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Abstract. We establish existence, approximate controllability and optimal control of a class of
impulsive non-local non-linear fractional dynamical systems in Banach spaces. We use frac-
tional calculus, sectorial operators and Krasnoselskii fixed point theorems for the main results.
Approximate controllability results are discussed with respect to the inhomogeneous non-linear
part. Moreover, we prove existence results of optimal triplets of corresponding fractional control
systems with Bolza cost functionals.
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1. INTRODUCTION

We are concerned with an impulsive non-local non-linear fractional control dy-
namical system of form

CDIx(t) = Ax(t)+ f(t,x(t),(Hx)(t)) + Bu(t), t € (0,b]\{t1.t2,.. . tm},
x(0)+gx)=x0€X, Ax(;)=1Lix))+Dv(), i=12,....m,
(1.1)

where € D is the Caputo fractional derivative of order 0 < ¢ < 1, the state x(-) takes
its values in a Banach space X with norm ||-||,and xo € X.Let A: D(A) C X - X
be a sectorial operator of type (M,0,q, ) on X, H : I x [ x X — X represents a
Volterra-type operator such that (H x)(¢) = f(; h(t,s,x(s))ds, the control functions
u(-) and v(-) are givenin L?(1,U), U is a Banach space, B and D are bounded linear
operators from U into X. Here,onehas I =[0,b],0=1ty <t; <--- <ty <tm+1=0>b,
I; : X — X are impulsive functions that characterize the jump of the solutions at
impulse points #;, the non-linear term f : I x X x X — X, the non-local function
g:PC(,X)— X, with PC defined later, Ax(t;) = x(tl."') —x(&;), where x(zl."')
and x (z;") are the right and left limits of x at the point ;, respectively.
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Derivatives and integrals of arbitrary order, the main objects of Fractional Calcu-
lus (FC), have kept the interest of many scientists in recent years, since they provide
an excellent tool to describe hereditary properties of various materials and processes.
During the past decades, FC and its applications have gained a lot of importance, due
to successful results in modelling several complex phenomena in numerous seem-
ingly diverse and widespread fields of science and engineering, such as heat con-
duction, diffusion, propagation of waves, radiative transfer, kinetic theory of gases,
diffraction problems and water waves, radiation, continuum mechanics, geophysics,
electricity and magnetism, as well as in mathematical economics, communication
theory, population genetics, queuing theory and medicine. For details on the theory
and applications of FC see [9]. For recent developments in non-local and impulsive
fractional differential problems see [1,2, 8, 10] and references therein.

The problem of controllability is one of the most important qualitative aspects of
dynamical systems in control theory. It consists to show the existence of a control
function that steers the solution of the system from its initial state to a final state,
where the initial and final states may vary over the entire space. This concept plays
a major role in finite-dimensional control theory, so that it is natural to try to gen-
eralize it to infinite dimensions [14]. Moreover, exact controllability for semi-linear
fractional order systems, when the non-linear term is independent of the control func-
tion, is proved by assuming that the controllability operator has an induced inverse
on a quotient space. However, if the semi-group associated with the system is com-
pact, then the controllability operator is also compact and hence the induced inverse
does not exist because the state space is infinite dimensional [17]. Thus, the concept
of exact controllability is too strong and has limited applicability, while approximate
controllability is a weaker concept completely adequate in applications.

On the other hand, control systems are often based on the principle of feedback,
where the signal to be controlled is compared to a desired reference, and the discrep-
ancy is used to compute a corrective control action. Fractional optimal control of
a distributed system is an optimal control problem for which the system dynamics
is defined with fractional differential equations. Recently, attention has been paid
to prove existence, approximate controllability and/or optimal control for different
classes of fractional differential equations [4—7].

In [11], optimal control of non-instantaneous impulsive differential equations is
studied. Qin et al. investigate approximate controllability and optimal control of
fractional dynamical systems of order 1 < g < 2 in Banach spaces [13]. Debbouche
and Antonov established approximate controllability of semi-linear Hilfer fractional
differential inclusions with impulsive control inclusion conditions in Banach spaces
[3]. Motivated by the above works, here we construct an impulsive non-local non-
linear fractional control dynamical system and prove new sufficient conditions to treat
the questions of approximate controllability and optimal control.
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The paper is organized as follows. In Section 2, we recall some facts from frac-
tional calculus, g-resolvent families, and useful versions of fixed point techniques
that are used for obtaining our main results. In Section 3, we form appropriate suf-
ficient conditions and prove existence results for the fractional control system (1.1).
In Section 4, we investigate the question of approximate controllability. We end with
Section 5, where we obtain optimal controls corresponding to fractional control sys-
tems with a Bolza cost functional.

2. PRELIMINARIES

Here we present some preliminaries from fractional calculus [9], operator theory
[12] and fixed point techniques [!], which are used throughout the work to obtain the
desired results.

Definition 1. The left-sided Riemann—Liouville fractional integral of order o > O,
with lower limit a, for a function f : [a +00) — R, is defined as

150 = s [ = ssras,

provided the right side is point-wise defined on [a,+00), where I'(:) is the Euler
gamma function. If a = 0, then we can write I ‘ f(t) = (ga* f)(t), where

7l >0
1) ;= F(Ol) ’ ’
ga(l) { 0. 1 <0,

and * denotes convolution of functions. Moreover, lirn0 gu(t) = 68(t), with § the delta
o—>

Dirac function.

Definition 2. The left-sided Riemann—Liouville fractional derivative of order o >
0,n—1<a<n,n € N,fora function f :[a,+00) — R, is defined by

L na 1 IO
Do 70 = I'(n— oz)dt”[ (t —s)ati-n wds:

where function f has absolutely continuous derivatives up to order n — 1.

t>a,

Definition 3. The left-sided Caputo fractional derivative of order « > 0, n —1 <
a <n,n € N, for a function f : [a,+00) — R, is defined by

o 1 PAC)
CDa—i-f(t): F'n—a)), (t—s)xti-n

where function f has absolutely continuous derivatives up to order n — 1.

=1"7°f "), t>a,

Throughout the paper, by PC(I, X) we denote the space of X-valued bounded
functions on / with the uniform norm || x||pc = sup{||x(¢)||.# € I} such that x(t )
exists for any i =0,...,m and x(¢) is continuous on (¢;,¢j+1],i =0,...,m, tp =0
and t;,+1 = b.
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Definition 4 (See [16]). Let A: D € X — X be a closed and linear operator. We
say that 4 is sectorial of type (M, 0,q, j1), if there exists u € R,0 <6 < 5 and M >0
such that the g-resolvent of A exists outside the sector

4 So = {p+217: 1 €C,|Arg(—A)| < 6}
and

11— )7 <

q
|/\q—pL|’A ¢+ So.

Remark 1. If A is a sectorial operator of type (M, 0, g, 1), then it is not difficult to
see that A is the infinitesimal generator of a g-resolvent family 7 (t)tzo in a Banach

space, where T (1) = 5 /. eMR(AD, A)dA.

Definition 5 (Motivated by [3, 16]). A state function x € PC(I, X) is called a
mild solution of (1.1) if it satisfies the following integral equations:

t
x(1) = Sq(t)(XO—g(X))+/() Tq(t —s)(f(s,x(s),(Hx)(s)) + Bu(s))ds
if £ € [0,21], and
x(1) = Sg(t =) x(7) + 1 (x (7)) + Do)

t
+ / Tyt = 9)Lf(5.x(5). (Hx)(s) + Bu(s)lds

1

ift € (¢,ti+1],i = 1,...,m, where

1 1
Sq(t) = —,/e“)tq_lR(kq,A)d)t and T,(t) = —,[e“R()Lq,A)d)L
2mi J, 27i Je
with ¢ being a suitable path such that A ¢ 1+ Sy for A € c.
Let x4, (x(0), Ax(tx—1);u,v), k =1,...,m+ 1, be the state value of (1.1) at time
tx, corresponding to the non-local initial value x (0), the impulsive values Ax (fy_1) =

x(t,j_l) —x(#,_,) and the controls u and v. For every x(0) and Ax(fx—1) € X, we
introduce the set

Rtk x(0), Ax (1 1)) = {x1 (x(0), Ax(tg—1)5,0) 1 u(-),v() € L2(1,U)},

which is called the reachable set of system (1.1) at time t;, (if k = m + 1, then 7, is
the terminal time). Its closure in X is denoted by $R (¢, x (0), Ax(tx—1))-

Definition 6. The impulsive control system (1.1) is said to be approximately con-
trollable on [ if R(#x,x(0), Ax(tx—1)) = X, that is, given an arbitrary € > 0, it is
possible to steer from the points x(0) and Ax(f;_1) at time f; all points in the state
space X within a distance €.
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Consider the linear impulsive fractional control system

CDIx(t) = Ax(t) + Bu(t),
x(0)=x¢9€ X, 2.1
Ax(t;) =Dv(t;7), i=1,....m.

Approximate controllability for the linear impulsive control fractional system (2.1) is
a natural generalization of the notion of approximate controllability of a linear first-
order control system (g =landt; = D =0,i =1,2,...,m, i.e,t € [ty,tm+1] =
[0,b]). The controllability operators associated with (2.1) are

175
LA =[ Ty(te —$)BB*T; (t —s)ds. k=1...m+1,

Ig—1 (2.2)
lptt]f_l,Z = SQ(tk _tk—l)DD*S;(tk _tk—l)’ k = 2,...om+1,

where 7(-), S;(-), B* and D* denote the adjoints of T4 (-), S¢(-), B and D, re-
spectively. Moreover, for A > 0, we consider the relevant operator

tr I -1 .
ROWE D= (A4 ) i=12 2.3)

t—1,0

It is easy to verify that !llfl’:_] , and lI/tt"

., are linear bounded operators.

Lemma 1 (See [3]). The linear impulsive control fractional system (2.1) is ap-
proximately controllable on I if and only if AR (A, Ll/f:_l )—>0asA— ot i=1,2
in the strong operator topology.

Lemma 2 (Krasnoselskii theorem [15]). Let X be a Banach space and E be a
bounded, closed, and convex subset of X. Let Q1, Q2 be maps of E into X such that
Q1x+ Q2y € E forevery x,y € E. If Q1 is a contraction and Q, is compact and
continuous, then equation Q1x + Q2x = x has a solution on E.

3. EXISTENCE OF A MILD SOLUTION

We prove existence for system (1.1). Define K = sup,<; f;j_l m(t,s)ds < oo,
i=1,....m+1. Forany r > 0, let 2, :={x € PC(I,X)|||x]|| <r}. We make the
following assumptions:

(H1) The operators Sy (#)¢>0 and T4 (t);>0, generated by A, are bounded and com-
pact, such that sup, ¢ [|Sq(?)|| < M and sup,; [| T4 ()]| <M.

(Hz) The non-linearity f : I x X x X — X is continuous and compact; there ex-
ist functions p; € L®°(I,R™), i = 1,2,3, and positive constants 1 and o
such that || f(z,x, y)[| < p1(t) + p2@)llx|| + p3(@ |yl and || f (. x, Hx) —
f@y. Hy)| =arllx—yll+ozl|[Hx—Hy].

(H3) Function g: PC(I, X) — X is completely continuous and there exists a pos-
itive constant 8 such that ||g(x) —g(M)|| < Bllx =y, x,y € X.
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(H4) Associated with & : A x X — X, there exists m(¢,s) € PC(A,R") such that
la(z,s,x(s))| < m(t,s)| x| for each (t,5) € A and x,y € X, where A =
{(t,s) e R?|t; <s,t <tiy1,i =0,...,m}.

(Hs) Forevery x1,x2,x € X and ¢t € (¢;,ti+1],i = 1,...,m, I; are continuous and
compact and there exist positive constants d;, ¢; such that

17: (1 () = L2t ) <di sup  [lx1(2) —x2(2)]]
te(ti ti+1]

and [ ;(x(z7))] <ei sup  [[x(@)].
teti ti+1]

Theorem 1. Let xo € X. If conditions (H1)—(Hs) hold, then the impulsive non-
local fractional control system (1.1) has a fixed point on I provided MB < 1 and
MO +d;)<1,i=1,...,m, that is, (1.1) has at least one mild solution on t €

[0,b]\{t1,....tm}.
Proof. Define the operators Q1 and Q5 on £2, as follows:

_f SeO(xo—g(x), tef0.n]
(Q”‘)(”‘% Sl — iV + 1) + DV, 1 € (ratral.

f(; Ty(t—=5)(f(s,x(s), (Hx)(s)) + Bu(s))ds, te€[0,t1],
STyt = )(f (5. x(5). (Hx)() + Bu(s))ds. 1 € (ti.ti41],
i =1,...,m. We take the controls

u=B*T; (. — RO PF(x()),

(Q2x)(1) =

* @k t k G.D
v=D*S;(tk —ti—) R(A Wy 5) Py (x()),
where
x1—8g(11)(x0 — g(x))
) — o' Ty(t1—5) f(s.x(s). (Hx)(s))ds. k=1,
Pr(x() =
X = Sq(tk — tk—1)[x (15 _y) + Te—1(x (1, _,))]
— ;Z‘_l Ty(tx —s) f(s,x(s), (Hx)(s))ds, k=2,....m+1,
PE(x()) = Xk —Sct;k(fk —le—D)x ) + =1 (x (1))

— [{E Tyt =) f(s.5(5). (HX) ()5, k=2....m+1.

For any A > 0, we shall show that Q1 + Q5 has a fixed point on £2,, which is a
solution of system (1.1). According to (3.1), together with (2.2) and (2.3), we have

lu @)l < %M”B””PI(X('))” and [v(r)]| = %M||D||||P2(x('))||- (3.2)
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Using assumptions (H1)—(Hs), we get
1P (e CDI < [1xa ]+ 1Sq (1) [ (xo — g G0)) |

151
4 /0 17411 = )1 f (5. (5). (HLx)(5)) s
< llxt |l + Mol + g X))
+ Mty (|1l oo vty + 2l ooz vty + Kl Loz v +))
< llx1]l + M|xo] + MBI x| + M| g(0)]
+ Mty (|1l poocr j+) + 72l oo r.r+y + KT rllesll Loz g+))
and, fork =2,....m+1,
IPECeO ] < el + 1Sq i — D N G I+ [ e (G D]
193
4 [ 1Tyt — )£ (5. x (). (Hx)(s)) | ds
t

k—1

< lIxell +M(Ix@G_ Dl +eillx ) + Mt — ti—1)

X ([t lloocr,j+y + 7l 2l oo r.r+y + K rlliesll ooz, g+))
< Ixell + M([x (@Gl +rei) + Mt —tg—1)

X (1l posr.r+y izl Loz r+y + Kprlimsllpsor g+)) -

Similarly, we get

IPF O < lxg Il + MIx (Gl + re—1)
+ Mtk —tg—1) (lie1 ll poor,r+y + 72l Loo (r.r+) + Kg i3l Loocr,r+)) -
k=2,...,m+ 1. For any x € §2,, we obtain
[(Q1x)(1) + (Q2x) (D)
<M ([[xoll + llg ()1
+Mty (|1l oo r,mty + 72l oo ,m+y + KTl 13l oo r,m+) + I Bl l)
< M(||lxoll + Br+1gO)
+Mti (|l poor,rty + 72l oo, r+) + KTl 031l Loocr,m+) + I Bl lull)
for t € [0,t1], and
[(Q1x)(@) + (Q20) @)l
<M (llx(t_ Dl +ex—tllxl + I Do) + Mt —tre—1)
X (lallpsocr,r+) +rlli2llpoo g +) + Kgrliesllpoo g+ + I Blllull)
<M(llx (@Dl +ex—1r + [ DvEG_ DI + M(tx —tg—1)
X (lall oo,y +rlli2llpoo (. +) + Kgr sl poor,r+) + I Blllull)
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for t € (tx_1.]. By the inequalities (3.2), we can find &1, &, > 0 such that

El,l € [0,1‘1],

x)() + x)@)| =
lQu®+@0wl=y Z M
Hence, Q1x 4+ Q> x is bounded. Now, let x,y € £2,. We have

Q1) (1) = (Q1y) DI < [[Sg@)[llg(x) =g = MBllx =y

for t € [0,¢1] and

1(Q12) (@) = (Q1y) (@
< I18q (¢ = =Dl te—y) =y @Dl + k1 (3 (5 _)) = Te—1 (Y (1)) ]
<M [llx(tp_) = y (DIl + die—r 1 x = ylI]

fort € (tx_1,%), k =2,....m+1. Since M <1 and M(1 +dr_1) <1, k =
2,...,m+ 1, it follows that Q is a contraction mapping. Let {x,} be a sequence
in £2, such that x, — x € £2,. Since f and g are continuous, i.e., for all € > 0,
there exists a positive integer ng, such that for n > ng || f(s,x,(s),(Hxpn)(s)) —
S(s.x(s). (Hx)(s))|| < € and || g (xn) — g (x)]| < €, the continuity of /; (x) on (£; ,£; +1]
gives || 1; (xn(¢;7)) = 1Ii (x(t;7))|| <€,i =1,...,m. Now, forall 7 € [0,71],

1(Q2x4) (1) = (Q2x) )|

< [ 1= 0N EB Ty (=R DI[IS4 )~
31
[Tt =930 ). ()50 = £ 52661, ()60 s

3]
+ /O 1Tt =) 11/ (5. Xn (). (H xn) () — f(5.(5). (Hx)(5)) | ds
< ZMP|BIP0 e+ 1),

Moreover, for all t € (¢;,ti+1],1 =1,..., m, one has

1(Q2xn) (1) = (Q2x) (1) |

t
< [ 1T =0l BB T} 1~ DRG]
X [||Sq (tig1 =) [xn(t7) = x () + 1i (0 (17)) — L (x @7)] |
Lit1
[ T =961 (Hx)0) = £ 5.6 (Hx) 6 ) |

t
+ /t 1T @ =) Cf (s, xn (), (Hxn)(5)) — f (s, x(s). (Hx)(5)) | ds
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2¢
< 7M3||B||2(li+1 —1i)(tit1—1; +1).

Therefore, Q5 is continuous. Next, we prove the compactness of Q,. For that, we
first show that the set {(Q2x)(?) : x € §2,} is relatively compact in PC(/, X). By
the assumptions of our theorem, we have

[(Q2x) (@)l
< Mti(|u1llpoocr,rey +rllvallpoor,r+y + Kir sl Loocr,g+y + IBIluID,
fort €[0,t1], and

[(Q2x)(1)|| < M(tg —tr—1)
X (I llpoe ) + 72l oo,y + K liesllpoo(r,r+) + I Bllull)

for t € (tx_1,t], which gives the uniformly boundedness of {(Q2x)(?) : x € §2,}.
We now show that 05 (£2,) is equicontinuous. Functions {(Q2x)(¢) : x € £2,} are
equicontinuous at t = 0. For any x € §2,,if 0 < r; <rp <t1, then

1(Q2x)(r2) = (Q2x)(r1)|
E/O | 174 (r2 =) =T (ri =) |l Bus)|| + 1[.f (5. x(5), (Hx)(5))|]ds

4 / Ty 2= Bu)] + 1/ (5. x(s). (Hx)(5) [1ds

1

<[l Tg(r2—s)=Tq(r1 =) + M(r2—r1)]
X (1Bl + a1 ll ooz, m+y + 72l Loocr.r+y + K17 143 ]l ooz g+)) -

Similarly, if #; <ry <rp <t4+1, then

1(Q22)(r2) — (Q2)(r)|
= / T2 =5) = Ty (1 =) 1 Bu(s) | + £ (5.(5). (Hx)(5)) [1ds

4 / Ty ra— ) I Bu)]| + /(5. x (). (Hx)(s) [1ds

<[r1 =) Tq(ra—s) =Ty (r1 —s)| + M(ra —r1)]
X (IBIMull + i1l Loz gy + 72l poor r+) + Ky rlliesllpoo s g+)) -

From (H}), it follows the continuity of operator 7y (:) in the uniform operator to-
pology. Thus, the right hand side of the above inequality tends to zero as rp — ry.
Therefore, {(Q2x)(t) : x € £2;} is a family of equicontinuous functions. According
to the infinite dimensional version of the Ascoli—Arzela theorem, it remains to prove
that, for any ¢ € [0,b]\ {t1,...,tm}, the set V(¢) := {(Q2x)(¢) : x € £2,} is relatively
compact in PC(I,X). The case t = 0 is trivial: V(0) = {(Q2x)(0) : x(-) € £2,} is
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compact in PC(I,X). Let ¢t € (0,1] be a fixed real number and 4 be a given real
number satisfying 0 < < t1. Define Vj(¢) = {(Qé‘x)(t) 1X € .Qr},

t—h

—h
l Ty(t —s)Bu(s)ds + / Ty(t—s)f(s,x(s),(Hx)(s))ds
0

@40 = [
t—h
= Tq(h)/ Ty(t—s—h)Bu(s)ds
0

t—h
—l—Tq(h)/o Ty(t—s—h)f(s,x(s),(Hx)(s))ds

= Ty(W)y1(t.h).
We use same arguments, we fix ¢ € (¢;,¢;+1], and let & be a given real number satis-
fying t; < h < tj 41, we define V},(¢) = {(Qé’x)(t) 1x € .Qr},

t—h

t—h
(ng)(t) = /t Ty(t —s)Bu(s)ds + /t Ty(t—s)f(s,x(s),(Hx)(s))ds
1 t_h 1
= Tq(h)/ Ty(t —s—h)Bu(s)ds

t—h
+ Ty (h) /t Ty(t—s—h)f(s,x(s),(Hx)(s))ds

=Ty(h)y2(t,h).

The compactness of T,(h) in PC(I,X), together with the boundedness of both
v1(t,h) and y,(¢t,h) on £2,, give the relativity compactness of the set V3, (¢) in
PC(1,X). Moreover, for all ¢ € [0,11],

1(02x)(t) — (% x) (1)
< /t Ty(t—s)Bu(s)ds +/t Ty(t—s)f(s,x(s),(Hx)(s))ds
t—h t—h

<hM (| Bllllull + |1l poocr r+) + 72l oo s r+) + KTl 3l oo (1.0 +)) -
Also, for all t € (t;,tj 1],

1(Q2x) (1) — (QAx) ()]
< [tth(t—s)Bu(s)ds+[thTq(t—s)f(s,x(s),(Hx)(s))ds

< hM (I Blllull + 21l Loocr,r+y + 72l Loo(r,r+) + K17 I3l oo (1,R4)) -

Choose & small enough. It implies that there are relatively compact sets arbitrar-
ily close to the set V(¢) for each ¢t € [0,b]\ {t1,...,tm}. Then, V(¢), t € [0,b]\
{t1,...,tm}, is relatively compact in PC(/, X). Since it is compact at t = 0, we
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have the relatively compactness of V(¢) in PC(I,X) for all £ € [0,b]\ {t1,...,tm}.
Hence, by the Arzela—Ascoli theorem, we conclude that Q, is compact. From
Lemma 2, we ensure that the control system (1.1) has at least one mild solution
ont €[0,b]\{t1,...,tm}. O

4. APPROXIMATE CONTROLLABILITY

In this section, with help of the obtained existence theorem of mild solutions, we
show an approximate controllability result for system (1.1).

Theorem 2. If (H|)—(Hs) are satisfied and AR (A, IP;’;] ;) — 0 in the strong op-

erator topology as A — 07, i = 1,2, then the impulsive non-local fractional control
system (1.1) is approximately controllable on t € [0,b]\ {t1,...,tm}.

Proof. According to Theorem 1, Q% + Q% has a fixed point in £2, for any A > 0.
This implies that there exists Xt € (Qf + Q%)(YA) such that

Sq()(xo —g*(¥*))
) + o Tyt — O (5.7 s), (HT ) (5)) + Bt (5)]ds, 1 € [0,11],
() = L
Sq(t —tr—D)F*(7_y) + Temr” (A1) + DT (1)

+fL Tyt =) (5. %), (HEM)(5)) + Bt (s)]ds, 1 € (p—1.1g),

where for ¢ € [0,%1] we have

@ = BT (0 RO, [xl — Sglt)(ro— 84 (7)

-/ " Tyt — ) T 5. 5Ms), (Hf*)(s))ds}
0
while fork =2,....m+1
ﬁl

= B*T} (1 —z)ﬂ(x,w::_l,l)[xk — Sq(tx — i) + oo (P ()]

- [ T — T 6.7, (Hf*)(s))ds}

k—1

and

vr = D*S; (tx — tx—1)R(A, lptt,f_l,z)

x [xk = Syt — o) () + Ty’ ()]
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_ / . T (tx —5) (5.5 (s), (Hx*)(s))ds}.
Tk—1
Furthermore,
(1) = Sq(t1)(xo — g )

1 _
4 /O Ty (1 — ) (5. (). (HT)(5)) + Bit*(s))ds.

T (1) = Sq(te — ) [F () + Teer (R (i) + DO (6]

174 _
" / Ty — )7 (5.7 (5). (HF*)(s)) + B (5))ds,

X1, —XM(t) = x1 — qujlm(x,ngl){xl — 8,(11)(xo —Z* @)
-/ Tyt -9 T 6T ). () 9)ds]

=Syt @) - [ " Tyt =) 6 TH6), (BT (s)ds,
Xo =X 0) = X =L LRALE )
o= Syttt [P0 + T 66 )]
-/ Ty (=) 7" (5.5 (6). (H¥) () ds}
= Sqlt—te—0) [P + Tt RG]
7 7 (57 0,0 as
RO = Syt =t [P )+ T 6 )
—/tk T,k —5) (5.7, (HFH) () ds}, k=2,...m+1.

tk—1
From (2.3) we have [ —Ll/gf_l R ()\,El/ttl’:_l l.) =AR ()\,llltl’: ) i=1,2,and

tik—1,l

X =% 1) = AR (1951 {xl Syt (x0T )
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- / " Tyt =) (5. T(s), (H#)(s))ds}, .1
0

Xty —fk(fk) =A [‘R (A’wlik—l,1> +R (A’wlik—l,z)]
s = Syttt [P+ T )

—/tk Tq(tk—s)?l(s,fk(s),(H)_CA)(S))]ds}, k=2,...m+1. (42
t

k—1
Since compactness of both Sy (#);>0 and T4 (?)s>0 hold, and also boundedness of
—A S
f, g’l and Ik_lk, we can use on (4.1)—(4.2) the fact that AR (A, lI/t’/f_l ;) — O0inthe
strong operator topology as A — 07, i = 1,2. This gives ||x, —x*(t5)|le — O as

A — 0%, i =1,2. Hence, the impulsive non-local fractional control system (1.1) is
approximately controllable on 7 € [0,b]\ {t1,...,tm}- O

5. OPTIMALITY

Let Y be a separable reflexive Banach space and w (Y') represent a class of non-
empty, closed and convex subsets of Y. The multifunction w : I — wy(Y') is meas-
urable and w(-) C E, where E is a bounded set of Y. We give the admissible control
set as follows:

Uyag = {(u, v) € LY (E)x LY(E)|u(t),v(t) € w(r) a.e.} #+ .
Consider the following impulsive nonlocal fractional control system:

CD?x(t) =Ax(t)+ f(t.x(@),(Hx)(t)) + Bu(t),t € (0,b])\ {t1.t2,....tm},
x(0)+g(x) =xp € X,
Ax(ti)=1i(x(t7))+Dv(;),i =1,2,....m, (u,v) € Uy,

(5.1)
where 8,0 € L®(I,L(Y,X)). It is clear that Bu, Dv € L1(1,X) for all (u,v) €
Ugq. Let x*V be a mild solution of system (5.1) corresponding to controls (u,v) €
U,q. We consider the Bolza problem (BP): find an optimal triplet (x°,u°% v°) e
PC(I,X)xU,q such that g (x% u® v%) < g(x*?,u,v), forall (u,v) € Uy, where

m+1

ti
F(x* u,v) = Z |:q§(x”’”(t,~))—|—/ :ﬁ(t,x”’”(t),u(t),v(t))dt:|,
i=1 fi-1
i =1,...,m+ 1. The following extra assumptions are needed:

(Hg) The functional £ : I x X x Y2 — RU {oo} is Borel measurable.
(H7) £(t,-,-,) is sequentially lower semi-continuous on X x Y2, a.e. on I.
(Hg) £(t,-,-) is convex on Y2 for each x € X and almost all ¢ € .
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(Ho) There is a non-negative function ¢ € L°°(/,R) and c¢1,c2,c3 > 0 such that
L@t x.u.v) = @(t) +crllx]| +callully +c3lvlly.
(H10) The functional @ : X — R is continuous and non-negative.

Theorem 3. If (He)—(H10) hold together with the assumptions of Theorem 1,
then the Bolza problem (BP) admits at least one optimal triplet on PC x U,,.

Proof. Assume inf{J (x*Y,u,v)|(u,v) € U,g} = 8§ < +00. From (He)—(H10p),
F(x"? u,v)

m—+1 ti
=23 [mx"’”(nm f {so(z)+c1||x(z)||+c2||u<r)||§;+c3||v(t)||’;}dz]

i=1 fi-1
>—n>—-o0,i=1,....m+1.

Here, 1 is a positive constant, i.e., § > —n > —oo. By the definition of infimum,
there exists a minimizing sequence of feasible triplets {(x",u”,v")} C A4, Where
Agqd = {(x,u,v)| x is amild solution of system (5.1) corresponding to (u,v) € U, 4},
such that (x",u",v") — § as m — 4o00. As {(u",v")} C U,q and {u”,v"} is

bounded in L1(7,Y), then there exists a subsequence, still denoted by {(u”,v")}, and

Kl
u®,1° € L1(1,Y), such that (u",v") — (u®,v°) in L'(1,Y)x L'(1,Y). Since

the admissible control set U,; is convex and closed, by Marzur lemma, we have
u°,v%) € U, 4. Suppose that x” is a mild solution of system (5.1), corresponding to
u” and v", that satisfies

t
x"(t) = Sq(t)(xo—g(x")) +f0 Tq(t —s)(f(s.x"(s), (Hx")(s)) + Bu" (s))ds,
fort € [0,%1], and
X (1) = Sq(t =) (1) + 1 (" 67) + D" (1)

t
+ / Tt —$)[f (s.x" (s), (Hx")(s)) + Bu" (s)]ds
L
fort € (¢;,ti+1],i = 1,...,m. From (Hj), the non-linear function f is bounded and
continuous. Then, there exists a subsequence (with the same notation)
{f(s,x™,(Hx™)(s))}and f(s,x° (Hx®)(s)) € L'(I,X) suchthat f(s,x",(Hx")(s))
converges weakly to (s, x°, (Hx%)(s)). Also, the same arguments on (H3) and (Hs)
yield other weak convergences of g(x") and /; (x") to g(x°) and 7; (x°), respectively.
Let us denote

t

(1”1)6)(0=Sq(l)g(X)+/0 Tyt —=s)(f(s.x(s5). (Hx)(s)) + Bu(s))ds. te€[0.n],

(P2x)(t) = Sq(t —1:)[x(1;) + 1i (x(1;7)) + Dv(z;7)]
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t
—|—/t' Tyt =) f(s,x(s),(Hx)(s)) + Bu(s)lds, t € (t;, tix1], i =1,...,m.

1

Obviously, (P1x)(¢) and (P,x)(¢) are strongly continuous operators. Thus, (P1x™)(¢)
and (Px™)(t) strongly converge to (P1x)(z) and (Px)(z), respectively. Next, we
consider the system

x0(1) = Sq(1)(xo— g (x%)) + fot Tyt —$)(f(5,x°(s), (Hx®)(5)) + Bu(5))ds,
t €10,¢1], and
xX0(t) = Sq(t —t)[x° () + Lix° (7)) + Dv° ()]
+ [ T 66, (06 + B,

t € (titiz1],i =1,...,m. It is not difficult to check that ||x”(¢) —x°(¢)|| = 0 as
n — oo. Therefore, we can infer that x” strongly converges to x° in PC(1,X) as
n — oo. From assumptions (H¢)—(Hjo) and Balder’s theorem, we get

m—+1 t
n=n1eréoZ |:€D(x"(t,'))—|-/ i(t,x”(t),u”(t),v”(t))dt}

i=1 ti—1

A%

m+1 t;
> [q>(x°(z,~)) +/ :C(t,xo(t),uo(t),vO(t))dt]
i=1 '

ti—1
=g u 00> i=1,...m+1,

which implies that ¢ attains its minimum at (x°,1°,v%) € PC(I,X)x U,q. O
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