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Abstract

We derive the low-energy effective action for the spinning (GKP) string in AdS3 X
S3 x M, where M, = S3 x 81 or T*. In the first case the action consists of two
O(4) non-linear sigma models which are coupled through their interaction with four
massless Majorana fermions (plus one free decoupled scalar). While in the second case
it consists of one O(4) sigma model coupled to four Majorana fermions together with
four free scalars from the T¢. We show that these models are classically integrable
by constructing their Lax connections.
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1 Introduction

String theory on AdSs x S? x My with My = (S3 x S, T?) preserving 16 supercharges and
supported by pure Ramond-Ramond (RR) flux arises as the gravity side of the AdS3/CFTs-
correspondence.! As in earlier incarnations of AdS/CFT there are strong hints of integrability,
both at the classical and quantum level [2], although much less is known on the CFT side. Sparked
by the discovery of the integrable structure, AdSs/CFT; has recently enjoyed an increased
interest in the literature. While strings on AdSs x S3 x My have many similarities with strings
in AdSs x S° and AdSy x CIP? there are nevertheless crucial differences. The biggest issue seems
to be the appearance of massless modes on the worldsheet which are difficult to deal with in
the standard approach to integrability. Nevertheless, if one focuses on just the massive modes
the Bethe equations and the exact S-matrix for these can be derived along similar lines as in
earlier AdS/CFT examples, see [3] for a review. Based on the algebraic curve technique the
first study of the integrable structure was initiated in [2] and later a full set of Bethe equations
was conjectured in [4] and the exact S-matrix in [5]. These conjectures passed a few initial tests
but the mixing of modes from the two S® factors turned out to be problematic [6]. This was
subsequently addressed in [7, 8] and later confirmed to match with the tree-level worldsheet
S-matrix in [9].2 As in other integrable AdS/CFT examples the underlying symmetry can only
determine the Bethe equations up to overall scalar phase factors. The one-loop strong coupling
contribution to the phases was engineered in [11-13], see also [14,15], and later generalized to
all orders in [16]. For the massless excitations the situation is, as mentioned, more complicated
and currently it is not known how to include them in the exact solution. However, by looking
at the decompactifying case where one S® blows up, i.e. the AdS; x S x T* limit, some first
steps were taken in [17].

In this paper we will take a somewhat different approach to trying to understand the in-
tegrable structures of the AdSs x S® x My string. We will consider the spinning or Gubser-
Klebanov-Polyakov (GKP) string solution [18]. By performing a fluctuation analysis around the
solution it is known that the excitations come in both massive and massless [19,20] modes. Gen-
erally, the full Lagrangian describing all excitations is fairly involved. However, by restricting to
the low-energy sector, capturing the dynamics of the massless modes, the theory becomes much
simpler [21,22]. Since the full sigma model is believed to be integrable beyond the classical level,
the low-energy GKP string should inherit this property. This opens up new avenues for testing
the quantum integrability, see for example [23-25] for recent results in AdSy/CFTs.

IFor the case of both NSNS and RR flux see [1].
2 A mismatch appears at one loop (at least in the T4 limit). This issue was resolved for AdSs x S3 x T* with
the exact S-matrix conjectured in [10].



For the simplest case of AdSs x S° the massless modes of the GKP string are described by
an O(6) sigma model [21] while the low-energy dynamics of the AdSy x CPP® GKP string are
captured by a CP? sigma model coupled to a Dirac fermion [22]. For the AdSs x S% x S x S*
case we will demonstrate that the low-energy dynamics of the GKP string is described by two
O(4) non-linear sigma models coupled to four Majorana fermions together with one decoupled

scalar,3
L oaia 1 o i |1 i i I 0 L abe  be ja T i 0
L = 561' e + §ei e + icr“)iyﬁ y+ itr (\pr (“)Z-\Il) — E(E e AV )tr(\Ilp Yo )
1 rpr o .y . /
—i—ﬁ(aabcwibc +2V1 —ad;je! )tr(Vp'o® ¥), (1.1)

where primed and hatted indices refer to the first and second S® factor respectively. Here e?
and e® are the vielbeins of the two S%’s and wdi’, w®?" the corresponding spin connections,
while the parameter 0 < « < 1 controls the relative size of the two S%’s. The four Majorana
fermions ¥; have been grouped into a 2 X 2 matrix ¥ = o1¥;. The Pauli matrices o% and o
and the trace act in this space while the p’ are the 2d gamma-matrices acting on the spinor
indices only. See section 4.3 for more details. Note that the presence of d;; in the coupling to the
fermions explicitly breaks the 2d Lorentz invariance. This is a novel property as compared to
the AdSs x S° and AdS, x CP? strings whose low-energy dynamics are described by relativistic
sigma models. Note also the absence of W*-terms which were present in the AdSy x CIP? case.
Despite these differences we will show that this model is also integrable, at least at the classical
level.

The structure of the paper is as follows. We begin by describing the structure of the AdSs x
53 x 83 x S Green-Schwarz string action up to fourth order in fermions in section 2. We then
introduce suitable coordinates and derive the low-energy effective action in sections 3 and 4. This
is done by first integrating out the massive bosonic coordinate and then putting all remaining
massive fields to zero by hand. We also introduce a kappa symmetry gauge-fixing which turns
out to be useful. It is shown that the low-energy effective action reduces to (1.1). In section 5
we show that this model is classically integrable by constructing its Lax representation. We end
the paper with some conclusions.

2 The Green-Schwarz string in AdS; x S3 X M,

The type II Green-Schwarz superstring action in a general supergravity background can be
expanded in the fermions as

sz—T/d%c, L=LO 1O @ (2.1)
The purely bosonic Lagrangian is

1 .. y By
£O = 57”61'146]‘3771437 Y =v-99", (2-2)

where ¢;4(X) (A =0,1,---,9) are the vielbeins of the purely bosonic part of the background
pulled back to the worldsheet and g;; is an independent worldsheet metric with g = det g;;.
The terms quadratic in fermions take the form [26]

LP =ie, Oy KYD;0, K9 =~7 £l . (2.3)

3The AdSs x S x T* case is obtained by taking o — 1 giving a single O(4) sigma model coupled to fermions
with four decoupled free scalars coming from the 7.



The appearance of the matrix K% is related to kappa symmetry. The Killing spinor derivative
D is given below.
The quartic fermion terms in the action were recently found in [27]. They take the form*

1- _ . i _ . : _ . -
LW = —§@FADZ»® OI4K"D;0 + ge/‘ Oy K" MD;0 + @ezf‘ejB O 4 K" (M + M)ST 5O
1 _ . _ _
+ @eﬂejB Or4,“PK@ (30T gUcp© — 20T cUp50)
1 _ . _ _
— geiAejB Or'4“PT11 K0 (30T pT'11UcpO + 20T cT11UppO) . (2.4)

The definition of D, M, M and Uasp for a general type II supergravity background can be
found in [27]. Here we will only give the expressions for the case of interest here: the type
ITA AdSs x S x S3 x S' supergravity solution with RR four-form flux. © is taken to be a
32-component Majorana spinor and the Killing spinor derivative is given by

1 1
D0 = (9; — Zw;“BFAB + ge/‘ ST4)© where S =—-AT""?(1-7P). (2.5)
Here P is a projection matrix given by

1
P — 5(1+\/&F012345+m1“012678) (2.6)

and is in fact the projector which singles out the 16 supersymmetries preserved by the back-
ground. The AdS3-directions are indexed by (0,1,2) the first S* by (3,4,5), the second S® by
(6,7,8) and the S by (9). The parameter 0 < a < 1 determines the relative size of the two
S5%’s. In units of the AdSs-radius the S° radii are

1 1

R=—, R = .
Va 1—a

The case a = 0, 1 corresponds to AdSs x S x T* where one of the three-spheres is decompactified.

(2.7)

The remaining objects appearing in (2.4) reduce, in AdS3 x S3 x §3 x S1, to

1 1

Uap = 335F[ASFB] - ZRABCDFCDa

M5 = 1205055 — 20" (65)5+ L(I'50)* (OLa)s, M =T1 My,
i i

M% =M% + Ma[—} + g(SFA@)a (@FA)Q — TG(FAB@)Q (éFASFB)g, (2.8)

where the nonzero components of the Riemann tensor of AdSs x S x §3 x S! are

Rap™ = 263,88, Ry =-2a030,  Raw®" = —2(1 - )df,.57);, (2.9)

where a, @ and o’ refer to AdSs, the first S® and the second S? respectively.

3 Parameterization

The metric of AdS3 in global coordinates is

ds? = — cosh? pdt* + dp® + sinh? pdyp? . (3.1)

40ur normalization of © differs from that of [27] by a factor of /2.



And the long spinning string solution is given by [18]
t=¢=kKT p =Ko, (3.2)

with x a constant. It will be more convenient for our purposes however to use different coordi-
nates. Defining new coordinates by

sinh2{ = —sin(t — ¢)sinh2p

div _ 2ilt+y) cos(t — @) + i cosh 2psin(t — @)

¢ cos(t — ¢) —icosh2psin(t — ¢)

Snh2y — cos(t — ) sinh 2p (3.3)

\/1 + sin?(t — ) sinh? 2p

the metric takes the form [21]

ds? = —du® + dx? — 2sinh 2¢ dudy + d¢?. (3.4)
Defining further
1+1z
u=z" 42, x=zt—2", ¢ =log 2 (3.5)
1-— §Z
the metric becomes
z4 127 dz?
ds* = —4dzVdz + 4%( — (dz")* + (dzf)2) + % . (3.6)
(1-32°) (1-32°)
The upshot is that this metric is invariant under constant shifts of the two light-cone coordinates
z*, something which will prove convenient in solving the Virasoro constraints.

In terms of these new coordinates, the long spinning (GKP) string solution is given by
+ + .
2T = ko™, ot = 5(7 +o). (3.7)

We will leave the S metric unspecified and work directly in terms of the spin connection and
vielbeins.

4 Low-energy effective action

Having defined the AdS3 metric it is now straightforward to expand the action around the
spinning string solution (3.7). To find the spectrum we consider the quadratic action. Taking
the conformal gauge v = 1™ with n, _ = 2 and using (3.6) the bosonic action (2.2) reduces to

£ = 728_z+6+27+2nz(6+2776_z+)+%5+za_z+%3+ym8_ym+%8+ym/6_ym/+%6+y3_y.
(4.1)
As we will see below solving the Virasoro constraints will eliminate z* from the physical spectrum
and generate a mass term for the remaining AdS-coordinate z. The seven remaining scalars, three
(y™) from the first S, three (y™') from the second S3 and one (y) from the S* remain massless.
To find the low-energy effective action we will integrate out the massive boson z leaving only
the seven massless bosons.
Let us now turn to the spectrum of the fermions. Using the spinning string solution (3.7) in



the quadratic fermion action (2.3) and using (2.5) we find at the quadratic level®
LY =T PO_v + ioT _PO,v + i0T . PO_9 + i9T_ PO, — idTa9,_ PO,  (4.2)

where I'y =19 1"y and
1
P = 5(1 +I°T) (4.3)

is the kappa symmetry projection matrix which ensures that only 16 of the 32 components of ©
are physical. We have used the projection operator P defined in (2.6) to split the fermions into
16 + 16

O=PO+(1-P)O=9+v. (4.4)

The 16 fermions 1 are in one-to-one correspondence with the supersymmetries of the background.

They are the fermions described by the supercoset Slﬁfﬁf‘;égﬁ’g?@) [2,6] and we refer to them

as supercoset fermions. As can be seen from (4.2) it is precisely these fermions which acquire
mass for the spinning string and since we are interested only in the low-energy effective action
we will set them to zero in the following. The 16 non-coset fermions v are massless and they
are to be kept in the low-energy effective action. We see that it is important that we started
with the full Green-Schwarz superstring action. If we had tried to use instead a partially kappa

gauge-fixed version like the supercoset action we would have missed these fermions.®

Coordinate | Mass | Multiplicity
z 2K 1
vy, y | 0 7
v 0 4
) K 4

Table 1: Spectrum of excitations around the GKP string.

The spectrum is summarized in table 1. To get the low-energy effective action we can simply
set the massive fermions to zero but the massive boson z should be integrated out more carefully.
We will now describe how to do this.

4.1 Integrating out the massive boson z

Since the discussion here will affect only the the AdS-coordinates (z*

,z) we will work only
with the terms in the Lagrangian involving these fields. For the low-energy effective action only
the terms of mass-dimension two or less are relevant. Using the fact that z* have dimension
zero, v has dimension % and z as it will be integrated out effectively has dimension 1 we get by

expanding (2.2) and (2.3)
L.=-20,2"0_2" +2k(0;2~ —0_2")z+ %(&rz_ +0_z")olgy v —ikzol Doy v +...(4.5)
where we have used the expansion of the AdS vielbein and spin connection to O(z)
et ~dzT — zde e ~dz +zdzt, W ~dzt 4 ozde W~ —dzT 4 2dzt .
(4.6)

The quadratic fermion terms come from the spin connection inside D in (2.5). We also have the
Virasoro constraints G4 = 0 = G__ where G;; = EZvAEjBnAB is the induced metric on the

5We have rescaled the fermions by a factor k—1/2.
6This was true also for the AdSy x CP? string, see Bykov [22].



worldsheet. Using the fact that

EA = e, +4i0T4D;0 + 0(0%) (4.7)
we find
1 _ i
0 = RGJ’_J'_ = *84_2 — KZ + ZUF2+_U —+ ... (48)
1 i
0 = EG,7 =—-0_2" + k2 + EUI’QJF,U +...

where we have dropped all terms of dimension greater than one. Again the fermion terms come
from the AdS spin connection (4.6). Using (4.8) to solve for 04z allows us to write £, as

1
Ez = —2/{22’2 — Kz 1_1]:‘11F2+,’U — §(6F2+7U)2 + ... (49)

Since the kinetic term for the massive boson is %&rz@_z we see that z has mass 2k. Finally,
integrating out the massive boson z gives

1 1
L, = —§(5F11F2+—U)2 - §(5F2+—U)2- (4.10)

As it turns out, once we impose the kappa symmetry gauge-fixing this will completely vanish.
Thus, in hindsight we could have put the massive bosons and fermions in the action to zero
directly but only if we fix the kappa symmetry in a certain way.

4.2 z-independent part

In the previous section we took care of all terms in the low-energy effective action which involved
the AdS-coordinates. The remaining terms are obtained by simply setting (2%, 2) to zero (recall
that we are also setting the massive (coset) fermions to zero). From (2.2) the purely bosonic
part of the Lagrangian is simply

1 -~ . 1 / ro 1
L0 = e % 44 e Ve " + -0, yd_y, (4.11)
2 2 2
where €% and e are the vielbeins of the first and second S3 respectively and y is the S!
coordinate.
Using (2.3), (2.5) and, that to leading order, e; © ~ e_~ ~ w2~ ~ —w_2* ~ k the terms

quadratic in fermions become

1 P ]_ I/
E(z) = Z"DF.;,.P((?_ - Zwé B FA’B’)U + i@F_P(8+ — wa B 1—‘A’B’)U

+ %e+’4/ o0 4 Ta Pu — %e;“’ AT Pu+ ... (4.12)

where the ellipsis denotes terms of mass dimension higher than two which are to be dropped
in the low-energy effective action. Here A’ = (@, a’) runs over the indices of the two S3’s (note
that the S1-coordinate y decouples due to the projection condition v = (1 — P)v with P given
n (2.6)). Also note that the coupling of the vielbeins to the fermions breaks the 2d Lorentz
invariance. This is in contrast to the AdSs x S® and AdS; x CP? case where the low-energy
effective action is Lorentz invariant.

The kappa-symmetry projector P is defined in (4.3). A natural choice of kappa-symmetry



gauge is”

1
v=Pv= 5(1 + 1%, (4.13)

This gauge has the additional benefit that £, the the terms in the Lagrangian resulting from
integrating out z, in (4.10) vanishes. We are left with the low-energy effective action

£ = £O 4ol 0 v+ iol_d,v0 + %e+‘4/ ol gropv — %e,f" o 40w
— %w_A/B, ol grprpv — %w+ B ol g v+ LW (4.14)

where £*) denotes the v*-terms arising from (2.4). We will now show that in fact these terms
give no contribution to the low-energy effective action in the present case.

The third term in (2.4) is easily seen to give no contribution at dimension two due to the
projection condition v = (1 — P)v, the form of S in (2.5) and the fact that (1 — P)[', = T,P
(a =0,1,2). Using (2.8), the fact that the only contribution from D comes from the AdS spin
connection and the kappa-gauge choice v = Pv one can show that the second term in (2.4) also

gives no contribution. The remaining terms become, after some simplification,

1w 1
LW = ZT;FA 9-v 0T groqv + @@mc% (30I_(1 = I'11)Ucpv — 20T (1 + T11)Up_v)
1
+ Zs@F_CDU (30T 4+ (1 +T11)Ucpv — 20T (1 — T11)Up4v) . (4.15)

Using the form of U in (2.8) the contribution from the Upy-terms is easily seen to vanish due
to the kappa gauge condition (4.13). For the remaining U-terms only the term involving the
Riemann tensor contributes due to the fact that v = (1 — P)v and we are left with

1 / 1
£ = EDPA a0 0l g0 — 1fGRABCD ol ABvolep v, (4.16)
Using the relations

Pr%(1—P) = %mga’b’d 2Ty (1-P), Pré1-P)= %\/agégé ro2r; (1 - P)
(4.17)
and the form of the Riemann tensor in (2.9) we find that the two terms cancel so that there
is no contribution from the quartic fermion terms to the low-energy effective action. This is in
contrast to the AdS; x CP? case where such terms were found to contribute [22].

4.3 2d fermion notation

It will be useful to write the action using a 2d notation for the fermions. Before gauge-fixing
we have sixteen real massless non-coset fermions v. Fixing the kappa-symmetry gauge (4.13)
reduces these to eight real fermions. These can be combined into four two-component Majorana
fermions ¥y (I = 1,...,4) as described in detail in appendix A. The Lagrangian (4.14) then

"The more standard gauge ['t© = 0 is clearly not a good choice here since the fermion kinetic operator
degenerates in this case.



becomes
L= E(O) + E\I/[pzal\l’[ — %(wi?"l + \/&51-]-655) (\I]lpi\PQ + \I/gpi\lbl)

( % b Vadelt) (Uap' Uy — Wy p'Ug) — 2( A0 Vb el?) (U1p" Wy + Wap'Us)

+

M\N l\D\N

_ . _ . 1 . _ . _ .
( 78 —+ \/ 61363 ) (\IllleII4 — \IJQpZ\Ilg) —+ 5(&)1'86 + vV 1 — aéijeﬂ) (\IJQPZ\IIAL —+ \Illpll:[fg)
+ 5(&%‘67 + 1-— aéijejs) (‘i’gpi\lle - \I/]_pl‘lfg) . (418)

Worldsheet indices (i, j, .. .) are raised and lowered with the worldsheet metric n;; with n,_ = 2.
Note that the explicit appearance of 6;; (044 = d__ = 2) breaks the 2d Lorentz-invariance of
the action. This somewhat complicated Lagrangian can be written in a much simpler and more
illuminating form by combining the four spinors into a 2 x 2 matrix

U=clv,, o= (01, o2, o3, i]l), (\I/ =010 =510, &= (01 %, o° —z]l)) (4.19)

The Lagrangian then becomes

1 . .. 1 1, .50 7. s -
L = 5ei“ew + 561 ela’ 4 5‘ yd'y + tr(\I/pla \Il) — 1—6( gabey,be 4 2v/a6;;67%) tr(\I/p’\IlU“)
1 _
+ 16 VG 1 2VT = a b el ) (Upio? 0) (4.20)

where o = (¢, 02, 03) and similarly for 0% . This Lagrangian describes two O(4) sigma models

which are coupled through their interactions with the fermions. In addition there is a completely
decoupled scalar y coming from the S*. The action is invariant under the two SO(3) ~ SU(2)
which correspond to rotations in the first and second S factor of AdS; x S% x S x S'. The

fermions transform as
U UOYV (U VW) with  UeSU®2),, VeSU®2),. (4.21)

In fact (4.20) is invariant under the full isometry group of the two S% ie. SO(4) x SO(4).
This can for example be seen by verifying explicitly the invariance under the (appropriately
restricted) superisometry transformations given in [28]. It also follows from the Lax connection
construction in the next section. Unlike the AdS5 x S° and AdSy x CIP? case we have not found
a form of the Lagrangian that makes the full SO(4) x SO(4) symmetry manifest.

As a side note, the fermion terms in the action can be written in a more compact form as

Str(¥p D), (4.22)

where the generalized "covariant” derivative is defined as

DU = 9,0 + i(gdﬁéwﬁé +2v/a e/ Vo i( AV Lo T— ;e )o U (4.23)
or, equivalently,
DU = ;¥ — iwé”au‘l/ + iai”\pa” oll = 5llg7] (4.24)
with
wga/b/ =w; %t w;“/‘* = m&ijejal , d}idi’ = widi’, 0% = Vad el (4.25)



Note however that D;V is not 2d Lorentz-covariant.

So far what we have said refers to the AdSs x S x §3 x S case. The AdS3 x S x T* case is
however easily obtained by taking the limit & — 1 (or, equivalently, @« — 0) so that e = aiya’
and w;*"?" — 0. This leads to an 0O(4) sigma model coupled to four Majorana fermions together
with four decoupled scalars from the 7.

5 Classical integrability

Since the low-energy effective action has no quartic fermion terms its Lax connection can be
obtained from [28] by a suitable truncation. In that paper a Lax connection was written for the
complete AdSs x 83 x S3 x S! superstring with 32 fermions, up to quadratic order in fermions
(see [29-31] for similar Lax connections for AdSy x CP? and AdS, x S? x T%). Normally this
Lax connection would have zero curvature, i.e.

dL—-LANL=0 or eY(d;L; +L;L;) =0, (5.1)

only modulo ©*-terms. Additional terms would then be needed in the Lax connection at order
©* to cancel these terms. However, in the present case the low-energy effective action actually
terminates at the quadratic order in fermions. Since we expect this model to be integrable we
should find that the v*-terms coming from L A L actually cancel in this case. We will now show
that this is precisely what happens.

The Lax connection splits into two pieces®

L=L+1', (5.2)

coming from the two S3’s respectively. In terms of the components of the Maurer-Cartan form
K on S3 satisfying (see [28] for more details)

dK=KNK = [K&,Ké] = V&Kiﬂ [K&V@K?}] = —20((55[&KB] R (53)

and similarly for K, with a — 1 — «, these Lax connection pieces are given by

Li = (a18 4 agnire™)e;® Ky — %\/aﬁijfsjktf(@f)ki/ad) Ka

Q N — .
— Tg(agnij + (1 + Oél)Eij)Ea Ctr(\I/p]\I/Ué) V@KB (54)

Q2

3 V1-— asijéjktr(\ifpkaallll) K,

(6% AN -
+ Tg(agnij + (1 + Oél)é"ij)é‘a ble tI‘(\I/p]O'C/\I/) Va/Kb/ . (55)

L; = (aléf + agnikskj)ej“l Ky, +

These two pieces obviously commute with each other since they are constructed using generators
from different algebras. It is also worth noting that due to the explicit appearance of d;; L; is
not covariant under 2d Lorentz-transformations. This is to be expected since the low-energy
effective action lacks this symmetry as we have seen. The parameters a; and as are related by
the equation

a2 =2a; +a? (5.6)

and can therefore be expressed in terms of a single (spectral) parameter. Let us now show that
the curvature (5.1) of L; indeed vanishes on-shell. The same is true for L} by an essentially

8We drop the additional ST boson y since it decouples completely. It can of course be trivially included in
the Lax connection.



identical calculation. Computing the second term in (5.1) we find using (5.6)
Eijﬁiﬁj = —aleijeideji’ [Ka, K;] + %eﬁ@ﬁ(ala; — agsijnjk)dkltr(\flpllllaa) [Ka, K4
+ (@165 + agsijnjk)sdgétr(@pk\lla@) (K, V@KB])
+ %56 (eijtr(\i’pi\llad)tr(\i/pj\l/al;) (20[K,, K;] + %sdé(iaééf[v,g[(f, VeK])
— 2v/a 8% (agmi; + (1 + a1)skj)tr(\ilpilllaé)tr(\flpj\PJJ)eaBd[K@, V@K@]) . (5.7)

Using the relations (5.3) it is easy to see that the terms quartic in ¥ indeed vanish as advertised
earlier. Using these relations and the fact that 9; K = eV K B—i—wigéK 2 we get for the curvature
of IAzz'

el + Lily) = (Ve — ?tr(@pi(;iij\pod)) Ka
+ it (U((1+ ) + azp®)p' Dyo™) VoK (5.8)

where p? = pUpl. The first term is the equation of motion for ™ following from the action
(4.20) (modulo a term proportional to the fermionic equation of motion) and the second term
is proportional to the fermionic equation of motion. Note however that the e and w® -terms
inside D; in (4.23) don’t contribute here due to the fact that

tr(@piaa/\llo‘i) =0. (5.9)

It is clear that the curvature of L; (5.8) vanishes on-shell. It is also clear that the flatness of
L; by itself does not imply all the equations of motion, only the equations for 4™ and part of
the fermionic equation due to the missing contributions involving e” and w®? as mentioned
above. However, together the flatness of L; and L} imply all the equations of motion of (4.20)
demonstrating the classical integrability of the model.

6 Conclusions

In this paper we have derived the Lagrangian that captures the low-energy dynamics of fluc-
tuations of the AdSs x S x My string around the GKP vacuum [18]. The starting point of
our analysis was the GS action up to quartic order in fermions, recently derived in [27]. The
classical GKP solution is a spinning string in AdSs with a fluctuation spectrum of both massive
and massless modes. While the full fluctuation Lagrangian is very involved, it simplifies dras-
tically in the low-energy limit where only the massless modes contribute. We have found that
the resulting theory consists of two O(4) sigma models coupled through their coupling to four
Majorana fermions. In addition there is a free boson coming from the S. In contrast to earlier
examples in AdSs x S° and AdS, x CIP? we find that the model is not 2d Lorentz invariant.
Furthermore, a curious fact is that the quartic fermion terms completely drop out due to a
delicate cancellation. This is somewhat unexpected, since, at least for o = %, the AdS, x CP?
and AdS3 x S3 x S3 x S! strings share many similar features, see [28] for some examples. The
special case where one S® blows up (i.e. o — 0, 1) describes the AdS3 x S% x T* GKP string and
the low-energy effective action reduces to a single O(4) sigma model coupled to four Majorana
fermions with four free bosons coming from the 7.

There are several interesting possible extensions of this work. It would be very interesting
to perform a similar analysis as [23-25] and try to find the Bethe ansatz and exact S-matrix
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for this model. Since the full AdSs; x 83 x 83 x S! string is believed to be quantum integrable
it is natural to expect that the low-energy string should inherit this integrability. For example,
as in [24], one can derive the S-matrix for the low-energy excitations and match the resulting
asymptotic equations with the low-energy part of the full set of conjectured equations in [16,10].

It would also be interesting to derive the low-energy limit of the GKP string for the case of
AdSs x S x §3 x S with mixed RR and NSNS flux. Superficially this case is considerably more
complicated but recent S-matrix calculations [32,33] have shown that this case is very similar
to the pure RR flux case. It would be interesting to understand what happens in the limit of
pure NSNS flux since one can then connect to the RNS description of the string.
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A 2d spinors and gamma-matrices

Starting from the fermions v with eight real components (after fixing the kappa symmetry (4.13))
we define one-component fermions by the following projections

T %(1 + FOl)%(l + iF34)%(1 +i%)v. (A1)

In the space of v the gamma-matrices are effectively eight-dimensional and we take a realization
such that
C~—-ic’@0?®0?, Ti~ic?(1+o® )11, T ~1ic'l®l, T®~101x®ic' (A.2)
where C' is the charge-conjugation matrix. As defined the spinors v are not real but satisfy

vl =tur,  ghi=—ve (A.3)

as follows from the Majorana condition on v. We can define real spinors as

Pr=V20 = yy), =iV +P_yy),
V3= V2V s+ —y), Ya=iV2P_ o =P _y),

X1=V2Ws— = iiy)s X =iV2(Yr— i),
X3 = —V2(iq- +¥i1), Xa = V2(Wiq =i y).

These can be combined into four 2d Majorana spinors

\1/1_<1/”> (I=1,...,4). (A.5)

X1

We take the 2d gamma-matrices to be
0 2 1_ .1 +_ 1.4 1
p =0, p =io, p :§(p +p7) (A.6)

and the conjugate spinor is defined as ¥ = ¥fp0.
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