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COBOUNDARY OPERATORS FOR INFINITE FRAMEWORKS

ELEFTHERIOS KASTIS, DEREK KITSON, STEPHEN C. POWER

Dedicated in memory of Richard M. Timoney.

ABSTRACT. We consider, from the point of view of operator theory, a class of
infinite matrices in which the matrix entries are determined by an underlying
graph structure with accompanying geometric data. This class includes the
rigidity matrices of infinite bar-joint frameworks as well as the incidence ma-
trices of infinite directed graphs. We consider the following questions: When
do these matrices give rise to bounded operators? Can we compute the oper-
ator norm? When are these operators compact? And when are they bounded
below?

1. INTRODUCTION

Graph rigidity is an interdisciplinary field in which the central aim is to develop
theoretical and computational techniques for identifying and characterising forms of
rigidity and flexibility in discrete geometric structures. The objects of study can be
thought of as an assembly of rigid building blocks, with rotational connecting joints,
and are typically categorized by the nature of these blocks and joints; eg. bar-and-
joint, body-and-bar and plate-and-hinge frameworks. Constraint systems of these
forms are ubiquitous in engineering (eg. trusses, mechanical linkages and deployable
structures), in nature (eg. periodic and aperiodic bond-node structures in proteins
and materials) and in technology (eg. formation control for autonomous multi-agent
systems, sensor network localization, robotics and CAD software) (see for example
12, 13, 19, 10, [18]).

The origins of graph rigidity can be traced back to two seminal results of the 19th
century: Cauchy’s proof in 1813 that a convex polyhedron in three-dimensional Eu-
clidean space is a (continuously) rigid plate-and-hinge structure [6]; and Maxwell’s
1864 observation that the structure graph of a rigid bar-and-joint framework must
obey certain counting rules [I4]. Dehn’s subsequent proof of Cauchy’s theorem for
simplicial polyhedra developed the now standard analytic and linear methods of
infinitesimal rigidity [7].

The aim of this article is to understand, from the perspective of operator theory,
the rigidity matrices which arise from the infinitesimal rigidity theory of infinite bar-
joint frameworks. A fundamental issue in this regard is the nature of the null space
of the rigidity matrix as a linear transformation on a particular domain of velocity
fields. For infinite matrices, this domain can be a normed vector-valued sequence
space, such as a Hilbert space of square-summable (finite energy) velocity fields.
Moreover, the range of this transformation is a linear space of bar-joint framework
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stresses and so it becomes relevant to determine boundedness properties of the
rigidity matrix.

Determining whether an infinite matrix gives rise to a bounded linear operator
and, in the affirmative case, computing the operator norm, are in general difficult
problems. Schur and Toeplitz are credited with developing the classical theory. For
example, Schur’s test provides sufficient conditions for ¢2-space together with an
upper bound for the operator norm, and can be generalised to ¢P-space (see for
example [IT], ch. 5]). Maddox [I3] and others have extended some aspects of the
classical theory to infinite matrices of operators and we have found these techniques
to be particularly useful here. Also of relevance are a series of papers by Mohar
and various co-authors in which similar problems are considered for the adjacency
matrices of infinite graphs G = (V, E), regarding these infinite matrices as bounded
operators on £2(V). See for example the survey article [I5]. More recently, Agarwal
et. al. [I] have extended these considerations to adjacency matrices on 7 (V).

In Section [2] we introduce the notion of a framework (G,q) and a coboundary
matriz C(G,q). These generalise respectively a directed graph and an incidence
matriz commonly used in graph theory and the notion of a bar-joint framework and
a rigidity matriz used in Euclidean space rigidity theory. Also, the k-frame matrices
of Whiteley [18] and the rigidity matrices of bar-joint frameworks in non-Euclidean
spaces [12] are particular instances of coboundary matrices. We show that, under
suitable conditions, coboundary matrices give rise to bounded operators and we
either provide a formula for the operator norm, or provide upper and lower bounds
for the operator norm. In Section[3] we provide conditions under which the operator
norm can be computed by considering subframeworks of the given framework. We
also provide necessary and sufficient conditions for coboundary operators to be
compact. In Section [d] we provide necessary conditions for a coboundary operator
C(G,q) to be bounded below and in particular we show that the graph G cannot
be amenable (i.e. have isoperimetric constant 0). On the other hand, coboundary
operators with a non-amenable graph structure can be bounded below and, in
Section [5] we raise the interesting problem of whether there are natural classes
of bar-joint frameworks for which the rigidity matrix gives rise to an operator
which is bounded below on various spaces of velocity fields. We also present an
example of a bar-joint framework with a non-amenable graph structure for which the
associated rigidity matrix determines a bounded operator which is neither compact
nor bounded below.

2. COBOUNDARY OPERATORS

Throughout this article, G = (V, E') will denote a simple graph (i.e. no loops or
multiple edges) with a countably infinite set of vertices. Denote by E(v) the set of
edges e € E which are incident with a vertex v € V and let A(G) = sup,cy |E(v)].
The graph G is said to be locally finite if |E(v)| < oo for all v € V and to have
bounded degree if A(G) < oo.

Let X and Y be a pair of normed linear spaces over a field K (= R or C) and
denote by L(X,Y) the space of K-linear maps from X to Y. Let ¢ : V xV —
L(X,Y) be a map with the property that ¢(v,w) = —p(w,v) whenever vw € E
and @(v,w) = 0 whenever vw ¢ E. We refer to the pair (G, ) as a framework.
We will assume throughout the article that X and Y are finite dimensional and we
write ||¢]lco = SUPywer [|@(v, w)|lop Where || - ||op is the induced operator norm.
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Definition 2.1. A coboundary matrix for a framework (G, ) is a matriz C(G, )
with rows indexed by E, columns indexed by V, and (e,v)-matriz entry,

] ev,w) ife=vuw,
Cev = { 0  ifed¢ Ev).

Note that a coboundary matrix C(G, ¢) has the following form,

Moreover, C(G, ¢) determines in a natural way a linear map C(G, ¢) : XV 5YPE,
whereby a vector = (x,),cy € XV is mapped to a vector C(G, )z € Y with
e-component,

(C(G,p)z)e = Z Ce,5(T5) = p(v, W) (Ty — To),
eV

for each edge e = vw € F.

Example 2.2. Let G be a directed graph. Define ¢ : V x V. — L(R,R) by setting
p(v,w) =1 if vw € E is an edge directed from v to w, p(v,w) = —1 if vw € E
is an edge directed from w to v, and e(v,w) = 0 if vw ¢ E. Note that the pair
(G, p) satisfies the conditions of a framework and the associated coboundary matriz
C(G, ) is an incidence matriz for G.

Example 2.3. A bar-joint framework in R? is a pair (G, q) where ¢ : V — R? and
q(v) # q(w) for all edges vw € E. Given such a bar-joint framework, we would like
to know if it is continuously flexible (i.e. admits a non-trivial continuous motion
which preserves the Fuclidean distance between pairs of points q(v) and q(w) for all
edges vw € E) or continuously rigid (i.e. admits only isometric motions).

A (Euclidean) rigidity matriz for (G,q) is a matriz with rows indexed by F,
columns indexed be V- x {1,...,d} and matriz entries

, _J 4@k —q(w)r  if e =uw,
i) 0 ife ¢ B(v),
where we write q(v) = (q(v)1,...,q(v)a) € R for each v € V. Note that if the

columns labelled (v,1),...,(v,d) are grouped together for each vertex v € V then
the rigidity matriz R(G, ) has the following form,

(0,1) - (v,d) (w,1) - (w,d)
e=ow | - 0 q(v)—q(w) 0 -+ 0 q(w)—gq(v) 0

If the set of points {q(v) : v € V'} affinely spans R? then the null space of the
linear transformation induced by R(G,q) has dimension at least (45'). The bar-
joint framework (G, q) is said to be infinitesimally rigid if the dimension of the null
space is exactly (d‘gl). In general, infinitesimal rigidity is a stronger (and more
easily verifiable) property than continuous rigidity. (See for example [3], 9, [1§]).
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Define ¢ : V x V — L(R%R) by setting ¢(v,w)x = (q(v) — q(w)) - = for each
r € R ifvw € E, and p(v,w) = 0 otherwise. Note that the pair (G, ) satisfies
the conditions of a framework and the transformations induced by the associated
coboundary matriz C(G, ) and the (Euclidean) rigidity matriz R(G,q) are iso-
morphically equivalent.

Example 2.4. Let X be a finite dimensional real normed linear space. A bar-joint
framework in X is a pair (G,q) where ¢ : V — X and q(v) # q(w) for all edges
vw € E. As in Example we would like to know if (G, q) is continuously flexible
or continuously rigid with respect to the distance constraints imposed by the norm
on X. To achieve this we can adopt the following more general approach.

Recall that a support functional for a point x € X\{0} is a linear functional v on
X which satisfies ||| = ||z|| and ||¢(z)| = ||z||*. Also recall that a point in X\{0}
is said to be smooth if it has a unique support functional. Suppose q(v) — q(w) is
a smooth point in X for each edge vw € E (note that this assumption is redundant
in the Euclidean context). Then we can define ¢ : V x V. — L(X,R) by setting
(v, w) to be the unique support functional for g(v)—q(w) if vw € E and p(v,w) =0
otherwise.

The pair (G, @) satisfies the conditions of a framework. Moreover, the associated
coboundary matriz C(G, @) plays a similar role to the Euclidean rigidity matriz in
Example . In particular, C(G, q) can be used to determine the infinitesimal rigid-
ity and hence rigidity properties of a bar-joint framework in X. (See for example
[12] which considers the special case where X is a finite dimensional P-space).

2.1. Coboundary operators on (P-spaces. In this section, we provide conditions
under which a coboundary matrix will determine a bounded linear operator between
two normed linear spaces. We also provide formulae, or upper and lower bounds,
for the operator norm. The space of bounded linear operators from a normed space
Z to a normed space W will be denoted B(Z,W).

For a countable index set I and a normed space X, denote by ¢>°(I; X) the space
of sequences x = (2;);er in X with sup;¢; [|2i]| < co and write ||2|| 0 = sup,c; [|z:]|-
Denote by ¢go(I; X) the vector space of sequences in X with at most finitely many
non-zero terms.

Proposition 2.5. Let C(G, ) be a coboundary matriz and let Z be a subspace of
£°(V; X) which contains coo(V; X). The following statements are equivalent.

(i) p:V xV — L(X,Y) is a bounded function.

(ii) C(G,¢) € B(Z,1<(E;Y)).
Moreover, when the above conditions hold, the induced operator norm satisfies,

1C(G, @)llop = 2|0
Proof. (i) = (i1). Let 2 = (2y)vev € Z. Then,
IC(G, )zl = sup lp(v,w) (20 = zuw)ll < 2[lllool|2]oo-

vweE

(#) = (7). Suppose ¢ is unbounded and let M > 0. Then there exists an edge
e =vw € E with [|¢(v,w)|lop > M. Let € > 0 and choose a unit vector € X with
lo(v, w)z|| > |l¢(v, w)||op — €. Consider the unit vector z = (z5)sev € Z with,

r ifo=w,
Zy —

0 otherwise.
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Then, [[C(G,9)zll0 = (C(G,@)2)ell = llp(v,w)z|| > M —e. Thus C(G,¢) is
unbounded.

Finally, suppose conditions (i) and (i7) hold. From the proof of (i) = (ii) we
have ||C(G, ¥)|lop < 2||¢llc- To show [|C(G, ¢)llop = 2||¢]lcc, let € > 0 and choose
an edge e = vw € E with [[p(v,w)|lop > [|¢]lcc — 5. Choose a unit vector z € X
such that |¢(v, w)z|| > [[¢(v,w)|lop — §. Consider the unit vector z = (23)sev € Z
with,

r ifv=w,
25 = —x if v =w,
0  otherwise.
Then [|C(G, ¢)zll0 2 [(C(G, #)2)e|l = 2llp(v, w)z]| > 2[lp (v, w)llop = § > 2[|plloc —
€. The result follows. O

Let p € [1,00). For a countable index set I, denote by ¢7(I; X) the Banach
space of sequences © = (z;)ie; in X with > 7., [|z]|? < oo and write |z, =
(Ziel ||$in)E~
Proposition 2.6. Let C(G, p) be a coboundary matriz. The following statements
are equivalent.

(i) p:V xV = L(X,Y) is a bounded function.

(i) C(G,p) € B(t'(V; X),£2(E;Y)).
(iii) C(G, ) maps (*(V; X) into £°(E;Y).

Moreover, when the above conditions hold, the induced operator norm satisfies,

IC(G, )llop = l|#loo-
Proof. (i) = (ii) Let 2 = (2)vev € £1(V; X). Then,

[C(G, ¥)zllo0 = suepEllgo(v,w)(zU = zw) || < [lell 21
(#4) = (i4i) This is immediate.
(#4i) = (4) For each edge e = vw € E, consider the linear map,
Ve : MV X) =Y, 2z v, w)(2y — 2u).

Note that ||o(v, w)|lop < ||Yellop for each edge e = vw € E. Since C(G, ¢) maps
(V5 X) into £°°(E;Y), the set {||¢e(2)] : e € E} is bounded for each z € £1(V; X).
Thus, by the Banach-Steinhaus theorem, sup.cg [|¥ellop < o0 and so the result
follows.

Finally, suppose conditions (i)-(4i¢) hold. To show ||C(G, ©)|lop = ||¢llcc, apply

an argument similar to the proof of Proposition Note that in this case £ is a

unit vector in £1(V; X) with ||C(G,¢)z|lee > [|¢]leo — €. O

Proposition 2.7. Let C(G, ) be a coboundary matriz and let p € [1,00). If the
graph G has bounded degree then the following statements are equivalent.

(i) ¢:V xV = L(X,Y) is a bounded function.

(i) C(G,p) € B(tP(V; X), (P(E;Y)).

(iii) C(G, ) maps (P(V; X) into (P(E;Y).

Moreover, when the above conditions hold, the induced operator norm satisfies,

277 lpllo < IC(G, @)llop < 277 [l A(G) 7.
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Proof. (i) = (ii) Suppose p € (1,00) and choose p’ such that %4— z% = 1. Let

z = (2y)vev € P(V; X). By Holder’s inequality, for each edge e € E,

1 1
S leewllonlzel = 3 lleenllZ (nce,vns’pnzvn)

veV veV

1 1
p’ P
<Z IICe,vllop> (Z IICe,vllopzvll”>
veV veV

Thus, noting that Y i, [lcevllop < 2[|¢|| for each edge e € E,

p
IC(G, 0zl < Z(Z IICe,vllovaH)
e€cE \veV
< 2lelle)” > (Z Ice,lloplzo 1P >
ecE \veV
= (2flelle)?” Z( 0p||Zv||p>
veV \ecE
< 2llellse)? el AG) (Z IIzvllp>
veV

= 27 plEAG) =5
It follows that C(G, ¢) maps ¢7(V; X) into £P(E;Y) and that C(G, ¢) is bounded

with [|C(G, @) |lop < 277 ||¢||OOA(G)%. For the case p = 1 a similar (and more direct)
argument can be applied.

(#4) = (749¢) This is immediate.

(i17) = (i) Apply Proposition [2.6]

Finally, suppose conditions (%)-(i#¢) hold. The proof of (i) = (ii) provides the
upper bound for [|C(G, ¢)|lop. To obtain the lower bound, let € > 0 and choose
e =vw € E with [lo(v,w)|lop > ||¢|lcc — 5. Choose a unit vector z € X such that
llo(v, w)z|| > [[¢(v,w)|lop — §- Let z € £P(V; X) be the vector with components,

T if v =w,
25 = —x if v =w,
0 otherwise.

1 1

Then ||2]|, = 27 |z]| = 27. Note that [[(C(G, p)2)ell = 2[l(v, w)zll > 2| @llo — €.

Thus, [|C(G, )z, > 2@l — € = 2" 7||¢llollz]l, — € and so it follows that
1

IC(G, @)llop = 277 [|#llcc- 0

For a countable index set I, denote by ¢o(I; X) the vector space of null sequences
x = (2;)ier in X. ie. z € ¢o(I; X) if, given any € > 0, there exists a finite subset
Iy C I such that sup,cp g, ||lzi]] < €. Note that co(l; X) is a closed subspace of
>2(I; X).
Proposition 2.8. Let C(G, ) be a coboundary matriz. If G is locally finite then

the following statements are equivalent.

(i) o:V xV — L(X,Y) is a bounded function.
(i) C(G,p) maps co(V; X) into co(E;Y).
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(i) C(G,¢) € B(co(V;X),co(E;Y)).
Moreover, when the above conditions hold, the induced operator norm satisfies,
1C(G, o) llop = 2| ]loo-

Proof. (i) = (it) Let © = (zy)vev € co(V;X) and let € > 0. Then there exists a
finite subset Vo C V' such that sup,cy\v, |70 < . Thus, for each e € E,

2H<PH
€
| Z Cew(T0)|| < Z [ce,wllopllzoll < Z l[ce,ollop D) <€
2 ol
o veV\Vy vEV\ Vo

Let Fy C FE denote the finite subset of edges which are incident with a vertex in
Vo. Then, noting that c. , = 0 whenever e € E\Ey and v € 1,

sup ”ZCevxv)”— sup [ Z Cew(T0)[| | <€

eEE\Eo vEV CEE\EO UEV\VO

Thus C(G, ¢) maps ¢o(V; X) into co(E;Y).

(i1) = (i) Apply Proposition [2.6]

(1) = (#i1) Note that, by the above arguments, ¢ is bounded. Thus, by Propo-
sition[2.5] C(G, ¢) : co(V; X) = co(E;Y) is bounded.

(wii) = (i ) ThlS is immediate.

The formula for the operator norm follows from Proposition O

For ease of reference we note the following corollary.

Corollary 2.9. Let C(G,p) be a coboundary matriz. If G has bounded degree then
the following statements are equivalent.

(i) p:V xV = L(X,Y) is a bounded function.

(it) C(G,¢) € Blco(V; X),co(E;Y)).

(iii) C(G, ) € BUP(V;X),lP(E;Y)), for all p € [1,0].
(iv) C(G, ) € B(?(V;X),¢P(E;Y)), for some p € [1,00].

) (p
Proof. (i) = (ii) Apply Proposition
(i4) = (i) Apply Proposition
(¢) = (i14) Apply Proposition for p = co and Proposition for p € [1,00).
(#91) = (4v) This is immediate.
(iv) = (i) Apply Proposition when p = co and Proposition when p €
[1,00). O

Remark 2.10. In the case where X =Y = K and p = 2, results on the boundedness
and operator norm of coboundary operators C(G,p) : £>(V;K) — 2(E;K) can
be found in [19, p. 15] and in [, Section 5.2]. These results can be applied in
particular to incidence matrices for directed graphs, as described in Ezample
and to rigidity matrices for one-dimensional bar-joint frameworks, as described in

Ezample[2.3.

3. NORM APPROXIMATION AND COMPACTNESS

Let (G, ¢) be a framework and let Go = (Vp, Ep) be a subgraph of G = (V, E).
Denote by (Go, ¢) the subframework obtained by restricting ¢ to Vi x Vj. Denote
by Pg, : Y£ — Y the projection of Y¥ onto YZ° along Y E\Eo,
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A sequence (Gg)gen of subgraphs of G converges to G if Gy, is a subgraph of
Gp41 for each k € N and, given any e € E, there exists N € N such that e € E(Gy)
for all kK > N. In this case, we write G — G as k — oo.

Theorem 3.1. Let C(G, ) be a coboundary matriz where G has bounded degree
and ¢ : V xV — L(X,Y) is a bounded function.

(i) If G, — G as k — oo then,
=1l .
G,y = Jim (G 9)op
(ii) If S and S’ denote respectively the set of all subgraphs of G and the set of all
finite subgraphs of G then,
1C(G, @)llop = sup_[|C(Go,@)llop = sup [IC(Go,@)llop-
Goe Goes’
refer to the following two cases:

i)
Y)) and C(Gk,cp) S B(Co(Vk;X)7CO(Ek;Y)).
Y)) and C(Gg, @) € B(l?(Vy; X), P(Ey;Y)), where

The operator norms in (i) and (i

(a) C(G,¢) € Blco(V; X),c (E7

(b) C(G,p) € BUP(V; X), P (F;
pEl,00).

Proof. We will prove the statements for case (a) (similar arguments apply for case
(v)).

(i) Let € > 0. Note that the sequence (||C(Gk, ¢)llop)ken is bounded above by
IC(G; @)lop and that [C(Gk, ¢)llop = [| P, © C(G, @) |lop for each k € N. Also note
that Pg, € B(co(E;Y),co(E;Y)) for each k € N and, since G, — G as k — oo, the
sequence (Pg, )ren converges strongly to the identity map in B(co(E;Y), co(E;Y)).
Thus Pg, o C(G,¢) — C(G, ) strongly as k — co. Since the operator norm is
strongly lower semi-continuous, there exists N € N such that,

HC(G @)llop = IC(Gr, P)llopl = IC(G, @) lop = | Pry © C(G @)llop <€,

for all kK > N. This proves ().
(#4) Note that ||C(G, ¢)llop is an upper bound for {||C(Go, ¥)|lop : Go € S} and
S0
IC(G. llop > 51D IC(Go, oy > 5D 1C(Gor 9)lop-
Go€eS GoeS’

For the reverse inequalities, let ¢ > 0. Choose a sequence (G )ren of finite sub-
graphs of G such that G — G as k — oco. By (i), there exists k € N such that
IC(Gk, @)llop > IIC(G, ) |lop — €. The result follows. O

The set of compact operators T : Z — W between two Banach spaces Z and
W is denoted K(Z,W). Recall that the essential operator norm for an operator
T € B(Z,W) is given by,

|T]e = x inf 1T — KH0p~
eEK(Z,W)

Given a framework (G, ¢) we define,

= 1 f
k6.0 = (o, ot )

where the infimum is taken over all finite subsets Ey C E.

Proposition 3.2. Let C(G,¢) be a coboundary matriz and suppose p : V XV —
L(X,Y) is a bounded function.
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(i) If Z is a closed subspace of £>°(V;X) which contains coo(V;X) then the
bounded operator C(G, ) : Z — (> (E;Y) satisfies,

IC(G, @)l < 2k(G, ).

(i1) If G has bounded degree and p € [1,00) then the bounded operator C(G, ) :
?(V; X) = P(E;Y) satisfies,
1 1
10(G, @)l < 2 FK(G, 9)AG).
Proof. (i) Let Ey be a finite subset of E. Define K : Z — (*(E;Y) by setting
(K(2))e = C(G,)z if e € Ey and (K (z)). = 0 otherwise. Since Ej is finite, and X
and Y are finite dimensional, K is a finite rank operator. Note that C(G,¢) — K
is similar to a column operator,
[ 0
C(G07 SD)
where Gy is the subgraph of G with vertex set V and edge set E\FEy. (Note that
Gy may contain vertices of degree zero). Since ¢ is bounded, by Proposition

IC(G, @)lle < [IC(G,9) = Kllop = [C(Go, @)llop =2 sup  [le(v, w)[op-

vwEE\Eg

The proof of (i7) is similar and uses Proposition O

:| 1 Z = U (Eg;Y) @ L (E\Ey;Y),

The function ¢ : VxV — L(X,Y) is said to vanish at infinity if given any € > 0,
there exists a finite subset £y C E such that sup,,,ep\ g, [|¢(v, w)|[op < €.

Corollary 3.3. Let C(G,p) be a coboundary matriz and suppose ¢ : V. xV —
L(X,Y) vanishes at infinity.
(i) If Z is a closed subspace of £>°(V'; X) which contains coo(V; X) then C(G, ) €
K(Z,(>~(E;Y)).
(i) If G has bounded degree and p € [1,00) then C(G, ) € K((P(V;X),¢P(E;Y)).

Proof. (i) Since ¢ : V x V — L(X,Y) vanishes at infinity, k(G, ) = 0. Thus, by
Proposition i), |C(G,¢)|le = 0 and so the result follows. A similar argument
applies for (ii). O

Proposition 3.4. Let C(G, ) be a coboundary matriz and suppose one of the
following conditions holds.

(i) C(G,p) € K(co(V;X),co(E;Y)).

(ii) C(G,p) € K((P(V;X),lP(E;Y)), where p € [1,00).
Then the function ¢ : V x V — L(X,Y) vanishes at infinity.

Proof. Suppose () holds and suppose ¢ : V x V — L(X,Y) does not vanish at
infinity. Then there exists ¢ > 0 and a countably infinite subset £ C E such
that infe—,epm ||(v, w)|lop > €. For cach edge e = vw € E’, choose a unit vector
. € X with [[p(v,w)(ze)|] > [l¢(v,w)|op — 5. Then let 2¢ € coo(V;X) be the
vector with components,

zg—{ r., ifv=uo,

0  otherwise.
Note that ||2¢]|cc = ||c|| = 1 for all e € E’ and so the set {2° : e € E'} is bounded in
co(V; X). Since C(G,p) € K(co(V;X),co(E;Y)), the image {C(G,p)z¢: e € E'}
is precompact in ¢o(E;Y) and hence contains a sequence (C(G,¢)z°F)ken which
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converges in ¢g(F;Y). Let y = (Ye)ecr € co(E;Y) be the limit of this sequence.
Note that,
€

IC(G, )z )erll = llp(vr, wi)ze, || 2 [l wi)llop — 5 2

DO

for each e, = viwy. On the other hand,

1(C(G; )2 )er | < IC(G,9)2% e, = Yer | + Wer | < N1C(G, 0)2% = ylloo + [[Ye
where the right-hand side tends to 0 as kK — oo. This is a contradiction and so (4)
is proved. A similar argument applies when (i¢) holds. ([l
Corollary 3.5. Let C(G, ) be a coboundary matriz. If G has bounded degree then
the following statements are equivalent.

(i) The function ¢ : V xV — L(X,Y) vanishes at infinity.

(i) C(G,p) € K(co(V;X),co(E;Y)).

(iii) C(G,p) € K(P(V;X),lP(E;Y)), where p € [1,00).
Proof. For the implications (7) = (i4) and (i) = (i4i), apply Corollary [3.3] For the
implications (i7) = (i) and (ii7) = (i), apply Proposition [3.4] O

Proposition 3.6. Let C(G, ) be a coboundary matriz and suppose o € (1(V x
V,L(X,Y)).
(i) C(G,p) € B(t>=(V;X),1(E;Y)) and the induced operator norm satisfies,
IC(G @)lop <2 ) llp(v,w)]lop-

vweE
(i) C(G,p) € K(co(V; X), £ (E;Y)).
Proof. (i) Let L =73 cple@,w)lop. If 2= (2,)vev € £°(V;X) then,

ICG. o)l = I plowlon] < 3 (z (o,

eclE wveV ecE \veV

Iopllwv||> < 2L[[2] oo

Thus, C(G, )z lies in £1(E;Y) and ||C(G, )| op < 2L.
(ii) By (i), C(G,¢) € B(co(V;X),l*(E;Y)). Now apply Pitt’s theorem [8]
proposition 6.25]. O

4. THE BOUNDED BELOW PROPERTY

Let G = (V, E) be a simple graph. If V; is a finite subset of V' then denote by
OV} the set of edges of G with exactly one vertex in V. The isoperimetric constant
for G is the value,

. . |OVh|
WG = it Wl
where the infimum is taken over all finite subsets V; of V. (See [5] eg.)

Denote by x(V;X) the set of finitely supported vectors in XV with constant
non-zero entries. i.e. z € x(V; X) if z € XV and there exists a finite subset Vo C V
and a non-zero vector x € X such that z, = x for all v € V; and z, = 0 otherwise.

Proposition 4.1. Let C(G, ) be a coboundary matriz where G = (V, E) is locally
finite, ¢ : V xV — L(X,Y) is a bounded function and p € [1,00).

(i)
nf{||C(G, @)zl : 2 € X(V; X), 2], = 1} <i(G)P [[¢l]oo-
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(i) If dim X =dimY =1 then,

i@ (i, ool ) < UCE 1y 2 € XVED, [l = 1)
In particular, if ||[o(v,w)|lop s constant on {(v,w) : vw € E} then,
nf{[|C(G, p)zllp : 2 € X(V3K), [lz]l, = 1} = i(G) 7 [[¢ ]l oo

Proof. (i) Let Vj be a finite subset of V. Choose a unit vector € X and define a
unit vector z € ¢P(V; X) by setting,

2y = (ﬁ) r ifvel,
0 otherwise.

T

Note that z € x(V; X). Moreover,

1 |()[/()|
C(G,p)2||t = — E o(v,w)z||P < ol
|| ( ) ||p |‘70| ver i || ( ) || |‘70| H ||

The result follows.
(17) Let z € x(V;K) with ||z]], = 1 and let V; be the support of z. Then
zy = « for all v € V}, for some non-zero x € K, and z, = 0 otherwise. Note that

|z| = (ﬁ)g Thus,

. |OVo|
C(G, )zl = Z (v, w)||b,|z]P > (vgvnefE||go(v,w)llf,’p> Vol -

vwedVy

The inequality now follows. For the final statement, combine this inequality with
(7). O

Remark 4.2. Note that Proposition (zz) applies in the particular case where
C(G, ) is an incidence matrix for an infinite directed graph G. In this case, X =
Y =R and [|¢(v,w)|lop =1 for all edges vw € E.

Given a framework (G, ) and a unit vector z € X we define,

i(Gpia) = inf <sup w(v,w)xn),

Vo finite \ 44y €V,

where the infimum is taken over all finite subsets Vj of V.

Proposition 4.3. Let C(G, ¢) be a coboundary matriz, let p € [1,00) and let z € X
be a unit vector. If G has bounded degree then,

. . 1
inf{||C(G, ¢)zllp - 2 € x(V;K), 2], = 1} <i(G, p;2)A(G)7 .
Proof. Let Vj be a finite subset of V' and construct a unit vector z € ¢7(V; X) as
in the proof of Proposition i). Then,

1
ICG. ol = 3 lelvswialP < AG) ( sup IISD(%w)mIIp) .
0| YwENVe vwEVy
The result follows. (Il

Recall that a linear operator T': Z — W between normed spaces Z and W is
said to be bounded below if inf), =y ||Tz]| > 0.
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Corollary 4.4. Let C(G,p) be a coboundary matriz, where p : V. xV — L(X,Y)
is a bounded function, and let p € [1,00). Suppose at least one of the following
conditions holds.

(a) G is locally finite and i(G) = 0.
(b) G has bounded degree and i(G, p;x) =0 for some unit vector x € X.
Then the operator C(G, @) : (P(V; X) — £P(E;Y) is not bounded below.

Proof. Apply Proposition in case (a) and Proposition in case (b). O

Remark 4.5. Note that if a graph G is periodic then i(G) = 0. (Recall that a graph
G is periodic if the automorphism group of G contains a free abelian subgroup T’
which acts on G freely and the set {Tv : v € V} of vertex orbits is finite). Thus,
for any framework (G, ¢) with ¢ bounded, condition (a) of C’orollary 18 satisfied
and so C(G, ) : tP(V; X) = (P(E;Y) is not bounded below for all p € [1,00). This
applies, in particular, to the rigidity matrices of periodic bar-joint structures ([10] ).

Proposition 4.6. Let C(G, ) be a coboundary matriz and let x € X be a unit
vector.

()
nf{[|[C(G, 9)z[loc : 2 € X(V5 X)), [|2]loe = 1} < i(G, g5 7).
(1) If dim X = dimY =1 then,
inf{||C(G, @)zl : 2 € X(V3K), [[2]loc =1} =i(G, ;7).
Proof. (i) Let Vj be a finite subset of V' and define a unit vector z € £°(V; X) by
setting,
oz ifvel,
v 0 otherwise.

For each edge e = vw € E(G),

] le(v,w)z|  if vw € dVh,
[(C(G, p)z)ell = { 0 otherwise.

Thus,
1C(G,¢)zllec < sup [lp(v, w)zl].
vwedVy
The result follows since z € x(V; X) and ||z||c = 1.
(#3) Let z € x(V;K) with ||z]|oc = 1 and let Vg be the support of z. Then z, = x
for all v € V where |z| = 1. Thus,
1C(G, ¢)zlloc = sup [lp(v, w)lloplz] = i(G, ;7).

vwedVy

O

For the reverse inequality apply (7).

Corollary 4.7. Let C(G, ¢) be a coboundary matriz, where ¢ : VxV — L(X,Y) is
a bounded function, and let Z be a subspace of £>°(V'; X)) which contains coo(V; X).
If i(G,p;x) = 0 for some unit vector x € X then the operator C(G,y) : Z —
{*(E;Y) is not bounded below.

Proof. Note that Z contains x(V;X) and so the result follows from Proposition
4.6l O
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Let (G, ) be a framework and, for each v € V', define

l(w) = sup [lp(v,w)llop,
vweE(v)

where the supremum is taken over all edges incident with v. The function ¢ :
V xV — L(X,Y) is said to be weakly bounded away from zero if inf,cv I(v) > 0.

Corollary 4.8. Let C(G,p) be a coboundary matriz and suppose one of the fol-

lowing conditions holds.

(a) C(G,p) € B(Z,0>°(E;Y)), where Z is a subspace of £°(V; X) which contains
coo(V; X), and the operator C(G,¢) : Z — L°(E;Y) is bounded below.

(b) G has bounded degree, C(G, ) € B({P(V; X),¢P(E;Y)) and the operator C(G, p) :
P (V; X) = (P(E;Y) is bounded below, where p € [1,00).

Then the function ¢ : V xV — L(X,Y) is weakly bounded away from zero.

Proof. Note that in general, i(G, p;x) < inf,cy I(v) for each unit vector z € X.
Thus the results follow from Corollary [£.4] and Corollary [£.7] O

Remark 4.9. By [I7, Theorem 4.27], the incidence matriz of a directed graph
G with bounded degree is bounded below if and only if i(G) > 0. In the next
section, we present an example which suggests there is mo simple variant of this
result for gemeral coboundary operators. In particular, we construct a bar-joint
framework (G, q) in the Fuclidean plane with the property that the rigidity matriz
R(G,q) : (*(V;R?) — (2(E;R) is not bounded below and i(G) > 0.

5. AN APPLICATION TO RIGIDITY THEORY

In this section, we apply the results of the preceding sections to a countably
infinite bar-joint framework (G, ¢) in the Euclidean plane. The associated rigidity
matrix is denoted R(G, q). (See Example for the relevant definitions.)

v
Va4 3,8
V1,2
V2,3
V0,1 .
V2,2
V1,1
V2,1 V3,1
,
v,
Va4 3,8
V2
V2,2
Y21 v3,1

FIGURE 1. Placement ¢ of the full binary tree G (top) and the
augmented bar-joint framework (G’, q) in Example (bottom).
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Example 5.1 (Binary tree framework). Define inductively the following unbounded
placement q of the full binary tree G in R2. Place the root node vg 1 at (0, %) Given
now a joint q(vn i) = (x,y) that corresponds on a vertex lying on the nth-depth of
G, we assign its two children at the points q(Vny12k—1) = (x + 1,y — 3%) and
q(Vnt128) = (z+ 1,y + 3,7%) (see top of Figure .

Note that the vertices of the same depth of the tree share the same first coordinate.
Moreover, each joint of the framework satisfies q(vn k) = (n,y) for some y € (0,1).

We insert extra bars on the flexible framework (G, q) to obtain an infinitesimally
rigid framework on the plane. Namely, we add the set of vertical bars

{q(Vnk)q(Vn 1) : 1 <k <2"—1,neN},
and the sets of diagonal bars
{a(nk)a(vny12k41) 1 1 <E<2" — 1, n e N

Let (G',q) be the resulting framework (see bottom of Figure[1)). It is evident
that G is a spanning tree of G'. Moreover, (G',q) is infinitesimally rigid, since it is
sequentially infinitesimally rigid (see [12]). Indeed, let Gy, be the subgraph of G' that
is determined by the restriction of (G',q) on the half-plane H, := {(z,y) : x < n}.
Observe that {(Gp, q|HW)}n s a vertex-complete tower of infinitesimally rigid bar-
joint frameworks in (G',q).

Note that by the full binary tree theorem we have i(G') = 1. We claim that the
rigidity operator R(G’,q) : co(V;R?) — co(E;R) is not bounded below and that
the rigidity operator R(G',q) : £P(V;R?) — (P(E;R) is not bounded below for each
p € [1,00). By C’omllary and Comllary it suffices to show that given any
n € N there exists a finite set Vi and some direction specified by a unit vector x in
R2, such that

1

sup [p(v,w)z] = sup [(g(v) —g(w)) - z[ < .

vwedVy vweVy n
Let n € N. Choose Vo = {vn,1,Unt+11} and let x be the unit vector (0,1). Check
that for every edge vw in OVy we have sup,,coy, [(¢(v) — q(w)) - 2| = & < L. s0

the proof of our claim is complete.

In light of Example and the preceding results, we make the following conjec-
ture.

Conjecture 5.2. Let (G,q) be a bar-joint framework in R? with the following
properties:

(i) G has bounded degree,
(ii) q:V — R2 is a planar embedding of G (i.e. no edge-crossings are allowed),
(iii) (G,q) is bounded in R* (i.e. sup,cy ||q(v)]| < 00).

Then the rigidity operator R(G,q) : co(V;R?) — co(E;R) is not bounded below
and, for each p € [1,00), the rigidity operator R(G,q) : £P(V;R?) — (P(E;R) is not
bounded below.

Finally, we pose a general problem. Note that if a rigidity operator R(G,q) is
bounded below in either of the cases stated below then the bar-joint framework
(G, q) may be viewed as satisfying a robust form of rigidity for the given space of
vanishing velocity fields.
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Problem 5.3. Let (G,q) be a bar-joint framework in R? where G has bounded
degree and sup,,e g [[¢(v) — q(w)]l2 < oo.

(a) Find necessary and sufficient conditions on G and q for the rigidity operator
R(G,q) : co(V;RY) — co(E;R) to be bounded below.

(b) Given p € [1,00), find necessary and sufficient conditions on G and q for the
rigidity operator R(G,q) : P(V;R?) — (P(E;R) to be bounded below.
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