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Abstract

This work is concerned with the study of singular limits for the Vlasov-Poisson system
in the case of massless electrons (VPME), which is a kinetic system modelling the ions in a
plasma. Our objective is threefold: first, we provide a mean field derivation of the VPME
system in dimensions d = 2,3 from a system of IV extended charges. Secondly, we prove a
rigorous quasineutral limit for initial data that are perturbations of analytic data, deriving
the Kinetic Isothermal Euler (KIE) system from the VPME system in dimensions d = 2, 3.
Lastly, we combine these two singular limits in order to show how to obtain the KIE system
from an underlying particle system.

Résumé

Ces travaux portent sur l’étude des limites singuliéres du systéme de Vlasov-Poisson
dans le cas des électrons sans masse (VPME), qui est un systéme cinétique de modélisation
des ions dans un plasma. Notre objectif est triple : premiérement, nous fournissons une
dérivation du champ moyen du systéme VPME dans les dimensions d = 2,3 & partir d’'un
systéeme de N charges étendues. Deuxiémement, nous prouvons une limite quasi neutre
rigoureuse pour les données initiales qui sont des perturbations des données analytiques,
dérivant le systéme Kinetic Isothermal Euler (KIE) du systéme VPME dans les dimensions
d = 2, 3. Enfin, nous combinons ces deux limites singuliéres afin de montrer comment obtenir
le systéme KIE & partir d’un systéme de particules sous-jacent.
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1 Introduction

In this article, we will study a hierarchy of models for plasma. A plasma forms when a neutral
gas undergoes a process of dissociation, so that some of the gas particles split into electrons
and positively charged ions. These charged particles can interact with each other through the
electromagnetic fields they generate. This long-range effect is the dominant form of interaction
within the plasma.

As a mathematical idealisation, we can model a plasma as a system of point particles. We
have two distinguished species of particle - ions and electrons. The ions have a much higher
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mass than electrons, which leads to a separation of timescales between the two species. The
electrons typically evolve on a much faster timescale than the ions. This makes it reasonable to
consider the two species separately.

Suppose first that we would like to model the electrons. In this case, it is usual to take the
ions to be fixed in a spatially uniform distribution. This is a reasonable assumption since the
ions evolve on a much slower timescale than the electrons. A well-known model for this situation
is the classical Viasov-Poisson system:

Of +v-Vof + E-V,f =0,
E=-VU,
AU =1— [ fdo=1—p, (1.1)

(VP):=

Here we are using a statistical description of the electrons, through a time dependent (probabil-
ity) density function f;(z,v) on the phase space T¢ x R%. We note that VP is an appropriate
model in the electrostatic approximation when magnetic effects are negligible.

Here, we are interested in the reverse case: we wish instead to model the ions in the plasma.
To do this, we need to account for the behaviour of the electrons. As we have explained,
the electrons are much lighter than the ions and so evolve much more quickly. This means
that they undergo collisions at a much faster rate, and hence rapidly approach thermodynamic
equilibrium. We will therefore assume that the electrons are thermalised. They follow a Maxwell-
Boltzmann law so that their spatial density is given by eV, where U is the electrostatic potential

in the plasma. The corresponding kinetic equation is the Viasov-Poisson system with massless
electrons (VPME):

&gf—l—v-fo—i-E‘va:O,
E=-VU,
AU =€V — [oa fdv=¢eV —p,
fli=o = f0 >0, [rayga fodzdv=1.

(VPME) := (1.2)

The assumption of thermalised electrons is widely used in plasma physics (see for example [33]).
VPME has appeared in the physics literature in, for instance, numerical studies of the formation
of ion-acoustic shocks [37, 43] and the development of phase-space vortices behind such shocks
[7], as well as in studies of the expansion of plasma into vacuum [38]. For a more physically
oriented introduction to the model (1.2), see [24].

The nonlinearity in the Poisson equation is the key difference between the classical and
VPME systems, and a source of additional mathematical richness. The VPME system has been
studied less widely than the classical system, due to the additional difficulties created by this
nonlinear coupling. In particular, while the global well-posedness in two and three dimensions
is well understood in the classical case (see for example [46], [41],[44], [5], [34]), this problem
remained completely open for massless electrons until very recently. Indeed, at least to our
knowledge, the only general result on this model in dimension d = 2,3 was the global existence
of weak solutions shown by Bouchut in [9]. In a very recent paper [20] we filled this gap by proving
uniqueness for VPME in the class of solutions with bounded density, and global existence of
solutions with bounded density for a general class of initial data, generalising to this setting all
the previous results known for VP. See also the recent paper by Bardos-Golse-Nguyen-Sentis [3]
for some related results on a variant of VPME.

Kinetic equations such as VP and VPME provide a medium scale or ‘mesoscopic’ descrip-
tion of physical systems. They lie between a microscopic description, in which one tracks the
dynamics of individual particles, and a coarser macroscopic description. Our main goal in this



work is to study two types of limit that connect the VPME system to related macroscopic
and microscopic models: the quasineutral limit and the mean field limit. The limits we study
were previously proved rigorously in particular regimes for the classical system . Here, we
will prove analogous results for the VPME system . We will first derive the VPME system
in dimensions d = 2,3 from a system of N extended charges, with assumptions on the choice of
parameters that are the same as the ones found by Lazarovici for the classical VP system in [31].
Then we will show the validity of the quasineutral limit for initial data that are perturbations
of analytic data, deriving the Kinetic Isothermal Euler (KIE) system from the VPME system in
dimensions d = 2,3. Finally, we will combine these two singular limits in order to recover the
KIE system from the underlying particle system, in analogy with the results available for the
VP system. To conclude our analysis we will show that the regime of parameters that allows the
mean field and the quasineutral limit to “commute” is compatible with a “large” set of admissible
configurations.

The quasineutral limit A plasma has a characteristic scale, known as the Debye length, that
describes the scale of electrostatic interaction within the plasma. For instance, it characterises
the scale of charge separation between electrons and ions. We introduce a small parameter
€= )‘TD, where A\p is the Debye length and A is the scale of observation. Under an appropriate
scaling, the VPME system becomes

Ofe +v-Vafe+ E: - Vyfe =0,
E. =-VU,,
e? AU, = eV — [o, fdv = eV — p,,
felt=0 = Joe >0, dede Joedrdv=1.

In real plasmas, the Debye length is typically very small. In this case, the plasma is called
quasineutral, in reference to the fact that the plasma appears to be neutral overall at the ob-
servation scale. Quasineutrality is so common a property that it is included in some references
in the very definition of plasma (e.g. [12]). In the plasma physics literature it is quite common
to assume as an approximation that e is effectively equal to zero. This has the advantage of
simplifying the models. For instance, the presence of a small parameter introduces a multi-scale
structure which can make numerical simulation computationally expensive, and it may therefore
be preferable to eliminate ¢ if possible. Setting e = 0 in , we obtain the kinetic isothermal
FEuler system:

(VPME). := (1.3)

Ohf+v-Vof +E-V,f =0,
E=-VU,
U =logp,

fo=0, [raygafodzdv=1.

The system ((1.4]) was considered in a plasma physics context in [22] 23, 24]. A related equation,
derived in the quasineutral limit from a version of in which the electron density eV is
approximated by the linearisation 14U, was named Vlasov-Dirac-Benney by Bardos and studied
in [2] and [4]. In the classical case, where E is replaced by a pressure term which is a Lagrange
multiplier corresponding to the constraint p = 1, Bossy-Fontbona-Jabin-Jabir [§] showed local-
in-time existence of analytic solutions in the one-dimensional case. Global existence of weak
solutions is not known for .

Formal identification of the limiting system does not answer the question of whether
is indeed a good approximation for when ¢ is small but non-zero. For this reason it is
interesting to study the quasineutral limit, in which ¢ — 0 in . Indeed, Medvedev [38]
describes a physical situation in which the quasineutral approximation U = logp is not valid

(KIE) := (1.4)



everywhere, which provides some motivation for a study of the transition between and
D).

The rigorous justification of the quasineutral limit is a non-trivial and subtle problem. It
has a direct correspondence to a long-time limit for the Vlasov-Poisson system, and is therefore
vulnerable to known instability mechanisms inherent to the physical system under consideration.
In fact, for the classical system , it was shown by Hauray and Han-Kwan in [25] that the
quasineutral limit is false in general if the initial data are assumed to have only Sobolev regularity.

Rigorous results on the quasineutral limit go back to the works of Brenier-Grenier [I1] and
Grenier [I8] for the classical system . A result of particular relevance for our purposes is
the work of Grenier [19], proving the limit for the classical system assuming uniformly analytic
data. The works of Han-Kwan-Iacobelli [26, 27] extended this result to data that are very small,
but possibly rough, perturbations of the uniformly analytic case, in dimension 1, 2 and 3.

In the massless electrons case, Han-Kwan-Iacobelli [27] showed a rigorous limit in dimen-
sion one, again for rough perturbations of analytic data, while Han-Kwan-Rousset [28] consider
Penrose-stable data with sufficiently high Sobolev regularity. In this work, we extend the results
of |27] to higher dimensions by showing a rigorous quasineutral limit for the VPME system
in dimension 2 and 3, for data that are very small, but possibly rough, perturbations of some
uniformly analytic functions.

The mean field limit The second type of limit we will consider is the mean field limit.
This refers to the general problem of deriving a Vlasov equation, such as the Vlasov-Poisson
system, from an underlying microscopic particle system. In a typical formulation of this problem,
one considers a system of N point particles evolving under the influence of binary interactions
between the particles, described by an interaction force V& derived from a potential ®, and
possibly an external force V¥ arising from a potential ¥. The dynamics are modelled by a
system of ODEs describing the phase space position (Xj, Vi)ij\il of each of the IV particles:

X; =V (1.5)
Vi= %252 Va®(Xi — X;) + VE(X,). |

The factor 1/N appears due to a choice of scaling, designed to be the appropriate one to obtain
a Vlasov equation in the limit.
The connection to a Vlasov equation is formulated via the empirical measure u” associated

to (1.5)), defined by:
N
1
w1 = 5 Doy (1.6)
i=1

If 1 converges to some measure f as N tends to infinity, then we expect f to be a solution of
the associated Viasov equation

Ouf +v-Vauf + (Vg pr+ V) -V, f =0. (1.7)

By ‘deriving from the particle system ’, we mean showing rigorously that Y converges
to f in the sense of measures, where f is a solution of , assuming convergence of the initial
data.

Both the VP and the VPME systems fit into this general framework. We can see this by
introducing the Green function for the Laplacian on the torus. This is a function G satisfying

AG =y — 1. (1.8)



We also define the Coulomb kernel K = VG. More explicitly, G may be written in the form

1 —
Gy = 17 log |z| + Go(z) d=2
_ﬁ""GO(m) d =3,

for some smooth function Gy. For a proof of this representation, see [45] or [21, Lemma 2.1].
In the case of the classical VP system (1.1]), we have the representation

E=Kxp.

Thus (1.1} is of the form , where we choose the kernel ® = G. Of course, in this case,
V® = K has a very strong singularity at the origin, of order |z|~(¢~Y. This singularity is a key
source of difficulty for the mathematical study of the Vlasov-Poisson system, particularly for the
mean field limit.

Similarly, for the VPME system, we can represent the force in the form

E:K*p—K*eU.

We can think of the VPME system as being of the form by taking ® = G and an ‘external’
potential ¥ = G x eV. Of course ¥ is not truly an external potential because U depends
nonlinearly on f.

Early works on the mathematical justification of the mean field limit include, among others,
Braun-Hepp [10] and Neunzert-Wick [40]. Dobrushin [13] proved a rigorous limit for Lipschitz
force fields (V®, V¥ € W), The approach relies on the observation that the empirical
measure pV is a weak solution of the Vlasov equation , if the forces are sufficiently regular.
Dobrushin proved the mean field limit by showing a stability result for in the class of
measure solutions, using an estimate in a Wasserstein distance. The paper [I3] is a direct
ancestor of much of the modern work on the subject. See the reviews of Golse [17] and Neunzert
[39] for further background and literature.

In many physical systems, the force is described by an inverse power law |V®| ~ |z|~%. In
this case, the singularity at the origin prevents the application of Dobrushin’s results. Notice
that the VP and VPME systems correspond to the strongly singular case a = d — 1, and no
stability results are known in these cases. Hence, to deal with the mean field limit for VMPE,
we will consider a suitable regularisation of the microscopic particle system.

There have been several works aimed at deriving Vlasov equations with singular forces from
regularised particle systems. For instance, Hauray-Jabin [29] considered a truncation method
in which the force is cut off below a certain distance from the origin ry, dependent on the
number of particles N. They showed that the mean field limit holds for a large set of initial
configurations, for inverse power law forces with o < d —1 (in particular not the Vlasov-Poisson
case), from a particle system with force truncated at ry, provided that ry converges to zero
sufficiently slowly as N tends to infinity. They also proved a true mean field limit, without
truncation, for the case of ‘weakly singular’ forces in which a < 1. More recently, Lazarovici-
Pickl [32] achieved a similar result for the classical Vlasov-Poisson case o = d — 1 with this type
of truncation, with ry ~ N ~3+7 for any 17 > 0. They use a law of large numbers approach to
compare the mean field force from the particle system to the limiting force. Their results show
that there exists a large set of initial configurations for which the mean field limit holds, but it
is not possible to identify them from the initial configurations alone, since the argument relies
on a law of large numbers throughout the evolution. In a different direction, Lazarovici [31]
considered the alternative method of regularisation by convolution. In this approach, the point
particles are replaced by delocalised packets of charge, with some smooth, compactly supported



shape x, fixed throughout the evolution. For the classical Vlasov-Poisson case, this results in
the particle system

X; =V

Vz’ = % Zj;&i [X *x VIG *gp X] (XZ - Xj)'
The shape is then allowed to depend on a regularisation parameter r by taking x,(x) :=
r—dy (%) Lazarovici showed that a mean field limit holds with high probability, provided that

ry > CN ~ w0 for some 1 > 0. The admissible configurations are identified by a condition
on the initial configuration alone. The appearance of the double regularisation x, *, V.G %, xr
is very important in this analysis. This type of regularisation was previously considered by
Horst [30] in the Vlasov-Maxwell case and later used by Rein [42]; a version also appears in
Bouchut [9]. It has the advantage that the microscopic dynamics correspond to a Hamiltonian
system, for which the corresponding energy converges as r tends to zero to the energy of the
true Vlasov-Poisson system. In this paper, we will prove a regularised mean field limit of this
type for VPME that is, to the best of our knowledge, the first derivation of this system from
the particle dynamics. As noted in Remark we recover the same assumptions on r as the
ones obtained by Lazarovici for the VP system in [31]. Furthermore, as already mentioned, we
will prove a series of quantitative estimates that allow us to relate the mean field limit to the
quasineutral one.

2 Structure of the paper and main results

In this section, we will state our main results. In section [2.1] we start by giving the basic
definitions needed for the statements. In sections [2.2] [2.3] [2:4] we state, respectively, Theorem
about the convergence in the quasineutral limit, Theorem concerning the mean field
limit, and Theorem [2.5] where we combine these two regimes. Moreover in section [2.5] we state
Theorems [2.6] and where we prove typicality results that complete our analysis.

In Section [3] we summarise some basic information on the VPME system which is funda-
mental to the rest of the paper. We review results on the existence and uniqueness of solutions.
We also describe the natural energy functional associated with and explain its importance.

Section [ is a key toolbox of the paper. In this section, we obtain regularity and stability
estimates on the electric field. The remainder of the paper rests on these estimates. The methods
in this section were established in [20]; in this paper, the focus is on quantifying the dependence
of the estimates with respect to the Debye length ¢.

In Sections we establish the quasineutral limit for rough data (Theorem. In Section
[B] we prove a strong-strong stability estimate a la Loeper between solutions of the VPME system,
quantified in the W5 distance. This will be a crucial step towards the proof of the quasineutral
limit in our perturbative setting, because it enables us to show that solutions with data close in
W5 remain close at later times.

The stability estimate in Section [5| requires an L* bound on the mass density associated
to the solutions of the VPME system. To obtain such a bound, in Section [6] we study how the
support of solutions of the VPME system grow over time. This is achieved through estimates
on the characteristic flow, based on the regularity estimates on the electric field obtained in
Section [l We will need to develop two different proofs for the two and three dimensional case,
respectively in Sections and

In Section [7, we put together the results of Sections [5] and [f] to complete the proof of the
quasineutral limit with rough data.

In Section [8] we prove the regularised mean field limit for VPME (Theorem [2.4). We make
use of the electric field estimates from Section [4] to adapt an approach used by Lazarovici for



the classical Vlasov—Poisson system [3I] to the case of massless electrons.

In Section |§|, we turn to the proof of the derivation of the KIE system via a joint mean
field and quasineutral limit. To do this, we combine the mean field limit theory from Section [§]
with the quasineutral limit from Section [7} The mass density estimates proved in Section [6] are
also needed.

Finally, in Section [10| we address the issue of whether the assumptions in our particle deriva-
tion results are reasonable, by proving Theorems [2.6] and [2:8]

2.1 Preliminary definitions

We begin by introducing some important quantities and technical tools needed to state our
results.

Energy: We introduce the energy associated to the Vlasov-Poisson system for massless elec-
trons (|1.2)). In quasineutral scaling, it is given by the functional

1 g2
Elf] = 2/Td o |v|2fE dox dv + 2/’]I‘d |VUE|2d;E+/Td U.e's da. (2.1)
X

Here, as before, U, denotes the electrostatic potential induced by the ion distribution f; in the
case of massless electrons. That is, U, satisfies

2AU, = eV — p[f.],
where p[f.] denotes the mass density associated to f. - see (2.2)).

Wasserstein distances: Many of our results involve controlling the distance between solu-
tions to some PDEs, for instance the VPME or KIE systems. For the equations considered in
this article, it is often useful to look at solutions in the class of measures. A very natural way
to quantify the distance between two such solutions is given by the Wasserstein distances, a
particular family of metrics on measures. For our purposes it suffices to consider probability
measures. To define the Wasserstein distances, we first need to introduce the notion of a coupling
of two measures. If (Q, F) is a measurable space, and p and v are probability measures on this
space, then a coupling of p and v is a measure m on the product space 2 x € from which p and
v may be recovered as the marginals of m. More precisely, this means that for any A € F, we
have the two identities

(A x Q) = pu(A), 7(Qx A)=v(A).

We will use the notation P(2) to denote the space of probability measures on €, and II(u,v)
to denote the set of possible couplings of u and v. A Wasserstein distance between p and v is
constructed by optimising a particular cost functional over the set II(u, v).

Definition 2.1 (Wasserstein distances). Let (2,d) be a Polish space with metric d and let F

denote its Borel o-algebra. Let p € [1,00). The Wasserstein distance of order p, denoted Wy, is
defined by

WP(u,v) = inf / d(z,y)Pdn(z,y),
b (1, v) L . (z,y)" dm(z, y)

for all p,v € P(Q) such that the right hand side is finite. In particular this is well-defined for
W, v € Pp, where P, denotes the set of probability measures vy for which

/ d(z, zo)P dvy(z) < oo,
Q

for some xy € Q.



In this work we will be using the cases @ = T¢ x R and p =1, 2.

Analytic norms: For our results on the quasineutral limit, we will work with solutions that
are close to being analytic, up to a small perturbation that may have much lower regularity. To
measure analyticity we will use the norms ||-|| g, defined for 6 > 1 by

lglls, =Y la(k)|6™,

kezd

where g(k) denotes the Fourier coefficient of g of index k. This type of analytic norm was notably
used in the context of quasineutral limits by Grenier [19]. If ||g|/p, is finite, then the Fourier
coeflicients of g decay at an exponential rate with respect to k. This rate is quantified by the
(large) parameter § > 1.

Notation: Throughout the paper, we shall use both p[f] and ps to denote the density associ-
ated to f, namely

plA(t2) = pyltia) = [ f(tv)d. (2:2)

Later on, we will use the notation exp,, to denote the n-fold iteration of the exponential function.
For example

expg(z) := expexpexp ().

In our proofs, C' will denote a positive constant independent of the relevant parameters (i.e.,
N, e,r, depending on the context) and that may change from line to line. Subscripts may be
used to indicate a constant depending on a given parameter - for instance, C'y denotes a constant
depending on N but independent of other parameters.

2.2 Quasineutral limit

Our first result is a quasineutral limit for initial data that are small but rough perturbations of
uniformly analytic functions. This extends the one dimensional result in [27] to higher dimen-
sions, and generalises the results in [26] from the classical VP system to the massless electron
case. With respect to the arguments in [26] 27], here we need to face several new challenges.
Indeed, at the same time we need to deal with the nonlinear coupling in the Poisson equation
(in |27] a solution to this issue was found only for d = 1) and with the fact that weaker regu-
larity estimates are available for the Poisson equation (in [26] this was solved in the case of the
classical linear Poisson equation). As already discussed in [26], 27], we note that the exponential
smallness (in €) of the perturbation is necessary. More precisely, the exponential smallness of
the perturbation is already necessary at the “easier” level of the classical Vlasov-Poisson system
[25]. In our case, the presence of an exponential nonlinearity naturally give rise to an extra
exponential term, as already noted in the one-dimensional case [27]. With respect to the 1d
case, the dependence on ¢ that we obtain here is worse, but this is what one usually expects in
higher dimensions due to the much more singular character of the Poisson equation. Although
we do not believe that our dependence on € is sharp, it seems likely to us that one cannot go
lower than a double exponential (see also Remark .

Let us observe that we work with compactly supported data in order to get control of
the mass density of the solution. However we can allow the size of the support to grow at a
controlled rate, exponential in e~'. These assumptions are chosen to match the results obtained
in [26]. Although we believe that the hypothesis on the support may be slightly weakened to
include densities that decay exponentially fast in velocity, achieving such extension here would



go completely beyond the scope of this paper. The interested reader is referred to the papers
[26, 27] for a discussion about possible initial data that satisfy our assumptions.

Theorem 2.2 (Quasineutral limit). Let d = 2,3. Consider initial data f-(0) satisfying the
following conditions:

e (Uniform bounds) f-(0) is bounded and has bounded energy, uniformly with respect to €:
[/ (0)l| oo (raxray < Co,  E[f=(0)] < Co, (2.3)
for some constant Cy > 0.

e (Control of support) There exists C1 > 0 such that

fe(0,z,v) =0 for |v| > exp(C’lafz). (2.4)

e (Perturbation of an analytic function) There exist g-(0) satisfying, for some § > 1, n >0,
and C' > 0,

sup sup (1 + [v]*)]|g:(0, -, v) |5, < C,

€ peRd
/ 9:(0,-,v)dv — 1
R‘i

as well as the support condition (2.4)), such that

sup <n

£

Y

Bs

-1

Wa(f:(0),9:(0)) < [expy(Ce™)] (2.5)

for C sufficiently large with respect to Cy, Cy.
e (Convergence of data) g-(0) has a limit g(0) in the sense of distributions as € — 0.

Let f. denote the unique solution of (1.3) with bounded density and initial datum f-(0) (see Sec-
tion . Then there exists a time horizon Ty, independent of € but depending on the collection
{g0.c}e, and a solution g of (L.4]) on the time interval [0, Ty] with initial datum g(0), such that

lim sup Wi(fo(t), () = 0.

e—0 te[0,T%]
Remark 2.3. The condition (2.4) should be understood as giving the fastest growth rate on the
support for which the inverse quadruple exponential is an admissible rate in (2.5)). In particular,
this would still be the rate achievable by our methods even if the support of the data was uniform
m eE.

2.3 Mean field limit

As mentioned in the introduction, the validity of a particle system approximation to kinetic
equations is a fundamental problem. In Section [§] we will derive the VPME system as the mean
field limit of a regularised microscopic particle system. In this paper we will use a regularisation
of the kind proposed by Lazarovici [31], however we expect that it would be possible to adapt
other similar regularisation methods to this setting.

More precisely, we fix a smooth, compactly supported, radially symmetric function y with

unit mass and define .
_ .—d d
xr(z)=r X(T) . (2.6)

9



We then consider a microscopic system describing the dynamics of a system of ‘delocalised ions’
of shape x,. For 1 <i < N, let (X;,V;) denote the position and velocity of the centre of the ith
delocalised ion. The system is described by the following system of ODEs:

X; =V
. 1 U (2'7)
Vi= NZj#in*K*XT(Xi_Xj) —Xr ¥ Koxer,

where U satisfies

N
AU() = — 3 (e - Xo) (2.8)
=1

and K denotes the Coulomb kernel on T?. That is, K = VG where G is defined by (1.8). Note
that we can rewrite the velocity equation as

V; = —Xr * VU(t,Xl)
and the equation for U as
AU = eV — y, * PN,

where pV denotes the empirical measure as defined in (1.6]). This is valid because x, * K *x,.(0) =
0, and so

N

1 1
NZXT*K*Xr(Xi*Xj):NZXr*K*Xr(Xi*Xj):Xr*K*Xr*PMN(Xi)-
J#i J=1

Indeed, since K is odd and Y, is even, we have
Xr * K xp(0) = / Xr(=2) K (z = y)xr(y) dz dy
TdxTd
= / Xr(=y) K (y — 2)xr(z) dz dy
TdxTd

. / o) K (@ — y)xo(—2) dzdy
Td xTd
= —xr * K * x;(0).

The system — is of the form , but where the ‘external’ potential ¥ = x, % G xeV
in fact depends nonlinearly on the solution of the system, via the Poisson equation .

The next result shows a general statement about the validity of the mean field limit for the
regularised particle system. We shall discuss later, in the context of Theorem [2.6] assumptions
on the regularisation parameter r for which one can find initial data to which this result applies.

Theorem 2.4 (Regularised mean field limit). Let d = 2,3, and let f(0) be a choice of initial
datum for (1.2)) such that there exist a solution f of (1.2) and, for each r, a solution f, of

(8.1)) such that on some time interval [0,T], all these solutions have bounded density: for some
M >0,

£ oo (0,721 x14)> SUP [pf, |l oo (0,7 x ey < M.
I8

Assume that r = ry and the initial configurations for (2.7) are chosen such that the corresponding
empirical measures satisfy, for some constant Cyrr,, sufficiently large depending on M and T,

W3(£(0), uN (0
sy VAU0).12(0)
r—0 rd+2+C]\/[7T*|10g7“| /

<1
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Then the empirical measure associated to the particle system dynamics starting from this config-

uration converges to f:

lim sup Walf(t), u¥ (1)) = 0.
r=0¢e(0,1,]

2.4 Combined mean field and quasineutral limit

In the previous section, we considered the problem of deriving VPME from an underlying
microscopic particle system. It is natural to consider similarly whether KIE (1.4)) can be derived
from a particle system. It is clear that to obtain such a limit we will need to use a different scaling
of the particle system from the mean field scaling % A possible approach to this problem is to
consider combining the mean field and quasineutral limits for VPME. This amounts to choosing
a scaling of the form % and looking for a relationship ¢ = £(IN) which it makes it possible
to take both limits simultaneously. Since € can be related to physical constants of the plasma
such as the temperature, a successful result could be interpreted as describing a physical regime
in which the KIE model can be validated on the basis of the particle dynamics. In [2I], the
authors considered a strategy of this kind in order to derive a variant of which corresponds
to the classical VP system. Here, we extend this result to the case of massless electrons. The
considerations regarding the singularity of the Coulomb force also apply to this problem. We
therefore consider the following regularised system for (Z;)¥, = (X;, V;)Y, € (R2)N:

Xi=Vi (2.9)
“/%:%Zj#iXT*K*XT(Xi_Xj)_572XT*K*eU57 .

where U, satisfies

N
1
e AUL(z) = %) — =% xe(@ = Xi).
=1

The goal is to find a relationship € = e(N),r = r(N) between the parameters such that the KIE
system ([1.4)) is obtained from ([2.9) in the limit as N tends to infinity. For this system, we can
prove the following limit.

Theorem 2.5 (From particles to KIE). Let d = 2 or 3, and let f-(0),9-(0) and g(0) satisfy
the assumptions of Theorem . Given e,r, N, let (Z(()i?r)),fil c (R?2HYN be a choice of initial
data for the regularised and scaled N -particle ODE system . Let (Zt(i.’r))f\il be the solution
of with this initial data and let u?} denote the associated empirical measure as defined in

().
Let T, be the mazimal time of convergence from Theorem[2.3. There exists a constant C' > 0
depending on {fz(0)}c such that if the parameters (r,e) = (r(N),e(N)) and the initial data
12 (0) satisfy
- Wa (12%,(0), £:(0))
R —9 1 . 2 \Her\Y), Je
r S [eXp3(CE )] ) ]\}1—I>noo r(d+2+77)/2

=0,

for some n > 0, then

lim sup W (ul.(t),9(t)) =0,
N~>oot€[0’T*}

where g is a solution of the KIE system (1.4) with initial data g(0) on the time interval [0, T].
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2.5 Existence of admissible configurations

Note that Theorems[2.4]and 2.5 hold only for special initial configurations for the particle system,
i.e. those that converge sufficiently quickly to a given measure as N tends to infinity. This raises
the natural question of whether configurations satisfying this rate of convergence exist. The goal
of the results in this section is to identify ranges of the parameters r, N,e for which suitable
configurations exist. In fact we can show that there is, in some sense, a ‘large’ set of admissible
configurations.

One way to approximate a fixed measure v by an empirical measure is to choose the points
(Z;)X., defining the empirical measure by drawing independent samples from v. That is, (Z;)}¥,
should have joint law v®V. This produces a random empirical measure v~. Then, a law of
large numbers result shows that vV converges to v almost surely as N tends to infinity. In
Theorems [2.6] and we show that, for certain regimes of the parameters, this method of
constructing the initial configurations will provide admissible configurations for Theorems [2.4]
and (respectively) with probability 1.

Theorem 2.6 (Typicality for mean field limit with ¢ = 1). Let d = 2 or 3, and let fy be a
choice of initial datum for (1.2)) satisfying the assumptions of Theorem and having a finite
kth moment for some k > 4:

/ (|£L‘|k + \v]k> fo(dz dv) < 4o0.
Td x R4
Let r = ¢cN77 for some vy satisfying
1 1 4
——min< —,1— = . 2.10
7<d+2mm{d’ k:} (2.10)

For each N, select initial configurations for the reqularised N -particle system (2.7)) by taking N
independent samples from fo. Then with probability 1, this gives an admissible set of configura-
tions for Theorem i.e. the reqularised mean field limit holds:

lim sup Wa(u," (t), f(t)) = 0.
N_)OOtE[O,T*]

Remark 2.7. It is worth noticing that our assumptions on r are the same as the ones found by
Lazarovici for the classical VP system in [31)].

Theorem 2.8 (Typicality with quasineutral scaling). Let d =2 or 3, and f-(0), g-(0) and g(0)
satisfy the assumptions of Theorem[2.9 Let (r,e) = (r(N),e(N)) be chosen to satisfy

r < [expg(Ce™?)]

where C' > 0 is the constant from Theorem . Assume that v = r(N) are chosen such that
r=cN77,

where ¢ > 0 is an arbitrary constant and v satisfies

0<y< 1 (2.11)
=TS dd+2) '
For each N, let the initial configurations for the particle system (2.9)) be chosen by taking N
independent samples from f-(0). Then, with probability 1, this procedure selects a set of config-
urations for which the combined mean field and quasineutral limit holds, that is

lim sup W1(Mgr(t)>g(t)) =0,
N_’OOte[O,T*}
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where g is the solution of (1.4) with initial datum g(0) on the time interval [0,Ty] provided by
Theorem 2.2

Remark 2.9. Observe that these assumptions ultimately result in a relationship between N and

€ of the form
C

Viogloglog N’
so that the Debye length must converge to zero very slowly in relation to N. This rate is much
slower than the one found for the classical case in [21]. This is due to the singular nature of the
interaction in the massless electrons case, which leads to the appearance of iterated exponential
factors in our estimates for the electrostatic potential. On the other hand, the relation 18
the same as the one found by Lazarovici in [31f, where he only considers the mean field limit
for the Vlasov-Poisson system. Hence, even if we are dealing with several singular limits at the
same time, we do not lose any information (with respect to what is currently known) at the level
of the dependence between r and N.

£> (2.12)

Remark 2.10. The rate reflects more generally the difficulties in deriving macroscopic
models from microscopic dynamics under physically realistic conditions. One of the best known
examples arises in the study of fluid equations such as the Navier-Stokes system. A well-known
strategy for the derivation of Navier-Stokes is to use the Boltzmann equation as an intervening
step between the particle dynamics and the hydrodynamic system - in the same way that, in the
present paper, VPME appears as an intervening model between the particle dynamics and the
KIE system. In the fully nonlinear case, the program is not yet complete, because the derivation
of the Boltzmann equation from a particle system has been proven only on a short timescale. This
time of validity converges to zero under the hydrodynamic scaling from Boltzmann to Navier-
Stokes, which obstructs the full limit. Results are available for linear versions of this limit, such
as the microscopic derivation of the Stokes-Fourier system via the linearised Boltzmann equation
[0]. In this latter case, the mean free path (which is the parameter defining the hydrodynamic
scaling) is required to converge to zero with a slow (triply logarithmic) rate in the number of
particles N .

3 Basic Properties of Solutions of VPME

3.1 Existence of Solutions

The existence of solutions for the VPME system is provided by the results of [20]. We will
work in the class of solutions with bounded density. Such solutions have a uniqueness property,
and exist for compactly supported initial data. Moreover, the energy is conserved for these
solutions. See [20, Theorems 2.3-2.4|, which we recall below:

Theorem 3.1 (Uniqueness). Let d = 2,3. Consider an initial datum fo € P(T? x R?). Then
there exists at most one solution f; € C([0,T]; P(T? x RY)) of (1.2) with bounded density, i.e.
such that the mass density py lies in the space L3 ([0,00); L®(T9)).

loc

Theorem 3.2 (Existence of bounded density solutions). Let d = 2,3. Consider an initial datum
fo € PNLYNLX(TY x RY) with finite energy, namely E[fo] < Coy for some constant Cy > 0 and
compact support in T*xRY. Then there exists a global in time solution f; € C(]0, 00); P(T?xR%))
of with initial data fo, which satisfies

I fell Lo (raxray < |1 foll Lo (raxrey
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for all p € [1,00], and has conserved energy and locally bounded mass:

Elf =Elfol,  pr € Lig([0,00); L=(TY)).

3.2 The Role of the Energy

The energy (2.1 is conserved for all time by the bounded density solutions furnished by Theo-

rem |3.2] The significance of this is that control of the energy implies a bound on the L%(Td)
norm of the mass density p. This means that estimates in terms of || pHL%Q(Td are useful be-

cause this quantity is controlled uniformly in time. This observation will form a crucial part of
our later arguments.

Lemma 3.3. (i) Let f(z,v) satisfy, for some constant Cy,
Ef] < Co.

Then there exists a constant C, depending on Cy but independent of €, such that
/ lv2f (2, v)dzdv < C.
Td xR

(i) Assume that
11| oo (Taxray < Co, / lv|?f(z,v) dz dv < C.

Tdx R4

Then the mass density

p(z):= [ f(z,v)dv

R4

lies in L{H2/d(T) ith

ol 132 1y <

for some constant C depending on Cy only.

(iii) In particular, if
[ £l oo (raxray < Co,  E[f] < Co,

then there exists a constant C independent of € such that

<C.
lell 252 ) < C

Proof. Observe that xze® > —1. This implies that
/ lv|2f dzzdv < 2(Co + 1).
TdxRd

Part (ii) then follows from a standard interpolation argument. See for example [20, Lemma
5.1]. O
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4 Estimates on the electric field

In this section we prove a series of quantitative regularity estimates on the electric field for the
VPME system. A crucial idea is to split the electrostatic potential U, into two parts:

Ue = Ue + [757
where U, and [75 are solutions of the equations
AU, =1 — p., 2AT, = U=tUe 1.
We will use the notation E, = —VU, and EE = —VU}. This approach was used previously in
[27] and [20]. U. is the singular part of the potential, which behaves like the potential in the
classical Vlasov-Poisson system, while U, is a smoother correction.

4.1 Regularity

The following is a version of Proposition 3.1 of [20] with quasineutral scaling. We will give the
proof of these estimates below.

Proposition 4.1 (Regularity estimates on U, and U,). Let d=2,3. Leth e L™ N L(d+2)/d(d),
Then there exist unique U, € WH2(T?) with zero mean and U. € W2 N L>®(T?) satisfying

E2AU. =1—h, £2A(76 = eUE‘ms —1.

Moreover we have the following estimates for some constant Cy g > 0:

. _ 0,1) ifd =2
o < 2 ( Y
[Ollcoeesy < Coae™ (14 10 gz 1, ). oc { O] 7o
10:llctoqrey < Coaz™ (14 Il poogrey ) - o€ (0,1)
- -2
[T llore ey < Congexp (O™ (14 1Al gz 1, ) ae(01)
~ 47 _ 0,1) if d =
o < 2 (7
Ol = Coat(Coe (14 ) w0 D4

4.1.1 Regularity of U.
The singular part of the potential, U,, satisfies a classical Poisson equation on T¢:
2AU. =1 - h. (4.1)

The existence of U, for h € L®°NL(¥*+2)/4(T?) is well understood, and there is no loss of generality
to assume that U. has zero mean.

The regularity theory of is likewise well understood. If A € LP(T?), then by Calderon-
Zygmund estimates for the Laplacian [16] we have the estimate

10 lwasgey < Cae™ (1+ 1Al o)) -

We can then use Sobolev embedding [14] to deduce higher-order integrability or Holder

regularity for U,. In the case p = ‘%’2, we obtain

7 —2
[Olicon < Coae™ (14101, 52,1, )
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for o € (0,1) if d = 2, or & € (0, 1] if d = 3. In the case p = co we obtain

|G-l cnaqray < Caae™ (1+ [hllogr))

for all « € (0,1).

Later we will perform estimates on the trajectories of the flow induced by E.. In order to
do this, we would like to have Lipschitz regularity for E.. Unfortunately, for E. we are not
able to prove Lipschitz regularity under our assumptions. However, we do have a log-Lipschitz
regularity estimate. See [36, Lemma 8.1| for the proof in the case where the spatial domain is
R2, or [20, Lemma 3.3| for the case T¢ for general d.

Lemma 4.2 (Log-Lipschitz regularity of E.). Let U. be a solution of
2AU. =h

for h € L>®(T%). Then
i - Vi
‘VUs(x) - VUE(Z/)’ <e€ QCHhHLO"|x - y‘ (1 + log <|x—y| ]l\x_y|§\/g .

4.1.2 Regularity of 175

In [20, Proposition 3.4], we proved the existence of a unique W12(T%) solution U of the equation
AU =eU+0 1,

under the assumption that U € L>(T4)NW12(T%). We showed that this solution in fact belongs
to the Hélder space C1%(T4) for o € (0,1). Furthermore, if U € C%*(T%), then U € C>*(T4).
The argument in [20, Proposition 3.4] works for general e. We will revisit part of the proof here
in order to quantify how the constants depend on €. This dependence will be crucial in our later
proofs.

Lemma 4.3. Consider the nonlinear Poisson equation
2AT. = eVetU: _ 1, (4.2)
Assume that U, € L>®(T4) N WH2(TY) with
Ul oo (pay < M.

Then there exists a unique solution U. € WY2(T?) of [@.2). Moreover, U. € CY*(T%) for all
a € (0,1), with the estimate

1Tl cro(pay < Ce™2 (e 41) (4.3)
If, in addition, U, is Hélder reqular with the estimate
1Ue || co.a(ray < Mo
for some o € (0,1), then U. e C%(T4) with the estimate

Hﬁchl,&(Td) < [Mg + Ce2 (62M1 + 1)] exp [Ca_Q (€2M1 + 1)] (4.4)
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Proof. The existence and uniqueness of U. € WH2(T?) satisfying ([#.2)) can be proved by using a
Calculus of Variations method, as in [20, Proposition 3.4]. Here we will focus on the regularity

estimates (4.3)) and (4.4)).

First, we want to prove LP(T9) estimates on eVs. We will use this to deduce estimates on U.
using regularity theory for the Poisson equation. Since U; is a weak solution of (4.2), we know
that for all test functions ¢ € W1H2(T4) N L>®°(T9),

/ 2V Vo + (Je“l _ 1) ¢da = 0.
’]Td

If we formally take eUs as a test function, we obtain

g? VU |2eV% da + [ V= e?Veda = eV= du.
Td Td Td

eVs . e2Vs dy < eVs dz.
Td Td

We can make this estimate rigorous by using a truncation argument, as described in [20]. Since

Then

Ul oo (ray < M,

we have
/ eV . Vs da > e*MIHBUEH%Q(Td).
Td

Similarly,
H@USHLl(Td) = / eV=tUe da > e_Ml/ eVs du.
Td Td

By (4.2),
0=c¢? Aﬁg dzr = / (eUs — 1) dz,
Td Td

which implies that
e[| L1 pay = 1.

Therefore,

e e ray < €0

Similarly, taking e=DU: a5 a test function, we have

/ em=U: gg — e2(n — 1)/ |Vl7€|2e(75 dz +/ el . enle dz
Td Td Td

and so R
< eMl ||€UE‘ n—1

U
He EHZ”(’]I‘d) Ln—1(Td) ;

again we can make this rigorous by a truncation argument. By induction, we conclude that for
all integer n, ~
Ue M
€7 Ln(ray < €™ (4.5)

Next, we use these estimates to deduce regularity for l?g. By Calderén-Zygmund estimates
for the Poisson equation,

||ﬁ€||W2,n(Td) < 05_2H60‘5+U‘5||Ln(1,d) < Ce2 (€2M1 + 1) )
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By Sobolev embedding with n sufficiently large, for any « € (0, 1),
|1Uellcra(pay < Ce™2 (e 41) .

Now assume that for some «,
[Uell o, (ray < M.

Then U, € C%%(T%), with
Ul coa(ray < 10l cocray + 10l coairay < My + Ce™2 (2 +1) .

Since
eUe(x) _ eUs(y) < emax{Ug(x),Ug(y)} |U€(Qj) — Us(y)| R

it follows that
HeUcho,a(Td) < ||Uel|co.o(1ay €xp [06_2 (1+ eng)].
By Schauder estimates [16, Chapter 4],

10:llczncrey < € (10 ogrey +221e% = Lllcoara))
< [Mg +Ce2 (1 + ele)] exp [Cef? (1 + eQMl)].

4.2 Stability

We are also interested in the stability of U, with respect to the charge density. We want to prove
a quantitative version of [20, Proposition 3.5].

Proposition 4.4. For eacht = 1,2, let Ue(i) be a zero-mean solution of
€2AUE(7') = hz - 1,
where h; € L N LW@+2/4(T4). Then
VTN = VU 7o pay <e7° max ||| poe ra) W3 (b1, ho). (4.6)
Now, in addition, let (75@ be a solution of
62A[75(i) = JH0Y g
Then
VT~ VO [y < o5 | Cas~? (14 max il s )| (4.7)
X mlaX HhiHLoo('I[‘d) W;(hl, hg).

For the stability of VU,, we use a result proved originally by Loeper [35] in the whole space
R, and adapted to the torus T¢ in [26].
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Lemma 4.5 (Loeper-type estimate for Poisson’s equation). For each i = 1,2, let Us(i) be a
solution of

52AUE(Z) = hl — 1,
where h; € L=°(T?). Then

IVTD = VOO 34 gy < e mave il e roy W, o).

For U. we use a version of [20, Lemma 3.7] in which we quantify the dependence of the
constants on €.

Lemma 4.6. For eachi=1,2, let (Afg(l) € W12 L°(T%) be a solution of
2AT = T8 +09

for some given potentials U e L>®(T9) . Then
VO = VO | Fagay < CENUD = U [a(pay,

where C' depends on the L norms of Uéz) and Uéi). More precisely, C. can be chosen such that
€ < exp € (max [0 oy + 1 |0 e ) |

for some sufficiently large constant C, independent of €.

Proof. We look at the equation solved by the difference (75(1) - ﬁ5(2). By subtracting the two
equations in (4.6)), we find that

RGO LW+ 0P+ (4.8)

By assumption, ﬁgi) € W2 L>®°(T%). Hence ﬁg(l) — A&@ may be used as a test function in the
weak form of (4.8]). We multiply both sides by [7;1) — [75(2), integrate over T¢, and integrate by
parts to find

—52/ vﬁ§1>—vﬁ§2>|2dx:/
Td

7D 4 5 72 72N\~ ~
U+, 09 +0 1 2
W(e6 < —eF 8)(E()—U())d:n.

In the proof of [20, Lemma 3.7], we showed that for any U, ﬁ, V,Ve L(T9),

_/ (€U+U _ 6‘7+V) (ﬁ - XA/) dz < Cyy||U — ‘_/”%2(@)’
Td

where
Cu < o0 {C [I0m(ony + 1Py + IV limcen + 1 mcen)] )
Thus
HV@U — V@(Z)H%%Td) <C:; 5_2\\[75(1) - @2)”%2(@)7
where

C: < exp | (g |09 oy + e [0 )|
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Proof of Proposition[{-4} 1t suffices to prove ([4.7)), since (4.6)) follows immediately from Lemmal[4.5]
By the Poincaré inequality for zero-mean functions,

1O = TP |321ay < CIIVOD = VU |22 -
By Lemma {4.5
HVU}(U - Vﬁg)”%%w) <e max ”hi”LOO(’Jl‘d) W3 (b1, ha).
Then, by Lemma [4.6]
VUL = VO ey < Cee™® maic ||l oo oy W3 (b, 1),
for
C: < exp | (max |09 oo + e [0 ) |
For the L°°(T%) estimates, we use Proposition
1O ooz < Cae™ (1+ il a2 )
VTN ey < Caexp [Cae™ (14 hall sz )]

Hence

C- < oy Cae (1 ma e )|
1

which implies (4.7)).

5 Strong-strong stability

To prove the quasineutral limit, we will need a quantified stability estimate between solutions of
the VPME system ((1.2]). The following proposition is an e-dependent version of [20, Proposition
4.1]. We revisit the proof here, keeping track of how all the constants depend on e.

Proposition 5.1 (Stability for solutions with bounded density). Fori = 1,2, let fe(i) be solutions
of (1.3)) satisfying for some constant M and all t € [0,T],

PO ()] < M.

Then there exists a constant Ce such that, for all t € [0,T],

wa (1890, 12 0) Wy (@)
Cexp {C’ 1+ log ecft] if Wo (0), f£7(0)) <d
we (F0(8), 19 )) < L ( o vi ) ( P )
wa (22(0), ££2(0)) et if wa (£0), 12(0)) > d.
If in addition, for some constant Cy,
sup £ (¢, )l rge, < Co, sup E[f9)(t) < Co, (5.1)
t€[0,T] t€[0,T]

then Cs may be chosen to satisfy

C: < &xpy(Ce™?)(M +1).
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Proof. The Wj distance is defined as an infimum over couplings . Thus it suffices to estimate
the L? distance corresponding to a particular coupling of fél) and f€(2). To do this we will first
represent fg(l) as the pushforward of fg(l) (0) along the characteristic flow induced by fg(l) That
is, consider the following system of ODEs for Z;i) = (X éi), z(i) ) e T4 x R%:

X0 —
7 = 5O (x9), (5.2)
(x17(0), Vi2(0)) = (z,0) = z,

~

where the electric field Eg(i) is given by
Bl = -vUD,
. i) . (1) .
52AUE(Z) =l — pg) =e’e — p[f(z)].
Since fa(i) has bounded mass density, Proposition and Lemma imply that EY is a log-
Lipschitz vector field, with a constant uniform on [0,7"]. This regularity is enough to imply that
there exists a unique solution of (5.2)) for every initial condition z, resulting in a well-defined

characteristic flow. Since the characteristic flow is unique, by [I, Theorem 3.1| the linear Vlasov
equation

. (@) (2 . —
{ atg+v Vg + E: (:C) Vg 0, (5.3)

gli—o = ££7(0) > 0

has a unique solution. Moreover, this solution can be represented, in weak form, by the relation

/TdXRﬂgt(dZ) - /deRﬂ(Z?’) £9(0)(dz), (5.4)

for all ¢ € Cy(T? x R?). Since fa(i) is certainly a solution of , we deduce that g = fg(i) and
SO fs(l) has the representation . We will use this representation to define a coupling between
A9 and £,

Fix an arbitrary initial coupling 7y € II [ fa(l)(O), fg(z) (0)} We define m; to follow the corre-
sponding characteristic flows: for ¢ € Cy((T¢ x R%)2), let

/ (21, z2) dmy(21, 22) = / 10) (Zgl), ZéQ)) dmo (21, 22).
(TdxR4)2 Tdx R4

We can verify that m; is indeed a coupling of fs(l) and f€(2) by checking the marginals:
/ 6(z2) dmy(21, 22) = / 6 (291)) dmo(z1. 22) (5.5)
(Td xRd)2 (TdxRd)2
[, e(290) o)
TdxRe
~ [, s
Td xR

Next, we define a functional which is greater than (or equal to) the squared Wasserstein
distance between fg(l) and féz). Let

D(t) :/ |21 — m2|? + |1 — vo|* dmy (w1, v1, T2, v2).
('H‘dXRd)Z
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Since the Wasserstein distance is an infimum over couplings, while 7; is a particular coupling,
D must control the squared Wasserstein distance:

Wi (M, 2y < D.

To prove our stability estimate, it therefore suffices to estimate D. We will do this using a
Gronwall estimate. Taking a time derivative, we find

D =2 /('EdX]Rd)z (Xz('i)(t) o ng) (t)) ' (‘/Z(ll) (t) — ‘/;;(22) (t))
+ (VAP = v ®)) - (BEDXD @) - ED (XD ) dmo(21, 22).

Using the Cauchy-Schwarz inequality, we obtain

D5D+¢5</
(TdXRd)2

In other words,

1/2
Es(l)(X(l)(t)) — E(2)(X(2)(t))‘2dwo(zl,zQ)> .

1/2
. 2
D<D++VD (/ EW (z)) — E§2>(x2)‘ dmy(z1, z2)> .
(TdXRd)2

We split the electric field term into the form
\/(:]I*d XRd)Q

h:/ |EM (1) — B ()] dme, b:/ [BM (w2) —
(TdxR4)2 (T4 xR%)2

h:/ [ED (1) = BD (@) dme, A:/ [ED () — EO (o) dme.
(TdxR9)2 (T4 xR%)2

4
2
EW(z) — Egz)(@)) dmy(z1,22) < CY I,
=1

where

(o) e,

Control of I;: To estimate I, observe that by Lemma [4.2

2
=41 ,(1))12 _ o2 L
Iy < Ce™lpe 700 oy /(’[[‘ded)2 |z1 — 2| (1 + log <\x1 — $2|> ]lzl—m2|§\/8> dmy.

We introduce the function

2 .
x(log+%)" ifx <d

H(x):= ( 16d2).
d(log16)” if x > d,

which is concave on R, (see [20, Lemma 4.4]). Then

<C 415112 / H — 2 dmy.
I <Ce ||p€ H[OO(W) iz (|$1 x2| ) t
By Jensen’s inequality,

I < e pM oo pay H (/T

( dXRd)Q

|z — :cQ]Qdm) < Ce *M*H (D).
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Control of I5: For I», observe that
b [ IED@) - B
< 12| oo ray | ED — B |70y,
We apply the Loeper stability estimate (Lemma to obtain

L<e™ max ”Pg)H%w(Td) W3 (pM, pP) < Ce~*M*D.

Control of I5: To estimate I3, we recall a regularity estimate on UE( ) from Proposition
1ED s ray < 1002 ey < Oy (Cae (14 1601 a2, ))-

Under conditon (5.1)), by Lemma

1
16801, 252 ) < ©

for some C' depending on Cj only. Therefore

B < B gy [ o~ aaf dmy < expy(C= D,
(TdxR%)2

for some C depending on Cy and d only. If (5.1)) does not hold, we can use the fact that
< HPS)HLOO(W) <M

1)
1601, 252

and complete the proof in the same way, to find a constant depending on M.
Control of I;: First, note that

= [ 1B (@) = B )2 da) < 12 e ol B = By
We apply the stability estimate on Ug( ) from Proposition to find

B — B aqpn, < 085 | Ca ™ (1 ma o9 s )
x max ||| o oy W3 (oY, p2).
Once again, if conditon holds then
IED — E® | ray < expy(Ce™?) max |7 oo ray W3 (01, 02),
for some C' depending on Cy and d only. Thus
Iy < expy (Ce™?) M2 D.
Altogether we find that

_JCD(1+ogg5l) if D <d
C:(1+1log16)D if D >d.
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If (5.1) holds, then C. may be chosen to satisfy
C. < Ce™2M 4 expo(Ce™?) + expy(Ce 2 M
< &Py (Ce™2)(M +1).
We conclude that
D(0)

D(t) S Cexp |:<1 -+ ].Og ]_6d> ecEt:|

as long as D < d; if D > d then

D(t) < (d\/ D(O))6C5(1+10g16)t‘

6 Growth estimates

In this section we will study how the support of a solution of the VPME system grows in time.
This argument is very much dimension dependent and we shall present two different proofs for
the two and three dimensional case, respectively in Sections [6.1] and [6.2 The result we obtain
is the following:

Proposition 6.1 (Mass bounds). Let f. be a solution of (1.3) satisfying for some constant Cy,

[ fell oo (0,17 xTexRe) < Co, sup &:[fe(t)] < Co.
t€[0,T]

Assume that py. € L*([0,T7; L>(T9)). Let Ry be any constant such that the support of f-(0,-,-)
is contained in T¢ x Bpa(0, Rp).

(i) If d = 2, then:

- 912
sup [|pp ()| oe(re) < Cr e [Ro+¢72]°.
t€[0,T7

The constant C depends on Cy only, while Cp depends on Coy and T.
(i1) If d =3, then:

SUp ||z (1) | Lo rs) < max{T 5%, C (R} + 7= " 1)}
te[0,T]

The constant C' depends on Cy only.

6.1 Proof of Proposition [6.1| in the two dimensional case

In this section, we prove an estimate on the mass density p. in the case d = 2. Observe first
that if the support of f. is contained in the set T? x Bg2(0; R;), then

lp=(t) | oo (ray < CRE, (6.1)

where C'is a constant depending on || f(0)|| oo (T2 xr2). Our argument will rely on controlling the
growth of the support of f.. To do this we will find a bound on the growth rate of the velocity
component of the characteristic trajectories. Since any characteristic trajectory (X, V;) satisfies

Vi = E-(Xy),
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we look for a uniform estimate on the electric field E..
By Proposition for the smooth part E. we have the estimate

| E: || oo (12 < exp {Ce™2 (1 + [|pellp2(r2)) }
< exp (05_2),

where the constant C' depends only on a bound on the initial energy. However, for the singular
part E., Proposition only gives us the estimate

1Bl oqry < Ce™ (14 el o))

which depends on an L bound on the mass density. If we use this estimate in combination
with (6.1]), this results in a bound on the size of the support of the form

t
Ry < Ry + exp (05_2)25 + Ce? / R2ds. (6.2)
0
The solution of the ODE

g=C(1l+y?

blows up in finite time and so the differential inequality is not enough to imply a bound
on R;. We need to use a more careful estimate on E.. In dimension two, we can make use of
the fact that the conservation of energy gives us a uniform bound on |[|pe||z2(2), by Lemma
and use an interpolation argument.

Lemma 6.2. Let p € L' N L>®(T?) satisfy the bounds
lollzr(r2) =1, ol z2(r2) < Co, 2]l Loe (r2) < M.
Let E. = —VU,, where U, is the unique W2(T?) solution of the Poisson equation
AU, =1—p.
Then there exists a constant C depending only on Cy such that
| Belloqry < Ce=2 (14 [log MIY?) .

Proof. We use the representation

_ T — _
Bo= K (p=1)=Ce | b (p(y) = 1y + Ko+ (p - 1)

where Ky is a C(T?) function. By Young’s inequality,

1Ko * (p = Dl oo (ry < 1Kol zoo(r2yllp = U1 (r2) < C.

We split the integral term into a part where |z — y| is small and a part where |z — y| is large:

/T Loy <p<y>—1>dy=/ Ty <p<y>—1>dy+/ s () - ) .

d |‘T - y|2 lz—y|<l |5C - y|2 |lz—y|>1 |'T -
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For the part where |z — y| is large, we use Young’s inequality with the L? control on p:

1
s/ Ip(y) — 1] dy
|z—y|>1 “T_ ‘

< H|$ﬂ|m|21 *[p—1]

‘ — Y (ply) - 1) dy

|lz—y|>1 ’x - y|2

Lo°(T2)

. 1/2
< ( / . de> o — 1l g2z

< C(Cy+1) |log ]2,

Where |z — y| is small, we use Young’s inequality with the L> control on p:

1
S/ Ip(y) — 1 dy
lz—y|<l "T - y’

1
< Hwﬂmq *[p—1]

—y
(p(y) —1)dy
‘ lo—y|< !90 —y[?

L°°(’J1‘2)

< llp = i) / L

]

<CMI.

Altogether we obtain
B oo p2) < Ce2 [1 + Collog 1|2 + Mz] .
We choose | = M~! and conclude that
| Bellzser2) < C=72 (14 |log M[M?),

where C' depends on Cj only.

By using this estimate, we can deduce a differential inequality on R; that can be closed.

Lemma 6.3. Let f. be a solution of (1.3|) with bounded energy and compact support contained
in T2 x Bp2(0; Ry) at time t. Then R satisfies the estimate

Ry <%t (1+ Ry + (logt v 0)).

Proof. We consider the velocity coordinate V;(z,v) of an arbitrary characteristic trajectory start-
ing from (z,v) at time t = 0. We have

t
Vi, v)] < Jo] + /0 Bl oo 2y s
t
< ol + /0 VBell o 2y + 1Bl o 2y ds

t
<|v|+ / exp (Ce™?) 4 Ce2 (1 + | logR5]1/2> ds
0
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The size of the support is controlled by the modulus of the furthest-reaching characteristic
trajectory that starts within the support of f.(0):

R; < sup Vi, v)]
(I,U)GTZXBRQ (0;R0)
t
< sup {]v| +/ exp (Ce™?) 4 Ce 2 (1 + |log RS\1/2> ds}
(I,U)ETZXBRQ (O;Ro) 0

t
< Ry + / exp (Ce™2) + Ce2|log Ry|"/? ds.
0

We compare this with the function
z(t) = (1 4+ 2Ct) [Ry + log (1 + 2Ct)].
By |20, Lemma A.1], this satisfies
2> C(1+1og(1+2)).

We deduce that ,
Ry < e t(e72+ Ry + (logt V0)).

O

Proof of Proposition case d = 2. We combine Lemma (6.3 with the elementary estimate (6.1)):
for all t € 0,77,

el oo (Tey < CR;
<%t (e72 4+ Ry + (logt v 0))
< CTGC€_2 (RQ + 872)2 .

6.2 Proof of Proposition |6.1| in the three dimensional case

In this section, we prove a mass bound in the case d = 3. In this case, the conservation of energy
gives us a uniform bound on ||p|| r3/3(13)- This integrability is not enough to allow us to use the
elementary interpolation approach that we used in the the two dimensional case. Instead, we
will adapt estimates devised by Batt and Rein [5] for the classical Vlasov-Poisson equation on
T3 x R3. We used this approach in [20] to prove the existence of solutions of the VPME system
with bounded density. Here we focus on identifying how the bounds on ||p|| Loo(T3) depend on
E.

As in the two dimensional case, Batt and Rein’s argument relies on controlling the mass
density using the characteristic trajectory with velocity component of greatest Euclidean norm
starting within the support of f.(0) at time zero. They prove a bootstrap estimate on the
convolution integral defining the singular part of the electric field. We recall this estimate in the
following technical lemma.

Lemma 6.4. Let (X (t;s,x,v),V(t;s,2,v)) denote the solution at time t of an ODE



where a 1s of the form

a(X,V) = <a2(;§7 V)) .

Assume that f = f(t,z,v) is the pushforward of fo along the associated characteristic flow; that
is, for all ¢ € Cp(T3 x R3),

[, famstodedo= [ flsm0)6(X(ts0,0). Vitis,z,0) dedo,
T3 xR3 T3 xR3

and that f is bounded with a uniformly bounded second moment in velocity:

”fHLOO([O,T}xWx]R?’) <C, sup Hft’v|2||L1(T3><]R3) < C.
te[0,7

Define the quantities hy, hy by

hy(t) == sup{|lps(s)llpoo(r3); 0 < 5 <t}
hy(t, A) :==sup{|V(t1,7,2,v) =V

Assume that there exists C, > 1 such that
hy(t, A) < Cihy(t)PA. (6.3)
Then for all t; < to <t, if
hy(t)PP< A<t
then h
/t1 [ X() ol dyas < o (1p (12273 + By (0)/°) A

We complete the proof of Proposition [6.1] by combining Lemma [6.4] with the estimates on
E. from Proposition

Proof of Proposition[6.1], case d = 3. For any characteristic trajectory (X, V;), we have for any
0<t1 <t < T,

t1
Vi — Vil < / |B.(X.)| ds.

to

We can write the total force E. in the form

Bu(a) = [+ (pe — D)) + 0=

Y ~
d E..
T3 ’x_y|3p€(y) y+ £

Since Ky is a C1(T?) function and p. has unit mass, the first term satisfies the bound

|72 [Ko * (p — D](@)] < e 72| Kol oo (1) | pe — 1|1 z9)
< Ce 2

For the last term, we use Proposition [4.1}

[Bxl < exp | (1+ el posacry )| < exp (C™2).
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Therefore,

t1
Vi, — Vi, | S/ [exp (Ce™?) + Ce? /Ts 1X(s) — y| 2pe(y) dy | ds. (6.4)

2
From [5] we have the estimate
— 5/9 4/9 4/9
/T =yl pe(5.9) dy < Cllpes, s lloe (s )1 gy < € llpes )1 g

where C' depends only on || f=(0)| Lo (13 xr3) and the initial energy. Alternatively, by an elemen-
tary argument we can prove the estimate

o=yl pe(s, ) dy < Clpe(s, )l i
T3 (

for any n > 0; see |20, Remark 5.7|. The choice of exponent does not affect the number of
iterations used in the next part of the proof.

By (6.4), we have

Ol

ha(t, A) < (05—% (t) 606*2) A.

Since p. has total mass 1, h, > 1. Thus

4
9

hy(t, A) < eCE‘2AhP(t) .

This means that condition is satisfied with C, = e“®"". We apply Lemma [6.4] to improve
our bound on

. | X (s) — y|72f35( )dy < 004/3 (h (t)%% 4 hp(t)l/G) A.

Feeding this new estimate into (6.4)), we obtain
hy(t, A) < Ce 2 CH3 (h,(t)35 V) A+ (Ce™2 + Ce%“")A < S h, ()T A
p(t,A) < Ce™2Cy p()379 + hy(t) + (Ce™ 4+ Ce™® ")A < e "hy(t)7 A,

as long as

ho(t)~2° < A <t

o=

We will iterate this process until we achieve the lowest possible exponent for h,, i.e.
Applying Lemma [6.4] a second time, we obtain

— 2.8
/TS X () =yl pely)dy < C CY° (hp(t)s 27 4 hp(t)lm) A,
with Cy = 60572, provided that
ho(t) ™3 < A <t

and therefore

3

hy(t, A) < Ce~2 Y3 (hp(t)%-27 + hp(t)1/6> A+ (Ce 2+ CeC=)A < eC*

Applying Lemma [6.4] once more, we obtain

16

/11‘3 |X(S) - y|_2pa(y) dy < 003/3 (hﬂ(t)%il + hp(t)l/ﬁ) Al
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with C, = %, provided that
hy(t) 881 < A <t

and therefore

16

ha(t,A) < Ce2 03 (hp(t)%sT + hp(t)1/6> A+ (Ce 2+ Ce ")A < O h, (1) A, (6.5)

since % < % and h, > 1.
Finally, we use this new growth estimate on characteristic trajectories to control the mass
density. Assuming that f-(0) is supported in T3 x Bpgs(0; R;), we have

hp < Cllfell poo (raxray (Ro + hy(t, 1))
Since we work with L (T¢xR?) solutions, we have a uniform bound on || f. || oo (1@ xRy depending
only on the initial data. Therefore, using (6.5)), we find that if h,(t)~%/8! <t
3 Ce—2 13
By < C (R + hy(t,1)* < C (Ro+ %"y (1))

Ce=2,3)\2
, _ , , £3) + h(t
< CR} + €% h, ()13 < CR3 + (c )2 ol ).

Hence

hp < C (R + 0 7%).

If instead h,(t)~%/%" > ¢, then

Therefore, we may conclude that

hy(t) < max{t 813 C(R3 + ¢“= "9},

7 Quasineutral limit: proof of Theorem

In this section we will prove Theorem The main idea is to consider the unique bounded
density solution g. of the VPME system with initial datum g¢.(0). Since g-(0) is compactly
supported, a bounded density solution exists by |20, Theorem 2.4| and is unique by [20, Theorem
2.3], so ge is well defined. We will use g. as a stepping stone between f. and a solution g of the
KIE system ((1.4)).

We will need a monotonicity property of the Wasserstein distances with respect to the order
p. We refer to [47] for proofs and further background.

Lemma 7.1. Let p,v be probability measures on (2, F), each having a qth moment. Let p < q.
Then
Wy(sisv) < Woljs,v).

Proof of Theorem[2.2. Let g. denote the solution of (1.3) with data g.(0). We will use g. to
interpolate between the solution f. of (|1.3) starting from f;(0) and the solution g of ([1.4) starting
from ¢(0). By the triangle inequality,

Wi (fe(t), 9(t)) < Wi(fe(t), 9=(2)) + Wilge(t), 9(1))- (7.1)
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The quasineutral limit for the VPME system with uniformly analytic data can be
proved using the methods of Grenier [19], with the modifications for the massless electrons case
described in [27, Proposition 4.1]. Grenier’s result gives an H® convergence of a representation
of the VP system as a multi-fluid pressureless Euler system. In [27, Corollary 4.2], it is shown
how this implies convergence in W7j. Since the initial data g-(0) satisfy Grenier’s assumptions,
there exists a solution g of on a time interval [0, 7% with initial data g(0) such that

lim sup Wi(ge(t),9(t)) = 0. (7.2)
€_>0tE[O7T*]

To deal with the first term of (7.1]), we use a stability estimate around g. for the VPME
system. By Proposition [5.1]

Wi(fe(t), g9=(t)) < Wa(fe(t), g:(t)) (7.3)
) {Cexp (€ (1 +10g W2U=00:ON ) o=Cat] i Wy (£.(0), 0:(0)) < d
— (Wa(f:(0), g (0)) e it Wa(f=(0), g=(0)) > d

where C; may be chosen to satisfy
C. < &xXPy(Ce™?)(M +1).

for any M satisfying
sup g (D)L, sup|lpg. (B)]| e < M.

9k 9k

By Proposition 6.1} we may take M such that

M < C el

The constant C depends on Ty, Cp, the dimension d, and C4, the rate of growth of the initial
support. We emphasise again that the appearance of an exponential rate here is a consequence
of the form of the equation rather than because condition allows fast growth of the initial
support. It follows that we may estimate

C.t < Cexpy(Ce™?)

for all ¢ € [0,7%]. Hence we have convergence if

IOg Wa (fl(?/)égs (0))

exp3(Ce™2)

— 00

as € tends to zero. This holds if
Wa(£:(0), 9(0)) < (expa(Ce2)) ™
for sufficiently large C'. In this case, it follows by (|7.3|) that

lim sup Wi(fs(t),ge(t)) = 0.
e=04c)0,7.)

Combined with ((7.2) and ([7.1)), this completes the proof.
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8 Mean field limit: proof of Theorem [2.4

In this section we will prove Theorem Recall that we want to show that the empirical
measure ¥ corresponding to a solution of the regularised particle system (2.7) converges to a
solution f of (|1.2), in the Wasserstein sense:

sup Wa(f(t), py () = 0,
tel0,7

provided that the initial data u¥ (0) converge sufficiently fast to f(0).
The key observation is that the particle system (2.7)) is constructed such that for each NV,
plY is a weak solution of a regularised version of the VPME system:

Otfr +v-Vafr + B, -V f, =0,
E, = —Xr ¥ VUrv
AU, = e — x; % plfrl,
frlt=o = f(0) >0, [rayga f(O)dzdv=1.

The convergence of ulY to f is therefore a kind of stability result, in two stages.

First, as N tends to infinity with r fixed, 2 converges to f,, the solution of with initial
datum f(0). This holds because the force in is regular enough that the equation has a
stability property even in the class of measures (as investigated for example by Dobrushin [13]).
Of course, the rate of this convergence will degenerate in the limit as r tends to zero. Our goal
is therefore to quantify this convergence in Wa, optimising the constants so as to minimise the
rate of blow-up as r tends to zero. This is the key difference between our approach, which is
based on [31], and the approach of [13]. We use a weak-strong stability estimate, which holds
for initial data converging sufficiently quickly, to improve the dependence of the constants on r.

Secondly, in [20] we proved that, if f(0) is bounded and compactly supported, then as r
tends to zero, f, converges to f, where f is the unique bounded density solution of the VPME
system with initial datum f(0). This observation was part of our construction of solutions
to . Our strategy will be to show that this convergence can be quantified in W5, again
aiming to optimise the rate.

By combining these two limits, we will identify a regime for the initial data in which pu
converges to f.

(8.1)

8.1 Behaviour of the W, distance under regularisation

We recall some useful results on the behaviour of Wasserstein distances under regularisation by
convolution. See |47, Proposition 7.16| for proofs. Our first observation is that regularising two
measures cannot increase the Wasserstein distance between them.

Lemma 8.1. Let p, v be probability measures, v > 0 any positive constant and x, a mollifier

as defined in (2.6). Then
W (X * sy X ¥ v) < Wp(p, v).

We also have an explicit control on the Wasserstein distance between a measure and its
regularisation:

Lemma 8.2. Let u be a probability measure and r > 0. Let x, be a mollifier as defined in ([2.6)).
Then

WX * poy ) <7
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If a measure v is close to an LP-function in Wasserstein sense, then it is possible to estimate
the LP-norm of the regularised measure x, * v in a way that exploits this fact. We will use this
in our estimates to control the regularised mass density X, * p,,. The following estimate is shown
for p = oo in [31, Lemma 4.3|, but it is straightforward to adapt it to the case of general p.

Lemma 8.3. Let v be a probability measure on T and h € L>(T9) a probability density function.
Then, for allT >0, p € [1,00], q € [1,00),

1 # llzorty < Ca (Il zogray+r~ @ OWi(h,v))

8.2 The regularised VPME system

First, we must justify the existence of a unique solution for (8.1]), under our assumptions on the
initial datum. We recall a well-posedness result from [20, Lemma 6.1].

Lemma 8.4 (Existence of regularised solutions). For every f(0) € P(T% x R?), there exists a
unique solution f, € C([0,00); P(T? x RY)) of D). If f(0) € LP(T¢ x RY) for some p € [1,00],
then for all t

1fr @l Lo (raxray < Lf (O Lo (1e xra)-

An important point about the regularisation approach we have chosen is that (8.1) has an
associated conserved quantity. This is the regularised energy, defined by

1 1
&S] = / |v|2fdxdv+/ |VUT|2dx+/ U,eVr du. (8.2)
TdXRd 2 Td Td

2
For solutions with bounded mass and finite initial energy, the energy is conserved: if f, is a
solution of (8.1)) with finite initial energy and p[f,] € L°°(0,T; L>°(T%)), then for all ¢ € [0, T7,

gr[fr(t)] = gr[f(o)]

Note that ze® > —e~! for all € R. Hence if f, is a solution of (8.1)) with finite initial
energy and p[f,] € L>([0,T]; L°(T%)), then for all ¢ € [0, T},

/ W2 .(8) dz dv < C (E,LF(0)] + 1).
TdxR4

Thus by Lemma |3.3

< CELf0)]+1). (8.3)

sup ol (Ol 52, <

t€[0,00)

Moreover, the growth estimates in Proposition [6.1] also apply to the regularised system.

Hence, if the initial datum is compactly supported then the mass density is bounded on any

compact time interval: p € L2 ([0, 00); L>(T4)). In particular solutions of beginning from
compactly supported data have conserved energy.

8.3 W, stability for the regularised VPME system

In this section we follow the methods of [31] to prove a weak-strong stability estimate for the
regularised equation (8.1)) in the Wasserstein distance W5, optimised to degenerate slowly as r
tends to zero. This will allow us to use solutions of (8.1]) as a bridge between the particle system

(2.7) and the VPME system (|1.2)).
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Lemma 8.5 (Weak-strong stability for the regularised equation). For each r > 0, let f,, . be
solutions of (8.1)), where the f, have uniformly bounded density and initial energy:

sup sup oy, | oo ey < M, (84)
T €0,

sup E[fr(0)] < Co, (8.5)

for some Cy, M > 0. Assume that the initial data satisfy, for some sufficiently large constant
C > 0 depending on T, Cy, M and d,

W3 (£,(0), 1r(0))

(dr2rCllogr 177 < 1

lim sup
r—0

Then
lim sup W22(f7“ (t), ur(t)) = 0.
r=04¢c0,7)
Proof. To lighten the notation, we drop the subscript r from f, and u,-. Fix an arbitrary coupling
of the initial data my € II(po, fo). As in the proof of Proposition we define a special coupling
that follows the characteristic flow of .
Consider the following systems of ordinary differential equations:

xM = vy X&) v
v = B (x) 72 = ED(xB)
(X$2(0), ViE(0) = (,0) (X2(0), Vi2(0)) = (2, v) (8.6)
Eﬁ#) = —x, * VUT(H) E;-f) = —x, * VUT(f)
(D) f)
\AU}EM) = €UT‘L — Xr * ,O,u \AU'V('f) = eUT - Xr *® Iof

First, we check that unique global solutions exist for both systems. The same argument
applies to both y and f, so we will write it for p only. Observe that since u is a probability
measure and x, is smooth, x; * p, is a function with

17 * pull Lo (may < [1Xr | oo (10)-
Hence by the regularity estimates in Proposition u, Uﬁ“ ) is a O function with
10 rey < exp [€ (14 Ixrlloocns )| (8.7)
Then Eﬁ“ ) = —Xr * VU;“ ) is a smooth function with bounded derivative
VESlercray < xellenrey exp [€ (14 el zoeey ) |

Therefore there is a unique C* flow corresponding to (8.6)).

As we argued in the proof of Proposition @ and f can be represented as the pushforwards
of 1(0) and f(0) respectively along these characteristic flows. That is, for ¢ € Cy(T¢ x R?) we
have

TexR dXRd
/d Rd f( ) v / ! 1 ( 1‘(,1)(!)7 [(5(71)) (t)> f(o) dx dv.
X TexR
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We define 7; to be the measure on (’]I‘d X Rd)2 such that for all ¢ € Cy [(']I‘d X Rd)z]

/( g A1 01 72, 02) A = /T o (K ViDL X, VD, ) dmo. (89)

Then 7 is a coupling of u(t) and f(¢). We can see this by using a calculation similar to ([5.5)) to
check the marginals.
Using 7, we define an anisotropic functional D which controls the squared Wasserstein

distance W2(f:, put). For A > 0, let
D(t) = / )\2|m1 — x2|2 + |v1 — 02|2 dm(x1,v1, 2, v9). (8.9)
(TdxR4)2

We will choose A later in order to optimise our eventual rate. We note some relationships
between D and the Wasserstein distance. By Definition [2.1] since 7y is a particular coupling of
u: and f;, as long as we choose A2 > 1, we have

W3 (e, fr) < D(t). (8.10)

If we only look at the spatial variables, we can get a sharper estimate:
W3 (pu(t), ps(1)) < A72D(1). (8.11)

Since 7y € (g, fo) was arbitrary we may take the infimum to obtain

inf D(0) < N*W(uo, fo)- (8.12)

We now perform a Gronwall estimate on D. D is differentiable with respect to time, since
E, is uniformly bounded (8.7) and x(0) and f(0) have finite second moments. Taking a time
derivative, we obtain

D= 2/ Xy = 22) - (01 = v2) + (01 = v2) - (BW) (1) = B (22) ) dry.
(TdxR4)2
Using a weighted Cauchy inequality, we find that for any a > 0,

D:/\/ N|z1 — 22|* + v — vo|*dmy
(TdxR4)2

2 1 2
+a/ lv1 — vg| dwt—l—/
(Td xR4)2 «a (Td xR4)2

EW(z1) — EY) (29| dmy.

Therefore

4

. C

D< ND+ =S L
< (a+ ) +O‘Z-:1

where
ne= [1BO000) - B am, = [IEO0G) - B9 d
b= [IEPG) - B0 Pam, L= [1BO(P) - B X dmo

We have again used the decomposition E}(,f ) = E,Ef ) + Eﬁf ), and the analogous form for Eﬁ“ ),
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To estimate these quantities, we first note some basic regularity properties, which follow from
Proposition First, we wish to control the regularised mass density x;, * p, with an estimate
that behaves well as r tends to zero. For this we use Lemma with ¢ = 2 and (8.11)):

e # pull ey < Ca (os oz +r~ D WE oy ) ) (8.13)
< Cy (prHLP(Td)‘*‘F(dH))\ﬂD) :

We will use this estimate in the cases p = %2 and p = oo. For p = oo, by assumption (8.4) we

obtain
X * ppll oo ray < Ca (M + r*(d”)x?D) . (8.14)

For p = M , by the initial energy assumption (8.5) and ( we have

where Cy depends on Cjy and d. Thus

e # pull a2 < Ca (1 + r*(d”)x?D) (8.15)

4 (Td) —
for Cy depending on Cj and d.
We also wish to control the regularity of U,S” ), Using (8.15)) and Proposition u, we obtain

10 learey < Cawxpa(Ca (1477 2272D) ). (8.16)
We estimate I; and I in the same way as in [31]. For I; we use the regularity estimate
e s K Bl < C1log r|(1+ [ ) (817
see [31, Lemma 4.2(ii)]. We combine this with the mass density estimate (8.14) to obtain
2
I < Clogr)? (M + r*<d+2>x2D) A72D. (8.18)
For Iy, we use Proposition and (8.14)) to obtain
I < CM(M + r~@+2X\"2D)A"2D. (8.19)
For I3 we compute:
b= [1BO(x) - B dmo = [+ (V00 @) - VTP )P dm: (8.20)
<[ e VIR o =y < [ 109 — ol de
(TdxR4)2 (TdxR4)
We apply the regularity estimate (8.16) to obtain
I3 < C'expy [Cd(l + T_(d+2))‘_2D)} / |z — y|* dm,
(TdxR4)2

< C'exp, [Cd(l n r_(d“))\_QD)} A72D.
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For I4 we compute
h5ﬂﬂWﬁ%—ﬂWM%ﬁm—/mWN@W@%—V@Wﬂ%wmo
| o (VO (@) = VO @)y () Ao < Noglioe o IVTE = VO [ 50y8.21)
By Proposition [£.4]
IVOD) = VT2 ) < CoxBa| Call + 1~ DNT2D)| [T = T |23
< C'oxp, [Cd(l + r_(d“))\_QD)} (M + =@ \2D)\~2D),

thus
I < O M o, [Cd(l + r_(d+2))\_2D)} (M + (@2 )\=2D)\~2D.

We summarise all these bounds as
1 2
D<(A+a)D+ ~C(1+|logr])’ (M + r—<d+2>A—2D) A2D (8.22)
+ Coxpy [Cd(1 n r_(d+2)/\_2D)] (1 +M(M + r_(d+2))\_2D)) A72D.

Unfortunately, this is a nonlinear estimate and so cannot be closed in its current form. To
deal with this, we introduce a truncated functional, rescaled to be of order 1:

D=1 (r"@2x\2p)
Since D is differentiable, D is at least Lipschitz. In particular, at almost all times ¢, D is
differentiable, with either

d
dt

Thus (8.22) implies that, for almost all ¢,

d -~ d
_ A _—(d+2) 24
—D(t)=0 or dtD(t) T A dtD(t).

d -~

dtD (A+a)D + Cd[l—l—\logr” A72D.

We then optimise the exponent by choosing

o, = Ca(1+|logr)MAY, A = Ca(1 + |logr|)/2V/ M. (8.23)
Then q
—D < Oy\D
al = Ca

Since D is absolutely continuous,

D®=ﬁ®+Aﬂ$®

where the function g(t) = dQD( ) wherever this derivative exists, and g(t) = 0 otherwise. Thus

~

t
D(#) < D(0) + Cuh, / D(s) ds
0
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Then by Gronwall’s inequality we deduce

sup D(t) < exp(CaAT)D(0) < r~ 272 exp(Cy\T) D(0)
[0,7]

< Cgexp [\ log r| ((d +2) + CqTV M| logrrlﬂ)] A\, 2D(0).
In order to use this estimate to control the Wasserstein distance, we need to ensure that for

r sufficiently small,

inf sup D(t) < 1. (8.24)
70 ¢€[0,T)

If (8.24]) holds, then by (8.10]), for all ¢ € [0, T,

W3 (s, f) < v 2A\2inf sup D(t) < r¥2x2 =0
0 ¢€[0,T)

as r tends to zero, since A2 only grows like |logr| by definition (8.23). Using (8.12)), we obtain
for any g,

sup D(t) < Cyexp [\ log | ((d +2)+ CqTV M| logr]_l/Q)} A7 2 inf D(0)
0,7 o

< Cyexp [\ log | ((d +2)+ CyTVM)| logr]_l/Q)} W2 (1o, fo)-
Since we assumed that the initial data satisfy

W3 (o, fo)

li 1
lIfrla’l_félp Td+2+cd71\/I,T| log 7«:|—1/2 < ’
for large Cy s, (8.24) holds for sufficiently small r. This completes the proof. 0

8.4 Convergence to the original equation

Lemma 8.6 (Approximation of (VPME)). Fiz f(0) € L' N L>(T¢ x R%) satisfying a uniform
bound on the energy as defined in (8.2)):

sup & [£(0)] < Co, (8.25)

for some Cy > 0.
For each r > 0, let f, be a solution of (8.1)) with initial datum f(0). Let f be a solution of
(1.2) with the same initial datum f(0). Assume that (f;)r>0, f have uniformly bounded density:

sup sup ||py, || poo(ray < M, sup ||pg |l poo(ray < M
T t€[0,T) te[0,T]
for some M > 0. Then

lim sup W3 (f(t), f-(t)) =0,
r=04¢0,7)

Proof. We fix an initial coupling o € II(f(0), f(0)) and construct 7, € II(f(¢), f-(¢)) as in (8.8),
using the characteristic flows

XN =v (X3 =v

D~ px() VY = B.(X2)

(x$1(0), viD(0) = (2, 0) (X£2(0), Vi2(0)) = (z,v) (8.26)
E=-VU B, = —x, * VU,
(AU = eV — py AU, = eV — x; x py, .
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We define D as in . As in Lemma we obtain for any o > 0,
. <
D< ND+ =51,
<(a+ XD+~ ;
where
I = / 1B, (X E(XP2dry, L= / 1E.(XY) — B(X™M) 2 drmo,
I ::/]ET(Xt )_E,,(Xf))ﬁdm, L ::/]E(Xt(l))—Er(Xt(l))|2d7r0.
For I; we use the regularity estimate (8.17)) to deduce
I < \logMQMQ/\Xt(l) — XPP2drg < [logr2M2A2D. (8.27)

For I, we use the stability estimate from Lemma .5}
IVU = VU, || p2(1ey < VMWa(x; % py,, pf)-

By Lemma
Wa(xr * pr.spf) <7+ Walpy,, pr)-
Hence - B
IVU = VU, || 12(pay < VM(r + A7'VD). (8.28)
We account for the extra regularisation by elementary methods: first, for g € C1(T%),

2
dx

L lot@) = gtz =iy

2
lo = xr % sl = [

S/’
Td

Hence, by Jensen’s inequality applied to the probability measure x..(y) dy dh on T¢ x [0, 1],

2

1
/ / ) V(@ — hy) dhdy| da.
T JOo

1
lg = X+ * gll72pay S/ / !y\er(y)/ Vg(z — hy)[* dedy dh
0 JTd Td
< 7|V gll72pay /er yI*x1(y) dy < C7?||Vgl[72pay- (8.29)

This estimate extends by density to g € W12(T9).
Next, standard estimates for the Poisson equation and LP interpolation inequalities imply
that

a+2 d—2
V20|l p2(ray < Cllpg, |l r2eray < CHPfTH Td)HPfTH 2d+2 2 oy <CM 2, (8.30)
since by ([8.25)) and (8.3) we have
lpg, Il aso 2 oy (8.31)

for some C depending on d and Cy only.

Therefore, using (8.29)),

INT, = X VUl ey < CIV20, | 2 gpayr < CM T,
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and we conclude that
I, < CM?*(r + \"'VD)2

The term I3 is estimated like I, using the regularity estimate from Proposition and (8.31)):
U]l c2.a(Tay < C,

where C depends only on the constant C controlling the initial energy in (8.25)). We obtain
Is < c/ XY — xP2dr, < CA2D,

Finally, I is estimated in the same way as I, using the stability estimate Lemma [{.6] Proposi-

tion [4.1] and (8.31)):
HVﬁ - Va‘HLQ(W) < C|VU - VUT”L?(W) < CVM(r+X"1VD).

By Proposition and (8.31]), we have

U1z < 100l coazs) + 1Drllonare) < exp (C(L+ e * ol a5z ) ) < C
where C' depends on Cy and d only. Hence
HeUTHB(W) <C.
Since Aﬁr = eUr — 1, by standard regularity results for the Poisson equation this implies that
||D2ﬁTHL2(’]I‘d) <C.
Therefore, using again,
IV0: = X0 % VUil 2(ray < CID* s 2ray r < O

and we conclude that
I, < CM*(r + \"'VD)2%

Altogether we have
: c 2 2 2,2
D < (a+)\)D+?(|logr| +1) M°D + CM*r*.
o
Optimising the exponent, we deduce that
D < CM\D + CM?*r?,

where

Ae = VM (1 + | logr|)Y/4.

Hence
D(t) < (D(0) + CM*?) exp [c\/Ma + |logr|)1/4t]
< (D(0) + CM?p?)CV/MIos Tt
Since D controls the squared Wasserstein distance ,

W2(fo(£), £(1)) < (D(0) + CM>r?)eCVMIogrTt,
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Then, by (8.12), and since f and f, share the same initial datum,
W3 (f:(1). £(£)) < (inf D(0) + CM%?)eC\/W :

()\QWQ ( ))+0M27“2) eC’ M|logr|t
<CM2T2€C M|logr|t'

Since

M2
M|10gT|t — 7'-2_0 | log | ,

we conclude that for any compact time interval [0, T,

lim sup W3 (f(t), f(t)) = 0.
r=U¢elo,1)

O]

Proof of Theorem[2.4) Let f, be the unique solution of (8.1)) with initial datum fy. By the
triangle inequality for Wy, we have

sup W3 (" (1), f(£)) < sup WE( (8), £ () + sup W3 (fo(), f(1))-

te[0,7] te[0,7) t€[0,7]
We apply Lemma to the first term using the assumption on the initial configurations and
deduce that it converges to zero as r tends to zero. For the second term we apply Lemma

since f and f, have the same initial datum. This completes the proof.
O

9 Combined quasineutral and mean field limit: proof of
Theorem 2.5

In this section, we prove Theorem The idea is to use the scaled Vlasov-Poisson equation
as a bridge between the particle system and the kinetic isothermal Euler system .
This approach was previously used for the classical Vlasov-Poisson system in [2I]. In order to
pass from the particle system to the Vlasov-Poisson system, we need to revisit the estimates
from Section [§ in order to quantify the dependence of the constants on &.

We will be using a scaled version of the regularised VPME system :

f + oV )+ B, v, £ =0,
Es,r = —Xr* VUs,ra
AU, = eVsr — x5 p[ ),

fa(r)‘t:O = fe(0) >0, [raypa fe(0) dzdv = 1.

We begin with a few remarks about this system. The well-posedness theory is clearly the same
as for the case ¢ = 1. The associated energy needs to be scaled with ¢ in the following way:

1 2
Erlf] = / ]v\2fda;dv+€/ \VUT|2da:—|—/ U.e¥ dx.
2 Td xR2 2 Td Td

(9.1)

The conservation of this energy implies that solutions with bounded mass density and finite
initial energy satisfy

(T) d+2 e,r (") ) :
up IOl g2, < © (EarA700) +1) (9.2)
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where C' is independent of . This follows from the same argument as we gave before (8.3)).
The following lemma is a quantified version of Lemma

Lemma 9.1 (Weak-strong stability for the regularised equation, with quasineutral scaling). Let
1=(0) satisfy the assumptions of Theorem . Let fgr) be the solution of (9.1) with data f-(0).
Fiz any T > 0. Then there exists a constant K depending on T and {f-(0)} such that the

following holds. For each (e,r), let MS) be a measure solution of (9.1)). Assume that for some
n >0, r=r(e) satisfies

W 3 3
r< [@3(1(5_2)]71 and lim i (,U (). 0 )> = (9.3)

r—0 p(d+2+n)/2
Then
(T) (r) —
}%t:B%]Wz( (t), f2 (t)> 0.

(r)

Proof. For ease of notation we drop the sub and superscripts on fs(r) and pz ’. We use the same
method as for Lemma , tracking the dependence on e. Let m € II(fo, o). We define a time
dependent coupling m; as in (8.8) with (Xg(czz,7 x(il) being the characteristic flows corresponding
to f and p:

x0 =v) X2 =v?
v;%) = % (x{) v = B9 (x2)
<X§,3<o>, é,J (0) = (z,) (X2(0), Vi) (0)) = (2, 0)
E) = —, « VU EY) = —, « vUY)
KEQAUE(ff«) = eUf(fi) — Xr * Pu EQAUg(,,«) = eUE(fT) — Xr * Pf

Then, since f and p are the pushforwards of fy and ug along their respective characteristic flows,
m is a coupling of f; and py.
Again we define an anisotropic functional D:

1
Dt = 5 [ Wl = o + o - wP dm(z, v.p.w).

As before,
. o
D< MND+ =N 1,
<(a+ND+ 5 ;
where
/ [BU(xV) = EW(XP)Pdmo, L= / [EDx) - B8 (X)) dmo,
/ ES) (x{)) - BWXPPdmo, L= / [ED ) = B ()P dro.

To estimate these quantities we first note some basic LP(T9) estimates on the regularised
mass density x, * p,, using (8.13). For p = M since f-(0) satisfies ), by (9.2) we obtain

<
lorll 252 oy <€

where C' depends on Cy and d only. Thus

e pull ase < Ca (1477 #2272D) (9.4)

(T)
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for Cy depending on C and d.
For p = oo we obtain

e # Pulloenoy < Ca (Mz +1~@D272D). (9.5)
where M, is a constant such that

sup ||ps, || oo (rey < Me.
t€[0,T)]

By Proposition (which also applies to the regularised system), there exists a constant C
depending on 7' such that

sup ||pftHL°°(Td) <exp (Ce™?).
t€[0,T]
Therefore M, may be chosen to satisfy

M, < exp (Ce™?). (9.6)

We estimate I; as in (8.18). An extra factor of e~ appears due to the quasineutral scaling
on the force:

2
I < Ce4(log r)? (ME + r_(d+2))\_2D) A72D.
Similarly, I is estimated as in (8.19)) using Lemma and (9.5)) to obtain
Iy < Ce M (M. + r~ 2\ 2D)A2D.
For I3 the same computation as in (8.20]) implies that
[7(1) )12 — 2
s [ N0l i
Using (9.4) we apply Proposition to obtain
1T oo ray < CaeXDs (c(,la*2 (1 + r*<d+2>x20)).
Thus
I3 < C'expy [C’ds_Q(l + r_(d“))\_QD)} / |z — y|? dm
(TdxR)2
< C'xpy [Cde’2(1 + r*<d+2>x2D)} A~2D.
For 14, as in (8.21)) we obtain
I < |lpsll ey IVUE) = VUR (172 pay-
By Lemma and ((9.5)),
IVT) — VOB22 g0y < Co2axBa | Cae™2(1 + 1~ IN2D)| T = TW |2
< O expy [Cd e 2(1+ r*<d+2>x2p)] (M. + r—@+2\"2D)A"2D.

Thus
I < Ce~5 M. &xp, [Cdﬂ(l + r*(d“)x?D)] (M. + = \=2D)A\~2D.
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We summarise this as
D<(A+a)D+ 505*4(1 + |log7|)? (ME + r*<d+2>x2p)2 A72D (9.7)
+ O, | Cae2(1 + r*<d+2>x2p)] (1 M. (M, + r*(d”)x?D)) A72D.
Again we introduce the truncated functional
D=1A (r*(d”)x?D) ,

which is Lipschitz and so differentiable almost everywhere. Where the derivative exists, (9.7)
implies that

| &

. .1 .
D<(A+a)D+ @Cd {574 (1+ |logr|)? —i—%Z(C’a*Q)} M2X72D.

Q.

t
We optimise the exponent by choosing

1/2
a, = Cy [5—4 1+ |logr|)? +®2(CE—2)} M

1/4
A = Cy [5—4 (1+ | log|)? +m2(05—2)} VM. (9.8)
Then d
—D < Cy\D.
e = T
By absolute continuity of 15, it follows that

D(t) < D(0) + Cg). /t D(s)ds.
0

From this we deduce that

sup D(t) < exp(Cy\T)D(0)
[0,7]

IN

r 2D N"2 exp(CaAT) D(0)
= 2) oxp(CyAT) D(0)

< Cyexp ||logr| ((d+2) + C4T/Me logr|~"/?) + /M. expy(Ce~2)| D(0).
{ v v

IN

By the estimate on M., we obtain

sup D(t) < Cyexp [| log r| ((d +2) + CyT exp (Ce~?)|log 7“\_1/2)]%3(05_2)D(0).
[0,7]

Since by assumption ((9.3)
1
log |12 < exp [—2 exp (KN)],
we have

sup D(t) < Cyexp [| log 7| ((d +2) 4+ exp (Ce™2 — %exp (K€_2))>} &xp3(Ce=2)D(0).
(0,7
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By assumption on Wa(u2,.(0), fs(r) (0)), for all sufficiently small r there exists a choice of initial

coupling W(()T) such that
D(0) < &2+,
Then
. 1
sup D(t) < Cyexp [| log | <exp (Ce™2 — 2 exXP (Ke™?)) — 77) + esz(CE2):| .
[0,7]

For sufficiently small ¢,

sup D(t) < Cyexp [—;nl log r| —i—eXp2(C’52)]
[0,7]

1
< Cgexp [—277exp2(K5_2) +expz(05_2)].

Thus if K > C, then

sup D(t) — 0
[0,7]

as € tends to zero. In particular, for € sufficiently small,
inf sup D(t) < 1.
o ¢e0,T)
Hence, for ¢ sufficiently small,
inf sup D(t) =inf sup r~DN2D(1).
0 t€[0,T] o te0,T)

Thus

sup W5 (ul,(t), £ () < inf sup D(t) = r**2AZinf sup D(t) <r*F2)\2.
te[0,T7] ’ 0 tel0,7) 70 te[0,T)

By (9.8),

1/2
} exp (Ce2).

A=y [5—4 (1+ |logr])® + %Py (Ce2)
Hence, for any a > 0,
d+2y2 d2—a o -2 -2y P p— -2
rfTE N < Cr expy(Ce™) < Cexp {exp (Ce™?) — (d + 2 — a) expy(Ke %) }.
The right hand side converges to zero as € tends to zero. Therefore

lim sup W3(fi, ) = 0.
e=0¢¢l0,7]

The next lemma is a quantified version of Lemma [8.6]

Lemma 9.2 (Approximation of (VPME) in quasineutral scaling). Let f-(0) satisfy the assump-
tions of Theorem . Let fa(r) be the solution of the scaled and reqularised Vlasov equation
with initial datum f.(0). Let f. be the unique bounded density solution of .

Fiz T > 0. Then there exists a constant C depending on T and on {f-(0)}: such that the
following holds. If r and ¢ satisfy

r < [exps(Ce™?)] 7,

then
lim sup W (f&)(1), £:(1)) = 0.

r—0 [O,T]
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Proof. By (2.3]), Lemma and (9.2)) there exists a constant C' depending on Cj and d only
such that

I | sl (9.9)

d+2 <
Le=([0,T)L -4 (T4)) —
By Proposition there exists a constant C' depending on the initial data and 7" such that

Loo([0,7:L 5 (Tdy)’

1 ¢ [ oo o,y 200 (7)) 122 Lo (0,735 100 () < ex (Ce™?). (9.10)

We will control the Wasserstein distance between E(T) and f. using a particular coupling
. Since both solutions share the same initial datum, we take my to be the trivial coupling

f-(0)(z,v)0((x,v) — (y,w)) dedvdy dw. We construct m; € H(fa(t),f§r)(t)) as in (8.8)), using

the scaled version of the characteristic systems in ([8.26)):

xN =vt) x3) =v

Vi) = Bx{) V2 = B.(x1Y)

(XE0(0), Vi (0)) = (2, 0) (X2(0), Vi3 (0) = (2, 0)

E=-VU Er = —xr* VU,
(?AU =€V — py. \€2AUT =elUr — x, % P

We define D as in . As in Lemma we obtain for any a > 0,
. &
D< (oz-l—)\)D—kEZIi,

=1

where
h= / VO(XV) = VU(X) P dry,  Ii= / VO, (XV) = VO (X)) drp,
I = / VO (X)) = VO (X2 dry,  Ih= / v (xY) = vO,(xM)2 dmg
Iy = / e % VUL(XP) = VU(X )2 dro.
I is estimated as in (8.27). There is an extra factor of e# due to the quasineutral scaling
and the mass bound M = M, depends on «¢:
I < Ce Y logr|? M2 \72D.
We estimate I as in (8.28)), keeping track of the dependence on ¢ in Lemma

IVU = VU, || 2(pay < Ce™2y/Mc(r + A'VD).

We conclude that
I < Ce™*M2(r + \"'VD)%

For I3, by the regularity estimate from Proposition and the uniform L%(Td) estimate
on the density we have
1Ur || c2.0ray < 8XP2(Ce™?),

where C' depends only on Cy. We obtain

I3 < &xpy(Ce2) / XY - x@2dnr,
TdxRd

< &Py (Ce™ ) A\ 72D.

@
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For I, we use the stability estimate from Lemma and the L (T?) estimate (9.9):

IVU = VU, || 2 (1) < &xDo(Ce 2)||VT — VU, || 124y < 8XDo(Ce™2)y/Me(r + A7 VD).

Hence

I <expy(Ce?)MZ(r+ A7 VD)*.
For I, by (8.29) we have
X7 % VUr = VU2 (pay < O Ur [[52.2 pa)-
Thus
I5 = /Td Ixr * VU, () — VUT(:C)|2 P ) (dx)

< ||pfér) ||L°°(Td)||XT * VUT‘ - VUT‘H%2(’I[‘11)
S CT2MEHUT||I2/V2,2(Td)

2_—4 U, 2
< Crie " Melle™ — PfE(T)H[ﬁ(Td)-
As in (8.30)), we have
d—2 d+2 d—2
1P g [l 2¢ray < pr&gwHLii(Td)prsmH;fz%z(w) < OM:2 .

To estimate eVr, first note that by Proposition and ,

HUTHL“’(Td) S 05_2.

By , ~
HeUTHm(Td) < exp(Ce™?).
Thus R
1€ || 2(ray < Cexp (”UTHLC’O(Td)) € || p2(ray < exp (Ce™?).
Therefore

d—2 ,
Is < Cr2e M. (M6 4 el 2) )
Putting these five estimates together, we obtain

D < (a+M)D+ %ﬁ@z(Cs_z)Mf
+ % {exp4(Ce™?)M? + e *|log r|* M2 + expy(Ce %)} D.
By , we may estimate that
M, < exp (Ce™?).

From this we deduce

D <(a+XND+ % {exp (Ce™?)|logr|* + &xpy(Ce™?)} D + %%2(052)73.

47



After choosing v and A so as to minimise the constant in front of D we obtain
D < CA.D +expy(Ce™2)r?,

where »
A = [exp (Ce2)|log 7|2 + expy (Ce2)]
for r, e sufficiently small.
Therefore, by a Gronwall estimate

D(t) < (D(0) + %2(06_2)7“2) exp [CtA].

> 1

)

Since 7y was trivial, D(0) = 0. Since D controls the squared Wasserstein distance,
W2(fU(t), () < exp (Ce2)r? exp [CtA.
Then, by definition of A,
s[up]Wg(féT)(t), f-(t)) <72 exp [exp (Cre~?)|log r|1/2] - expg(Cre2).
te[0,T
If r < [%3(1(5_2)]_1, then
1

60672| logr| ™2 < exp [CTs_Q — 5 €XP (Ks_Q)] —0

as ¢ tends to zero, for any K > 0. Hence, for any n > 0, for ¢ sufficiently small,
7,2 exp [exp (CT572)’ 10g7"|1/2} < 7,27exp (Cre=2)|logr|~1/2
< 2,

Moreover,
r? 7 exps(Cre™?) < exp [xPa(Cre™?) — (2 — n)expa(Ke %)),
which converges to zero for any 1 < 2 as € tends to zero, as long as K > Cr.
Therefore, if r < [expg(Ke™?)] ! for K > Cy, then as ¢ tends to zero (and so r also tends
to zero),

sup Wa(f(8), £-(t) = 0.
te[0,7]

O]

Proof of Theorem[2.5. In the following, ,ué\fr denotes the empirical measure associated to the

solution of the particle system ([2.9)), while fér) denotes the solution of the scaled version of (9.1])
with initial datum f.(0). Let g be the solution of the KIE system (|1.4)), on some time interval
[0, T,], obtained in the quasineutral limit from f; using Theorem By the triangle inequality
for W1,

sup W (:u’é\,[r (t)a g(t)) < sup W (/’Lé\,]r (t)7 fs(r) (t)>
te[0,Ty] t€[0,T%]

+ sup Wi(f7(1), fo(8)) + sup Wi(fe(t), g(t)). (9.11)
t€[0,T%] t€[0,T%]

The last term converges to zero as € tends to zero, by Theorem
For the other two terms, we first observe that

Wil (8), () < Wa(pllo (8), fO), WSO (@), fo(1) < Wa(f(0), fo(2)).

Then the second term of (9.11) converges to zero by Lemma and the third term of (9.11)
converges to zero by Lemma , provided that (9.3)) is satisfied for C' depending on 7.
O
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10 Typicality: proof of Theorems and

In this last section, we prove Theorems [2.6] and concerning the relation between the choice
of parameters in the mean field (or combined mean field-quasineutral) limit and the initial
configurations. Our method follows the approach of Lazarovici [31] for the mean field case, with
modifications for the quasineutral case similar to those used in [21].

The underlying observation is that if one constructs a collection of empirical measures (v") 5
by drawing N independent samples from a reference measure v, then, by the Glivenko-Cantelli
theorem, almost surely vV will converge to v as N tends to infinity in the sense of weak conver-
gence of measures. The idea is to use a quantitative version of this result to find configurations for
which the associated empirical measures converge to our reference data fj sufficiently quickly. A
result of this type was proved by Fournier and Guillin in [I5], with the distance between v~ and
v measured in Wasserstein sense. We use two slightly different versions of their concentration
estimates.

In the unscaled case ¢ = 1 (Theorem , we give a result for more general data fy satisfying
a moment condition. For this we need the following result from [I5, Theorem 2.

M)

Theorem 10.1. Let v be a probability measure on R™ and let v denote the empirical measure
of N independent samples from v. Assume that v has a finite kth moment for some k > 2p:

My (v) = /m |z dv(z) < +o0.

Then there exist constants c¢,C depending on p,m and My(v) such that for any x > 0,

P (Wp(VN7 V) > ZL‘) < a(Na x)]l{mgl} + b(N7 l‘),

P
where
exp (—cNx?) P>
2
a(N,z) = C { exp (—CN [@} ) p="14 (10.1)
exp (—chm/p) p<i
and

b(N,z) = CN(Nz)~k=e)/p
for any a € (0,k).

For the combined mean field and quasineutral limit, we work with a different initial datum
f=(0) for each e. To use the Wasserstein concentration estimates, we need to take care of the
dependence of the constants ¢, C' on (the moments of) f.(0). In fact, since in Theorem we
work with compactly supported data, we will find it more convenient to use a slightly different

version of the estimates, designed for compactly supported measures. The following result is
from [15, Proposition 10|.

Theorem 10.2. Let v be a probability measure supported on (—1,1]™. Let vV denote the
empirical measure of N independent samples from v. Then there exist constants ¢, C' depending
on p and m only such that for any x > 0,

P (Wg(VN, v) > :U) < a(N,x)]l{xSl},

where a(N,x) is defined by (10.1]).
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We can now prove Theorems[2.6and [2.8] Since the proofs are rather similar to the ones used
in [31], 21] for the classical VP system, we invite the reader to consult those papers for more
details.

Proof of Theorem[2.6. We follow the approach of [3I, Theorem 3.3|. The idea of the proof is to
show that, for the choice r = ¢N 77,

W2(udl
P (limsup 2 Ut ’f0)71/2 < 1) =1. (10.2)
N—o00 rd+2+CT*,M|10g7’|

Then we may apply Theorem [2.4] to conclude that the mean field limit holds on this full proba-
bility event. To prove (10.2]), observe that

W2 N
U ﬂ A C {limsup 2o ’f0)71/2 <1p,
N—o0o rd+2+CT*,]\/I|10g7"|
n N>n

where Ay is the event

1 —1/2
AN = {WZQ(M(J)Va fO) > §Td+2+CT*’M|10gT| }

Since (Un Nysn A’j\,)c =N, Un>n An, by the Borel-Cantelli lemma it suffices to show that
Y P(Ay) < <. (10.3)
N

We estimate P(Apy) using Theorem with

_ }rd+2+CT*7M|logr|_1/2 _ C]\/*f’y(d+2)fC'T,ﬂ,1\/[,~y|10gN|‘1/2
5 .

Note that p = 2 and m = 2d. The assumptions on + in (2.10) are chosen such that

IN

Za(N,xN) +b(N,zn) < 0.
N

In this way (10.3) holds and the result follows.
U

Proof of Theorem[2.8 We use the same strategy as for Theorem However, since the con-
stants in Theorem depend on the kth moment of f.(0) which may change with e, we will
instead use the compact version of the estimate from Theorem Recall that we already
assumed that f.(0) were compactly supported with the support in velocity growing no faster
than e“s~” for some C. We perform a scaling argument in order to work with measures that are
supported in (—1,1]%4.

Given a probability measure v, let Sg[v] be the measure such that for any Ax € B(T¢) and
By € B(R?),

SR[V](AX X Bv) = I/(AX X RBv)

This maps measures supported in [~1,1]? x [-R, R]? to measures supported in [—1,1]?¢. By
[21, Lemma 7.6], if 1, 1o are measures on T¢ x R?, then for any p € [1,00),

Wp(l/l, 1/2) S RWp(SR[Vl], SR[VQ]).
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Note also that if (ZZ-(R))f\;l are N independent samples from Sg[v], then (ZZ.(R))i]\Ll has the same
law as (X;, Vi), where (Z,)Y, = (X;,V;)), are N independent samples from v. It is
therefore enough to show that

> P(Ay) < 0, (10.4)
N
where Ay denotes the event
1 _
Ay i= { WS sl O, 8,coalfoc]) > pr¥* Tesp(-20 %) |
We observe that the assumption

r < [exps(Ke )],

implies that
exp (=Ce™2) > ¢ (loglog N)™¢ > eN~®

for ¢ depending on C' and K, any o > 0 and ¢ depending on «, C' and K. We then apply

Theorem [10.2] with the choice
TN = CN—'y(d+2+77)—a )

The assumption (2.11)) on « implies that it is possible to find > 0 such that

Za(N,xN) < 0.

N

This yields ((10.4), which completes the proof.
O
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