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KRONECKER’S SOLUTION OF PELL’S EQUATION FOR CM FIELDS
RIAD MASRI

ABSTRACT. We generalize Kronecker’s solution of Pell’s equation to CM fields K whose
Galois group over QQ is an elementary abelian 2-group. This is an identity which relates CM
values of a certain Hilbert modular function to products of logarithms of fundamental units.
When K is imaginary quadratic, these CM values are algebraic numbers related to elliptic
units in the Hilbert class field of K. Assuming Schanuel’s conjecture, we show that when
K has degree greater than 2 over Q these CM values are transcendental.

1. INTRODUCTION AND STATEMENT OF RESULTS

The analytic construction of solutions of certain natural Diophantine equations is a prob-
lem of central importance in number theory. One of the most remarkable examples of this
is Kronecker’s “solution” of Pell’s equation

2% — dy® = +1. (1.1)

The fundamental unit 4 in the real quadratic field Q(v/d) satisfies (1.1). Kronecker expressed
g4 in terms of values of the Dedekind eta function n(z) at CM points on the modular curve
SLy(Z)\H (see the discussion below, and in particular, equation (1.5)).

In this paper we will generalize Kronecker’s solution of Pell’s equation to CM fields K
whose Galois group over Q is an elementary abelian 2-group (see Theorem 1.3). This is an
identity which relates values of a certain Hilbert modular function at CM points on a Hilbert
modular variety to products of logarithms of fundamental units. When K is imaginary
quadratic, these CM values are algebraic numbers which can be expressed as absolute values
of Galois conjugates of elliptic units in the Hilbert class field of K (see [S, p. 103]). In
contrast, when K has degree greater than 2 over Q we will show, assuming Schanuel’s
conjecture, that these CM values are transcendental (see Theorem 1.6). This result is related
to interesting recent work of Murty and Murty [MM1, MM2| on transcendental values of class
group L—functions for imaginary quadratic fields.

We begin by reviewing Kronecker’s solution of Pell’s equation. For a quadratic field
Q(V/A) of discriminant A, let ya be the Kronecker symbol, L(xa,s) be the Dirichlet L-
function, h(A) be the class number, e be the fundamental unit, and wa be the number of
roots of unity. Let K = Q(\/E) be an imaginary quadratic field of discriminant D < —4
(so wp = 2). For an ideal class C' of K, let 7, € H be the CM point of discriminant D
on the modular curve SLy(Z)\H corresponding to [a] = C'~! (here H is the complex upper
half-plane). More precisely, if Q(X,Y) = N(a)X? + bXY + cY? is the reduced, primitive,
integral binary quadratic form of discriminant b* — 4N (a)c = D corresponding to the class
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C~1!, then

_—b+VD
T ToN(a)

is the unique root in H of the dehomogenized form (X, 1) (here N(a) is the norm of a).
Kronecker established the following “limit formula” for the constant term in the Laurent
expansion of the partial Dedekind zeta function (x(s,C) at s = 1,

T 1 T

JDls—1| /D]

where v is Euler’s constant and ¢ : H — R* is the SLy(Z)-invariant function

= 2/ VDD Im(z) [n(2)?,

(27 — log |D| - 2log g(7a)) , (1.2)

s—1

lim [CK(S C)—

where
oo

n(z) = e(z/20) [[(1 = e(n2)), e(z) =™
n=1
is Dedekind’s weight 1/2 modular form for SLy(Z).
Let D = DD, be a nontrivial factorization of D into coprime fundamental discriminants
D; > 0and Dy < 0. Let x be the genus character of K corresponding to the decomposition
D = D1D2 and let

Li(x,s) = > x(C)k(s,C)
CECL(K)

be the L—function of xy where CL(K) is the ideal class group of K. Kronecker established
the factorization

LK(X7 S) = L(XDUS)L(XDwS)' (13)

By orthogonality of group characters, one obtains from (1.2) the formula

2
LK(Xal) - \/WOGCZL( . (C) logF(Ta)'

On the other hand, by Dirichlet’s class number formula for quadratic fields one has
2log(ea)h(A)

, if A>0,
A
L(xa,;1) =1 9 X_ (1.4)
M, if A <O.
A
Equating both sides of Kronecker’s factorization (1.3) at s = 1 yields the beautiful identity
2h(D1)h(D
— Y (Ol F(r = 2PIDD
U)D2
CeCL(K)
or equivalently
H F X(C) (Dl)h(DQ)/wD2 (1.5)

CeCL(K
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The fundamental unit ¢p, satisfies Pell’s equation
22 — Dyy? = +1,

thus one has a “solution” of this equation in terms of the CM values F'(7,).

Recall that a CM field is a totally imaginary quadratic extension of a totally real number
field. In order to generalize Kronecker’s identity (1.5) to CM fields we proceed as follows.
First, we evaluate the special value Lk (x, 1) where y is a nontrivial class group character of
a CM field K (see Theorem 1.1). To do this we establish a suitable version of the Kronecker
limit formula for CM fields, which relates the constant term in the Laurent expansion at
s =1 of (k(s,C) to values of a Hilbert modular function at CM points on a Hilbert modular
variety (see Theorem 4.1). Second, we identify the CM fields which possess a genus character
x whose L—function Lg(x, s) factors as a product of quadratic Dirichlet L-functions. These
are the CM fields whose Galois group over Q is an elementary abelian 2-group. Given such a
factorization, we can evaluate Lk (x, 1) using Dirichlet’s class number formula for quadratic
fields. By equating the two different evaluations of Lk (x, 1) we will generalize (1.5).

Note that a limit formula for CM fields was established by Konno in [K]. See also the work
of Asai [A], who calculated the constant term in the Laurent expansion at s = 1 of the real-
analytic Eisenstein series associated to any number field of class number 1. Our approach
to the limit formula for CM fields differs from [K]. In particular, we proceed via the Fourier
expansion of the Hilbert modular Eisenstein series, which enables us to use periods of this
Eisenstein series to explicitly determine the CM zero-cycles along which we evaluate the
Hilbert modular function.

In order to state our results we fix the following notation. Let F' be a totally real number
field of degree n over Q with embeddings o4, ...,0, and ring of integers Op. Let K be a
CM extension of F' with a CM type ®, and let

CM(EK,®,0p) = {z € H" : [a] € CL(K)}

be the zero-cycle of CM points on the Hilbert modular variety Xp = SLo(Op)\H" (see
Section 3). Let Ry, wi and di be the regulator, number of roots of unity, and absolute
discriminant of K, respectively.

In the following theorem we give a formula for the special value Lx(x,1).

Theorem 1.1. Let F' be a totally real number field of degree n over Q with narrow class
number 1. Let K be a CM extension of F' with a CM type ®. For each class C' € CL(K), let
2y be the CM point in CM(K, ®, Or) corresponding to C~'. Then for each nontrivial class
group character x of K,

2n+1 nRK
Ll 1) = - = —== Z ) log G(za),
WK CECL(K

where G : H" — RT is the SLy(Op)-invariant function

G(2) == <2ndF/\/@)H1m(zi)-¢(z)2, 2= (21,...,2,) € H"

and ¢(z) is the positive, real-analytic function generalizing |n(z)| defined by (1.6).
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Remark 1.2. The narrow class number 1 assumption in Theorem 1.1 can be removed
by working adelically. We have worked classically throughout the paper to emphasize the
parallels with Kronecker’s original work.

The function ¢(z) in Theorem 1.1 is defined by
8(z) = flz) VT, (1.6)

where rp is the residue of (p(2s — 1) at s = 1/2 and

n n —271S (aby)

m / e .
f Z) = exp C 2 Yi + — 6271’1T(aba:) :
(2) F( )ilzl1 ’/_dFaZeO* azzab Nrjo(())
F 57

acO%
beOR/OF

where z = x + iy € H", O}, is the dual lattice, O is the unit group,

S(aby) = Z | (ab)| s,

n

T(abx) = Z oi(ab)x;,

i=1
and the prime means the sum is over nonzero elements. In Proposition 4.3 we will show that
¢(z) transforms like

N

n

H(%(V)Zi +04(0))

i=1

¢(Mz) = ¢(2)

for M = <(;f g) c SLQ(OF)

Our main result is the following theorem generalizing Kronecker’s identity (1.5).

Theorem 1.3. Let F' be a totally real number field with narrow class number 1. Let K
be a CM extension of F with Gal(K/Q) = (Z/2Z)" for some integer r > 2, and let E be
an unramified quadratic extension of K with Gal(E/Q) = (Z/2Z)". Let x be the genus
character of K arising from the extension E/K. Let A; for 1 <1 < 2" be the discriminants
of the quadratic subfields Q(v/A;) of E which are not contained in K and define Sg =
{A;: A; >0} and S;:={A;: A; <0}. Then

[[ GG :exp( — = VT tostea, )

CEeCL(K) AE€Sg

where

27‘

, A
o= Vel M)
HAZ'ESI wAi

In the following theorem we give an explicit example of Theorem 1.3 for CM biquadratic

fields.
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Theorem 1.4. Let F' = Q(,/p) where p=1 mod 4 is a prime such that F has narrow class
number 1. Let D = D1Dy < 0 be a composite fundamental discriminant with Dy > 0 and

Dy < 0 fundamental discriminants. Let K = Q(V/D,/pD) and E = Q(v/Di,v/Da,/p).
Let x be the genus character of K arising from the extension E/K. Then

H G Za -x(C) _ = exp (6\/_10g 5D1) log(ngl)) :

CEeCL(K) log(zy)

where
wich(D1)h(D2)h(pD1)h(pDs)

leDQwD2wPD2

B = € Q.

Kronecker’s identity (1.5) implies that the product of CM values

H g(Ta)fx(C)

CEeCL(K)

is an algebraic number. This product is also related to elliptic units in the Hilbert class field
H of K = Q(v/D). Namely, using quotients of powers of 7(7,) and the theory of complex
multiplication, one can construct a sequence (s, ¢ =1,...,h(D) — 1, of independent units in
H (see [S, p. 103]). If oy is the automorphism of H/K corresponding to the ideal class C
under the isomorphism

Gal(H/K) — CL(K),
one can show that

9(Ta) = |¢P|2D) =1, (D) — 1,
g(Takazl)

where Cék) := 01(¢;). In particular, the quotients g(Tak)/g(Takaf) are algebraic.

More generally, let Hx be the Hilbert class field of a CM field K as in Theorem 1.1 and
let hx be the class number of K. In light of the preceding facts, it is natural to ask whether
the products of CM values

are algebraic, and if so, whether they are related to analogs of elliptic units in Hx. We will
show, assuming Schanuel’s conjecture, that these products are transcendental.

Recall the following well-known conjecture of Schanuel from transcendental number theory
(see e.g. [Wa, Conjecture 1.14]).

Conjecture 1.5 (Schanuel). Given complex numbers x1, ..., z,, that are linearly independent
over Q, the field

@(;1:1, ey Ty €xXp(21), ..., exp(xy,))

has transcendence degree at least n over Q.

We will prove the following theorem.
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Theorem 1.6. Let notation and assumptions be as in Theorem 1.3. Then assuming Schanuel’s
congjecture, the numbers

H G(Za)_X(C)
CeCL(K)

are transcendental.

Theorem 1.6 indicates that one cannot in general expect the quotients
G(24,)

% kl=1,..., hg —1,
G(zukagl)

to be related to analogs of elliptic units in Hy. For example, if we assume in Theorem 1.6 that
K has class number 2, then Schanuel’s conjecture implies that the quotients G(z,)/G(z0, )
are transcendental. Note that there are more than 150 CM biquadratic fields with class
number 2 (see [BWW]).

Organization. The paper is organized as follows. In Section 2 we calculate the Laurent
expansion at s = 1 of the Hilbert modular Eisenstein series. In Section 3 we review some
facts regarding CM zero-cycles on Hilbert modular varieties. Finally, in Sections 4, 5, 6, and
7, we prove Theorems 1.1, 1.3, 1.4, and 1.6, respectively.

Acknowledgments. [ would like to thank Matt Papanikolas and Tonghai Yang for many
helpful discussions, Kumar Murty for his interest in this work, and the referee for suggestions
which improved the exposition. The author was supported in part by the NSF grant DMS-
1162535.

2. LAURENT EXPANSION OF THE HILBERT MODULAR EISENSTEIN SERIES

Let F' be a totally real number field with class number 1. Let I’ have degree n over Q
with embeddings o4, ...,0, and let

z=x+iy=(21,...,2,) € H".

Let Op be the ring of integers of F' and SLy(Op) be the Hilbert modular group. Then
SLy(Op) acts componentwise on H™ by linear fractional transformations,

Mz = (o1(M)z,...,00(M)z,), M € SLy(Op).
Let

N(y(z)) = Hlm(zj) = Hyj

denote the product of the imaginary parts of the components of z € H". Define the real-
analytic Hilbert modular Eisenstein series

E(z,s) = Z N(y(M=z))*, zeH", Re(s)>1,
MET s \SLa (OF)

T = {(3 :) S SLQ(OF)}.

where



KRONECKER’S SOLUTION OF PELL’S EQUATION FOR CM FIELDS 7

Furthermore, let

n

N(a+b2) = [J(o;(a) + 0;(b) )

=1
for (a,b) € Op x O and define the Eisenstein series

N S
E(z,s) := E / L))zs, z € H", Re(s)>1,
< IN(a+bz)|
(a,b)EOFXOF/OF

where the sum is over a complete set of nonzero, nonassociated representatives of Op x Op
(recall that (a,b) and (a’,0') are associated if there exists a unit e € O such that (a,b) =
(ed’,et')). The two Eisenstein series are related by

E(z,s) = (r(29)E(z, s), (2.1)

where (r(s) is the Dedekind zeta function of F.
The Eisenstein series F(z, s) has the Fourier expansion

B(z ) = Ny(z))Co(2s) + FOENT | VAT s =

)] Cr(2s — 1) (2.2)

Vi ()
Ny [ ]
i ol
: Neral@) ™ nirwn TT i (9 o (ab) o
2. 2 (NF/Q((b))) [T, s 2nloab)]y))

J=1

=: A(s) + B(s) + C(s),

where OF. is the dual lattice, dp is the absolute discriminant, T'(ax) = > 7_, 0;(a)z; is the
trace, K,(v) is the usual K-Bessel function of order s, and A(s), B(s),C(s) are the three
functions on the right hand side of (2.2), respectively.

The Fourier expansion provides a meromorphic continuation of E(z, s) to C with a simple
pole at s = 1. We now use this to compute the Laurent expansion at s = 1.

The Laurent expansion of A(s) at s =1 is

A(s) = N(y(2))Cr(2) + O(s — 1).
Next, observe that
N(y(z))* 1 log N (y(2))

NP :\/@— NE (s—1)+0(s —1)%

ﬁr (‘9 — %) ' _.n n 2
[T] =7" —2n7"log(2)(s — 1) + O(s — 1)7,
and
Cr(25 1) = 5~ + Ap + O(s — 1),

2(s—1)



8 RIAD MASRI

After a calculation, we find that the Laurent expansion of B(s) at s =1 is

n

T™rg 1 T™rp
B(s) = gty oA~ g 0 N((2) + 2nlox(2)] + O(s — 1),
Using

Ki)a(v) = /7/2ve™"

we compute

N(y(z)) '

o NF/Q((ab))fl/ZefmrS(aby),

[T Kye(2xlo(ab)]yy) =
j=1
where

S(aby) = Z |o;(ab)| y;.

Thus the Laurent expansion of C'(s) at s =1 is

Co=T=y Y S e o1
§) = —— - ?miT(abz) s—1).
V2= 2 Nuo(0)

' aeo;,

bEOF/O;;

Putting things together, we find that the Laurent expansion of F(z,s) at s =1 is

E(z,s) = :1 (2) +O(s — 1),
where the residue
T™rg
E ., =t
1 9 /—dFa
and
7T7l
Fo(2) = E_12nlog(2) + log (N B
0(2) NP 12nlog(2) +log (N (y(2)) "' f(2)),
where
Z Z —27rzS (aby) 2 T(aba)
log f(2) = N(y(2))¢r e,
vd acO%  a=ab NF/@
acO%
bGOF/O;i

3. CM ZERO-CYCLES ON HILBERT MODULAR VARIETIES

(2.3)

(2.4)

In this section we review some facts we will need regarding CM zero-cycles on Hilbert
modular varieties following Bruinier and Yang [BY, Section 3|. See also the recent book of
Howard and Yang [HY]. Let F be a totally real number field of degree n over Q. For S C F,
let ST be the subset of S consisting of totally positive elements. For a fractional ideal fy of

F let

I'(fo) = SL(OF & fo) = {M = (3 g) € SLy(F): a,6 € OF, B€fo, v Efg '}
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Recall that I'(fy) acts on H" by
Mz = (o1(M)zy,...,0,(M)zy,).
The quotient space

X(fo) = I'(fo) \H"

is the (open) Hilbert modular variety associated to fo. The variety X (fo) parameterizes iso-

morphism classes of triples (A, i,m) where (A, ) is an abelian variety with real multiplication
i:Op — End(A) and

m: (D, ML) — ((9rfo) ™", (Frfo) ™)

is an Op-isomorphism from M4 to (Opfy) ™! which maps M} to (Opfy) 1T, Here M, is the
polarization module of A and 97} is its positive cone.
Let K be a CM extension of F' and & = (oy,...,0,) be a CM type of K. A point
z = (Aji,m) € X(fo) is a CM point of type (K,®) if one of the following equivalent
definitions holds:
(1) As a point z € H", there is a point 7 € K such that

O(7) = (01(7),...,00(7)) = 2
and
A= fo + OpT
is a fractional ideal of K.

(2) (A,i") is a CM abelian variety of type (K, ®) with complex multiplication i : O —
End(A) such that ¢ =

log"

Fix g9 € K* such that g = —¢¢ and ®(go) = (01(g0),...,0n(c0)) € H". Let a be a
fractional ideal of K and f, = €90k /paa N F. By [BY, Lemma 3.1], the CM abelian variety
(Aq = C"/P(a),i) defines a CM point on X (fy) if there exists an r € F'* such that f, = rfo.
Thus any pair (a,r) with a a fractional ideal of K and r € F* with f, = rfy defines a
CM point (Ag,i,m) € X(fo) (we refer the reader to [BY] for a discussion of how the Op-
isomorphism m depends on r). Two such pairs (a;,71) and (as,r2) are equivalent if there
exists an « € K* such that as = aa; and ro = riaa. Write [a, r] for the class of (a,r) and
identify it with its associated CM point (Aq,i,m) € X (fo).

By [BY, Lemma 3.2|, given a CM point [a,7] € X (f) there is a decomposition

a= Opa+ fof

with z = a/f € K*NH" = {2z € K*: ®(z) € H"}. Moreover, z represents the CM point
[av T‘] € X(f())

Let CM (K, @, fo) be the set of CM points [a,7] € X (f), which we view as a CM zero-cycle
in X(fo) Let

CM(E,®) = > CM(K, ),
[fo]€CL(F)*
where CL(F)" is the narrow ideal class group of F. The forgetful map
CM(K,®) - CL(K),
[a,7] = [a]
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is surjective. Each fiber is indexed by € € O3 /N rOj. Here #(Op™ /Ny rO}) equals 1
or 2; in particular, it equals 1 if € € Ng/pOj.
Assume now that F' has narrow class number 1. Then

CM(K,®)=CM(K,®,OF),
and the forgetful map
CM(K,P) - CL(K)

is injective (hence bijective) since Nk, pOj = Of. We will repeatedly use this bijection to
identify the zero-cycle of CM points CM(K, P, Or) C Xp := X(Op) with the set

{zo € K* NH" : [a] € CL(K)},

where z, represents [a,r| € Xp as above. The reader should keep in mind that the later set
depends on P.

4. PROOF OF THEOREM 1.1
We first establish the following version of the Kronecker limit formula for CM fields.

Theorem 4.1. Let F be a totally real number field of degree n over Q with narrow class
number 1. Let K be a CM extension of F' with a CM type ®. For each class C € CL(K),
let z4 be the CM point in CM(K,®, Or) corresponding to C~1. Then we have

i cntn - SR | -

dK s—1
(QW)nRK
WKV d}(

< ij;_ + 2log(dr) — log(dg) — 2log G(za)) ,

where

6() 1= (24 /i) N -6 (1)
and
B(z) = flz)

Proof. Fix a CM type @ for K. Let C' € CL(K), and fix an integral ideal a € C~'. Then
the partial Dedekind zeta function equals

CK S, C Z NK/Q

beC

— Z Ngola (W)~
(w)Ca

= Nk/q(a) Z Nio((w

wea/O%
Notice that

> Nial(@) ™ = ‘OX, 7 2 Nigalle

wEa/OK ea/(’)><
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Thus we have

N /gl
=105 O;\W@X/EQXNK/@

By the facts in Section 3 there exists a decomposition
a = Opoz + OFﬁ,
where z, = f/a € K* NH" and z, represents the CM point [a,7] € X (here fo = Op since
#CL(F)* =1). Then

S Nge(@) =Y Niggl(aa+58))

wea/O (a,b)EOFXOp /O
= Nigo((@)™ D0 Nigol(a+bz0)).
(a,)EOR X O /OF
By a calculation with the CM type ® we obtain
Niejo((a+bza)) = [N (a+bz)|”,
where we have identified z, with ®(z,) € H". Moreover, one has
2"dp

N, a/(a)) = N(y(z24))—F=—-
K/Q( /( )) ( ( a)) \/@
By combining the preceding calculations, we obtain

C(2MdR\° 1 ' N(y(z,))?
CK(S’C)_( > |05 o| Z |N(a+ bz)|*

b)EORXOp O}

<2ndp> 1 )
= }OX O§| E(zq, s).

Then after a calculation using the Laurent expansion

Observe that

E_
E(zq,5) = ; _11 + Eo(zq) + O(s — 1)
given by (2.3), we obtain the limit formula in the theorem. O

Remark 4.2. If ' = Q in Theorem 4.1, we recover the Kronecker limit formula (1.2).

The function ¢(z) is positive and real-analytic. In the following proposition, we identify
how ¢(z) transforms with respect to SLy(Op) (see also [S, pp. 108-109]).

Proposition 4.3. For all M = (?; g) € SL2(OpF), we have

S(Mz) = |N(yz + 6)| ¢(2).
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Proof. From the relation (2.1) we see that E(z,s) has weight 0 with respect to SLy(Op).
Then the Laurent expansion (2.3) implies that Ey(Mz) = Ey(z), which by (2.4) implies that

N(Im(MZ))) ‘

log f(Mz) = log f(z) + E_ log (W

A straightforward calculation shows that
N(Im(M=z))

e = VG o
and thus
F(Mz) = [N(y2+0)] "7 f(2).
The result now follows from the definition of ¢(z). O

Remark 4.4. By Proposition 4.3, the function G : H* — R* defined by (4.1) has weight 0
with respect to SLy(Op) and thus is well-defined on CM points.

We can now deduce Theorem 1.1.
Proof of Theorem 1.1: For a class group character x of K, let
Li(x,s) = > x(C)k(s,C)
CeCL(K)

be its associated L—function. By orthogonality for group characters, if x is nontrivial we

have
>, x@)=o.
CeCL(K)
The theorem now follows from Theorem 4.1. O

5. PROOF OF THEOREM 1.3

Let K be a CM field with Gal(K/Q) = (Z/2Z)" for some integer r > 2, and let F be an
unramified quadratic extension of K with Gal(E/Q) = (Z/27Z)"'. Then the zeta function
Cr(s) (resp. Ck(s)) factors as ((s) times the product of the quadratic Dirichlet L—functions
associated to the quadratic subfields of £ (resp. K). Note that there are 2" — 1 quadratic
subfields of K, 2"t! — 1 quadratic subfields of F, and 2" quadratic subfields of E that are
not contained in K. By class field theory, the unramified extension FE/K gives rise to a real
class group character x of K (a genus character) whose L-function factors as

_ Se(s)
Ck(s)
Then by the preceding facts we obtain the factorization

LK(X? S)

27‘
Lic(x,s) = [ [ L(xa. 9),
=1

where xa, for 1 < ¢ < 2" are the Kronecker symbols associated to the quadratic subfields
Q(vA;) of E which are not contained in K.
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Divide the discriminants A; into two disjoint sets, Sg = {4A; : A; > 0} and S; =
{A; : A; < 0}. Then we obtain the following formula for Lk (x, 1) using Dirichlet’s class
number formula (1.4) for quadratic fields,

22 e # S T2, h(A;) [1aes, l0g(ea,)

Lk(x,1) = - (5.1)
HZ?ZI V ’Az‘ HAZ'GSI wAi
On the other hand, by Theorem 1.1 we have
ntlan R
Li(x,1) = == D0 x(O)logGlz) | - (52)

wrVdx CEeCL(K)

Observe that #Sr = #S5; = 21 = [F : Q] = n, and the regulators of K and F satisfy the
relation

Rx = 2" 'Rp

(see [W, p. 41]). The theorem now follows by equating (5.1) and (5.2) and simplifying the
resulting expression. O

6. PROOF THEOREM 1.4

Let I = Q(y/p) where p = 1 mod 4 is a prime such that F' has narrow class number
1. Let D = D1D5 < 0 be a composite fundamental discriminant with D; > 0 and Dy < 0
fundamental discriminants. Let K = Q(v/D, +/pD), which is a CM biquadratic extension of
Q with Gal(K/Q) = (Z/2Z)?. Let E = Q(v/D1,+/Ds, \/p), which is an unramified quadratic
extension of K with Gal(F/Q) = (Z/2Z)3. Let x be the genus character of K arising from
the extension F/K, and let Ka denote Q(v/A) for a fundamental discriminant A. Then we
have the following diagram:

E = Q(vD1,VDs,/p)

X

K = Q(vVD,/pD)

K“K@(m/% e
Q
We have
Ce(s)
Eebo?) = Cey

Then the factorizations

CE(S) = C(5>L<Xp7 S)L(XDa S)L(XpD7 S>L<XD17 S>L(XD27 S)L(XPD17 S)L(XPD27 S)
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and
<K(S> - C(S)L(X]H S)L(XD7 S)L(XPD7 8)
yield
LK(Xa 3) = L(XDI? S)L(XD27 S)L(Xlea S)L(XpD2> S)'
By Dirichlet’s class number formula (1.4) for quadratic fields, we have
Li(x.1) = 2log(ep, )h(Dy) 2mwh(Ds2) 2log(e,p, )h(pD1) 2mh(pDs)
7 VD1 wp,+/| Dy vpDi Wpp,+/ [PD2|

On the other hand, by Theorem 1.1 we have

(6.1)

2
Lilo1) = TG [0S~ () 10gGiay) | (62)
wi VK CeCL(K)

where we used Rx = 2log(e,) (see [W, Proposition 4.16]). The theorem now follows by
equating (6.1) and (6.2) and simplifying the resulting expression. O

7. PROOF OF THEOREM 1.6

Assume first that r = 2. Then K = (Z/27)?, E = (Z/27)3, and the maximal totally real
subfield F of K is real quadratic. Let Q(v/D;) and Q(1/Ds) be the real quadratic subfields
of E which are not contained in K, and let F' = Q(y/D3). Then because Rx = 2log(ep,), it
suffices to show that A := exp(B) is transcendental, where

L log(ng) 1Og(5D2>
Bi= QO

for rational numbers @1, Qs € Q.
Let xy :=log(ep, ), x2 := log(ep,) and x5 := log(ep,). Then

Q(‘Tla Ta, T3, eXp<$1), eXp(l‘Q), eXp(:L‘;;)) = Q(log(5D1)’ log(5D2)v log<5D3))'

Because e¢p,,ep, and ep, are multiplicatively independent, x;,z, and x3 are linearly inde-
pendent over Q. Then by Schanuel’s conjecture (see Conjecture 1.5), the field

@(1Og(ED1 )’ log(EDz)v log(EDs))

has transcendence degree at least 3 over Q, and hence exactly 3 as it is generated by 3
elements. In particular, z1, o and x5 are algebraically independent over Q.

We claim that because x1, 2, and 3 are algebraically independent over Q, the numbers
x1, T, x3 and x4 := B are linearly independent over Q. To see this, suppose to the contrary
that there exist rational numbers «; € Q, not all zero, such that

1T + Qoo + 3Ty + Oé4B =0. (71)
Define the polynomial

q(t1, 2, t3) == aitits + qotots + asts + asQ1y/Qatita.
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Then (7.1) implies that g(x1,x2,23) = 0, which contradicts the algebraic independence of
x1,Te and x3 over Q. Thus xy,x9, x3 and x4 are linearly independent over Q. By another
application of Schanuel’s conjecture, the field

@(xla Lo, T3, T4, eXp(’Il)7 exp(xz), eXp(:tS)’ eXp(l’4))
= Q(log(ep, ), log(ep,), log(ep,), B, A)
= @(log(le), log(5D2)7 10g(€[)3), A)

has transcendence degree at least 4 over Q, hence A must be transcendental. This completes
the proof when r = 2.

Next assume that 7 > 2. Then K = (Z/27)", E = (Z/2Z)", and F = (Z/2Z)". The
rank of the unit group O is n — 1, where n = [F' : Q], and recall that the regulators of K
and F satisfy the relation

RK - 2”71RF.

Let 1, ...,e,_1 be fundamental units for the n — 1 real quadratic subfields of F'. These units
form a set of multiplicatively independent units in F' which are a basis for Oy /{£1}, and
thus

Rp = |det(log |oi(e;)[)1<ij<n—1]
where the o; run through any n — 1 embeddings of F'. The conjugate of a unit in a real
quadratic field is, up to a sign, its inverse. Thus for ¢ € Gal(F/Q), either o(¢;) = ¢; or

o(e;) = j:ej_l. It follows that the regulator Ry is a positive integer multiple of the product
log(ey1) - - - log(en—1). Therefore it suffices to show that exp(C) is transcendental, where

HA s, l0g(en,)
C:=Q3y/Q e ’
sV Qg (cy) - Tog(eny)
for rational numbers @3, Q4 € Q. Because the units {e1,...,6,-1} U {ena, : A; € Sg} are
multiplicatively independent, a straightforward modification of the argument for » = 2 shows
that exp(C) is transcendental.

O
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