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1. Introduction

Let W � RN be a bounded domain with a C2-boundary qW: In this paper

we study the following nonlinear parametric Robin problem

�div aðDuðzÞÞ ¼ f ðz; uðzÞ; lÞ in W;
qu
qna

þ bðzÞup�1 ¼ 0 on qW; u > 0; 1 < p < y:

(
ðPlÞ

The aim of this work is to study the dependence of the set of positive solutions

on the parameter l > 0: In problem ðPlÞ the map a : RN ! RN involved in

the definition of the di¤erential operator is continuous, strictly monotone (hence

maximal monotone too) and satisfies other regularity and growth conditions,

listed in hypotheses HðaÞ below. These hypotheses are general enough to

include into our framework many di¤erential operators of interest such as the

p-Laplacian. However, we stress that the di¤erential operator in problem ðPlÞ
is not homogeneous and this fact is a source of technical di‰culties which

require di¤erent techniques. The reaction term f ðz; x; lÞ is a Carathéodory

function in ðz; xÞ A W� R for all l > 0 (that is, for all x A R and all l > 0,

z ! f ðz; x; lÞ is measurable and for a.a. z A W and all l > 0, x ! f ðz; x; lÞ
is continuous), which exhibits strictly ðp� 1Þ-sublinear growth near þy, while

it is ðp� 1Þ-superlinear near 0þ: Also, qu=qna denotes the generalized normal

derivative defined by qu=qna ¼ ðaðDuÞ; nÞRN where nð:Þ is the outward unit
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normal on qW and b is a positive boundary function (cf. HðbÞ in Section 2).

We show that there exists l� > 0 such that
� for all l > l� problem ðPlÞ admits at least two positive solutions;
� for l ¼ l� problem ðPlÞ admits at least one positive solution;
� for all l A ð0; l�Þ there are no positive solutions of problem ðPlÞ.
Moreover, we show that for all lb l�, problem ðPlÞ has a smallest positive

solution ul and we investigate the continuity and the monotonicity properties of

the map l ! ul.

Such bifurcation-type results were proved primarily for problems driven by

the Laplacian or the p-Laplacian with competing nonlinearities (concave-convex

problems). We mention the works of Ambrosetti-Brezis-Cerami [6], Garcia

Azorero-Manfredi-Peral Alonso [12], Guo-Zhang [16], Hu-Papageorgiou [18]

(Dirichlet problems) and Motreanu-Motreanu-Papageorgiou [21] (Neumann

problems). For such problems, the bifurcation occurs near zero (that is, for

small values of l > 0). Recently, Aizicovici-Papageorgiou-Staicu [4] (semilinear

Dirichlet problems) and Papageorgiou-Radulescu [26] (nonlinear Robin prob-

lems driven by the p-Laplacian) examined superdi¤usive type logistic equations

and proved bifurcation-type results near þy (that is, for large values of l > 0).

We also mention the relevant works on periodic scalar nonlinear equations of

Aizicovici-Papageorgiou-Staicu [2], [3].

2. Mathematical Background

Let ðX ; k:kÞ be a Banach space. By X � we denote its topological dual and

by h� ; �i the duality brackets for the pair ðX �; XÞ: We will use the symbol

‘‘!w ’’ to designate weak convergence.

Suppose that j A C1ðXÞ: We say that j satisfies the Palais-Smale condition

(the PS-condition, for short), if the following is true:

‘‘every sequence fxngnb1 � X such that fjðxnÞgnb1 � R is bounded and

j 0ðxnÞ ! 0 in X � as n ! y

admits a strongly convergent subsequence.’’

This is a compactness-type condition on the functional j, which leads to

a deformation theorem from which one can derive the minimax theory of the

critical values of j: Prominent in that theory is the ‘‘mountain pass theorem’’

of Ambrosetti-Rabinowitz [7], which reads as follows:

Theorem 1. If j A C1ðX Þ satisfies the PS-condition, u0; u1 A X and r > 0

are such that ku1 � u0k > r,

maxfjðu0Þ; jðu1Þg < inffjðuÞ : ku� u0k ¼ rg ¼: mr;
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and

c ¼ inf
g AG

inf
t A ½0;1�

jðgðtÞÞ with G ¼ fg A Cð½0; 1�;X Þ : gð0Þ ¼ u0; gð1Þ ¼ u1g;

then cbmr and c is a critical value of j (i.e., there exists u� A X such that

j 0ðu�Þ ¼ 0 and jðu�Þ ¼ c).

In the analysis of problem ðPlÞ, we will use the Sobolev space W 1;pðWÞ and
by k:k we will denote its norm defined by

kuk ¼ ½kukpp þ kDukpp�
1=p;

where k:kp stands for the Lp-norm. In addition, we will also use the Banach

space C1ðWÞ and the boundary Lebesgue spaces LrðqWÞ ð1a rayÞ.
The Banach space C1ðWÞ is an ordered Banach space with an order

(positive) cone given by

Cþ ¼ fu A C1ðWÞ : uðzÞb 0 for all z A Wg:

This cone has a nonempty interior, given by

int Cþ ¼ fu A C1ðWÞ : uðzÞ > 0 for all z A Wg:

On qW we consider the ðN � 1Þ-dimensional Hausdor¤ (surface) measure sð:Þ:
Having this measure on qW, we can define in the usual way the Lebesgue spaces

LrðqWÞ ð1a rayÞ.
The theory of Sobolev spaces says that there exists a unique con-

tinuous linear map g0 : W
1;pðWÞ ! LpðqWÞ, known as the ‘‘trace map’’, such

that

g0ðuÞ ¼ ujqW for all u A W 1;pðWÞ \ CðWÞ:

So, we can view the trace map as representing the ‘‘boundary values’’ of a

Sobolev function u A W 1;pðWÞ.
The trace map g0 is compact from W 1;pðWÞ into LrðqWÞ for all r A

½1; ðN � 1Þp=ðN � pÞÞ when p < N and into LrðqWÞ for all r A ½1;yÞ when

pbN. In addition, we have

Im g0 ¼ W 1=p 0;pðqWÞ with
1

p
þ 1

p 0 ¼ 1 and ker g0 ¼ W
1;p
0 ðWÞ:

For the sake of notational simplicity, in the sequel we drop the use of the

trace map g0: All restrictions of Sobolev functions to the boundary qW are

defined in the sense of traces.

Let y A C1ð0;yÞ be a function such that
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0 < ĈCa
ty 0ðtÞ
yðtÞ aC0 andð2:1Þ

C1t
p�1

a yðtÞaC2ð1þ tp�1Þ for all t > 0

with C0;C1;C2 > 0 and 1 < p < y.

The hypotheses on the map aðyÞ involved in the definition of the di¤er-

ential operator of ðPlÞ are the following:

ðHðaÞÞ aðyÞ ¼ a0ðjyjÞy, for all y A RN with a0ðtÞ > 0 for all t > 0 and:

( i ) a0 A C1ð0;yÞ, t ! a0ðtÞt is strictly increasing,

lim
t!0þ

a0ðtÞt ¼ 0 and lim
t!0þ

a 0
0ðtÞt
a0ðtÞ

> �1;

( ii ) for some C3 > 0 and for all y A RN

j‘aðyÞjaC3
yðjyjÞ
jyj for all y A RN ;

(iii) for all y A RNnf0g and all x A RN

ð‘aðyÞx; xÞRN b
yðjyjÞ
jyj jxj2:

Here and in what follows, jyj denotes the RN norm of y A RN .

Remarks. These hypotheses are motivated by the nonlinear regularity

theory of Lieberman [20] and the nonlinear maximum principle of Pucci-Serrin

[30] (see also Uhlenbeck [32]). They imply that the primitive

G0ðtÞ ¼
ð t
0

a0ðsÞs ds; for tb 0

is strictly increasing and strictly convex. We set GðyÞ ¼ G0ðjyjÞ for all y A RN :

Then Gð:Þ is convex and continuously di¤erentiable. More precisely, we have

‘Gð0Þ ¼ 0 and

‘GðyÞ ¼ G 0
0ðjyjÞ

y

jyj ¼ a0ðjyjÞy ¼ aðyÞ for all y A RNnf0g:

So, Gð:Þ is the primitive of the map að:Þ: The convexity of Gð:Þ implies

that

GðyÞa ðaðyÞ; yÞRN for all y A RN :ð2:2Þ

The next lemma summarizes the main properties of the map að:Þ and it is an

easy consequence of the hypotheses ðHðaÞÞ.
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Lemma 1. If hypotheses ðHðaÞÞ hold, then:

(a) the map y ! aðyÞ is continuous and strictly monotone, hence maximal

monotone too;

(b) jaðyÞjaC4ð1þ jyjp�1Þ for all y A RN and some C4 > 0;

(c) ðaðyÞ; yÞRN b ðC1=ðp� 1ÞÞjyjp for all y A RN.

This lemma together with (2.1) and (2.2) leads to the following growth

estimates for the primitive Gð:Þ:

Corollary 1. If hypotheses ðHðaÞÞ hold, then

C1

pðp� 1Þ jyj
p
aGðyÞaC5ð1þ jyjpÞ for all y A RN ; some C5 > 0:

Examples. The following maps að:Þ satisfy hypotheses ðHðaÞÞ:
(a) aðyÞ ¼ jyjp�2

y with 1 < p < y.

This map corresponds to the p-Laplacian di¤erential operator

defined by

spu ¼ divðjDujp�2
DuÞ; for all u A W 1;pðWÞ:

(b) aðyÞ ¼ jyjp�2
yþ jyjq�2

y with 1 < q < p < y.

This map corresponds to the ðp; qÞ-Laplacian di¤erential operator

defined by

spuþsqu; for all u A W 1;pðWÞ:

Such operators arise in problems of mathematical physics (see, Benci-

D’Avenia-Fortunato-Pisani [8] (quantum physics) and Cherfils-Ilyasov [10]

(plasma physics).)

Recently there have been some existence and multiplicity results for

equations driven by such operators. We refer to the papers of Aizicovici-

Papageorgiou-Staicu [5], Cingolani-Degiovanni [11], Carmona-Cingolani-

Martinez Aparicio-Vannella [9], Mugnai-Papageorgiou [23], Papageorgiou-

Radulescu [24], Papageorgiou-Winkert [29], Sun-Zhang-Su [31].

(c) aðyÞ ¼ ð1þ jyj2Þðp�2Þ=2
y, with 1 < p < y.

This map corresponds to the generalized p-mean curvature dif-

ferential operator defined by

divðð1þ jDuj2Þðp�2Þ=2
DuÞ; for all u A W 1;pðWÞ:

(d) aðyÞ ¼ jyjp�2
yð1þ 1=ð1þ jyjpÞÞ with 1 < p < y.

This map corresponds to the following perturbation of the

p-Laplacian

spuþ div
jDujðp�2Þ=2

Du

1þ jDujp

 !
; for all u A W 1;pðWÞ:
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The assumptions on the boundary coe‰cient function bð:Þ are the following:

ðHðbÞÞ b A C0;aðqWÞ with a A ð0; 1Þ, bðzÞ > 0 for all z A qW.

Remark. The above hypothesis excludes Neumann problems (they corre-

spond to b1 0).

Let A : W 1;pðWÞ ! W 1;pðWÞ� be the nonlinear map defined by

hAðuÞ; hi ¼
ð
W

ðaðDuÞ;DhÞRN dz for all u; h A W 1;pðWÞ:ð2:3Þ

From Papageorgiou-Rocha-Staicu [28] we have:

Proposition 1. If hypotheses ðHðaÞÞ hold, then the nonlinear map

A : W 1;pðWÞ ! W 1;pðWÞ� defined by (2.3) is continuous, monotone, hence max-

imal monotone, too, and of type ðSÞþ, that is, if fungnb1 � W
1;p
0 ðWÞ is such that

un !
w

u in W 1;pðWÞ and

lim sup
n!y

hAðunÞ; un � uia 0;

then un ! u in W 1;pðWÞ as n ! y.

Let f0 : W� R ! R be a Carathéodory function such that

j f0ðz; xÞja a0ðzÞð1þ jxjr�1Þ for a:a: z A W; all x A R

with a0 A LyðWÞþ :¼ fa A LyðWÞ : aðzÞb 0 for a:a: z A Wg and r A ð1; p�Þ
with

p� ¼
Np
N�p

if p < N

þy if pbN

(
ðthe critical Sobolev exponent for pÞ:

Moreover, let k0 A C0;hðqW� RÞ with h A ð0; 1Þ be such

jk0ðt; xÞjaC6jxjt for all ðz; xÞ A qW� R;

with C6 > 0 and t A ð1; p�: We set

F0ðz; xÞ ¼
ð x
0

f0ðz; sÞds and K0ðz; xÞ ¼
ð x
0

k0ðz; sÞds

and consider the C1-functional j0 : W
1;pðWÞ ! R defined by

j0ðuÞ ¼
ð
W

GðDuðzÞÞdzþ
ð
qW

K0ðz; uðzÞÞds

�
ð
W

F0ðz; uðzÞÞdz for all u A W 1;pðWÞ:
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From Papageorgiou-Radulescu [25] (see also Gasinski-Papageorgiou [14]

for the Dirichlet case), we have

Proposition 2. If hypotheses ðHðaÞÞ hold and u0 A W 1;pðWÞ is a local

C 1ðWÞ-minimizer of j0, that is, there exists r0 > 0 such that

j0ðu0Þa j0ðu0 þ hÞ for all h A C1ðWÞ with khk
C 1ðWÞ a r0;

then u0 A C
1;a
0 ðWÞ for some a A ð0; 1Þ and u0 is a local W 1;pðWÞ-minimizer of j0,

that is, there exists r1 > 0 such that

j0ðu0Þa j0ðu0 þ hÞ for all h A W 1;pðWÞ with khka r1:

Remark. The result remains true even if f0ðz; :Þ has critical growth (that is,

if r ¼ p�). We refer to Papageorgiou-Radulescu [27] for this generalization.

The next strong comparison theorem is related to Proposition 2.2 of

Guedda-Veron [15].

Proposition 3. If hypotheses ðHðaÞÞ hold, x A LyðWÞþ, h1; h2 A LyðWÞ
satisfy h1 0 h2, that is there exists C7 > 0 such that

0 < C7 a h2ðzÞ � h1ðzÞ for all z A W;

u A C1ðWÞnf0g, v A int Cþ, ua v,

qu

qn

����
qW

< 0 or
qv

qn

����
qW

< 0

and

�div aðDuðzÞÞ þ xðzÞjuðzÞjp�2
uðzÞ ¼ h1ðzÞ for a:a: z A W;

�div aðDvðzÞÞ þ xðzÞvðzÞp�2
vðzÞ ¼ h2ðzÞ for a:a: z A W;

(

then

ðv� uÞðzÞ > 0 for all z A W

and

qðv� uÞ
qn

ðz0Þ < 0 for all z0 A S0 :¼ fz A qW : uðzÞ ¼ vðzÞg:

Proof. By hypothesis, we have

�divðaðDvðzÞÞ � aðDuðzÞÞÞð2:4Þ

¼ h2ðzÞ � h1ðzÞ � xðzÞðvðzÞp�1 � juðzÞjp�2
uðzÞÞ for a:a: z A W:
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If a ¼ ðakÞNk¼1 with ak : RN ! R for all k A f1; 2; . . . ;Ng, then using the chain

rule, we have

akðyÞ � akðy 0Þ ¼
XN
i¼1

ð1
0

qak

qyi
ðy 0 þ tðy� y 0ÞÞðyi � y 0

i Þdt

for all y ¼ ðyiÞNi¼1 and y 0 ¼ ðy 0
i Þ

N
i¼1 A RN and k A f1; 2; . . . ;Ng.

We introduce the following functions defined on W:

yk; iðzÞ ¼
ð1
0

qak

qyi
ðDuðzÞ þ tðDvðzÞ �DuðzÞÞÞdt for all z A W:

Using these functions, we define the following linear di¤erential operator

LðwÞ ¼ �div
XN
i¼1

yk; iðzÞ
qw

qzi

 !

¼ �
XN
k; i¼1

q

qzk
yk; iðzÞ

qw

qzi

� �
; Ew A W 1;pðWÞ:

Setting y ¼ v� u A Cþnf0g, from (2.4) we have

LðyÞ ¼ h2ðzÞ � h1ðzÞ � xðzÞðvp�1 � jujp�2
uÞð2:5Þ

Let

E ¼ fz A W : uðzÞ ¼ vðzÞg and E0 ¼ fz A W : DuðzÞ ¼ DvðzÞ ¼ 0g

Claim E � E0.

Let z0 A E: Then y attains its infimum at z0, hence Dyðz0Þ ¼ 0,

therefore

Duðz0Þ ¼ Dvðz0Þ:

If z0 B E0, then we can find r > 0 small such that

jDuðzÞj > 0; jDvðzÞj > 0; ðDuðzÞ;DvðzÞÞRN > 0 for all z A Brðz0Þ:

Here Brðz0Þ denotes the open ball centered at z0 of radius r.

Taking r > 0 even smaller if necessary we can have

L is strictly elliptic on Brðz0Þ

and

LðyðzÞÞ > 0 for all z A Brðz0Þ;
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(see (2.5) and recall that h1 0 h2). Then by the strong maximum principle

we have

yðzÞ > 0 for all z A Brðz0Þ;

a contradiction (let z ¼ z0Þ: This proves the Claim.

Note that E0 � W is compact. Hence so is E and so we can find W1 � W

open with a C2-boundary such that

E � W1 � W1 � W:

Let e > 0 be such that

uðzÞ þ e < vðzÞ for all z A qW1 and h1ðzÞ þ e < h2ðzÞ for a:a: z A W1:

Using these facts and the weak comparison principle we can easily check that

for d > 0 small uþ da v on W1: Hence E ¼ q and ðv� uÞðzÞ > 0 for all

z A W: Also from the boundary point theorem (see [22], p. 217 and [30], p. 120)

we have

qðv� uÞ
qn

����
S0

< 0: r

Remark. Consider the following order cone in C1ðWÞ

ĈCþ ¼ y A C1ðWÞ : yðzÞb 0 for all z A W;
qy

qn
ðzÞa 0 for all z A S0

� �
;

where S0 :¼ fz A qW : yðzÞ ¼ 0g: This cone has a nonempty interior given

by

int ĈCþ ¼ y A ĈCþ : yðzÞ > 0 for all z A W;
qy

qn
ðzÞ < 0 for all z A S0

� �
:

Then Proposition 3 says that v� u A int ĈCþ.

Consider the following nonlinear eigenvalue problem:

�spuðzÞ ¼ l̂ljuðzÞjp�2
uðzÞ in W;

qu
qnp

þ ~bbðzÞjujp�2
u ¼ 0 on qW;

(
ð2:6Þ

where 1 < p < y and ~bb A LyðqWÞ, ~bbb 0, ~bb0 0.

Recall that sp ð1 < p < yÞ denotes the p-Laplacian di¤erential operator

defined by

spu ¼ divðjDujp�2
DuÞ; for all u A W 1;pðWÞ:
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In this case aðyÞ ¼ jyjp�2
y for all y A RN , and so the generalized directional

derivative qu=qnp on qW is defined by

qu

qnp
¼ jDujp�2ðDu; nÞRN for all u A W 1;pðWÞ;

where nð:Þ is the outward unit normal on qW.

From Papageorgiou-Radulescu [25], we know that problem (2.6) has a

smallest eigenvalue l̂l1ð ~bbÞ which has the following properties:
� l̂l1ð ~bbÞ > 0 and it is isolated in the spectrum of (2.6);
� l̂l1ð ~bbÞ is simple;
�

l̂l1ð ~bbÞ ¼ inf
yðuÞ
kukpp

: u A W 1;pðWÞ; u0 0

( )
;ð2:7Þ

where y : W 1;pðWÞ ! R is the C1-functional defined by

yðuÞ ¼ kDukpp þ
ð
qW

~bbðzÞjujpds for all u A W 1;pðWÞ:

The infimum in (2.7) is achieved on the corresponding one dimensional

eigenspace. From (2.7) it is clear that the elements of this eigenspace do not

change sign. In what follows, by ûu1ð ~bbÞ we denote the positive Lp-normalized

eigenfunction (that is, kûu1ð ~bbÞkp ¼ 1) corresponding to l̂l1ð ~bbÞ > 0.

The nonlinear regularity theory of Lieberman [20] and the nonlinear

maximum principle of Pucci-Serrin [30] imply that ûu1ð ~bbÞ A int Cþ: These proper-

ties lead easily to the following simple but useful lemma (see Papageorgiou-

Radulescu [25]).

Lemma 2. If x A LyðWÞþ, xðzÞa l̂l1ð ~bbÞ for a.a. z A W and x0 l̂l1ð ~bbÞ, then
there exists C8 > 0 such that

yðuÞ �
ð
W

xðzÞjuðzÞjpdzbC8kukp
for all u A W 1;pðWÞ:

Finally, we comment on our notation throughout the remainder of the

paper. By j:jN we denote the Lebesgue measure on RN : If x A R then xG ¼
maxfGx; 0g: Given u A W 1;pðWÞ, we define uGð:Þ ¼ uð:ÞG and we have

uG A W 1;pðWÞ; u ¼ uþ � u� and juj ¼ uþ þ u�;

3. A bifurcation-type theorem

In this section we prove a bifurcation-type theorem decribing the behavior

of the set of positive solutions of problem ðPlÞ as the parameter l > 0 varies.
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The hypotheses on the reaction term f ðz; x; lÞ are the following:

ðH1Þ: f : W� R� ð0;yÞ ! R is a function such that for all l > 0, ðz; xÞ !
f ðz; x; lÞ is a Carathéodory function, f ðz; x; lÞb 0 for a.a. z A W and all

xb 0, f ðz; 0; lÞ ¼ 0 for a.a. z A W and:

( i ) for every r > 0 and I � ð0;yÞ bounded, we can find aI
r A LyðWÞþ

such that

0a f ðz; x; lÞa aI
rðzÞ for a:a: z A W; all 0a xa r; all l A I ;

( ii ) for every l > 0,

lim
x!þy

f ðz; x; lÞ
xp�1

¼ 0 uniformly for a:a: z A W;

(iii) for every l > 0,

lim
x!0þ

f ðz; x; lÞ
xp�1

¼ 0 uniformly for a:a: z A W;

(iv) there exists ~hh A LpðWÞ such thatð
W

Fðz; ~hhðzÞ; lÞdz > 0 for all lb l0 > 0

where

Fðz; x; lÞ ¼
ð x
0

f ðz; s; lÞds;

( v ) for a.a. z A W and all x > 0, l ! f ðz; x; lÞ is strictly increasing; for

each s > 0, we can find hs > 0 such that

0 < hs a f ðz; x; tÞ � f ðz; x; lÞ for a:a: z A W;

all xb s > 0; and all t > l > 0;

f ðz; x; lÞ ! 0þ as l ! 0þ uniformly for a:a: z A W;

all x A K � R compact

and

f ðz; x; lÞ ! þy as l ! þy uniformly for a:a: z A W:

Remarks. Since we are interested in positive solutions and all the above

conditions on the reaction f ðz; :; lÞ, concern the positive semiaxis ð0;yÞ,
without any loss of generality, we may assume that

f ðz; x; lÞ ¼ 0 for a:a: z A W; all xa 0; all l > 0:
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Hypotheses ðH1Þ ðiiÞ, (iii) imply that f ðz; : ; lÞ is strictly ðp� 1Þ-sublinear both

near þy and near to 0þ.

Examples. The following functions satisfy hypotheses ðH1Þ. For the sake

of simplicity we drop the W C z-dependence.

f1ðx; lÞ ¼ lðxr�1 � xt�1Þ if 0a xa 1

lxq�1 ln x if 1 < x

�
with 1 < q < p < t < r;

f2ðx; lÞ ¼ lxr�1 if 0a xa 1

lxq�1 if 1 < x

�
with 1 < q < p < r;

f3ðx; lÞ ¼ lðxr�1 þ xt�1Þ if 0a xa 1

2lxq�1 if 1 < x

�
with 1 < q < p < r; t;

f4ðx; lÞ ¼
lxr�1 if 0a xa rðlÞ
xq�1 þ sðlÞ if rðlÞ < x

�
:

with rðlÞ A ð0; 1�, rðlÞ ! 0þ as l ! 0þ, rð:Þ is strictly increasing,

sðlÞ ¼ ðlrðlÞr�q � 1ÞrðlÞ; and 1 < q < p < r:

We introduce the following two sets

L ¼ fl > 0 : problem ðPlÞ admits a positive solutiong;

and

SðlÞ ¼ the set of positive solutions of ðPlÞ:

We set

l� ¼ inf L

(if L ¼ q then l� ¼ þyÞ:

Proposition 4. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH1Þ hold, then for all l > 0

we have SðlÞ � int Cþ and l� > 0:

Proof. Assume that L0q and let l A L. Then there exists u A SðlÞ
such that

�div aðDuðzÞÞ ¼ f ðz; uðzÞ; lÞ in W;
qu
qna

þ bðzÞup�1 ¼ 0 on qW

(
ð3:1Þ

(see Papageorgiou-Radulescu [25]). From (3.1) it follows that u A LyðWÞ (see

Papageorgiou-Radulescu [27]). Then using the nonlinear regularity theory of

Lieberman ([20], p. 320) we have that u A Cþnf0g: Hypotheses ðH1Þ ðiÞ, (ii),
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(iii) imply that given r > 0, we can find ~xxr > 0 such that

f ðz; x; lÞ þ ~xxrx
p�1

b 0 for a:a: z A W; all 0a xa r:ð3:2Þ

Let r ¼ kuky and let ~xxr > 0 be as postulated by (3.2) above. We have

�div aðDuðzÞÞ þ ~xxruðzÞp�1 ¼ f ðz; uðzÞ; lÞ þ ~xxruðzÞp�1

b 0 for a:a: z A W ðsee ð3:2ÞÞ;
hence

div aðDuðzÞÞa ~xxruðzÞp�1 for a:a: z A W:

Let

hðtÞ ¼ a0ðtÞt for all t > 0:

Hypothesis ðHðaÞÞ ðiiiÞ (unidimensional version) and (2.1) imply that

h 0ðtÞt ¼ a 0
0ðtÞt2 þ a0ðtÞtbC1t

p�1:

Performing an integration by parts, we haveð t
0

h 0ðsÞs ds ¼ hðtÞt�
ð t
0

hðsÞdsð3:3Þ

¼ hðtÞt� G0ðtÞ

b
C1

p
tp; for all t > 0:

Let HðtÞ ¼ a0ðtÞt2 � G0ðtÞ and H0ðtÞ ¼ ðC1=pÞtp, for all t > 0 and consider the

sets

D1 ¼ ft A ð0; 1Þ : HðtÞb mg and

D2 ¼ ft A ð0; 1Þ : H0ðtÞb mg with m > 0:

From (3.3) we have H0 aH, hence D2 � D1, therefore

inf D1 a inf D2:

From Leoni ([19], p. 6) we have

H�1ðmÞaH�1
0 ðmÞ;

hence ð d
0

1

H�1
~xxr
p
mp

� � dmb

ð d
0

1

H�1
0

~xxr
p
mp

� � dm

¼
~xxr
p

ð d
0

dm

m
¼ þy:
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So, we can use the strong maximum principle of Pucci-Serrin ([30], p. 111) and

infer that uðzÞ > 0 for all z A W: Using the boundary point theorem of Pucci-

Serrin ([30], p. 120) we conclude that u A int Cþ: Therefore

SðlÞ � int Cþ for all l > 0:

Hypotheses ðH1Þ ðiiÞ, (iii), (v) imply that we can find l > 0 such that

f ðz; x; lÞa C1

p� 1
l̂l1ðb̂bÞxp�1 for a:a: z A W; all x A Rð3:4Þ

(here b̂b ¼ ððp� 1Þ=C1Þb A LyðWÞ). Choose l A ð0; lÞ and assume that l A L.

Then we can find ul A SðlÞ � int Cþ such that

hAðulÞ; hiþ
ð
qW

bðzÞulðzÞp�1
h dsð3:5Þ

¼
ð
W

f ðz; ulðzÞ; lÞh dz for all h A W 1;pðWÞ:

In (3.5) we choose h ¼ ul A W 1;pðWÞ: Then

C1

p� 1
kDulkpp þ

ð
qW

bðzÞup
l ds

a

ð
W

f ðz; ulðzÞ; lÞul dz ðsee Lemma 1Þ

<
C1

p� 1
l̂l1ðb̂bÞkulkpp ðsee hypothesis ðH1Þ ðvÞ and use ð3:5ÞÞ;

hence

C1

p� 1
kDulkpp þ

ð
qW

b̂bðzÞup
l ds

� 	
<

C1

p� 1
l̂l1ðb̂bÞkulkpp;

a contradiction. This proves that

l�
b l > 0: r

Proposition 5. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH1Þ hold, then L0q, and

so l� A ð0;þyÞ:

Proof. Hypotheses ðH1Þ ðiÞ, (ii) imply that given e > 0 and l > 0 we can

find C9 ¼ C9ðe; lÞ > 0 such that

F ðz; x; lÞa e

p
xp þ C9 for a:a: z A W; all xb 0:ð3:6Þ
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We introduce the following Carathéodory function

f̂f ðz; x; lÞ ¼ f ðz; x; lÞ þ 1

p� 1
ðxþÞp for all ðz; x; lÞ A W� R� ð0;þyÞ:ð3:7Þ

We set F̂F ðz; x; lÞ ¼
Ð x
0 f̂f ðz; s; lÞds and introduce the C1-functional ĵjl : W

1;pðWÞ
! R by

ĵjlðuÞ ¼
ð
W

GðDuðzÞÞdzþ 1

pðp� 1Þ kuk
p
p þ

1

p

ð
qW

bðzÞjujpds

�
ð
W

F̂F ðz; u; lÞdz for all u A W 1;pðWÞ:

Using Corollary 1, (3.7) and choosing e > 0 small, we have

ĵjlðuÞb
C1

pðp� 1Þ kDuþkpp þ
ð
qW

b̂bðzÞðuþÞpds
� 	

�
ð
W

Fðz; uþ; lÞdz

þ C1

pðp� 1Þ kDu�kpp þ ku�kpp þ
ð
qW

b̂bðzÞðu�Þpds
� 	

b
C1

pðp� 1Þ kDuþkpp þ
ð
qW

b̂bðzÞðuþÞpds� eðp� 1Þ
C1

kuþkp

� 	

þ C1

pðp� 1Þ ku
�kp � C9jWjN ðsee ð3:6ÞÞ

bC10kukp � C9jWjN for some C10 > 0 ðsee Lemma 2Þ;

hence ĵjl is coercive for all l > 0.

Also using the Sobolev embedding theorem and the compactness of the

trace map, we can see that ĵjl is sequentially weakly lower semicontinuous. So,

by the Weierstrass theorem we can find ul A W 1;pðWÞ such that

ĵjlðulÞ ¼ inffĵjlðuÞ : u A W 1;pðWÞg:ð3:8Þ

Hypotheses ðH1Þ ðiÞ, (ii), (iii) imply that for every l > 0, we can find C11 ¼
C11ðlÞ > 0 such that

0aFðz; x; lÞaC11x
p for a:a: z A W; all xb 0:ð3:9Þ

Consider the integral functional Jl : L
pðWÞ ! R defined by

JlðhÞ ¼
ð
W

F ðz; hðzÞ; lÞdz for all h A LpðWÞ:
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Then, from (3.9) and the dominated convergence theorem, it follows that Jlð:Þ is
continuous. Moreover, due to hypothesis ðH1Þ ðivÞ, we have

Jlð~hhÞ > 0 for all lb l0:

Exploiting the density of W 1;pðWÞ into LpðWÞ, we can find ~uu A W 1;pðWÞ such

that

Jlð~uuÞ > 0 for all lb l1 b l0:

Moreover, since F ðz; u; lÞ ¼ 0 for a.a. z A W, all xa 0 and all l > 0, we can

replace ~uu by ~uuþ A W 1;pðWÞ, and so, without any loss of generality, we may

assume that ~uub 0.

Hypothesis ðH1Þ ðvÞ and Fatou’s lemma imply that

lim
l!y

ð
W

Fðz; ~uuðzÞ; lÞdz ¼ þy:

So, using Corollary 1 and hypothesis ðHðbÞÞ, we see that we can find l > 0

large enough such that

ĵjlð~uuÞ < 0:

Then

ĵjlðulÞ < 0 ¼ ĵjlð0Þ ðsee ð3:8ÞÞ;

hence ul 0 0: From (3.8), we have

ĵj 0
lðulÞ ¼ 0

hence

hAðulÞ; hiþ 1

p� 1

ð
W

juljp�2
ulh dzþ

ð
qW

bðzÞjuljp�2
ulh dsð3:10Þ

¼
ð
W

f̂f ðz; ul; lÞh dz for all h A W 1;pðWÞ:

In (3.10) we choose h ¼ �u�l A W 1;pðWÞ: Then

1

p� 1
½C1kDu�l k

p
p þ ku�l k

p
p�a 0

(see Lemma 1, hypothesis ðHðbÞÞ and (3.7)), hence

ul b 0; ul 0 0:
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Then equation (3.10) becomes

hAðulÞ; hiþ
ð
qW

bðzÞup�1
l h ds ¼

ð
W

f ðz; ul; lÞh dz for all h A W 1;pðWÞ;

therefore ul A SðlÞ � int Cþ for l > 0 large, and we get l A L and L0q:

r

Proposition 6. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH1Þ hold and l A L, then

½l;þyÞ � L:

Proof. Let m > l: Since by hypothesis l A L, we can find ul A SðlÞ �
int Cþ (see Proposition 4). Using ul we introduce the following truncation-

perturbation of the reaction term for problem ðPmÞ:

hmðz; xÞ ¼
f ðz; ulðzÞ; mÞ þ ulðzÞp�1 if xa ulðzÞ
f ðz; x; mÞ þ xp�1 if ulðzÞ < x:

(
ð3:11Þ

This is a Carathéodory function. We set Hmðz; xÞ ¼
Ð x
0 hmðz; sÞds and

introduce the C 1-functional cl : W
1;pðWÞ ! R defined by

cmðuÞ ¼
ð
W

GðDuðzÞÞdzþ 1

p
kukpp þ

1

p

ð
qW

bðzÞjujpds

�
ð
W

Hmðz; uÞdz for all u A W 1;pðWÞ:

As before (see the proof of Proposition 5), using hypotheses ðH1Þ ðiÞ, (ii), we can

see that the functional cm is coercive and sequentially weakly lower semi-

continuous. So, by the Weierstrass theorem, we can find um A W 1;pðWÞ such

that

cmðumÞ ¼ inffcmðuÞ : u A W 1;pðWÞg;

hence

c 0
mðumÞ ¼ 0;

and this implies

hAðumÞ; hiþ
ð
W

jumjp�2
umh dzþ

ð
qW

bðzÞjuljp�2
ulh dsð3:12Þ

¼
ð
W

hmðz; umÞh dz for all h A W 1;pðWÞ:

In (3.12) we choose h ¼ ðul � umÞþ A W 1;pðWÞ: Then
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hAðumÞ; ðul � umÞþiþ
ð
W

jumjp�2
umðul � umÞþdzð3:13Þ

þ
ð
qW

bðzÞjumjp�2
umðul � umÞþds

¼
ð
W

hmðz; umÞðul � umÞþdz

¼
ð
W

½ f ðz; ul; mÞ þ u
p�1
l �ðul � umÞþdz ðsee ð3:11ÞÞ

b

ð
W

½ f ðz; ul; lÞ þ u
p�1
l �ðul � umÞþdz ðsee hypothesis ðH1Þ ðvÞÞ

¼ hAðulÞ; ðul � umÞþiþ
ð
W

u
p�1
l ðul � umÞþdz

þ
ð
qW

bðzÞup�1
l ðul � umÞþds ðsince ul A SðlÞÞ;

hence

hAðulÞ � AðumÞ; ðul � umÞþiþ
ð
W

ðup�1
l � jumjp�2

umÞðul � umÞþdza 0

(see hypothesis ðHðbÞÞ), therefore

jful > umgjN ¼ 0;

and we conclude that

ul a um:

Then, because of (3.11), equation (3.12) becomes

hAðumÞ; hiþ
ð
qW

bðzÞup�1
m h ds ¼

ð
W

f ðz; um; mÞh dz for all h A W 1;pðWÞ:

Then um A SðmÞ � int Cþ, and we conclude that ½l;þyÞ � L. r

According to Proposition 6,

ðl�;þyÞ � L:

Next we show that for every l > l�, problem ðPlÞ admits at least two

positive solutions. To have this multiplicity result, we need to stregthen a little

the conditions on the reaction term f ðz; x; lÞ.
The new hypotheses are the following:
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ðH2Þ: f : W� R� ð0;yÞ ! R is such that for all l > 0, ðz; xÞ ! f ðz; x; lÞ is

a Carathéodory function, f ðz; x; lÞb 0 for a.a. z A W and all xb 0,

f ðz; 0; lÞ ¼ 0 for a.a. z A W and:

( i ) for every r > 0 and every I � ð0;yÞ bounded, we can find

aI
r A LyðWÞþ such that

0a f ðz; x; lÞa aI
rðzÞ for a:a: z A W; all x A ½0; r�; all l A I ;

( ii ) for every l > 0,

lim
x!þy

f ðz; x; lÞ
xp�1

¼ 0 uniformly for a:a: z A W;

(iii) for every l > 0,

lim
x!0þ

f ðz; x; lÞ
xp�1

¼ 0 uniformly for a:a: z A W

(iv) there exists ~hh A LpðWÞ such thatð
W

Fðz; ~hhðzÞ; lÞdz > 0 for all lb l0 > 0

where

Fðz; x; lÞ ¼
ð x
0

f ðz; s; lÞds;

( v ) for a.a. z A W and all x > 0, l ! f ðz; x; lÞ is strictly increasing; for

each s > 0, we can find hs > 0 such that

0 < hs a f ðz; x; tÞ � f ðz; x; lÞ for a:a: z A W;

all xb s > 0; and all t > l > 0;

f ðz; x; lÞ ! 0þ as l ! 0þ uniformly for a:a: z A W;

all x A K � R compact

and

f ðz; x; lÞ ! þy for a:a: z A W as l ! þy;

(vi) for every r > 0 and every I � ð0;yÞ bounded, we can find ~xx I
r > 0

such that for a.a. z A W and all l A I the function

x ! f ðz; x; lÞ þ ~xxI
rx

p�1 is nondecreasing on ½0; r�:

Remarks. If for a.a. z A W, f ðz; :; lÞ is di¤erentiable on ð0;þyÞ and the

function x ! f 0ðz; x; lÞ has at most ðp� 2Þ-polynomial growth, uniformly for
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all l A I � ð0;þyÞ bounded, then hypothesis ðH2Þ ðviÞ holds. The examples

given after the hypotheses ðH1Þ satisfy the new conditions.

Proposition 7. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH2Þ hold and l A ðl�;þyÞ,
then problem ðPlÞ admits at least two positive solutions

u0; ûu A int Cþ:

Proof. Recall that ðl�;þyÞ � L: Let h; l; m A ðl�;þyÞ and assume that

h < l < m:

From the proof of Proposition 6, we know that we can find uh A SðhÞ � int Cþ
and um A SðmÞ � int Cþ such that

uh a um:

We introduce the following Carathéodory function

elðz; xÞ ¼
f ðz; uhðzÞ; lÞ þ uhðzÞp�1 if x < uhðzÞ
f ðz; x; lÞ þ xp�1 if uhðzÞa xa umðzÞ
f ðz; umðzÞ; lÞ þ umðzÞp�1 if umðzÞ < x:

8><
>: :ð3:14Þ

We set Elðz; xÞ ¼
Ð x
0 elðz; sÞds and consider the C1-functional gl : W

1;pðWÞ
! R defined by

glðuÞ ¼
ð
W

GðDuÞdzþ 1

p
kukpp þ

1

p

ð
qW

bðzÞjujpds

�
ð
W

Elðz; uÞdz for all u A W 1;pðWÞ:

Corollary 1 and (3.14) imply that gl is coercive. Also, it is sequentially weakly

lower semicontinuous. So, we can find u0 A W 1;pðWÞ such that

glðu0Þ ¼ inffglðuÞ : u A W 1;pðWÞg:

Then

g 0lðu0Þ ¼ 0;

hence

hAðu0Þ; hiþ
ð
W

ju0jp�2
u0h dzþ

ð
qW

bðzÞju0jp�2
u0h dsð3:15Þ

¼
ð
W

elðz; u0Þh dz for all h A W 1;pðWÞ:

In (3.15) we choose h ¼ ðu0 � umÞþ A W 1;pðWÞ: Then
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hAðu0Þ; ðu0 � umÞþiþ
ð
W

u
p�1
0 ðu0 � umÞþdz

þ
ð
qW

bðzÞup�1
0 ðu0 � umÞþds

¼
ð
W

elðz; u0Þðu0 � umÞþdz

¼
ð
W

½ f ðz; um; lÞ þ up�1
m �ðu0 � umÞþdz ðsee ð3:14ÞÞ

a

ð
W

½ f ðz; um; mÞ þ up�1
m �ðu0 � umÞþdz

ðsee ðH2Þ ðvÞ and recall that l < mÞ

¼ hAðumÞ; ðu0 � umÞþiþ
ð
W

up�1
m ðu0 � umÞþdz

þ
ð
qW

bðzÞup�1
m ðu0 � umÞþds ðsince um A SðmÞÞ;

hence

hAðu0Þ � AðumÞ; ðu0 � umÞþiþ
ð
W

ðup�1
0 � up�1

m Þðu0 � umÞþdz

þ
ð
qW

bðzÞðup�1
0 � up�1

m Þðu0 � umÞþdsa 0;

Therefore

jfu0 > umgjN ¼ 0;

and we conclude that

u0 a um:

If in (3.15) we choose h ¼ ðuh � u0Þþ A W 1;pðWÞ and argue similarly, then we

show that

uh a u0:

So, we have proved that

u0 A ½uh; um� ¼ fu A W 1;pðWÞ : uhðzÞa u0ðzÞa umðzÞ for a:a: z A Wg;

therefore u0 A SðlÞ � int Cþ (see (3.14)).

For d > 0, let ud
0 ¼ u0 þ d A int Cþ: Also, let r ¼ kumky and I ¼

ð0; kumkyÞ: According to hypothesis ðH2Þ ðviÞ, we can find ~xxI
r > 0 such that for
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a.a. z A W and all l 0 A I , we have that

x ! f ðz; x; l 0Þ þ ~xxI
rx

p�1 is nondecreasing on ½0; r�:ð3:16Þ

We have

�div aðDud
0Þ þ ~xxI

rðud
0Þ

p�1ð3:17Þ

a�div aðDu0Þ þ ~xxI
ru

p�1
0 þ wðdÞ with wðdÞ ! 0þ as d ! 0þ

¼ f ðz; u0; lÞ þ ~xx I
ru

p�1
0 þ wðdÞ ðsince u0 A SðlÞÞ

a f ðz; um; lÞ þ ~xxI
ru

p�1
m þ wðdÞ

ðsee ð3:16Þ and recall that u0 a umÞ

¼ f ðz; um; mÞ þ ~xxI
ru

p�1
m � ½ f ðz; um; mÞ � f ðz; um; lÞ� þ wðdÞ:

Since um A int Cþ, we can find s > 0 such that

0 < sa umðzÞ for all z A W:

Then hypothesis ðH2Þ ðvÞ implies that

0 < hs a f ðz; umðzÞ; mÞ � f ðz; umðzÞ; lÞ:

Since wðdÞ ! 0þ as d ! 0þ, for d > 0 small we have

0 <
1

2
hs a hs � wðdÞ:

Returning to (3.17), we obtain

�div aðDu0Þ þ ~xxI
ru

p�1
0ð3:18Þ

a f ðz; um; mÞ þ ~xxI
ru

p�1
0 � 1

2
hs

a�div aðDumÞ þ ~xxI
ru

p�1
m for a:a: z A W:

From (3.18) and Proposition 3 we have

um � u0 A int ĈCþ ðrecall that u0 a umÞ:ð3:19Þ

In a similar fashion we show that

u0 � uh A int ĈCþ ðrecall that uh a u0Þ:ð3:20Þ

From (3.19) and (3.20) it follows that

u0 A int
C 1ðWÞ½uh; um�:ð3:21Þ
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Let ĵjl A C 1ðW 1;pðWÞÞ be the functional from the proof of Proposition 5. From

(3.14), we have

ĵjlj½uh;um� ¼ glj½uh;um� þ x�
l for some x�

l A R:ð3:22Þ

Then (3.21) and (3.22) imply that u0 is a local C 1ðWÞ-minimzer of ĵjl, hence

u0 is a local W 1;pðWÞ-minimizer of ĵjl;ð3:23Þ

(see Proposition 2). Hypothesis ðH2Þ ðiiiÞ implies that given any e > 0, we can

find d ¼ dðe; lÞ > 0 such that

Fðz; x; lÞa e

p
ðxþÞp for a:a: z A W; all jxja d:ð3:24Þ

Let u A C1ðWÞ with kuk
C 1ðWÞ a d: We have

ĵjlðuÞ ¼
ð
W

GðDuðzÞÞdzþ 1

pðp� 1Þ kuk
p
p þ

1

p

ð
qW

bðzÞjujpds�
ð
W

F̂F ðz; u; lÞdz

b
C1

pðp� 1Þ kDuþkpp þ
ð
qW

b̂bðzÞðuþÞpds� eðp� 1Þ
C1

kuþkpp
� 	

þ C1

pðp� 1Þ ½kDu�kpp þ ku�kpp� ðsee ð3:24Þ and hypothesis ðHðbÞÞ

bC12kukp for some C12 > 0;

hence u ¼ 0 is a local C1ðWÞ-minimizer of ĵjl, therefore u ¼ 0 is a local

W 1;pðWÞ-minimizer of ĵjl: Without any loss of generality, we may assume that

0 ¼ ĵjlð0Þa ĵjlðu0Þ:ð3:25Þ

The reasoning is similar if the opposite inequality holds. Because of (3.23), we

can find r A ð0; 1Þ small such that

ĵjlðu0Þ < inffĵjlðuÞ : ku� u0k ¼ rg ¼: m̂ml; ku0k > rð3:26Þ

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 29). Recall that

ĵjl is coercive (see the proof of Proposition 5). Then

ĵjl satisfies the PS-condition;ð3:27Þ

(see Papageorgiou-Winkert [29]). Then (3.25), (3.26) and (3.27) permit the use

of mountain-pass theorem (see Theorem 1). So, we can find ûu A W 1;pðWÞ such

that

ĵj 0
lðûuÞ ¼ 0 and m̂ml a ĵjlðûuÞ:

Clearly ûu B f0; u0g and ûu A SðlÞ � int Cþ. r
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Next we establish the admissibility of the critical parameter value l� > 0:

Proposition 8. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH2Þ hold, then

L ¼ ½l�;þyÞ:

Proof. Let flngnb1 � ðl�;þyÞ be such that ln ! l� as n ! y: Then

we can find un A SðlnÞ � int Cþ, for all n A N and fungnb1 is decreasing (see the

proof of Proposition 7). We have

un a u1 for all n A N :ð3:28Þ

Then from (3.28) and hypotheses ðH2Þ ðiÞ, ðHðbÞÞ, we infer that

fungnb1 � W 1;pðWÞ is bounded:

So, we may assume that

un !
w

u� in W 1;pðWÞ; and un ! u� in LpðWÞ and in LpðqWÞ:ð3:29Þ

For every n A N , we have

�div aðDunðzÞÞ ¼ f ðz; unðzÞ; lnÞ for a:a: z A W;
qun
qna

þ bðzÞup�1
n ¼ 0 on qW

(
ð3:30Þ

(see Papageorgiou-Radulescu [25]). From (3.28), (3.30) and the nonlinear

regularity theory of Lieberman [20] (p. 320), we know that we can find

a A ð0; 1Þ and M̂M > 0 such that

un A C1;aðWÞ and kunkC 1; aðWÞ a M̂M for all n A N :ð3:31Þ

Recalling that C1;aðWÞ is compactly embedded into C1ðWÞ, from (3.29) and

(3.31) we infer that

un ! u� in C1ðWÞ as n ! y:ð3:32Þ

Hypothesis ðH2Þ ðiiiÞ implies that given e > 0, we can find d ¼ dðe; l1Þ > 0 such

that

f ðz; x; l1Þa exp�1 for a:a: z A W; all x A ½0; d�;

hence

f ðz; x; lnÞa exp�1 for a:a: z A W; all x A ð0; d�; all n A Nð3:33Þ

(see hypotheses ðH2Þ ðvÞ). Suppose that u� ¼ 0: Then from (3.32) we see that

we can find n0 A N such that

unðzÞ A ð0; d� for nb n0;
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therefore

f ðz; unðzÞ; lnÞa eunðzÞp�1 for a:a: z A W; all nb n0ð3:34Þ

(see (3.33)). From (3.30) and (3.34) we have

�div aðDunðzÞÞa eunðzÞp�1 for a:a: z A W; all nb n0:ð3:35Þ

We multiply (3.35) with unðzÞ, integrate over W and use the nonlinear Green’s

identity (see Gasinski-Papageorgiou [13] (p. 320). We obtainð
W

ðaðDunÞ;DunÞRN dzþ
ð
qW

bðzÞup
n dsa ekunkpp for all nb n0;

hence

C1

p� 1
kDunkpp þ

ð
qW

b̂bðzÞup
n ds

� 	
a ekunkpp for all nb n0;

(see Lemma 1 and recall that b̂b ¼ ððp� 1Þ=C1Þb A LyðWÞ), therefore

C1

p� 1
l̂l1ðb̂bÞa e ðsee ð2:7ÞÞ:

But e > 0 is arbitrary. We let e ! 0þ to conclude that

0 < l̂l1ðb̂bÞa 0;

a contradiction. (At this point we need the hypothesis b0 0, (see HðbÞÞ since

it implies that l̂l1ðb̂bÞ > 0). Therefore u� 0 0 and we have

u� A Sðl�Þ � int Cþ

hence

l� A L and so L ¼ ½l�;þyÞ: r

Next we show that for all l A L ¼ ½l�;þyÞ, problem ðPlÞ has a smallest

positive solution.

Proposition 9. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH2Þ hold and l A L ¼
½l�;þyÞ, then problem ðPlÞ has a smallest positive solution ul A int Cþ, and

the map l ! ul from L0 ¼ ðl�;þyÞ into C1ðWÞ is left continuous and strictly

increasing in the sense that

l < m ) um � ul A int ĈCþ:

Proof. Since our aim is to produce the smallest positive solution for

problem ðPlÞ, from the proof of Proposition 6 we see that without any loss of
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generality, we may assume that

ua um for all u A SðlÞ; with um A SðmÞ � int Cþ; m > l:ð3:36Þ

From Lemma 3.10 of Hu-Papageorgiou ([17], p. 178), we know that we can find

fungnb1 � SðlÞ such that

inf SðlÞ ¼ inf
nb1

un:

Using (3.36) and reasoning as in the proof of Proposition 7, we infer that

un ! ul in C1ðWÞ with ul A SðlÞ � int Cþ;

hence

ul ¼ inf SðlÞ:

Next we show the strict monotonicity of the map l ! ul: Let l < m and

let um A SðmÞ � int Cþ be the minimal solution for problem ðPmÞ: From the

proof of Proposition 7 we know that we can find ul A SðlÞ � int Cþ such

that

um � ul A int ĈCþ;

hence

um � ul A int ĈCþ;

therefore l ! ul is strictly ĈCþ-increasing from L0 into C1ðWÞ.
Finally we show the left continuity of l ! ul: So, we suppose that

flngnb1 � L0 and assume that ln ! l as n ! y: Then using (3.36) (with

mb l1Þ and reasoning as above, we can show that

uln ! ~uul in C1ðWÞ with ~uul A SðlÞ � int Cþ:ð3:37Þ

Suppose that ~uul 0 ul: Then we can find z0 A W such that

~uulðz0Þ < ulðz0Þ;

therefore

ulðz0Þ < ulnðz0Þ for all nb n0 ðsee ð3:37ÞÞ;

which contradicts the monotonicity of l ! ul established earlier. Hence

~uul ¼ ul and this proves the left continuity of l ! ul from L0 into C1ðWÞ.
r

Summarizing the situation for problem ðPlÞ, we can state the following

bifurcation-type result.
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Theorem 2. If hypotheses ðHðaÞÞ, ðHðbÞÞ, ðH2Þ hold, then there exists

l� > 0 such that

(a) for all l > l� problem ðPlÞ has at least two positive solutions

u0; ûu A int Cþ;

(b) for l ¼ l� problem ðPlÞ admits at least one positive solution

u� A int Cþ;

(c) for all l A ð0; l�Þ problem ðPlÞ has no positive solutions;

(d) for every l A L ¼ ½l�;yÞ problem ðPlÞ has a smallest positive solution

ul A int Cþ and the map l ! ul from L0 into C1ðWÞ is left continuous and

strictly increasing in the sense that

l < m ) um � ul A int ĈCþ:
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