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Column distances of convolutional codes

over Zpr
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Abstract

Maximum Distance Profile codes over finite non-binary fields have been introduced and thoroughly
studied in the last decade. These codes have the property that their column distances are maximal among
all codes of the same rate and degree. In this paper we aim at studying this fundamental concept in the
context of convolutional codes over a finite ring. We extensively use the concept of p-encoder to establish
the theoretical framework and derive several bounds on the column distances. In particular, a method for

constructing (not necessarily free) Maximum Distance Profile convolutional codes over Z,r is presented.

I. INTRODUCTION

Massey and Mittelholzer [19] showed that the most appropriate codes for phase modulation are the linear
codes over the residue class ring Zy; and this class includes the convolutional codes over Zj;, where M is
a positive integer. Fundamental results of the structural properties of convolutional codes over finite rings
can be found, for instance, in [7] and [12]. Fagnani and Zampieri [7] studied the theory of convolutional
codes over the ring Z,- in the case when the input sequence space is a free module. The problem of
deriving minimal encoders (left prime and row-reduced) was posed by Solé et al. in [26] and solved by
Kuijper et al. in [16] and [17] using the concept of minimal p-encoder, which is an extension of the concept
of p-basis introduced in [29] to the polynomial context.
The search for and design of good convolutional codes over Z,- have been investigated in several works
in literature. Unit-memory convolutional codes over Z, that give rise to binary trellis codes with high free
distances together with several concrete constructions of these codes were reported in [2] and [15]. In
[13] two 16-state trellis codes of rate 2/4, again over Z4, were found by computer search. Also worth
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mentioning is the paper of [26] where convolutional codes achieving the Gilbert-Varshamov bound were
presented. However, in contrast to block codes, as in the case of [10] and [23], little is known about
distance properties and constructions of convolutional codes over large rings.

Recently, in [24], a bound on the free distance of convolutional codes over Z,- was derived, generalizing
the bound given in [25] for convolutional codes over finite fields. Codes achieving such a bound were
called Maximal Distance Separable (or MDS). The concrete constructions of MDS convolutional codes
over Z,- presented in [24] were restricted to free codes and general constructions were built in [21].
Column distances of convolutional codes over finite fields have been already studied for decades [14].
However, the concept of Maximum Distance Profile (MDP) convolutional codes over (non-binary) finite
fields have been defined and fully studied by Rosenthal er al. in [9], [11] and [27]. These codes are
characterized by the property that their column distances are optimal. Fast growth of the column distances
is an important property for codes to be used with sequential decoding since they have the potential to
correct a maximal number of errors per time interval. For this reason these codes are very appealing for
streaming applications (see [27]). Despite the importance of the notion, column distances of convolutional
code over a finite ring are yet unexplored.

In this paper we aim at investigating this concept. In particular, we derive upper-bounds on the column
distances and provide explicit novel constructions of (not necessarily free) MDP convolutional codes over
Z,r. We note that the ring size required to build this class of convolutional codes is in general large. In the
proof of these results, an essential role is played by the theory of p-basis and in particular of a canonical
form of the p-encoders. As for the construction of MDP, in contrast with the papers [23] and [24] where the
Hensel lift of a cyclic code was used, in this paper a direct lifting is employed to build MDP convolutional
codes over Z,- from known constructions of MDP convolutional codes over Z,. Note that by the Chinese
Remainder Theorem, results on codes over Z, can be extended to codes over Zy,, see also [12] and [20].
The paper is organized as follows: In the next section we introduce some preliminaries on p-basis of
Zy-[D]-submodules of Zj.[D]. After presenting block codes over Z,- we introduce the new concepts of
p-standard form and r-optimal parameters. We conclude the preliminaries by defining convolutional codes
over Zy-. In section III we define and study column distances of convolutional codes over Zj-. Finally, in
Section IV we propose a method to build MDP convolutional codes over Z,. The most technical proofs

of our results are in Section V.

II. PRELIMINARIES

This section presents the necessary background to derive the main results of the paper. Some of these are

known in the literature and others are new.
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A. P-basis and p-dimension

Let p be a prime integer. Any element in Z, can be written uniquely as a linear combination of 1, p, p?, ...

..,p"~ 1, with coefficients in A, = {0,1,...,p — 1} (called the p-adic expansion of the element) [3].
Note that all elements of .A,\{0} are units. Let us denote by Z,-[D] (A,[D]) the ring (set) of polynomials
over Zy,r (Ap) in the indeterminate D. In [29], p-basis for Z,--submodules of Z;}T were first presented and
later were extended for the module Zj,[D] in [17]. These notions will play an important role throughout

the paper since they will allow us to analyse the distance properties of convolutional codes over Zj-.

k

Let v1(D),...,vx(D) be in Zj.[D]. The vector Zaj(D)vj(D), with a;(D) € A,[D], is said to be a
j=1

p-linear combination of v;(D),...,vx(D) and the set of all p-linear combinations of vy (D), ..., vk(D)

is called the p-span of {vi(D),...,vx(D)}, denoted by p-span (vy(D),...,vr(D)). An ordered set of
vectors (vy(D),...,vx(D)) in Zy,[D] is said to be a p-generator sequence if pv;(D) is a p-linear
combination of v;1(D),...,vx(D), i=1,....,k—1, and pvg(D) = 0.

If (v1(D),...,v(D)) is a p-generator sequence, p-span(vi(D),...,vx(D)) = span(vi(D),...,vx(D))
[17] and consequently the p-span(vi(D),...,vx(D)) is a Z,--submodule of Z7.[D]. Moreover, note that
if M = span(vy(D),...,vx(D)),

(v1(D), pvy(D)...,p" tvi(D),v2(D), pva(D),...,p" tva(D), ..., vp(D), pur(D) ... ,p" turp(D))

)]

is a p-generator sequence of M.

The vectors v1(D),...,vx(D) in Zy.[D] are said to be p-linearly independent if the only p-linear

combination of vy (D), ..., vk (D) that is equal to O is the trivial one.

An ordered set of vectors (v1(D),...,vx(D)) which is a p-generator sequence of M and p-linearly

independent is said to be a p-basis of M. It is proved in [16] that two p-bases of a Z,-[D]-submodule M

of Zj,[D] have the same number of elements. This number of elements is called p-dimension of M.

A nonzero polynomial vector v(D) in Zj. [D], written as v(D) = ti() v D', with v; € Zj},., and v, # 0, is

said to have degree v, denoted by deg v(D) = v, and v,, is called the leading coefficient vector of v(D),

denoted by v'“. For a given matrix G(D) € ZZTX"[D} we denote by G'¢ € Z’;TX" the matrix whose rows

are constituted by the leading coefficient of the rows of G(D). A p-basis (v1(D),...,vx(D)) is called a

reduced p-basis if the vectors vlf, cee vff are p-linearly independent in Z-.

Every submodule M of Zy.[D] has a reduced p-basis. Algorithm 3.11 in [17] constructs a reduced p-basis

for a submodule M from a generator sequence of M. The degrees of the vectors of two reduced p-bases

of M are the same (up to permutation) and their sum is called the p-degree of M.
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B. Block codes over a finite ring

A (linear) block code C of length n over Z,,- is a Z,--submodule of Z,» and the elements of C are called
codewords. A generator matrix Ge ZETX" of C is a matrix whose rows form a minimal set of generators
of C over Zy-. If G has full row rank, then it is called an encoder of C and C is a free module. If C has

p-dimension k, a p-encoder G € Z’;,-X" of C is a matrix whose rows form a p-basis of C and therefore

C=1Imy,G={v=uGcZ,y, :ueAﬁ}.

Note that we use & and k for the number of rows of a generator matrix G and a p-encoder G respectively.
Every block code C over Z,- admits (see [23, Theorem 3.3.]) a generator matrix G in standard form,

i.e., in the form

I, A?,o Ag,o Ag,o T A(T)—I,O Ag,o
0 ply, pA%,l pAé,l T PALM pA}",l
G=10 0 p21k2 pQA%,z T p2A72_172 p2A3,2 ) (2)
0 0 0 0 o P, prlALL

where [}, denotes the identity matrix of size k; and the columns are grouped into blocks with
ko,...,ky_1 and n — Z:;(]l k; columns.

Given a p-basis (v1,...,v) of C there are certain operations that can be applied to (v1,...,vx) so that
we obtain another p-basis of C. Some of these elementary operations are described in the following

lemma which is not difficult to prove, see more details in [28].

Lemma 1. Let (vq,...,vy) be a p-basis of a submodule M of Zyyr. Then,

k . . .
1) If v, =v; + Zj:i+1 a;v;, with a; € Apr, then (vq,...,0,_1,0,,Vit1,...,0y) is a p-basis of M.
2) If pv; is a p-linear combination of vj,vji1,...,V, for some j > i, then
(V15 ey Vim 1, Vi1 -+, Vi1, V4, Uy« -, Uk ) Bs @ p-basis of M.

Performing the operations described in the previous lemma it is easy to verify that we can transform a
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generator matrix G of C in standard form into a p-encoder G in the following form:

[ Iy, A(l) 0 Ag,o Ag,o Ag—l,o Ag,o ]
pl, 0 pAz1 pAg,l PAZ 11 PAg,l
0 pfkl PA3 pA;),l PAF 11 pAi,l
p Iy, 0 0 p>AS, p?AY_ |, p*AY,
0 p Ik1 0 p2A§,2 p2A1—1 2 PQAi 2
0 0 p Ik2 P2A§,2 p2A$71 2 pQAE 2
777777777777777777777777777777777777777777 3)
prillku 0 0 0 0 prilA(r),r—l
0 p i, 0 0 0 prALL
0 0 J 0 0 pTAYL
0 0 0 p " Iy 0 prAY
L0 0 0 0 Pk, P ALY
One can verify that the scalars k;, i = 0,1,...,r — 1, are equal for all p-encoders of C in this form, ie.,

they are uniquely determined for a given code C C Z;, and coincide with the parameters appearing in (2)
for generator matrices in standard form. We call kg, k1, ..., k.1 the parameters of C. If GG is in such a
form we say that GG is in the p-standard form. The p-standard form will be a useful tool to prove our
results in the same way the standard form was for previous results in the literature, see for instance [3]
and [23]. It is easy to see that if C has p-dimension k then k = Z?;Ol ki(r —1i).

The distance d(C) of a linear block code C over Z,,- is given by

d(C) = min{wt(v),v € C,v # 0}

where wt(v) is the Hamming weight of v, i.e., the number of nonzero entries of v.
Since the last row of a p-encoder (or of a generator matrix in standard form) in p-standard form is
obviously a codeword we can easily recover the Singleton-type upper bound on the free distance of a

block code over Z,~ derived in [23].

Theorem 2. Given a linear block code C C Ly with parameters ko, ..., k._1, it must hold that
d(C) S’I”L—(k‘o-‘r"'-i-k,-_l)—‘—l.

Among block codes of length n and p-dimension k, we are interested in the ones with largest possible
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distance. For that we need to introduce the notion of an optimal set of parameters of k [28].

Definition 3. Given an integer v > 1 and a non-negative integer k we call an ordered set
(ko, k1, ,kr—1), ki € Ng, i =0,--- ,r — 1 an r-optimal set of parameters of k if

ko+Fki+--+keoy = min ky+ ki 4+ +k._q).
oM ! k:r'k6+(7-—1)ki+~~~+k;71( oM 1)

Note that when r divides k, (ko,0,...,,0), with kg = % is the unique r-optimal set of parameters of k.
However, in general, the r-optimal set of parameters of %k is not necessarily unique for a given k£ and r.
For instance if k = 25 and r = 6, (4,0,0,0,0,1) and (0,5,0,0,0,0) are two possible 6-optimal set of
parameters of 25. Note that the computation of the r-optimal set of parameters is the well-known change

making problem [4].
Lemma 4. [2]] Let (ko, k1, ,k-_1) be an r-optimal set of parameters of k. Then,
k
kot+ki+- -+ k1= =
Hence, for a given C C ZZT- with p-dimension k, a Singleton bound can be defined.

Corollary 5. Given a block code C C Zy, and p-dimension k,

k
d(C) <n— {—‘ + 1.
r
This bound also follows from the fact that, for any block code (not necessarily linear) we have that

IC| < (p")™ )+ see [23], and it can also be found in [24].

C. Convolutional codes over a finite ring

Next we introduce the class of convolutional codes considered in this work together with some properties
of p-encoders, namely, catastrophicity, delay-freness and minimality. Minimal p-encoders allow us to
define the p-indices and the p-degree of a convolutional code which are natural extensions of the notions
of Forney indices and degree in the context of finite fields.
We will consider convolutional codes constituted by left compact sequences in Z,-, that is, in which the
elements of the code will be of the form

w: Z = Ly

t — Wy
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where w; = 0 for ¢ < £ for some ¢ € Z. These sequences can be represented by Laurent series,
[ee]
w(D) =Y w,D" € Z-((D)).
t=0

Let us denote by Z,- (D) the ring of rational functions over Z,- in the indeterminate D. More precisely,

Zy-(D) is the set

D
{% :p(D),q(D) € Zy-[D] and the trailing coefficient of ¢(D) is a unit in Z,-}.
q

This last condition allows us to treat a rational function as an equivalence class in the relation

p(D) pi(D)

a(D) ¢ (D)
Note that Z,-(D) is a subring of of the ring of Laurent series Z,-((D)) and, obviously Z,-[D] is a
subring of Z,- (D).

if and only if p(D)q1(D) = p1(D)q(D).

A rational matrix A(D) € Z*“(D) is invertible if there exists a rational matrix L(D) € Z,*‘(D) such
that L(D)A(D) = I. Moreover, A(D) is invertible if and only if A(D) is invertible in Z{**(D), where
A(D) represents the projection of A(D) into Z,(D) [7].

Most of the literature on convolutional codes over rings considers codewords as elements in the ring of
Laurent series [6], [8], [12], [16], [18], [24]. We shall adopt this approach and define a convolutional
code C over Zy- of length n as a Z,-((D))-submodule of Zy. ((D)) for which there exists a polynomial
matrix G(D) € Zﬁrxn[D} such that

C = Imy,(p)G(D)= {u(D)é(D) €2 (D)) : u(D) € ZE((D))}.

The matrix CNJ(D) is called a generator matrix of C. If é(D) is full row rank then it is called an

encoder of C. Moreover, if
C = Imy,p)G(D)={u(D)G(D) € Z;.((D)) : u(D) € A;((D))},

where A,((D)) = {3/ a;D' : a; € A, and s € Z}, and G(D) € ZEX™[D] is a polynomial matrix

whose rows form a p-basis, then we say that G(D) is a p-encoder of C and C has p-dimension k.

Remark 6. We emphasize that in this paper we do not assume that C is free. Hence, it is important to
underline that there exists convolutional codes that do not admit an encoder. However, they always admit
a p-encoder. For this reason the concept of p-encoder is more interesting and natural than the standard
concept of the encoder. The difference is that the input vector takes values in Aﬁ((D)) for p-encoders

whereas for generator matrices it takes values in Zg((D)) This idea of using a p-adic expansion for the
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information input vector is already present in, for instance, [3] and was further developed in [29]
introducing p-generator sequences of vectors in Zyr. In [16] and [17] this idea was extended to

polynomial vectors.

Next lemma is straightforward and states that a convolutional code can be equivalently defined as the

image of a rational matrix.

Lemma 7. [5] Let C = Imy,_, (p))N (D), where N(D) € ZETX”(D). Then C is a convolutional code, and
if N(D) is full row rank, C is a free code of rank k.

A generator matrix G(D) € ZETX”[D] is said to be noncatastrophic ([16]) if for any u(D) € ZET((D)),
u(D)G(D) € 22, [D] = u(D) € Z.[D).

Note that this property is a characteristic of a generator matrix and not a property of the code. For
example in Zy, G1(D) =[1+ D 1+ D] and Go(D) = [1 1] are two encoders of the same convolutional
code, but G2(D) is noncatastrophic and G1(D) is catastrophic. However, there are convolutional codes

that do not admit noncatastrophic generator matrices like illustrated in the following example [16].

Example 8. The convolutional code over Zy with encoder G(D) = [L + D 1+ 3D] does not admit a

noncatastrophic encoder.

It is clear that a generator matrix that is not full row rank is catastrophic and therefore convolutional
codes that are not free do not admit noncatastrophic encoders.
Analogously, we say that a p-encoder G(D) € Z’;rx” [D] is said to be noncatastrophic [16] if for any
u(D) € Ap((D)),

uw(D)G(D) € Z2.[D] = u(D) € AL[D].

If a convolutional code C admits a noncatastrophic encoder G(D) € ZETX"[D] then, obviously, it also
admits a noncatastrophic p-encoder, namely
G(D)

(D) = pG(D)

p’T'G(D)
However, there are convolutional codes that do not admit noncatastrophic encoders but admit

noncatastrophic p-encoders like it is shown in the next example [16].
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Example 9. Let us consider again the convolutional code C over Z4 of Example 8. The p-encoder

1+D 143D
2 2

G(D) =

of C is noncatastrophic.

We call a convolutional code that admits a noncatastrophic p-encoder a noncatastrophic convolutional
code. Thus, the class of noncatastrophic convolutional codes contain the class of convolutional codes that
admit a noncatastrophic encoder. In [16] it was conjectured that all the convolutional codes admit a

noncatastrophic p-encoder and this is still an open problem.

Another property of p-encoders that is relevant for this work is “delay-freeness”. We say that a p-encoder

G(D) of a convolutional code C is delay-free if for any u(D) € A¥((D)) and any N € Z
supp (u(D)G(D)) C [N,+00) = supp (u(D)) C [N, +00),
where supp (v(D)) denotes the support of v(D) = Y v; D%, i.e., supp (v(D)) = {i : v; # 0}.

Lemma 10. [16] Let G(D) € Z];TX"[D] be a p-encoder. Then G(D) is delay-free if and only if the rows
of G(0) are p-linearly independent in Zy)..

All convolutional codes admit a delay-free p-encoder. Moreover, if C is a noncatastrophic convolutional
code, then it admits a delay-free and noncatastrophic p-encoder which rows form a reduced p-basis [16].
Let C be a noncatastrophic convolutional code of length n over Z,- and let G(D) be a delay-free
noncatastrophic p-encoder of C, such that its rows form a reduced p-basis. Then G(D) is called a
minimal p-encoder of C. The degrees of the rows of G(D) are called the p-indices of C and the
p-degree of C is defined as the sum of the p-indices of C. Moreover, if C has p-dimension %k and

p-degree ¢, C is called an (n, k, §)-convolutional code.

III. COLUMN DISTANCE OF CONVOLUTIONAL CODES OVER A FINITE RING

In this section we analyse two fundamental distance properties, namely, free distance and column
distance. Once we recall the definition of free distance [21] and [24], we introduce, for the first time, the
concept of column distance of convolutional codes over Z,-. We also derive an upper-bound on these
distances which leads to the notion of Maximum Distance Profile convolutional code. The weight of
v(D) =Y, e, viD" € Zyr ((D)) is given by wt(v(D)) = 3, wt(v;) and the free distance of a

convolutional code C is defined as
d(C) = min{wt(v(D)) : v(D) € C, v(D) # 0}.
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Theorem 11. [24, Theorem 4.10] The free distance of an (n,k,0) convolutional code C satisfies

wsa((f])- £ ([f )4

Similarly to the field case, the bound (4) is called the generalized Singleton bound. As for column

distance [14] we define
U(D)|[i,i+j] = ;D' + ’Ui+1Di+1 RS 'Ui+jDi+j

and analogously for w(D)|[; ;4 for u(D) = Y_,, ueD* € AE((D)). The j-th column distance of a
p-encoder G(D) is defined as

dj(G(D)) min{wt(v(D)|(i,i4;1) : v(D) = u(D)G(D), u; # 0 and ug = 0 for £ < i}

min{wt(v(D)|j0,;1) : v(D) = u(D)G(D), ug # 0 and u; = 0 for i < 0}.

This is a property of the p-encoder and different p-encoders can have different column distances.
However, the column distances are invariant under the class of delay-free p-encoders of a code and they

are equal to
d5(G(D)) = min{Wt(0(D)lfipsnimn+i]) 1 V(D) € C

where v(D) =3, v D" € Z7.((D)) with ;. # 0, for j € No. As every (n, k,§)-convolutional
code C admits a delay-free p-encoder, we shall define the j-th column distance of C, denoted by d5(C),
as the column distance of one (and therefore all) of its delay-free p-encoders. If no confusion arises we
use df for d$(C). It is obvious that d§ < d5,, for j € No.

Next definition extends the well-known truncated sliding generator matrix of a convolutional code over a
finite field [9] to convolutional codes over finite rings (Z,- in our case).

Given a p-encoder G(D) =Gy +G1D +---+ G, D" € ZI;TX"[D], we can define, for every j € Ny, the

truncated sliding generator matrix G¢ as

Go Gy - G
Gy --- Gj_l . .
. G+DEX(G+1)n
G§ = _ € Zy !
Go

where Gy = 0 whenever ¢ > v. In terms of the truncated sliding generator matrix the column distance

reads as follows: Given a delay-free p-encoder G(D) of a convolutional code C over Z,-, the j-th
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column distance of C is given by

dj = min{wt(v) : v =uGj € Zgr(j+l), u=[up...u;] € A];(j+1), ug # 0},

for j € Np.
Next, we present a result that allows to decompose a convolutional code over Z,- into simpler

components.

Theorem 12. Every convolutional code C over Zy,- admits a generator matrix of the form

Go(D)
aoy-| " )
prflfgv;fl(D)
and such that
Go(D)
G(D) = gl(:D) ©)
Gr-1(D)
is full row rank. Thus, C; := Imgz, . (DY) CZ(D) is a free convolutional code, for i =0,1,...,r — 1, and
C=Co®pCi®-- ®p ~'Cr1. (7

Proof: Let G(D) be a generator matrix of C. If G(D) is full row rank then C is free and C = Cp.
Let us assume now that G(D) is not full row rank. Then the projection of G(D) into Zy| D],
G(D) e Zy*™(D], is also not full row rank and there exists a nonsingular matrix Fy(D) € Zy**[D] such
that
Go(D)

Fy(D)G(D) = )| med

where Go(D) is full row rank with rank ;. Further, it follows that

Go(D)

Fo(D)G(D) = | .
pG1(D)

where Go(D) € Zf;ix"[D] is such that QTO(D) = Go(D) and Gy(D) € Z;’f_g")xn[D]. Moreover, since
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Fy(D) is invertible, it follows that

~ Go(D)
Iz, (0 G(D) =Imz,. (o) |
pG1(D)
Go(D) | . : .
and therefore N is also a generator matrix of C. Let us now consider
pG1(D)
F(D) € ZF~ 0 * =) D] such that
= Gi(D
F(D)G(D)=| ! mod p,
0

where G'1(D) is full row rank with rank ¢; and

g1(D)

Fi(D)Gy (D) = ~
pG2(D)

with G/(D) € Z™[D] such that G7 (D) = G} (D) and Ga(D) € ZE~~)*"[D]. Hence,

Go(D)
Iy, 0 ~
Fo(D)G(D) = | pG{(D)
0 Fi(D) e
p°G2(D)
Go(D) | . . . . . .
If is not full row rank, then there exists a permutation matrix P and a rational matrix
g1'(D)
Li(D) € Z3** (D) such that
- Go(D)
I, 0 Go(D
Pl Lo o ( >) = | »or'(D) |
Li(D) I pG1 (D
p*G5(D)
. . g D
where G/ (D) € Z;}X”(D) and G5(D) € Zl(frl b (D) are rational matrices and o(D) is a full
g1"(D)
. . . I@o 0 . .
row rank rational matrix. Since P is nonsingular we also have that
Li(D) I
. Go(D)
gO(D) "
by
p*G5(D)
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Let G (D) € Zf)‘rx"[D] and G5 (D) € Zl(f;l %IV"[D} be polynomial matrices (see Lemma 7) such that

Go(D) Go(D)
Img,.((py | pG{"(D) | =1Imz,. (o) | pGi(D)
PG(D) #G(D)
Go(D)
G1(D Go(D
Then PGi(D) is still a generator matrix of C such that %0( ) is full row rank.
p*Gy (D) G1(D)
p2§2(D)

Proceeding in the same way we conclude the proof.

Remark 13. The decomposition (7) could have been derived using the fact that 7, ((D)) is a
semi-simple module. Note, however, that Theorem 12 is constructive and its proof provides an algorithm
to build the free modules C;. Moreover it states that these submodules of Z. ((D)) are indeed
convolutional codes. Note that submodules of Zy-((D)) do not always admit a polynomial or rational set

of generators and therefore they are not necessarily convolutional codes.

If we denote by ¢; the rank of C; then {/o,...,¢,_1} are clearly invariants of C. We will call them the
parameters of the convolutional code C.

From now on, in order to simplify the exposition, we assume that the generator matrix G (D) is as in (5)
and such that G(D) in (6) is such that G(0) is full row rank. Hence, we can directly obtain a delay-free

p-encoder by extending G(D) as

Go(D)
pGo(D)
pGi(D)
p*Go(D)
p*G1(D)

G(D) = ~ =Y G,D".
( ) pZQQ(D) iEZNO

P Go(D)

L pr_l(jrfl(D) _

As the rows of G(0) = G form a p-basis (over Z,-) then the parameters of the block code
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Co = Im4,G(0) coincide with the parameters of C. Before establishing upper bounds on the column

distances of a convolutional code we present a useful result on the truncated sliding matrix G of G (D).

Proposition 14. [f G(D) € Zﬁrxn[D] is a p-encoder of a convolutional code C then the rows of G form

a p-generator sequence, for any j € Ny.

Proof: See appendix. |
Theorem 15. Let C be a (n, k, §)-convolutional code with parameters ko, k1, ..., k.—1. Then, it holds
that

r—1
S < (j+1) (n—Zm) +1.
i=0
Proof: See appendix. [ |

Column distances are very appealing for sequential decoding: the larger the column distances the larger
number of errors we can correct per time interval. Hence we seek for codes with optimal column
distances. Selecting an r-optimal set of parameters of a given p-dimension k, (ko, k1, ..., k-—1), the

following corollary readily follows from Lemma 4.

Corollary 16. Given a convolutional code C with length n and p-dim(C) = k it holds

ds < <n— “{D(j%—lﬂ—l.

Let us denote the bound obtained in Corollary 16 for the column distance by

56) = (n- 5]} G+ 041

and the Singleton bound obtained in Theorem 11 for the free distance by

(8- )-9-
()t

with o= [£ ([4] +1) 2] - (£ (|4] +1) - ).

Now we are in position to introduce maximum distance profile convolutional codes over a finite ring.

SB

These codes generalize the notion introduced in [9] for maximum distance profile convolutional codes

over finite fields to the ring case.

Definition 17. An (n, k, 6)-convolutional code C over Z, is said to be Maximum Distance Profile
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(MDP) if d; = B(j), for j < L, where L = maz{j : B(j) < SB}.
A simple counting argument leads to the following result which determines the value of such an L.

Theorem 18. Ler C be an MDP (n, k, 6)-convolutional code over Z,: and
(=PRI +7 e+ [ =%
AT

with o =2 (|2] +1) = 2] = (2 (|2] +1) = 2). Then L = | X|.

I

X =

IV. CONSTRUCTIONS OF MDP CONVOLUTIONAL CODES OVER Z,»

In this section we will show the existence of MDP convolutional codes over Z,- for any given set of
parameters (n, k, d) such that k | §. Moreover, we will do that by building concrete constructions of such
codes. In contrast with other existing constructions of convolutional codes over Z,- with designed
distance [23], [24] where Hensel lifts of a cyclic code were used, we propose a method based on a direct
lifting of an MDP convolutional code from Z, to Z,-. We note that similar lifting techniques can be
applied for different set of parameters (n, k, ), see for more details [28].

Given the finite ring Z,- and the set of parameters (n, k,0) with k | §, we aim to construct an MDP

(n, k, §)-convolutional code C over Z,-. To this end, denote ko = LH and v = %. Take k = ko + 1 and
5 = %1/, and let us consider an MDP convolutional code C with length n, dimension k and degree S over
Zyp. Let C:*(D) € ZEX”[D} be a minimal basic encoder of C, i.e., with G'° full row rank over Z,, and left

prime (constructions of such codes can be found in [1], [9], [22]). Therefore,

d5 = min{wt(v(D)|p) : v(D) = u(D)G(D), w(D) = Y ;D" € Z,((D)), ug # 0}

i€Ng

G+Dn—k)+1, j<L

where I = {%J + LﬁJ, see [14], [9].

Let R = k — kor and decompose G(D) as

~ Go(D) -
amy=| _ -3 Go
( Gr-—r(D) 0<i<v

where Gy, (D) has ko rows and Gy, (D) has 1 row. In the case r|k then G(D) = Go(D). Next, we
straightforward expand G(D) as
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Go(D)

pGo(D)
" Go(D .
G(D) = P Go(D) - Y G @®)
p" G, _r(D) 0<i<v

pr—R+1 gr—R(D)

pr_l QNT—R(D )
Since G is full row rank over Z,, it immediately follows that G(D) is a p-encoder in reduced form.

Theorem 19. Letr C be a convolutional code over Zy- with p-encoder G(D) as in (8). Then, C is an

MDP (n, k, §)-convolutional code over Z,r.

Proof 1t is straightforward to verify that C is an (n, k, 6)-convolutional code. It is left to show that it is

an MDP code, i.e., we need to show that

d§ = <n— ’7]:—‘>(j+1)+1.

for j < L as in Theorem 18. It is a matter of straightforward computations to verify that since & | 9,
-5e[f] |15

Let u = [ug u1 ... uj], with u; EA,’;,Z':O,...,j and uo # 0, and let v = [vg v1 ... v;], with

v; € Zyy, i =0,...,J, such that v = uGY, where G is the j-th truncated sliding matrix correspondent to
G(D). The idea of the proof is to multiply v by a power of p such that the resulting nonzero truncated
codeword v is in pT_lZ;’r. Since p"~'Z,- is isomorphic to Z,, then there exists a truncated nonzero
codeword ¥ € C = Imgz,(( D))é(D) such that wt(%) = wt (%), and then we can use the fact that C is MDP.
We define the order of v, denoted by ord(v), as the j € {1,2,...,r} such that p’v = 0 and p’~1v # 0.

Take ¢ = maxo<¢<; ord(v;) and

i= min  {s:ord(vs) =} = min  {s:p"lo, #0}.
0<s<j 0<s<j
There exists v € A} such that 7, = p~lvg =p 0., s =14,...,7 and then
pPlv=100 ... 0 B .. ’ﬁj}:pr‘l[o 0 ... 0 v ... aj}. €))

Now it can be easily checked that
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(G G . G G ]
GO Gi,1 Gj,1
—1 - ~ ~ ~
pu=p" Uy Uy U; uj } ~ ~ )
Gy G
I Go |
for some ug, U1, ..., Uj,...,Uj € A’;, with g = -+ = u;_1 = 0, because éo is full row rank and
therefore,
Go ... Gj_
Go

where ; # 0. Using the fact that C = Img, | D]é(D) is MDP we obtain

wi(lo oo )zwt([o .. 4 ])z0-BG-i+n+1

Considering [vg ...v;—1] = [ug ... u;—1] GS and reasoning in the same way we conclude that

wt ([vg -+ vi—1]) > (n—k)i+1

and therefore

wt([vo - vj]) > (n—k)(j +1) + 1.

Consequently, d§ = (n —k)(j +1) + 1, ie, df = (n — (5N +1) +1, for j < L. O

V. APPENDIX
Proof of Proposition 14: Let us represent G(D) by
91(D)

G(D) = gz(D)

gx(D)

where g5(D) = Z giD', with s = 1,...,k, is the s-th row of G(D). Since G(D) is a p-encoder, its
€Ny
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rows form a p-generator sequence.Thus, p gs(0) € p-span(gs+1(0),...,9x(0)), s=1,...,k—1, and
pgr(0) = 0, which means that the rows of G§ form a p-generator sequence.
Let us assume now that the rows of G form a p-generator sequence and let us prove that the rows of

G4, also form a p-generator sequence. For that it is enough to prove that

prows(Gjiy) € p-span(rows1(Gjq), - - s rowy(j+1)(G511)), (10)

s=1,...,k, where row;(G%, ) denotes the i-th row of G, ;.

Let s € {1,...,k — 1}. Since G(D) is a p-encoder, there exists

a(D) =Y aiD' € A[D], t=s+1,....k,
1€Np

such that

P9s(D) = as11(D) - gs11(D) + a512(D) - gst2(D) + - - + ar(D) - g (D)
which implies that
plof gb o gl = aler- 0% gy o G| el [l gk o ] aki [00h o gl
...+a’1€ [Ogg gﬂ +...+aii% [0 092+1]+"'+ai+1 [() 092],

which proves (10). Finally, let us consider now s = k. Since the rows of G(D) form a p-generator

sequence, p g (D) = 0 and therefore prowy (G, ) = 0. O

Proof of Theorem 15: Let G(D) € Z';TX”[D] be a generator matrix of C as in (5) with G(D) in (6) full

row rank and such that @(0) is also full row rank. Let us consider the p-encoder

Go(D)
pGo(D)
pGi(D)
G(D) = : =Y GD".
571G (D) ieNo
i PG, 1(D) i

Since G(0) is full row rank, G(D) is delay-free. Moreover, the last ko -+ k1 + - - - + k.1 rows of G(D)
belong to pr’lz;}T [D] which implies that the last ko + k1 + - - - + k,_1 rows of G; belong to pr’lZ;}r,
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for all 4. Let us consider the truncated sliding generator matrix G5 to obtain
dj = dj(G) = min{wt(v) : v = uGj,u = [ug ... u;],up # 0,u; € Al}i =0,...,75}.

We can assume without loss of generality that G is in p-standard form as in (3), with parameters
ko,k1,...,k-_1. Consider u = [UO uy - ’U,j], U GA];,Z':07...,j with ug = [0 0...0 ].] and
v=uGS=[vo v1 -+ v;] withv; € Z,,i=0,...,j. Then,

vg=ugGy =10 ... 01 pr_lAT717k s

r,r—1

where A::l_f represents the last row of A:;l_l as in (3). Then,

Wt(’UQ)Sn—(ko—Fk‘l—i-"'—‘—k,«_l)—F]..

Write g; as
g1 = I:gl,k() gl,]ﬂ e gl,kr—l gl,n—(ko-‘r~--+kr,1):| )
with g1 € Zr, i = ko, k1, ..., kr—1 and g1 n— (kg4 4k 1) € ZZ:(ICO“LWM“I). Let us consider u; with

its first [(r — 1)ko + (r — 2)k1 + - - - + k,_2] components equal to zero and the remaining

ko + k1 + -+ k,—1 components equal to [al,ko 1y e Oél,kr,l] , where a1, € A;, are such that
1 =1 i =0 -1
P gl,k,,-,—p OéLk,” 1T=0U,...,T .
So, we obtain vy with its first (ko + k1 + -+ + k1) elements equal to zero, and therefore

Wt(vl) <n-— (k() + k‘l + -+ kr—l)-

r

In the same way, vy = p" ' go + u1 Gy + usGo where p"~! g, represent the last row of G and

u1Gy € p" 27, Take ug such that its first [(r — 1)ko + (r — 2)ky + - - - + k2] components are zero
and the remaining (ko + k1 + -+ - + k,_1) components are equal to [ag,ku Qg e ag,kr_l], where
Qg € A;, are such that

r—1 ~ r—1 .
—p Go, =D o, t=0,...,7r—1,

Y T

where [p _1927;60 pr_lg2,k0 P _192,kr,1] represent the first ko + k1 + - - - + k,—1 components of

p""2go + u1G1. As before, the first ko + k1 + - - - + k,_1 elements of vy are zero and therefore
Wt(’l)g) S n — (ko + kl —+ -4 k,-_l).

Applying the same reasoning we construct u; € "4]13 such that wt(v;) <n — (ko + k1 + -+ kr—1),
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1 =3,...,J and therefore
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