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EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS TO
VISCOUS PRIMITIVE EQUATIONS FOR CERTAIN CLASS OF
DISCONTINUOUS INITIAL DATA

JINKAI LI AND EDRISS S. TITI

ABSTRACT. We establish some conditional uniqueness of weak solutions to the
viscous primitive equations, and as an application, we prove the global existence and
uniqueness of weak solutions, with the initial data taken as small L perturbations
of functions in the space X = {v € (L5(2))?|0.v € (L?(€2))?}; in particular, the
initial data are allowed to be discontinuous. Our result generalizes in a uniform
way the result on the uniqueness of weak solutions with continuous initial data and
that of the so-called z-weak solutions.

1. INTRODUCTION

The primitive equations are derived from the Boussinesq system of incompressible
flow under the hydrostatic balance assumption, by taking the zero singular perturba-
tion limit of the small aspect ratio. This singular perturbation limit of small aspect
ratio can be rigorously justified, see, Azérad-Guillén [1] and Li-Titi [26]. The prim-
itive equations play a fundamental role for weather prediction models, see, e.g., the
books by Lewandowski [24], Majda [30], Pedlosky [32], Vallis [38], and Washington—
Parkinson [39].

In this paper, we consider the following primitive equations (without considering
the coupling to the temperature equation):

0w + (v-Vg)v +wdv+ Vyp(xt t) — Av + fok x v =0, (1.1)
Vg v+ 0,w=0, (1.2)

where the horizontal velocity v = (v!,v?), the vertical velocity w and the pressure
p are the unknowns, and f; is the Coriolis parameter. Note that though (LI)—(L.2)
is a three-dimensional system, the pressure p depends only on two spatial variables,
and there is no dynamical equation for the vertical velocity w. We use x = (2!, 22, 2)
to denote the spatial variable, x7 = (2!, 2?) the horizontal spatial variable, and
Vu = (01,02) the horizontal gradient. We complement system ([I)-(L2) with

initial and boundary conditions which will be discussed in details below. Note that
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the primitive equations considered here, i.e., (ILT)—(L2), do not include the coupling
with the temperature equation; however, one can adopt the same approach presented
in this paper to establish the corresponding results for the full primitive equations
coupled with temperature equation, for as long as the temperature equation has
full diffusivity. For the sake of simplicity, we consider here the primitive equations
without the coupling with the temperature equation, i.e., system (LIl)—(T2]).

Since the pioneer works by Lions-Temam-Wang [27-29] in the 1990s, there has
been a lot of literatures on the mathematical studies of the primitive equations. The
global existence of weak solutions has been proven long time ago by Lions—Temam-—
Wang [27-29] in the 1990s; however, the uniqueness of weak solutions in the general
case is still an open question, even for the two-dimensional case. This is different from
the incompressible Navier-Stokes equations, since it is well-known that the weak so-
lution to the two-dimensional incompressible Navier-Stokes equations is unique (see,
e.g., Ladyzhenskaya [25], Temam [37] and Constantin-Foias [13]). The main ob-
stacle of proving the uniqueness of weak solutions to the two-dimensional primitive
equations is the absence of the dynamical equation for the vertical velocity. In fact,
the vertical velocity can only be recovered from the horizontal velocity through the
incompressibility condition, and as a result, there is one derivative loss for the hor-
izontal velocity. Though the general result on the uniqueness of weak solutions to
the primitive equations is still unknown, some particular cases have been solved, see
Bresch et al [3], Petcu—Temam—Ziane [33] and Tachim Madjo [36] for the case of the
so-called z-weak solutions, i.e., the weak solutions with initial data in X NH (the
spaces X and H are given, below, by (LI4]) and (ILTH), respectively), and Kukavica—
Pei-Rusin—Ziane [20] for the case of weak solutions with continuous initial data. In
the context of strong solutions, the local well-posedness was established in Guillén-
Gonzélez et al [14]. Remarkably, the strong solutions to the primitive equations have
already been proven to be global for both 2D and 3D cases, see Cao-Titi |11, [12],
Kobelkov [19] and Kukavica-Ziane [22, 23], see also Cao-Li-Titi [5-9] for some recent
progress in the direction of global well-posedness of strong solutions to the systems
with partial viscosities or diffusivity, as well as Hieber—Kashiwabara [17] for some
progress towards relaxing the smoothness on the initial data but still for the system
with full viscosities and diffusivity, by using the semigroup method. Notably, smooth
solutions to the inviscid primitive equations, with or without coupling to the temper-
ature equation, have been shown by Cao et al. [4] and Wong [40] to blow up in finite
time. For the results on the local well-posedness with monotone or analytic initial
data of the inviscid primitive equations (which are also called inviscid Prandtl equa-
tions or hydrostatic Euler equations), i.e., system (LI))—(T.2]), without the Lapalacian
term Av, see, e.g., Brenier |2], Masmoudi-Wong [31], Kukavica—Temam—Vicol-Ziane
[21], and the references therein.

Another remarkable difference between the incompressible Navier-Stokes equations
and the primitive equations is their well-posedness theories with L? initial data. It is
well-known that, for any L? initial data, with d < p < oo, there is a unique local mild
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solution to the d-dimensional incompressible Navier-Stokes equations, see, Kato |1§]
and Giga [15, [16]; however, for the primitive equations, though the LP norms of the
weak solutions keep finite up to any finite time, as long as the initial data belong to
LP (one can apply Proposition 3.1 in Cao—Li-Titi [7] to achieve this fact with the help
of some regularization procedure), it is still an open question to show the uniqueness
of weak solutions to the primitive equations with L? initial data. One of the aims of
this paper is to partly answer the question of the existence and uniqueness of weak
solutions to the primitive equations, with initial data in L*°. It will be shown, as a
consequence of our result, that the primitive equations possess a unique global weak
solution, with initial data in L*, as long as the discontinuity of the initial data is
sufficiently small.

We consider system (LI)-(L.2) in the three-dimensional horizontal layer €y =
M x (=h,0), confined between the horizontal walls z = —h and z = 0, subject to
periodic boundary conditions with respect to the horizontal variables x? = (z!, 2%)
with basic fundamental periodic domain M = (0,1) x (0,1) C R?. We also suppose
that the flow is stress-free at, and tangential to, the solid boundaries z = —h and
z = 0. In other words, we complement system (L.I))—(L.2) with the following boundary
and initial conditions

v,w and p are periodic in x*7, (1.3)
w|z:—h,0 =0, azv|z:—h,0 =0, (14)
U|t:0 = 9. (15)

Extend the unknowns v and w evenly and oddly, respectively, with respect to z,
to be defined on the larger spatial domain 2 = M X (—h,h), then the extended
unknowns v and w are periodic, and are even and odd, respectively, in z. After such
kind extension of the unknowns, the boundary and initial conditions (L3)—(L35]) are
equivalent to the following periodic boundary and initial conditions

v,w and p are periodic in x!, 2% and z, (1.6)
v and w are even and odd in z, respectively, (1.7)
Vt=0 = . (1.8)

Because of the equivalence of the above two kinds of boundary and initial con-
ditions, we consider, throughout this paper, the boundary and initial conditions
(L6)—(L8), in other words, we consider system (LI)—(T2]), subject to (L.6)—(LS).
Note that condition (7)) is a symmetry condition, which is preserved by system
(CI)—(T2), that is, if a smooth solution to system ([.I)—(L2) exists and is unique,
then it must satisfy the symmetry condition (L), as long as it is initially satisfied.
We also note that since there is no dynamical equation for the vertical velocity, no
initial condition is imposed on w. In fact, it is uniquely determined by the horizontal
velocity, through the incompressibility condition (2)) and the boundary conditions
on w.
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Note that the vertical velocity w can be uniquely expressed in terms of the hor-
izontal velocity v, through the incompressibility condition (I.2) and the symmetry
condition (1), as

w(z,y,z,t) ==V - (/;U(x,y,ﬁ,t)dﬁ) )

As a result, system (LI)-(LS) is equivalent to the following one

0w+ (v-Vg)v +wdv+ Vyp(xt t) — Av + fok x v =0, (1.9)
V- (ffhv(x,y, z, t)dz) =0, (1.10)
'lU(ZE',y,Z,t) = _VH . (f_zh'l}(l',y,g,t)dé) ) (111)
subject to the boundary and initial conditions

H. and v is periodic in x and z, and is even in z, (1.12)

vli=0 = vo. (1.13)

Let us introduce some necessary notations, and give the definition of weak solutions.
We denote by

Coer(Q) = {f € C(R?)|f is periodic in ', 2* and 2, with basic periodic domain 2},
and for any positive integer m, we set

Crer() = {fIV] € Cper(€),0 < || < mj.

per

p is periodic in x

For positive integer m and number ¢ € [1,00], we use W9(€2) to denote the space

of the closure of C™ () in W™4(Q), and denote by W ™4 (Q) its dual space, when

per per

q € [1,00). One can easily verify, with the help of the standard modifier, that
Wied(Q) = {f e W™I(Q)|f € Wi (R},

per loc

where f is the periodic extension of f to the whole space. In case that ¢ = 2, we
always use H[ () instead of W/%*(€2). One may also define the periodic L?(€)
space as the closure of Clhe(€2) in L9(€2); however, one can easily check that this
space coincides with L?(Q2). For simplicity, we use the same notations to denote a
space and its product spaces, that is for a space Z, and a positive integer N, we still
use Z to denote its N-product space Z¥. We always use ||u/|, to denote the LP norm

of u. The following two spaces X and H will be used throughout this paper

X = {v € LY)|v is periodic in z, and d,v € L*(Q)}, (1.14)
and
h
H = {U € L*(Q)|v is periodic in x¥, even in z, and V - (/ U(XH,Z)dZ) = 0} :
—h

(1.15)
We state the definition of weak solutions to system (L9)—(LI3) as follows.
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Definition 1.1. Given a function vg € H. A function v is called a global weak

solution to system (1.9)-(1.13), if the following hold:

(i) v € C([0,00); L7,()) N L3, ([0,00); H,,,. () N H), where L, stands for the L?
space equipped with the weak topology.

(i) For any compactly supported in time function o € C([0,00); Ch,.(2) NH)) N
C([0,00); Cper(R2)), the following equality holds

/ /[—v@tw + (v-Vg)v- o+ wd,v-p+ Vu: Veldedt = / vo(x)p(x, 0)dz,
0o Jo

Q
where the vertical velocity w is given by (IL.11).
(111) The following differential inequality holds

1d .
=B + IVl <0, in D/(0,50)):
(iv) The following energy inequality holds
S0l + [ 10l < ol

for a.e. t € (0,00).

For any initial data vy € H, following the arguments in [27-29], there is a global
weak solution to system (L.9)—(LI3]); however, as we mentioned before, it is still an
open question to show the uniqueness of weak solutions to the primitive equations.
Nevertheless, we can prove the following theorem on the conditional uniqueness of
weak solutions to the primitive equations.

Theorem 1.1. Let v be a global weak solution to system (1.9)-(1.13). Suppose that
there is a positive time T, such that

v(z,t) =v(x,t) + V(xt), xeQte(0,T,),
0,0 € L™(0,T,; L*(Q)) N L*(0,T,; H! (), V € L™(Q x (0,T,)).

per
Then, there is a positive constant €y depending only on h, such that v is the unique
global weak solution to system (1.9)-(1.13), with the same initial data as v, provided

sup ||Vl < €0,
0<t<T!

for some T, € (0,T,,).

To prove Theorem [I.I], we first show that any weak solution to the primitive equa-
tions is smooth away from initial time, see Corollary [3.1 below, which can be intu-
itively seen by noticing that weak solution has ngr regularity, at almost any time

away from the initial time, and recalling that, for any H;Or initial data, there is a
unique global strong solution to the primitive equations; however, in order to rigor-
ously prove this fact, we need the the weak-strong uniqueness result for the primitive

equations, see Proposition [3.4] below, where we adopt the idea of Serrin [34]. Since
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weak solutions are smooth away from the initial time, one can perform the energy
estimates to the difference system between two weak solutions, on any finite time
interval away from the initial time. Next, by using the decomposition stated in the
theorem, and handling the nonlinear terms involving each parts in their own ways,
we then achieve the uniqueness.

It should be pointed out that one can not expect that all weak solutions to the
primitive equations, with general initial data in H, have the decomposition as stated
in the above theorem. In fact, by the weakly lower semi-continuity of the norms, in
order to have such decomposition, it is necessary to require that the initial data vy
has the decomposition vy = ¥y + Vp, with 0,7y € L? and V; € L. Observing this, it
is necessary to state the following theorem on the global existence and uniqueness of
weak solutions to the primitive equations with such kind initial data.

Theorem 1.2. Suppose that the initial data vo = vy + Vy, with v9 € X NH and
Vo € L>(Q) NH. Then the following hold:
(i) There is a global weak solution v to system (I.9)-(113), such that

vz, t) =0(x,t) + V(e t), xeQte(0,0),
0:0 € Li,([0,00); L*(Q)) N Liy ([0, 00); Hpr (),

loc loc D

sup [[Vloo(s) < pu(8)[[Volloo, T € (0,00),
0<s<t

where
1(t) = Co(1 + [lugl4)*(t 4+ 1)* exp{Coe® (t + 1) (1 + [[vol|4)"},

for some positive constant Cy depending only on h;
(i1) Let €q be the positive constant in Theorem[11], then the above weak solution is
unique, provided (1(0)[|Volloo < -

The uniqueness part of Theorem is a direct consequence of the estimate in
(i) and Theorem [Tl So the key ingredient of the proof of Theorem is to find
the required decomposition. Note that in [20], the authors decompose the weak
solution v into a regular part v, which is a strong solution to the primitive equations,
with H? initial data, and a small perturbation bounded part V, which satisfies a
nonlinear system, with small initial data in L®. Noticing that the initial data v
considered in this paper can be discontinuous, and recalling the Sobolev embedding
relation H?,.(Q) < Cper(€2), hence vy cannot be approximated in the L> norm by
H? functions, and consequently the decomposition used in [20] does not apply to our
case. Omne may still use the same decomposition as in [20], but change the initial
data for v and V in X and L°°, respectively; however, if by taking this approach,
we are not able to obtain the L™ estimates on V, because the L{°(HZ) estimate
on v plays an essential role in deriving such estimates on V', and it is obvious that
primitive equations with initial data in X does not necessary provide the required
L (H2) estimate on ©. We also note that the arguments used in [3, 133, 136] require
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the regularity of the kind d,v € L°(L2) N LZ(H)) for the 2-weak solutions, and thus
still cannot be applied to our case.

To obtain the desired decomposition on v, we use a different kind of decomposition
from that used in [20]. Indeed (ignoring the regularization procedure to justify the
arguments), we decompose the weak solution v into a “regular” part o, which is the
unique solution to a linearized primitive equations (i.e. system (B5.8)—(59), below),
with initial data in X, and the remaining part V', which satisfies the same system as
that for v, but with initial data in L>°. The key observation is that both the L> and
the X regularities are preserved by the linearized primitive equations, i.e. systems
B3)—-(E4) and (B.8)—-(5.9), below. Indeed, by making use of such kind of decompo-
sition, we are able to weaken the assumption on the initial data, without destroying
the uniqueness of the weak solutions. We point out that, compared with the decom-
position introduced in [20], in our decomposition systems, i.e. systems (5.3)—(5.4) and
(E8)-(E9), there are no nonlinear terms and no cross terms between v and V, and
moreover, the systems for ¥ and V' are decoupled and are independent of each other.
As will be shown later, see Proposition and Proposition [5.4] below, the estimates
for v and V in X and L, respectively, are global in time, and thus no local in time
arguments are required for deriving these estimates.

As an application of Theorem [[.2, we have the following result, which generalizes
the results in [3, 20,133, 36].

Corollary 1.1. For any vg € X NH (or vy € Cper(2) NH), there is a constant oy,
depending only on h and the upper bound of ||vol|s, such that for any ¥y = vo + Vj,
with Vo € L>®(Q) NH and ||Volleo < 00, system (L.9)-(1L13) with initial data ¥, has

a unique weak solution, which has the reqularities stated in Theorem 1.2

Proof. (i) The case vy € X NH. Let ¢g be the constant in Theorem [[Il Recalling
that %) = vg + Vp, by the triangle inequality for the norms and the Holder inequality,
one can easily check that

Co(1+ [1%6]14) exp{Co(1 + [ %]l0) H[Volloo < p(|[Vol)s
where
p(s) = Co(1 + |[vo]la + (21)78)* exp{Co(1 + |vo]l4 + (2h)7s)*}s.

Noticing that p is a continuous function, with p(0) = 0, and Cj is a positive constant
depending only on h, there is a positive constant oy depending only on A and the
upper bound of ||vgll4, such that p(s) < e¢/2, for any s € [0,00]. Thus, for any
Vo € L>*(Q) NH, with ||Vp]|e < 00, we have

Co(1+ [170]14)* exp{Co(1 + [ %6]l4) HI Vol < p(I[Volloo) < 20/2.

and consequently, the conclusion follows by (ii) of Theorem [[2] by viewing (%5, vo, Vo)
as the (vg, 09, Vo) in Theorem



8 JINKATI LI AND EDRISS S. TITI

(ii) The case vy € Cper(£2) N H. Let 0y be the same positive constant as in (i).
We are going to show that the conclusion holds in this case for the new o =
Suppose that

Volloo < 0g-
Let j, be a standard mollifier, i.e. j,(x) = n%](%), with 0 < j € C5°(R?) and [, jdx =
1. Since vy € Cper(€2), we have

Uo % jy — vo, in Che(Q), asn — 07,

where 7 is the periodic extension of vy to the whole space. Choose 19 < min{1,2h}
to be small enough, such that ||vg — T * Jiy, [|eo < 0§, and set Ty = g * j,,. We have

Yo = o+ Vo = T + (vg — T * ) + Vo = T + Vo,
where Vj := (vo — o * jy,) + Vo. Recalling that ||Vp||e < 0f, it follows that

[Volloo < llvo = @0 * gl + [Vallow < 0 + 05 = 00,

Therefore, the initial data 7 can be decomposed as %, = vy + Vo, with 79 = Jno ¥ 0o €
X NH, ||tolls < 9|volls, and [|[Vollee < 00, where oy is the same constant as in (i),
which depends only on ||vg||s. By viewing (%, 7o, Vo) as the (%, vy, Vo) in case (i), it
is clear that the assumptions in case (i) are fulfilled, and thus there is a unique weak
solution to the primitive equations with initial data %;. O

Remark 1.1. Given a constant vector a = (a',a?), and two positive numbers §
and n, with n € (0,h). Set vy = alz|’, Vo = oX(—ym(2), and % = vy + Vo, for
z € (—h,h), with o = (0',0?), where X(—yy(2) is the characteristic function of the
interval (—h,h). FEztend vy and Vi, and consequently ¥, periodically to the whole
space, and still use the same notations to denote the extensions. Then, one can easily

check that vy € Cper(QQ)NH and Vo € L>®(Q)NH. By Corollary[l1), there is a positive
constant g9 = go(a, d,n, h), such that, for any o = (o*,0?%), with 0 < |o| < &9, system

(19)-(113) has a unique weak solution, with initial data ¥,. Note that
¥ = alz|’ + oX(—nm(2), 2 € (—h,h).

One can easily verify that ¥ lies neither in X N'H nor in Cpe,(2) N'H, and thus the
results established in [3,120, 33, |36] cannot be applied to prove the uniqueness of weak
solutions with such kind of initial data.

The rest of this paper is arranged as follows: in section 2 we collect some pre-
liminary results; in section [3] as a preparation of proving Theorem [LLTl we show the
regularities, away from the initial time, of weak solutions to the primitive equations;
the proof of Theorem [[1lis given in section 4} as a preparation of proving Theorem
.21 we derive some relevant a priori estimates of the solutions to the primitive equa-
tions, with smooth initial data; the proof of Theorem is given in the last section,
section [0
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2. PRELIMINARIES

In this section, we collect some preliminary results which will be used in the rest
of this paper. We start with the following lemma, which can be proven in the same
way as Proposition 2.2 in Cao—Titi [10], and thus we omit the proof of it here.

Lemma 2.1. The following inequalities hold

[/ ota ) ([ @, ol ) ) e

<Cllell2llells Uellz + IVaelz) 1913 (¢l + Vavll)?,

/. (/_Z (" )l ) (/_};IsO(wH,z)w(wH,z)uz) da!

<Cligll3 (el + IVasll2)? el (el + 1Vaelz) [¢]2

for every ¢, and 1, such that the quantities on the right-hand sides make sense and
are finite.

N

and

The next lemma will be used in Proposition [5.3] to establish L* estimates for V..

Lemma 2.2. Let My > 2 and 6y > 0 be two constants. Suppose that the sequence
{Ai}e2,, with Ay, > 0, satisfies
Ay < Mob2,  Aper < Mg62" + MFA2. fork=1,2,--- .

Then one has
2k71

Ap < My " (M) k=12,
and in particular Ay < (ME62* ', fork=1,2,--- .
Proof. Define a;, = MO_(kH)(M{)ldg)zk*l, for k = 1,2,---. Then, it suffices to prove
that A, < ag. For k =1, it follows from the assumption that
oy = M3 MAGE = Mys2 > A,.
Suppose that Ay < ag holds, for some k. Then, by assumption, we have
Apr <Moo + MEai = Mo2™ + My " (Mgs2)*

a
:M058k+1 + Mo_lak+1 < M058k+1 + k2+1

We will show that

ok+1 A1
A4b50 S; 2 9
and as a consequence of the above, we obtain
A1 | Qg1

2+2

Ap1 < = Qfy1-
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Therefore, by induction, the conclusion holds.
We now prove that Myog™ " < < % for k=1,2,--- . Recalling the definition of a,
it follows

Ay = M (k+3) (M452) _ M(é)lx2k_(k+3)5§k+1.

Using binomial expansion, we have

k
k
4x2k=414+1F =4 ) > 41+ k),
went=a3 () z a0
7=0
and thus
4x2F —(k+3)>4k+4—k—-3=3k+1>4.

Therefore, we have
pr = MPPTEFD G2 S ragd S 03 152 > o062
This completes the proof. O
We also need the following Aubin-Lions lemma.

Lemma 2.3 (cf. Simon [35] Corollary 4). Let T' € (0,00) be given. Assume that
X,B and Y are three Banach spaces, with X —<— B < Y. Then it holds that

(i) If F is a bounded subset of LP(0,T; X)), where 1 < p < oo, and % { \f e F}
is bounded in L*(0,T;Y), then F is relatively compact in LP(0, T} B)

(i) If F is bounded in L*(0,T; X) and 95 is bounded in L"(0,T;Y), where r > 1,
then F' is relatively compact in C([O T); B).

3. REGULARITIES OF WEAK SOLUTIONS FOR POSITIVE TIME

In this section, we prove that the global weak solution to system (L9)-(LI3) is
smooth away from the initial time. To prove this fact, we will use the weak-strong
uniqueness result for the primitive equations. Therefore, Let us recall the definition
of strong solutions to the primitive equations as follows:

Definition 3.1. Given a positive time T € (0, 00) and the initial data vy € Hp,,(Q2)N
H. A function v is called a strong solution to system (L.9)-(1.13), on Q x (0,T), if

ve C(0,T); HL (Q) NH)N L0, T; H2,(Q)), Ow € L*(0,T; L*(Q)),

per per

satisfies equation (I.9) pointwisely, a.e.in Q x (0,T), and fulfills the initial condition
(L13), with w given by equation (IL.11), and p uniquely determined by the following
elliptic problem:

AHpZL’Ht _2hf VH'VH'(U®U)+f0k?XU]dZ, ZTLQ,
Jop( t)de™ =0, pzsperiodicin:cH.
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Proposition 3.1. Let v be a weak solution to system (1.9)-(1.13), with initial data
vo € H. Then, there is a subset E C (0,00) of measure zero, such that

lim t) = n L*(9).
t—>01+,t§£EU( )= v, in L)
Proof. By (iv) of Definition [[T] there is a subset £ C (0, 00) of measure zero, such
that ||v]|3(¢) < |Jvo]|3, for any ¢ € (0,00) \ E. Thanks to this, and recalling that v(¢)
is continuous in L2 (Q) with respect to ¢, it follows from the lower semi-continuity of
the norms that

2 < 2y < Iim 2(t) < 2
Juolly < lim Jel(®) <, T [l < ol

and thus limy o+ t¢p ||0]|3(t) = |Jvo]|3. Thanks to this, we deduce

) - 2 __ : 2 2 .
Ll o) =l = T (O + ool = 20(2) - v)dx

= i 2 — |vo|?)dx = 0,
im0 = ol
proving the conclusion. 0]

The integral equality in the following proposition can be viewed as a replacement
of (ii) in Definition [T, without changing the definition of weak solutions.

Proposition 3.2. Let v be a weak solution to system (1.9)-(1.13). Then, for any
0 <t <ty < o0, the following holds

to
/v(a}, to)o(z, tg)dm+/ /Vv:Vapdwdt
Q t1 Q

to
— [ @@zt [ [0 - @ Tuo-p - woo- pldat
Q t1 Q

for vector field ¢ € C([ty, ta); Cro () NH) N CH([t1, t2]; Cper(2)).

p

Proof. We only prove the case that ¢; > 0, the other case that ¢t; = 0 can be proven
similarly, by performing the arguments presented below for time t, only. Set hy =
min{t;,ts — t1}, and define the extension of ¢ as

2()0(152) — ()0(2t2 — t), to <t <ty + ho,
P(t) =q ), th <1<ty
2()0(15 )-@(2t1—t), tl—ho <t <t

One can easily check that ¢ € C([ty — ho, 2 + ho]; Cpe, () NH) N CH([ty — ho, t2 +

hol; Cper(€2)). Let x be a function, such that y € C*(R), x = 1on (—00,0/,0 < x <1
and y' < 0on (0,1/2), and x =0 on [1/2,00). For any h € (0, hg), set

X (t) =X<t1;t)x(t_ht2), teR.




12 JINKAI LI AND EDRISS S. TITI

One can easily verify that x;, € C§°((t1 — h,t2 + h)) C C§°((0,00)), x}, = 0 on
(t — h,t1), x = 1 on (t1,t2), X, < 0 on (f2,t2 + k), and [x}| < &, for a positive
constant C' independent of h. Set ¢ = @x,,. Taking ¢ as the testing function in (ii)
of Definition [l and thanks to the properties of y;, stated above, one obtains

ta+ho

/[—v O+ (- Vv @+ wd,v- @+ Vo : Voldxxy(t)dt
0

t1 to+h
:/ / v - pdxxg, (t)dt + / / v - pdxx),(t)dt, (3.1)
t1—h JQ to Q

for any h € (0,ho). Denote by LHS the quantity on the left-hand side of (B.).
Since v € L>(0,t5 + ho; L*(2)) N L*(0,t3 4 ho; H,.(2)), by the Lebesgue dominate
convergence theorem, one can see that

t1—ho

to
LHS — / /[—v O+ (V- Vg)v-o+wd,w- ¢+ Vo : Vy|dxdt,
t1 Q
as h — 0". Define the function f as
f(t) = / v(x, )p(x,t)dx, t € (t; — hg,ta+ hg).
Q

Recalling that v € C([0, 00); L2,(Q2)) and noticing that ¢ € C1(Q x [t; —ho, ta+hq)), it
is clear that f € C([t1 — ho,t2 + ho]). Denote by RHS the quantity on the right-hand
side of (B1)). Recalling that x}, > 0 on (t; — h,t;), and xj}, < 0 on (t2,t2 + h), and
applying the mean value theorem of integrals, one deduces

t1 to+h
RHS = [ fangmd [ e

t2

t1 to+h
—F(t — Oy (W) / ()t + (s + Oa(h)1) / V(b

—F(t— Ou(R)R) — Flta+ Oa(h)R) — F(t) — Fta)

as h — 07, where 6,(h),02(h) € [0,1]. Thanks to the above statements, taking
h — 0% in ([B.J) yields the conclusion. O

Withe the aid of Proposition [3.2] one can show that any weak solution to the
primitive equations on {2 x (0, 00) is also a weak solution to the primitive equations on
Q x (t, 00), with initial data v(t), for a.e. t € [0, 00), that is the following proposition.

Proposition 3.3. Let v be a global weak solution to system (1.9)-(113). Then, for
a.e. t € [0,00), by viewing time t as the initial time, v is also a weak solution to
system (1.9)-(113), on Q x (t,o0), with initial data v(t).

Proof. We need to verify the terms (i)—(iv) in Definition [Tl on the time interval
[tg, 00), for a.e. tg € [0,00). It is clear that (i) and (iii) hold, while the validity of
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(ii) is guaranteed by Proposition We still need to verify that (iv) holds on time
interval [ty, 00), for a.e. £y € [0,00), or equivalently that

1 t 1
SIGHORS / IVoll3(r)dr < [ Vol3(to). (3.2)
to

for a.e. to € [0,00) and a.e. t € (fy,00). Setting f(t) = ||v||3(t) and g(t) = ||Vv||3(t),
for t € [0,00). Then by the regularities of weak solutions, one has f,g € L. ([0, 00)).
By (iii) of Definition [T} it holds that

%f’(t) +g(t) <0, inD'((0,00)).

Let 0 < j. = 15 (%) be a standard modifier, with j € C§°((—1,1)), and set f. = f*j.
and g. = g * je, for € > 0. For any ¢ > 0, it is clear that 0 < j.(- —t) € C5°((0, 00)).
Thus, one can test the above inequality by j.(- —¢) to get

%fé(t) +g:(t) <0, te(0,00),e€(0,1)

For any t5 € (0,00) and ¢ € (tg, 00), integration the above inequality over the interval
(to,t) yields

%fs(ﬁ "‘/ ge(s>d8 < %fe(to)’

to
for any € € (0,%y). Note that f.(t) — f(¢t) and g.(t) — g¢(¢t), a.e.t € (0,00), and
g- — g in LY((0,T)), for any finite time 7. Thanks to these, taking e — 0" in the
above inequality yields

370+ [ o)ds < 37(0)

to
for a.e. ty € (0,00) and a.e. t € (ty,00), which is exactly (8.2). This completes the
proof of Proposition O

The following proposition states the weak-strong uniqueness result for the primitive
equations.

Proposition 3.4. Given the initial data vy € H,,(Q) NH. Let v, and v, be the
unique global strong solution and an arbitrary global weak solution, respectively, to

system (1.9)-(113), with the same initial data vo. Then, we have vy = v,,.

Proof. Denote U = (v, wg) and Uy, = (vy, wy,), and set U = (v, w) = Uy, — U, where
ws and wy, are determined uniquely by vs and vy, respectively, through the relation

(LID).
Since strong solutions to the primitive equations are smooth away from the initial
time, one can choose ¢ = vy as the testing function in Proposition B2l and thus get

t
/vw(x, t) - vs(x, t)dx+/ /va : Vogdxdr
Q s JQ
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t
- / vu(%, 5) - V(X 5)dx + / / (g - Dyve — (Ui - V) - vi]dxdr,
Q s Q

for any 0 < s < t < co. Adding both sides of the above equality by fst fQ Vg :
Vugdxdr yields
t
/ Uy (X, 1) - vs(x, t)dx + 2/ / Vo : Vusdxdr
Q s JQ

t
:/ Uy (X, 8) - vs(x, s)dx —/ /(UW - V)vy, - vsdxdr
Q s JQ

t
+/ /(vw - Oyvs + Vg : Vg )dxdr,
s Q

for any 0 < s <t < oco. For the last term on the right-hand side of the above equality,
one can integrate by parts and use the equations for v to get

/ / Uy + Opvs + Vg, © Vg )dxdr = — / / V)vs - vy dxdr.

Plugging this equality into the previous one leads to

/UW(X t) - vs(x, t)dx+2/ /va : Vogdxdr

Q

/UW(X s) - vs(x, 8 dx—/ / [(Uy - V)vy - vs + (Us - V)vs - vy |dxdr, (3.3)
Q

for any 0 < s <t < o0.
Multiplying the equation for vs by vs, and integrating over €2, the it follows from
integration by parts, and integrating over the time interval (s,t) that

||vs|| /IIV?stI )dr = 3 ||vs||()

for any 0 < s <t < co. Recalling the energy inequality in Definition [[.T| we have

2 ol / IVenl3ridr < 3l + 5l ~ lel3(s)

for a.e. 0 < s <t < oco. Adding the above two equalities up, and subtracting the
resultant by (3.3) yield

S leli3 / |Vol(r)dr < / [0 U s
+ 2 (Il3(s) + ol — o 3(5)), (3.4)

forae.0 < s <t < o0.
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We are going to deal with the first term on the right-hand side of (3.4]). Recalling
the regularities of vy and vy, it follows from integration by parts that

[ = /St /Q[(UW VYo vs (U - Vs - va]dxdr

— /st /Q[(UW Vg - vs — (Us - V)vy - vg|dxdr

:/:/Q(U-V)vwmsdxdT = /:/Q(U~V)v-vsdxdr
- / t /Q (U - Vo, - vdxdr, (3.5)

for any 0 < s <t < oo. Note that

h
IV rvs(x, 2)| < 2h/ |V v (x* z’)\dz’—i—/ \Vro,us(xH, ) |d?,
—h

for any (x”,z) € Q. Therefore, by Lemma 21} and using the Young inequality, we
can estimate [ as follows

Il = [(v -V i)vs + w0o,vs] - vdxdr

h
/// <|VHUS +\VH8115\> /|v\2dzddeT
/// |VHv\dz/ |0, v||v|dzdx" dr

SC/ IVavsllz + [VaOvsll2) [oll2(oll2 + [[Vavll2)dr

t 1 L
+C/ IV 10]|2|0:0s[13 (1| 0:vsll2 + 1V #8205 ]12)
Xl (lvllz + Vavll2)2dr

t t
5 IIVHv||3d7+C/(1+||f9zvs||§)(1+llv?fs||§

+ IV 0:vs3) [[vll3dr, (3.6)

for any 0 < s <t < 0.
Substituting the above estimate into (3.4 yields

(lvl13(s) + llollz = llowll2(s)),

t
loll3(e / IVol3(r)dr <C / (14 10,021 + IV l2 + IV 0wl ) [o]2dr
1
2
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for a.e. 0 < s < t < co. By Proposition B.1] there is a sequence {s,}, with s,, — 07,
as n — 00, such that both vy(s,) and vy(s,) converge to vy in L*(2), as n — oo.
Choosing s = s,, in the above inequality, and taking n — oo yields

ol / IVol3(r)dr <C / m(r)|lol3(r

for a.e. t € (0,00), where
m(7) = (1+ [[0.05[3(m)) (1 + [IVos[5(7) + [Vrd:vs[l3(7)), 7 € (0, 00).

Noticing that m € Ll _([0,00)), by the Gronwall inequality, the above inequality
implies [[v]|3(¢) = 0, a.e. t € (0,00), that is vy = vy,. This completes the proof. O

Corollary 3.1 (Regularities for positive time). Let v be a weak solution to system
(1.9)-(1.13). Then, the following two hold:

(i) v is smooth away from the initial time, i.e. v € C=(Q x (0,00));

(i1) v satisfies the energy identity

1
S0l + [ 1ol = Sl

Proof. (i) By Proposition B3] for a.e. t € [0,00), v is still a weak solution to (L3])-
([LI3) on Q2 x (t,00), with initial data v(t), by viewing ¢ as the initial time. By the
energy inequality, it is clear that v(-,t) € ngr NH, for a.e. t € (0,00). Therefore,
there is a subset F C (0, 00), of measure zero, such that v is a weak solution to (L.9])—
(LI3) on Q x (¢, 00), with initial data v(t) € ngrﬂ’H for all t € (0,00) \ E. Take an
arbitrary time to € (0,00). Thanks to what we just stated, there is a time ¢, € (0, ty),
such that v(-,ty) € H! () NH, and v is a weak solution to system (L9)—(LI3), on

per

Qx (t,, 00), with initial data v(t;). Since v(tf) € ngr(Q)ﬂH, there is a unique global
strong solution vy to system (LI)—(LI3), on Q x (¢, 00), with initial data v(t;). By
the weak-strong uniqueness, i.e. Proposition B4 we then have v = vg, on the time
interval [t{,, 00) D [ty,00). Recalling that strong solutions to the primitive equations
are smooth away from the initial time, one has v = v, € C*(Q x (ty, 00)), and further
v € C®(Q2 x (0,00)), and thus proves (i).

(ii) Thanks to (i), one can multiply equation (L9) by v, and integrating the resul-
tant over {2, then integration by parts yields

1d
2dt
for all t € (0, 00). Integrating the above equality over the time interval (s, ) leads to

—||vH / IVoll3(r)dr = —Hv|| (),

for any t € (0,00).

— VI3 + 1Voll5() =
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for any 0 < s < t < co. By Proposition B.I], there is a sequence of time {s,}, with
s, — 0T, such that v(s,) — vy in L3(Q), as n — oco. Choosing s = s, in the above
equality, and letting n — oo yield the conclusion. ([

4. PROOF OF THEOREM [1.1]

With the preparations in the previous section, section [3, we are now ready to prove
Theorem [I.11

Proof of Theorem [1.1l. Denote by vy the weak solution stated in Theorem [l
By assumption, there is a positive time T;, such that

US(:'U7 y7 Z’ t) = ,l_)s(x7 y’ Z? t) _'_ ‘75(:177 y7 Z’ t)? (:'U7 y7 Z) E Q? t e (07 TS)’

9.0 € L*(0,Ty; L*(Q)) N L*(0, Ty; H)..(2)), Vi € L¥(92 x (0, T)).
Let g9 be a sufficiently small positive number, which will be determined later, and
suppose that there is a positive time 7! € (0, T}), such that

sup [|Vi[loo(t) < €0.
0<t<T!

Take an arbitrary weak solution v, solution to system (L.9)—(LI3]), with the same
initial data as vs.

We denote Us = (vs, wy), Uy, = (Vy,wy) and set U = (v,w) = Uy — Us, where
ws and w,, are determined in terms of vs and vy, respectively, through the relation
(LII). We are going to show that vs = vy, or equivalently v = 0.

By Corollary Bl any weak solution to system ([L9)—(TI3]) is smooth away from
the initial time. Therefore, we have v, € C*°(Q2 x (0, 00)) and vy, € C=(2 x (0, 00)).
By the same argument as that for ([B.4]), we have the following

1 t t
sl + [ 1velar < [ [ (0, Voo (U 9 vniar
1

+ 5(10l5(s) + llvollz = llowl3(s)), (4.1)

for any 0 < s < t < co. Recalling (B.3]), we have by integration by parts that

J = /: /Q[(UW Vg - vs + (Us - V)ug - vy ]dxdr

t ¢
:/ /(U - V) - vedxdr = / /(U V) - (0 + Vi)dxdr
s Q s Q
t t
:/ /(U Vv - Vidxdr — / /(U - V)05 - vdxdr =: J; + Ja,
s Q s Q

for any 0 < s <t < 0.
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For Jy, by the assumption, it follows from the Holder and Young inequalities that

Iy = / t / [(v.vmv— / ) VH-vdfazv] Vidxdr

/ IV oll2dr + / IV olBdr + Co / AN

( +coeo) / Vol + & / lol3r

for any 0 < s < t < T!, where Cj is a positive constant depending only on h.
1

s)

Choosing gy = min{ %} then one has

3 t t
n<s [ 19+ [ helnar

for any 0 < s <t < T7. While for .J,, the same argument as that for (3.6) yields

t t
IV avll3dr + 0/ (1 + [10:3]12) (1 + V5|3 + V0.3 [3) vl 3d,

for any 0 < s <t < o0.
Thanks to the estimates for J; and Js, it follows from (4.]) that

t
lvll3(t IIWII T)dr <C/ (L + 1012 (1 + V5|3 + 1V 0:3412) [v]|2d
+ (lvll3(s) + llvoll3 = llvwll3(5)),

for any 0 < s <t <T!. By Proposition Bl there is a sequence {s,}, with s, — 07,
as n — 00, such that both v(s,) and vy(s,) converge to vy in L?(2), as n — oo.
Choosing s = s, in the above inequality, and taking n — oo lead to

o3 / IVol2(r)dr <C / (1+ 10,0021 + Vol + [V d.al2)|vl2dr,

for any 0 < ¢ <T!. By assumption, it is clear that
(L+ [10:3)15() (X + [ VE|5(7) + [ Vad.5s5(m)) € L'((0, T5)).

Therefore, one can apply the Gronwall inequality to the previous inequality to con-
clude that [[v||3(t) = 0, for ¢t € [0,T7], that is vy = vy, on Q x [0,T]. Starting from
time 77, both vs and v, are smooth, and thus are both strong solutions to system
(C9)—(TI13), on 2 x (77, 00), with the same initial data at time 7. By the uniqueness
of strong solutions to the primitive equations, we have vs = vy, on  x [T7, 00). This
completes the proof of Theorem [L.1l O
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5. A PRIORI ESTIMATES FOR REGULAR SOLUTIONS

Let vg = vg + Vo, with 99 € X N H and Vy € L>®(Q) NH. Extend vy, vy and
Vb periodically to the whole space, and still use the same notations to denote the
relevant extensions. Let j., as before, be a standard compactly supported nonnegative
mollifier. Set 0o, = Ug * j., Voe = Vo * Jo and vp. = vg * j.. It is obvious that vy, € H,
Voe € H, and vg. = Uoe + Vo € H. Moreover, we have, for any ¢ € [1, 00|, and
e € (0,min{1,2h}),

[vellg < 9Mvollg,  [[Toellx < IDollx,  [Voelloo < [IVolloo-

Note that vo. € H)..(€2) NH, and consequently, there is a unique global strong

solution v, (cf. [11]), to system (LI)-(LI3)), with initial data vo.. Moreover, v.
satisfies the basic energy identity and some additional L9 estimates, which are stated
in the following:

Proposition 5.1 (LY estimate on v.). Let v. be the unique global strong solution
to system (1L.9)-(1.13), with initial data vo.. Then we have the basic enerqgy identity

1 ¢ 1
o)+ [ IVelBr)dr = 5lunc
0

and the L*(Q)) estimate

S lvefla(s) < exp{Ce™ (t + 1)(1+ [[vol3)*}(1 + [[volla).

for any t € [0,00). Furthermore, for any q € [4,00), we have
sup [|vellq(s) < VaE1(t)(1+ [lvollq),
0<s<t

for any t € [0,00), where C' is a positive constant depending only on h, and K is a
continuously increasing function on [0,00) determined by h and ||vo||4.

Proof. Multiplying equation (L.9]) by v. and integrating by parts yields the first con-
clusion. The second and third ones are direct corollaries of Proposition 3.1 in [7]. In
fact, by (3.9) in [7], it follows

sup [|ve]la(s) <exp{Ce (t + 1)(1 + [[voe12)*}(1 + [lvoela)

0<s<t
<exp{Ce”(t + 1)(1 + |lvol[2)*}(1 + [[vola),

for a positive constant C' depending only on h, and by Proposition 3.1 (iii) in [7], it
follows that

sup [vello(s) < VaEL ()1 + [vocllg) < VaE1 () (1 + [volly),

0<s<t

for some function K7, which is determined by the upper bonds of ||vg.||2 and [|voc||4;
however, since ||vo|l2 < [|voll2 and [|vee|l4 < ||voll4, such function can be chosen to be
independent of e. H
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Next, we show that away from the initial time, we have the H' estimates for v..
Proposition 5.2 (H! estimate on v.). Let v, be the unique global solution to system

(.9)-(1.13), with initial data vo.. Then, for any 0 <t < T < co, we have

T
sup ||v€||§p(s)+/ (V2012 + 19rell2) (s)ds < Ko(t, T),
t

t<s<T

where K5 is a continuous function defined on R% and determined only by h and ||vy||3,
where R% = (0, 00) x (0, 00).

Proof. Fix T € (0,00), and let t € [0, T]. By Proposition 5.1l we have

t 1 1
| 190 B )ds < Sl < 5wl
0

and thus, one can choose such ¢y € (0,t) that

lvoll
.

Now, taking ¢, as the initial time, then it follows from the H' type energy estimate
for the primitive equations, see (77)—(78) in [L1], we obtain

IV (to) 15 <

T
sup [[VoL]3(s) + / V%0, |3(s)ds

t<s<T t

T
< sup IIWEIIS(SH/ V20 5(s)ds < K3(¢,T),

to<s<T to
where K” is a continuous function on R2? determined only by A and ||vg||2. Thus
2 + 0112 )

recalling the basic energy identity in Proposition 5.1l we then have

T
sup Hv€||§p(s)+/ IV?0:)13(s)ds < K5 (8, T) + [Jollz =: K5(t, T). (5.1)

t<s<T t

Next, we estimate ||0;v.]|3. Multiplying equation (I.9) by d;v., and integrating the
resultant over €, then it follows from integration by parts, and using (LI0)—(LIT)
that

0,02 |3 :/(Av€ — (ve - V)ve — w00, ) - Oyvdx
Q

h h
S/ (/ |VHv|dz) (/ |8zva||8tv€|dz) dxt
M —h —h

+ /(|Ava| + |||V gve|)|Ove|dx =: Ly + Lo. (5.2)
Q
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The estimates on L; and Ly are as follows. By Lemma 2.1] it follows from the
Poincaré and Young inequalities that

Ly <CIV o3 IV rvel2 + V3o ]l2)?
X (00113 (00l + 1V 100 12) 218w
<OV o2 V0. 12 10.0-)12 [ V0.0 12 | Dh0- 2
< 710ael + IV BV,

for a positive constant depending only on h. For Ls, by the Holder, Sobolev, Poincaré
and Young inequalities, we deduce

Ly <[ Ave|[2]|Orvel2 + [Jve]ls]V vz 6| Orve 12
<[ Ave ]| 0vel2 + Cllve || [ Ve [l2 | Opve |2

1
<7 10ells + ClIVPeell2(1 + [[oe ),

for a positive constant C' depending only on h. Substituting the above estimates of
Ly and L, into (5.2)), and recalling (5.1)), we obtain

T T
[ 10w lBids <€ [ (14 o) IV s <O+ Ky TP
t t

Combining the above estimate with (5.1]) yields the conclusion, with Ks(t,T) =
K4(t,T) + C(1+ Ki(t,T))?. This completes the proof. O

To obtain additional estimates on v., we decompose v. into two parts
Ve = Ve + Vsa
such that V. is the unique solution to the following linear system
at‘/a + ('Ua : VH)Vva + waaz‘/a + VHPa(XHa t) - AVE + fok‘ X V; - O> (53)
f_hh V- Vo(x, 2, t)dz = 0, (5.4)
subject to the periodic boundary condition, with initial data Vj..

The solvability of the above linear system can be done in the same way (in fact
much easier) as for the primitive equations. Based on the H! theory for the primitive
equations, i.e., the global existence of strong solutions with H' initial data, one can
show that the solution v, to the primitive equations with smooth initial data v, is

smooth, and as a result, V, is also smooth.
Moreover, we have the L> estimates on V. stated in the following proposition.

Proposition 5.3 (L™ estimates on V.). Let V. be the unique solution to system
(223)-(5F), subject to the periodic boundary condition, with initial data Vo.. Then
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we have the following estimate
sup [[Velloo(s) < Ks(t)][Volloo,

0<s<t
for any t € [0,00), where
K3(t) = C(1+ Jluolla) ™t +1)% exp{Ce (t + 1)(1 + [[volla)*},

for a positive constant C' depending only on h.

Proof. Let q € [2,00). Multiplying equation (5.3]) by |Vz|9"2VL, and integrating over
Q, it follows from integration by parts that

1d
—E”Va”Z + / VV.: V(|Ve|q_2V€)dX = / Pg(xH,t)VH . (IVelq_zVa)dX'
q Q Q
Straightforward calculations yield
|9V Vv aax = [ VTRV + (g = 2|91V Pax
We thus have
1d a_
CapVell + |1V

2

< [ PV (VT
Q

By the Holder inequality, we deduce

/ P(x", )V - ([Vo"?V.)dx
Q

h
<(q-1) / P.(x. 1) / VL7V Vo | dedx
M —h

h 3 h 3
<=1 [ 1P.6e"0) (/ Wel"‘2dz) (/ |wq—2\m|2dz) dx
M —h —h

2q

4q q4_t12 h P (141;11
<=0 ([ pea) T () a | v
M M \J-h

2

q—2

q+2 4q

h h q—2 v
<012 g | [ [ s ([ )| e
a2 M J—h —h

<(g = 1)) | P2 g ae IV s

2

VYLV,

Y

2
which, substituted into the previous inequality, yields

Ly |+ [|IVal3 - VL

qdt

at2 a2 a_
< (g =D @h) 5 || Pl 20 2 [|Vellog |Vt Ve|, - (5.5)
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We need to estimate the term || P.|| gy O the right-hand side of (5.5]). Applying
q+2’

the operator divy to equation (B.3)), integrating the resulting equation in z over

(—=h,h), and using (5.4), yield
1 h
~AuP ) =g [ (Vi (Ve 0+ oV Vol

Note that P. can be uniquely specified by requiring [,, P.dx” = 0. Decompose
P. = P! + P2, where P! and P? are the unique solutions to

1
~ApPr(x" t) = ﬁ/ Vi Vi (V.®v.)dz,
—h

and

h
—AHPE(XH,t) = ﬁ/ V- (kxV.)dz,
ST

respectively, subject to the periodic conditions, and the average zero condition [ i Pldx =

0, for ¢ = 1,2. Thus, noticing that 4q € [2,4), for ¢ € [2,00), by the elliptic regular-
ity estimates, the Sobolev, Holder and Young inequalities, we deduce

1Pty g UPA g + 1P g < P s g + IV PR sy

h
/ k x V.dz
—h

h h
<C [ Ve ol gy a e+ C [ Vil gy
_h q+2’

3¢+2°

h
SCH/ V. @ v.dz
—h

+c|

4q 4q
q+2 M 3q+2 M

h h
sc/nmhmeMW+0/nmmeﬁw

<Cuel[al|Vellag(2) 17235 + CI|Vallag M (21) 2
SC(1 4 20) (1 + [Jvella)[[Vellag < C(1 + [luella) [Vl

for a positive constant C' depending only on h.
Substituting the above inequality into (5.5]) yields

V)%

]_d q_ 2 g
SVl + VRV V| < cat o+ e llolivall, A ICXO

for a positive constant C' depending only on h. By the Poincaré inequality and
9

1 9
the Gagliardo-Nirenberg-Sobolev inequality, ||¢|ls < Cll@||{°||Ve||3°, for any average
zero function ¢, we deduce
1 9
g 1|10 q 10
2 2 ,
Al )

%
IVellsg =
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which, substituted into (5.6]), and using the Young inequality, yields

d a_
Sl e

<Cq(1 + el [|IV2I2]|

<Catt-+ el (|

q

i (i

} 1

9
)10

)H|V|

c 2
1 i1 2 2 2 9 3
<;|vlEvve ]+ e+ el 0 Al
]- q 2 g9 2
<5 [+ ogra + foalio)? 38<1+||ve||4>2°\ f
1 qa_ 2 q\ 2
<5 [V + e+ o (1015

Therefore, applying Proposition 5.1] we have
d q\ 2
ZIVellg <Oq™( + flo-l)™ (Va3

<Cg" [(1 4 |fvolla) exp{Ce™ (¢ + 1)(1 + fJoo]13)*}]” (IIV I

vk Nk Nk
\—/ \—/

<Cq" [(1+ luolla) exp{Ce (¢ + 1) (1 + [[uol4)*}]* (||V I

a\ 2
=Cqso(t) (IV:I13)
with Ky given by
So(t) = [(1 + [lvolla) exp{Ce*(t + 1)(1 + [Jvoll4)*}*

and C' a positive constant depending only on h. Set dy = ||Vo]|co. Recalling that
[Voelloo < [[Volloo, it follows that [[Voe||2 < 2hd5. On account of this, it follows from

the previous inequality that

2
sup [|[VZ||2 < 2hdg + Cyq**Si(t) (sup 1V.]|2 ) (5.7)
0<s<t 0<s<t

for a constant Cf depending only on h, where S (¢ fo So(s

Define
Ap(t) = Sup IVll3e, k=12,

Then, setting ¢ = 25! in (5.7) yields
Apir(t) < 20827 4 C20H0 S (D AL(H?, k=1,2,---,
where Cf is a positive constant depending only on h. Setting
My(t) = 2h + (1 + C)2%(1 + S1 (1)),
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then we have
Ci2' 00D 8y (1) < (1+ C3)2% (1 + S1(1)) < [(1+ C3)2%(1 + S1(1)]F < Mo(t)*,

and consequently

2k+1

Appa(t) < Mo(H)65 + Mo(H) " Ax(t)?, k=1,2,---.
It is obviously that My(¢) > 2. Thus, we can apply Lemma to deduce that

2k71

Ap(t) < (Mo(8)'60)" 7, k=1,2,---.
Recalling the definition of Ay, then for any s € [0, ], we have

2k71

IVEIIZ(s) < Ap(t) < (Mo(2)4a3)*"

which implies ||Vz||ox(s) < My(t)%8, for any positive integer k and every s € [0,1].
Taking k£ — oo, we conclude

IVzlloo (5) < Mo (t)*60 = Mo(t)?[| Voo,
for every s € [0,t], and hence

sup [|Vzlloo(s) < Mo(t)* | Vol -

0<s<t
Recalling the expressions of M, and Sy, one can easily verify that
Mo(t)* < C(1+ [|volla)*(t + 1)* exp{e* (t + 1)(1 + [Jo[l)*} =: K(t),
for a positive constant C, depending only on h. Therefore, the conclusion holds. [J
Recalling the definition of V_, it is then clear that v, satisfies
O + (v - V)0 + w0.0. + Vpe(x,t) — Av. + fok x 0. =0,  (5.8)
[V v.(x 2 )z =0, (5.9)

subject to the periodic boundary condition, with initial data vy.. Moreover, since v.
and V. are both smooth, so is v..
For v., we have the following proposition, which states the estimate of v, in X.

Proposition 5.4 (Estimate on v. in X). Let 0. be the unique solution to system
(2.8)-(53), subject to periodic boundary condition, with initial data vo.. Then we
have the following estimate

t
wa%+w@mmwyéuwﬁ@+wvaaﬁmTSKum

sup

0<s<t
where Ky is a continuous function on [0,00), determined only by h, and the initial
norms ||To|2, || Vollse and [[volls.
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Proof. Multiplying equation (5.8)) by v., and integrating over €2, then it follows from
integration by parts that

Sl Vel =0,
which implies
1 t 1 1
3 s [+ [ 19o.ldr < Sl < 5lll (5.10)
0<s<t 0

Set 4. = 0,v.. Differentiating equation (5.8) with respect to z yields
01 + (ve - Vig)Ue + we0:Ue — Atle + (0:0: - Vi)V — (Vi - ve)Ue + fok X e = 0.
Multiplying the above equation by ., and integrating over 2, then it follows from
integration by parts that
1d
2dt
We are going to estimate the terms on the right-hand side of the above equality.

For the first term, integration by parts, and using the Holder, Sobolev, Poincaré and
Young inequalities lead to

I ::/(VH v )| dx = —2/(115 V)t - uedx
Q Q

||aa||§ + ||Vﬂa||g = /[(VH - V)l — (0.0 - VH)T)E] - Uedx. (5.11)
Q

1 1
2 vellel Vate|l2l[uells < Cllvell6l|V atie||2]|e]|3 [V mte]|3
| _ 1. _
SEIIV%II% + COllvelfsllae |3 < BIIVuaH% + OllvefglI V213
For the second term, it follows from integration by parts that

I :=— /(azvg -V i)0e - Uedx = —/82(7;5 +V.) - Vyo, - u.dx
Q Q

= — /(ﬂe . VH)’(_Jg . ﬂedx — /(az‘/e . VH)EE . Hedx =. ]21 + ]22.
Q Q

Estimates on Iy and I are given as follows. Integrating by parts, it follows from
the Holder, Sobolev, Poincaré and Young inequalities that

Iy = — /(715 -V y)o: - tdx
Q
= / (Vi - 1:)T. - e + (e - Vi)l - 0] dx
0

1 1
<2[|Vate|2l|vellsluclls < ClIVmte|l2l|vells]|ue 3 [Vl

1, - 1, )
<z IVal; + Cllo-fgliall; < gl Vaels + CClells + V-l -
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1., _
SEHV%IB + C([Jvells + Vel VL3,
and

]22 = — /(OZV; . VH)@a . ﬂadX
Q

= / (Ve - Vi) -t + (Ve - Vi) - 0:1.)dx
Q
SIVelloolIV e l2fltell2 + [[Velloo |V 11 0: 21|10 e 2

1, i _
<G IVaells + CIVlS(laes + 1V ave)

1 _ _
SEHVHUaHg + O VElZ Vo 5.
Substituting the estimates for I3, I5; and Iy into (B.11]), we have

d, _ _
Zluells +1IVa-ll; < Clllvels + V-5 + DIIVe3,

for a constant C' depending only on h. Integrating the above inequality with respect
to time, recalling (B.10), and applying Proposition b1l and Proposition 53] we have

t t
sup [a.[3(5) + [ [VaI8(r)dr < C sup (ol + Vel + 1) [ Ve Bar
0<s<t 0 0<s<t 0

<C|Toll3[K1 ()" (1 + lvollg) + 1 + K5 () [Volls] =2 Ki(1).
Combining the above inequality with (B.I0), we then obtain

t
Oiugt(llﬂsllgﬂL |c]13) +/0 IVl + (Va2 dr < Ki(#) + [0l = Ka(?),
completing the proof. O

6. PROOF OF THEOREM

Based on the results established in the previous section, we can now give the proof
of Theorem [I.2] as follows.

Proof of Theorem [I.2. (i) Suppose vy = vy + Vp, with 90 € X NH and Vj €
L>(Q) NH. Extend vy, vy and Vj periodically to the whole space, and use the same
notations to the relevant extensions. Let j., as before, be the standard compactly
supported nonnegative mollifier, and set v, = Uy * jo, Vo. = Vi * j. and vg. = vy * je.
It is then obvious that vo. € X NH, Vo € L>®(Q) NH and v, = Vo + Ve

Let v. be the unique global strong solution to system ([L9)—(L13)), with initial data
vge. As in section B, we decompose v, into two parts as

'Ua:VE“'T)Ea



28 JINKAI LI AND EDRISS S. TITI

where V. is the unique solution to system (5.8)—(5.9), subject to periodic boundary
conditions, with initial data Vj.. By Propositions 5.IH5.4, we have the estimates

Seel3®+ [ Ve < Sl
sp 02s) < VEEL(B(L -+ Jule).
0<s<t
T
sup o3(s) + [ (700 [3(0) < Kaft. )
t<s<T t
sup [Vl (s) < Ka®) Vil
0<s<t
sup (160 0135+ [ 119 900 ) < Koo,
0<s<t

for any 0 <t < T < oo, where K;,i = 1,2,3,4, are the same functions as those in

Propositions 5. IH5.4l

Note that the associated pressure p.(x,t) for the solution v. in system (L9)-
(LII) can be decomposed as p. = p! + p?, where p! and p? are the unique solutions
to systems

h
—AHp;(X ) = ﬁVH VH / (UE X UE)dZ,
—h

and
—AHp6 H ¢ / V- (kxv:)dz,

respectively, subject to the periodic boundary conditions, and the average zero con-
dition [ Iy pldxl =0, for i = 1,2. As a result, by the elliptic regularity estimates, and
recalling the L°°(0,¢; L°(€))) estimate on v, stated above, we obtain by the Holder
inequality that

Pzl 2022 (@) < Cllvell Lo ro@) < CEL®)* (L + [[wollg),
and
IVE2l 02200 < Cllvelleos220)) < Clluoll3,
for any ¢ € (0, 00).
Rewrite equation (L9) for v. as
Opve + Vi - (v @ v2) + 9. (weve) + Vape(x",1) — Av. + fok x v = 0,

Noticing that L2(Q) < L7 () < W~%(Q), and recalling that w, is determined by
ve through (LITJ), it follows from the above equation and using the Holder inequality
that

Haﬁven -1.3 <|[Vi - (ve® Us)qu,g + HaZ(wsUs)HWA g + HAUEH -1,%

per per per per
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FIVapell g +IVHPZl g + follk x vl g

per per per

<C(lve @ vells + wevels s+ Ipts + [V p2lla + )
v + awellalloell s + 19l + [l + e 1)
<C(lell2 + 90 elleells + 19l + [l ),

and thus we have

1005ty SO ooy + el | V0 2oy
per

+ [V L2@x ) + vl Lo 0,6220)))
SC(vellZoo .18 + Vel T2k 0y + 1) < B(1),

for a finite valued function B(t), for ¢ € [0, 7], which is independent of .
On account of the estimates obtained above, and noticing that H!  <s— L?

per

Wper and that H2, << H], < L? one can apply the Aubin-Lions lemma, i.e.,
Lemmam to deduce that there is a subsequence, still denoted by {v.}, and a vector
field v = v + V, such that

1,2

v, — v in L2(2 x (0,1)) N C([0, t]; Wper 2 (2)),
v. = vin L2(0,t; HL (Q)NH), v. = wvin L®(0,t; L*(Q)),

per
Vv, = Vo in L®(t,T; L2(Q)), (V2v.,0n.) — (V?v,0w) in L2(Q x (t,T)),
V. 2 Vin L®(Q x (0,1)),
0,0, = 0,0 in L>®(0,t; L*(Q)), 0.0. — 0,0 in L*(0,t; H!.(Q)),

per
for any 0 < t < T < oo, where — and — are the weak and weak-* convergences,
respectively. Moreover, by the weakly lower semi-continuity of the relevant norms,
we have

IVl oo @x0.) < K () [|Volloo, ||v|| / IVoll3(r)dr < —||vo||2> (6.1)

for a.e. t € [0, 00).

We claim that v is a weak solution to system (L9)-(TI3)). To this end, we need
to verify (i)—(iv) in Definition [Tl By the strong convergences stated above, one can
see that

ve C([Ou 00)7 WI;; (Q>) N Lloc([ov 00)7 L2(9>> N Lloc([ov OO) Hl (Q> N H)v

per

from which, by the density argument, one obtains

v € C([0,00); Ly, (2)) N Lite([0, 00); Hpey () NH),

per
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verifying (i) in Definition [Tl Recalling that v. is smooth, it is clear that v. satisfies
the weak formula, i.e. (ii), stated in Definition [[LTIl As a result, recalling the conver-
gences stated in the previous paragraph, one can take the limit, as € goes to zero, to
show that v satisfies the weak formula (ii) in Definition [Tl Note that

ve L*(t,T;H),(Q), 0oweL*tT;L*Q)),

per

v is actually a strong solution to the primitive equations, away from the initial time.
By the aid of this fact, the differential energy inequality (iii) in Definition [[.T] actually
holds as an equality. The term (iv) is guaranteed by (6.I). Therefore, v is a weak
solution to system ([L9)—(LI3]), with initial data vy.

Recall that we have the decomposition v = v + V', with ¥ and V' being the weak
limits of v. and V;, respectively. By the weakly lower semi-continuity of norms, v and
V have the same regularities and same estimates to those for v, and V., respectively.
This completes the proof of (i).

(ii) Let v be the weak solution established in (i). Note that p is continuous on
[0,00). There is a positive short time 7}, such that

sup ||V (t) < pu(T0) [IVolloo < 20(0)[[Volloe < 0.
0<t<Ty

Thanks to this, by Theorem [I1] v is the unique weak solution to system (L9)—(TI3),
with initial data vg. This completes the proof of (ii). O
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