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FROM HERMITEAN CLIFFORD ANALYSIS TO SUBELLEPITIC DIRAC
OPERATORS ON ODD DIMENSIONAL SPHERES AND OTHER CR MANIFOLDS
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ABSTRACT. We show that the two Dirac operators arising in Hermitian Clifford analysis are identical to
standard differential operators arising in several complex variables. We also show that the maximal subgroup
that preserves these operators are generated by translations, dilations and actions of the unitary n-group. So
the operators are not invariant under Kelvin inversion. We also show that the Dirac operators constructed
via two by two matrices in Hermitian Clifford analysis correspond to standard Dirac operators in euclidean
space. In order to develop Hermitian Clifford analysis in a different direction we introduce a sub elliptic
Dirac operator acting on sections of a bundle over odd dimensional spheres. The particular case of the three
sphere is examined in detail. We conclude by indicating how this construction could extend to other CR
manifolds.
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1. INTRODUCTION

Clifford analysis started as an attempt to generalize one variable complex analysis to n-dimensional eu-
clidean space. It has since evolved into a study of the analyst, geometry and applications of Dirac operators
over euclidean space, spheres, real projective spaces, conformally flat spin manifolds and spin manifolds with
applications to representation theory arising from mathematical physics, classical harmonic analysis and
many other topics.

In recent years a topic referred to as Hermitian Clifford analysis has attracted some attention. See for
instance [2, 3, 4]. It is developed initially over a complexification of even dimensional Euclidean space. An
almost complex structure is introduced and two associated projection operators are applied to this complex
vector space. This splits this space into two n-dimensional complex spaces. When these operators are applied
to the euclidean Dirac operator it splits into two differential operators. Here we show that these operators
are respectively the d-bar operator and its dual as arising in several complex variables. See for instance [5, 6].

The Euclidean Dirac operator is a conformally invariant operator. In particular it is invariant under Kelvin
inversion. We show that these Hermitian Dirac operators have a narrower range of invariance. We show they
are no longer invariant under Kelvin inversion. Their maximal invariance group is generated by translation,
dilation and a subgroup of SO(2n) isomorphic to U(n).

We also show via lemma given in [1] that the Dirac operator constructed via two by two matrices is in
fact a standard Dirac operator over Euclidean space. In order to try and develop fresh ideas for this topic
we transfer to odd dimensional spheres and make use of their CR structure to introduce a subelliptic Dirac
operator acting on sections of a bundle defined over the sphere. Each fiber is isomorphic to a Clifford algebra
generated from the CR structure of the sphere. The square of this Dirac operator gives the Kohn Laplacian
on the sphere. The Hopf vibration is used to illustrate this scenario in more detail over S?. We conclude by

illustrating how this construction might carry over to other CR manifolds.
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2. PRELIMINARIES ON HERMITEAN CLIFFORD ANALYSIS

In Hermitian Clifford analysis one starts with the standard Dirac operator

)
(2.1) D= Zeja—xj
Jj=1

in the Euclidean space R™. Here

(2.2) eiej + eje; = —20;;,
under Clifford algebra multiplication.
So we consider the real 2™ dimensional Clifford algebra C/,, — with R™ C (/,, — and z* = —||z|?, for all
each z € R™.
One now introduces an almost complex structure on R™. This is a matrix J € SO(m) with J? = —I. As
0 —I
J € SO(m) this forces m to be even. So m = 2n. For instances, J = I oo ) This is the choice of J

that we will use here. We now complexify R?" to obtain C?" and we complexify Cloy,,— to obtain the complex
Clifford algebra Cla,(C). Following [5, 6] we now have the projection operators i (I & iJ). They act on C>"

and split it into two complex spaces W+ @ W~ each of complex dimension n. So
1
Wt = S+ iJ)C",

In particular, %(I:I:iJ)ej = %(ej +iejyn), for j =1,...,n, and it equals %(ej Fiej_p), for j=n+1,...,2n.
Note %(ej Fiej_, = %i(ek tiektn) forj=n+1,--- 2nand k=7 —n.

We denote %(ek + iek1n) by fki respectively, with k = 1,--- ,n. The elements ff, k=1,...,n,is known
as a Witt basis for W¥, respectively. Note that (fkj[)2 =0,

i +ih =0,
and

FFe + ek = oj
These relations correspond to the relations of differential forms dz;, dzj, and their duals on the alternating
algebra A(C™). See, for instance [5, 6]. In fact, e; = fj +f; for j =1,...,n and e; = fz(f;r —f;) for
j=n+1,...,2n. So our complex Clifford algebra and the alternating algebra are the same.

Following [2, 4] we now consider
1
S £i)D.

This splits the Dirac operator, D, into a pair of operators D¥ acting over W+ respectively. So D = D~ @D+,

D+_1 D —iD D__; D iD
~2\4iD D )’ 2\ —ip D |’

Now consider C"* = {(z1, - , 2n), 21, "+ ,2n € C}.

Explicitly,

We have the mappings

pt.Cc" — Wi, (21, y2n) +— zlf1i+~~-—|—znf$.
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Via these identifications it can be seen that DT corresponds to the operator 0 = 22‘;1 dij% and D~
J
corresponds to its dual 8 from several complex variables. See for instance [5, 6]. In this way the Dirac

operator corresponds to the operator 0 + a9 .

3. HERMITEAN CLIFFORD ANALYSIS AND MATRIX DIFFERENTIAL OPERATORS

In [13] the pair of matrix differential operators

Dt D~ D— Dt
D~ Dt )’ Dt D-
are introduced. Note that

pt o=\ (D Dt \_ (D D*\ (Dt D \_ (10
D~ Dt pt p- )\ Dt D- p- p+ ) "\ o 1)’

where A, is the Laplacian on R?”. The first matrx operator can be written as

(5 )= (0h) o (00)
(5 5)-o (1) (1 1)

Now, the space R(2) of 2 x 2 matrices is a representation of the Clifford algebra Cls 1. See for instances [1].

+

and the second as

To see this, consider the basis 1, g1, g2, 9192 of Cla . So g? =1 for i = 1,2. Now, make the identification

PR I 0 o I 0 o 0 I
0 I » 91 0 —I y 92 I 0 .

So g1go is identified with ?_ _OI ) . This defines an algebra isomorphism between Clo + and R(2).The
matrix differential operators now become
D"®1+D ®g~DT"+D g5, D ®1+D"®¢gy~ D" + Dtgy,
and
(DT + D go)(D™ + D% gy) = (DTD™ + D™ D) = Ag,,.
Further (la, - @ Cla 4+ = Clopio+ (see [1] ). So, DT ® 14+ D~ ® g and D~ ® 1+ DT ® g5 define a couple

of Dirac operators defined over a copy of R?” lying in Clonto -
The fundamental solution to D¥ 4+ D~go ~ Dt ® 1 + D™ ® go is, up to a constant,

T @1+2t® g
[P

El(l') =
where © = x1€1 + - - + Tonea, and xE = %(I +iJ)x.

1 = xt
2 \ 2t 2 )7

while the fundamental solution to the operator D~ ® 1 + Dt ® g, is, up to a constant,

T R1+1" ®go
"

In matrix form this corresponds to

EQ(LL’) =
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1 zt x”
P\ o ot )

They correspond to the fundamental solutions to the matrix operator given in [3].

In matrix form this gives

The following Borel-Pompeiu and Cauchy integral formulas correspond to the integral formulas appearing
in [3].

fly) = win /S By (@)(n*(2) © 1+ 0™ (2) @ go) f(v)do(a)
+win//QE+(x)(D+®1+D—®g2)f(x)du(:c>
= = [ B @) + 0 @) (2)do(a)
nJS

+$ //Q E{(2)(D* + D™ g5) f(2)dp(x),

and if (DT ® 1+ D~ ® g2)f(z) = 0 this integral gives a Cauchy integral formula.
There are similar integral formulas obtained by replacing E, by E_, n™(x) ® 1 +n"(x) ® g2 by n™(z) ®
1+nt(z)®gyand DY @14+ D~ ®ga by D™ ®1+ DT ® gs.

4. CONFORMAL TRANSFORMATIONS IN THE HERMITEAN CASE

In [14] and elsewhere it is shown that the Euclidean Dirac operator is invariant under conformal transfor-
mations. A theorem of Liouville tells us that for dimensions 3 and above the only conformal transformations
are Mobius transformations indentified with SO(2n 4+ 1,1). These are transformations generated from trans-
lations, dilations, orthogonal transformations and the Kelvin inversion (x — ﬁ) . The question now is what
subgroup of the conformal group preserves D or equivalently, 9 and 87 As D* are both homogeneous and
with constant coefficients they are invariant under both translations and dilations.

As for orthogonal transformations, such a transformation must preserve the spaces W*. So we need to
restrict to transformations in SO(2n) that commute with J. It is known that this is a subgroup of SO(2n)
isomorphic to U(n).

To proceed further we need the spin group. First, consider
{a S ngn’, ta =Y Yp, for Y, Yp € S2n—l}.

This set is a group under Clifford algebra multiplication. It is the pin group and it is denoted by Pin(2n).
If we restrict so that p is even we obtain a subgroup called the spin group. It is denoted by Spin(2n).

For a =y - - y2p € Spin(2n) we denote yap - - - 41 by a.

It is well known, [12] for instance, that for z € R?", aza defines a special orthogonal transformation on

R?". In fact, [12], there is a surjective group homomorphism
0 : Spin(2n) — SO(2n), a— 0,

where 0,2 := aza. The kernel of this homomorphism is {+1}, [12].
We have previously noted that the operators DT are invariant under actions of a copy of U(n) C SO(2n).
It follows that this copy of U(n) has a double covering, U'(n) C Spin(2n), also isomorphic to U (n). Further,
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following [8] then if Q is a domain in R?" and y = axa € , with a € U'(n) then if
DEf(y) =0 then D¥af(aza) =0,

where D* now acts with respect to the variable x.

This situation differs from what is considered in several variables for the operators 9 and 9" in C". There
these operators are considered as acting strictly on (p,q) forms, see for instance [5]. The action of @ on the
function f(axa) is a spherical action that does not preserve (p, ¢) forms. It preserves the spinor subspaces of
the algebra Cla,, — or Clay,(C), see [12].

We now turn to consider the case of the Kelvin inversion. Given a hypersurface S in R?" then under
Kelvin inversion the surface element n(y)do(y) is transformed to G(z)n(x)G(z)do(x), where y € S,n(y) is
the outer pointing unit vector perpendicular to the tangent space TSy, and o is the Lebesgue measure on S.
We want to know if the spaces W are preserved under the Kelvin inversion and in particular if the operators
D¥* are also preserved. As G(z) = Tz this boils down to determine whether or not J commutes with the
action zn(z)x of x on n(x). Note that an(z)z describes (up to the sign) a reflection of n(z) in the direction
of z. So zn(z)z is a vector in R?".

As J is a matrix in SO(2n) and the vector zn(x)z is defined in terms of Clifford multiplication it is better
to make the notation uniform. The action of J on R?" gives a counterclockwise rotation of /2 in each plane
spanned by e;, e;4,, for i = 1,---n. So a lifting of J to Spin(2n) gives

+j= :I:i(l +ere1an) - L(1 + enean) = ii(l +erern) - (14 epean).
¥ V2 7

It should be noted that each pair (1 + e;€;4,)(1 + es€s4n) commutes with each other. It follows that it is
enough to compare the terms

(1+ererpn)zn(z)z(l + eryner)
and

z(1+ erern)n(z)(1 + e14ner)z.
In fact, it is enough to compare the subterms (14+eje14y,)zn(z)z and x(14+e1e14y)n(x)z. As the hypersurface

S is arbitrary we can place z = e;. In this case the terms
(I+ererpn)er = (e1 +e14n) and er(1+ere14n) = (€1 — €14n)

differ by a sign. It follows that the operators D* are not invariant under the Kelvin transformation. Conse-
quently the operators 0 and 9" are not invariant under the Kelvin transformation.

Summing up we have established:

Theorem 4.1. The operators D¥ (and consequently, O and 5*) are only invariant under translations, dila-

tions and actions of the group U'(n) C Spin(2n).

5. KOHN DIRAC AND LAPLACIAN OPERATORS IN S27—1

In the previous sections we have shown that with the exception of the action of U’(n) on D*,(9,8"),
much of the Hermitian Clifford analysis already exists in several complex variables over C". This leads to
the question of trying to find ways in which to develop Hermitian Clifford analysis that are more meaningful
and original.

One starting point is to look at its analogue over odd dimensional spheres.
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Consider S?"~! ¢ C". Consider also # € S?"*~! and TS2"~! € C". In several complex variables [5, 6] one

considers the complex subspace L, of TS2"~! where
L,={yeTS ! iyeTs1}.

Here, n > 2. This gives rise to a situation that does not occur in one complex variable. We now have a

complex bundle L C T'S?"~! where each fiber is the complex space L,. Consider now the canonical projection
P, TS ' 5 L,.

This gives rise to the projection
P:7S*" ! 5 L.

Now consider a hypersurface S’ bounding a domain © in S?"*~!. If we consider S’ to be sufficiently smooth we
can consider smooth /g, (C)—valued functions defined in a neighbourhood of Q" within S?"~! and following

[10] we have the following version of the Stokes’ Theorem.

Theorem 5.1.

[ r@m@a@io) = [[ (@D + @)D ds.
where n(x) is the outward pointing unit vector in T'S.. Further Dy is the spherical Dirac operator x (Fx + %) ,

where 'y, := Zl§i<j§2n71 eie; (xiawj — acj(‘)mi) .
We may also consider the modified integral
i f (@) Pr(n(x))g(x)do(z).

Applying the Stokes’ Theorem to this integral gives the integral

[ @@.P)s@) + (P DIg) do

For each z € S*" 1 we have iz € TS2"" !, so iz ¢ L,. Consequently, P,(iz) = 0. Therefore, P,(Ds) =
P,(2T';). It follows that this operator is an isomorphic copy of the sub-elliptic Dirac operator d; + 5: over
52n=1_ This Dirac operator is also known as the Kohn Dirac operator (see [11]). Therefore, (P (2I3))* = Oj,
the Kohn Laplacian. The operators 81,,5: and [, are all defined in [5, 6] and elsewhere.

The group of conformal transformations that preserves the unit b all B(0,1) C R?", and its boundary, is
SO(2n,1). However, we have identified R?" with C". We need to restrict to the subgroup of SO(2n, 1) that
preserves the Hermitian structure of C™. At this point we need to reference or show that this group is U(n, 1).
We also need to show that the invariant group for P,(Dj) is the double cover of U(n, 1) within Spin(2n). A
start is the following: note that if (f(z)(DsP.)) = (PyDs)g(x) = 0 then we have the following version of the

Cauchy’s Theorem:

Theorem 5.2.
. f(@)Py(n(z))g(z)do(z) = 0.

By allowing S’ to vary it follows that the group of diffeomorphisms that preserves the Kohn-Dirac operator
P,(D;) is a subgroup of Spin(2n,1) whose projection preserves the bundle L.
This should be U(n, 1), with a double cover in Spin(2n,1) isomorphic to U(n, 1).
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6. REALIZATION ON S?

To make the above points more clear we consider the three-dimensional sphere as a special example.
Furthermore, we will consider for the moment quaternionic valued functions.

Let us introduce the following first-order differential operators

Xi = Q?oaxl — 1‘18330 + 117383;2 - 'I:ang,
Xj = ZL'oaxz — anﬂCo + l‘lam:s — $3a$1,
Xk = xoaxs - 1’38x0 + 1'1812 — .’Egazl.

These differential operators are skew-symmetric with respect to the Riemannian surface form dS on S? given
by

3
s =Y (1) z;dz;,
j=0
where dZ; is generated from the oriented volume form dx with dz; being omitted.
The sub-Laplacian 0Jy is given by
Oy = — X7 — X}

while the Laplacian is given by

A=-X}-X]-Xg.
Moreover, we have the sub-Dirac operator

Dy :=iX; + kXy.

Keep in mind that in general its square is not the sub-Laplacian since Xj = [Xj, Xk].

We can identify R* ~ H with C? in the usual way via z = 21 + izg, with 21, 20 € Cj := {a + bj,a,b € R}.
The one-parameter transformation group generated by Xj corresponds to the complex multiplication with
A = (a + bj) from the right. The resulting orbits on S span the complex projective space P*C and we get
the Hopf bundle

nr: S — PIC.
The complex line bundle L! on P'C is associated to the character x;(\) = AL

As usual we can now consider the space Iy of homogeneous polynomials of degree N in the variables
T, 1, %2, 3. We denote by Hpy the subspace of harmonic polynomials in IIy. For this subspace we have
the classic Fischer decomposition ,

Uy =Hy + (Z x§> Hy_s.
i=0
The space Hy restricted to the sphere S? is the eigenspace Hy of the Laplacian A with respect to the
eigenvalue Ay = N (N + 2) with dimension (N + 1)
Let us now consider the subspace II,, ,,,n +m = N, of Iy defined by

i(n—m)t

) it it T i S o
IL, = {p € Iy : p(azoe™, z1€", 20€™, 21€tt) = e P(Zo721,20721)}

and the subspace H, ,, = Hy N1IL,,,. In this subspace we have Xjp = (n — m)p. This leads to the
decomposition
HN = Z @Hn,m

n+m=N,n,m>0
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Furthermore, we have harmonic Fischer decomposition
Wy = Hym + (Jwol® + [w01]?) I—1m—1-
Moreover, each of the eigenspaces H,, ,, can be decomposed in terms of eigenspaces of the Dirac operator,
Hpym = My m + (wo + w1)My_1,m + (@Wo + W1) My, m—1 + woW1 Mp—1,m—1 + Wow1 Mp_1,m-1,

where My s = {p € Il s : Dp = 0}.

Furthermore, for any p € H,, ,, we have
Ap = —(X{ + XQ)p+ (n—m)’p = Opp + (n —m)*p

as well as
Dep = (iX; + kXi)p +j(n —m)p
and we denote the restriction of Hy, ,,, to S® by H,, ., as well as the restriction of M, ,, to S* by My, ,,.

This leads to the following lemma.

Lemma 6.1. The space M,, ,,, is the eigenspace of the sub-Dirac operator Dy with respect to the eigenvalue
—N-jl=—1+jn—(1-jm

with multiplicity N+2. Here, | = n—m, N = n+m,n,m > 0. Furthermore, the space H,, ,,, is the eigenspace

of the sub-Laplacian O, with respect to the eigenvalue
N(N +2) — ? = 4m? +4m(1 + [1]) + 2|1

with multiplicity || + 2m + 1.

Let us consider now the subspace F! of C*(S?) of homogeneous sections on the complex line bundle L,
ie. F! ~T(L') and
Fl={feC™(S*: f(x(a+bj) = (a+bi)"" f(z),a,b e Ra®> +b* =1} .
The sub-Laplacian can be identified with the horizontal Laplacian
Op : T(LY) = T(LY)
This identification allows us to decompose F' as

F' ~T(L}) = Z OHpm
n—m=Il,nm>1
into eigenspaces of the horizontal Laplacian.

The sub-Dirac operator can be identified with the horizontal Dirac operator
Dy : T(LY — T(LY
This identification allows us to decompose F' as

FlaT(h) = > &My

n—m=Il,n,m>1

into eigenspaces with respect to the horizontal Dirac operator.
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7. SUBELLIPTIC DIRAC OPERATOR

Following [7, 9] it is desirable to ask what manifolds besides S*"~1 admit a subelliptic Dirac operator.
Clearly it should be a CR manifold with some sort of spin structure.

In C™ we saw an invariance under a subgroup of Spin(2n) isomorphic to U(n). This suggests that we are
locking for a CR manifold with principle bundle whose fibers are isomorphic to & (n) and with a global double
cover also with fiber isomorphic to U(n).

8. IRREDUCIBLE REPRESENTATIONS IN U’(n)

Within the Clifford algebras C¥,,, the irreducible representation spaces for Spin(m) are the spinor spaces.
Here though we are dealing with the subgroup U’(n) of Spin(2n).

As point out in [15] the spinor spaces are no longer irreducible subspaces of Y’ (n). Furthermore, in several
complex variables one is interested specifically in (p,q) sections. If z = awa and f(z) is the isomorphic

equivalent of a (p, q) form in the context we consider here then in general af(awa) is not the equivalent of a

(p, q) form.
To overcome this instead of considering af(awa) we consider af(awa)a. Note that first a fjia remains in

W forj =1,--- ,nand a € U'(n). Note further that @a = 1 for each a € U’(n), or for that matter Spin(2n).
Consequently given fjf <o fi fr oo [y, then

a( ;; ;:fk:-~-f,;)a:dfﬁad j2a---dfjta&f,;a~--df,;a.

s

Tt follows that if f(z) is the equivalent of a (p,q) form in the context described here then so is af(awa)a.
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