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Abstract: Grand Unified Theories (GUTs) usually predict wrong Standard Model (SM)

fermion mass relation me/mµ = md/ms toward low energies. To solve this problem, we

consider the Generalized Minimal Supergravity (GmSUGRA) models, which are GUTs

with gravity mediated supersymmetry breaking and higher dimensional operators. Intro-

ducing non-renormalizable terms in the super- and Kähler potentials, we can obtain the

correct SM fermion mass relations in the SU(5) model with GUT Higgs fields in the 24

and 75 representations, and in the SO(10) model. In the latter case the gauge symmetry

is broken down to SU(3)C ×SU(2)L×SU(2)R×U(1)B−L, to flipped SU(5)×U(1)X , or to

SU(3)C × SU(2)L × U(1)1 × U(1)2. Especially, for the first time we generate the realistic

SM fermion mass relation in GUTs by considering the high-dimensional operators in the

Kähler potential.
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1. Introduction

Supersymmetry naturally solves the gauge hierarchy problem in the Standard Model (SM).

The unification of the SU(3)C × SU(2)L × U(1)Y gauge couplings in the supersymmetric

SM (SSM) at about 2 × 1016 GeV [1] strongly suggests the existence of a Grand Unified

Theory (GUT). In addition, supersymmetric GUTs, such as the SU(5) [2] and SO(10) [3]

models, give us deep insights into the problems of the SM such as charge quantization, the

origin of many free parameters, the SM fermion masses and mixings, and beyond. Although

supersymmetric GUTs are attractive, it is challenging to test them at the Large Hadron

Collider (LHC), the future International Linear Collider (ILC), or other experiments.

In the traditional SSMs, supersymmetry is broken in the hidden sector, and super-

symmetry breaking effects can be mediated to the observable sector via gravity [4], gauge

interactions [5, 6], the super-Weyl anomaly [7, 8, 9], or other mechanisms. Recently, con-

sidering GUTs with gravity mediated supersymmetry breaking and higher dimensional

operators [5, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] and F-theory GUTs with

U(1) fluxes [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34], two of us (LN) proposed the

Generalized Minimal Supregravity (GmSUGRA) scenario and studied the generic gaugino

mass relations as well as defined their indices [35]. We also generalized gauge and anomaly

mediated supersymmetry breaking, and discussed the corresponding gaugino mass relations

and their indices [36].

It is well known that one of the great successes of GUTs is the prediction of the equal

Yukawa couplings at the GUT scale for the bottom (b) quark and τ lepton [37], which yields

the correct mass ratio mb/mτ ∼ 2.7 at the low energy if and only if there are only three

generations [38, 39]. Alas, it is also well known that GUTs with minimal Higgs content

predict the wrong SM fermion mass relation me/mµ = md/ms, which is invariant under the

renormalization group equation (RGE) running due to the small Yukawa couplings of the

first two generations. This problem can be solved via the Georgi-Jarlskog mechanism [40]

by introducing Higgs fields in higher dimensional representations in SU(5) models (For

generalization for SO(10) models, see Ref. [41].), via the Ellis-Gaillard mechanism [42]

by introducing higher dimensional operators (For generalization in the supersymmetric

models with mass generation for the first two families of the SM fermions, see Ref. [43].),

or invoking supersymmetric loop effects [44]. Based on our previous work on SM fermion

Yukawa couplings in GmSUGRA [45], we aim to generate the correct SM fermion mass

relations in the SU(5) and SO(10) models.

In this paper, we briefly review GUTs and consider the general gravity mediated su-

persymmetry breaking. With non-renormalizable terms in the superpotential [42, 43] and

Kähler potential, we can obtain the correct SM fermion mass relations mems/mdmµ ≃ 1/10

in the SU(5) model with GUT Higgs fields in the 24 and 75 representations, and in SO(10)

model where the gauge symmetry is broken down to SU(3)C×SU(2)L×SU(2)R×U(1)B−L,

to the flipped SU(5)×U(1)X symmetry [46, 47, 48], or to SU(3)C×SU(2)L×U(1)1×U(1)2.

Our approach can be considered as the generalizations of the Georgi-Jarlskog and Ellis-

Gaillard mechanisms. However, we cannot get realistic SM fermion mass relations in

SO(10) models where the gauge symmetry is broken down to the Pati-Salam SU(4)C ×

– 2 –



SU(2)L × SU(2)R or to the George-Glashow SU(5) × U(1)′ symmetry. In the traditional

Pati-Salam and George-Glashow SU(5) models, we predict me/mµ = md/ms. We empha-

size that we for the first time use the high-dimensional operators in the Kähler potentail

to derive the realistic SM fermion mass relation in GUTs.

This paper is organized as follows. In Section 2, we briefly review four-dimensional

GUTs. In Section 3, we explain general gravity mediated supersymmetry breaking. With

higher dimensional operators in the super- and Kähler potential, we study the SM fermion

mass relations in SU(5)-based models in Section 4. We consider SO(10) models with

higher dimensional operators in the super- and Kähler potential in Section 5 and Section 6,

respectively. Section 7 contains our conclusion.

2. A Brief Review of Grand Unified Theories

In this Section we explain our conventions. In supersymmetric SMs, we denote the left-

handed quark doublets, right-handed up-type quarks, right-handed down-type quarks, left-

handed lepton doublets, right-handed neutrinos, and right-handed charged leptons as Qi,

U c
i , D

c
i , Li, N

c
i , and Ec

i , respectively. We denote one pair of Higgs doublets as Hu and

Hd, which give masses to the up-type quarks/neutrinos and the down-type quarks/charged

leptons, respectively. Moreover, we define tan β ≡ 〈H0
u〉/〈H0

d 〉, where vu,d ≡ 〈H0
u,d〉 are the

Higgs vacuum expectation values (VEVs).

First, we briefly review the SU(5) model. We define the U(1)Y hypercharge generator

in SU(5) as follows

TU(1)Y = diag

(

−1

3
,−1

3
,−1

3
,
1

2
,
1

2

)

. (2.1)

Under the SU(3)C × SU(2)L × U(1)Y gauge symmetry, the SU(5) representations are

decomposed as follows

5 = (3,1,−1/3) ⊕ (1,2,1/2) , (2.2)

5 = (3,1,1/3) ⊕ (1,2,−1/2) , (2.3)

10 = (3,2,1/6) ⊕ (3,1,−2/3) ⊕ (1,1,1) , (2.4)

10 = (3,2,−1/6) ⊕ (3,1,2/3) ⊕ (1,1,−1) , (2.5)

24 = (8,1,0) ⊕ (1,3,0) ⊕ (1,1,0) ⊕ (3,2,−5/6) ⊕ (3,2,5/6) . (2.6)

There are three families of the SM fermions whose quantum numbers under SU(5) are

F ′
i = 10, f

′

i = 5̄, N c
i = 1 , (2.7)

where i = 1, 2, 3 for three families. The SM particle assignments in F ′
i and f̄ ′

i are

F ′
i = (Qi, U

c
i , E

c
i ) , f

′

i = (Dc
i , Li) . (2.8)

To break the SU(5) and electroweak gauge symmetries, we introduce the adjoint Higgs

and another pair of Higgs fields whose quantum numbers under SU(5) are

Φ′ = 24 , h′ = 5 , h
′
= 5̄ , (2.9)
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where h′ and h
′
contain the Higgs doublets Hu and Hd, respectively.

Next, we briefly review the flipped SU(5)×U(1)X model [46, 47, 48]. The gauge group

SU(5) × U(1)X can be embedded into SO(10). We define the generator U(1)Y ′ in SU(5)

as follows

TU(1)Y′
= diag

(

−1

3
,−1

3
,−1

3
,
1

2
,
1

2

)

. (2.10)

The hypercharge is given by

QY =
1

5
(QX −QY ′) . (2.11)

The quantum numbers of the three SM fermion families under SU(5)× U(1)X are

Fi = (10,1), f̄i = (5̄,−3), l̄i = (1,5), (2.12)

where i = 1, 2, 3. The particle assignments for the SM fermions are

Fi = (Qi,D
c
i , N

c
i ) , f i = (U c

i , Li) , li = Ec
i . (2.13)

To break the GUT and electroweak gauge symmetries, we introduce two pairs of Higgs

fields whose quantum numbers under SU(5)× U(1)X are

H = (10,1) , H = (10,−1) , h = (5,−2) , h = (5̄,2) , (2.14)

where h and h contain the Higgs doublets Hd and Hu, respectively. The flipped SU(5) ×
U(1)X model can be embedded into SO(10). Under the SU(5) × U(1)X gauge symmetry,

the SO(10) representations are decomposed as follows

10 = (5,−2)⊕ (5,2) , (2.15)

16 = (10,1) ⊕ (5,−3)⊕ (1,5) , (2.16)

45 = (24,0) ⊕ (1,0) ⊕ (10,−4) ⊕ (10,4) . (2.17)

Finally, we briefly review the Pati-Salam model. The gauge group is SU(4)C×SU(2)L×
SU(2)R which can also be embedded into SO(10). The quantum numbers of the three SM

fermion families under SU(4)C × SU(2)L × SU(2)R are

FL
i = (4,2,1) , FRc

i = (4,1,2) , (2.18)

where i = 1, 2, 3. The particle assignments for the SM fermions are

FL
i = (Qi, Li) , FRc

i = (U c
i ,D

c
i , E

c
i , N

c
i ) . (2.19)

To break the Pati-Salam and electroweak gauge symmetries, we introduce one pair of Higgs

fields and one bi-doublet Higgs field whose quantum numbers under SU(4)C × SU(2)L ×
SU(2)R are

Φ = (4,1,2) , Φ = (4,1,2) , H ′ = (1,2,2) , (2.20)
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where H ′ contains one pair of the Higgs doublets Hd and Hu. The Pati-Salam model can

be embedded into SO(10) as well. Under the SU(4)C ×SU(2)L×SU(2)R gauge symmetry,

the SO(10) representations are decomposed as follows

10 = (6,1,1) ⊕ (1,2,2) , (2.21)

16 = (4,2,1) ⊕ (4,1,2) , (2.22)

45 = (15,1,1) ⊕ (1,3,1) ⊕ (1,1,3) ⊕ (6,2,2) . (2.23)

3. General Gravity Mediated Supersymmetry Breaking

The supegravity scalar potential can be written as follows [4]

V = eG
[

Gi(G−1)jiGj − 3
]

+
1

2
Re
[

(f−1)abD̂
aD̂b

]

, (3.1)

where D-terms are

D̂a≡−Gi(T a)jiφj = −φj∗(T a)ijGi , (3.2)

and the Kähler function G as well as its derivatives and the metric Gj
i are

G ≡ K + ln (W ) + ln (W ∗) , (3.3)

Gi =
δG

δφi
, Gi =

δG

δφ∗
i

, Gj
i =

δ2G

δφ∗
i δφj

, (3.4)

where K is the Kähler potential and W is the superpotential.

Since the gaugino masses, supersymmetry breaking scalar masses and trilinear soft

terms have been studied previously [35], we only consider the SM fermion mass relations

in this paper. We consider the following Kähler potential

K = φ†
ie

2gV φi +
bΦφi

M∗

φ†
ie

2gV Φφi +
bSφi

M∗

Sφ†
ie

2gV φi , (3.5)

and superpotential

W =
1

6
yijkφiφjφk +

1

6
αijk
Φ

Φ

M∗
φiφjφk , (3.6)

where M∗ is the fundamental scale, Φ is the GUT Higgs field, and S is a SM singlet Higgs

field.

After the scalar components of the chiral superfields Φ and S acquire vacuum expec-

tation values (VEVs), we get the general superpotential and Kähler potential

K = a0φi
φ†
ie

2gV φi +
bΦφi

M∗
φ†
i 〈Φ〉e2gV φi , (3.7)

W =
1

6
yijkφiφjφk +

1

6
αijk
Φ

〈Φ〉
M∗

φiφjφk , (3.8)
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where

a0φi
= 1 + bSφi

〈S〉
M∗

. (3.9)

Because S is a SM singlet, it can acquire a VEV close to the fundamental scale M∗ . Thus,

〈S〉/M∗ can be close to 1 in principle. In short, the realistic SM fermion mass relations

can be produced via these non-renormalization terms in the superpotential and Kähler

potential [42, 43]. In particular, for the first time we obtain the correct SM fermion mass

relation in GUTs via the high-dimensional operators in the Kähler potential.

4. SU(5) Models

With non-renormalizable terms in the super- and Kähler potentials, we generate the suit-

able SM fermion mass ratio mems/mµmd in the SU(5) models. Before discussing the

details, we summarize the realistic SM fermion mass relations at the GUT scale. Us-

ing low energy electroweak data, an effective universal supersymmetry breaking scale of

MS = 500 GeV, and two-loop RGE running for the SM gauge couplings and Yukawa cou-

plings, we obtain the SM fermion mass ratios at the GUT scale for the down-type quarks

and charged leptons [50]:

mb

mτ
≈ 1 ,

3ms

mµ
≈ 0.69 ,

md

3me
≈ 0.83 . (4.1)

Due to the small Yukawa couplings this leads to the following RGE running invariant SM

fermion mass relation for the first two generations

me

mµ
≈ 1

10.8

md

ms
. (4.2)

For comparison, standard mass ratios at the GUT scale are [40]

3me ≈ md , mµ ≈ 3ms , mτ ≈ mb , (4.3)

which gives the RGE running invariant SM fermion mass ratio

me

mµ
≈ 1

9

md

ms
. (4.4)

4.1 Non-Renormalizable Terms in the Superpotential

In this subsection, we study new contributions to the SM fermion Yukawa couplings from

higher dimensional operators in the superpotential. To obtain the possible higher dimen-

sional operators for the Yukawa couplings, we need to consider the decompositions of the

tensor products for the SM fermion Yukawa coupling terms [49]

10⊗ 10⊗ 5 = (5̄⊕ 45⊕ 50)⊗ 5

= (1⊕ 24)⊕ (24 ⊕ 75⊕ 126)⊕ (75 ⊕ 175′) , (4.5)

10⊗ 5̄⊗ 5̄ = 10⊗ (10⊕ 15) = (1⊕ 24⊕ 75)⊕ (24⊕ 126) . (4.6)
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Because the Higgs fields in the 126, 126 and 175′ do not have the SU(3)C × SU(2)L
singlets [49], we do not consider them in the following discussions. Thus, we only consider

the Higgs fields in the 24 and 75 representations.

(A) Higgs Field in the 24 Representation.

The VEVs of the Higgs field Φ24 in the adjoint representation can be expressed as the

following 5× 5 and 10 × 10 matrices

〈Φ24〉 = v

√

3

5
diag

(

−1

3
,−1

3
,−1

3
,
1

2
,
1

2

)

, (4.7)

〈Φ24〉 = v

√

3

5
diag(−2

3
, · · · ,−2

3
︸ ︷︷ ︸

3

,
1

6
, · · · , 1

6
︸ ︷︷ ︸

6

, 1) , (4.8)

which are normalized to c = 1/2 and c = 3/2, respectively.

For the Higgs field Φ24 in the 24 representation, we consider the following superpo-

tential for the additional contributions to the SM fermion Yukawa coupling terms

W ⊃ 1

M∗

(

hUiǫmnpql(F ′
i )mn(F

′
i )pq(h

′)k(Φ24)
k
l + h′Uiǫmnpkl(F ′

i )mn(F
′
i )pq(h

′)k(Φ24)
q
l

+hDEi(F ′
i )mn(f

′

i ⊗ h
′
)ml
Sym(Φ24)

n
l + h′DEi(F ′

i )mn(f
′

i ⊗ h
′
)ml
Asym(Φ24)

n
l

)

, (4.9)

where the subscripts Sym and Asym denote the symmetric and anti-symmetric products

of two 5̄ representations. After Φ24 acquires a VEV, we obtain the Yukawa coupling terms

in the superpotential

W ⊃ v

M∗

√

3

5

(

−2hUiQiU
c
i Hu − h′UiQiU

c
i Hu −

1

6
h′DEiQiD

c
iHd − h′DEiLiE

c
iHd

+
5

6
hDEiQiD

c
iHd

)

. (4.10)

For simplicity, we assume that the masses of the first generation are dominanted by

non-renormalizable terms, while the masses of the second generation are generated as in the

usual GUTs. Then we have the following Yukawa coupling terms for the first generation

L ⊇ −c1(
1

6
Q1D

c
1Hd + L1E

c
1Hd) +

5

6
c2Q1D

c
1Hd , (4.11)

where c1 ≈
√

3
5h

′DE v
M∗

, and c2 ≈
√

3
5h

DE v
M∗

. We choose civd ∼ O(MeV) which is at

the order of the electron and down quark masses. After electroweak symmetry breaking,

choosing c2 ≈ 12c1, we can obtain the correct RGE running invariant SM fermion mass

ratio at the GUT scale

mems

mµmd
=

6c1
5c2 − c1

≈ 1

10
. (4.12)
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(B) Higgs Field in the 75 Representation.

The VEV of the 75 dimensional Higgs field Φ
[ik]
jl can be written as follows [10]

〈Φ[ik]
jl 〉 =

v

2
√
3

[

∆
[i
cj∆

k]
cl + 2∆

[i
wj∆

k]
wl −

1

2
δ
[i
j δ

k]
l

]

, (4.13)

where

∆c = diag( 1, 1, 1, 0, 0) , ∆w = diag( 0, 0, 0, 1, 1) . (4.14)

We consider the following superpotential for the additional contributions to the SM fermion

Yukawa coupling terms

W ⊃
(

hUiǫmnpjl(F ′
i )mn(F

′
i )pq(h

′)kΦ
[qk]
jl + h′Uiǫjlpqk(F ′

i )mn(F
′
i )pq(h

′)kΦ
[mn]
jl

+hDEi(F ′
i )mn(f

′

i)
p(h

′
)qΦ[mn]

pq

)

. (4.15)

After Φ
[ik]
jl acquires a VEV, we obtain the Yukawa coupling terms in the superpotential

W ⊃ v

M∗

1

2
√
3

(
−h′DEiQiD

c
iHd + 3h′DEiLiE

c
iHd

)
. (4.16)

Similarly to the Georgi-Jarlskog mechanism [40], we can get the realistic SM fermion

mass relation. After imposing some discrete symmetry, we can generate the following

superpotential

W ⊇
(
hDE
12 Q1D

c
2Hd + hDE

12 L1E
c
2Hd + hDE

12 Q2D
c
1Hd + hDE

12 L2E
c
1Hd

)

+
v

M∗

1

2
√
3

(
−h′DE

22 Q2D
c
2Hd + 3h′DE

22 L2E
c
2Hd

)
. (4.17)

For not too large tan β and h′DE ∼ O(1), we have h′DEvdv/M∗ ∼ O(102) MeV. Thus, we

get the following mass matrices for (e, µ) and (d, s) after electroweak symmetry breaking

e µ

e

µ

(

0 a

a 3b

)

,

d s

d

s

(

0 a

a b

)

.
(4.18)

Diagonalizing these matrices for a ≪ b, we can get approximately the RG invariant SM

fermion mass ratio

me

mµ
≈ 1

9

md

ms
. (4.19)

4.2 Non-Renormalizable Terms in the Kähler Potential

In this subsection, we study the new contributions to the SM fermion Yukawa couplings

arising from higher dimensional operators in the Kähler potential. The realistic SM fermion

mass ratios can also be produced by the non-minimal Kähler potentials. In order to
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construct gauge invariant higher dimensional operators, we need the decompositions of the

following tensor products

5̄⊗ 5 = 1⊕ 24 , (4.20)

10⊗ 10 = 1⊕ 24⊕ 75 . (4.21)

Thus, the adjoint Higgs field can give additional contributions to the kinetic terms for both

F ′
i and f

′

i, while the Higgs field in the 75 representation can only give an extra contribution

to the kinetic term of F ′
i .

For the non-minimal Kähler potential, the kinetic terms relevant to e, µ, d, s are

K ⊇ ZQi
Q†

iQi + ZLi
L†
iLi + ZEc

i
(Ec

i )
†(Ec

i ) + ZDc

i
(Dc

i )
†(Dc

i ) . (4.22)

With the simple SM fermion Yukawa coupling terms for the charged leptons and down-type

quarks

W = yDE
i F ′

i f̄
′
i h̄ , (4.23)

we obtain their masses after electroweak gauge symmetry breaking

mi
e =

mi
DE

√
ZLiZEc

i

, mi
d =

mi
DE

√
ZQiZDc

i

. (4.24)

Here mi
DE = yDE

i 〈Hd〉 are universal for the down-type quarks and charged leptons in each

generations. In this work, we assume that each normalization factor ZΦ is positive.

(A) Higgs Field in the 24 Representation.

The VEVs of the Higgs field Φ24 in the adjoint representation are given in Eqs. (4.7)

and (4.8). Thus, we obtain the following normalizations for the SM fermion kinetic terms

ZQi
= a0 +

√

3

5

1

6
ǫi1, (4.25)

ZUi
= a0 −

√

3

5

2

3
ǫi1, (4.26)

ZEc

i
= a0 +

√

3

5
ǫi1, (4.27)

ZDc

i
= a′0 +

√

3

5

1

3
ǫ′i1 , (4.28)

ZLi
= a′0 −

√

3

5

1

2
ǫ′i1 , (4.29)

where

a0 = 1 + bS10
〈S〉
M∗

, ǫi1 = biΦ10

〈Φ24〉
M∗

, (4.30)
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a′0 = 1 + bS5
〈S〉
M∗

, ǫ′i1 = bi
Φ5

〈Φ24〉
M∗

, (4.31)

where i is the family index.

Thus, we can obtain the correct SM fermion mass ratio

mems

mµmd

=

√

(b1 +
1
6 )(b

′
1 +

1
3)(b2 + 1)(b′2 − 1

2)

(b1 + 1)(b′1 − 1
2)(b2 +

1
6)(b

′
2 +

1
3)

≈ 1

10
. (4.32)

Here we normalize

a0 = bi

√

3

5
ǫi1 , a′0 = b′i

√

3

5
ǫ′i1 , (4.33)

with no summation on the family index i. For instance, we can choose b1 ≈ b2, b
′
1 6= 1

2 ,

while b′2 ≈ 1
2 .

(B) Higgs Field in the 75 Representation.

Next, we consider the Higgs field Φ
[ij]
kl in the 75 representation. Because the Higgs

fields Φ24 and Φ
[ij]
kl belong to the decomposition of the tensor product 10×10, their VEVs

must be orthogonal to each other. Thus, we obtain the VEV of Φ
[ij]
kl in terms of the 10×10

matrix

〈Φ[ij]
kl 〉 =

v

2
√
3
diag



 1, · · · , 1
︸ ︷︷ ︸

3

,−1, · · · ,−1
︸ ︷︷ ︸

6

, 3



 . (4.34)

So we obtain the normalizations for the SM fermion kinetic terms

ZQi
= a0 −

1

2
√
3
ǫi3, (4.35)

ZUi
= a0 −

1

2
√
3
ǫi3, (4.36)

ZEc

i
= a0 +

3

2
√
3
ǫi3, (4.37)

ZDc

i
= ZLi

= a0 , (4.38)

where

a0 = 1 + bS10
〈S〉
M∗

, ǫi3 = biΦ10

〈Φ75〉
M∗

, (4.39)

and i denotes the family index. The realistic SM fermion mass ratio emerges as

mems

mµmd
=

√

(b1 − 1)(b2 + 3)

(b2 − 1)(b1 + 3)
≈ 1

10
. (4.40)

Here we normalize

a0 = bi
1

2
√
3
ǫi3 , (4.41)

with no summation on the family index i. For example, we can choose b2 6= 1 while b1 ≈ 1.
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5. SO(10) Models with Non-Renormalizable Superpotential Terms

In the SO(10) model, the gauge symmetry can be broken directly down to the Pati-Salam

SU(4)C × SU(2)L × SU(2)R, the SU(3)C × SU(2)L × SU(2)R × U(1)B−L symmetry, the

Geogi-Glashow SU(5)×U(1)′, and the flipped SU(5)×U(1)X symmetry. For the last two

cases, the gauge symmetry can be further reduced to the SU(3)C×SU(2)L×U(1)1×U(1)2
symmetry. In the Pati-Salam models and Georgi-Glashow SU(5) × U(1)′ models without

further gauge symmetry breaking, the masses for the down-type quarks and charged leptons

are the same. Thus, we cannot obtain the correct SM fermion mass relations when we break

the SO(10) gauge symmetry down to the SU(4)C × SU(2)L × SU(2)R or SU(5) × U(1)′

symmetries. To be concrete, we shall also study these two scenarios in details.

There are several kinds of the renormalizable Yukawa coupling terms for the SM

fermions in the SO(10) models. For example, we can introduce the Higgs fields in the

120 or 126 representation to obtain additional contributions to the SM fermion Yukawa

couplings. In this paper, we only consider the simplest Higgs fields1 H i
10

(i = 1, 2) in the

SO(10) fundamental representation. The renormalizable terms in superpotential give the

tree-level mass relations

mdi = mei , mui = mνi , (5.1)

after the Higgs fields H i
10

acquire VEVs. Due to the arbitrariness in neutrino sector, we

will not discuss the mass ratios for ui and νi here. We only consider the SM fermion mass

ratio mems/mµmd.

There are several ways to improve such mass ratio. For example, one can introduce

additional higher representation Higgs fields to generalize the Georgi-Jarlskog mechanism

in SU(5) models [40] and Georgi-Nanopoulos mechanism in the SO(10) models [41]. In this

work, we generate the realistic SM fermion mass ratio in the GmSUGRA, i.e. in the simple

SO(10) model with higher dimensional operators in the super- and Kähler potentials. In

this Section, we discuss the effects of non-renormalizable terms in the superpotential on

the SM fermion mass relations.

To obtain the non-renormalizable contributions to the SM fermion Yukawa coupling

terms, we need to know the decompositions of the tensor product 16⊗ 16⊗ 10 [49]

16⊗ 16 = 10⊕ 120⊕ 126 , (5.2)

16⊗ 16⊗ 10 = (1⊕ 45⊕ 54)⊕ (45⊕ 210⊕ 945)⊕ (210 ⊕ 1050) . (5.3)

Because the 945 and 1050 representations do not have SU(5)×U(1) or SU(4)C×SU(2)L×
SU(2)R singlets [49], we only consider the Higgs fields in the 45, 54 and 210 representa-

tions.

5.1 The Pati-Salam Model

The SO(10) gauge symmetry can be broken down to the Pati-Salam SU(4)C × SU(2)L ×
SU(2)R symmetry by giving VEVs to the Higgs fields in the 54 and 210 representations.

1We use two 10 Higgs to avoid large tan β.
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We can write the VEV of the Higgs field Φ54 as

〈Φ54〉 =
v

2
√
15

diag( 2, · · · , 2
︸ ︷︷ ︸

6

,−3, · · · ,−3
︸ ︷︷ ︸

4

) , (5.4)

which is normalized to c = 1.

To calculate the additional contributions to the Yukawa coupling terms, we consider

the following superpotential

W ⊃ 1

M∗
hi(16i ⊗ 16i)

m
10(Φ54)mn10

n . (5.5)

After Φ54 acquires a VEV, we obtain the additional contributions to the SM fermion

Yukawa coupling terms

W ⊃ −hi
3v√
15M∗

[QiU
c
i Hu + LiN

c
i Hu +QiD

c
iHd + LiE

c
iHd] . (5.6)

Thus, the extra contributions to all the SM fermion Yukawa couplings are the same, and

then we cannot explain the SM fermion mass ratio.

The VEV of the Φ210 Higgs field can be written as

〈Φ210〉 =
v

2
√
2
diag( 1, · · · , 1

︸ ︷︷ ︸

8

,−1, · · · ,−1
︸ ︷︷ ︸

8

) , (5.7)

which is normalized to c = 2. We consider the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
mnl
120(Φ210)mnlk10

k + h′i(16i ⊗ 16i)
mnlpq
126

(Φ210)mnlp10q

]

. (5.8)

It is easy to show that the above superpotential will not contribute to the SM fermion

Yukawa coupling terms.

In short, we cannot obtain the realistic SM fermion mass relation since the Pati-Salam

gauge symmetry is not broken. This problem can be solved by introducing additional

renormalizable Yukawa coupling terms involving the higher representation Higgs fields.

5.2 The SU(3)C × SU(2)L × SU(2)R × U(1)B−L Model

The SO(10) gauge symmetry can also be broken down to the SU(3)C×SU(2)L×SU(2)R×
U(1)B−L gauge symmetry by giving VEVs to the (15, 1, 1) components of the Higgs fields

in the 45 and 210 representations under SU(4)C × SU(2)L × SU(2)R.

For the Higgs field Φ45 in the 45 representation, the VEV can be written as

〈Φ45〉 =
v

2
√
6
diag( 2, · · · , 2

︸ ︷︷ ︸

3

,−2, · · · ,−2
︸ ︷︷ ︸

3

, 0, · · · , 0
︸ ︷︷ ︸

4

) , (5.9)

which is normalized as c = 1.

To calculate the additional contributions to the SM fermion Yukawa coupling terms,

we consider the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
m
10(Φ45)mn10

n + h′i(16i ⊗ 16i)
mnl
120(Φ45)mn10l

]

. (5.10)
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However, the above superpotential will not contribute to the SM fermion Yukawa coupling

terms.

For the Higgs field Φ210 in the 210 representation, the VEV is

〈Φ210〉 =
v

2
√
6
diag( 1, 1, 1,−3

︸ ︷︷ ︸

4

) , (5.11)

with normalization c = 2. We consider the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
mnl
120(Φ210)mnlk10

k + h′i(16i ⊗ 16i)
mnlpq
126

(Φ210)mnlp10q

]

.(5.12)

After Φ210 acquires a VEV, we obtain the additional contributions to the SM fermion

Yukawa coupling terms

W ⊃ h′i
v√
6M∗

[QiU
c
i Hu − 3LiN

c
i Hu +QiD

c
iHd − 3LiE

c
iHd] . (5.13)

Similar to the Georgi-Jarlskog mechanism in SU(5) models [40] and Georgi-Nanopoulos

mechanism in SO(10) models [41], we can explain the SM fermion mass ratio. After

imposing some discrete symmetries, we can generate the following superpotential

W ⊇
(
hDE
12 Q1D

c
2Hd + hDE

12 L1E
c
2Hd + hDE

12 Q2D
c
1Hd + hDE

12 L2E
c
1Hd

)

+
v

M∗

1√
6

(
h′DE
22 Q2D

c
2Hd − 3h′DE

22 L2E
c
2Hd

)
. (5.14)

Again, with not too large tan β and h′DE ∼ O(1), we have h′DE
22 vdv/M∗ ∼ O(102) MeV.

Thus, we get the mass matrices for (e, µ) and (d, s) after electroweak symmetry breaking

e µ

e

µ

(

0 a

a 3b

)

,

d s

d

s

(

0 a

a b

)

.
(5.15)

Diagonalizing the mass matrices for a ≪ b, we can get approximately the RGE running

invarian SM fermion mass ratio

me

mµ
∼ 1

9

md

ms
. (5.16)

5.3 The Georgi-Glashow SU(5)× U(1)′ Model

The SO(10) gauge symmetry can be broken down to the Georgi-Glashow SU(5) × U(1)′

symmetry by giving VEVs to the Higgs fields in the 45 and 210 representations.

For the Higgs field Φ45 in the 45 representation, we can write the VEV in terms of

the 10× 10 matrix

〈Φ45〉 =
v√
10

diag( 1, · · · , 1
︸ ︷︷ ︸

5

,−1, · · · ,−1
︸ ︷︷ ︸

5

) , (5.17)
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where the normalization is c = 1. Using the conventions in [51] we obtain the non-zero

components

(Φ45)12 = (Φ45)34 = (Φ45)56 = (Φ45)78 = (Φ45)90 =
v√
10

. (5.18)

To calculate the additional contributions to the SM fermion Yukawa couplings, we consider

the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
m
10(Φ45)mn10

n + h′i(16i ⊗ 16i)
mnl
120(Φ45)mn10l

]

. (5.19)

Note that 120 is anti-symmetric representation, the h′i term will not contribute to the SM

fermion Yukawa couplings. After Φ45 acquires a VEV, we obtain the additional contribu-

tions to the Yukawa couplings

W ⊃ hi
2v√
10M∗

[QiU
c
i Hu + LiN

c
i Hu −QiD

c
iHd − LiE

c
iHd] . (5.20)

These terms are the same for the down-type quarks and charged leptons, so we cannot

realize the correct SM fermion mass ratio.

For the Higgs field Φ210 in the 210 representation, we can write the VEV in terms of

the 16× 16 matrix as follows

〈Φ210〉 =
v

2
√
5
diag( 1, · · · , 1

︸ ︷︷ ︸

5

,−1, · · · ,−1
︸ ︷︷ ︸

10

, 5) , (5.21)

where the normalization is c = 2. This VEV can be written in components as follows

(Φ210)1234 = (Φ210)1256 = (Φ210)1278 = (Φ210)1290 = (Φ210)3456 = (Φ210)3478

= (Φ210)3490 = (Φ210)5678 = (Φ210)5690 = (Φ210)7890 = − v

2
√
5
. (5.22)

We consider the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
mnl
120(Φ210)mnlk10

k + h′i(16i ⊗ 16i)
mnlkp
126

(Φ210)mnlk10p

]

.(5.23)

After Φ210 acquires a VEV, we obtain the additional contributions to the SM fermion

Yukawa couplings

W ⊃ h′i
v√
5M∗

[3LiN
c
i Hu −QiU

c
i Hu] . (5.24)

In summary, we cannot obtain the realistic SM fermion mass relations in this case

since the SU(5) gauge symmetry is not broken. This problem can be solved by introducing

additional renormalizable Yukawa coupling terms involving the higher representation Higgs

fields.
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5.4 The Flipped SU(5)× U(1)X Model

The discussion for the flipped SU(5)×U(1)X model is similar to that of the Georgi-Glashow

SU(5) × U(1)′ model except that we make the following transformations

Qi ↔ Qi , U c
i ↔ Dc

i , Li ↔ Li , N c
i ↔ Ec

i , Hd ↔ Hu . (5.25)

Therefore, for the Higgs field in the 45 representation, we obtain the additional con-

tributions to the SM fermion Yukawa couplins

W ⊃ hi
2v√
10M∗

[QiD
c
iHd + LiE

c
iHd −QiU

c
i Hu − LiN

c
i Hu] . (5.26)

These contributions are the same for the down-type quarks and charged leptons, we cannot

realize the correct SM fermion mass ratio.

For the Higgs field in the 210 representation, we have

W ⊃ h′i
v√
5M∗

[3LiE
c
iHd −QiD

c
iHd] . (5.27)

Similarly to the Georgi-Jarlskog and Georgi-Nanopoulos mechanisms or to our previous

discussion, we can generate the following correct SM fermion mass ratio

me

mµ
∼ 1

9

md

ms
. (5.28)

5.5 The SU(3)C × SU(2)L × U(1)1 × U(1)2 Model

The SO(10) gauge symmetry can be broken down to the SU(3)C ×SU(2)L×U(1)1×U(1)2
symmetry by giving VEVs to the (24,0) component of the Higgs fields in the 45, 54

and 210 representations under SU(5) × U(1), or to the (75,0) component of the Higgs

field in the 210 representation. In this subsection, we will study the SM fermion Yukawa

couplings in the SO(10) model where the gauge symmetry is broken down to the SU(3)C ×
SU(2)L × U(1)Y ×U(1)′ symmetry via the Georgi-Glashow SU(5)×U(1)′ symmetry. We

also comment on the SM fermion Yukawa couplings in the SO(10) model where the gauge

symmetry is broken down to the SU(3)C×SU(2)L×U(1)Y ×U(1)′ symmetry via the flipped

SU(5)×U(1)X symmetry, which can be obtained from the Georgi-Glashow SU(5)×U(1)′

case by making the replacements in Eq. (5.25).

First, for the Higgs field Φ45 in the 45 representation, we can write the VEV in terms

of the 10× 10 matrix as follows

〈Φ45〉 = v

√

3

5
diag(

1

3
,
1

3
,
1

3
,−1

2
,−1

2
,−1

3
,−1

3
,−1

3
,
1

2
,
1

2
) , (5.29)

which is normalized to c = 1. It can also be written in components as follows

3(Φ45)12 = 3(Φ45)34 = 3(Φ45)56 = −2(Φ45)78 = −2(Φ45)90 = v

√

3

5
. (5.30)

To calculate the additional contributions to the SM fermion Yukawa couplings, we consider

the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
m
10(Φ45)mn10

n + h′i(16i ⊗ 16i)
mnl
120(Φ45)mn10l

]

. (5.31)
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After Φ45 acquires a VEV, we obtain additional contributions to the SM fermion Yukawa

couplings

W ⊃ hi
v

2M∗

√

3

5
[QiU

c
i Hu + LiN

c
i Hu −QiD

c
iHd − LiE

c
iHd] . (5.32)

Since these terms are universal, we cannot obtain the correct SM fermion mass ratio, and

the same result holds for the intermediate flipped SU(5) × U(1)X model.

Second, for the Higgs field Φ54 in the 54 representation, we can write the VEV in the

10× 10 matrix form as follows

〈Φ54〉 = v

√

3

5
diag(

1

3
,
1

3
,
1

3
,−1

2
,−1

2
,
1

3
,
1

3
,
1

3
,−1

2
,−1

2
) , (5.33)

which is normalized to c = 1. We consider the following superpotential

W ⊃ 1

M∗

hi(16i ⊗ 16i)
m
10(Φ54)mn10

n . (5.34)

After Φ54 acquires a VEV, we obtain the additional contributions to the SM fermion

Yukawa couplings

W ⊃ −hi
v

2M∗

√

3

5
[QiU

c
i Hu + LiN

c
i Hu +QiD

c
iHd + LiE

c
iHd] . (5.35)

Once again, we cannot get the realistic SM fermion mass ratio, and the same result holds

for the intermediate flipped SU(5)× U(1)X model.

Third, we consider that the (24,0) component of the Higgs field Φ24
210

in the 210

representation obtains a VEV. We can write its VEV in the 16× 16 matrix as follows

〈Φ24

210〉 =
v√
5
diag(−1,−1,−1,

3

2
,
3

2
,
1

6
, · · · , 1

6
︸ ︷︷ ︸

6

,−2

3
,−2

3
,−2

3
, 1, 0) , (5.36)

which is normalized to c = 2. In components we have

6(Φ24

210)1278 = 6(Φ24

210)3478 = 6(Φ24

210)5678 = 6(Φ24

210)1290

= 6(Φ24

210)3490 = 6(Φ24

210)5690 = −3

2
(Φ24

210)1234

= −3

2
(Φ24

210)1256 = −3

2
(Φ24

210)3456 = (Φ24

210)7890 =
v√
5
. (5.37)

We consider the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
mnl
120(Φ

24

210)mnlk10
k + h′i(16i ⊗ 16i)

mnlpq
126

(Φ24

210)mnlp10q

]

.(5.38)

After Φ24
210

acquires a VEV, the additional contributions to the SM fermion Yukawa cou-

plings are

W ⊃ h′i
v

M∗

1

6
√
5
[−3QiU

c
i Hu + 9LiN

c
i Hu − 5QiD

c
iHd + 15LiE

c
iHd] . (5.39)
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Thus, similarly to the Georgi-Jarlskog mechanism, we can realize the correct SM fermion

mass ratio. The same result holds for the intermediate flipped SU(5)× U(1)X model.

Finally, we consider that the (75,0) component of the Higgs field Φ75
210

in the 210

representation obtains a VEV. We can write this VEV in the 16× 16 matrix form as

follows

〈Φ75

210〉 =
v

3
diag( 0, 0, 0, 0, 0,−1, · · · ,−1

︸ ︷︷ ︸

6

, 1, 1, 1, 3, 0) , (5.40)

which is normalized to c = 2. In components we have

(Φ75

210)1278 = (Φ75

210)3478 = (Φ75

210)5678 = (Φ75

210)1290

= (Φ75

210)3490 = (Φ75

210)5690 = −(Φ75

210)1234

= −(Φ75

210)1256 = −(Φ75

210)3456 = −1

3
(Φ75

210)7890 = −v

3
. (5.41)

We consider the following superpotential

W ⊃ 1

M∗

[

hi(16i ⊗ 16i)
mnl
120(Φ

75

210)mnlk10
k + h′i(16i ⊗ 16i)

mnlpq
126

(Φ75

210)mnlp10q

]

.(5.42)

After Φ75
210

acquires a VEV, we obtain the additional contributions to the Yukawa couplings

W ⊃ h′i
v

3M∗

[−QiD
c
iHd + 3LiE

c
iHd] . (5.43)

Again, similar to the Georgi-Jarlskog and Georgi-Nanopoulos mechanisms, we can obtain

the correct SM fermion mass ratio. However, in this case, we cannot get the realistic SM

fermion mass ratio in the intermediate flipped SU(5) × U(1)X model.

6. SO(10) Models with Non-Renormalizable Terms in the Kähler Potential

In this Section, we shall study the new contributions to the SM fermion Yukawa couplings

from higher dimensional operators in the Kähler potential in the SO(10) model. Normal-

izing the Yukawa couplings

W =

2∑

ab,i=1

yiDE
ab (16)a(16)b(10i) , (6.1)

we obtain the masses for the charged leptons and down-type quarks after electroweak

symmetry breaking, which are given in Eq. (4.24).

In order to construct gauge invariant higher dimensional operators in the Kähler po-

tential, we need to decompose the tensor product of 16⊗ 16 as follows

16⊗ 16 = 1⊕ 45⊕ 210 . (6.2)

Thus, we only need to consider Higgs fields in the 45 and 210 representations. The

SO(10) gauge symmetry can be broken down to the Pati-Salam SU(4)C×SU(2)L×SU(2)R
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symmetry by the VEV of the Higgs field in the 210 representation, and can be further

broken to the SU(3)C×SU(2)L×SU(2)R×U(1)B−L symmetry by the VEVs of the (15,1,1)

components of the Higgs fields in the 45 and 210 representations under SU(4)C×SU(2)L×
SU(2)R. In addition, the SO(10) gauge symmetry can be broken down to the Georgi-

Glashow SU(5)×U(1)′ and flipped SU(5)×U(1)X symmetries by Higgs fields in the 45 and

210 representations, and can be further broken to the SU(3)C × SU(2)L × U(1)1 × U(1)2
gauge symmetries by the VEV of the (24,0) component of the Higgs field in the 45

representation under SU(5)×U(1), or by the VEVs of the (24,0) and (75,0) components

of the Higgs fields in the 210 representation. Thus, in the following, we consider all these

gauge symmetry breaking chains.

6.1 The Pati-Salam Model

Decomposing the 16 ⊗ 16 tensor product of spinor representations under the SU(4)C ×
SU(2)L × SU(2)R gauge symmetry, we obtain the VEV for the (1,1,1) component of the

210 dimensional Higgs field Φ210 in terms of the 16× 16 matrix

〈Φ210〉 =
v

2
√
2
diag( 1, · · · , 1

︸ ︷︷ ︸

8

,−1, · · · ,−1
︸ ︷︷ ︸

8

) , (6.3)

with the normalization c = 2. This leads to the wave function normalization of the SM

fermions

ZQi
= a0 +

1

2
√
2
β′i
210

v

M∗

,

ZUc

i
= a0 −

1

2
√
2
β′i
210

v

M∗
,

ZEc

i
= a0 −

1

2
√
2
β′i
210

v

M∗
,

ZDc

i
= a0 −

1

2
√
2
β′i
210

v

M∗
,

ZLi
= a0 +

1

2
√
2
β′i
210

v

M∗
. (6.4)

From these, we cannot obtain the suitable SM fermion mass ratio.

6.2 The SU(3)C × SU(2)L × SU(2)R × U(1)B−L Model

The SO(10) gauge symmetry can be broken down to the SU(3)C × SU(2)L × SU(2)R ×
U(1)B−L symmetry by giving VEVs to the (15,1,1) components of the Higgs fields in the

45 and 210 representations under SU(4)C × SU(2)L × SU(2)R. The decomposition of 16

under the SU(3)C × SU(2)L × SU(2)R × U(1)B−L symmetry is

16 = (3,2,1,1/6)⊕ (1,2,1,−1/2)⊕ (3̄,1, 2̄,−1/6)⊕ (1,1, 2̄,1/2) . (6.5)

First, we consider the Higgs field Φ45 in the 45 representation. The VEV of Φ45 can

be written in terms of the 16× 16 matrix as follows

〈Φ45〉 =
v

2
√
6
diag( 1, 1, 1,−3

︸ ︷︷ ︸

2

,−1,−1,−1, 3
︸ ︷︷ ︸

2

) , (6.6)
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which is normalized as c = 2. Then, the wave function normalization for the SM fermions

is

ZQi
= a0 +

1

2
√
6
β′i
45

v

M∗
,

ZUc

i
= a0 −

1

2
√
6
β′i
45

v

M∗
,

ZEc

i
= a0 +

3

2
√
6
β′i
45

v

M∗
,

ZDc

i
= a0 −

1

2
√
6
β′i
45

v

M∗

,

ZLi
= a0 −

3

2
√
6
β′i
45

v

M∗

. (6.7)

Thus, we can obtain the correct SM fermion mass ratio

mems

mµmd
=

√

(b1 − 1)(b1 + 1)(b2 − 3)(b2 + 3)

(b1 + 3)(b1 − 3)(b2 + 1)(b2 − 1)
≈ 1

10
. (6.8)

Here we normalize

a0 = bi
1

2
√
6
β′i
45

v

M∗

, (6.9)

with no summation on the family index i. For example, we can choose b1 6= 3 and b2 6= 1

while b2 ≈ 3.

Second, we consider the Higgs field Φ210 in the 210 representation. The VEV of Φ210

in terms of a 16× 16 matrix is

〈Φ210〉 =
v

2
√
6
diag( 1, 1, 1,−3

︸ ︷︷ ︸

4

) , (6.10)

which is normalized as c = 2. Thus, the wave function normalization for the SM fermions

is

ZQi
= a0 +

1

2
√
6
β′
210

v

M∗
,

ZUc

i
= a0 +

1

2
√
6
β′i
210

v

M∗

,

ZEc

i
= a0 −

3

2
√
6
β′i
210

v

M∗

,

ZDc

i
= a0 +

1

2
√
6
β′i
210

v

M∗
,

ZLi
= a0 −

3

2
√
6
β′i
210

v

M∗
. (6.11)

So we can obtain the realistic SM fermion mass ratio

mems

mµmd
=

√

(b1 + 1)2(b2 − 3)2

(b1 − 3)2(b2 + 1)2
≈ 1

10
. (6.12)

– 19 –



Here we normalize

a0 = bi
1

2
√
6
β′i
210

v

M∗

, (6.13)

with no summation on the family index i. For instance, we can choose b1 6= 3 while b2 ≈ 3.

6.3 The Georgi-Glashow SU(5)× U(1)′ and Flipped SU(5)× U(1)X Models

The SO(10) gauge symmetry can also be broken down to the SU(5)× U(1) symmetry by

the VEVs of the 45 and 210 dimensional Higgs fields Φ45 and Φ210. The decomposition

of the 16 spinor representation under SU(5) × U(1) is

16 = (10, 1)⊕ (5̄, − 3)⊕ (1, 5) . (6.14)

(A) Higgs Field in the 45 Representation.

First, we consider the Higgs field Φ45. From Eq. (6.14), we obtain the VEV of Φ45 in

terms of the 16× 16 matrix

〈Φ45〉 =
v

2
√
10

diag(−3, · · · ,−3
︸ ︷︷ ︸

5

, 1, · · · , 1
︸ ︷︷ ︸

10

, 5) , (6.15)

which is normalized as c = 2. Consequently, we obtain the wave function normalization in

the Georgi-Glashow SU(5)× U(1)′ and flipped SU(5) × U(1)X models:

• The Georgi-Glashow SU(5)× U(1)′ Model

Z(F ′
i ) = a0 + β′i

45

v

2
√
10M∗

,

Z(f
′

i) = a0 − 3β′i
45

v

2
√
10M∗

,

Z(N c
i ) = a0 + 5β′i

45

v

2
√
10M∗

. (6.16)

We cannot obtain the correct SM fermion mass relation in the symmetry breaking

chain from SO(10) down to the Georgi-Glashow SU(5)×U(1)′ gauge symmetry since

SU(5) is not broken.

• The Flipped SU(5) × U(1)X Model

Z(Fi) = a0 + β′i
45

v

2
√
10M∗

,

Z(f i) = a0 − 3β′i
45

v

2
√
10M∗

,

Z(li) = a0 + 5β′i
45

v

2
√
10M∗

. (6.17)

In the symmetry breaking chain from SO(10) to the flipped SU(5) × U(1)X gauge

symmetry, we can get the realistic SM fermion mass ratio

mems

mµmd
=

√

(b1 + 1)2(b2 − 3)(b2 + 5)

(b2 + 1)2(b1 − 3)(b1 + 5)
≈ 1

10
. (6.18)
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Here we normalize

a0 = biβ
′i
45

v

2
√
10M∗

, (6.19)

with no summation on the family index i. We can choose b1 6= 3 while b2 ≈ 3.

(B) Higgs Field in the 210 Representation.

We consider the Φ210 Higgs field, the VEV of which is orthogonal to that of the Φ45

〈Φ〉 = v

2
√
5
diag( 1, · · · , 1

︸ ︷︷ ︸

5

,−1, · · · ,−1
︸ ︷︷ ︸

10

, 5) , (6.20)

and is normalized as c = 2. So we obtain the wave function normalizations for the SM

fermions in the Georgi-Glashow SU(5)× U(1)′ and flipped SU(5) × U(1)X models:

• The Georgi-Glashow SU(5)× U(1)′ Model

Z(F ′
i ) = a0 − β′i

210

v

2
√
5M∗

,

Z(f
′

i) = a0 + β′i
210

v

2
√
5M∗

,

Z(N c
i ) = a0 + 5β′i

210

v

2
√
5M∗

. (6.21)

Thus, we cannot obtain the suitable SM fermion mass relation in the symmetry break-

ing chain from the SO(10) gauge symmetry down to the Georgi-Glashow SU(5) ×
U(1)′ gauge symmetry since the SU(5) gauge symmetry is not broken.

• The Flipped SU(5) × U(1)X Model

Z(F̃i) = a0 − β′i
210

v

2
√
5M∗

,

Z(f̃ i) = a0 + β′i
210

v

2
√
5M∗

,

Z (̃li) = a0 + 5β′i
210

v

2
√
5M∗

. (6.22)

In the symmetry breaking chain from the SO(10) gauge symmetry down to the flipped

SU(5) × U(1)X gauge symmetry, we can realize the correct SM fermion mass ratio

mems

mµmd

=

√

(b1 − 1)2(b2 + 1)(b2 + 5)

(b2 − 1)2(b1 + 1)(b1 + 5)
≈ 1

10
. (6.23)

Here we normalize

a0 = biβ
′i
210

v

2
√
5M∗

, (6.24)

with no summation on the family index i. For instance, we can choose b2 6= 1 while b1 ≈ 1.

– 21 –



6.4 The SU(3)C × SU(2)L × U(1)1 × U(1)2 Model

The SO(10) gauge symmetry can also be broken down to the SU(3)C ×SU(2)L ×U(1)1 ×
U(1)2 symmetry by the VEV of the (24,0) component of the Higgs field in the 45 repre-

sentation under SU(5) × U(1), or by the VEVs of the (24,0) and (75,0) components of

the Higgs fields in the 210 representation.

(A) Higgs Field in the (24,0) Component of the 45 Representation.

First, we consider the Higgs field Φ24
45

in the 45 representation whose (24,0) component

acquires the following VEV

〈Φ24

45〉 = v

√

3

5
diag(

1

3
,
1

3
,
1

3
,−1

2
,−1

2
,
1

6
, · · · , 1

6
︸ ︷︷ ︸

6

,−2

3
,−2

3
,−2

3
, 1, 0) , (6.25)

which is normalized to c = 2.

From this, we obtain the wave function normalizations for the SM fermions in the

Georgi-Glashow SU(5)× U(1)′ and flipped SU(5)× U(1)X models:

• The Georgi-Glashow SU(5)× U(1)′ Model

ZQi
= a0 +

√

3

5
β′i24
45

1

6

v

M∗
,

ZUc

i
= a0 −

√

3

5
β′i24
45

2

3

v

M∗

,

ZEc

i
= a0 +

√

3

5
β′i24
45

v

M∗
,

ZDc

i
= a0 +

√

3

5
β′i24
45

1

3

v

M∗
,

ZLi
= a0 −

√

3

5
β′i24
45

1

2

v

M∗

. (6.26)

In the symmetry breaking chain from the SO(10) gauge symmetry via Georgi-Glashow

SU(5)×U(1)′ down to the SU(3)C ×SU(2)L ×U(1)1 ×U(1)2 symmetry, we can get

the correct SM fermion mass ratio

mems

mµmd
=

√

(b1 +
1
3)(b1 +

1
6)(b2 − 1

2)(b2 + 1)

(b1 − 1
2)(b1 + 1)(b2 +

1
3 )(b2 +

1
6)

≈ 1

10
. (6.27)

Here we normalize

a0 = biβ
′i24
45

√

3

5

v

M∗

, (6.28)

with no summation on the family index i. For instance, we can choose b1 6= 1
2 while

b2 ≈ 1
2 .
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• The Flipped SU(5) × U(1)X Model

ZQi
= a0 +

√

3

5
β′i24
45

1

6

v

M∗

,

ZUc

i
= a0 +

√

3

5
β′i24
45

1

3

v

M∗
, (6.29)

ZEc

i
= a0 ,

ZDc

i
= a0 −

√

3

5
β′i24
45

2

3

v

M∗

,

ZLi
= a0 −

√

3

5
β′i24
45

1

2

v

M∗
. (6.30)

In the symmetry breaking chain from the SO(10) gauge symmetry via flipped SU(5)×
U(1)X down to the SU(3)C ×SU(2)L×U(1)1 ×U(1)2 gauge symmetry, we can obtain the

realistic SM fermion mass ratio

mems

mµmd
=

√

(b1 − 2
3)(b1 +

1
6)(b2 − 1

2)b2

(b1 − 1
2)b1(b2 − 2

3)(b2 +
1
6)

≈ 1

10
. (6.31)

Here we normalize

a0 = biβ
′i24
45

√

3

5

v

M∗
, (6.32)

with no summation on the family index i. For example, we can choose b1 6= 1
2 and b2 6= 2

3

while b1 ≈ 2
3 and/or b2 ≈ 1

2 .

(B) Higgs Field in the (24,0) Component of the 210 Representation.

Second, we consider the Higgs field Φ24
210

in the 210 representation whose (24,0)

component acquires a VEV as follows

〈Φ24

210〉 =
v√
5
diag(−1,−1,−1,

3

2
,
3

2
,
1

6
, · · · , 1

6
︸ ︷︷ ︸

6

,−2

3
,−2

3
,−2

3
, 1, 0) , (6.33)

which is normalized to c = 2. In this case the wave function normalizations for the SM

fermions via the Georgi-Glashow SU(5) × U(1)′ and the flipped SU(5) × U(1)X models

are:

• The Georgi-Glashow SU(5)× U(1)′ Model

ZQi
= a0 +

1√
5
β′i24
210

1

6

v

M∗

,

ZUc

i
= a0 −

1√
5
β′i24
210

2

3

v

M∗
,
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ZEc

i
= a0 +

1√
5
β′i24
210

v

M∗
,

ZDc

i
= a0 −

1√
5
β′i24
210

v

M∗
,

ZLi
= a0 +

1√
5
β′i24
210

3

2

v

M∗

. (6.34)

In the symmetry breaking chain from the SO(10) gauge symmetry via Georgi-Glashow

SU(5)×U(1)′ down to the SU(3)C ×SU(2)L ×U(1)1 ×U(1)2 symmetry, we can get

the realistic SM fermion mass ratio

mems

mµmd
=

√

(b1 − 1)(b1 +
1
6)(b2 +

3
2)(b2 + 1)

(b1 +
3
2)(b1 + 1)(b2 +

1
6)(b2 − 1)

≈ 1

10
. (6.35)

Here we normalize

a0 = biβ
′i24
210

1√
5

v

M∗

, (6.36)

with no summation on the family index i. For example, we can choose b2 6= 1 while

b1 ≈ 1.

• The Flipped SU(5) × U(1)X Model

ZQi
= a0 +

1√
5
β′i24
210

1

6

v

M∗
,

ZUc

i
= a0 −

1√
5
β′i24
210

v

M∗
,

ZEc

i
= a0 ,

ZDc

i
= a0 −

1√
5
β′i24
210

2

3

v

M∗
,

ZLi
= a0 +

1√
5
β′i24
210

3

2

v

M∗
. (6.37)

In the symmetry breaking chain from the SO(10) gauge symmetry via flipped SU(5)×
U(1)X down to the SU(3)C ×SU(2)L×U(1)1×U(1)2 symmetry, we can obtain the correct

SM fermion mass ratio

mems

mµmd

=

√

(b1 +
1
6)(b1 − 2

3)(b2 +
3
2)b2

(b1 +
3
2)b1(b2 +

1
6)(b2 − 2

3)
≈ 1

10
. (6.38)

Here we normalize

a0 = biβ
′i24
210

1√
5

v

M∗
, (6.39)

with no summation on the family index i. For instance, we can choose b2 6= 2
3 while b1 ≈ 2

3 .
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(C) Higgs Field in the (75,0) Component of the 210 Representation.

Third, we consider the Higgs field Φ75
210

in the 210 representation whose (75,0) com-

ponent acquires the following VEV

〈Φ75

210〉 =
v

3
diag( 0, 0, 0, 0, 0,−1, · · · ,−1

︸ ︷︷ ︸

6

, 1, 1, 1, 3, 0) , (6.40)

which is normalized to c = 2. Thus, we obtain the following wave function normalizations

for the SM fermions via the Georgi-Glashow SU(5)×U(1)′ and the flipped SU(5)×U(1)X
models:

• The Georgi-Glashow SU(5)× U(1)′ Model

ZQi
= a0 −

1

3
β′i75
210

v

M∗
,

ZUc

i
= a0 +

1

3
β′i75
210

v

M∗
,

ZEc

i
= a0 + β′i75

210

v

M∗
,

ZDc

i
= a0 ,

ZLi
= a0 . (6.41)

In the symmetry breaking chain from the SO(10) gauge symmetry via Georgi-Glashow

SU(5) × U(1)′ down to the SU(3)C × SU(2)L × U(1)1 × U(1)2 symmetry, we can

obtain the correct SM fermion mass ratio

mems

mµmd
=

√

(b1 − 1)(b2 + 3)

(b1 + 3)(b2 − 1)
≈ 1

10
. (6.42)

Here we normalize

a0 = bi
1

3
β′i75
210

v

M∗
, (6.43)

with no summation on the family index i. For instance, we can choose b2 6= 1 while

b1 ≈ 1.

• The Flipped SU(5) × U(1)X Model

ZQi
= a0 −

1

3
β′i75
210

v

M∗
,

ZUc

i
= a0 ,

ZEc

i
= a0 ,

ZDc

i
= a0 +

1

3
β′i75
210

v

M∗
,

ZLi
= a0 . (6.44)
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In the symmetry breaking chain from the SO(10) gauge symmetry via flipped SU(5)×
U(1)X down to the SU(3)C × SU(2)L × U(1)1 × U(1)2 symmetry, we can get the realistic

SM fermion mass ratio

mems

mµmd
=

√

(b1 − 1)(b1 + 1)b22
b21(b2 − 1)(b2 + 1)

≈ 1

10
. (6.45)

Here we normalize

a0 = bi
1

3
β′i75
210

v

M∗

, (6.46)

with no summation on the family index i. For instance, we can choose b2 6= 1 while b1 ≈ 1.

7. Conclusion

Grand Unified Theories (GUTs) usually predict wrong Standard Model (SM) fermion mass

relations, such as me/mµ = md/ms, toward low energies. Based on our previous work on

the SM fermion Yukawa couplings in the GmSUGRA scenario with the higher dimensional

operators containing the GUT Higgs fields, we studied the SM fermion mass relations.

Considering non-renormalizable terms in the super- and Kähler potentials, we can obtain

the correct SM fermion mass relations in the SU(5) model with GUT Higgs fields in the

24 and 75 representations, and in the SO(10) model where the gauge symmetry is broken

down to SU(3)C ×SU(2)L×SU(2)R ×U(1)B−L, to the flipped SU(5)×U(1)X symmetry,

or to SU(3)C × SU(2)L × U(1)1 × U(1)2. However, we cannot improve the SM fermion

mass relations in the SO(10) model if the gauge symmetry is only broken down to the

Pati-Salam SU(4)C × SU(2)L × SU(2)R or the George-Glashow SU(5)×U(1)′ symmetry.

In particular, for the first time we generate the realistic SM fermion mass relation in GUTs

by considering the high-dimensional operators in the Kähler potential.
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