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EDGEWORTH EXPANSIONS FOR STUDENTIZED STATISTICS
UNDER WEAK DEPENDENCE!

By S. N. LAHIRI
Texas A € M University

In this paper, we derive valid Edgeworth expansions for studen-
tized versions of a large class of statistics when the data are generated
by a strongly mixing process. Under dependence, the asymptotic vari-
ance of such a statistic is given by an infinite series of lag-covariances,
and therefore, studentizing factors (i.e., estimators of the asymptotic
standard error) typically involve an increasing number, say, ¢ of lag-
covariance estimators, which are themselves quadratic functions of
the observations. The unboundedness of the dimension ¢ of these
quadratic functions makes the derivation and the form of the expan-
sions nonstandard. It is shown that in contrast to the case of the
studentized means under independence, the derived Edgeworth ex-
pansion is a superposition of three distinct series, respectively, given
by one in powers of n~'/2, one in powers of [n/Z]fl/2 (resulting from
the standard error of the studentizing factor) and one in powers of
the bias of the studentizing factor, where n denotes the sample size.

1. Introduction. Studentized statistics (or t-statistics, in short) play a
fundamental role in statistical inference about an unknown parameter. For
example, construction of a confidence interval for a parameter 6 and testing
of hypotheses about 6 are typically based on studentized statistics. However,
in spite of its critical importance and uses, a complete understanding of the
higher-order properties of studentized statistics for dependent observations
remained elusive to date. As explained below in some details, a primary
reason for this is that the standard Edgeworth expansion (EE) theory does
not easily apply to the case of a studentized statistic under dependence. This
paper develops the necessary tools and establishes valid EEs of a general
order for a large class of studentized statistics under weak dependence. Such
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EE results are important for investigating higher-order properties of tests
and confidence intervals, such as coverage accuracy of one and two-sided
block bootstrap confidence intervals and their iterated versions, power levels
of tests under contiguous alternatives, etc., and for constructing inference
procedures with higher-order accuracy.

To highlight the major theoretical issues associated with the problem, let
{Z; }Z_foo be a sequence of stationary random variables with £Z; =0 and
EZ%=0%€(0,00). Let Z, =n"1>" | Z;, n>1. When the Z;’s are inde-
pendent and identically distributed (i.i.d.), n'/2Z, is asymptotically normal
with mean zero and variance o2. In this case, n%/2Z, may be studentized
using the scaling random variable

A1 i.d. [ -1 Z Z2 Z2
and therefore, the studentized sample mean
T7iz.i.d. _ nl/QZn/6i;i'd'

1/2

)

may be expressed as a smooth function of the sample mean, n=1 Y"1 (Z;, 22,
of the bivariate random vectors (Z;, Z2);i=1,...,n. Here and in the fol-
lowing, let A’ denote the transpose of a matrix A. An Edgeworth expansion
for T4 can be derived using the well-known results on EEs for sums of
i.i.d. random vectors and the transformation technique of Bhattacharya and
Ghosh (1978).

The problem of deriving EEs for studentized sample mean becomes con-
siderably more difficult when the Z;’s are dependent. In the dependent case,
under suitable moment and mixing conditions on the Z;’s [cf. Ibragimov and
Linnik (1971), Athreya and Lahiri (2006)], n'/?Z, is asymptotically normal
with zero mean and variance

(1.1) = +2ny

where (k) = Cov(Z1,Zi41), k € Z and Z = {0,+1,+2,...} is the set of
all integers. Thus, for studentizing Z,, one needs to estimate all the lag-
covariances y(k)’s, eventually, as the sample size n goes to infinity. In prac-
tice, one typically estimates a (large) number ¢ (say) of the lag-covariance
terms and let ¢ =/, tend to infinity with n suitably. For example, with
An (k) =n~1 Z?:_lk ZiZisr — Z2, 1 < k < n, a studentized version of n'/2Z,
may be defined as

(1.2) TnDEP nt/27 e DEP’

where 625 = max{4,(0) + 23 %_, An(k),n1}/2 (or a suitable variant of
it). However, note that unlike the i.i.d. case, the studentized statistic T,°F°
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is now a function of (¢ + 2) means, viz., Z,, n~* Z?;lk ZiZivk,0< k<,
where ¢ — oo as n — oco. It is precisely because of the unbounded dimen-
sionality of the means in the definition of 7> that the standard techniques
of deriving EEs do not apply to the studentized statistics in the dependent
case. Using some specialized arguments, two-term EEs [with errors of order
o(n~1/?)] have been independently derived by Gétze and Kiinsch (1996) and
Lahiri (1996a). In a recent work, Velasco and Robinson (2001) obtained a
third-order EE for the studentized sample mean for a Gaussian time series,
using an exact Fourier inversion formula that is available only under the
Gaussian assumption, but not in general. In this paper, we derive EEs of a
general order for studentized versions of a large class of estimators based on
different classes of commonly used studentizing factors under dependence.
In particular, as regularity conditions on the underlying process, we only re-
quire some moment and weak dependence conditions as in G6tze and Hipp
(1983), but not Gaussianity. The arguments developed here builds upon
a recent work of Lahiri (2007) and the seminal paper of Gotze and Hipp
(1983) (hereafter referred to as [L] and [GH], respectively) on EEs for sums
of dependent variables and also, critically relies on a representation result
of Bradley (1983).

To describe the main results of the paper, let { X };cz be a sequence of Re-
valued stationary random vectors with EX; =y, where d € N={1,2,...},
the set of all positive integers. Let X, =n~! >, X; denote the sample

mean of Xi,...,X,. Suppose that 6, is an estimator of a parameter of
interest 6 based on Xi,...,X,, such that
(1.3) 0,=H(X,) and 6=H(u)

for some (smooth) function H:R% — R. This is the smooth function model
of Bhattacharya and Ghosh (1978) [cf. Hall (1992)], which serves as a con-
venient, yet a general theoretical framework for studying EEs for a large
class of commonly used statistics. Examples of statistics that can be treated
under (1.3) include the sample mean, the sample auto-correlations and the
Yule-Walker estimators of autoregressive parameters in an auto-regression
model. The main results of the paper are also applicable to the class of
generalized M-estimators of Bustos (1982), which are given by measurable
solutions of estimating equations of the form

n—p
(1.4) Zw(Xiw--aXi-l—p—l;Hn) =0
=1

for some ¢ :R%*T! 5 R, p e N (see Remark 3.1 in Section 3 for details).
Note that under (1.3), the asymptotic variance of n'/2(8, — ) is given by

o0

> F(i)] h(p),

1=—00

Too = )

o0




4 S. N. LAHIRI

where I'(7) = Cov(Xy, X;) = E(Xo — p)(X; — ), i € Z and where h(-) is the
d x 1 vector of first-order partial derivatives of H. Here, we consider a class
of studentizing factors of the form

l
72 = max{h()_(n)' lfn(O) + ) wpn{Tn (k) + fn(k)’}] h(X,), n—l}
k=1

(1.5)
= max{7Z,,n 1} say

(and also some of its commonly used variants; see Section 4), where wyg,, €
R,1 <k </ are nonrandom weights, where for n > 1, ¢ =/, € (1,n), are
integers such that £,1 +n~1¢, = o(1) as n — oo, and where

is a version of the sample auto-covariance matrix at lag k, 1 <k <n — 1.
The studentized estimator is now given by

(1.6) T, =n'?0, — 0) /.

(For certain choices of wy,’s, the first term in the definition of 72 can be
negative or zero, albeit with small probability. The factor n~! in the defi-
nition of 72 ensures positivity of the scaling factor and thereby makes the
studentized statistic 7;, well defined.) The main results of the paper give
EEs for T, (and its variants) of order s for any given integer s > 3. Not
only are the arguments used for proving the EEs in the dependent case are
different from those in the independent case, the forms of the EEs are also
strikingly different. Recall that in the independent case, EEs for studentized
statistics are given by a series in powers of n=1/2:

(1L7)  P(Ty <a)=(x) + 0" Ppi(a)(x) +n " pa()d(a) + -,

uniformly in € R, where ®(-) and ¢(-), respectively, denote the distribution
and the density functions of a N (0, 1) variate, and p;(-)’s are some polyno-
mials. In contrast, the EFEs in the dependent case are super-impositions of

three distinct series in powers of n= /2, bn'/? and a, ! [cf. (3.8), Proposition
3.2 below]:

ay T EE9=@)+ela@iE - n ae)

1.8

+ b, as(2)d(x) + -

where ¢;(+)’s are some polynomials, b, = n/f and a, ! is of the same order as
the bias of 72. In (1.8), the n~1/2-series results from the centered and scaled
sample mean n'/2(X,, — u) as in [GH]. The terms in the a;,'-series and the
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bn 1/2_series result from the estimation of the asymptotic variance 72, by the

“truncated series” estimator 72; Here, the by, 2 geries is determined by the
stochastic part of 72 and the a,,!-series is determined by the determinis-
tic truncation error (or the bias of the estimator). We point out that the

coefficient of the by /*-term in the EE of T}, in (1.8) is zero, but those of

the higher powers of b, 1/2 typically are not. To provide further insight into
the interactions among the three series and for ready reference, we provide
explicit expressions for the terms in the EE for T, with an error of order
o(n™1) in Section 3 below. It is evident from this explicit EE [cf. (3.8)] that

interactions between the n~'/2-series and the by, 1/2_series show up only in
the terms of order smaller than n~'/2, and hence, the existing second-order
EE results fail to provide any clue to the complex pattern of interactions
between these series. In addition to the general-order EE for T,,, we also
establish valid EEs of a general order under alternative forms of studenti-
zations, including those based on various block bootstrap and subsampling
methods.

The rest of the paper is organized as follows. We conclude this section
with a brief literature review. In Section 2, we introduce the theoretical
frameworks of [GH] and [L] and state the assumptions. Here, we also verify
these assumptions for a class of vector linear processes. In Section 3, we
present the main results under the smooth function model. EE results under
other commonly used choices of the studentizing factors are given in Section
4. Proofs of the main results are given in Sections 5 and 6.

There is a vast literature on EEs for the sample mean X,, and for statis-
tics that are smooth functions of X,,. For independent random vectors, a
detailed account of the EE theory for X,, is given by Bhattacharya and
Ranga Rao (1986) (hereafter referred to as [BR]) and Petrov (1975), and
the theory under the “smooth function model” is given by Bhattacharya
and Ghosh (1978), Bhattacharya (1985), and Hall (1992), among others.
For weakly dependent random vectors, [GH] obtained EEs for X,, under a
very flexible framework. Lahiri (1993) relaxed the moment condition used
by [GH] and settled a conjecture of [GH] on the validity of expansions for
expectations of smooth functions of X,,. Applicability of [GH] results in dif-
ferent time series models have been verified in Gotze and Hipp (1994). EEs
for X,, under polynomial mixing rates have been given by Lahiri (1996b).
Second-order expansions for certain versions of studentized statistics under
weak dependence are given by Gotze and Kiinsch (1996) and Lahiri (1996a).
Velasco and Robinson (2001) derived third-order edgeworth expansion for
a studentized version of the sample mean for a stationary Gaussian pro-
cess. EEs for sums of block-variables are recently given in [L]. The results
of this paper establish EEs for most commonly used versions of studentized
statistics under weak dependence and extend earlier results on the problem,
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where the complex pattern of interactions among the three series were not
very clear.

2. Theoretical framework and assumptions. For deriving EEs for the
studentized statistic T,,, we will adopt a general framework similar to the
one introduced by [GH] in the context of establishing valid asymptotic ex-
pansions for sums of weakly dependent random vectors. Suppose that the
stationary sequence of random vectors {X;};cz are defined on a probabil-
ity space (2, F,P). Also, suppose that {Dj}JO-’;_OO is a given collection of
sub o-fields of F. Let D =0 (D;j:j € Z,p<j <q),—00o <p<q<oo. For
any two sub-sigma-fields G, H of F, define the a-mixing coefficient between
G and H as a(G,H) =sup{|P(ANB)—- P(A)P(B)|:Aec§,B € H}. For
notational simplicity, we set u= E X1 =0 in the statements of the assump-
tions below, unless there is some scope of confusion. [If in an application
w# 0, then replace X;’s in (A.1)—(A.6) below with (X; — p)’s.] For i € Z, let
Xi=(Xi1,...,X;q) and let Yzf be a [dy = d(d + 1)/2]-dimensional vector
with (p,q)th element

14

Yii(p,q) = XipXig+ > WiknlXipXishg + XitrpXigl:
k=1
(2.1)
1<p<q<d,

where w;, = wy, for 1 <i+k <n and w;, =0 for i + k > n. Next, define
the block variables

JlAn JlAn !
(2.2) an=<f—”2 Yoooxpet Ny an), 1< j < bon,
i=(j—1)0+1 i=(j—1)¢+1

where Y, = Yf - E}/Z% and by, = [n/l]. Here and in the following, for
x € R, we write [z] to denote the smallest integer not less than z and |z]
to denote the integer part of z. Also, we write || - || to denote the Euclidean
norm of a vector and the spectral norm of a matrix, i.e., ||(z1,...,z)|| =
S5 212, (o, k) € RE and [|A] = sup{[|Az] = € R¥, 2] = 1} for
a r X k matrix A, where r,k € N={1,2,...}. For a random vector U and
v € (0,00), let |U]|, = (E|U[")Y7. Let f = ((fi;)) denote the (d x d matrix-
valued) spectral density function of the process {X;}icz. Set 1 =+/—1 and
op = l),;(s*2)/2(logn)_27 n>2.

We shall make use of the following assumptions for deriving an (s — 2)th
“order” EE for T, for a given integer s > 3. Note that an (s — 2)th “order”
EE here is interpreted as a uniform approximation to the distribution of

T, with an error term o(by, (s=2)/ 2). This may be contrasted with the more
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familiar notion of order in classical EEs in the independent case (e.g., for
Ti4)  where the error of an (s — 2)th-order EE is o(n~(=2)/2). This dis-
tinction is important as the error of approximation in the dependent case
is determined by a coarser series (in powers of by, 1/2 compared to a series
in powers of n=%/ 2), resulting from estimation of the infinite-dimensional
parameter f(0).

ASSUMPTIONS.

(A.1) (i) There exists a constant & € (0,1) such that for alln > k=1, klogn <
(< Kk~ Int/?x,
(ii) The function H:R? — R in (1.3) is [v(s) + 2]-times differentiable
in a neighborhood of = FEX; and h(u) # 0, where

v(s)=inf{r e N:n_rﬂ(log n)(”+1)/2 = 0(6,) as n— o0}

and where recall that h(-) is the d x 1 vector of first-order partial
derivatives of H.
(A.2) (i) There exists a constant s € (0,1) such that sup{||Wjp||s4x:1 <
j <bgn,n>1} <k L.
(ii) The dx dmatrix f(0) is nonsingular and Ay, = lim,, Cov(ﬁ X
>, Yi,) exists and is nonsingular.
(iii) sup{|wgn|:1 <k <l,n>1} < oo and lim, ,eo|wg, — 1| =0 for
each k> 1.
(A.3) There exists a constant & € (0,1) such that for all m > x~! and for

all j > 1, there exist a D;J_rz—measurable X}m such that
B|X; — X] Il < 5~ exp(—rm).
(A.4) There exists a constant x € (0,1) such that for all n,m=1,2,...,
a(D” o, Dy

(A.5) There exists a constant k € (0,1) such that for all 4,7, k,r,m=1,2,...
with i <k <r<jand m> k"1,

E( sup |P(AD;: ¢ [k,]) — P(AID; 1 € [i = m,k) U (r,j + m]))
AeD]

) < Kk Lexp(—rm).

<k texp(—rm).

(A.6) There exists a constant x € (0,1) and a sequence {d,} C [1,00) with
dn, = O(f) and d2 = O(b. %) such that for all n > k= and k! <m <

log '/,
Jo+m ~
(2.3) jxgleaji E tselgzl E{exp (Lt’j Jz:mWJn> ‘Djo}‘ <1—k,
—io—
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where J, = J,(m) ={m+1,...,bp, —m — 1}, B, = {t € R:kd,, <
] < b2, and Dy, = Djy (m, €) = o({D;:5 € 2,5 & [(jo— | 2] )+
1o+ [ 2] + 1)4}.

Now we comment on the assumptions. As in [GH], here we formulate the
assumptions in terms of the auxiliary o-fields D;’s in order to allow for more
flexibility and generality in applications. (A.1)(i) is a growth condition on
the block length ¢ and allows ¢ to grow at a rate O(n[1/2=%) for an arbitrar-
ily small x > 0. Most of the commonly used variance estimators use an ¢ in
the range specified by (A.1)(i). For example, for the overlapping or nonover-
lapping block bootstrap variance estimators based on blocks of length ¢, the
(MSE-) optimal rate for £ is O(n'/3) [cf. Kiinsch (1989), Hall, Horowitz and
Jing (1995), Lahiri (2003)], for weights wy,,’s based on symmetric kernels,
the optimal rate of £ is O(n'/?) [cf. Priestley (1981)], and for weights based
on flat-top kernels, the optimal rate of £ is O(logn) under exponential strong
mixing conditions [cf. Politis and Romano (1995)]. (A.1)(ii) is a smoothness
assumption on the function H. The order v(s) is determined by the rela-
tive sizes of n and (. In particular, if H is (s + 1)-times differentiable in a
neighborhood of p with h(p) # 0, then (A.1)(ii) holds for all choices of ¢
satisfying (A.1)(i).

Assumption (A.2)(i) is a moment condition on the block variables Wj,’s
and can be weakened slightly, where boundedness of the (s + k)th abso-
lute moments of W;y,’s is replaced by sup{E|[W;,||* log(1 + ||[W;,|[)*®) :j =
1,...,bon,n > 1} < k! for some a(s) > 2s? and « € (0,1) (cf. [L]). A simple
sufficient condition for (A.2)(i), assuming (A.2)(iii), is that E[|X|2(+D+r <
oo for some k > 0. This can be proved using the arguments used in the proof
of Lemma 3.28 of [GH].

Next consider assumption (A.2)(ii). The two parts of (A.2)(ii) jointly im-

ply that the limiting covariance matrix of the normalized sum b(;nl /2 220:"1 Win
exists and is nonsingular. Note that when the weights wyg,’s are generated

through a bounded weight function w:[0,1] — R as
(2.4) Wiy, =w(k /1), 0<k<Y,

simple sufficient conditions on w(-) guaranteeing the existence of A, are
known [cf. page 699, Priestley (1981)]. Also, in this case, (A.2)(iii) holds
if w(0) = 1. However, the main results of the paper remain valid for more
general weights, as long as assumption (A.2) holds, and therefore, it is not
necessary to assume that the weights be generated through (2.4).
Assumption (A.3) is an approximation condition that connects the vari-
ables X;’s to the strong-mixing property (A.4) of the auxiliary o-fields D;’s.
The exponential decay of the strong mixing co-efficient in (A.4) can be weak-
ened to a suitable polynomial rate as in Lahiri (1996b), but at the expense of
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a much longer proof. We do not pursue such refinements here to save space.
Assumption (A.5) is an approximate Markov condition and is a variant of
a similar condition used by [GH]. This condition holds if the original ran-
dom vectors X;’s are generated by a Markov chain. Although assumptions
(A.3)—(A.5) may seem to have some overlap, in general, none of (A.3)—(A.5)
implies the other(s). However, in a specific application, it may be possible to
deduce one or more of these assumptions from the rest and can be dropped.
For example, if the random vectors {X;}°__  are strongly mixing at an
exponential rate and if we set D; = o(X;) for all 7, then assumption (A.4)
holds and (A.3) becomes redundant (by choosing X ,, = X; for all m > 1).

Finally, consider assumption (A.6), which is a stronger version of a condi-
tional Cramer’s condition on the block variables W;,’s given in [L] (see also
condition (2.6) in [GH]). From the proof of the main result (Theorem 3.1),
it is evident that the studentized statistic under consideration is a smooth
function of a variable of the form b(;nl /2 220:"1 Win + by, €15, where the com-
ponents of &1, are certain quadratic functions of central and boundary block
variables. To handle the special structure of £1,,, we employ a representa-
tion theorem of Bradley (1983) for strongly mixing random variables and
develop some iterated conditioning arguments to separate out the effects
of the boundary block variables from the central ones. It is worth noting
that typically, other versions of mean-corrected studentized statistic have
a similar structure and, therefore, the arguments developed here may be
of some independent interest in the context of studentization under weak
dependence. The stronger version of the standard conditional Cramer’s con-
dition (i.e., the uniformity requirement over ¢t € B,,) is a consequence of the
iterated conditioning step in the proof.

Verification of assumptions (A.3)—(A.6) requires choosing the auxiliary
o-fields D;’s and the sequence d,, suitably. Typically, the naive choice D; =
o(X;) is not the best to work with. As an illustration, we now consider the
important special case where {X;};ez is a vector linear process and provide
some simple sufficient conditions for (A.3)—(A.6).

ProrosiTiON 2.1. Let

(25) Xi=p+ ZA]'EZ‘,]', 1€,

JET
where {A;:i € Z} is a collection of nonrandom d x d matrices and {&;}icz,
is a sequence of R%-valued i.i.d. random vectors with Ee; =0. Suppose that
sup{|win|:1 <k </ln>1} <oo, limy oo Wip =1 for each k> 1, ||A;]| =
O(exp(—kli|)) as |i] = oo, for some k€ (0,1) and that A = ;o7 A; is
nonsingular. Further, suppose that €1 has a nonzero absolutely continuous

component with respect to the Lebesque measure on R®. Then, assumptions
(A.3)—(A.6) hold.
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Now, we indicate how (A.3)—(A.6) are verified for the linear process case
above. Under (2.5), we set Dj = o (cj), j € Z. By the independence of the

g;’s, assumptions (A.4) and (A.5) hold trivially. For (A.3), we take XT =
w+ ngm Ajei_j, 1€ Z,m>1. Then, Xl D”m measurable and in view

of the exponential decay of || A4;]|, (A.3) holds. Verification of (A.6) requires
some additional work; see the proof of Proposition 2.1 in Section 6 for details.

3. Main results. For describing the form of the EE and for stating the
main results, we will introduce some notation and conventions at this point.
Let Z, ={0,1,2,...}. For a—(oq, ag) eZi and z = (r1,...,14) € RY,
set lal=a1+-- -+ aq, al = Hk | o, and z® Hizl xp*, and let D* denote
the differential operator 8‘1?1 ggﬁ ;iid
derivative with respect to the ith coordinate of x. Write |I| to denote the
size of a finite set 1. For a collection of variables {A(\): A € A} and for I C A,
set A(l) = [ \e;A(N) if I # @ and A(I) =1 if I = @. Unless otherwise
stated, (i) limits in the order symbols are taken by letting n — oo and,
(ii) the components of a vector indexed by the elements of the set Ay =
{(p,q):p,q € N;,1 <p < g <d} follow the lexicographic ordering. Let 1(-)
denote the indicator function.

where 6‘9; = denotes ath-order partial

3.1. Definition of the EE. Using the smoothness of the function H, we
can use Taylor’s expansion to derive a stochastic expansion T4, (say) for
T, such that T, is a polynomial function of certain vector-valued block-
variables and such that the (s — 2)th-order EEs of T, and T}, match up to

(b;(S*Q)/Q)

an error of o . In Section 6, we show that (a choice of) 71, is given

by
T, =" +anﬂ/2 > (@) Zg
(3.1) o
s—2vg(s) 3
+ZZn73/2b k/2 Z Zcznal H ,?L‘fl
k=1 j=0 |a|=7+1 r=1

where Zy = nY/2(%, — ), 72, = h(u)/ [D(0) + X_, wia{T(k) + T (k) HA(),
vi(s) =min{r € Z, : n*(T“)/Zb_k‘/Q(logn)(k”)/2 O(6y,)}, and where {c1,,(a)}
and {con (ar, I)} are some bounded sequences of real numbers, Ay, = (Apn(A): )\ €
Ao), k=1,2,3 are certain d; x 1 variables, as defined in (6.46), and sat-
isfy || Agn|l = Op(1). The sum S°** in (3.1) extends over all I = (Iy, I, I3)
such that I; C Ag, j =1,2,3 and |[1| + 2|L2| + 3|3 =k, 1 <k <s—2.
Let &, denote the rth cumulant of Tj,, r € N (when it exists) and let
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72 = Var(h(n)' Z,). Next, we expand the cumulants of Ty, formally (i.e.,
assuming existence of all moments of the variables appearing in T1,,) to get

s—2vg(s)
Xon = Z Z b;k/Qn_j/Qﬁ,Er; + o(b; 5=2/2) for 1 <r<s,r+#2,
k=0 j=0
(3.2)
s—2vg(s)
in— +Zzb k/2 _J/Qﬁ@ + o(b; (=212 for r=2,

1n k=0 j=0

where ﬁ](” = ﬁk]n are real numbers satisfying ﬁk]n = O(1) for each j,k,

with /8(()2,77, =0for all n>1and r € {1,...,s}, and where vy(s) =v(s) — 2.
Then define the polynomials 7; 1 »(-) by the identity (in t € R)

s [s—2vk(s)
eXp(Z Zzb k/2 ]/Z,B(r](Lt)/ )

r=1 Lk=0 j=0

s—2vk(s)

=1+ > b, 0P (i) + o(b, 272,
k=0 j=0

where 79 0,(-) =0 and for (j,k) # (0,0), the coefficients of 7; , are func-
tions of 5](” ﬂk]n s and are bounded [i.e., O(1) as n — oo]. (We show

the subscript n in ;; , to highlight the dependence on ﬁg}n’s.) The den-
sity 95, of the (s —2)th-order preliminary EE for T, (with respect to the
Lebesgue measure on R) is given by

s—2 k(s
1+Zzb k2 _J/27r kn<__>]¢en( ) u€ER,

k=0 57=0

(3:3) sl

where o 0,(1) =0, €2 =72/72, and ¢4(u) = a té(u/a), u € R,a € (0,00).
Note that in (3.3), the approximating normal distribution is not N(0,1) but
N(0,€2). Therefore, setting a,' = [e,;! — 1], we further expand the terms
Y (u) involving the factor e, to write

s—2vk(5) T5,k(3)

=1+ > b P i jn(u >]¢< ) +0(5,)

k=0 j=0 =0

b n(u

(3.4)
= Yyn(u) +0(5,)  (say)

uniformly in « € R for some polynomials p; j 1 »(+)’s with pg,0,0,n(-) =0, where
Tik(s) =min{i € Z, : by, 2-il2g (Hl) o(by, (s-2) /2)} The (s — 2)th-order
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EE Y, , for T, is defined as

U
U, n(ug) = / s n(u)du, ug € R.

3.2. Main results. We are now ready to state the main result of this
section.

THEOREM 3.1. Suppose that assumptions (A.1)-(A.6) hold. Then

sup| P(T,, <u) — Uy, (u)| = O(b, "D (logn)™2)  as n — .
u€eR

Theorem 3.1 establishes validity of a general-order EE for the studentized
statistic T;,. From (3.4), it is clear that the EE in the dependent case has
contributions from three sources, namely a series in powers of =2 coming
from the estimation of 6 (by én), a series in powers of by, 1 2, coming from
the stochastic error in estimating the asymptotic variance 72, of én, and
a third series in powers of a;!, coming from the bias of the estimator 2.
This should be compared with the relatively simpler form of the EE in the
i.i.d. case [cf. (1.7)], where one is concerned with the estimation of finite-
dimensional parameters only. In general, it is not possible to simplify the
EE any further. Since the form of the EE is rather complicated, to provide
further insight, we now provide an explicit expression for the third-order FE
W () with an error rate o(n™!) in Section 3.3 below.

REMARK 3.1. The arguments developed here can be easily adapted to
establish valid EEs for studentized versions of a slightly more general class of
estimators than that given by the smooth function model [cf. (1.3)]. Specif-
ically, let 6,, be an estimator of 6 such that

a(s)
(3.5) n'2(0n — 0) =7 Xn + > 0 P p (X)) + Ry
k=1

for some (nonrandom) v € R4\ {0} and for some polynomials pj,(-) with
bounded coefficients, where R,, satisfies the negligibility condition:

(3.6) P(|Ry| > Cb,"7279) = 0(5,)

for some ~ € (0,1). Under suitable smoothness conditions on the score func-
tion (), the M-estimators in (1.4) admit such a representation, and hence
the EE techniques developed here can be readily applied to studentized M-
estimators in (1.4).
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3.3. Eaxplicit expression for the third-order EE. To derive the explicit EE
formula with an error of order o(n~!), note that under (A.1), the terms of

order b;r/2, r >4 are o(n'). Hence, we restrict attention to the (s — 2)th-
order EE for T,, with s =5. For s =5, the constants v(s) in (3.1) are given
by v(s) =wy(s) =2, v1(s) =1 and v (s) =0 for kK =2,3. The explicit forms
of the EEs for T1,, can now be obtained by carrying out the steps (3.1)—(3.4).
These steps involve long and tedious algebraic computations and are given
in in Section 6.3. Here, we state the resulting formulae only. To that end,
let Hy(-) denote the kth-order Hermite polynomial, k& > 0, defined by

kdk

Hy(z)d(z) = (=1)" -5 é(z),  z€R.

PROPOSITION 3.2. Suppose that assumptions (A.1)—(A.6) of Section 2
hold with s =5 if £ =0(n'3) and with s =6 if £=O0(n'/>=*). Then, the
density of the preliminary EE % [cf. (3.8)] for T,, with an error of order
o(n=1Y) is given by

U3 (2) = e, (@)[L 07 g1 (@) + b, gon (@)

+ 0 ggn () + b3 2 qun (2)], r €R,

(3.7)

where the polynomials qi,’s are as in (6.57). If, in addition, a;,* = O(n=1/3),
then

Sup‘P(Tn < 1‘) - \Ijn,s(w)| = O(n_l(logn)_2)>
zeR

where, for x € R,

r 23 23Ho(x)
Voot + {1 - i
+ {072 (@) + n 20 pon(z)}

(3.8)
+{by, pan (@) + by, ay  pan ()}

+ 1" s, () + bn3/2p6n(x)} o(x),

and where the coefficients of the polynomials p;y’s are O(1) as n — co. The
exact expressions for p;,’s are given in (6.58).

Now, we discuss some of the implications of Proposition 3.2. The form

of the preliminary EE for T,, shows that the terms of order b, 2 4o not

appear in the EE, as also are the terms of order b, V2,172 As a result,
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1/2 /2

interactions between the n~ series and the b, !

12, -1/2

-series show up only in

the terms of order smaller than b, . As a consequence, existing re-
sults in the literature on second and third-order EEs for the studentized
statistics fail to describe this interaction. Next, consider relation (3.8) which
gives the explicit third-order EE for the studentized statistic 7;,, assuming
a; ' = O(n~'/3). For most commonly used weights wy,’s [cf. discussion of
assumptions (A.1) and (A.2), Section 2|, the bias of the studentizing factor
72 is O(n~1/3), so that a,;' = O(n~/?), and hence, this additional condi-
tion is not very restrictive. It is clear from (3.8) that it is the a,, ! series, but
not the by, 1/2 series, that may slow down the rate of Normal approximation
to the distribution of 7}, from the standard rate O(n~/2) observed in the
i.i.d. case. Consequently, large sample confidence intervals for the parame-
ter 6 based on T,, can have very poor coverage probability under dependence,
unless the weights wyg,,’s are chosen carefully to make the bias small.

REMARK 3.2. The explicit EE results of Proposition 3.2 can also be
used to determine the optimal block size ¢ for minimizing the error of Normal
approximation to the distribution of the studentized statistic T},. Suppose
that the weights wy,,’s in the definition of the studentizing factor 72 in (1.5)
is generated by a bounded taper function w:[0,1] = R as wi, = w(k/l), 1 <
k </l [cf. (2.4)], with w(0+) = 1. Let r be the characteristic exponent of w(-),
i.e., r be the largest integer such that

(3.9) W = T 1200
y—0+ y"
exists and is nonzero. Then, it can be shown that the bias of 72 is of the
order of /=" and hence, a,,! = ¢,£7"(1+0(1)) as n — oo, for some constant ¢,
[involving the constant w() and derivatives of the spectral density function
of the process {Z} }icz where Z* = h(n)' X;]. From (3.8), it now follows that
the rate of Normal approximation is optimized provided a,! decays like
n~1/2 which in turn implies that the optimal choice of the block size is of the
order n'/(") Thus, for the Bartlett lag-window, w(y) = (1—y), y € [0,1], we
have 7 =1 in (3.9) and the optimal block size is of the order n'/2. Similarly,
for the studentization factor given by the Moving Block Bootstrap (MBB)
method (cf. Section 4.2 below), the weights are asymptotically equivalent to
those generated by the Bartlett lag-window and hence, the optimal choice
of the block size here is also of the order n'/2. [Although assumption (A.1)
rules out blocks of size n!/2 for a general-order EE, a second-order EE can
be established for £ = O(n'/?) with some additional work, which shows that
these are indeed the optimal order for the case r = 1.] Next, consider the
sin 7y

Daniell window, w(y) = =¥, and the Parzen window, w(y) = [1 — 6y> +

6y3)1(0 <y <1/2) +2(1 —y)31(1/2 <y < 1). For both of these, 7 =2 and
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hence, the optimal block size is of the order n'/4. Finally, consider the flat-
top kernels of Politis and Romano (1995). For these, w(") =0 for all r > 1,
and we have what are called the infinite-order windows. In such cases, under
(A.1)-(A.5), the bias of 72 decays exponentially fast, and the optimal order
of ¢ is O(logn).

4. EEs under alternative studentizations. In this section, we give results
on general-order EEs for studentized statistics for various alternative choices
of the studentizing factor that have been proposed in the literature.

4.1. Lag covariance estimators with a different scaling. First, consider
the effects of replacing I'), (k) by

n—Fk
A1) TRk =m-k)" > (X = X)(Xipe — Xn),  0<k<,
=1

i.e., we replace the scaling factor n=1 in 'y (k) by (n — k)L, Let
T = Vn(0, - 0) /71,

where 7)) is defined by replacing I',(k)’s in the definition of 7, by i }(k),
0 <k < /. In this case, the basic EE results of Section 3 readily yield EEs
for T,LL”. Note that

e f
E00) + D win (k) + THR)) = D (0) + D din (L (k) + T (R)),
k=1 k=1

where Wy, = w,[n/(n—k)],1 < k < {. Therefore, it follows that an (s —2)th-

order FE for T,[Ll] is valid under the same reqularity conditions as those
needed in the case of T, with wyg,,’s replacing the wyg,’s, and the correspond-
ing EE is given by W ,(-), again with wy,,’s replacing the wyy,’s.

4.2. Block bootstrap variance estimators. A popular approach to finding
estimators of the standard error of 6,, is through one of the many block
bootstrap and subsampling methods proposed in the literature [cf. Lahiri
(2003)]. In this section, we consider higher-order expansions for the studen-
tized statistic, when the studentizing factor is generated by different block re-
sampling methods. Let ¢ be an integer satisfying (A.1) and let N =n—/¢+1.
Here, N denotes the number of overlapping blocks of size ¢ contained in
{X1,...,X,}. For i=1,...,N, define V; = Z;;ei_l Win (X — X,,), where
wky’s are nonrandom weights satisfying Zi:l w,%n = 1. Then, the block re-
sampling estimator of Cov(Z,) (where Z, =n'/?[X,, — pu]) is given by

N
(4.2) SPR=N"Y VY.
=1
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Note that for wy, = £~ /2, this gives the MBB estimator of Cov(Z,) [Kiinsch
(1989), Liu and Singh (1992)] Due to the linearity of the sample mean in the
X;’s, EJER with wg, = ¢~/2 is also the overlapping subsampling estimator
of Cov(Z,) [cf. Politis and Romano (1994)]. Further, for suitable choices
of wyy,’s, SBR gives the tapered block bootstrap estimator of Cov(Z,) [cf.
Paparoditis and Politis (2001)].

With the block resampling estimator f]ER of Cov(Z,) given by (4.2), we
now define the corresponding studentized version of 0,, as

T = Va6, —60)/77,

where 72 = = max{n~!, (X, [EB}A(X,)}/2. A general-order EE for 7
continue to hold under regularity conditions similar to (A.1)—(A.6). To state
the result, define

) /

jlan
W][i} = <7’L1/2[Xn — /.L]/7 [VEC <£1 Z UlZUl’L)
7=1,...,bon,

(j—1)e+1
where Up; = nN—! ZZH* Wi+ 1)n(Xe — ), i=1,...,N and Uy; =0 for
i=N+1,...,n. Here and in the following, for a d x d matrix A = ((a;j)),
VEC(A) denotes the d; = d(d + 1)/2-dimensional vector, given by VEC(A) =
(an, ey Q143092 -« ., Aog; - - -5 agq) . The collection of random vectors {Wj[i} j=

2]

(4.3)

.,bon} gives the basic block variables for the studentized statistic Ty
~[2]

w1th the block resampling studentizing factor 7;,'. The following result gives
the conditions for a valid (s — 2)th-order EE for TJI !

THEOREM 4.1. Suppose that assumption (A.1)—(A.6) hold with Wjy,’s
replaced by W[Z} ’s. Then

sup|P (T} TR < u) — \I/[SQL(UH =0(0y) as n — 00,
u€R

where \Ifg]n is obtained from the definition of ¥y ,, by replacing A, k=1,2,3

with AEA,I{: =1,2,3 in (3.1) and where AE}Z,k =1,2,3 are as defined in
(6.59). Further, for the linear process in (2.5), assumptions (A.3)-(A.6)

[with W, = Wj[i} in (A.6)] continue to hold solely under the conditions of
Proposition 2.1.

4.3. Variance estimators without mean correction. In some limited appli-
cations, one can assume that the mean p of the X;’s is known. For example,
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if the X;’s are univariate and one is interested in testing hypotheses of the
form Hy:p = po against Hy : pu # po for some given g, it may be reasonable
to use a studentizing factor without explicit estimation of the mean param-
eter p. In such situations, one would simply make use of the hypothesized
value pg of p to define a test-statistic. This often simplifies the proof and
derivation of the EE for the studentized statistic.

For the rest of this subsection, we suppose that p is known. Further, for
notational simplicity, we set =0 (otherwise, replace X; in each occurrence
with X; — p). Then, each of the studentizing factors described above leads to
a simpler form where the X,,’s are dropped from the corresponding formulae

A[r]s

for 7,'’s. As a specific case, we consider the known-mean version of the

studentizing factor arising from %,LLQ], given by
1/2
727[13] :max{n Jh(X) [ IZUlelz )} ,
where, from above, Uy; =nN ! ZZH ! Wk—it)nXk, t=1,..., N and Uy; =
Ofori=N+1,...,n. Set T = VB, — 9)/%7[13]. Then we have the following

result.

THEOREM 4.2. Suppose that assumption (A.1)—(A.5) hold with Wi, ’s
replaced by W][i] [cf. (4.3)], and the following weaker version of (A.6) holds:

(A.6)" There exists a constant k € (0,1) and a sequence {d,} C [1,00) with
dp, = O(l) and d?> = O(bL™") such that for alln > k' and k™1 <m <
[logn]'/*,

(4.4) max sup E|E{exp(ut’ [W[ ]

2 s -
Jjo€Jn ten,, (Jo—m)n Tt W( jo+m) n])‘DJO}‘ <l-k

where J,, By, and Dj, are as in (A.6). Then

sup| P(T}) < u) — O (w)| = O(3,) as n— oo,
u€R

where \11[8311 is obtained from the definition of Vs, by replacing A k=

1,2,3 with Agf},k =1,2,3 in (3.1) and where A[g} A[h]l, with 121[1271 as in
(6.59), and where AEm =0 for k=2,3. Further, for the linear process in
(2.5), assumptions (A.3)—(A.5) and (A.6)" hold solely under the conditions

of Proposition 2.1.

Note that Theorem 4.2 gives a valid EE for TE’] under a slightly weaker
conditional Cramer condition (where E'sup,cp |-|is replaced by sup,cp F|-
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|). This is a consequence of not using an explicit mean correction in the stu-

~[3]

dentizing factor 7. In this case, valid EE can be derived by combining the
EE results of [L] for sums of block variables and the transformation technique
of Bhattacharya and Ghosh (1978). No iterated conditioning arguments, like
those used in the proof of Theorem 3.1 (cf. Section 5 below) are needed. Ve-
lasco and Robinson (2001) proved a third-order EE for a mean-uncorrected
version of the studentized statistic, for Gaussian processes. Theorem 4.2 sup-
plements their results by dropping the Gaussianity requirement and giving
a general-order EE, under regularity conditions (A.1)—(A.5) and (A.6)’.

5. Edgeworth expansions for perturbed sums of block variables. It can
be shown (cf. Section 6) that the basic building block in the stochastic
approximation to the studentized statistics 7}, is given by a perturbed sum
of block variables of the form:

/
(5.1) R = (nl/QX’ ZY’ + b, ) ,

where, Y;,’s are as in Section 2 and &, is a quadratic form in n'/2X,, and
the boundary blocks of length ¢ [cf. (6.2) below]. As a result, for deriving
the EEs in Section 4, we need to develop an EE theory for R}, which we
address in this section.

Note that the second term in R has a nonstandard form which gives rise
to some difficult technical issues that must be resolved for deriving valid
EEs for such a statistic. Specifically, note that with d =1 (for notational
convenience), &, is a variable of the form

En =12 X, [3Win + 3Whe il

where 3Wjy,, j =1, boy, are certain boundary block variables (based on blocks
of size ) that are asymptotically normal. Although it may appear reason-
able at the first glance, deriving an EE for R; from the joint distribution
of nl/QXn, ﬁ Z;’Ql Yin and 3sWjy,, j =1, boy, is not very useful for our pur-

pose, as the EEs for 3Wj,, j = 1,by, are in powers of ¢—1Y/2 which can
be too slow to give an overall error rate of o(b, (s=2)/2 ), particularly when
¢ ~ (logn)®. This observation leads us to consider finding an EE for &,
directly. But by taking the direct approach, we have to contend with a
complication that arises from the fact that the boundary block variables,
being common multipliers of all the X;’s in n'/2X,,, induce strong depen-
dence of among the product variables. To deal with this, here we develop
a conditioning argument with resect to suitable initial and end segments of
the variables X1,...,X,, and derive a valid EE for the joint distribution of
n'/2X, and ﬁ Eﬁ’il Yin +b;, 1€, A representation result of Bradley (1983)
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(cf. Lemma 6.1 below) for strongly mixing random variables plays a crucial
role in carrying out the conditioning step in the proof.
Next, we define the (s — 2)th-order EE Y ,,(-) for R} through its Fourier

transform Ty, (t) = [exp(it'z)Y(dz), t € R%. Let S0 ]( t)=t'R:, t € R,

Note that ESL]( ) by /2t B€y, and Var(SK(t)) = /St +2b, ' ES, &, t+
b, 3t E&, & t, where &, = (07:€)). Also, by Lemma 6.3, for 3 <r < s, the
rth-order cumulant [cf. (6.4)] of s (t) is

SRCHCIOED RS D R A )
laa|=1 " lar|=1
= b;(T—Q)/Q Z e (2_: b;j/2A§?2>
jal=r  \j=0

for some constants )\( ) ¢ R, with )\( @) _ =0(1) for all j and «. Next, define
the EE polynomials {qr,naz r=1,...,5 —2} by the identity:

-3

b
exp <b V2t Bern — t ESpglnt] — 5t Bénlt

b2/

+Z

s—2
=1+ Z bgr/QqT,n(at) +o(b5=2/2),
r=1

NZASERH)
5=0

laf=r

The Fourier transform Ts,n of Y5, (+) is defined as

s—2

1+) b;T/QqT,n(uﬁ)] . teR%,
r=1

~

Ts,n(t) = exp(—t’Ent/Q)

With this, we now have the main result of this section.

THEOREM 5.1.  Let R} be as defined in (5.1). Then under assumptions
(A.1)-(A.6),

(52)  sup|P(R} € B) ~ You(B)| = O, 2[logn] ),
BeB

where B is a class of Borel subsets of R satisfying

zlépq) ([0B]F) =0(e) as 0.
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6. Proofs. For clarity of exposition, we shall switch the order of proofs
of the results from Sections 2, 3 and 4 and those from Section 5. In Section
6.1, we set forth some common notation and state some relevant facts that
are used in the rest of the section. The proof of Theorem 5.1 for a general
d > 1 and various intermediate steps (cf. Lemmas 6.1-6.6) are presented
in Section 6.2. Proofs of the results from Sections 2, 3 and 4 are given in
Sections 6.3-6.5, respectively.

6.1. Notation and preliminaries. With a given d > 1, let dyp = d; + d,
where dy = d(d+1)/2. Thus, dy is the dimension of the block variables W;,,’s
n (2.2). For a d x d matrix A = ((a;;)), let VEC(A) be the d;-dimensional
vector, consisting of the on- and above-the-diagonal entries of A (with the
lexicographic ordering). Let sVEC(A) = VEC(A) + VEC(A'). Next, define the
reverse operation VECT!(-) from RA? into the class of d x d matrices by
setting

[VECT ! ()]ij = 245 € ((i,]) € Ao)-

Thus, VEC™!(z) is an upper triangular matrix with the elements from z
filling in the on- and above-the-diagonal positions and with zeros below
the diagonal. Also, set sSVEC™!(z) = vEc™!(x) + [VvEc™!(x)]’. Note that for
teRM and z,y € RY,

t'vec(zy') = ' [vecT(t)]y,
(6.1) t'svec(zy') = 2'[svEc™ ! (t)]y and
Isvec™ W)zl < C(d)|] ||

Here and in the proofs below, let C, C(-) denote generic constants in (0, 00),
depending on their arguments (if any), but not on n and ¢. For notational
simplicity, we will suppress the dependence of C,C(:) on the dimension
variables dy,d; and d and the constant k appearing in assumptions (A.1)-
(A.6). Let eq,...,eq denote the standard basis of R%. Let ¢ : [0, 00) — [0, 00)
be an infinitely differentiable nondecreasing function satisfying ¥ (u) = u for
0<u<1and ¥(u)=2 for u>2. For ¢ >0, define the truncation function
g(-;¢):R¥ = RF (for a k € N) by

o uxn) |

() e o0,
g(wie)={ Tla] ( #

0, if x=0.

Thus, g(z;¢) =z for ||z]| < c and ||g(z;c)|| < 2¢ for all z € R*. For n > 1,
set ¢, = b,{L/Q(log(n +1))72 and let 6,0 = b;(572)/2(log[n +1])~¢ for some

C € (0,00). Note that 6,, = 0, 2(140(1)). For a sequence of random variables
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{Wn}n>1 and a sequence real numbers {zn},>1 € (0,00), we write W), =
O, (zy) if

P(|Wy,| > Cxy,) =0(d,) for some C > 0.

For notational simplicity, we will often drop the subscript n and write b, = b,
bon, = bo,ln, = £, etc., whenever this convention does not create confusion.
Also, unless otherwise stated, we set ;1 =0 in all of the steps below. Thus, the
X-variables appearing in the expressions below are centered; in particular,
X, =0, (n~1/2).

Let Wy, = (1W/,,,2W},)’, where 1Wj, is d x 1. Similarly, partition S, =

b;1/2 Zg(ill W]n as S, = (IS;N QS;L)/, Let

(6.2) &n =12 SVEC(X, [3Win + 3Waen]),

where s Wi, = 072 300 (35 win) X; and g Wiy = €732 300 (3)_ whn) X
Xp—it1. Also, with 3Wj, =0 for j =2,...,by, — 1, set

W = (W oW sWhs G=1,....bon

Unless otherwise indicated, a check (7) and a tilde (7) on a random vector
(at stage n in the asymptotic argument) denote its truncated version (at c;,)
and its centered truncated version, respectively. Thus, TWJn =9(, W]n,cn)
and ,Wj, =, W, — E,Wj, for r=1,2,3 and j=1,...,by. Next (with a
slight abuse of the above notation), define W[O} and VVH by replacing
{ Wiy :r =1,2,3} with {,W;,:r=1,2,3} and {T nirT =1,2,3}, respec-
tively. Set &, = SVEC(1Sn[sWin + sWiy,n)) and S (t) = 'S, + by *téy,,,
with &1, = (0/,&,)" € R%. Note that for t = (t;,t)" € R? x R0,
bon
SPE) =0, 12 [ Wi + 0,32 (sWin + 3Whg,n) [SVECT (£2)] (1 Wi )]
(6.3) =

bon
=p, /2 Z Vin(t), say.
Next, for an integrable random variable V on (€, F, P), define
BV =[HP O] EVexp(SP0)],  teR®,

where H(t) = Eexp(t[SI(£)]), t € R%. Also, let H,,(t) = E exp(it'Sy,), t € RY.
Define the semi-invariants ICEO} (Vi,...,V,) invariables V1,...,V, on (Q, F, P),
by

PP, )
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0 0

e

g1=-=gp=0
x log Eexp(ut'S% + t[ey Vi 4 -+ ,V)), t e R%,
Then, it is a well-known fact that (cf. (3.13) of [GH])

J
(65) IC[O} ‘/la 7 ZZ Ila < ])HEtHVka

=1 kel;

where Y extends over all disjoint unions Iy U---Ul; ={1,...,p} and where

c(Ii,...,1;)’s are combinatorial coefficients. Also for any nonempty and
disjoint decomposition of {1,...,p} into the sets J; and Jo, one has (cf.
(3.14) of [GH)),

(6.6) 0= ZZ (I,...,I H(Et 11 Vk> <Et 11 Vk),
i=1 kel k€liz
where I;, =L;NJ.,1<i:<j,r=1,2.
Next, write ICI[f ](Vl<> Vyl) = /CEO}(Vl, .., V1, Vo, ..., V) where, on the right-
hand side, V] appears p-times and V5 appears ¢ times. Expanding log Hilo] (t)
in the Taylor’s series, one has

(6.7) log HI9(¢) ZL’"ICO] SN + R (1),

where Ry (t) = [[ (1 —n)*e IS (SR ()26 4D dn) /1.

6.2. Proof of the main result from Section 5. Before proving Theorem
5.1, we state and prove some of the intermediate steps in its proof as lemmas.
The first lemma is a variant of Bradley (1983)’s result on representation of
strongly mixing random variables that plays a crucial role in the rest of the
proof.

LEMMA 6.1. Let X be a r-random vector and let Y = (Y1,...,Yy) be
a k-random wvector on a probability space with ||Y |, < oo and with oy =
a(o(X),0(Y)), where v € (0,00) and k,r € N. Then there exist a k-random
vector Y* (on a possibly enlarged probability space) such that (i) Y and Y*
have the same probability distribution on R¥, (ii) X and Y* are independent
and (iii) for all t € (0,minj—1 1 [|Yj|+],

/(247)
(6.8) P(Jmax v — Y*\>t)<18k(a0 mase Y]], -1 )7 v

’ 7
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PROOF. For k =1, this is a restatement of Theorem 3 of Bradley (1983).
For k > 2, one can use finite subadditivity and apply Bradley (1983)’s result
term-wise to get (6.8). O

LEMMA 6.2. Let Zy,..., Zy be random vectors (of dimensions ky, ..., kpy €
N, respectively) on a probability space with E||Z;||Y < oo for some v € (0,00).
Let agj = a(0(Zj),0(Zj41,...,Zm)) forj=1,...,m—1. Then there exist in-
dependent random vectors {Zf,...,Z%} (on a possibly enlarged probability
space) such that (i) Z;j and Z7 have the same probability distribution on R¥s
j=1,...,m, (ii) Z,, = Z;,, and (iii) for all j=1,...,m—1, and t € (0,to;],

v/ (247)
(6.9) P( max |Z;; — 25| > t) < 18k; (agj max \|Zji\|y-t*1) ,
i=1,....k; i=1,....k;
where to; = min{||Z;;||,:i=1,...,k;}, and Zj;,i=1,...,k; are the compo-
nents of Z;.

PROOF. First, take Y = Z; and X = (Z},...,Z],) in Lemma 6.1 to get
a copy Z7 of Z; that is independent of {Zs, ..., Z,,} and that satisfies (6.9)
with j = 1. Next, set Y = Zy and X = (Z5,...,Z],; Z}")’ in Lemma 6.1. Using
the independence of Z] and Zs, ..., Z,,, it is easy to check that

a(o(Y),0(X)) =sup|P(Z2 € A,X € B)— P(Zy € A)P(X € B)|
AB
< E<SUP\P\Z;:ZI(Z2 €A, (Zy,..., Zy;21) € B)
A,B

~ P(Z€ MPigi—ei (s Zini 1) € B)))
< -

Hence, by Lemma 6.1, there exists a copy Z; of Z, that is independent of
X =(Z5,...,7Z],;Z7) and that satisfies (6.9) with j = 2. Now repeat this
process (m — 1)-times to get independent variables Z7f,...,Z" | satisfying
(6.9) that are all independent of Z,,. Finally, set Z* = Z,, to complete the
proof of the lemma. [

REMARK 6.1. Note that in Lemma 6.2, the bound in (6.9) involves the
dimensions of the first (m — 1) vectors only, but not the dimension of Z,,.

LEMMA 6.3. Suppose that assumptions (A.1)(i) and (A.2)-(A.5) hold.
Then, for any 2<r <s a,...,a, € R® with la;l| <1, j=1,...,r,

(6.10) Ko(5%ay),...,5%a,)) < Cb, =272,

uniformly in ai,...,a, € R with lla;|| <1, j=1,...,r.
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PrROOF. Fix 2<r <s and ay,...,a, € R® with |ja;|| < 1. Let s, =

min{| (s — 2)/3],r}. Note that for r > L( 2)/3], b 2 TD/2 = (b, 1A/,
Also, note that for any random variables V7,...,V,,

Ko(Va,..., Vi) < C(r H{EHVH Yoand  E||Sa|" + Bl = 0(1).
7=1

Hence, using the multilinearity property of the semiinvariants, we have

ICO(SLO](al)a s Sr[?}(ar))

=Y Y b PK({aiSni € I {ajéin i € T})

J=0I1C{1,...,r},|I|=5

Sr
=Y Y b,YPK({a)Sn i€ I {ajéin i€ 1))

J=0Ic{1,....r},|1|=j

+ O(b (sr+1)/2)

By Lemma 4.1(ii) of [L], the j =0 term is O(by, =2/ %) under assumptions
(A.1)(i) and (A.2)—(A.5). Hence, consider 1 < j <r and fixan [ € {1,...,r}
with |/| =j. Then b,;33/2VC0({a;5’n:i € I¢}; {aléyn i € T})| is bounded above
by a sum of finitely many terms of the form

(6.11) b, %972k ({aSn i € I} {[sWin + 3Wiy, 0] [1.5)% 11 € T})],

where |o;| =1=|8;| for all i € I. To derive an upper bound on these terms,
we make use of some known results on the cumulants of polynomial functions
of a given set of random variables, for example, as given in Brillinger (1981).
Consider the two-dimensional array

(1,1) (1,2)

(2,1) (2,2)
(6.12) (4,1) (4,2)

(j+1,1)

(r,1)
and a partition P; U---U Py of its entries. Following Brillinger (1981), we
say that the sets P, and P, of the partition hook if there exist (i1,71) € Py
and (i, j2) € P, with i1 = i9 and we say that Py and P, communicate if there
exists a sequence of sets Py, = Py, Py,,..., P, = P from the partition such
that P, and Py, , hook for all . A partition is said to be indecomposable
if all sets in the partition communicate. Then, for any collection of random
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variables {X,4}’s, indexed by the elements in the array (6.12), Theorem
2.3.2 of Brillinger (1981) yields

2
IC0<{HX“€:2':1,...,j};{Xi71:i:j—1—1,...,r}>
k=1

(6.13) )
=Y Ko({Xpq:(p.q) € P1}) - Ko({Xpg: (p.q) € Par}),

where the sum }_.* above extends over all indecomposable partitions Py U
-+-U Py of the array (6.12). Note that if a partition of (6.12) is indecompos-
able, then all elements from the last (r — j) rows must belong to a single set
in the partition. W.l.g., we suppose that P; contains all the elements from
these rows, i.e., {(i,1):i=7+1,...,7} C P;. Thus, by (6.11) and (6.13), it
is now enough to obtain a bound on terms of the form

by 312 Ko ({0 [sWin + sWag,n] i € Pi1};

(614) {aéz[lgn] 11 E Plg}; {aézgn 11 E Plg})
M
x [T Kol [sWin + 3Wegun] 14 € P }s {yhil1Sn] 1 € Pro})
k=2

for nonrandom vectors ap;’s, zx;’s and yg;’s with vector-norm less than or
equal to 1, and for indecomposable partitions P; U---U Py of (6.12), where
Py = P11 UPjo U Pi3 with |P13‘ =r—jand P,= P, UP for k=2,..., M.
Further, 22422 | Pi| + {|P11] + | Pi2|} = 27, the total number of terms in the
first j rows and S, |Pr1| = j, the total number of [3W1,, + 3W,, ] terms
in (6.11), and |P| > 2 for all k=2,..., M. Under (A.2)-(A.5), by arguments
in the proof of Lemma 4.1 of [L],
Ko ({a:[sWin + 3Weg,n] 1 € Pri};
(6.15) {ah;[15n] i € Pio}; {ah; S, :i € Pi3})|
— O(b;[\PlzlJr\Plsl*?]/?)

and for k=2,..., M,
Ko ({2 [sWin + 3Wagn) 11 € Pra b {uil15n] 11 € Pro})

(6.16)

- O(b;(|Pk2\—2)+/2).
Hence, it follows that the product in (6.14) is O( 2312y 1PrlH Pasl=20/2
Hgiz b,;(‘P“'*Q)*/Q). Using the conditions on Pyp’s, it can be shown that
the largest order of these terms is attained when |Py| =2 for at most

| (24 —1)/2]-many k’s and |Pi| € {r —j+ 1,7 — j + 2} (so that P, contains
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either one or two elements from the first j rows). (The term corresponding
to “|Pi|=r—j+1 and |P;| =2 for all k> 2" actually does not appear
in the sum >_* due to the indecomposability condition.) Thus, the product

n (6.14) is O(bn /% x by ") = o0, "2 for all j=1,...,s,. This
completes the proof of the lemma. [

For the mext lemma, set Vo(l) = HjGIH;jzl Vin(ajp) and W,(I) =
H]GIHp 1 ]p Win, I C{1,...,b,} where a;, € R% with llajpll < 1,7 € N.
Also, for r >0, m >3, and J C{1,...,bo,}, let

H, j(t) = FEexp (Lt/ Z V~V]n> and
jeJ

S =50 (tsm) =, 12 " V(1)

JjeJr

(6.17)

t e R% where J, = {j:|j —i| >mr for all i € J}.

LEMMA 6.4. Let I C{1,...,bon} with1 <|I| <s+dp+2 and DIAM(]) <
my for some 1 < my < Cllogn]?. If assumptions (A.1)(i) and (A.2)-(A.5)
hold, then

(6.18) |[EVa(I)] < CIEIWa(I)] - |65,r(8)] + 27X HP ()]

for all ||t|| < e1n, where e1, = [lognloglogn]'/?, K = K,, = [(logn)*/?] and
On.1(t) = sup{|H, s(t + (z'SVECTL(22),0))|: ||z|| < 20n/l)3/2 J e T}, with
Tn being the collection of all subsets of {1,...,bon} \ I of size greater than
[bon, —m1 — (K +1)m|, m=3[Kloglogn| + 1.

PROOF. Let myg, = [Kloglogn|. Then, the following three cases are
possible:
M IA{1ymen £o; (1) IO {bon )™ £ 2
(ITI) I n[{1}™m U {bgy } "] = @,
where {j}" = {z\z — j| < m}. We begin with case I. Note that in this
case, I C {1,...,moy, +my + 1}. With J ={1,...,mg, + m1 + 1} U {b,}
and m = 3mo, + 1, define Ay, = [exp(S(r 2 SST)) —1],r>1and Vi,,(J) =

Vo (I) exp (b, =1/ djes Vjn(t)). Then using the iterative method of Tikhomirov
(1980) as applied in the proof of Lemma 3.16 of [GH], one can show that

[ HOOE V(D] = | E[Vin () exp(ST)]
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K r—1
(6.19) <Y |EVin(J) (H Al,j) exp(SY))
r=1

Jj=1

K
+ [EVin(J) (H Al,j) exp(Sf,K)) .
j=1

Note that for any 1 < jy < j1 < b, the variables {W (0] 15 < jo} and {W[O >
J1} are functions {X;:j <jol + ¢} and {X;:j > jlé—l— 1}, respectlvely Now,

approximating X;’s by ’s, we see that the corresponding variables

J Mon
{W[ 17 <jo} and {W[ :j > j1} are measurable with respect to the o-
L+L+mon
fields DL FHHmon and Dee 2 mon 17
ables Vi, (J), Ay ;’s and SS) s using X, ’s; call the approximating vari-
ables VlTn(J) AJ{’j’s and SST)T’S, respectively. Then, by (A.4), the a-mixing
co-efficient between a({AL-}} and a({ALjH}} (and also, that between
c({A]}) and o ({870 }) is Ofexp(—k x [(m — 1)£ = 2mpy])). Hence, the
last term in (6.19) is bounded above by

E|V(I IHIAM?K/2

respectively. Next, approximate the vari-

(6.20)
/
<co2ki2p <H |AJ{,3“> +O(c K252 exp(—r - mon)),

/
where ro = ., 7; and where ]| extends over all even indices j € {1,..., K'}.

Next, note that by (A.2) and Lemma 6.2, there exist independent random
vectors WO, Wi* “and {W[":j ¢ {13™ U {bon )™} = (W15 ¢ {1} U
{bon}"™} such that with u, = exp( Emont),

P(IW =W > uy,)
(6.21) < C(d)(uy, " exp(—A[(m — 1) — 2moy,]) E||[W 2|1/
= O(exp(—C(k)mont))

for j € {1,bon}. Next, define A7, by replacing W}?}T’s in AJ{’T with Wj[?l]*’s.
Note that for any function f:R% x R¥ — C (k € N) with |f(z;2) — f(y;2)| <
C ||z —yl|| and | f(z;2)| < Cy for all z € R%, 2 € R¥ and for some C; € (0, 00),

sup [F (W 2) — (W10 2))
2ERE

—suﬂgk{ww}i,) FOVI (W — W < )
zE
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(6.22) PV 2) — FW ) (W — W) > )}

n
< Cruy + CLP(IW = W > )
< C1C(d, k) exp(—C(Kk)mo,l)]

for j € {1,by, }. Thus, by two applications of (6.22), we have E|AJ{’T —Al L=
O(e1n exp(—C(k)mopl)) uniformly in ¢t € By, ={z:||z| <ein} and in r €
{1,...,K}. Hence, using the independence of the Wl[o]* and W[O} with the

rest of the W][n] ’s, the arguments in the proof of Lemma 3.16 of [GH] (for
the second inequality below) and the above bound, uniformly in ¢ € By, we

have
The last term in (6.19)|
< CTOQK/2E<H‘A [0] )
£ O er K2 exp(—Clsymont) + exp(—rmon))
o2~ plp (HM I 7%, ) } + Ofexp(-Cwman)

bonn

<cr02K/2E{HE ‘A 0]*HW1[% W, 7/[0] )}

+ O(exp(=C(x)mon))
< 2RO [tllm* 20,252 + O(exp(—C (r)mon))
< C(ro, 227 + O(exp(~C(k)mon)),

where in the last inequality, with J, = {j:|j —i| > mr for all i € J}, we have
used the bound

E(AP W% Wy

—1/2 F2allh)
<t || 3wk
jeJr—l\Jr
(6.24)
wed] 2 a2

JjeIr— 1\J

< |[tllo, 2O I ]ym! 2
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Next, consider the rth summand in the first term in (6.19) (1 < K). Note
that

S =it " Wjn + 32 s Wip + s Wy, sVEC (t2) S [ Wi,
jE.]T jGJr
where t = (t],t,)" with t € R, Use Lemma 6.2 to construct indepen-
dent copies of the random vectors {Wj[gﬁ 2j<mop+my + 1+ (r—1)m},
{W[O : —(r—=1)m<j <bg,}, and {W}?ﬁ:m% +mi+1+(rm+1)<
J<bop — (rm +1)}. Then approximating Wj[g]’s with W}?ﬁ’s first and then
W with their independent copies W}Sj*’s and using (6.21) and (6.22),

in
uniformly in t € By, we get

ﬁl EVi(J) (HA) exp(SY7)
:zK: EV (] (HA ) exp(S1)
=
+ O(cgoaOnKQQK[exp(—C(m)m(mé) + exp(—k - mop)])
= f BV}, (J) (HA )E{exp W Wy
(6.25) T—i—lO(exp(—C(fi)mon))

r—1
I) (H A;j>
j=1

x sup |Hp, (t+ (0,2 SVEC_I(tg))')\
=l <2cn /by

+ O(exp(=C(r)mon))-

Next, deleting the odd-j terms in the product as in (6.20), using the weak
dependence of the alternate sums as in (6.23), and the bound (6.24), one
can show that uniformly over t € By,

K ~ r—1
S BV (H AL-)
r=1 =1

<CEV;(I \22”2 (I lelm 207 /2)72
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(6.26)
+ O(exp(—C(k)mon))

< CE|V;; (1] + O(exp(=C(r)mon))-
By (6.23), (6.25), (6.26), Lemma 6.4 is proved for case I.
The proofs of cases Il and III are similar, with the set J in the two

cases now to be chosen as J = {1} U {by, — mon — m1,...,bon} and J =
T'U{1}U{bo,}, respectively. We omit the routine details. [J

LEMMA 6.5.  Suppose that (A.1)—(A.5) hold. Let Iy,1s,C {1,...,b} with
min{ly} —max{I1} > my for some integer Clogn]? <my < bo, — | 11| — |I2].
Then there exists a constant C(v) € (0,00) such that for all ||t|| < ein, and
n>1,

(6:27) | EVa(1N)Va(l2) = B Va(IN) EVa(I)| < C(7)2 X [H (8) 72,

where the variables V,(I1,)’s are as defined above Lemma 5.4, v = Ei:l >
and K = [(logn)®/?].

JEI} ’l”j,

PRrROOF. Let {Wj[?j** :j=1,...,bon} be an independent copy of {W][?Z]
j=1,...,bon} and for a random vector U = f(WJ[?Z] j=1,...,bon), let U™ =
£,

0% . ~
in

j=1,...,bon). Let ig = min{/s}. Define the variables U; = V,,(I1) —
Ve (L), Uy = V(L) [ exp(ibn *[Vin(t) + Vin(t)™]) and Us =

Jj=to

[Ti<j<i exp(bbgl/2 [Vin(t) + E’:j‘(t)]) Then it is easy to check that
\HL ()] % | E Vo (1) Vi (I2) — BV (1) BV (I2)| = | EU U2 Us.

Like in (6.17), write Sy, (r) = Wby /? Zl§j<i0_mT[‘~/jn+f/j’Z‘], Ag = [exp([Sn(r—
1) = Sy(r)]) — 1], 0 <r < K. Then, using Tikhomirov (1980)’s iterative
method as in (6.19) (see also, Lemma 3.1 of [L] and Lemma 3.17 of [GH]),
we get

K r—1
EU\UUs =Y E{U1U2 (H AQ,j) exp(Sn(r))}

r=1 j=1
(6.28)

K
+ E{UlUQ (H AQ,j) eXp(Sn(K))}'

j=1

Let mg,, = [lognloglogn| and let Wg-?y be the [2dp] x 1 random vector with
components gl and W0t 7 =1,...,bp,. Next, consider the rth

Jn,mMon Jn,mon’

term in the sum in (6.28), 1 <r < K. Note that by (A.4), the strong mixing
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coefficient between the variables {WE%T :j <ip—mr} and {WE%T 1j =g —
m(r—1)} is bounded above by 2k~ ! exp(—x[(m —1)¢ —2myg,]). Hence, using
(A.2)(ii) and Lemma 5.2, we can construct independent copies {Wg(g* j<
ip —mr} and {Wg(ﬂ* :j >1i9—m(r —1)} of these two sets of variables such

that [cf. (6.21)]
p( max )||W[°]*—W§81T\|>un)

j>ig—m(r—1 Jn
(6.29) < nC(d)(uy,* exp(—#[(m — 1)€ — 2mo, ) E|[W i ||)*/>
= O(exp(—C(r)mon¥)).

Hence, with the “natural” definition of the relevant []f- and []*-variables
(defined in terms of WL-(ET’S and WE-O}*

K and t € By, we have

r—1
E{UlUQ (H AQ,j) exp(Sn(?“))}

J=1

S, respectively), uniformly in 1 <7 <

r—1
E{U]IFUQT (H AE,J) exp(STTZ(T))} + O(c) K2K exp(—k - mon))

j=1

r—1
= E{UTUQ* (H AZJ) eXP(SZ(T))}
j=1
+ O(CZKQK[eXp(—Fa -mop,) + exp(—C(k)mopl)])
r—1
E<UfU5 (H AEJ) eXP(SZ(T))HWﬂ* 1j >do— [r— 1]m}>]

j=1

=F

+ O(exp(—C(k)mon))
= O(exp(—c(/ﬁ)mOn))»

since the conditional expectation in the first term is zero due to (i) the
definition of Uf and (ii) the symmetry of UfUQ*[H;; Az’j]'exp(S,’;(r)) in
the two do X 1 @.i.d. components of W7, for all j. Next, using arguments
similar to the proof of (6.23), one can show that the last term in (6.28) is

O(exp(—C(k)mop)). Hence, (6.27) follows. O

LEMMA 6.6. Suppose that assumptions (A.1)—(A.5) hold. Then, for any
I'c{1,...,bon} with |I| < C, and for any 3 <m <bg,/C, there exists L >
C[b/m] such that

HY 0| EVa(D] < O [B1n (0] + CID L [L+ [ m] exp(~C(r)me)
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for all t € RY, where ,(t) = max{E|E(exp(tbn /> Y ;o <m Vin(£) D)) :
m<jo<b—m}, y= Zje[ rj and bjo is as in assumption (C.6). Further,

exp(—rml[t]|?/[8bn]), for [[t]| < Cbn/m?,

6.30) Bin(t) <
(6:30) Bin(?) {exp(—cm)(dnb,ﬁ”)*||t||2), for all ||t|| < 2xb%d,.

PrROOF. Let I = {jl,...,jr}, Jon = {1,... ,bon}, and Jy, = {] S J()n:‘j—
Jk| >2m+1 for all 1 <k <r}. Next, define the indices 39,59, ... by

30 =inf Jy,,
Jo =inf{j € Jin:j > jp+Tm},  p=12,...,L—1,

where L is the first integer p for which the infimum is taken over an empty
set. Then, it follows from the definitions of j? R j,g that:

(1) [(bon —r(2m))/Tm]| < K < [bo,/Tm],
(i) [jp —m,jg +m] C Jon,p=2,..., K —1,
(iii) jO,, >4+ Tm,p=1,...,K, and

(iv) (D™N{5,....i%} =2,

where (I)™ = {j € Jo,: there exists i € I with [j —i| <m}. Next, define the
variables Ay, B,,p=2,...,L —1 and the variable R by

Ap:exp<Lbn1/2 Z f/]n(t)>,

li—32l<m

B, =exp (Lbnl/Q Z f/m(t)) ,

F9+m+1<i <40, —m—1
R=T(Desp (2 Y 7).
jE-]Qn

where Jo, = {j € Jon:7 < j{+m or j > 3% —m}. Then it follows that

L—-1
(H Apo) R
p=2

Next, define the variables A;E,B; and R’ by approximating X j’s by X;ﬂq
with ¢ =m/ for A;ﬂ and with ¢ =m/¢/12 for B; and Rf. Then, by (A.3), for
al p=2,..., L —1,

E|A, — Al < C b, 21+ |[t]]] - mexp(—rmd)

HOYHEV,(I)=E

E|B, — Bl| + E|R — RI| < C(|I|) - ¢} [1 + [[¢]|] - ém exp(—rme/[12]).
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Hence,
K-1 K-1
ER[] A,B, - ER' || AlB}
p=2 p=2
(6.31)

< O, [T)) K] em exp(—c(r)me).

Note that for any nonnegative function 1)(X,Y) of random vectors X € R*
and Y € R? on (2, F, P) and a o-field C C F containing ¢(X), a version of
E[Y(X,Y)|C] is given by

Ep(X.Y)[Cl(w) =ve(X(w),w), weQ,

where Yc(z,) = [ (2, y)uc(;;dy), © € R¥, and pc(+;-) is the regular condi-
tional probablhty distribution of Y on R? given C [cf. Chapter 12, Athreya
and Lahiri (2006)]. Hence, for any two o-fields C and D containing o(X)
and for ¢: RF x RP — [0, M], M € (0,00), we have

E|E[$(X,Y)IC] - E[y(X,Y)[D]]

_ / [the (X (w),w) — (X (@), w)|P(dw)
:/'/1/;()(( ), y) e (w, dy) /w Yo (W, dy)‘ (dw)

(6.32)

M
< / / e, (X @), )L ([t, o))

— up(w, Y(X (w), ) ([t,00))]| P(dw) dt

§M~E[ sup |P(Y € B|C) — P(Y € BID)]|.
BeB(RP)

Next, for each p=2,...,L — 1, define
Dy=0({D;:j €Z,j ¢ [cp, dy]})
and
D, =o0({Dj:j € lap —ml,cp) U (dp, by +ml]}),
where a,, = (j) —m){+1—ml, b, = (jp +m)€+m€ ep=(p—%5])l+1,dy =
() + %] 4+ 1)L. Note that for each p=2,.. -1, {W[O :j=1,bon} are
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measurable w.r.t. both the o-fields @p and D,. Hence, using (6.32) repeat-
edly (4 times) and assumption (A.5), one can show that

(6.33) ng?%_lwmyﬁp) — B(Al|D3)| < Cexp(—C/(r)m).

Also, note that the variables RT([]?_, AlB)), B, H;{Z;H B;E(A;HD;) are

all measurable w.r.t. ﬁq for every 2 < ¢ <L — 1. Hence, it follows that

L-1 L—-1
ER'|[ AjB} — ER' | [ BiE(Al|D})
p=2 p=2

q—1 L—1
ER! (H A;B;> Bi[Al — E(AlD,)] [] BIE(A}ID;)
p=2 p=q+1

L—-1
<D
q=2
(6.34)
L—-1

+0c) Y E|E(Aq|Dy) — E(A}D}))
q=2

< C(k)c) Lexp(—kml),
since the first term vanishes. Now, using the fact that D, and D, are

separated by a distance > Cm/ for all p, and using (6.31), (6.33), (6.34),
one can conclude that

\HO () BV, (1)

L—-1

I eAfip;)

p=2

<CcFE + C(|I|)Le) (1 + ||t]|fm) exp(—C(k)mf)

L—1
<Cc) H E|E(A,|Dy)| + C(II)LE) (1 4 ||t]|em) exp(—C (k)mf).
p=2
The first part of Lemma 6.6 follows from this.

Next, we consider (6.30) and prove the first inequality. Let Z be a zero
mean R¥-valued random vector on (Q, F, P) with E||Z||> < oo and let C C F
be a o-field. Denote the conditional distribution of Z given C on (R, B(R¥))
by pic(+;-). Then

|E exp(v/—=1t'Z|C)|?
_ / / exp(v =1t (x — y))pe (-, dz)pic (-, dy)

<1-E((t'2)*C)+2E(|t'Z*|c)  as. (P)
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for all t € R¥. Hence, by (A.2), it follows that for all n > C,

(e 3 s

|7—do|<m

2

<1—b11E< > V]n(t)>
l7—dol<m

3

+20, 2| Y Vin(t)
l7—jo|<m

< exp(=by, ! [/2ml[t|* + Cb, > t]*m?)

<exp(~outmll?)
1/2

for all ||| < Cby/”/m?, which proves the first bound on £y, (+) in (6.30).

Next, consider the second bound on (1, (-) in (6.30). Note that by iterating
the inequality “1 — cos(2x) < 4(1 — cosx) for all x € R” for r-times (r € N),
we have 1 — cos(2"z) <4"(1 — cosz),xz € R. Hence, for any random variable
Z and any o-field C C F, if the conditional distribution of Z given C is
symmetric about the origin, then

1 — Elexp(i2"uZ)|C] <4"(1 — Elexp(iuZ)|C])

for all u € R. Hence, for a random variable Z; and a subsigma-field G of F,
writing ug(+;-) for the conditional distribution of Z; given G, and employing
the above inequality, one can conclude (cf. page 223, [GH]) that

1 — |E(exp(i2"uZy)|G)|?

— 1= [ [explizralen - 2ol denug - dza)
< |- [ [ explintes — s, dawgt do)

= 4"[1 — | E(exp(iuZ1)|G)[’]
for all © € R. Hence, it follows that

- [p(en(c X i) [i)

l7—dol<m

(6.35) >4_T<1—‘E<exp<b2r > f/jn(t)> 2)

l7—jo|<m

25j0>
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E(exp(ﬁr Z y'an>

l7—do|<m

2
>47"11— sup ﬁjo> ]
ell/vV2< [yl <v2|t|
for all t € R% and n > C, where in the last step, we have used (6.1) to
conclude that there exists a C' > 0 such that for all n > C,

271 |1e)* < ||t + 2’ svecT (), 1))
< 2|,
uniformly in |z|| < 2¢,bn/? and in t = (t),t5) € R x R,

Next, set #1 = 2+ where x as in (A.6). Then, given a t € R% with ||¢] <
k1dy, let ¥ =r; be such that

2 el o 2
1 = .
V2d, V2d,
Then, 47" > [||t||/{V/2r1d,}]? and by (A.6),

E(exp(ﬁT Z y/VT/jn>

Dj0>
l7—do|<m

E(exp(aQT Z :L"an>

|7—dol<m
2]

E<exp<b2r Z x’an>‘ﬁj0>

|7—dol<m

2
E[ sup }
ll£ll/v2< [yl <v2lIt]l

IN

2
E[ sup }
Kk1dn /2<]|z||<2K1dn

)

< E[ sup
llzl|>rdn

Jo+mnp
+2 > P(Wjn# Win)
J=Jo—Mn
Jo+mp
<(I=r)+2 Y E[Wu|’;?
J=Jo—Mn

< (1—1[x/2])
for all n > C'. Hence, from (6.35), for all ||t]| < 2kd,,,

E'E <exp <a j%:m f@n(ﬂ) ’%)
> ‘7jn(t)> "%)

< {E‘E (exp <L
[7—dol<m

2}1/2
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2 1/2
(-5
2k7ds 2

< exp(—C(x)|t]]*/dp).

It is easy to see that this bound holds uniformly over jo € {m+1,...,bg, —
m} and therefore, for n > C, we have

(636) Bun(t) < exp(~C()(dbY) 2 4?)  for all 1] < 265}/,
This completes the proof of (6.30) and hence of Lemma 6.6. [

PROOF OF THEOREM 5.1. In view of the moment condition (A.2), by
Lemma 4.1(i) of [L] and (the proof of) Lemma 6.3 above, and by Theorem
10.1, Corollary 11.5 and Lemma 11.6 of [BR| and by arguments similar to
the proof of relation (20.39) in [BR], it is enough to show that

(6.37) sup / \Da(HLO] (t) — Tsn(t))‘ dt = 0(5,),
|| <do+1J||5nt]|<1

where Tsn() is defined by replacing the cumulants of S, + b;3/2§1n in st()

with those of the truncated and centered version S’n +bn 3/ 251,1.

First, consider the integral in (6.37) over the set By, = {t € R%: ||t <
ein}, where e, = [logn|[loglogn|. By Lemma 9.7 in [BR] and the arguments
on pages 231 and 232 in the proof of Lemma 3.33 of [GH], it is enough to
show that there exists an 7 € (0,1) such that

Rt +ea)| < Cn)(1 + [[¢]*T1)by (=212

e=0

‘Osr
for all »=0,...,dy+ 1, t € Ay,, where R,(t) = [fol(l _ U)S]CE?Q([Q[?}(L «
)]°6+tD) du)/s! is as in (6.7). In view of (6.3), (6.4), (6.7) and the multi-

linearity of the semi-invariants, it is enough to estimate the sums

bon—T (Z"T

)
6.38) > S Vinlar), .. Vi(a)l,  r=s+1..,s+do+1,
1=0

for t € By, where ay,...,a, € R® with ||a;]| <1 for all 1 <i < and where

the sum Z(i’r) extends over all indices 1 < j; <--- < j, with maximal gap
i. Note that for any s +1<r <s+dy+1,

E[Wjall” < & E Wi | L([Wiall < by/*)
(6.39) + Bl WinlIPL(1Wjall > 0/*)]

<C(r, 8)02757[“/4],
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uniformly in 1 < j < bg,.
Also, by relation (6.1), Lemma 6.4 and (A.2), for any ¢ = (t},t,) € R? x
R | there exists a u € [~1,1] such that
HO(t) — H, (1)
< 032 E(ut €1 exp(ut' S, + by 32 EL))|

bon

< 0,2 CIE{([sWin] + [3Whp,n])’
—
(6.40) ’ ~ ~ ~
x SVEC™ L (tg) 1 W] exp(et' Sy, + 1uby, 3/t €1, }|

bon

< Cb 2|t ZI:{I%ag(j - |EW, (1) exp(et'S,, 4 vub>/?t'é1,)|
:1 b} 9 E) n

< Cby[]|{Ban (1) + 2753,

where fa,(t) = max{|0, 1(t)|: I = {k,j},k € {1,bon},j € {1,...,bon}} and
0,1(t) is as in Lemma 6.4. By arguments in the proofs of Lemma 3.33 of
[GH83] and Lemma 4.4 of [L] (with s =3, ¢=0), we have

sup{SBan(t)/|Hy(t)|:t € By} <C forn>C and
(6.41) H(t) = exp(—t'S,t/2 + O(||b; Y2¢]1%))
uniformly in ¢ € By,

where ¥, = Var(S,,).

Next, let s, = (logn)? and fix r € {s+1,...,s+do + 1}. Then, applying
(6.39), (6.40), (6.41), and Lemma 6.4 for i < es,, and applying (6.6), (6.40),
(6.41) and Lemma 6.5 for ey, <1i < by, — 1, from (6.38), we get

bOn T(Z r

r/2 Z Z"C Vim(a1),..., Vjn(ar))|

€2n

<D e BT -€ 427 exp(-CIH)

bOn_1
+0, "N i e K exp(—CJt])?))

1=€2n+1
< Cb, AR wMer o 027K exp(Cel,)
SCb;(rfz)/zcz—sf[n/ﬂ(1Ogn) ,
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uniformly in ¢t € By, for n > C. Hence,

max / 1D (H(t) — Ty n(t))| dt = O(by, =2/ 2[logn] 2).
la|<do+1Jte By,

Also, by (A.2),

max DY ()| dt = O(b-®
max /|| o D Lanfplde =007

for any a > 0. Therefore, it remains to show that

(6.42) max / |DYHON(1)| dt = O (b, *=2/2[log n] ~2).
o <dot+1 ¢ >er,

Next, set m =logn if £ <n'/* and set m = C = C(s,d, s) (a large but finite
constant depending on s,d, k), otherwise. Then, using the first bound of

(6.30) for ey, < ||| < CbY?/m?, the second bound of (6.30) for by /m? <

I[£]| < 2bs*d,,, and Lemma 6.6 and condition (A.6) for 2xby/*d, < ||t|| <
(s—2)/2
S|

O

logn]?, one gets (6.42). This completes the proof of the theorem.

6.3. Proof of the main result from Section 2.

PROOF OF PROPOSITION 2.1. As indicated in Section 2, we set D; =
o(ej), j € Z. Let D} =o0(ej:j # jol), jo € Jn, where J, is as in (A.6). Then,

Dj, C D}, and hence, by the properties of the conditional expectation, it
is enough to show that (2.3) holds with Djo replaced with D} . Using the
independence of the g;’s, for any t = (t},t5) € RY x R% and jy € J,,, after

some lengthy algebra, we get
)

Jo+m
E (exp (Lt' Z an>
(Jo+m)t
E{exp (L Z [E_I/Qt'lXj —l—f_ltéan])

Jj=Jjo—m
J=(jo—m—1)t+1

{5j,j #]Og}}‘

= |E{exp(u[t L, + 07 5 Ry (o) jor + €5y M (t2)es00) .

say,

ml
Lo= Y Aj

j=—(m+1)¢
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My(ta) =071 Y Y win[AfvecT (ta) Ajpr + Af vECT (£2) Aj]
j=—(m+1) k=0
and Ry, (jo) is a D; -measurable di x d matrix-valued random element sat-
isfying E|| R, (jo)||? < C¢. Here and in the following, the generic constants
and the order symbols do not depend on jy € J,, (i.e., uniform over jy € J,,).
Next, write € = ¢4 (for notational simplicity). By interchanging the order

of summation in the second summand in M, (t2) and using (6.1), one can
show that

jofM (tg Ejol =g [ Z A/ VEC -1 tg)(Z Iz)knAj+k)

j=—ml+1 |k|<e

+ZA VEC™ t2 VWjknAjik | €

(6.44)

ml
:t'QVEc< DD wknlAGE A k)

j=—ml+1 k| <t

(%)
+ ) e[ AfE] [Aj—l—ké],) 7

where wy, =1 if k=0 and wy,, = wy, for all 1 <k </ , and where the
sum 3. extends over all j, k satisfying j € [—(m + 1)¢ + 1, —mf] U [mf +
1,(m+1)¢] and 1 <k </, and where w;,’s some real numbers satisfying
|Wjkn| < C for all (j,k) under Z(*). Note that the VEC(:)-term in (6.44)
is a linear combination of the random vector U = VEC(EE"); We write this
terms as D, U, where D, is a d; X d; matrix. Next, using the condition
lim, o0 Wi, = 1 for every k> 1 and the summability of ||A;||’s, one can
show that for any x € RY,

ml
( S0 kalAal[Aj )

j=—ml+1 |k| <L

(%)

+ 3 w4 [Aj+k93]/> PR

as n — oo. This implies that the matrix D,, has a limit (say D), defined by
DU = VEC(Axf& Ao).

Next, let Q(+) and @y, (-) denote the probability distributions of V' = ([Ax&]’;
[DU]") and V,, = ([Lné], [D,U]"), respectively. Since the distribution of &
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has a nontrivial absolutely continuous component, by Lemma 2.2 of Bhat-
tacharya and Ghosh (1978), the k-fold convolution Q** of @ (where k = dp)
has an absolutely continuous component with respect to the Lebesgue mea-
sure on R%% with density f(*) (say). By Lusin’s theorem [cf. Theorem
2.5.12, Athreya and Lahiri (2006)], without loss of generality, we may as-
sume that f*) is continuous. (In fact, the continuity of f*) holds over a
smaller set of positive measure, but that is enough for our purpose; we may
just consider the absolutely continuous component restricted to this set.)
Since D,, = D, L, — Ay, and Q:‘f‘ is obtained from Q** by a linear trans-
formation that is nonsingular for n large, it follows that for large n, Q** has
an absolutely continuous component with respect to the Lebesgue measure
on R%* with a density f,sk) (say). Now using the standard transformation

(k)

technique formula for the density fy in terms of f*), we conclude that
(k) (k) as n — oo (a.e.).

Let ¢, (t) denote the characteristic function of V,, and write Q*k for the

singular part of Q;‘;k. Then, it follows that for ¢t € R%,

lon(t) ‘/exp (it (21 + -+ xp)) dQF () [where x = (2,...,2})’]

< QiF (RTF) + '/exp (' (@1 + - 4 x3)) f (@) da

+ ‘/exp(ut’(a:l + ot ) f O (@) da).

Hence, for every k € (0,00), there exist a § € (0,1/2) and ng = ng(x) such
that for all n > ny,

(6.45) sup |on(t)] <1 — 26.

=~

Now using (6.43)(6.45) and writing By, = {||R.(jo)| < C1(6)¢'/?}, we have,

for n > ny,
Jo+m
<exp (Lt/ Z an> D;()) )
Jj=jo—m

E| sup
It]>Ce

= B( sup |p(t™ 20 + Ry (o) 7 M2)])  where = (1,15
lul>ce
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gmax{E sup |02t +€_1Rn(j0)/t27€_1t2)|)7
(It2][>reE

B s (2 Rajo)
HI>Cet2l<nt

C)[1(Bin)}) + P(BS,) }

< max{ sup  |o(s1,s2)],
ls2(|>r,s1€RY

E||R,, (jo)|?
sup (51, 80)| + —l
lls1]/>C(x,8)01/2 so€R% C1(0)%¢

<1-4,
where in the step before the last one, we have used the fact that [|ta] <
kL, ||It]| > Cl=||t1]| > (C — k)¢ which, in turn, implies that on the set Bi,,

16728 =67 Ry (o) tal| > 1672281 || = 71| R Go)[[[E2]] > (C == C1(8)) 62
Hence, assumption (A.6) holds with d,, =C¥¢, n>1. O

6.4. Proofs of the results from Section 3.

Proor orF THEOREM 3.1. Let X1, be the d X d symmetric matrix with

(p,(q)t}; element given by F(n~! Sy Ylf (p,q)), (p,q) € Ag where Ylff is as
n (2.1). Also, let

¢
2AJn - lfn(o) + Zwlm{fn(k) + fn(k)/}] .
k=1

Then, it can be shown after some algebra that for all (p,q) € Ao,

~

Yn(p,q) = X1n(p,q)

=Y Vin(p,q) + b6 (p,q)
=1

l

-2 [Z(l + n_lk)wann,an,QI
k=0

(6.46)

~

n

1 n
= b, [— > Yiulp, q)]
\/_ =1

+ b, !

VY

J4
-2ty (1 nlk)w;m> Zyr T 4 57328, (p, q)
k=0
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=0, A1 (p,q) + b,  Aon(p,q) + b, Asn(p,q), sy,
where X, ,, is the pth component of X,, and where &,(p,q) is the (p,q)th
element of ¢, = n!'/?svec(X nlsWin + 3Wb0n] ), where Wy, =

Oy (e whn) Xy and 3Wg = €752 370 (3] wn) Xni1 Set
Agn(p, ) A;m(q p) for p>gq. Then, Ay, are d x d symmetric matrices

with ||Ag,| = O,(1) for k =1,2,3. Next, by Taylor’s expansion, for any
p=1,...,d,
B v(s) Za
(6.47) e h(X,) =DPH (X)) + Y n 12D er H (p) - —+ B,
lo|=1 ’

where, on the set {||X,, — u|| < do}, the remainder term Ry, satisfies |Ry,| <
sup{| D H (z)]: |2 — pl] < do, [a] = v(s) + 21| Zu |10 PO, for some
8o > 0 [determined by (A.1)(ii)]. In particular, Ry, = Op,(d,.c).

Similarly, using assumptions (A.1)—(A.3) and moderate deviation inequal-
ities for X,, [cf. Theorem 2.11, [GH], Theorem 2.4, Lahiri (1993)] and for
sums of block variables Wjy,’s (cf. Theorem 2.4, [L]), and Taylor’s expansion,
we get

v(s)
A o DYH(p)
1/2 _ (J—-1)/2 ey
n’<(6, 9)—5 n E o Z% 4+ 0p(0n.c),

(6.48) j=1 |af=j
1 -1 ZS Q(j)(7'12) 22
Tn _Tln + ]' ( Tln) +O (5 )
Jj=1

where g(z) =22, >0, and ¢gU)(z) = ( ;J?,J a5 s ts jth derivative
at x € (0,00), 7 > 1. Combining (6.46), (6.47) and (6.48), after some lengthy
algebra, we obtain
Ty = Tin + Op(6,),

where T1,, is as in (3.1). Thus, the (s — 2)th-order Edgeworth expansions of
T, and Ty, coincide, upto an error of order O(d,). It is clear that Ty, is a
smooth (infinitely differentiable) function of ¢, = (n'/2X’,, \ﬁ Zs’"l Y, +
b,1¢)) . Hence, using Theorem 5.1 and the transformation technique of
Bhattacharya and Ghosh (1978), the (s — 2)th-order EE for T3, can be

derived from a (s — 2)th-order EE for (,. This completes the proof of the
theorem. [

PROOF OF PROPOSITION 3.2.  Write Zj, =3 =41 DVH (1) Z3/ (o),

j > 0. Then, using (6.46) and (6.47), after some lengthy algebraic manipu-
lations, one can show that

7_12n 7_12n = bﬁl/Qan + nil/QQZn + n71/2b;1/2Q3n
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(6.49) -
+ by ' Qun + 7 Qs + b, Qe + Op (0 c0),
where
Qun = h(ﬂ)/Alnh(M)y Qon =2 Z Zﬁ‘[O/H@) ()] E1nh(p),
lal=1
Qsn = h(p) Agnh(p),  Qun=2 >  ZZa/ HP(u)Arnh(p),
lal=1
Qsn= Y > ZEHPRHCL (1) S1ahl) + o H (1) 1, HE (1)),

la[=1]8]=1

Qon = h(N)/A3nh(M)~
Here H® () = (D%t H(p))) is the d x d matrix of second-order partial
derivatives of H at p, and HL }3( ) is the d x 1 vector with pth component

Deteiter H(u), p=1,...,d. Then stochastic approximation Ty, is now given
by
7
(6.50) Tln = Z ajnGjn,
j=1
where a1, =1, ag, = b;1/27 a3n = n_1/27 Q4n = b y A5n = b;1/2n_1/27 Aen =

1 _-3/2
n=, am = by

, and where with ~;,, = g\ (Tln)/j!, j>1,

@m = Tfan()n,

Gan =1 ZonQ1n,

Gan = 71,0 Z1in + Y1 ZonQan,

Gin = Y0 Z0nQ3n + V20 Z0n Q1

Gsn = Y10 Z0nQuan + V10 Z10Q1n + 2720 Z0n Q1nQ2n,

Gon = 0, Zon + 10 Z1nQ2n + Yon ZonQ3n + Yin ZonQsn,
Grn = Y1nZonQen + V30 Zon Q' + 2720 Z0n Q10 Q-

Note that by arguments in the proof of Lemma 3.28 of [GH], for unit vectors
z € RN and y € R%,

B2 A (y' Z0)|

bon bon

W DD Cov(a! (Wil o' [ Wjn))

=1 j=1
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bon

(6.51) <6, >0 > Cov(@ Wil [ Wjal)| + O(exp(=C(x)L))

i=1 |j—i<C
ce ct ce
< Cw, max 673/2ZZZ\E(e;Xi,e;Xj,e;Xkﬂ

1<pq,r=d i=1 j=1k=1
+ O(exp(=C(k)0))
=0('7),
provided w,, = max{|wy,:1 <k </l} =0O(1) as n — oo. Thus, Y2EG,, =
O(1). By similar arguments, |EGy,| 4+ |EGr,| = O(b;3/2€_1/2). Next note

that by (6.13) above and by Lemma 4.1 of [L], EGs, = O( ;1/2). Also, by
Lemma 3.28 of [GH], EGg, = O(n~/?). Hence,

7
Xin=> ajnB(Gjn)
7=1

(6.52) = n Y22 EGy, + EGs,] + O(by; 'n~Y/?)
=n"2B11,+0(b,'n?),  say.
Next, define the pth cumulant of random variables Vi,..., V), by

0 0
Ko(Vi,o.. V)= (=) — - —
P P OJer Osgp S
(6.53)
x log Eexp(tfeiVi+---+¢€,V}))

(assuming that the relevant partial derivatives exist). Also, for p1 +---+p, =
P, p1, - - ., pr € Nand random variables Wy, ..., W,., write K,(W;P', ... , Wy Fr) =
Kp(Wh,...,Wh,...,W,,...,W,) where on the right-hand side, W; appears
p1-times, Wy appears po-times, etc. Then, using the well-known formula for
expressing cumulants of polynomials of random variables [cf. Section 2.3,
Brillinger (1981)] in terms of cumulants of the random variables themselves,
Lemma 4.1 of [L], and arguments similar to (6.51), we have:
Xy = IC?(G?Z)

+ 0, 2682 Ko (Gany Gan) + 22 (G, Gan) + Ko (GS2)]

+ 07 20 2Ky (G, Gan)
(6.54) + 2012 {Ko(Gon, Gsn) + Ka(Gin, Gsn) }

+ 2K2(G1n7 G6n) + ’CZ(G:(;%)]
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+0(b,” +b,'n"?)
—e +b, 1621n+n /322n+0(b 2—I—b ! *1/2) say;

Xy =n" 202G (G + 3012 IC5 (G, Gan) + 3K3(G, Gian))
(6.55) + b, 32 K5 (G52, Gry) + O(by '~ Y?)
=n"12B3 10+ 0,22 B30, + O(by 'n~1/?), say;
Xy = by ALY 2 KA (G2, Ga) 4 6K4(GS2, GS2)]
n UKL (GA) + 4n' P4 (G2, Gay)

(6:56) + 02124 (GS2, Gop, Gap) + 4K4(GS3  Gsn )}
6.56
+ 4€K4(G1n7 G4n) + 6’C4(G1n? Gg%) + 4’C4( 1n> Gﬁn)]

+b324K4(GS3 , Grn) + O (b2 + 0710 1/?)
=b, Baan+n  Baon+ b;3/2/84,3,n +O(b;'n~1?), say;

where recall that e2 = 72/72, and where the 3, j ,-terms in (6.52)—(6.56) are
O(1) as n — co. Further, by similar arguments, X5, = O(b,, 'n=1/2).
Next, combining (6.52)—(6.56), and using the relation

/Rexp(th)[a_ka(m/a)qﬁa(:v)] dr = (1t)F exp(—t262/2), teR,

one can express that the density of the preliminary EE )}, for T}, with error
of order o(n~1) as

V(@) = Ge, (2)[1+ 07 P qun (@) + 0y g2n (@) + 17 g3 (@) + 0,2 P qun ()],
r €R,
where, with Hy,(z) = e, *Hy(x/er),x €R, k> 1,

q1n(z) = B1,1.0H1n(2) + B30 Hzn(7)/6,

q2n(z) = B2,1,nHon(2) /2 + BagnHan () /24,
@3n(7) = [B2,2nHon(2)/2 + BaonHan () /24]

+ 167 10 Hon(2) /2 + B3 1 Hon () /T2
+ B1,1,n03,1,nHan () /6],

Qan (%) = B3 2nH3n () /6 + Ba3nHan(z)/24,

(6.57)

reR.
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Next, suppose that a; ' = (e;* — 1) = O(n~'/3). Then using the relation

n

/_ Heps1yn ()b () dy = — Hin(@)den (), @ €R,

and Taylor’s expansions, one can expand the preliminary EE for T, to derive
(3.8), where the respective polynomials p;,(z), x € R, are given by

Pin(x) = —[B1,1.0 + Bs1ne,  Ha ()],
pon() = B3 1 ney, *xHs(z),

i) = | 2521 (0) + S (),
([ B2am Bain
(6.58) Pan(z) = [Wxﬂg(x) + Mﬂ:lﬂ(az)} ,
n + 7 n n
Psn(T) = — [%Hl(m) + 542’—2’]‘13(56‘)
P
N 537;71 Hy(z) + 51,1,n653,1,n Hg(l‘):|,
Pan () = —[B32nHa(x)/6 + Ba3nH3(x)/24]. U

6.5. Proofs of results from Section 4.

PROOF OF THEOREM 4.1. The block resampling estimator of Cov(Z,,)
is location invariant, and hence, w.l.g., we again set u =0 (for notational

simplicity). Let E[ﬁl = EU1 Uy, Tt is easy to check that

N
S 2[127]1 —N—! Z(UuU{i — EUUY;)
=1
+ [wp]* X X, [1 - 2—”]
N

(6.59) + b, 32PN 7! + 7,2
= b, AL (p.0) + 5, A5 (0. 0)
+ 0,22 A (n,q), sy,
where w! = Zi:l Wiy, and

g = [n/Ne 3/221% (ZX + Z X)

i=N+k
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is the edge-effect term. Note that the three terms in (6.59) are exactly of

the same form as those in (6.46). Hence, an (s — 2)th-order EE for T can
be derived retracing the proof of Theorem 3.1. We omit the details. [

PrROOF OF THEOREM 4.2. Since there is no mean correction, it is easy
to verify that s EU.1Uj; has the same expansion as in (6.59), with

Akn =0 for k=2,3. Hence, an EE for T, £3} can be derived directly from the
EE results of [L], using the transformation technique of Bhattacharya and
Ghosh (1978). O
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