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Abstract. A phase-compensation method is presented to fully optimize multilayer
reflectance bandwidth, spectral phase and group delay dispersion (GDD). For a given
multilayer (A), a set of different phase-compensated dielectric mirrors (B) is achieved as
a function of a single parameter: the so-called reference wavelength A,.. With a correct
selection of the parameter A, a set of different dielectric multilayers can be obtained with
fixed broadband reflectance regions and smooth spectral phases (independently of the layers’
thickness distribution) so that ultrashort pulses can be entirely reflected in such dielectric
mirrors with a negligible amount of absorption and distortion. Hence, with an adequate
numerical analysis via our phase-compensation method, experimental designs can be easily
performed to obtain ad hoc dielectric mirrors for ultrashort pulse management.
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1. Introduction

Multilayer periodic structures have been extensively used as high efficient mirrors over large
selectable spectra. In this regard, photonic crystal devices based on thin film bilayers of
TiO5/SiO9 [1] or Si/SiOs [2] have been designed to obtain omnidirectional reflection over
the infrared spectrum. In the visible range, Deopura et al. [3] described a multilayer reflector
formed by a stack of 19 alternating layers of tin (IV) sulfide and silica. Nevertheless,
aperiodic multilayer structures not only can rival purely periodic multilayers in terms of basic
properties such as very high selective transmission [4, 5], ultrabroad band reflection [6, 7, 8]
or broadband filters [9], but also are widely used to manipulate light in different ways due
to their structural flexibility. In particular, aperiodic multilayers have become a unique tool
in ultrafast optics due to the way they can manage dispersion. Although early studies on
dispersion properties of dielectric multilayer structures date back more than sixty years [10],
it was the pioneering work by Szipoks and coworkers [11] which paved the way to the use
of the so-called chirped mirrors in femtosecond lasers. In order to achieve few- or single-
cycle ultrashort pulses, one must compensate the intrinsic dispersion introduced by linear
propagation and the nonlinear processes responsible for the spectral broadening necessary to
achieve such short pulses [12].

Dispersive multilayer mirrors (DMs) (for reviews on this subject see [13, 14, 15, 16]
and references therein) are the preferred choice for that purpose due to several factors: First,
it is possible to obtain a wide range of dispersion values together with high reflectivities
and low absorption with relatively simple structures; moreover, both theoretical designs
and optimization tools, and the fabrication techniques permit the design of their output in
a very precise way; finally, as it happens in general with multilayer structures, they are
scalable to different spectral regions provided that there are materials with adequate refractive
indices. The use of DMs has permitted to obtain single-cycle and subcycle pulses with spectra
spanning the visible and near infrared [17, 18, 19]. DMs in the extreme ultraviolet are also
used to generate attosecond pulses [20, 21, 22]. In the opposite spectral region, due to recent
advances in mid- and far-infrared laser sources, DMs have also gained interest in the last years
[23, 24, 25]. Whereas high negative dispersion values may be desirable in order to compensate
positive dispersion in the generation and compression of laser pulses, the opposite, i.e. low
or near-zero dispersion, is the goal when we intend to use a mirror or a set of mirrors with
an already compressed pulse [26, 27]. In addition to dielectric DMs, a family of different
graphene-like heterostructures has achieved improved broadband nonlinear optical response
for ultra-short pulse generation [28, 29]. Moreover, these promising materials might reduce
the pulse transmission noise, boost the signal-to-noise ratio and reshape the deteriorated input
signal [30].

In this article, we propose a technique to obtain phase-compensated dielectric multilayer
mirrors which can operate in a wide spectral range in the mid-infrared. The plan of the work
is as follows: in section 2 we develop the phase-compensation method based on the analytical
calculation of the complex reflection amplitude 7y of a general dielectric multilayer via the
transfer matrix method (TMM). At a certain reference wavelength )., a relation between
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Figure 1. Schematic representation of two dielectric multilayers opposite in phase at the
reference wavelength \,.. Both mirrors are formed by IV layers with refractive index n;, and
the same substrate, but different layer thicknesses.

the thicknesses of two phase-compensated mirrors is found, providing a means to an entire
enhancement of multilayer reflectance bandwidth and spectral phase. In section 3 we present
some numerical results of dielectric mirror optimization (quarter-wavelength (QW), aperiodic
and disordered multilayers) and ultrashort pulse propagation. Finally, we summarize our
results and conclusions in section 4 and include an Appendix with details of the analytical
calculation of 7y (up to 5 layers) and mathematical induction for NV layers.

2. Phase-compensation method

Let us consider a one-dimensional dielectric multilayer (A) formed by N layers of refractive
index n, and thickness d,gA) on a substrate n (see Fig. 1). A multilayer (B) is similar to the
previous one (that is, same refractive indices but different layer thicknesses d](gB)) but opposite
in phase with (A) at wavelength \,. Our main goal is to derive an analytical expression for
d,E;B), under this phase-compensation assumption, that will provide a systematic method to
achieve broadband spectral regions where ultrashort pulses might be fully reflected without
significant distortion.

For this purpose, let us now obtain an analytical expression for the complex reflection
amplitude of a general dielectric multilayer 7y via the transfer matrix method. A theoretical
expression for 7 is found by mathematical induction (see Appendix A for multilayers
formed by 2, 3, 4 and 5 layers) which permits the spectral phase analysis required for phase-
compensation. Defining the tilted optical admittance for the & — th layer (1), the incident
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medium (7);,) and substrate (7)) as [38]

Nong cos By, s-polarization
e = . 2.1
nong/ cos O, p-polarization,
Nyn.s COS B, 5, S-polarization
Nin,s = { n 7 7 P . . (22)
NoNin,s/ €OS O 5, p-polarization,

where 1), is the admittance of free space and 0, (6;, ) corresponds to the refraction angle
inside the layer (incident and exit angles), the analytical equation for the complex reflection
amplitude 7y can be written as

N/2 (N+1)/2
nzn Ns Hckz + Z -_ —1 Z
N = N/2 N+1)/2 (2.3)

77m+775 Hck+z Z

For the sake of simplicity, we have defined the phase-term coefficients c;, and s in terms of
the layer phase thicknesses 0y,

2
¢ = €osd; = COS <7ﬁnkdk cos Hk)

2
S = sin 5k = sin (Tﬂ-nkdk COS Gk) . (24)

The real part (RP) parameters agi) in Eq. (2.3) are calculated as follows

N N 0 0 N—2
:t):z Z <7]m If:l:ns Z)ssk H cm |, (2.5)
i=1 k=i+1 i U rr;é 1k

where the number of summands in agi) is a combination of /N elements taken 2 at a time

without repetition (that is, Cy» = (3)). For j = 2, we have

N N N N ‘ N—-4
ﬂ:):Z Z Z Z (nmn’fnn + 7, mm) SiSkS1Sn H Cm, (2.6)

i=1 k—=it+1 I=k+1 n=I+1 yall MTkTIn m—1
m#ik,ln

and now there exist Cy 4 terms. For an even number of layers, an additional summand is

obtained
N/2 (N-2)/2
Tin HU% H Mk+1 |
) _ k=1
o= wmn v I s (2.7)

m=1
H M2k+1 H772k
k=0 k=1
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On the other hand, the imaginary part (IP) parameters can be computed by

N N—-1
=) (mnns m) si][em || (2.8)
m=1

=1 =1
m£i

with C ; terms and

N-3
b(ﬂ: Z Z Z (mnﬁs??k 77#71) $i505) H o 7 (2.9)

i=1 k=it+1 l=k+1 it Mk m=1
m#ik,l

where now we have Cy 3 summands. For an odd number of layers, there is one more term
given by

1)/2 (N-1)/2
NinTs H T2k H N2k+1 N
(%) _ k=0
b = | T + I sm: (2.10)

)/2
H M2k+1 H T2k m
k=0 k=1

For higher orders (7 > 3) the same combinatorial rule applies (as deduced in Appendix A for
4 and 5 layers and proven by mathematical induction). Hence, the total number of summands
in both RP and IP (numerator and denominator of Eq. (2.3)) is Sy = 2V~1.

As a direct consequence of its mathematical complexity, Eq. (2.3) is not a practical
expression for an analytical calculation of 7y but constitutes an useful tool for a theoretical
analysis of the phase-compensation conditions. After inspection of this equation, one notices
that it consists of a series of sines and cosines of J; depending on the layer optical admittances
nk. In order to achieve phase opposition, either the RP or the IP of both numerator and
denominator of Eq. (2.3) must change their sign, but not simultaneously. Provided that the
IP is a sum over an odd number of sine terms s; and the RP over an even number of sy,
after some basic trigonometrical analysis we conclude that the phase thickness d; must shift
to the nearest quadrant to an effective sign change. This phase-compensation condition can
be expressed as

51(<;B) =2mm — 5,(;4), for an integer m (2.11)

so, according to Eq. (2.4) and identifying the wavelength A with A\, we derive the following
relation between phase-compensated mirror thicknesses
mA,
d? = a4+ = (2.12)
Nk r
where ny,, is the refractive index of the & — ¢h layer at the reference wavelength \,. For
simplicity, we selected normal incidence at both dielectric structures (i.e., 8 = 0). Despite
this restrictive supposition, our numerical results won’t change significatively as a function of
the incident angle, as will be shown in section 3 for ultrashort pulse propagation.
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It can be noticed that Eq. (2.12) relates the thicknesses of both phase-compensated
multilayers and strongly depends on A,.. For a fixed multilayer (A), a whole family of
multilayers (B) can be created by varying just a single parameter: the reference wavelength \,.
(apart from the integer m). This useful tool allows an entire numerical study of the best phase-
compensated multilayers compatible with broadband reflection bands and smooth values of
the spectral phase.

3. Numerical results

In the previous section we presented the foundations of the phase-compensation method,
being Eq. (2.12) the main result for a complete phase opposition between both mirrors. Let us
now introduce some numerical results regarding multilayer parameters (reflectance and GDD)
and ultrashort pulse propagation.

Accordingly, we show in Fig. 2 the spectral phase (left panels) and reflectance (right
panels) of two QW phase-compensated mirrors (A) and (B) (42 layers) formed by the bilayer
Ge/CaFy and Si as the substrate. The selected reference wavelength A, is 2921 nm and the
angle of incidence varies from 0 to 45 degrees for s-polarization. As both multilayers are of
quarter-wavelength type, the relation nydy = npdy, applies at A\, where H and L stand for
the high and low refractive index layer (that is, Ge and CakF', respectively). The thickness
values for mirror (A) were chosen to be dgf) = 560.0 nm and d(LA) = 1597.2 nm meanwhile
for mirror (B), dgf) = 161.8 nm and d(LB) = 462.2 nm (once calculated from Eq. (2.12) for
the chosen reference wavelength and m = 1). It can be observed a significant improvement of
reflectance and spectral phase for multilayer (B) even for different incident angles constituting
a suitable mirror for ultrashort pulse management.

For a better visualization of multilayer optimization, we show in Fig. 3 two contour plots
for mirror (B) (42 total number of layers formed by the bilayer Ge/CaF5) where the GDD
and reflectance (obtained numerically via the TMM) and represented versus the incident and
reference wavelengths at normal incidence. As previously stated in Fig. 2, the widths of the
different multilayers (B) have been calculated via Eq. (2.12). For each value of \,, a phase-
compensated mirror (B) is generated creating a complete family of dielectric multilayers
with selectable broadband spectral regions. The horizontal dashed line (A, = 2921 nm)
corresponds to mirror (B) in Fig. 2 for 6 = 0 deg. It can be noticed that both reflectance and
GDD present excellent properties in the region 2000 - 4000 nm.

The advantage of this phase-compensation method is that it is suitable for general
dielectric multilayers (not only for periodic QW mirrors) and, therefore, aperiodic and
disordered multilayer structures can be also optimized for ultrashort pulse processing. With
this aim, a set of different phase-compensated mirrors (B) is presented in Fig. 4 where
reflectance and GDD are shown versus the incident wavelength and A, for distinct aperiodic
and disordered structures. Top panels correspond to linear increasing-width multilayers
(IWM), a particular case of aperiodic structures where the layers’ thicknesses increase linearly
according to the following expressions [8]

di = diy +aPk, k=3,5... N1, 3.1)
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Figure 2. Spectral phase and reflectance of two QW phase-compensated mirrors (A) and
(B) versus the incident wavelength. The total number of layers is 42 formed by the bilayer
Ge/CaF9 and Si as the substrate. At a reference wavelength A, = 2921 nm and normal
incidence, both mirrors present opposite spectral phase.

dF) =df) +aPk, k=46,... N, (3.2)

and the parameters a;f)L stand for positive slopes of our IWM.

In agreement with Eq. (2.12), the phase-compensated mirrors (A) coincide with the so-
called decreasing-width multilayers (DWM). In our particular case, the parameters of the
original mirror (A) were chosen to be d%é = 560.0 nm, d(;}g = 1597.2 nm and a%‘) = a(LA) =
—>5 nm/layer, that is, a slow linear variation of the layers’ thicknesses. One observes that,
despite broadband reflectance regions are achieved upon an appropriate A, selection [8], the
GDD does not match properly these spectral bands of high-reflectance. Hence, these aperiodic

multilayer structures might not be adequate for ultrashort pulse propagation.
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Figure 3. Group delay dispersion (GDD) and reflectance of Ge/CaFy phase-compensated
mirrors (B) versus the incident and reference wavelengths (normal incidence). For each value
of A, a dielectric mirror (B) is obtained. The dashed line stands for mirror (B) depicted in Fig.
2.

On the other hand, disordered multilayers (with random variation of layers’ thicknesses
d,(CB) around a central value) can also be studied with our phase-compensation method. Under

these conditions, we have
d” =d}) + &0, k=1,...,N, (3.3)

where ¢ are zero-mean independent random numbers within the interval [—0.5,0.5] and
the parameter ) measures the strength of the disorder. In this sense, Fig. 4 exhibits two
cases of disordered mirrors (B) (42 total number of alternating Ge/CaF'; layers) where the
percentage of random thickness variation was up to 40% (strong disorder, central panels)
and 10% (weak disorder, bottom panels) for a phase-compensated mirror (A) with mean
thickness values d%) = 560.0 nm and d(LA) = 1597.2 nm. A similar situation to the aperiodic
IWMs occurs to the strong-disordered case, where both reflectance and GDD spectral regions
mismatch (compare bottom panels in Fig. 4). Nevertheless, for our weak-disordered case a
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Figure 4. Reflectance (left panels) and GDD (right panels) versus the incident and reference
wavelengths for different aperiodic and disordered Ge/CaF5 phase-compensated multilayers
(B) (colorbar the same as in Fig. 3). Top panels represent aperiodic IWMs while central and
bottom panels correspond to strong and weak disordered multilayers (see text), respectively.
The dashed line at A\, = 4315 nm in the weak-disordered case shows the spectral bandwidth
for ultrashort pulse reflection (as discussed in next figure).

remarkable concordance between both magnitudes is achieved, being probably the best (and
more realistic) candidate for ultrashort pulse management.

Finally, let us now analyze the response of an ultrashort gaussian pulse when it is reflected
on an optimized dielectric mirror (B). For an incident gaussian pulse A(w) centered at the
frequency wy and Full Width at Half Maximum (FWHM) Aw

_ A 0375y [ 03757 ’

Aw) = 2= o w—wo)| (3.4)
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Figure 5. An ultrashort gaussian pulse F'(¢) (amplitude in arbitrary units) reflected on a phase-
compensated mirror (B) (determined by A, = 4315 nm in Fig. 4) for different incident angles.
The central wavelength and pulse FWHM were selected as 8017 nm and 40 fs, respectively,
so it corresponds to a 1.5-cycle ultrashort pulse.

the Fourier transform of Eq. (3.4) provides us the general expression for the time-dependent
gaussian pulse F'(t) [31]

F(t) = / dw Ty () A(w) expliw], (3.5)
where 7y(w) represents the complex reflection amplitude of mirror (B) (calculated
numerically via the TMM).

In Fig. 5 we consider a 1.5-cycle gaussian pulse (centered at 8017 nm and temporal
FWHM 40 fs) reflected on a weak-disordered mirror (B) determined by the reference
wavelength \, = 4315 nm depicted in Fig. 4 (bottom panels). The reflected pulse envelope
is represented for both s and p-polarizations and different incident angles. The pulse shapes
do not suffer distortion after reflection on multilayer (B) except in the case of the p-polarized
pulse at 35 degrees incidence angle, which is slightly distorted. Subsequently, an appropriate
amount of disorder in dielectric multilayers might be also beneficial for ultrashort pulse
managing.

It is important to remark that the results obtained in this work are helpful in a wide
spectral range by choosing adequate materials. However, in the case of high power lasers
one needs to take into account the possible nonlinear response of the materials, mainly Kerr
effect [32] and two-photon absorption [33] and include it in the design process to obtain more
accurate dispersion results. Regarding Kerr effect, it induces a change in the refractive index
of the layers which slightly affects their optical thicknesses. Since the optical response of our
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structure is not affected by small changes in the layer thicknesses, Kerr effect is not expected
to be a limiting factor. On the other hand, if the fluence is in the range of a few J/ cm?, as it
happens with multilayer dielectric mirrors used in multi-terawatt and petawatt laser systems,
a study of the laser induced damage threshold of the mirror is also necessary [34, 35, 36, 37].

4. Conclusions

A simple phase-compensation method has been developed to optimize multilayer bandwidth,
spectral phase and group delay dispersion at a given spectral region. Thus, mirrors can be
designed ad hoc following the procedure to manage ultrashort pulses. For a given dielectric
mirror (A), a set of multilayers (B) with the same refractive indices as (A) but opposite in
phase is achieved at a certain reference wavelength A, (see again Eq. (2.12)). With the correct
selection of the parameter ),, one can select phase-compensated mirrors (B) where both
reflectance and GDD present the same adequate broadband spectral regions for ultrashort
pulse propagation.

As shown in Fig. 5, we achieved 40-fs gaussian pulses almost totally reflected on weak-
disordered mirrors (angles of incidence up to 35 degrees) without significant distortion. It
is worth mentioning that, although multilayers (B) are generated to compensate the spectral
phase of mirrors (A) at a given \,, both dielectric structures do not act together as a pair of
phase-compensated mirrors with null GDD. In other words, the combination of a multilayer
pair (A) + (B) is less efficient than a single mirror (B) alone. Despite QW periodic mirrors
have been widely manufactured as efficient ultrashort pulse reflectors, we have demonstrated
that a proper amount of disorder in these mirrors does not affect their reflectance and
phase properties. Therefore, weak-disordered mirrors might be designed as totally qualified
ultrashort pulse reflectors providing a means to reduce costs in multilayer production. This
kind of mirrors can be very hepfull to manage the propagation of ultrashort pulses specially
in the mid-IR spectral region, a very active topic nowadays.

It should be noted that, despite the theoretical nature of the main results described in
the article, a complete implementation into an experimental design can be performed. Firstly,
a pair of proper dielectric materials and a generic multilayer (A) must be selected. Then,
the thicknesses of the optimized multilayers (B) should be calculated via Eq. (2.12) and a
complete representation of the reflectance and GDD is obtained numerically as a function of
the parameter \, (similar to Fig. 3). Finally, the researcher must select the appropriate value
of )\, according to the desired wavelength range. In other words, with an adequate numerical
analysis via our phase-compensation method, experimental designs can be easily performed
to obtain ad hoc dielectric mirrors for ultrashort pulse management.
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Appendix A. Analytical calculation of 7 (up to 5 layers)

Let us first consider a single dielectric layer of thickness d; and refractive index n;. The
characteristic matrix of this thin film is given by [38]

( cos 0 (isin51)/771> (A1)

17 sin oy cos 01

where §; = (27 /\)nyd; cos 01 corresponds to the phase thickness (6, is the refraction angle
inside the layer), 7, the admittance of free space and 7, the tilted optical admittance of the
thin film

nonq cos B, s-polarization
= o (A.2)
nony/ cos By, p-polarization.
Equivalently, for the incident medium and substrate, we have
Njn,s COS O, s, S-polarization
Dins = 310 €05 Vinan 5RO AIEEH (A3)
M0MNin,s/ €0S Ui s, p-polarization,

where 0;,, ; corresponds to the incident and exit angles on the single layer, respectively.
In order to derive an analytical expression for the complex reflection amplitude 77, we
set the following matrix equation

B cosdy  (isindy)/m 1
= A4
< C ) ( iny sin 0y cos 0; ns |’ (A4)

and the complex reflection amplitude for a single layer 7; is given by [38]

= 7. AS
After some basic algebra, Eq. (A.5) is written as
R (1, _n?
;,\1 _ T (nm 775) €1+ (nmns 7]1) S1 (A6)

m (Th'n + 775) €1+t (nmns + 77%) 51

where ¢; = cosd; and s; = sin d;.

Let another layer be added to the previous single film (with parameters ny and ds). The
final matrix equation is similar to Eq. (A.4) but now the characteristic matrix is calculated by
the product of the two corresponding matrices

2
B cosOr  (isindg)/m 1
= . A.
( C > g ( 1M Sin Oy, Cos 0y, s (A7)
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In this case, the complex reflection amplitude 7 turns out to be

-~

- A
Ty = =2, (A.8)
B,
where
A\2 = (Nin — Ns) 102 + (7]5771 — Th‘n772) 5182 +1 [(M - 771) §1C2
2 T T
+ (77@71773 i 7]2) 0152:| : (A9)
T2
and

§2 = (Wm + 775) 10y — (7757]1 n 77m772) $180 i [(Umﬁs I 771) 5169
12 Ui T

+ ("””78 n n2) clsg] . (A.10)

T2

Appendix A.1. Three and four layers

By an iterative process, the following expressions for three and four layers (with respective
parameters n3, d3 and ng4, d4) are derived

A
Py = =, (A.11)
3 BS

where the numerator

Ay = (0 — 1) xcacs + (Wh B mnm) 61800 4 (nsm B mnnz) 510950

2 m 13 Ui
N (sz B 77m773) Csasa 4 i Knmm B ?71> - (nmns B 772) C185C3
3 12 T 2
1 (mnns _ 773> C1C283 + (773771 - 77z‘n7757)2> 515283] ) (A.12)
N3 2 mns

and the denominator

§3 = (Thin + 1s) C1C2C5 — <773771 + m‘n772> 8189C5 — (775771 I 77m773) 510253
2 m 3 M

B <ns772 N 77m773) Cusasa i Kmnm N m) . (nmns +772> C159C3
73 12 M 2

13 M2 mns

Both numerator and denominator contain 1 + (‘;) = 4 summands (for the RP) and

(3)+ (3) = 4 terms for the IP (where, for simplicity, the binomial expressions are expressed as
combinations of NV elements taken j at a time without repetition, i.e., Cy ; = (JJV)) Namely,
the number of terms for both real and imaginary parts is S3 = 22.
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For a multilayer formed by four layers

R A
Ty = 747 (A.14)
B,
where
121\4 = (Nin — M) C1C2¢3¢4 + (7757]1 77z’n7)2) 5152C3C4 + (Usﬁl - 77m7]3> §1C253C4
13 T
+ (775771 — 77in774) $1C2C3S4 + (778772 77m773) C15253C4 + (775772 - 77m774) C152C354
Yz T T4 2
(775773 Nina ) (nmngm 775771773)
C1C28384 + 51525354
UE] mns 214
77m775 77m775 77m775
— M | S1C2C3C4 + — M2 | C182C3C4 + " — 73 | C1C283C4
3
i (77m775 _ 774) C1CaC54 + <—77m7)s772 4 771773) $15983C4 + (_Um775772 4 771774) S$159C354
N4 mmns Up) Lz 2
+ ( 77m7]s773 771774) $1C253S4 + (—Th‘nﬁsﬁs + 772774> 01825334] ) (A.15)
L 3 T2 3

§4 (i 2 €1093Cs — (?73771 N mnnz) o189t — (773771 N mnng) 51005301

772 7’]1 7]3 771
B (nsm N mnm) 51 0acast — (7757]2 N mnng) 1 8a8aes — (nsnz N 77m774) e 5acass
N4 m M3 72 T4 T2
B (nsns N 7]m774) Creysasi + (nmmm N nsnms) $1595354
M4 N3 mns 1274
4 Knmns + 771> 51C2C3C4 + <77in775 + 772) €152€3C4 + (nmns + 773) C1C283C
™ 72 YRS
N (mnns N 774) restass (mnnsnz . 771773) 51595504 — (%775772 N 771774) 5182354
T mns o s 2
— (nmnsna + 171774) §1C28354 (77in775773 + 772774) 01323334} . (A.16)
74 3 1274 UE

In this case, the number of summands in both numerator and denominator results to be
1+ Cyq+ Cyq = 8 (for the RP) and Cy ; + Cy 3 = 8 for the IP (that is, S, = 23 terms).

Appendix A.2. Five layers

After more tedious calculations, the analytical expression for 75 was found to be

s = —, (A.17)
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+

where
As = (in — n4) crcacscacs + (773771 - ?7m?72> §182C3C4C5 + (?78771 - mnnz) §1C283€4Cs
2 m 73 Ui
Nst NinTl4 Nst Nindls N2 NinT)3
+ — §1C2C354C5 + — §1C2C3C4S5 + — €15283C4C5
T4 T Ui T 13 T2
NsT2 Nin T4 NsT2 NinT5 NsN3 NinM4
+ - €182€354C5 + — C182€3C4S5 + - C1C25354Cs
N4 T2 Uh 2 M4 73
N (nsng B mn%) Creysacass (775774 B mnns)) Ceacasis
75 UE M5 M4
NinT)274 NsT3 NinT275 NsT13
+ - §1528384C5 + - 5185283C4 S5
mmns 1214 mmns 215
NinM2M5  NsTNa NinM3Ms5 N4
+ - 5§152C384S5 + - 51C2535485
s 275 s URYL
Nin"M3Ms  MNsN2N4 . NinMs
+ - 152535455 + 1 — M1 ] S1C2C3C4Cs5
1274 UEUH m
+ (nmns — 772) C159C3C4Cs + (nmns — 773) C1C253C4Cx
Up) 13
+ (m;]ms - 774) C1C2C354C5 + (mnns - ) C1C2C3C455
4
N (—nmnsm N 771773) P < Dinllsllz 771774) Sy 8aCasaCs
mmns T2 4
i (—77m775772 4 7)1775) 819903485 + < 77m7}s773 ) 8102938405
mns 2 s
N (—nmnsng N nm5) 510p5acesn 4 ( Nin"s7a 771775) 510aCa515:
s 13 s
N (—nmnsna N 772?74) Cosasasacs 4 < Dnllslls 772775) 1 $a5aCass
1274 13 1215
N (—mnnsm N 772775) o Sacasass I ( Dinllstls. 773775) Crersasase
275 M4 URY

NinTlsT2Ms 7)17]3775) 51505051 35} | (A.18)
mnans 11274
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and
§5 = (Nin + ns) c1C203C4C5 — (775771 + 77in772) 51852C3C4C5 — (775771 + M) 51C253C4C5
m YRS m
B (nsm N mnm) 51 eaCasicn — (nsm N nmn5> S eataass — ( N mnng) 1 5y5acacs
14 m s 2
B (nsng N mnm) CSaCasicn <nsn2 N nmn5> CLSaeacass — ( N nmm) 1 Ca8a8aC
T4 T2 M5 2 3
— ( 5113 + 77in775) C1C283C4S5 — <775774 + inlls C1C2C35455
5 YRS U U
N (mnnzm N nsnmg) 5159505105 + (%772775 N nsmns) 5159550055
mmns 1274 mns 275
N (%772775 N nsmm) 51 850a5a5s I (ninng% N nsmm) 519525051
M4 215 N4 URYS
N (mnnsns N 773772774) 153535085 + i Kmnns N m) -
N2M4 n37s n
+ (?7m773 + 772> €189C3C4C5 + (mnﬁs + 773) C1C283C4C5
2 13
—+ (nzf;;ns + ?74) C1C2C3584Cs + (nmns + 775) C1C2C3C4 Sy
4
(nmnsnz nmg) (%775772 mm)
+ §18983C4C5 — 5§152C354Cs
mmns 2 mna
(nmnan 771775) (nznT/STIS s )
+ 8189C3C4S5 — 51C25354C5
mns T2 mna
(mnmng m%) (nmnsm 771775)
+ 81C983C4S5 — 51C2C35455
mis 13 mms
(nmnsng 772774) (nmnsns 772775)
+ C1828384C5 — C15253C455
274 13 275
(nmnsm nm) (nmnsm 773775)
+ C189C38485 — C1C2535455
275 M4 n37Ms
N (mnnsnzm N n1n3n5> 5132335455} , (A.19)
mnsns 274

Now, both numerator and denominator contain 1 4 C5 5 4+ C5 4 = 16 terms (for the RP) and

Cs1+ Cs3 + C5 5 = 16 terms for the IP (i.e., the total number of summands is S5 = 24).
Assuming that S;, = 21, it is trivially found (by mathematical induction) that the total

number of terms for k + 1 layers results to be Sy = 2*.
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