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Abstract

This paper' is concerned with the algebraic structure of groupoids and crossed modules of
groupoids. We describe the group structure of the automorphism group of a finite connected
groupoid C as a quotient of a semidirect product. We pay particular attention to the conjugation
automorphisms of C, and use these to define a new notion of groupoid action. We then show
that the automorphism group of a crossed module of groupoids C, in the case when the range
groupoid is connected and the source group totally disconnected, may be determined from that of
the crossed module of groups C,, formed by restricting to a single object w. Finally, we show that
the group of homotopies of C may be determined once the group of regular derivations of C,, is
known.

IThis is a slightly revised version of the paper published in Applied Categorical Structures, Volume 18 (October 2010),
pp-473-504. This final publication is available at Springer via http://dx.doi.org/10.1007/s10485-008-9183-y. Hyperref
links have been added (this was suggested by Ronnie Brown); the URLSs in the list of references have been updated; and
Murat Alp’s new address and email are now shown.
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1 Introduction

While the theory of groupoids has been extensively developed and found many applications and
generalisations in areas such as algebraic topology, noncommutative geometry, Lie groupoids and
theoretical physics, it appears that less attention has been paid to the strictly algebraic structure. Our
aim in this paper is to make some progress towards remedying this omission.

We begin by investigating the automorphism group Aut C of a finite groupoid C. Most of the
detail is required in the case when C is connected. Three types of elementary automorphism are
determined: by a permutation of the objects; by an automorphism of the vertex group C' at an object
u; and by a transversal for the set of stars {C(u,v) | v # u}. We show that Aut C is isomorphic to a
quotient of (S,, x Aut C') x C™ by a subgroup isomorphic to C, where n is the number of objects.

The traditional view of an action of a connected C on a set Y (see [5, § 10.4]) involves a partition
of Y into subsets {Y7,...,Y,} and a partial function Y x Arr(C) — Y, (y,«) — y?, defined when
(v : u — v) and y € Y,, and such that y* € Y,. Thus « acts as an isomorphism from Y, to Y,,.
Similarly, when NV < C' and N is the totally disconnected subgroupoid of C with /N as the group at
every object, we get an action of C on N with (u, n, u)®**) = (v,n¢ v). Here a = (u, c,v) acts as a
conjugation isomorphism from N(u) to N(v).

We prefer an alternative view in which actions are no longer partial functions. Now « also de-
termines an isomorphism from Y,, to Y, (or N(v) to N(u)) and fixes the remaining Y, (or N(w)).
Indeed, C acts on itself, with o determining the conjugation automorphism A« (read “to the o)
which conjugates C(u) to C(v) and vice-versa; swaps C(u, v) with C(v, u); swaps the stars (costars)
at v with those at v; and fixes the remaining arrows. We show in § 4.5 that these conjugations satisfy
a set of conjugation identities. For example, when o/ = (v, ¢, w) and {u, v, w} are distinct objects,
ANaad') = (Aa) * (Ad) x (Aa) = (Ad) * (Aa) * (A). This approach leads to a non-standard
definition of normal subgroupoids.

Given objects U, V, W in a cartesian closed category C, there is a product object W x U, an internal
morphism object VY, and a natural bijection 6 : C(W x U, V) =2 C(W, VY). So, when W = VU this
0 gives a bijection C(VY VV) — C(VV x U, V) which maps the identity on V'V to the evaluation

epy : VUxU — V. Fromthemapa : Z¥Y xYX x X Y Y 2 Zwe obtain, by taking
W =2Y xY¥* U= X,V = Z, the product of internal morphisms * = 0(a) : Z¥ x Y* — ZX,
Then END(X) := (X, %) is a monoid object in C, and AUT(X), its maximal subgroup, is a group
object in C. The objects of END(X') and AUT(X) are the arrows C(X, X') and the invertible ones,
respectively. In particular, there is an identity object. See [Y, Appendix B] for further details of this
standard construction. As an example, see [|2] where this theory is applied to a cartesian closed
category C = Dgph of digraphs, and then to undirected graphs.

The category Gpd of groupoids is also cartesian closed, so for each groupoid C there is a monoid-
groupoid END C = C¢ and a group-groupoid AUT C, the full subcategory of END C having the
automorphisms in the group Aut C as objects. In §4 we investigate the combinatorics of this auto-
morphism groupoid AUT C of C. Then, in §4.5, we give a new definition of an action of C on a
groupoid B as a function Arr(C) — AUT B which satisfies the conjugation identities.

The category of crossed modules of groups and their morphisms may be viewed in many equiva-
lent ways. We summarise a few of these here, giving further details in later sections, as required. A
crossed module X = (§ : B — () is a group homomorphism ¢ with a right action of C' on B satisfy-
ing 6(b°) = ¢~1(6b)c and (V)% = b=1¥'b. The corresponding cat'-group C = (0y; 0y ,0; : C x B —
() has source and target surjections 9 , 9 : C'x B — C, where 9; (b, ¢) = ¢, 95 (b, ¢) = ¢(db), and
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embedding 9y : C — C x B, ¢ — (¢, 1), satisfying 9; 9pc = 0] dpc = c and [ker 9y , ker 9] = 1.
The associated group-groupoid (or categorical group) G is the groupoid with objects C'; arrows C'x B;
source and target given by 9; , 9;"; and partial composition (c;, b;) * (c1(dby),b3) = (c1,bib3). The
additional group structure ® on the arrows is provided by the semidirect product (c1, b1) ® (g, b)) =
(c1c2,b12 by). The arrows in B form the star at the identity. Another equivalent structure, which
we shall not use here, is the notion of strict 2-group. From the discussion above, we see that the
group-groupoid AUT C may be considered as a crossed module of groups. A more extensive exam-
ple, which includes crossed modules as the 2-dimensional case, is provided by the category of crossed
complexes, which is shown in [8] to be cartesian closed, and is the main topic of [9].

Baez and Lauda [4] provide a review of all these equivalent structures, together with weaker
versions such as coherent 2-groups, and many applications. The study of automorphisms of groupoids
may be viewed as the categorification of permutation groups, and so forms part of the more general
categorification process discussed in the Baez-Corfield-Schreiber n-Category Café online blog. As
examples of recent papers discussed there, see Noohi [2 1] for a description of the groupoid of weak
maps between two crossed modules, using a theory of papillons; and Roberts and Schreiber [23] on
principal 2-bundles for 2-groups, with applications to 2-dimensional quantum field theory.

In § 5 we recall the definitions of a crossed module of groups X’; the Whitehead group of regular
derivations W (X'); and the actor crossed square S(X'). We then define a crossed module of groupoids
C = (0 : B — C), using our new notion of action. We are particular interested in the case when
C=C(X,n)=(0: Bs x 0, = Cs x1,) is the (totally disconnected to connected) crossed module
of groupoids with n objects and d(q, b, ¢) = (g, b, q), constructed from X, and in § 5.3 we determine
the automorphisms of C from those of X.

Brown and Igen have investigated in [10] the homotopy group H}!(C), where i is the identity map
on C, and a homotopy is a pair of functions consisting of a section and a derivation. Our intuition was
that it should be possible to determine H.!(C(X', n)) given the Whitehead group W (.X'). In Proposition
5.10 we show that this is indeed the case: H;'(C) is isomorphic to a quotient of (.S,, x C™) x (W (X) x
B™) by a subgroup isomorphic to B.

Many of the constructions described in this paper have been implemented in packages for the the
computational discrete algebra system GAP4 [14]. The XMod package [, 3] was introduced for
GAP3 in 1996, implementing the actor crossed module for a crossed module of groups, as described
in [2]. The Gpd package [20] with Moore in 2000 implemented finite groupoids, graphs of groups,
graphs of groupoids, and provided normal forms for free products with amalgamation and HNN-
extensions [11]. In the latest Gpd version 1.05 the basic structure of a groupoid has been completely
rewritten: starting with a magma with many objects; associativity provides a semigroup with many
objects; and when an identity at each object exists we obtain a monoid with many objects, which is just
a category; finally, when every arrow is invertible, we obtain a group with many objects — a groupoid.
New functions in Gpd 1.06 and XMod 2.13 will provide conjugation in groupoids; automorphism
groups of groupoids; and crossed modules of groupoids®.

The authors are grateful for many profitable discussions with R. Brown and T. Porter. The first
author was supported by TUBITAK BIDEB 2219 for visits to Bangor in 2003 and 2007. The referee
has made several helpful suggestions.

2 At the time of revising this paper, in 2017, these new functions exist in Gpd 1.46 and XMod 2.58.
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2  Groupoids

A groupoid is a small category in which every arrow is invertible. The books by Higgins [16] and
Brown [5] are good references for the standard properties of groupoids®. In the notation used here, a
finite groupoid C = (C1, Cy) consists of the following:

e aset Ob(C) = C of objects;
e aset Arr(C) = ) of arrows;

e source and target maps 0; ,0; : C; — Cy, so that we write (o : © — v) whenever 9] o = u
and 9; o = v, and denote by C(u, v) the hom-set of arrows with source u and target v;

e a function dy : Cy — C4, u s (1, : u — u), the identity arrow at u;

e an associative partial composition : C} xo C; — C, with a3 defined whenever 9] o = 9; 3,
such that 9] (a3) = d; aand 9 (a3) = O 3, so that C(u) := C(u, u) is a group with identity
1., called the object group at u;

1

e for each arrow (o : u — ) an inverse arrow (o' : v — u) such that aa™' = 1, and

ala=1,.

A morphism of groupoids, as for general categories, is called a functor. Thus a functor g =
(91,90) : C — D is a pair of maps (g1 : C; — Dy, go : Co — Dy) such that g;1, = 1.,
and g;(af) = (g1)(g15) whenever the composite arrow is defined. It is often convenient to omit
the subscripts 0, 1 since it should be clear from the context whether an object or an arrow is being
mapped. A morphism g is injective and/or surjective if both gy, g, are.

The underlying digraph T'(C) of C is obtained by forgetting the composition, so the objects be-
come vertices, the arrows become arcs, while the source and target maps have their usual digraph
meaning. A groupoid is connected if its underlying digraph is connected, and then the digraph is
regular and complete.

Example 2.1 (a) The categories of groups and groupoids, and their morphisms, are written Gp, Gpd
respectively. There is a functor Gpd : Gp — Gpd, C — C,, ¢ +— (c: ® — o), where C, is a
groupoid with a single object e.

(b) For X a set, the trivial groupoid O(X) = (O1,0p) on X has Oy = X and O; = {1, | z € X}.
We denote O({1,...,n}) by O,.

(c) The unit groupoid | has objects {0, 1} and four arrows. The two non-identity arrows are (¢ : 0 —
1) and its inverse (7' : 1 — 0).

(d) The connected tree groupoid l,, has objects {1,2,...,n} and arrows {(p,q) | 1 < p,q < n}
where 9; (p,q) = p, 7 (p,q) = ¢, (p,q)(q,7) = (p,7), and (p,q)~* = (¢, p). Note that |, =
|. We also write |(X) for the tree groupoid on a set of objects X. The name ‘tree groupoid’
comes from the fact that a subset of arrows which form a spanning tree in the underlying digraph
generate the whole groupoid using composition and inversion. In particular, taking the subset
X, ={(Lp)|2<p<n}, wehave (¢,7) = (L, q)7'(L,7).

3See also Section I11.1 of [18].
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(e) The product C x D of groupoids C, D has objects Cyy x Dy, arrows C; x Dy, and composition
(a1, B1) (g, Bo) = (i, B13s), so that (a, )7t = (o™, f71). In particular, C = C, x |,, may be
thought of as the groupoid with n objects {1,2,...,n}; n?|C|arrows {(p,c,q) | c € C,;1 < p,q <
n}; source 05 (p, ¢, q) = p; target 97 (p, ¢, q) = ¢; composition (p, ¢, q)(q,c,r) = (p,cc’,r); and
inverses (p,c,q)~" = (¢,c¢™ ', p). We shall sometimes find it convenient to write ¢, , for (p, ¢, ).
A generating set for Cis given by {(1,¢,1) | ¢ € X¢} U X,, where X is any generating set for C.
Every finite, connected groupoid is isomorphic to a direct product of a group and a tree groupoid
in this way, and we call such a representation a standard connected groupoid.

A subgroupoid B = (By, By) of C = (C}, () is a groupoid with B; C ', By C Cj, having the
same source, target and composition. A subgroupoid B is full if B(u,v) = C(u,v) for all u,v € By
and wide if By = Cy. The (connected) components of C are its maximal connected subgroupoids, with
one component C; for each of the k connected components I'; of I'(C). We write C = C;U---UCy. A
groupoid, all of whose components have a single object, is a union of groups, and is said to be totally
disconnected.

Given a wide subgroupoid B C C, there is an equivalence relation =g on Arr(C) defined by
o =p a & o = fafor some § € Arr(B). The equivalence classes Ba for this relation are called
the right cosets of B in C. The star at u is Star(u) = {a € Cy | ] @ = u}, the set of all arrows
with source u. Similarly the costar at u is Costar(u) = {a € C | 9f @ = u}, the set of all arrows
with target u. Note that each right coset of B in C is a subset of a costar. We may define a second
equivalence relation =;, on Arr(C) by o/ =, a < o = af for some 5 € Arr(B). The equivalence
classes aB for this relation are the left cosets of B in C, and this time each class is a subset of some
star. The notion of normal subgroupoid will be considered in § 3.2.

ajo aja’
Set :

C: ° °

v

IS
IS )

Figure 1: Groupoid action on sets.

We now consider the traditional notion of an action of a groupoid C. We restrict to the case when C
is connected since there is a clear extension to the general case. For C a groupoid, a C-set-system (or,
by abuse of language, a C-set) is a functor a = (aq, ag) from C to Set, mapping arrows to bijections.
So, for (o : u — v) € Arr(C), there are sets agu = Y,,, apv =Y, and a bijection ;v : Y,, — Y. We
also call a an action of Con | ],cop(cy Yu- If (@ : v — w) is a second arrow in C and agw =Y, then,
since a preserves composition, we have

ai(ad’) = (a10) * (1)) = (a1a’) o (m) = Y, = Y,

’

For y € Y, we denote, in the usual way, (a;)(y) by y*, and then the condition becomes (y*)* =
y*®' . Figure 1 illustrates the situation.
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A similar notion applies to sets with structure. For example, C-graphs are functors from C to the
groupoid of (combinatorial) graphs and their isomorphisms.

A C-group-system (or C-group) provides, for each object u a group B,, with identity e, and, for
each (« : u — v), an isomorphism of groups a;« : B, — B,. We write b* for (a;«)(b) when b € B,,.
Since the group structure has to be preserved, as well as (b)* = b(®®), we require e¢,* = e, and
(b1b2)® = (b17)(b2"). A C-module is a C-group in which all the B,, are abelian.

b b b’
. b,(aa/)—l . b,a/fl y b/
LN N v QY
u v w
a o
C .v.v
u a~ ! v o/

Figure 2: Groupoid action on groupoids

A C-groupoid-system is a functor a = (ay, ag) from C to Gpd, where now there are groupoids
apu = By, apv = B, and an invertible functor a;« : B, — B,. As a simple case, note that a C-group
determines a C-groupoid on replacing each B, by B, = Gpd(B,), taking u as the single object. Thus
a C-module may be consided as an abelian C-groupoid. Figure 2 shows part of the structure in such a
case.

A particular example, when C = C, x |, and N <, is given by taking B, = N for all u € Ob(C)
and the action to be conjugation:

(p,n,p)PD = (q,¢7 ,p)(p,n,p)(p,c,q) = (g,n°,q).

This will provide one of our first examples of a crossed module of groupoids in Example 5.1(c). We
shall have more to say about groupoid actions in §4.5.

3 Automorphisms of Groupoids

An automorphism of a category C is a functor a : C — C which is an isomorphism. Let C be the
connected groupoid with object set U = {u1,...,u,} and let {(a, : u; — u,) |2 < p < n}be
a spanning tree in the underlying digraph. If C' is the object group at u;, an automorphism of C is
obtained on choosing

o k€ AutC,
o {(By:u1 = up)|2 < p< n}, replacing the o, in the tree,
e 7 € Symm(U), permuting the objects in U.

Thus there are in total n! x |Aut C| x |C|"~! automorphisms of C.
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3.1 Automorphisms of standard connected groupoids

We now analyse the standard case where C = C, X |,, is the groupoid constructed in Example 2.1(e).
If C has generating set X = {cy, ..., ¢/} then, for each object p, C is generated by the set

X, = {(p,cx,p) | ek € XcFU{(p,e,q) | ¢ # p},

where the right-hand set forms a spanning tree 7}, in I'(C). The remaining arrows are given as the
composites:

(p,e;p) = (DyCry D)0y Chyy D) - - (D Cr;,p)  Whenc = cpcp, ..., € C, ar, € Xo,
(@.cr) = (pe;))” (p,c,p) (D e,7).
An automorphism of C will be specified by giving the images of the arrows in one of the X,
There are three sets of automorphisms which generate the group A = Aut(C).

(1) For 7 a permutation in the symmetric group S,, we define an automorphism a, by
ar(q,c,r) = (mq,c,7r).

(2) We may apply an automorphism x of C' to the loops at object p, giving an automorphism a,, of C
fixing each object, and defined on generators by

as(p,c,p) = (p,ke,p),  awlpeq) = (pe.q).
It follows that a,.(q, ¢,r) = (g, k¢, ), s0 a, applies « to all the hom-sets simultaneously.

(3) The hom-set C(q, r) provides a regular representation of C' with action (¢, ¢, )¢ = (¢, cc’,r). For
each 1 < p < n choose ¢, € C. The n-tuple ¢ = (¢y, . .., ¢,) determines an automorphism a. of
C, fixing the objects, where

ac(q,c,r) = (q,c;lccr,r).

At the vertex groups this gives conjugates a.(C(q)) = (C(q))“.

We now investigate composites of the set
X4 ={a,|me S }U{a.|keAutC}U{a.| ce C"},

and obtain an explicit form for Aut C as the quotient of a semidirect product. In keeping with the use
of right actions, we write a x b for the composite mapping b o a.
There are actions of both S,, and Aut C' on C", where

" = 7mC = (Co-11,-+,Cn-1n), c” = ke = (Keyy ..., Key),

and these actions commute, giving an action of S, X Aut C' on C". We denote by C}' the subset
{c € C" | ¢, = e}, and note that C} is closed under multiplication in C", and that

_ | 1 n
3c = an, * A1, where c, c = (c,c....c,¢p) €C) (1)

and where Ac,, (read “to the ¢,”) denotes conjugation of C by c,.
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Proposition 3.1 The automorphism group of C = Cy X |,, is given by
AutC = ((S, x AutC) x C™) /K1(C)
where K1(C') = {(((),A¢),(c,...;c7h) e e C} 2 C, and () is the identity permutation.
Proof: We define a map
Oc : (Sp x AutC) x C" — Aut C, ((m, k), €) — ap * a, * ac.

It is straightforward to verify that pairs of automorphisms in X4 compose as follows, where 7,§ €
Sp, k,\€ AutC,and e¢,d € C™ :

(ar *ag)(q,¢,7) = ame(q;c,7) (

(ax *ax)(g; ¢, 1) = apalg,c,7) (
(ac *ad)(q,¢,7) = acalg,c;r) = (q, ( ) (Crdr) r),

(¢:¢,7) (mq

(¢.¢,7) (mq

) (

(ax *ax)(q,c,r) = (ap*xax)(q,c,r

(ac *ax)(q,c,r) = (ax *ake)(q,c,7

These formulae show that fc is surjective, and that

(ar * @ *ac) * (Ag * A\ *ag) = Amsg * Asd * Aerc)d - 2)

The semidirect product rule gives ((7, k), c)((,\), d) = (7€, k)), ¢&NVd), which shows that ¢ is
a homomorphism. Since

—1
ay ka, *a. (1,0,1') — (Wl,cﬂ_l(/@c)cﬂ,wl),
(Le,5) = (7L, e Cnjy ),

it follows that ¢ ((7, k), ¢) is the identity automorphism provided
e 7 is the identity permutation,
o ¢j=cforall2<j<n,s0oc=(c1,cq,...,01),
e rc=cice; forallce C,s0k = Aleh).

Hence ker 0c is the specified group K (C). O

It is clear that the group A; generated by the a, is isomorphic to 5,,; that the group A generated
by the a,, is isomorphic to Aut C'; and that the group Az generated by the a.. is isomorphic to C". We
denote by A; 3, A, 5 the subgroups of Aut C generated by A; U A and A, U Aj respectively. The join
Ay 5 of Ay and A, is isomorphic to A; x A,. The proof of Proposition 3.1 may be adjusted to show
that

Ajs =2 (S, x C™)/Z(C) and Az = (AutC x C™)/{(Ac, (7Y, ....cY)) | ceC},
where Z = Z(C) is the centre of C and Z(C) = {(( ), (z,...,2)) | z € Z}.

Since the elements ((7, k), (e, ca, . . ., ¢,,)) form a transversal for the cosets of K;(C'), we observe
that an automorphism f = (f1, fy) : C — C s specified by giving
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e the permutation f; of the objects;
e an automorphism ks of the object group C, so that f1(1,¢,1) = (fol, K¢c, fol);
e images fi(1,e,q) = (fol,crq, foq) for the tree T7, determining cf := (e, cro, ..., Crp) -

A convenient standard form for f is therefore f = a,, * a., * ay,, where

filg,e,r) = (fog, ngl(’ifc)cf,ra for).

It is clear how to replace object 1 by an arbitrary object p to obtain an alternative standard form. The
formulae in Proposition 3.1 and equation (1) enable us to write down the composite of two standard
forms in standard form as:

(am * Qg * afo) * (a/@g *ac, * ago) = a:‘if*:‘ig*(/\Cg7'fol) * ac;}ol(ngq)(fglcg) * A foxgo-

The next type of groupoid to consider is the disjoint union D of m copies of a connected groupoid
C. An automorphism of D which does not interchange the components is obtained by choosing an au-
tomorphism for each component, and these form a group isomorphic to (Aut C)”. The automorphism
group of D is the wreath product .S,,, ! Aut C with action

(Frre )™ = (Ftnyse s Fomtomy) -

In particular, groupoids of the form B = B, x O,,, a disjoint union of isomorphic groups, will be
used in Section 5. Clearly Aut B = 5, { Aut B.

The final case to consider is that of an arbitrary groupoid G, whose connected components form
isomorphism classes [G;] with m; components in [G;]. The automorphism group A; of [G;] is S, ?
Aut G;, and the automorphism group Aut G is the direct product of these A;.

3.2 Conjugation in groupoids

Each element c of a group C' determines the inner automorphism Ac : C' — C, ¢ — ¢ *cc, where
the orbits are the conjugacy classes, and Ac = A whenever ¢ = zc for some z € Z(C). A similar
notion holds for a connected groupoid but, when there is more than one object, the automorphisms
Ny q With p, g fixed are all distinct.

Definition 3.2 For ¢, , = (p,c,q) an arrow in a connected groupoid C = C, X |, (with p # q),

conjugation of C by c, 4 is the automorphism Nc, 4 := a(p q) * a. Where c has components c, = c

cq = G, ¢ = e otherwise. This automorphism interchanges:
e p with q, and fixes the remaining objects;
o the loopsatpandq : (p,b,p) — (q,¢'be,q), (q,b,q) = (p,cbe,p);

o the hom-sets C(p,q), C(q,p) : (p,b,q) = (¢,¢'bc™ ', p), (¢,b,p) — (p, cbe,q) ;

e the rest of the costars at p,q : (r,b,p) — (r,bc,q), (r,b,q) — (r,bc™!,p);
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e the rest of the stars at p,q : (p,b,7) — (q,c'b,7), (q,b,7) — (p,cb,7);
where r & {p, q}. The remaining arrows are unchanged.

Conjugation by cp, is \c,, = ac, where ¢ has components ¢, = ¢, ¢, = e otherwise. All the
objects are fixed; loops at p are conjugated by c, (p,b,p) — (p, ¢ tbc, p); and the rest of the star and
costar at c are permuted: (p,b,r) — (p,c7tb,7), (r,b,p) — (r,bc, p) for r # p.

These constructions may be remembered as: “for p or ¢ as source, multiply b on the left by ¢~ or
c respectively; and for p or ¢ as target, multiply b on the right by c or ¢=1 .

It is not the case that the map A : C — (Aut C), is a groupoid morphism. Indeed, it is straightfor-
ward to verify that, when oy = (p, ¢1,q), as = (g, c2, ) with p, ¢, r distinct,

Najag) = (Aag) * (Aag) * (Aay) = (Aaz) * (Aaq) * (Aag) . 3)

The image of this identity, under the map A(C) — S,,, A(p, ¢, q) — (p, q), is the permutation identity
(p,7) = (p,q)(q,7)(p,q) = (q,7)(p,q)(g, 7). There are other identities satisfied by these Ac, , and
Ac¢,,, which we shall use when defining the notion of groupoid action in §4.5. If 8y = (p, d1,p), 2 =

(p,d2,p) and B3 = (q,d3, q), then

ANB1B2) = (AB1)* (AB2),
ABron) = (AB1) * (Aaq) * (AB)7!, “4)
Aoafs) = (ABs)™"x (Aay) * (Afs) .

Thirdly, if a3 = (g, ¢3,p), aq = (u, cq4,v) and Sy = (q, c3c1, q), with p, g, u, v all distinct, then

ANaraz) = (Aaq) * (Aaz) * (ABy),

(Nan) % (Aew) = (Aaa) * (Aaa). 5)

Proposition 3.3 When C = C, x |,, and |C| = k, the number of distinct conjugation automorphisms
iswec =14n(k—1)+ sn(n — 1)k

Proof: First note that e, , is the identity automorphism for every object p. Since Ac,,, with ¢ # e,
acts with ¢ or ¢! on the star and costar at p, it is only the case that Ac,, = Ac,y . when p = p’ and
c = c. This gives the term n(k—1). Thirdly, considering Ac, , = Ac,, ., we see that {p, ¢} = {p’, ¢}

It is easy to check that Ac, , = /\c;}], but that this is the only possible equality. O

In Subsection 4.2 we shall investigate the full subgroupoid of the automorphism groupoid of C
whose objects are the conjugation automorphisms of C.

When C is a connected component of a groupoid B, and a € ', we define A : B — B to be the
automorphism of B which acts as Aa: on C and fixes all the other components.

We are now in a position to give a non-standard definition of normality for groupoids.

Definition 3.4 A subgroupoid N = (N7, Ny) of C is normal in C, written N < C, if * € N; for all
5 S N17 o€ Cl.

The usual definition of normality (see [5, § 8.3]) requires that N is wide in C, and that o~ !N(u)a =
N(v) for all (o« : w — v) € C. This allows both N, X |,, to be normal in C, X |, when N < C, and
also (Ce X lgy0y) U (Ce X lgyy) to be normal in Cy X Iy, 4, 3. Our definition is more restrictive, and
excludes these examples.
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Proposition 3.5 The normal subgroupoids of C = C, x |, are C itself, and the totally disconnected
subgroupoids Ny x O,, forall N < C.

Proof: If NV, contains the object p then, for each object ¢, conjugation by (p, e, ¢) maps p to ¢, so N
must be a wide subgroupoid of C. If N is totally disconnected, and if the component at p has vertex
group IV, then conjugation by (p, e, ¢) shows that the vertex group at ¢ is also IV, so that N = N, x O,
and conjugation by (p, ¢, p) shows that N < C.

If (¢, n,r) € Ny with ¢ # r then, for all ¢ € C, conjugation by (p, ¢, ¢) maps (¢, n,r) to (p, cn, r),
so N = (C and hence N = C. O
Example 3.6 The normal subgroupoids of CUD where C = C, x |,, and D = D, x |,,, are as follows:

o CUD itself;

e CU (M, x O,,) for each M < D;

e (NyxO,)UD foreach N <}

e (NexO0,)U(M,xO,,)foreach NIC, M <D.

It is clear how to generalise this example to a groupoid with more than two components.

4 Automorphism Groupoids and Sections

4.1 Natural Transformations

Functors are related by natural transformations. 1If h;k : C — D are functors, then a natural trans-
formation 7 : h — k is determined by a function 7y : Ob(C) — Arr(D), such that for every arrow
(o : u — v) € C the following diagram commutes.

TOU
hou ———— kqu

T

hia ki (6)

_—
hQU p— k’(ﬂ)

Commutativity of the diagram enables us to define a function 7; : Arr(C) — Arr(D), where T« is
this diagonal arrow and 7, 1,, = Tyu for each object w. This function 7 is also known as the evaluation
morphism £cp, and will be discussed further in Subsection 4.3.

Natural transformations compose in the obvious way. If j is a third functor from C to D, and if
o : k — jis a second natural transformation, then we obtain the diagram:

TOU oou .
hou kou Jou
T o1 .

hia kia Jio
hov kov o0 Jov

T0V
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The composite natural transformation 7 x o : h — j is defined by:

(Tx0)ou = (1ou)(ogu),

(o)1 = (na)(ogv) = (1ou)(kra)(ogv) = (Tou)(o1a).

Restricting to groupoids, so that arrows are invertible, we have ov = (h1a) ! (7ou)(kicr), so
7 is defined if we are given, for each component of C, the image of one object. Furthermore, the
transformation 7 has inverse 77! : k — h where (77')ou = (rou) ™! and (771) a0 = (k) (ov) ! =
(rou) ™ (hicv),

(1~ Dou=(rou)~*

/{ZQ’LL hou
1 1
kia ( ) hia
ko’U hoU

(r=ov=(rov)~*

so T is a natural equivalence. In this way we obtain the groupoid HOM(C, D) with functors as
objects and natural transformations as arrows. The identity equivalence ¢, at h is given by ¢y ou =
Lhous thp = hia. It is this construction which makes Gpd cartesian closed, as discussed in the
Introduction, and which we consider further in § 4.3.

4.2 Automorphism groupoid of a groupoid

When C = D and h, k are isomorphisms, we obtain our first example of a homotopy, with 7 : C x| —
D being considered as a groupoid (h, k)-homotopy (see [5, § 6.5]) with

T(u,0) = hou, 7(u,1) = kou, 7(a,0)=hicr, 7(c,1)=kjcv.
The significant feature of 7 is that it lifts from one level to the next, as in the following diagram:

hi, k1

Cl Cl

Co Co

ho, ko

We thus obtain the automorphism groupoid AUT C of C whose objects are the automorphisms of C
and whose arrows are the natural equivalences between these automorphisms.

Given 7 : h — k and a third isomorphism j, we may define a (j * h, j * k)-homotopy p by

pou = To(jou), pra = 1i(jia) = (pou)(kijr1c) = (hijia)(pov). (7

Using this construction we may obtain all the (h, k)-homotopies from the (k~! * h,i)-homotopies,
where i is the identity functor on C.
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Proposition 4.1 The combinatorial structures of the automorphism groupoids of C = C, X |,, and
B = B, x O,, are given in the following table.

C=0C, x|, B=2B,x0,
number of objects (automorphisms) | n!|AutC| |C|"! n! |Aut B|"
number of arrows (natural equivalences) | (n!)? [Aut C| |C[**~! | n! |Aut B|" |B|"
vertex groups | Z(C) = C/InnC (Z(B))"
number of connected components |Out C| n! |Out B|"
number of objects in each component | n! |InnC| |C[*! |Inn B|™

Proof: We have already determined the number of automorphisms in these two cases.

When specifying a natural equivalence in AUT C, first choose h € Aut C and set 7 = hy. Then
choose £ € S, and ¢, € C, 1 < p < n so as to specify 7 with 7op = (7p, ¢, €p) and 71 (p, ¢, q) =
hi(p,c,q) (toq) : mp — &g. This 7 is an equivalence h — k where kg = & and ki(p,c,q) =
(op) "t hi(p, ¢, q) (T0q). By Proposition 3.1 the total number of equivalences is n! |Aut C| |C|"~.n!|C|™.

We now seek the size of the vertex group at the identity automorphism i. If 7 is such a loop
and 791 = (1,2,1), then o = (1,¢,1) in (6) gives zc = cz forall ¢ € C, so z € Z(C). Taking
a = (1,e,q) we find that 7o¢ = (g, 2, q), so 7 is completely determined by z. Hence the number of
objects in the component containing i is (n! |C|")/|Z| = n! [Inn C| |C|"1.

The automorphism group acts on the objects of the automorphism groupoid by right multiplica-
tion, permuting the components, so the components are isomorphic and their number is the obvious
quotient |Out C|.

For B, which is totally disconnected, an equivalence from (7, (7, ...,m,)) to (&, ((, ..., (,)) can
only exist when { = 7. Taking o = (p,b,p) in (6), we find that (,b = (n,b)™? for each object p,
where 7p is any loop at 7p, so for each automorphism h the outdegree is | B|". The choices for 7, 7,
and 7op determine a total of n! |Aut B|" | B|™ equivalences.

When (, = 7, we see that 7op = z, € Z = Z(B). Since there is no interaction between 7p and
Toq, there are | Z|™ choices, and commutativity of the center ensures that the vertex groups are isomor-
phic to Z™. So the number of objects in the component containing i is | B|"/|Z|™ = |Inn B|™. Again,
the components of AUT B are all isomorphic, and there are (n! |Aut B|")/|Inn B|* = n! |Out B|"
of them. O

When C = C, is a group C' considered as a one-object groupoid, the automorphism groupoid
has |Aut C| objects; |Aut C|.|C| natural equivalences; |Out C'| components; |Inn C| objects in each
component; and degree |Z(C')|. The automorphisms connected to the identity automorphism are the
conjugations /Ac, known as inner automorphisms, with equivalences 7 : i — Ac given by 79 = zc, z €
Z(C). For groupoids, we say that h is an inner automorphism if there is an equivalence i — h in the
automorphism groupoid.

Corollary 4.2 The inner automorphisms in AUT C are generated by the conjugations \c, , for 1 <

p,q < n, ¢ € C. The inner automorphisms in AUT B are the conjugations N(by, ..., b,) :
(Ab1, ..., Aby).
Proof: The Ae, , generate the symmetric group S,,, permuting the objects, and for ¢ = (cq, ..., ¢,)

it follows from Definition 3.2 that a, = (A(c1)11) * - - - * (A(¢y)nn). Thus the conjugations generate
the group ((S,, x InnC') x C™)/K;(C'), which has the required order (where K;(C') was defined
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in Proposition 3.1), and the outer automorphisms of C' form a transversal for the cosets, each coset
forming a connected component of AUT C.

We have seen that the equivalences i — h in AUT B have h = (( ), (1, ..., (,)) with (,b = b™P
for each 7yp € B, so the equivalences are just products of conjugations. O

Example 4.3 If we define the conjugation groupoid CONJC of C = C, x |, to be the full sub-
groupoid of the identity component of AUT C whose objects are the conjugation automorphisms
then, by Proposition 3.3, CONJ C has the form Z, x |, where Z = Z(C'). To show that the vertex
group is Z = Z(C') we obtain formulae for the natural equivalences i — Ac, ,. Considering, in turn,
as «v in equation (6), the arrows (p, b, p), (¢, b, q), (p,b,q), (r, b, p), where r ¢ {p,q}, b € C, we find
a7 foreach z € Z(C) where

Top = (pv zC, q)7 Toq = (Q7 Zcilap% ToT = (T,Z,?”).

For 7' : Ac,, 4 — i the corresponding formulae are

T(;p = (Q7C_1z7p)7 7—(l)q = (p7 CZ7Q>7 T(ST = (T’,Z,T).

Similarly, there is an equivalence 7 : i — Ac,, with 7op = (p, z¢,p), 7o = (r,2,7), and a 7’ :
Nepp — iWith 7p = (p,c 2, p), 7o = (1, 2,7).

It is well-known that the group of natural equivalences (AUT C); is isomorphic to the group of
functors C — OC where OC is the groupoid of commutative squares in C [9, § 6.1]. This isomorphism

maps T to f, where

TOU
hou ————— kou
N
N
N
N T
f,r& = hia N kia
N
N
N
Q
_—
ho'l} o0 koU

We may use these squares for the 7 above, with z = e, to illustrate the proof of the identity (3)
for conjugations. The image A(aia2)(q,b,7) = ((Aay) * (Aae) * (Aaw))(q,b,7), for example, is
<Qa b<0102)71ap) :

<
i
b
<

r T
: e

4.3 The group structure ® on AUT C

As we explained in the Introduction, the automorphism groupoid AUT C also has a group structure
making it a group-groupoid, or crossed module.



Automorphisms & homotopies of groupoids & crossed modules 15

The group multiplication ® is essentially composition of natural equivalences. If (7 : h — k) and
(0:g—j),thenif (o : u —v), (:2 —y) € Cwehave ma = (ha)(rv) = (1ou) (k1) and
018 = (¢18)(o0y) = (ooz)(j15). We define

(T:h=>kK®(@:g—=)) = (1®@0:hxg—kxj) where (T®0)a=0(n0a).

The relevant commutative diagrams are as follows:

cohou . (T®0)ou .
gohou n Johou gohou > Jokou
sma o1(ra) iima shio (T®0)1x ke
Gokov voko Jokov Gohov (r@0)o0 Jokov
The condition for a natural transformation is easily checked, giving:
(7 ® 0)0 o= (91%“)(%%”) = (Uohou>(leou)
(7' ® 0')1 (0% = (nglOé)(O'oko'U) = (ngo’lL)(glklOé)(O'okov) = (917'0U)<O'0k0u)<j1k'10() (8)

= (O'Oh(]u)(le()U) (jlk?l()é) = (Uohgu)(lelOé) .
As expected, i, * Lk = Lhsk-

We find the following straightforward construction particularly useful, since it enables us to trans-
fer calculations at the identity object in a group-groupoid to an arbitrary object. For & an invertible
element in a monoid M, the monoid (M, x;) has multiplication x; defined in terms of the usual
multiplication by

mpn = mkin ©))

and has identity k. If m € M is invertible in M then m has *,-inverse m := km k. When M is a
group, the x;-conjugation automorphism is:

ANem:M— M, nw— msynsm = km ‘nk ‘m. (10)

Ify: X xM— X, (x,m) — x™ is an action of M on a set X, then the corresponding *-action
Y6 X x M — X is given by (z,m) — ¥ '™, so that

_ xk’lmkfln k= (mxpn)

=z = Y(x,m*Ln). (11)

Ve(ve(z,m),n) = w(x

This generalises to a category C if we choose an invertible element (u, k,, u) at each object u and
define multiplication *j by

(u,a,v) * (v,b,w) = (u,ak, b, w).

The resulting category (C, %) has identities (u, k,, ), and if (u,a,v) has inverse (v,a™*, u) in C
then the *p-inverse is (u, a,v) = (v, k,a 'k, u).

One application we shall require later is to the monoid of endomorphisms of a crossed module, so
that End,(X), where k = (Ko, k1) is an automorphism of X', has multiplication 7 %, ( = (1) %,
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(2, T *x, C1). More immediately, if we fix a permutation kg € Symm(Cj), we may define a multipli-
cation #, on Symm(Cy) by
ho *ko go ‘= ho * ]{}0_1 * 9o,

such that £ is the *,-identity and A has *,-inverse ho = ko * hot * ko.

Returning to AUT C, it is easy to see that when h = g = i, the identity automorphism, then
(T ® o :i— kxj), so that the star of equivalences at i form a group. This is also true for the costar at
i. More generally, setting g = h, we obtain a group structure ®;, on the star at h by defining

TRho = TR ®c for 7,0 € Star(h). (12)
Restricting the formulae in (8) to this special case, we obtain

(7@ o)ou = (tou)(oohy kou) = (oou)(jihi Tou) : hou — (ko *n, jo)u
(’7' ®h 0')1 o = (thé)(Tov)(O'()halko'U> = (00U)(j104)<j1hI170U) : hou — (]{]0 *ho jo)U.

Similarly, setting j = k, we obtain a group structure on the costar at k,
TR0 = TR ®o for 7,0 € Costar(k). (13)
The product formulae in this case are as follows:
(T @k 0)ou = (ooky hou)(tou) = (giky 'rou)(oou) : (ho *k, go)u — kou,
(T@co)ia = (ooky thow)(tow) (ki) = (giky 'mou)(g1)(o0v) : (ho *x, go)u — kov.
4.4 Admissible and coadmissible sections

For hy, ko a pair of permutations of the objects of a groupoid C, an (hy, ko)-section to : Co — C is a
map which composes with the source and target maps to give hy and kg respectively:

h():to*&;, ]{7():t0>|<81+

Note that if 7 : h — k is a natural equivalence between automorphisms of C, then 7y is such a section.
An (hg, ko)-section is also called an admissible hy-section and a coadmissible kq-section.

The groupoid of sections Sect(C) of C has the permutations of Cj as objects and the (hq, ko)-
sections as elements of the hom-set from A to ky. Composition in Sect(C) is defined by

((to : ho = ko) * (ro : ko — Jo) : ho — jo) : ur (tou)(rou).

We do not require commutativity of a diagram, as for natural transformations in (6), so there is no
tia for a € (', and so no multiplication ®. However, we can define group structures on the stars
and costars, as in (12) and (13). The group M ,iO(C) of coadmissible ky-sections of C has a product,
written xg,, such that the composite kg-section £ %, So is defined at u by

((to = ho = ko) %k, (S0 1 go = ko))u = ((sokg "how)(tou) : (ho %k, go)u — kou) (14)

It is straightforward to verify that this product is associative, and that

(to Xk SO *ko To)u = ((T’ok’o_lgok’o_lhou)(Sok’o_lhou) (tou) . (hg *ko 90 ¥k fO)U, — k’ou) .
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Here is a sketch illustrating the situation.

JoU

—1
soky “hou tou

Jo k’o_l hou hou

T‘()k‘alg()k;alhou tou J—

hou

fokg ' gokg  hou kou

Jou

The identity coadmissible (ko, ko)-section in M} (C) is i where igu = 1, for all uw € Cy. The
*k,-inverse of ¢y is the coadmissible section ¢, where

tou = (tohg 'kou)™', so fokgthou = (tou)™' and To* O] = ko * hy' * ko = ho.

Note that the map from (M, (C), xx,) to (Symm(Cy), *, ), mapping t, to to * 0 , is a group homo-
morphism.
The definition for the group of admissible hy-sections, corresponding to (14), is

((to : ho — ]{,’Q) *ho (SQ : ho — jo))u = ((toU)(Soho_lk‘()U) : h()u — (k‘o *he jo)u) R
but we shall not use this construction in this paper.

Example 4.4 Let C = C, x |,. Form € S, and d € C" define t,, sq0 € M, (C) by trop =

(7p, e, kop) and sqop = (kop, d, ", kop). Since (sq,0 *k, tx0) p = (7p,d; ", kop) it is clear that every

section in M} (C) can be expressed as a product in this way. Also (0%, Sa,0) p = (7P, d&l_l )’ kop),
0 s

80 S0 *ky tr.0 = r,0 *ko S m) 14,0 - Hence M,iO(C) = (Sy, *k,) X C™ using the *,-action defined
in (11).

Forgetting the *-products, and just considering Sect C as a groupoid, it is clear that Sect C =
(C™)4 X l,,1. Proposition 3.1 then gives Aut Sect C = (S, x (S, 1 AutC)) x (C™)™) /K (C™) where
K (C™) = {(((),Ad), (@ .......d"Y) [ d e Cm).

4.5 Groupoid Actions

For groups the inner homomorphism G — Aut G, g — Ag, expresses the conjugation action of G on
itself. Converting to single-object groupoids, the homomorphism becomes a functor G, — (Aut G),,
but there is no functor G, — AUT(G,) since ¢ is an arrow while Ag is now an object.

An action of a groupoid C on a groupoid B is usually defined in the case where B is a union of
groups having the same objects as C, and for each object u the group C(u) acts on the group B(u).
These actions are required to be compatible, so there is essentially one action per component. Thus,
when (o : u — v) € Cand § € B(u), we have §* € B(v). A particular case of this situation is when
B is a normal, totally disconnected subgroupoid of C and the action is conjugation, 5% = o~ Ba. It
appears from this description that o does not act by permuting the arrows of B, but by providing an
isomorphism from B(u) to B(v). However, if we mimic the rules for Ac, , in Definition 3.2 and define,
for ' € B(v), f'* := € B(u) whenever 3* = ', the action by « also provides an isomorphism
from B(v) to B(u). The hom-sets B(u, v) and B(v, u) are empty, so the arrows of B are permuted.
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A more general definition of an action of C on B would be a functor ® : C — AUT B, which
does not require B to be totally disconnected, and which does provide a permutation of the arrows.
One possible approach is to convert AUT C to a 2-groupoid — a special type of 2-category (see, for
example, Kamps and Porter [ 17]), but this is beyond the scope of this paper.

As a result of these considerations, we propose a new definition of groupoid action.

Definition 4.5 An action of a groupoid C on a groupoid B is a function w : C; — Aut B which
satisfies the conjugation relations of (3), (4), and (5). Specifically, when

ap = (pv C1, Q>’ Qg = (Q7 Ca, 7’), Qg = (Q7 C3>p)’ Oy = (U, Cy4, U)’
51 = <p7 Cl7p)’ 62 = (p7 anp)’ ﬁ3 = (Q7 d37 Q)’ 54 = (Q7 C3C1, Q>’

with p, q,r,u, v all distinct, then the following identities hold:

wlaiag) = (wag) * (wae) * (way) = (wag) * (way) * (was),
w(Biar) = (wh) * (wan) x (WP,
wlaBs) = (whs) ' * (way) * (wWhs),
w(Bife) = (Whi)* (Wh),
wlarag) = (way) * (wag) * (why),
(waq) * (way) = (way) * (waq).

Various particular cases of this definition should be noted:

(a) atotally disconnected groupoid action is an action of C on B when B is totally disconnected;
(b) when C has one object we obtain the usual notion of a group action;

(c) Cactsonitself by w(a) = Aa.

As we shall see in the following section, a more general notion of groupoid action allows for a
more general notion of crossed module of groupoids. These ideas will be developed in future papers.

5 Crossed modules of groupoids

5.1 Basic definitions for groups

We first recall the standard constructions for groups — see, for example, [2, 6] and [9, chapters 2,3]. A
crossed module of groups X = (6 : B — (') comprises a group homomorphism ¢ and a right action
of C' on B such that

5(b°) =c ' (6b)c and (V) =b"'W'b forall ceC, bl €B.

We denote by Triv(C') the subgroup of Z(C') consisting of those ¢ € C' which act trivially on both B
and C'. An endomorphism 7 of X is a pair of homomorphisms

n=me:B—B,n:C—C) suchthat ne*d=0x*mn and n(b°) = (12b)™°.
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Following the alternative multiplication in (9), when « is an automorphism of X we define a product
*,. on End X by 1%, ¢ :== n* ™! *(, having identity x, and denote the resulting monoid by End,, X,
and its maximal subgroup by Aut, X.

The automorphism structure of X’ has been developed by Whitehead [25], Lue [19] and Norrie
[22], and forms an actor crossed square S(X). For further details of crossed squares see, for example,
Ellis and Steiner [13]. One of the four groups in S(X) is the group W (X') of regular derivations,
introduced by Whitehead. For s an automorphism of X', Gilbert [15] has extended these derivations
to x-derivations, which are used extensively by Brown and I¢en in [10]. We have not seen this idea
extended to a k-version S, X’ of the actor crossed square, so include the details of this structure here.
The proofs are straightforward generalisations of the identity case, and may be found in the online
notes [24].

B W,y
S. X = 5 A (15)
C A,

A rk-derivation of X’ is a map
¢:C — B suchthat ¢(cc) = (¢pc)1¢ (o),

from which it follows that ¢e = e and (¢c) ™t = (¢(c™!))"¢. Such a ¢ determines a second, source
endomorphism (, where

C¢ X — X7 <¢72 b= (Kgb)(¢5b), C¢,1 Cc= ("ilc)(éqbc)a (16)

and ¢ is called a (C4, k)-derivation (see, for example, [6]). For a € B the principal k-derivation ¢, is
the map

bo: C — B, cr (a1, sothat ¢,0b = [Kab,al], ¢.c = [Kic,dal. 17)

This @, is a (,, #)-derivation where (, 2 b = (k9b)® and (,1 ¢ = (k1¢)%%.

The k-derivations form a monoid Der, (X)) with Whitehead product *, given by

(@ )e = (o) (ge)(Yry'dgc) = (ge)(Why ' Coc) = (Ye)(Gpany dc) (18)

and ¢ %, 1 is a ({4 *, (y, k)-derivation. The zero derivation 0 : ¢ — e is an identity for this product.
Now ¢ is invertible with respect to x,, precisely when (; is an automorphism of &', and the invertible
derivations form the Whitehead group W, (X') of the monoid. Note that W, (X) = W(X) := W,(X),
where ¢ is the identity automorphism of X'.

If X is another automorphism of X', there is an isomorphism 6, » : Der,(X) — Der,(X') given
by:
O0un(0) = Xor  XoC= 0Ky Mie,  and  O5(X) = by, Oye = XA RIC
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A useful, special case of this result is when A = ¢. If i is yet another automorphism of X', we may
define a (p * x)-derivation 1) by ¥¢ = ¢u;c. The source automorphism for ¢ satisfies:

Cuab = ((L*K)2b)(V0b) = (K2p2b)(Pp10b) = (Kapab)(Pou2b) = (o2 p2b. (19)

This result, together with a similar calculation for (1 ¢, shows that ¢ is a (y * (g, pt * r)-derivation.
Hence, as for homotopies (see (7)), the (¢, x)-derivations may be obtained from the (k™' * (,¢)-
derivations.

The group of automorphisms A, = Aut, X has right actions on B and C' given by
b1 = ks b, = mete. (20)
The Norrie crossed module NV, (X) forms the bottom of the square:
No(X) = (Vo1 : C — A,) where v, 1¢= (., C1d = (k1d)¢, (e2a = (K2a)°,

and the action is given by (20).
Similarly, the Lue crossed module £, (X) forms the diagonal of the square:

Lo(X)=(0%v,1:B— A;) where v,16b = (sp, (opad = (/ﬁd)‘;b, Copoa = (kga)?,

and the action is also given by (20).

The actor crossed module of X is A, (X) = (A, : W, — A,) where A, ¢ is the (, of (16), and
the action of A, on W, is given by

P = kykntkpxky k0 C— B. (21)

This ¢” is a ((A.n)(s, £)-derivation using the x-conjugation formula (10), so A @ A, — A,,
CCT=r*xntx(xrtxn.

The Whitehead crossed module of X for k is W, (X) = (v,2 : B — W,,) where v, »a is the
principal derivation ¢, given by (17). The action of W, on B is given by

a® = a% = (yony'a = a(prda).

Note that, for n € Aut,(X), (¢4)" = Pan-

The boundary maps of W, and N, form an inner morphism of crossed modules v,, : X —
A, (X), as shown in (15). The inner actor crossed module of X for k is the image v, X', where the
source group consists of the principal x-derivations, and the range group consists of the xk-conjugation
automorphisms. For further details see [22] and the XMod manual [3].

5.2 Basic definitions for groupoids

We now consider the corresponding constructions for groupoids (a standard reference is Brown &
Higgins [7]). Let C; = (C1,Cp) be a connected groupoid and C, = (Cy, Cp) a groupoid with the
same object set, and let Cy, C; act upon themselves by conjugation as in Definition 3.2 and §4.5:
B AB:Cy— Cyand a — Aa: C; — Cy. As noted previously, the usual definition requires C, to
be totally disconnected, whereas our version will allow more general actions.
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A pre-crossed module of groupoids C = (0 : C; — Cy) consists, firstly, of a morphism of
groupoids 0 = (s, id), which is the identity on objects, called the boundary, and pictured as:

02

Cy Ch
: 0 9
oy [lof  or||of or, more simply, Cy——C) - Co .
81
Co——=Co

Secondly, there is an action of C; on C, such that 0 is a C;-morphism, so 0y *9; = 97, Oy 0 = 0y
and, forall § € (5 and a € (7,

X1: R(BY) = (025)~.
The pre-crossed module C is a crossed module of groupoids if for all 5, ; € Cy,
X2: BlaQﬁ = Blﬁ .

Note that, when both axioms are satisfied, the restriction (0, : Co(u) — C;(u)) is a crossed module
of groups for all u € Cj,.

A morphism of pre-crossed modules f : C — C', where C’' = (0’ : C;, — C}), is a triple
f = (f2, f1, fo), where fy = (fo, fo) : Co — Chand f; = (f1, fo) : C; — C} are morphisms of
groupoids satisfying

fax0y = Oy x fi, (8% = (f8)7, (22)
making the following diagram commute:

, oy

Cs % Cy —= Co
of

f2 fi fo
! ! 81/7 !
s 5 ] o Cp

When C, C’ are crossed modules, f is a morphism of crossed modules.

We now list some examples of crossed modules of groupoids — those in (a), (c) and (d) have totally
disconnected source.

Example 5.1 (a) The crossed module of groupoids corresponding to X = (§ : B — C) is X, =
(66 : By — C,) where d,(e, b, @) = (e, 5b, @) and (e,b, 8)(**) = (e 1 e).

(b) Since C = C, x|, acts on itself by « — A«, we obtain the identity crossed module (id : C — C).

(¢) Given N < C,let C; = C, x |, and let C; = N, x O, be the totally disconnected subgroupoid
consisting of n copies of N,. Then C; acts on C, by conjugation, giving the normal subgroupoid
crossed module C = (inc : Co — Cy) where inc is the inclusion functor. When C' is the trivial
group we obtain Z,, := (v, : O,, — |,,).
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(d) More generally, if XY = (§ : B — () is a crossed module of groups, let B = B, x O,, and
C = C, x |,,. Then B is a C-groupoid-system, and C = (0 : B — C) = X, x Z, is a crossed
module with 9(p, b, p) = (p, 6b, p).

(e) f X =(6: B — () as before, let B = B,y X |,,,. Then (0 : B — C,) is a crossed module with
O(u,b,v) = dband (u,b,v) = (u, b, v).

(f) Combining the previous two cases, let B = (B, x l,;,) x O,,, another C-groupoid-system. Again
(0 : B — C) is a crossed module with d(p, (u,b,v),q) = (p, b, q) and action (p, ¢, q) — Acp,
where, for example, Ac, , (p, (u,b,v),p) = (g, (u, b, v), q).

(g) The direct product C x C'is (0 x 9’ : Cy x C, — Cy x C}), with (B3, f/) @) .= (B2, g'>).

5.3 Automorphism group of X, x 7,

The expectation here is that when X = (6 : B — () is a crossed module of groups and C = (0 :
Be x 0, = Cy x |,,) 2 X, x 7, is the corresponding (totally disconnected to connected) crossed
module of groupoids with n objects and 9(q, b, ¢) = (g, db, q), then it should be possible to determine
the automorphisms of C from those of X'. We have seen earlier that the automorphism group of
Be x O, is S, X (Aut B)", and that of Cy x |, is ((S,, x Aut C') x C™)/K;(C).

There are three types of automorphism, f,, f., f., of C, corresponding to the three types of auto-
morphism a,, a,, a. of a connected groupoid, as discussed in Section 3.1.

(1) For 7 € S, we define a/. € Aut(B, x O,) by (p,b,p) — (7p, b, mp). Then f, = (al,a,, 7) is an
automorphism of C.

(2) For k = (kg,k1) € Aut X, we define a;,, € Aut(B, x O,) by (p,b,p) + (p, K20, p). Then
f = (al,,an,, () € AutC.

(3) For ¢ = (¢1,...,¢,) € C", we define a,, € Aut(B, x O,,) by (p,b,p) — (p,b,p). Then
fe =(al,ac ()) € AutC.

Proposition 5.2 Composition rules for these automorphisms of C are as follows,

f7r * f§ = Trxé fn * f)\ — fng*kg,m*kp fc * fd - fcd;
foxf, =1 %1, foxfr =1 *fre foxf, =1 *f e

Proof: Replacing a,,a,,a. by a’, aj,, a, in the formulae of Proposition 3.1 gives composition iden-
tities for these automorphisms of B, x O,, with one exception. Since

!/ /

a,*xa, (p,b,p) = (p,k2(b7),p) = (p, (K2b)"*%,p) = a, *a, . (p,b,p),

A /
the sixth identity is a,, x a,, = a,, * a_ ..

Combining the identities for the a’s with those for the a”’s gives the required identities for the f’s.
For example, in the exceptional, sixth case (omitting the identity maps on the objects),

fexf, = (a/cvaC>* (a:-ez?am) = (alc*aiig’ac*a"ﬂ)

- (a:-ig * afﬂc, dpy ¥ amc) = (a:£27 am) * (a:ﬂcv amc) = fqo* fmc . O
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For each ¢ € C there is an automorphism Ac = (Ac, Ac) of X, where Ac(e,b,0) = (e b° e)

and Ac(e,c,8) = (e, c7cc, 8). The automorphism a’,, of B, x O,,, defined in case (2) above, maps

(p,b,p) to (p, b, p). We may check that f,. := (a/\.,anc, ()) is an automorphism of C as follows,
! c'\c c\e lde c ' anc(p,c,
al (0, 0%,p) = (p, ()%, p) = (p, (b)) = (,0°,p)P" P = (a),.(p,b,p))<PP.
Since f,. is the identity automorphism only when ¢ acts trivially on both b and ¢, the set {¢ €

C' | fac = i} is the subgroup Triv(C) of Z(C). It is easy to check that, for any © € Aut C, the
conjugate automorphism (fx.)* is equal to f,(,, ).

The following result generalises Proposition 3.1.

Proposition 5.3 The automorphism group of C = (0 : (Bes X O,,) — (Cy X 1,,)) is given by

AutC = ((S, x Awt X) x C") /Ky (C),
where X = (6 : B — C) and K5(C) = {(( (), (Ac, Ac)), (¢, ....c7h)) | ce CY = C.
Proof: Let g = (g2, 91, 90) be an automorphism of C. Since gy is the permutation of the objects
achieved by g, the automorphism g’ = g f__ ! fixes the objects. If, for each ¢ # 1, g} maps (1, ¢, q) to
(1,¢4,q), and if ¢ = (e, ca,. .., c,), then g’ = g’ f_ ! fixes all the tree generators (1, e, ¢). It follows

that gf = k1 € Aut C, and ¢5(q, b, q) = (¢, R,b, ¢) where the %, are automorphisms of B. Applying
the second axiom in (22), we obtain:

(0. Fgb,a) = 95(a,0,4) = (g5(1,0,1)% 0 = (1,7b, 1)1 = (g, Fib,q),
so the &, are all equal. Thus gj = ky € Aut B and k = (kg, k1) € Aut X. Hence g = f,, * f. * f,,
which we take as the standard form for g.

As in the proof of Proposition 3.1, there is an action of (.S,, x Aut X') on C", where
" = 7mc = (Cr11,.,Cr1p), c” = Kic = (K11, ..., K1Cy).
We define a map
Oc : (S x Aut X) x C" — AutC, ((m, k), c) > fp*f, *f..
It is then straightforward to show that (compare this with equation (2))
(fr* v o) * (fex fy % fq) = froe * Frponn o * fenio)ds

so that 6¢ is a group homomorphism. Since

C{ Le) = (rl e (mo)en, ),
deteetn s {00 D (e

(fﬂ' * fﬁ * fc)2 : (Q7 bv Q) = (ﬂ-Q7 ("QQb)Cﬂqa Wq))
it follows that 0¢((, k), ) is the identity automorphism provided
e 7 is the identity permutation,

o ¢,=cforall2<g<n,s0c=(c1,c1,...,¢1),

e Kic=cee; forallce O, s0 (ky,()) = AN(er )

o rsb=1b forallb e B, so (ky,())=a

NGCR)

Hence ker 6¢ is the specified group K»(C'). O
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5.4 Homotopies between morphisms

In this Subsection we first review (with different notation) the definition and properties of (h, k)-
homotopies for crossed modules of groupoids, given in Brown and Icen [10, § 2]. Again our expecta-
tion is that it should be possible to determine the group of homotopies of X, x Z,, given the Whitehead
group W (X'), and we show in Proposition 5.10 that this is the case.

4 81_ — aiF N\
02 oy, of
Co Ch Co
ha t1 h1 to ho
ko k1 ko
C! C] Ct
2 0] 1 o, ai+ 0
_ o =" Y,

Definition 5.4 [10, Definition 2.1 and Proposition 2.2] Leth,k : C = (0 : C; - C;) = C' = (0" :
C, — C)) be morphisms of crossed modules. A crossed module (h, k)-homotopy t : h ~ k is a pair
of functions (t1, 1) such that the following three conditions hold.

(a) to: Co — C4 is an (ho, ko)-section, so to * O] = hg, to* ] = k.

(b) t, : C; — C4 is a k-derivation, by which we mean that t,« is a loop at O] ki«, and that
ti(ac’) = (ti0)"1 (t10’) when the composite is defined.

(c) Forall (a : u — v) € Cyand (B : v — v) € Cy the loops Oyt1cv and t1023 measure the
divergence from commutativity of the following squares (in the second square dashed lines denote
arrows in C') generalising (16),

tou tov
h()U, E—— k?()u hOU ————— > ]C()U
h1o¢ k1a h25 k‘2ﬁ
- s v ha—- - = — =
h(ﬂ) tov k’(ﬂ) th tov > k’(ﬂ)

(1) 82/t104 = (k?la)il(to’lj/)il(hl()é) (to'U), (11) tlagﬁ = (kgﬁ)il(hgﬁ)tov. (23)
We then call t, an (h, k)-derivation.

Again our definition is not the standard one, since we do not require B to be totally disconnected.
Note that we do require t;« to be a loop in C}, so that condition (c) can be satisfied.

From now on we consider the case when C = C’ and h, k are automorphisms. In the special case
that k = i it is usual to call t a free homotopy and t, a free derivation. In another special case, when



Automorphisms & homotopies of groupoids & crossed modules 25

tou = 1, for all u € Cy we call t a homotopy over the identity section and t, a derivation over the
identity section. A free derivation over the identity is simply called a derivation. We denote by W} (C)
the set of k-derivations over the identity section.

The following result generalises the construction in (7).

Proposition 5.5 Ift = (1, o) is an (h, k)-homotopy and j is an automorphism of C, then a (j*h, jxk)-
homotopy r = (r1,71¢) is defined by

rou = to(jou), ra = ti(jia).

Proof: Using equations (7), (19) and Definition 5.4 we check that:

rifad) = t((ha)(ie)) = Eh)" Y (tja!) = (ra) 50 (rd),
i = Dtyjror = (kyjrer) " (tojou) ' (hijia) (tojov) = (kujrc) ™" (rou) ™' (hijra) (rov),
1B = tidB = 110228 = (kajaf) "' (hoja3) %" = ((j % k)28) " ((j * h)2 )"

It follows that the (h, k)-homotopies may be obtained from the (k=! * h, i)-homotopies. O

On fixing an automorphism k of C, let *, be the multiplication on AutC given in terms of the
standard composition by h *, g := h x k™! % g, such that k is the ,-identity and h has *-inverse
h := kxh~! x k. The next result combines the product in (14) for sections with the product in (18) for
derivations to give a product for homotopies.

Proposition 5.6 [10, Proposition 2.4] The set H)(C) of (h, k)-homotopies of C with fixed k form a
monoid with product x, where the composite (h xy g, k)-homotopy t x s is defined by:

(t*kS)ou = (to %k, So)u = (soko "hou)(tou), (tHks)ia = (1) (siky hya). (24)

Proof: A proof when k =i is given in [10], and is easily adapted to the general case. O

The (h *x g * f, k)-homotopy t % s * r is given by:

(t *k S *k r)o u = (Tokfo_lgoko_lhou) (Soko_lhou) (tou),

txsxr)hia = tio slk‘_lhla tov le?_lglki_lhla (t*ks)ov- (25)
1 1 1

The arrows in these composite formulae are shown in Figure 3, which extends the sketch in § 4.4,

Following § 4.4, we call an invertible (h, k)-homotopy both an admissible h-homotopy and a coad-
missible k-homotopy.

As an introduction to the methods used in the n-object case in §5.5, we investigate the (h, k)-
homotopies t = (t1,ty) of Xs = (de : Be — (). Since, in this single object case, hg = ko = ( ), the
identity map on {e}, condition 5.4(a) is trivial. Any map {e} — C'is an (ho, ko)-section, so we may
choose ty(e) = (e,d,e). Condition 5.4(b) is just the requirement that ¢; is a (ks, k1)-derivation of
X = (0 : B — (). The table in (26) compares the conditions in 5.4(c) for ¢; to be an (h, k)-derivation
of X,, where v = (o, ¢, ) € C,,and 3 = (e, b, ®) € B,, with the corresponding requirements in (16)
for an (7, k)-derivation ¢ of X.
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T1k;1g1k;1h1a s1szlhlo¢ tha

kiloatia
O v .Qﬁ Q haf CQ kaf3 CQ

ve
o e o
o | | |
-1 -1 _ | |
fokg “gokqy “hov ¥ gokg Lhov v hov ¥ kov
u ° N ° — ° ; °
rokg gokg ~hov sokg ~hov 0v
fikT g1k T hia g1k hia hio kia
Tokalgoko_lhou soko_lhou tou
[ ] [ ] [ ] [ ]
fokg ' gokg thou gokg “hou hou kou

Figure 3: Composite homotopy

condition X, X
540)G) | (k1a)(0utia) = (h1a)®) [ (k1c)(dgc) = mc (26)
5.4@)(ii) | (k2f)(t1643) = (hafB) ) | (kab)(¢Ob) = nab

Since hy, k¢ are trivial we may consider h, k as automorphisms of X, so ¢, is an (h * Ad, k)-derivation
of X.

Proposition 5.7 The group H}(X,) of coadmissible i-homotopies of X, is isomorphic to the semidi-
rect product C' x W(X'), where the action is that in Act(X).

Proof: Eachd € C actsviav,; on¢ € W(X)as ¢? := ¢" = (Ad™!) * ¢ x (Ad), so

se = (o(ded )" = ((6a)* )0l ™)" = Gaf(easa)t. @)

For ¢ € W(X) the ((y, i)-homotopy t, is defined by t,o(e) = (e,€,0),ty (o, c, 0) = (o, ¢c, ). Sim-
ilarly, we may define s, for d € C by sgo(e) = (e,d ', e),s51(e,c,e) = (e ¢, o). Using equations
(23) to calculate g« and g3, we find that s is a (g, i)-homotopy where g, (e, c, ®) = (e, d 'cd, o) and
go(e,b,e) = (e b @), s0 g = Ad. We have seen that if {dy,...,d,} and {¢, ..., d,,} are generating
sets for C and W (X)) respectively, then {sq,, ..., Sd,, ts,, - - -, te,, } is a generating set for H!(X'). We
claim that there is an isomorphism M;' (X,) — C x W (X') mapping s, to (d;,0) and t,, to (e, ¢;) so
that s, « tg, > (d;, ¢;) and tg, x sq, = (d;, ¢jdi). The product equations (24) give:

(tyxsa)o(e) = (e,d"',0), (ty*sa)i(e,c,e) = (. ¢c,0),
(sa*tg)o(®) = (e,d" 1 @), (sqxty)i(e,c,0) = (0,00 c,e0).

Hence ty, x s4 = sq * tye and, since the generators satisfy the rules for a semidirect product, an
isomorphism is obtained. O

5.5 Homotopy group of X, x 7,

Consider the case, as in Subsection 5.3, when C = X, x Z, is connected, and X = (6 : B —
(). Again the expectation is that it should be possible to determine the homotopies of C given the
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regular derivations of X’. We have seen in Proposition 5.5 that, once we know the (h, i)-homotopies
t = (t1,t0) of C, then the rest are easily obtained. So we attempt to enumerate the former, assuming
known the (), ¢)-derivations of X’. Because of the multiplication rule for ¢;, we may define an (h, i)-
derivation by specifying the images of a generating set (just as we did for automorphisms).

Proposition 5.8 An (h,i)-derivation t, is defined by specifying
o t1(1,c,1) = (1,¢c, 1), where ¢ : C — B is a chosen i-derivation for X,
e a choice of images t1(1,e,q) = (q, by, q), 2 < g < n, for arrows in the tree T}.
The resulting (s * (Ab), i)-derivation, where b = (e, by, . .., b,), is given by:
ti(lp,c,q) = (q, (bljl)c(gbc)bq, q) forall 1<p,q<n and ce€C. (28)

Proof: Applying the multiplication rule in Definition 5.4(b) we find, for p, ¢ > 2, that

ti(p,e,1) = (p,b',p)PVt(1,e,1) = (1,b,%,1),

ti(Le,p) = (1,0¢, 1) (p, by, p) = (p, (¢¢)by, p),

tip.c,p) = (1,6, 1) (p, (¢c)by, p) = (p, (b,")(¢C)bp, )
t(p,c,1) = (1,65, 1)1 (1, ¢c,1) = (1, (b,")(¢0), 1),
ti(p.c,q) = (1,(b,")(¢c), 1) (g, by, q) = (q.(b,")(dc)by, q).

It is then easy to check that the final formula holds for all 1 < p, ¢ < n. We then verify the multipli-
cation rule of Definition 5.4 (b) as follows:

(t1(p, e, 0) ™ ta(a, ) = (a4, (B, ) (@)by, @)@ (1, (5,) (6 )by, 1)
= (T, (b;1>CCI(¢C)C/(¢C,)bT7 T)

= ti(p,cc,r).

To determine the source automorphism of ¢; we note that equations (23) reduce, in the case of deriva-
tions over the identity section, to hya = (kia)(0ti«) and hefS = (kof3)(t105), agreeing with the
definition of (4 in (16). Here k = i, and we find that

hl(pa C, Q) = (p> (5bp)7l<C¢,1c)(6bq)7Q) and h2(Q7 b7 Q) = (Q7 q (C(i) 2b) g d )
Hence h = ¢, * (Ab). O

Proposition 5.9 The group W' (C) is isomorphic to (W (X)x B")/ K3(B) where K3(B) = {(¢a, (a™!,...,a7 )|

B}.
Proof: Two sets of derivations generate the group W;*(C).

e For each ¢ € W(X) let t4; be the derivation obtained by taking b, = e for all ¢ > 2. Then
te1(p,c,q) = (¢, ¢c, q) for all p, g and c.

e Fora € B" let {4, be the derivation obtained by taking by = al_laq, and let ¢ be the principal
derivation ¢, of (17). Then t,:(p, ¢, q) = (¢, (a, Yeay, q) for all p, g and c.
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The product rule (t;  s1)a = (t1)(s1hia) gives (o1 * ta1)(p, ¢, @) = (¢, (a,)(Pc)ay, ), so this
product is the general ¢; in Proposition 5.8. Also,

(a: (a,")aq, @)to1 (p, (9ap) " c(daq), )

(a, (a, ) aq(@((da,) 1)) (¢c) ™ ($0ay), q)
(a: (a, ") (6(0a, ")) (c)ag(¢day), q)

(4, (G20,

1

(ta,l * t(b,l)(pv C, Q) = a

p
p

S

q, (Cg 20 1)6(9250)(%,2%)’(1)7

80 ta1 *ty1 = lg1*tc, a1 = ty1 *lqe 1. This gives the required isomorphism. a

In conclusion, we have obtained four sets of homotopies generating the group H!(C).

(1) For each 7 € S, the (h,, i)-homotopy which simply permutes the objects is t, where
trop = (mp,e,p),  tralpcq) = (¢,e,9),  hr = (id,id, 7).
(2) For each d € C" there is an (fg, i)-homotopy s; where
saop = (p, dgl,p), sa1(p,c.q) = (q,€,q).
(3) For each ((,, ¢)-derivation ¢ € W (X) there is an (h,, i)-homotopy t, where
toop = (p,ep),  toa(pc,a) = (0,0¢,0),  hy = (o2, G, ()
(4) For each a € B" there is an (fs,q, i)-homotopy t, where dsa = (d2a4, . . ., d2a,) and
taop = (,e,p),  taa(p.c,q) = (¢,(a;")aq, ).

The (i, i)-homotopy e, where eqp = (p, e, p) and e1(p, ¢,q) = (q,e,q) forall 1 < p,q < n, c€ C,is
the identity element in the group.

We now investigate composites of the set
Xy ={ty 7€ S} U{sa|decC"}U{t,|p € W(X)}U{t,|ae B"}.

Brown and 1§en in [10, Theorem 2.6] have shown, generalising (21), that Aut C acts on Hi1 (C).
(We have used the action on sections in §4.5.) The more general k-action is given by

(tNo = kox folxtox kit * f1, () o= kyx filxty v kg% fo.
When k = i, automorphism f,. acts trivially on t,4, while other particular cases are given by:
(ta)™ = tra, (50)™ = Sea, (1) = tena, (ta)® = tee, (29)
where a® = (a, ..., a,™). Furthermore, a generalised version of (27) is given by (t/4), (p, ¢, q) =

(q, (gzbdp)c(gbc)(gbdq) ,q) . Hence, by (28) and Proposition 5.9,
ty? = tyxtpay1  where od:=(¢dy,. .., ¢d,) € B" (30)

and, using (25), we may check that ty x sq = sq * tg * t(gpa)-1 -
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Proposition 5.10 The homotopy group H'(C) for C = X, x L, is given by
H(C) = ((Snx C") x (W(X) x B")) /Ky(B)

where K4(B) = {(((), (e,...,€)), (¢, (a™t,...;a7"))) |a € B} = B.

Proof: We have already seen that M!(C) = S, x C™ and that W;'(C) = (W (X) x B")/K3(B).
It is suggested in [10, Theorem 2.7] that an isomorphism H;'(C) = M!(C) x W(C) is immediate
from the definition of homotopy multiplication in (24), so there is no more to do. However, since the
calculations are quite intricate, we prefer to outline the details. Define a map

O+ (Sp % C™) x (W(X)x BY) — HXC),  ((m,d), (6, a)) > tr *Sq#ty* ta.

Pairs of homotopies in X, compose as follows, where 7, & € S,,, ¢,d € C", ¢,1) € W(X) and
a,be B":

T x t& = tﬂ*éa Sgxtr = t; *Szd, td) *ty = tr % t¢’ o ¥t = th xtra,
Sd *Se¢ = Sdes ty *Sa = Sa*xty xt(pa)-1, ta*Sd = Sd *tqa,
t¢ * tw = t¢*w, te x t¢ = t¢ * t<¢72 as

te xtp = tab-

These formulae, together with the actions in (29) and (30) show that 6y is surjective, preserves
the multiplication, and that

(tr *Sq %t X ta) * (te *Se X by X tp) = trug X S(ed)e * Lowy * L(¢y a((00) 1 (€a)e))b -
It is clear that t; x sq * ty x t, is the identity homotopy e provided
e 7 is the identity permutation,
e d is the identity vector (e, ..., €),

o (taxtph(pic,q) = (q,(a,")(dc)ag, q) = (q,¢,q) forall p,q and c.

From the third of these conditions we first deduce that a is a constant vector (a,...,a), and then
that ¢c = aa™! for all ¢ € C. Hence ¢ is the principal derivation ¢,-1 and ker 6 is the specified
subgroup K4(C). O

Note that, when n = 1, this result reduces to H!(X,) = (C' x (W(X) x B))/B, which simplifies
to C' x W (X') as shown in Proposition 5.7.

Finally, let us compare the homotopy group of C; = (id : C — C) with that of Co = (0 :
Ce x 0, — Q), where C = C, x l,. Clearly the (ho, ko)-sections are the same in both cases.
Conditions (23) for derivations become, for both C; and C,,

tloz = (kl@)_l(tou)_l(hla)(toﬂ), tlﬁ = (]{725)_1<t01))_1(h2ﬁ)(t01}).

Since hy = hy and k1 = ko, the second equation specialises the first, so the 5 in C; which are not
loops provide no extra requirements. Hence H!'(C;) = H{(C,) .

The work in [10] goes on to explore a 2-crossed module M?(C) — H'(C) — AutC where
M?(C) is the group of 2-sections Ty : Cy — Cs. We hope to extend our algebraic investigations to
this situation in a future paper.
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