; K)(x Z gm | (2)

m>0

= (T, K) (2) (T3, G) (),

for every x € R". Thus, (T,,;%)(z) = (T,,:K)(2)(T;,:G)(x) that belongs to (T, ;K)W.

Case 2: supp(T,;¥) ¢ B(0,8). To prove this case, we will use the fact that we can scale any
function that has compact support, in order to obtain a function for which its image by the operator T, ;
is supported in a ball centered at the origin and with an arbitrarily small radius. In particular, suppose that
supp(T;,;¥) is contained in the ball B(0, M), for some M > 0. Putting (U,)(x) := (6/M)¥(éx/M), we obtain
(T5,:9,) = (1,,;,9)(Mz/6). Since supp [(T},;¥)(Mz/d)] C B(0,6), we have that supp (T,,¥.) C B(0,6).
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Thus, we are in the first case and we have that T),;¥, € (T, ;K)W. By the fact ¥ € L'(R") if and only if
U, € LY(R™), we have that T, ;¥ € (T, ; K)WV. O

Theorem 11 (Wiener-type theorem) Let K € L'(R™). Then, spany(K) = L'(R™) if and only if (T;,,K)

has no real zeros.

Proof Suppose that (T),,K)(z) # 0, for every z € R™. By the factorization identity in (16), we have

Tn,i
(T YW = {(Ty i K) (Tyag) : g € L'(R")} = {TM(K ¥ g) :geL%R“)}.

Ty,
Combining this with the previous theorem and the fact that span,(K) contains all the convolutions K g,
for g € L'(R™), we derive that spany(K) = L*(R").

T’Iﬂ‘r

Conversely, suppose that spany(K) = L'(R™). If (T,,K)(z¢) = 0, for some xq, then T, ;(K *

Ty

g)(wo) =0, for all g € L*(R™). Since the functions T}, ;(K * g)(z), for g € L*(R™), are uniformly continuous
on R", we derive that spany(K) & L'(R"), which contradicts the assumption of the theorem. O

Definition 2 (see [13]) A function ¢ € L (R™) is said to be slowly oscillating if, for every € > 0, there exist
an A < oo and a § >0 such that

[0(z) — d(y)| <e if [z[> Ayl > A |z —y| <6 (35)

The slowly oscillating continuous functions are very attractive because they are closely related to several
different topics in functional and harmonic analysis. The following theorem incorporates the Wiener’s and Pitt’s

ideas, but our operator presents an asymmetric kernel, in contrast with the original idea of Pitt.

Theorem 12 (Wiener—Pitt type Tauberian theorem) Let K € L'(R") satisfies the condition (T, ;K)(z) #
0, for every x € R™. Suppose that for ¢ € L>®(R™) given, it holds

Jim (K 0)(@) = ¢(T,8)(0),
for some ¢ € C. Then,
i (1 F @) = (T, 0) (36)

for every f € L*(R"™).

Moreover, if we assume that ¢ is slowly oscillating, then

lim ¢(z) = (. (37)

|| =00
Proof We start by observing that

(n

(T, H)0) = otz [ Ky (8,00 = ot [
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Put ¢(x) = ¢(z) — ¢ and consider a subset of the Banach space L!(R")

P .= {feLl(R”): lim (f %' w)(x):O}.

|z|— 00

We shall prove that P is a closed linear subspace of L*(R™). Indeed, suppose that f,, € P with ||f, — f|l1 — 0,
as n — oo. By the Young type inequality (18), we have

T77’i T77 i TT, i

[fn * = f % Ylloo =(fn—f) * I <Clifn = fll¥llc =0,

*

as n — oo, which implies that { In Talc 1/1} converges uniformly on R"™ to f Ti ¢ € LY(R™). In particular,
there is some ng such that, for n > ng, we have ||f, — f|l1 < €, and, as f,, € P, there is some N such that
|z| > N implies |(fn, Ty ¥)(z)| < €. Then, for |z| > N, it holds
Ty Ty Ty Ty.s
[ * V)@)] I+ 9)(@) = (oo * D)@+ (fno * ¥)(2)]
<Cllloollfn = Flls + 1(Frg ¥ 9)(@)] < €(Cllbllos + 1)

So, P is a closed space in L'(R"). Clearly, K € P. Moreover, note that P contains all the translations in
T,,i(K). By Theorem 11, we have that P = L'(R"), which proves (36).
Now, let us prove (37). Let € > 0. As ¢ is a slowly oscillating function, we have A > 0 and 6 > 0 for

which ¢ satisfies (35). For such d, we will consider the function

g(z) ==

e~ zlel?, if |z| <
0, if |z| > 4.

Clearly, g is supported on the box |z| < § and then, g € L*(R™). Moreover, g > 0 and g(x) = g(—x), for all
x. Let us consider @ := (T},,9)(0). Clearly, @ > 0. We will choose fy(z) = g(x)/Q which has the following

properties:
(i) fo is supported in the box |z| <4, fo(z) = fo(—2), for all x;

(ii) fo(x) >0, for every x € R™ and

(T,.4£0)(0) = (2;;” - / _ folwdu=1.

Ty, Ty,
Applying (36) proved above and having in mind that f x ¢ =¢ * f and fo(—2) = fo(x), for all =, we have

1

i S — 2 T —u 2_ Tz +u 2_ —T+u
i {ame [ [ 06 -0 02 = Do)+ 6 = Dol

~ 0P = Dol = )] fow) duf = .
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Replacing = := —z and u := —u, we have

i _ 2 T—u 2 r+u)—(n° - —T+u

i {am [ [0 = 00 =10 4 G+ Dot 6 = Dol
+ 0P = Dol 0] o) duf =G

. 1 2 _ T — ) — (n?— T +u 2 —z+u

Jim { e [ [ =100t =10 = 02 = Dote )+ G+ Do+

0P = Do — 0] fou) du p = G

1

i —_— - T—u 2 T+ u 2 —T+u
,wllglm{4n(2ﬁ)n/2 /| ‘g[ (2 = 1)o@ —w) + (F = Dl +w) + (7 — 1)é(— + u)

+ (39% + 1) p(—x — u)} fo(u) du} =(.

Defining

. 1 = lim 71
X = |m1|1inoo {477(27T)"/2 /|u§6 ¢($ — U)fO(U) du} s Y = \zl|—>oo {417(271’)"/2 /U|S(5 ¢<x + u)fO(u) du} ’

: 1 — lim )1 e
Z:= |zl|lgloo {W /|'u.<5 ¢(—z + u) fo(u) du} ;o W= \zlgloo {477(277)71/2 /|u<5 P(—z —u) fo(u) du} )

we obtain the following system of linear equations

B+ )X + (0 -1)Y + (> - 1)Z (772—1)W=C
P =DX+GP+1)Y -~ -1DZ+ (" - YW = ¢
P =DX ==Y+ @B+ DZ+(n* - YW =(
—(? =X+ =Y + (> = 1)Z + Bn* + YW = (.

The determinant of this system, calculated in (31), is different from zero, provided 7 # 0, which implies that
the unique solution of the system is X =Y = Z = W = ¢/4n?. Thus, for |z| > A+ J and |u| < §, it follows
that |z — u| > A. By the properties (i), (ii), (35), and the solution of the above system, we have

n — r—Uu u u
/Iu<5[¢<x> o — u)] folu) d

— 77 r—1Uu u Ul =
‘¢<x> ST /Mgﬁ( Mol | =|

S(27:;11/2/'<5|¢(x)_¢(x_“)|f0(u) du < e,

which means that

|z] =00 || =00 4’]7(27(')”/2

lim o) = 4P lim (1 /|u§6¢(m—u)fo(u)dU> ¢
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