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ABSTRACT

Recently the authors have introduced a new gauged supergravity theory with a
positive definite potential in D = 6, obtained through a generalised Kaluza-Klein re-
duction from D = 7. Of particular interest is the fact that this theory admits certain
Minkowskix Sphere vacua. In this paper we extend the previous results by construct-

ing gauged supergravities with positive definitive potentials in diverse dimensions,
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together with their vacuum solutions. In addition, we prove the supersymmetry of
the generalised reduction ansatz. We obtain a supersymmetric solution with no form-
field fluxes in the new gauged theory in D = 9. This solution may be lifted to D = 10,
where it acquires an interpretation as a time-dependent supersymmetric cosmological
solution supported purely by the dilaton. A further uplift to D = 11 yields a solution

describing a pp-wave.
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1 Introduction

Recent interest in both de Sitter and anti-de Sitter vacua has led to a renewed study
of gauged supergravities, where the gauging of some R-symmetry naturally leads to
a non-trivial potential. Well-known examples include the gauged supergravities in
four, five and seven dimensions that admit maximally supersymmetric anti-de Sitter
vacua. In addition, there are also gauged supergravities with run-away potentials.
Although such theories do not admit maximally supersymmetric vacua, they typi-
cally allow domain-wall solutions where scalar gradient energy is balanced against
the scalar potential. What has not been achieved, however, is the construction of
conventional gauged supergravities admitting de Sitter vacua. Of course this is not
particularly surprising, since de Sitter spacetime is incompatible with conventional
supersymmetry.

Supergravities with positive-definite (albeit run-away) potentials do nevertheless
exist. A particularly interesting example is the Salam-Sezgin model, which is a gauged
N = (1,0) supergravity in D = 6 coupled to a tensor and an abelian vector multiplet
[T]. This model has a (Minkowski); x S? vacuum, in which the vector has a non-
trivial flux on the 2-sphere. This monopole flux, combined with the single-exponential
potential V ~ exp(—¢/v/2), is responsible for a “self-tuning” of the vacuum, in which
the positive energy density is confined to the 2-sphere, thereby ensuring a vanishing
4-dimensional cosmological constant and correspondingly a (Minkowski), vacuum.
The self-tuning feature of this model has attracted much attention, especially as
a means of protecting the cosmological constant from large corrections even after
supersymmetry breaking [2, B]. It was shown in [] that the Salam-Sezgin theory
arises from a consistent reduction of ten-dimensional supergravity on a circle times
a hyperbolic 3-space. It was also shown, in [5], that the Salam-Sezgin model can be
consistently reduced on S? to give rise to N’ = 1, D = 4 supergravity coupled to an
SU(2) vector multiplet and a scalar multiplet.

The interesting features of the Salam-Sezgin model have led us to search for
other possible supergravity theories with positive-definite potentials. This search
was guided by the realization of [6] that a generalised Kaluza-Klein reduction which

gauges a combination of a homogeneous global scaling symmetry together with a



Cremmer-Julia type global symmetry yields a consistent reduction with just such a
positive-definite potential. In particular, this generalised reduction was used to con-
struct a variant A" = (1,1) supergravity in D = 6 admitting both (Minkowski), x 52
and (Minkowski); x S® vacua [7, B]. This construction is based on the generalised
reduction of minimal D = 7 supergravity, where a would-be vector multiplet may be
truncated out by a judicious choice of the gauging parameters. In this manner, the
reduction takes one from a pure (d + 1)-dimensional supergravity without a poten-
tial to a pure d-dimensional supergravity with a (positive-definite) single-exponential
potential. Generalised Kaluza-Klein reduction via the gauging of the Cremmer-Julia
global symmetries were considered in [9, [10, [T}, T2]

Although the work of [7, B] focused on the reduction from seven to six dimensions,
the generalised Kaluza-Klein procedure may be carried out in arbitrary dimensions. In
general, the various supergravities in diverse dimensions are quite distinct (especially
in their fermionic sectors). However it is noteworthy that the bosonic sector of the

half-maximal (16 supercharge) supergravities in D < 10 is universal, with field content

(v By, 0, A7) (1.1)

(a=1,2,...,10 — D). This is of course the bosonic content of the heterotic string
(or the NS-NS sector of the Type-II string) compactified on a (10 — D)-dimensional
torus, with vector multiplets truncated out. Owing to this universality of the field
content, we may perform a generalised Kaluza-Klein reduction on the half-maximal
supergravities in arbitrary dimensions, and in this manner obtain the full class of (16
supercharge) variant supergravities generalising the results of [7, §].

The resulting d-dimensional variant supergravities admit both (Minkowski)g_3 x.S3
and also, in certain cases, (Minkowski)q_p x S2, vacua. Furthermore, we are able to
construct a new time-dependent supersymmetric solution (or “cosmological solution”)
in D = 9 with no form-field fluxes. This solution lifts to a purely dilaton driven

cosmology in D = 10, and a pp-wave in D = 11.

2 Generalised reduction

We begin with the generalised Kaluza-Klein reduction of the bosonic sector of half-

maximal supergravities in arbitrary dimensions D < 10. In this section, all fields and



their equations of motion pertain to the Einstein frame. The string-frame picture will
be examined in section 3.

As indicated above, the bosonic field content of pure supergravity with 16 super-
charges consists of the graviton g,,, antisymmetric tensor BW and dilaton QAS, along

with (10 — D) 1-form potentials flz The Lagrangian for the bosonic sector can be

written as
L= Rl - 13dd Add — Let2H oy A Hy — Le3092F8 AFS (2.1)
where F(‘;) = dA(l), Hy = dBy — F(‘;)/\A‘é), anda =1,2,...,(10—D). The constant
a is given by
8
0= ——. 2.2
@ =5 (2.2)
The equations of motion following from (1) are
Run = 1046046+ 26 (Hyppg B0 — ——H2 o)
MN 5Unm N 1 MmMpQ 41 N 3(D — 2) @) 9un
152/ A 1 .
1_sa a a a \2 ~
+3e2 d)(FMPFNP_ 2(D 2)(F(2)) gMN)7
d(e™ 4H) = 0,
d(e 349 (CzL ) = (‘UDH@MB ’T‘FI@ N F(z) )
= 7 a ad 7 La a
Op = 5™ HE + g e ()2 (2:3)

The key observation behind the generalised reduction of ref. [6] is that the equa-

tions of motion are invariant under the two global symmetries

A |
d—= o+ = A, ds? — e*2 ds?,
a

By — et p Aty gmMtAe fa

(1) 1 - (2’4>

The constant \; parameterises a global symmetry of the Lagrangian, while the scaling
transformation parameterised by the constant \s is a symmetry only at the level of the
equations of motion, since the Lagrangian scales homogeneously as \/—_Q(}A%—I— o) —
eP=2% JZE(R+--).

Following [6], we now reduce from D dimensions to d = (D — 1), while simultane-
ously gauging the above two global symmetries. The D-dimensional pure supergrav-

ity multiplet then reduces to d-dimensional supergravity coupled to a single vector



multiplet. This is achieved by making the generalised reduction ansatz

dg? = e?m2* (620‘“0 ds® 4 % (dz + A(l))2) ,

By = ™ ™) (By + By Adz),
A?l) = elmz—m)z (A?l) + x* dz) ,
6 = 6+ zmz, 25
where
a2:2(d—1§(d—2)’ f=—(d-2)a. (2.6)

The standard Kaluza-Klein ansatz for an ungauged S* reduction would correspond
to setting m; = my = 0.

In general, for unequal mass parameters m; and ms, the lower-dimensional equa-
tions of motion are rather complicated. However, a significant simplification occurs
if m; = mo. In this case, various exponential factors drop out from (ZH), and one
can consistently truncate out the vector multiplet, owing to conspiracies between the
fields. In this manner, one can obtain variant gauged supergravities with positive-
definite scalar potentials and with half-maximal supersymmetry in d < 9 dimensions.

Before writing out the complete reduction of the bosonic equations of motion, we
first collect some intermediate results. The reduction of the potentials in () yields

a corresponding reduction on the field strengths:

Hy = ™ ™3 (Hg + Ho A (dz+ Ag))
Fe = emmmx(Fe + LY A (dz+ Aw)), (2.7)

where the lower dimensional fields are defined by

Ha = dBy — 3F4ANAL —dBoy A Ay — 2(ma — my) By A Ay + X Fa A Agy,
G = dBuy —3x" F& + 3L0 N AL — XL A Agy + 2(mg —my) By,

FG = dAY) —dX AN Ay + (me —ma) AG ) A Ay

Lty = dx" — (mg—mi)Af, . (2.8)

The Kaluza-Klein potential A, has the standard field strength F, = dAq,. It is
evident at this stage that the vector fields Af,) and the tensor field B, acquire masses
proportional to |mg — m4|, in the process eating the axions x* and the vector B,

respectively.



2.1 Untruncated d-dimensional equations

We are now able to write down the full bosonic equations of motion for the variant

d-dimensional gauged supergravity. The bosonic field content is

(g,uua Buua @, AZ’ A,u) and (B,ua Xaa ¢) ’ (29)

corresponding to half-maximal supergravity coupled to a single vector multiplet. This
representation is schematic in the sense that the scalars ¢ and ¢ as well as the 1-form
potentials B, and A, must necessarily be taken as appropriate linear combinations
in the actual multiplets.

We find that the equations of motion for the form fields are given by

Vo( ap— 4a<prjU) _ (2m1 + (d - 3) m2) (e&¢—4a<pHHVUA0 . e&¢+2(d—3)agoij) :

vl/(ed¢+2(d—3)o¢<prj) — %6&¢—4Q¢Huyafua
+ (2my + (d —3) mg)e&‘z’”(d_g)wGW A,
vu(€%&¢>—2a@ng) — 1 ad) 4agoHuVUFauo + €&¢>+2(d—3)agoGuyLau

+ (m1 + (d — 2) my) (eé‘w—sz“ A” — e%&¢+2(d_2)w[/2) ;
vu(6%a¢+2(d—2)agpLZ) _ %6&¢+2(d—3)as@GW Fow 62a¢ 2as@pa FHv

+ (ma + (d — 2) my)e20t2@Dav pa pn

vu(e—2(d—1)ago‘/~_:uy) — %€&¢>—4agoH Gucr . e%&¢—2a@FﬁyLau
4
—+ 5 ml( ugf) ml.A ) — 2m2( ) (ﬁa @ — mg.A )
+my(d —1)e” d“Wf@A% (2.10)

The two scalar fields, ¢ and ¢ satisfy similar m; and ms dependent equations of

motion. The scalar coming from the metric satisfies the equation

pl¢—dayp e3ad—2ap d—3
— 340 - _—_ fg? _ )2 a¢+2(d—3)ap (72
oty sd—1 0~ o e) T gy @
d—2
eHTHED ([ ) — e R .11

Ta-

8
—maf(d — 1) A4 — maV A" + m3(d — 1) A7 + mfez(d Dag

while the D-dimensional dilaton equation reduces to

A~ /\ A

a ap—4a a et a a fet a
O¢ = E6¢4s@H(23)+4 a¢p+2(d—3) wg(?m 862¢2w(p(2))



4
4@ €2a¢>+2(d 2) ago(Lfbl)) + ma(d — 1)A“8H¢ + Z miV A

d—1
—% myma (A2, + 247D (2.12)

|

The d-dimensional Einstein equation takes the form

Ry — $Rgu = $(8,0 0 — 5(00)° gu) + 5(0.0 0,0 — 5(30)? gu)
+ %6_2@_1)0@ (FuoF,” — iguv}—(zz)) + ieﬁ(b—mw(HupU H/7 — %gw,Hé))
+ %eéad’_zw(Fﬁo Fgo - iguu(Fg)) )+ l€&¢+2(d_3)a¢(Gu0GVU - igqué))
+ 3o PN (LALS — g (L))

—amy(d = 1)(A70y ¢ g — Al — A,0up)

+%m1(A"80¢ G — 0,6 — A90) + (8 m2 = (d — 1m3) AuA,
—ima(d — 1)(V, Ay + V, A, — 2V, A% g,)

B (4m%

d2

+im3(d — 1)(d — 2)) (A2, + €247, . (2.13)

Note that the last term is associated with a positive-definite scalar potential.

2.2 Truncated d-dimensional equations

The scalars ¢ and ¢ may be disentangled between the supergravity and vector mul-
tiplets of (229) by performing a rotation to ¢; (supergravity) and ¢, (vector) given
by

a¢ — dap = agy , dag + ap = aps, (2.14)

where a = /8/(D — 3). When m; = ms, the vector multiplet may be further trun-
cated away. This is done by setting

=0. (2.15)

B,y =Ay = %Au) ) $2 =0, L, =

The equations of motion for the pure supergravity fields are then given by

VP (€ Hyp) = % m (" Hyp A” — €2°°F), ) |

d—1
VY (e%“‘z’Fw) = —e“‘bHWpF”p 4+ — NG me?“‘bFW AV,

d—1
Vu(e%mj)Fa): 1 a¢HquFan+ \/5 m62a¢Fa AV



1
d—1
H? + —— F(22)+(F“

_ e2% ( O mAr 9,
3,/2( Y 2./2(d—2) g
_l_

O¢ =

ad
2

_I_
— 8+
d—1 V2 (d—1)? 1,
i Ve A =y A e,

a g 2

R/,u/ == %8u¢81/¢ + ie d)(HHPUHI/p - mHé)gy‘y)
a 1 lCL a a 1 a
d)(FupFup - mFé)gw’) + %62 d)(Fuva ’ = W(F(2>)29W)
2
d—2

(NI

—l—%e
m(d—1)
—W(Auaugb + A,,augb)
+m2(d —1)?
2(d —2)

~m(d—1)
2v/2
(A2 +2¢72) g, (2.16)

(VLA +V, A, + V,A%q,)

where we have rewritten ¢; as ¢. It may be seen that this set of equations cannot
be obtained from a Lagrangian in terms of the physical fields. This is not altogether
surprising, since they were derived in a generalised reduction that gauged a symmetry
of the equations of motion which was not a symmetry of the Lagrangian.

By examining the linearised equations of motion, it can be seen that A, is a
massless gauge potential. This gauge field can in fact be consistently set to zero. In

this case, the remaining equations of motion can then be obtained from the Lagrangian

e 1L = R—1(09)? — LeH2 — 1e399(F2)? — (d — 1)2m2e 3% (2.17)

where e = \/—g. Thus we see once again that the scalar potential is positive definite.

3 String frame and o-model action

For many purposes it is advantageous to perform the Weyl rescaling of the metric that
transforms from the Einstein frame that we used in the previous section to the string
frame. One reason is because the half-maximal supergravities that we are considering
have a direct relation to the heterotic string, or the NS-NS sector of the Type-II
string. Another reason is that many of the formulae become considerably simpler
when expressed in the string frame. We shall consider only the case m; = my = m.
Consistent string propagation demands world-sheet conformal invariance, and
hence the vanishing of the beta functions for the background spacetime fields. In

this manner one obtains supergravity equations of motion which arise naturally in



the string frame. The corresponding equations may be derived from the string-frame
Lagrangian

e1L = e (R + 4(09)2 — LH2 — L(Fe)?), (3.1)
taken here to have been compactified on a (10 — D)-dimensional torus (with the
additional truncation of (10 — D) vector multiplets). It is to be understood that
all fields in this section are labelled with a suppressed tilde (g, , ﬁ@), etc.) unless
otherwise indicated, to distinguish them from the Einstein frame fields. The complete

transformation between the two frames in dimensions D < 10 is given in appendix C.

The equations of motion following from the Lagrangian ([BI) are

]%MN = _Q/V\M/v\zvci) + iﬁMPQ}A[NPQ + %Fﬁpﬁ’; P>
d(6_2<i>>T<H(3)) == 0,
d(e™*:F2) = ()P e P&l AFS,
0P = 2(09)° — SHy — £(FL)*. (3.2)

By tracing the Einstein equation and substituting in the dilaton equation, we may

obtain an expression for the Ricci scalar:

R=—-400)* + ZH2 +3(F8)*. (3.3)

In D dimensions, the Einstein-frame and the string-frame metrics are related by

22 Llag ;a2 1528 ;.2
d‘SEin_62 dsstr =€ 2 dSstr?

(3.4)

where we have defined ¢ = —QAS/ a and QAS is the Einstein-frame dilaton field. For the
case where m; = may, the reduction ansatz (2H) converted to the string frame is

rather simple, namely

d‘ggtr = dsgtr + 6_\/580 (dZ + A(1)>2 )
Bw = Be + Ba Ndz,
b = @—%gp—%(d—l)mz. (3.5)

In other words, the reduction is exactly the same as a standard Kaluza-Klein reduc-

tion, except for a linear z-dependence in the dilaton P.



It follows that the o-model action for this generalised circle reduction is given by

1 . - A
I = [ dodr |Gy 0" 0,X" g, + €7 0,X" 0,X" B

41 of
+a/R(® — 1(D —2)m2)|,

2

where @, g, and B;w are independent of z, and XY (the circle coordinate) is given
by X° = 2. However, the z dependence of the string action implies that T-duality is
now broken. This can also be seen from the low-energy effective action obtained in
the previous section, where the Kaluza-Klein vector A, and the winding vector B,

are clearly not on a parallel footing.

3.1 Untruncated d-dimensional string-frame equations

We give here the complete set of bosonic equations of motion for the untruncated
system, expressed in the string frame. It will be seen that these are considerably
simpler than the previous expressions that were obtained in the Einsten frame.

For the form fields in the string frame we find
Ve Hyy) = md—1) (e HypA” — e?PV%G,,) |
V(e 2TVG,,) = Le T H U+ m(d — 1)e VG, A7
Vu(e—mFsu) _ e_mHWUF“ vo | 6—2<1>+\/§¢GWLW
m(d — 1)(6_2‘1’175,/.4” - e‘2q’+\/§“°LZ) ,

—2® o Tpry 1 —28++/2¢ a pv
ek F 5€ G F

N= N

_|_

—20+20 14
v,u(e 20+ 2@L“) %
+m(d — 1)e 2P+V2e Lo A

V(e VP F,,) = ¢ ViP(LH,,GY — Fo L) 4 2¢7 V% (0,® — L0,0)F,

_ 1 _ 3
+m(d—1)(V2e VE¥0,0 + e VIYA'F,,) . (3.6)
For the scalar fields, we find
Op = ;15(eV2G? — e V2 FL) + 5V (1Y) + 20,00"® + m(d — 1) A",
00 = —HY — §(FG)° — §(eV%GE, + e V20 F2) +2(02)° (3.7)
+2m(d — 1) A" 9,8 — Lm(d — 1)V, A" + Im?(d — 1)%(A%, + V).

The Einstein equations in the string frame are given by
Ry = 30.00,p —2V,0,9 + 1H,,- H,” + %e‘/i“”GM,GVp + ie_ﬁ@fup]—"f

10



+ IR Fer 4 1V Lo L8 — Im(d — 1)(V,A, + Vo A,) . (3.8)

27 pp v

3.2 Truncated d-dimensional string-frame equations

In the string frame, we may again truncate out the vector multiplet by setting ¢ = 0,

Lty =0and A, = By, = Ay /2. The equations of motion for the bosonic fields of

the pure supergravity multiplet now become

Vo Hue = 2H,,,M? —Lm(d—1)F,,,

V'Fu = AHu,F" +2F,,M",
VYFS, = LH,,F* 4 2F% MY,

VEM, = 2MZ — 5H] — +(F3 + (FS

L 3) (2) (2))2) + lm2(d - 1)2 )

2
Ry = —V,M,—V,M,+ 1H,,.H,” +3(F,F+F.,F:?), (39

where we have introduced the field

m(d—1)
2v/2

It is evident that the massive field M|,, arises because the dilaton ® is eaten by the

gauge field A, .

As in the Einstein frame, these equations cannot be obtained from a Lagrangian.
However, if we set A, to zero, the equations of motion for the remaining fields can
be obtained from a Lagrangian, given by

e L= (R+4(00)° — LHY — H(FS

G (2))2 —(d— 1)2m2) . (3.11)

Although this truncation is consistent within the bosonic theory, it cannot be consis-
tent with the full supergravity, as it would be incompatible with the structure of the
supermultiplets. Nevertheless, we see from (BITl) that in the string frame the scalar

potential becomes a pure positive cosmological constant.

4 Supersymmetry

With the derivation of the bosonic equations of motion both in the Einstein frame

and the string frame completed, we now turn to a consideration of the supersymmetry

11



transformation rules for these generalised reductions. We shall present the results for
two cases in this section. The first is the variant ten-dimensional massive gauged su-
pergravity obtained in [6] by performing a generalised reduction of eleven-dimensional
supergravity.! The reduction in this case involves just the global scaling symmetry
of the D = 11 equations of motion. Then, we shall consider the nine-dimensional
massive gauged theory obtained from massless N' = 1, D = 10 supergravity, using
the generalised reduction involving the two global symmetries that we discussed in
section @l Analogous results for the six-dimensional gauged theory were obtained in

detail in [§].

4.1 Massive type ITA supergravity from D =11

The supersymmetry transformations in D = 11 are

~ A 2AA n SN N
56M = Y "y, 0Aune = 35'7[MN¢P] )

(5¢M = /V\Mé - W}SFNPQR(’S/MNPQR - S&PQR(SJIC;) év (4‘1>

where in our conventions
{’?Aa ’?B} = 2Nap (4.2)

and the metric signature is (— + +---+). The equations of motion of the eleven-
dimensional theory are invariant under a scaling symmetry, which was used in [6]
in a generalised reduction to obtain the bosonic sector of a massive ten-dimensional
supergravity. Here, we extend that discussion to include the fermionic sector. This
variant maximal supersymmetric D = 10 massive theory [I3, 6] has also been con-
sidered in [T2]. The corresponding ansatz for the generalised circle reduction of the

fermions is

€ = e%mzzeis"e,
~ 1 1.
wn = %e_EmQZe_ﬂ%Vn)\’
D _1 _1
by = TR (3, — 2y, (4.3)

!Note that this massive type ITA supergravity [I3, [f] is not the same as the massive IIA theory
obtained by Romans [I4].

12



Performing the reduction of the fermionic transformation rules, we obtain

oA = — 2%27”6 O — We_%wﬂwaw””’pe + ﬁe%“”FWﬂW”&ue
— e T Ane — 25ma(Aa” — e1)e,
0y = Vue— gge igDchrp(’Yumop 205V MP) — 55€? wFI/a’p( —95Z7"”)%15
— e e F (1,77 = 140007 Ve — Sma( Ay’ — efPydn)e. (44)

The supersymmetry transformation rules for the bosons are

de, " =&y, 0 =—V2eN,

0A, = €198 (Y — B2y0)

0 A = €20, (2y,tb) + 7%1)\) ,

0Auwp = 36%%( 1w — 15 ”Yqu A) + 3AL0AL, - (4.5)

As was shown in [6] this theory admits a de Sitter vacuum solution, which nec-
essarily breaks all supersymmetry. Note that the ten dimensional field strengths are

those defined in [6].

4.2 Reduction of D = 10, N = 1 supersymmetry

Since we have obtained the transformation rules for the type IIA massive gauged
supergravity in section LTl it is convenient to make use of these here in order to
establish our conventions and notation for the transformation rules of the standard
massless N' = 1 supergravity in ten dimensions. These are obtained by setting the
mass parameter mo = 0 in (B2l), and in addition making the chiral projection that

reduces the V' = 2 supersymmetry to N' = 1:

Y€ = €, MYPa = Ya and A = —A. (46)

The chirality condition is consistent with setting to zero both the 3-form potential
and the Kaluza-Klein vector. This yields the ten-dimensional N' = 1 supersymmetry

transformation rules

~

~AM A n 14 ~ ~
oA = _LfyMeaMﬁb‘i‘ - ezd)HMNPVNINPEa

3 ~ 147 ~ ~ ~
5¢1w - VAIE - % 62¢HNPQ (’VIWNPQ - 97PQ5]Z)6,



6é1y;4 = E&AQZ]Ma 5& = —\/5%5\’
0Buy = —e 2¢ (2’7[M¢N ﬁf?I\/INS‘)' (4.7)

We can now use these standard A/ = 1 results in a generalised circle reduction to
d = 9. We shall focus just on the pure supergravity multiplet in d = 9, by performing
a (consistent) truncation of the matter multiplet. The required reduction ansatz is
obtained from the arbitrary-dimension ansatz of appendix B by setting m; = my =m

and ¢y = 0 = x. This gives

1 __ 1 ~
€ = ez2™e Toviz 1 €,
~ 1 1 ~
§ = fTeimemmas,
A _l _ 1 - ~
¢10 = — g e 2% 16\/ﬁ¢1/‘}/10>\’

p —Lmz —L—p1 (T ~
Yo = €2 616\/ﬁ¢ (% + %\ﬁ ’Va)\) )
¢ = YHo 4 4mz. (4.8)

The tildes signify that the fermions and the Dirac matrices are still ten-dimensional.

These can be related to the nine-dimensional quantities as follows:

Vo = Ya X Oy, Mo =1 X 0, and A =1X% oy,
E=e€exn, A=\ X0 and Vo = Vo X 17, (4.9)
where 7 is a 2-component constant spinor. The chiral projections () imply that

we must have o,n = 7. In the following subsections, we present the resulting nine-

dimensional transformation rules in the Einstein frame and the string frame.

4.2.1 D =9 supersymmetry in the Einstein frame

Reducing the N' =1, D = 10 transformation rules, and setting G ,, = F,) = F(2),

we obtain the following nine-dimensional supersymmetry transformation rules.

0N = — o e Oud+ eV IO H oy e 4 e VTR, e
—I—% (%WNA —ie_ﬁ(b)e,
Oy = Ve — VIO H,, (7,777 — B8 P)e — S eTAOF,, (7,7 — 12607%)e

- %ﬂmA,,%fy”e + %me_ﬁ¢7ue,
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de,t = &y, S =—V2EN,

nw
0A, = iv2e” 7% eV + \/‘7;1 A,
0B = —¢ VI + Zyw)) — ApbA,, (4.10)

where we have dropped the “1” subscript on the scalar field. The field strengths are
H,,, = 30,8, — %A[MFVP] and F,, = 20,,A,). This theory is an Abelian gauged
version of N' = 1, D = 9 supergravity. We shall show that it admits a supersym-
metric (Minkowski)g x S® vacuum solution. We shall also obtain a time-dependent

supersymmetric cosmological solution in this theory.

4.2.2 D =9 supersymmetry in the string frame

The above transformation rules for the fermions are readily expressed in terms of the
fields of the string frame, using the formulae given in appendix C. Specialised to nine

dimensions, these are

= efd)lg;wv Foy = F@) ) Hg) = H(B) ) do + \/gmAu) = ]\7[(1) )
—ﬁcb, e=eme, A= wANN, 4, = eWEY, (4.11)

The fermionic transformation rules in the string frame then take the form
_ (4 N i a4, )z
N = (EMA"+ G Huwed"™ + g Fud"™ — Sm)e,

&Z’u = (’vvu 7MV%7V ﬁvap(% - 155V 3°7)
— 55 Fuo(3,77 = 126037) + $md, )é (4.12)

5 Supersymmetric M, 3 x S® and M,_, x S? vacua

The generalised Kaluza-Klein reduction gives rise to gauged supergravities that ad-
mit supersymmetric vacuum solutions of the form Minkowskix Sphere [§]. The nine-
dimensional theory admits just a (Minkowski)g x S* vacuum of this kind, supported
by the H flux. The theories in lower dimensions admit (Minkowski),_3 X S3 vacua
supported by H,, and (Minkowski)s o X S? vacua supported by a 2-form F,. In

this section, we shall show that these vacua are all supersymmetric.
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Consider first the (Minkowski)y_3 x S? solution supported by the H, field. This

is given by
dsy = da"dx’ n,, + 2 (d—1) dQ,
8
H m Q) , ¢=0. (5'1)

If we lift the solution back to D dimensions using the generalised reduction ansatz,
it becomes the near-horizon geometry of a (D — 5)-brane supported by the field H )

To see this, we start with the (D — 5)-brane in D dimensions, given by

42 = H 72 da da’ 1, + Ho=2 (dr® + 12 d02)
Hy = 209, ¢=—jalogH, H=1+Q/r. (5.2)

In the near-horizon limit, the additive constant 1 in H is dropped. Making the
coordinate transformation r2/Q = eP=2™2 and letting Q = 4/((D — 2)>m?), we
obtain
22 2mz v 2 4 2
ds;, = e (da:“ dx” n, +dz" + 2 (D= 2) dQ3) :

~ 4
m Q(g) s ¢ = 5 mz, (53)

which fits the reduction ansatz precisely, giving rise to the lower-dimensional solution
E&).

The supersymmetry of the (Minkowski)y 3 x S® solution is easily established.
Firstly, since its lift to D = d + 1 dimensions gives the near-horizon limit of the
(D — 5)-brane, as discussed above, it is manifest that qua D-dimensional solution,
it will preserve one half of the D-dimensional supersymmetry. This halving of su-
persymmetry comes about from the usual projection condition for supersymmetry of
the (D — 5)-brane, é = [, ¢, where I, is built from the product of Dirac matrices in
the world-volume of the (D — 5)-brane. As is well known, for any of the BPS brane

solutions with metric given by
ds® = 2 da* dx,, + e2B dy™ dy™ . (5.4)
the Killing spinors are given by
é=ertey, T.é=é, (5.5)
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where €, is a constant spinor. We see from (B3]) that A = mz, and hence the Killing

spinors in D dimensions take the form
£ = e g (5.6)

Since this z dependence matches precisely the z dependence for € in the generalised

reduction ansatz [, it immediately follows that the (Minkowski)y_3 x S® solution

will be supersymmetric qua solution of the d-dimensional gauged supergravity.
Another class of supersymmetric vacuum is of the form (Minkowski)y o x S?,

supported by one of the two-form field strengths F¢

- 1t s given by

dsy = datdz’n,, +
V2
m(d—1)
Lifting this solution back to D dimensions, it becomes the near-horizon limit of the

(D —4)-brane supported by one of the field strengths F - The (D —4)-brane solution

2
m?(d —1)2 A2;,

Il Q) ¢=0. (5.7)

is given by
2(D—3)
D—-2

ds? = H_ﬁd:z“dx”n,w%—H
Foy = V2Q9Qu,, é=-lalogH, H=1+Q/r. (5.8)

(alr2 + 72 dQ%) ,

In the near-horizon limit, the constant 1 in H is dropped. Making the coordinate

transformation r/Q = eP~2™* and setting Q = 1/(m (D — 2)) we have

1
A2 o 2mz v 2 2
dSD = e (d:(,"u dx N + dz* + m dQ2) ,
. V2 -4
F) m (D —2) Qe (b:amz. (5.9)

This clearly fits the reduction ansatz exactly to give rise to (B.1).

Again, the supersymmetry of the solution as a lifted D-dimensional configuration
is manifest, since it is just the near-horizon limit of a BPS (D — 4)-brane. Its su-
persymmetry as a solution in the d = D — 1 dimensional gauged supergravity itself
is again easily seen, from the general form (BH) of the Killing spinors in the lifted
(D — 4)-brane. Thus we again find that the D-dimensional Killing spinors are of the
form (BH), and so comparison with the generalised reduction ansatz (L) for é shows
that the (Minkowski)g_o x S? solution will be supersymmetric in the d-dimensional

gauged supergravity.
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6 Supersymmetric time-dependent solutions and
pp-waves

In this section we construct a time-dependent solution of the new gauged nine-
dimensional supergravity, and we show that it is supersymmetric. It can be thought
of as a cosmological solution in the gauged supergravity.

The solution is of a form analogous to a standard domain wall, except that here
the “transverse space coordinate” is timelike rather than spatial. It is easily seen that

the configuration

dsy = —dt* + (3mt)’da’da’
eV = Smit, (6.1)

solves the nine-dimensional equations of motion that follow from (ZI7). Note that
the form-fields are all zero in this solution.

The fermionic transformation rules (EI0) in this background reduce to

: __1
0N = =557 (0ng) e — Jeme viile,
: L
oy = VME_I_%me ‘/ﬁqj%wea (6.2)

and it is easily verified that (E1]) is supersymmetric.
In the string frame, the metric in the solution (E1I) becomes simply the Minkowski

metric ds?, = nyydz™dz", where
t =exp(dma’). (6.3)

The dilaton is a linear function of the redefined time; ® = —4ma"+ constant.

The solution (G1]) is straightforwardly lifted to ten dimensions, where it gives

ds’, = eQmZ[ — Emt) a4+ (Emt)*(d2? + dxid:ci)} :

10

e = e4mz(§mt)7/2. (6.4)

This can again be viewed as a time-dependent supersymmetric cosmological solution,
driven purely by the dilaton. In the string frame the metric is again Minkowskian,

but now the dilaton is linearly proportional to the light-cone coordinate z:

ds?

str

= 2dx" dx™ + da’ da’ O =a". (6.5)
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A metric-dilaton configuration of this kind was also discussed in [I5]. It is straight-
forward to see that the solution preserves half of the supersymmetry, with the Killing
spinor given by v, €y where ¢, is a constant spinor.
A further uplift to D = 11 using the standard Kaluza-Klein formula
ds? = e%q;dsfo + e_%‘g’dy2 (6.6)
yields the Ricci-flat solution
ds® = —r*dt® + t*dr® + r*t’da’da’ + r 't dy?, (6.7)

where we have changed from the ten-dimensional coordinate z to a new coordinate
r defined by r = e3™*(3mt)/5. The metric B2) is a pp-wave. To see this, we

introduce new coordinates X, and X_ defined by

2t =X, , 7= e (6.8)
in terms of which (7)) becomes
ds?, = dX dX_ + X do'dx’ + X 2dy® . (6.9)

Thus, we conclude that in eleven dimensions the solution describes a pp-wave.
The metric () is a particular example of a more general class of pp-waves,

contained within the ansatz
dsp = dX dX_ + X da™da™ + X2dy™dy™ + X"3dz"dz" + -+ . (6.10)
Here, we take the index ranges to be
1<m <pp, p1+1<mo <pi+po, ete. , (6.11)

and so the total dimension is D = 2 4 p; + ps + - - -. The only non-vanishing vielbein

components of the Riemann tensor for (G.I0) are given by
Ry smy+ = —3hi(hi —2)X 60, m,; - (6.12)
Thus (EI0) is Ricci-flat if
0="> pihi(hi —2). (6.13)
i=1

The pp-wave () that resulted from lifting our time-dependent cosmological solution

to D = 11 is the special case with
p1:8, hlzl, p2:1, h2:—2, (614)

which clearly satisfies ([E13).
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7 Conclusions

In this paper, we have obtained generalised Kaluza-Klein reductions of the low-energy
effective actions of string theories involving the metric, the dilaton, a 3-form field
strength and a 2-form field strength. The generalised reduction gauges two global
symmetries, namely the homogeneous scaling symmetry of the equations of motion,
and also the dilaton shift symmetry of the Lagrangian. The resulting dimensionally-
reduced theory has a positive scalar potential, in the form of a single-exponential of
the lower-dimensional dilaton. We showed that the reduction is supersymmetric, by
explicitly deriving the lower-dimensional supersymmetry transformation rules.

Although it might seem somewhat perverse to perform generalised reductions of
the kind we have considered in this paper, they are actually related by U-duality
to more conventional reductions that have been considered extensively in the past.
Specifically, a generalised reduction involving the global shift symmetry of the axion
in the type IIB theory has been used in order to establish a T-duality between the
type IIB theory and the massive type IIA theory [9]. The S-duality of the type IIB
theory implies that one should also consider SL(2, R)-related generalised reductions
[TT], which will involve the global shift symmetry of the dilaton. When one extends
the discussion of non-perturbative dualities to lower dimensions, the underlying global
Cremmer-Julia type symmetries can only be interpreted as strictly internal symme-
tries if one also makes use of the scaling symmetry of the equations of motion that
homogeneously scales the Lagrangian. Thus it is very natural to consider generalised
reductions of the kind we have studied in this paper.

The new supergravities have the interesting feature that they all admit super-
symmetric vacuum solutions of the form (Minkowski)xS3, and in some cases also
(Minkowski) x.S%. These solutions provide novel compatifications of higher dimen-
sional string theories. Furthermore, owing to the positivity of the scalar potential,
the supergravities we have obtained admit time-dependent cosmological solutions that
preserve half of the supersymmetry. Lifting these solutions back to D = 10, they
yield supersymmetric time-dependent solutions driven purely by the dilaton, with no
form-field fluxes. Under a further lifting to eleven dimensions, these time-dependent

solutions become supersymmetric pp-waves. It would be interesting to study string
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theory and M-theory in these simple but non-trivial backgrounds.

A Bosonic reduction ansatz; Einstein frame

We begin by reducing the D = d 4 1 dimensional Ricci tensor to d dimensions by

using the metric ansatz in (Z3). We choose the natural vielbein basis
et = eMFtevet 6% =M P (dr 4+ Ay) - (A1)

Thus we have

ap, a  LBp
e*et ePPA,

é A — emzz , é M — e—mgz A2
M 0 B0 A 0 o—Be ( )
The determinant of the metric is
_g _ e(d-i—l)mgz—i-(ﬁ-i-doe)gp —g = e(d+1)mzz+2a90\/__g . (AS)
Using the first Cartan structure equation with zero torsion, dé* = —w*, A €7, we
obtain the spin connections
0% = wl 4 e"(meztav) ((a@bgo — maAp) €% — (adp — maA?) éb)
_%6—mgz+(6—2a)gpfab éz’ (A4)

Q% = e—(mgz—i—agp) (m2Aa . ﬁ@“gp) 6% — 6—m2z+(6—2a)gpfab éb + m26—(mgz+ﬁgp)éa )

1
2

From the curvature 2-forms 04, = dw’; + W AW = s R* 509 A éP, we obtain

1
2
the Ricci tensor with vielbein components
R, = e 2mezted) (Rab — 5040 O — anep O
Fama(d — 1)(A°Dep Nap — AaObp — ApOap)
+Ema(d — 1)(Vads + ViAs) + ma Ve, +m3(d — 1)(Audy — A% 0a))
_ mg(d _ 1)6—2(M2Z+B¢)nab _ 56—2(mzz+dw)fa6fbm
Rye = e ?metld=8oe(1gb(e 200 7)) 4 my (d — 1)(B0ap — maAa) )
— %mg(d — 1)6_2m22_(d+1)a“0./4b.7:ab,

R,, = e—2(mzz+ago)( — BO@ + myV A+ mafB(d — 1) AP0y — m2(d — 1)A(21))

1 ,—2(moz+dop) 2
+ g€ F& -

(A.5)
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The Riccl scalar is

A

R = e Amaztay) (R —2a00p — 1(9p)® + 2mad V,A* — mid (d — )A(Ql))
— e (myd (d— 1)e > 4 e 0 F2 ) (A.6)

The reduced Ricci components in ([AJ) have been simplified through use of the rela-

tions (226).

The Laplacian operator acting on the D-dimensional dilaton is given by

~ 4 4
. D¢—m2(d—1)(A“0M¢—5 my (A2)+e (d— l)aso))_ - miV, A" (A7)
where ¢ = ¢ + 2myz, as given by (7).
The vielbein components of the various D-dimensional antisymmetric tensors re-

duce according to

IA{al o = —(mg-‘,—(n 1)m1)z—nagp Ha1 s
f{al---anflz _ —(mg—l—(n 1)m1)z+(d—n—1)ap Ha1 S (A8)

B Fermionic reduction ansatz in D < 10; Einstein

frame

In this appendix we provide an arbitrary dimensional generalised ansatz that reduces
the fermions in D = d+1 to d dimensions. The generalised ansatz we are constructing
is such that the standard S' reduction (m; = 0 = my) reduces canonical fermionic

kinetic terms with a normalization as

~

6L = k(U ANV T+ ANV (B.1)
to canonical kinetic terms
e 'L = k(U APV, + MV A+ Y7V ,X) + Test (B.2)

Here x is an arbitrary coefficient. Performing the split of the gravitino as ’l/AJA =

(1&1, 15,3) an ansatz that accomplishes this is

~

1 1
€ = exMFer%e,
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A= e 3% (y 4 /D —3)),

by = DD‘Q e‘%m”e‘%awm X =N,

(e — 7= 1(VD = 3x = V),
¢ = F¢1+¢_¢2+\/2( —2)myz,

v = - ﬁﬁbl + /530, (B.3)

Note that, here and elsewhere in this paper our convention is always o > 0. A

i
ol s

>
=

<
IS]
I
NI

consistent truncation of the matter multiplet can be obtained by setting m; = mao

and ¢ = 0=y

C Einstein-frame to string-frame conversion

The D-dimensional Lagrangian in the Einstein frame is given by

L = R—1(09)° — LeMH2 — 1ed0(F2 )2 — LB, MV 0, — 134V,
e -

where a = ‘/%, and where we have omitted additional interaction and four-fermi

terms. This may be mapped to the string frame Lagrangian

T ~NI M a S AN~ MT
— (AN — ﬁm P )0y D+ ) (C2)
by the transformations
Jun = 6%&¢§MJ\77 HMNP:NMNP7 F]\[f[ _F](\:/L[N7 qb:—d(I),

Note that v,, = 1% Y 1. v4 = 4. Furthermore, we have made use of the D-
dimensional Majorana flip properties vy y = —yxy*1 and py"Fy = Yy for
any two anti-commuting spinors ¢ and x.

The bosonic reduction ansatze in the string frame are considerably simpler than

their Einstein-frame counterparts. The reduction of the D = d + 1 dimensional Ricci
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tensor is given by

Rab = Rab + %vaab@ — %8,19001,()0 — %e_ﬁ@fac FbC’
Ri = 1%V Vi%Fy),

I:{zz = %DQO - %(830)2 + ie—\/i@fé) )
R = R+V20p - (0p)? — Le V2 F3 . (C.4)

Some useful formulae for the reduction of the scalar fields are:

O = Ifl(CI) — % —3(D - 2)mz) = 0O — %Dgp — %(@gp@“@ — %(8@)2)

—Im(d — 1) (L5 A“Dup — V,A"), (C.5)

(09)* = (0D)? + L(9p)? — 25 0up 0" ® + m(d — 1) A*(9,® — J=0,¢)
Fim(d - 1)2(A2) + V), (C.6)

éaMébN/stﬁN(i) = vaﬁbq) - %vaabgp + im(d - 1)(Va~’4b + vbAa) )

A Ms N s 1 —2or0 1 1 1,
6,e,"VyOy® = —5e VITF (0, — %01,@) - mm(d— 1)ev2”0,p
—Ly(d — 1)e" O F oAb
e NV 0D = = F50M0 (0,® — J2 Oup) — sam(d — A", (C7)
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