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ON k-CAPS IN PG(n,q), WITH ¢ EVEN AND n > 3

J. A. THAS
GHENT UNIVERSITY

ABSTRACT. Let m2(n,q) be the maximum size of k for which there exists a k-cap
in PG(n, ¢), and let m/(n, q) be the second largest value of k for which there ex-
ists a complete k-cap in PG(n,q). In this paper Chao’s upper bound ¢ — ¢ + 5
for m4(3,q), q even and ¢ > 8, will be improved. As a corollary new bounds for
ma(n,q), g even, ¢ > 8 and n > 4, are obtained. Cao and Ou published a better
bound but there seems to be a gap in their proof.
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1. INTRODUCTION

A k-arc of PG(2,q) is a set of k points, no three of which are collinear; a k-cap of
PG(n,q), n > 3, is a set of k points, no three of which are collinear. A k-arc or
k-cap is complete if it is not contained in a (k + 1)-arc or (k + 1)-cap. The largest
value of k for which a k-arc of PG(2, q), or a k-cap of PG(n, ¢) with n > 3, exists
is denoted by ms(n, q). The size of the second largest complete k-arc of PG(2,q)
or k-cap of PG(n,q), n > 3, is denoted by m,(n, q).

Theorem 1.1. @) m2(2,9) = q+2, geven [7];
(i) ma(3,q9) =q¢*>+ 1, geven, ¢ > 2 [6, 1, 10];
(>iii) ma(n,2) = 2™ [1];

(iv) mo(4,4) =41 [5];
(V) mh(n,2) =271 42773 [4];
(vi) mb(3,4) = 14 [8]

Theorem 1.2 ([11, 13, 7]). Let K be a k-arc of PG(2,q), q even and q > 2, with
q¢—+/q+1 <k < q+ 1. Then K can be uniquely extended to a (q+2)-arc of PG(2, q).

For any k-arc K in PG(2,q) or k-cap K in PG(n,q), n > 3, a tangent of K is a
line which has exactly one point in common with K. Let ¢ be the number of tan-
gents of K through a point P of K and let 01(Q) be the number of tangents of
K through a point Q ¢ K. Then for a k-arc K t + k = ¢ + 2 and for a k-cap K
t+k=q¢"1+¢" 2+ +q+2.

Theorem 1.3 ([8]). If K is a complete k-arc in PG(2, q), q even, or a complete k-cap
in PG(n,q), n > 3 and q even, then 01(Q) < t for each point ) not on K.

Theorem 1.4 ([3]).

1) mh(3,q) < ¢* —q+5,q even,q > 8.
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To prove Theorem 1.4 J.-M. Chao relies on the following crucial lemma.

Lemma 1.5 ([3]). Let K be a complete k-cap in PG(3, q) with g even. If I is a plane
such that [TIN K| = z, then

©) tt—1) > q(g+2 — )z

In the underlying paper the following improvement of Chao’s result will be ob-
tained.

Theorem 1.6 (Main Theorem).
3) mh(3,q) < ¢*> — (V5 —1)q+5,q even,q > 8.

As a corollary new bounds for ms(n, q), ¢ even, ¢ > 8 and n > 4, are obtained.

Combining the main theorem of [12] with Theorem 1.6, there is an immediate
improvement of the upper bound for m,(3,¢q), ¢ > 2048. We thank T. Szényi for
bringing reference [12] to our attention.

Theorem 1.7.

(€)] mh(3,q) < ¢* — 2+ 3,/q + 2, q even, q > 2048.
2. A FIRST IMPROVEMENT OF CHAO’S BOUND

Theorem 2.1.

5) m5(3,q) < ¢* —q+3,qeven, g > 8.

Proof. Let K be a complete k-cap in PG(3,q), g even, ¢ > 8 and k < ¢> + 1.
Let I be a plane of PG(3, ¢) for which4 < [ITIN K| < ¢ — 2. Let f(X) =q(¢+2—
X)X. Then

(6 tt—1) = f(4) = f(g—2) = 4q(q — 2),
by Lemma 1.5. So

1 1+ 16 —2
) > 1t +2 aa=2)

Hence k < ¢ + ¢ +2 —2¢+ 1 = ¢* — ¢+ 2, and consequently k < ¢* — ¢ + 3.

22qf£forq28.

So we may assume that either |IIN K| < 3, or [IIN K| > ¢ — 1, for any plane
IT of PG(3,q). Let 1,15, ...,I; be the ¢t tangents of K through the point P € K.
We consider three cases depending on the number of planes containing /; and
intersecting K in at most 3 points.

(A) There exists exactly one plane II;, containing /; such that |II;, N K| < 3,i =
1,2, ...,t. We will show that in this case k < ¢*> — ¢ + 3.

Assume there is exactly one plane II through P with [IIN K| < 3. Then for i =
1,2,...,t, IT;, = II. Hence all tangents of K containing P are in II. Sot < ¢ + 1,
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a contradiction. Hence there are at least two planes IIy, II5 through P such that
III; N K| < 3,i=1,2. Then |II; NI, N K| = 2. Consequently ¢ > 2(¢ — 1), and so
E<@+q+2-2¢+2=¢>—q+4.

Assume, by way of contradiction, that ¥ = ¢> — ¢+ 4. Sot = 2(q — 1). Then
III; N K| = |II; N K| = 3. All tangent lines at P are contained in II; and II,. Let
[ be a tangent of K at P in II;, and consider the ¢ + 1 planes containing /. The
plane II; is the only of these planes which intersects K in 3 points, exactly ¢ — 1
planes through / contain 2 tangent lines at P and so intersect K in a g-arc and the
remaining plane through / contains exactly one tangent line at P and so intersects
K ina (g + 1)-arc.

Let II be the unique plane containing ! which intersects K in a (¢ + 1)-arc, let
IINK = O, and let N be the kernel of O, that is, N is the unique point of II which
extends O to a (g + 2)-arc of II. Clearly N € .

If K’ is a k’-arc of a plane PG(2,q) and P’ € PG(2,q) \ K’, then the parity of
the number of tangents of K’ through P’ is the parity of k/, see Chapter 1 of [7].
Hence, by considering O and the ¢ — 1 g-arcs whose planes contain [/, we see that
the number of tangents of K through N is atleast g+ 14+ ¢ —1 = 2¢. As K is
complete we have 2¢ < t¢,s0k < ¢®> + q+2 — 2q = ¢> — q + 2, a contradiction.

Consequently k < ¢? — q + 3.

(B) Some tangent /;,1 < i < ¢, is contained in at least two planes having at
most three points in common with K.

First we will prove that k < ¢> — ¢+ 5. Fork =¢> —g+5andk=¢> —qg+4a
contradiction will be obtained; the case k = ¢?> — ¢ + 4 will be subdivided in two
cases. Hence it follows that also in Case (B) we have k < ¢®> — ¢ + 3.

Counting the points of K on the ¢ + 1 planes containing /; gives
(8) E—1<224(q—1)g=q¢*—q+4.
Sok <q?—q+5.

(B.1) First, assume k = ¢> — ¢ + 5. Then two planes II;, I, containing /; intersect
K in 3 points, while the remaining planes II3,I1y4, ..., II,4; containing /; intersect K
in ¢ + 1 points. Let [ be a tangent of K at P in II;, distinct from [;. Any plane ¢
containing [, with ¢ # II;, intersects each (¢ + 1)-arc II, N K,i = 3,4,...,¢+ 1, in
exactly two points. Hence | N K| > ¢. Considering the lines ¢ N IIy, we see that
exactly two of the planes (, say ¢; and (s, intersect K in (¢ + 1)-arcs O; and Os,
while the ¢ — 2 other planes ¢, say (3, (4, ..., {4, intersect K in a g-arc.

Let N7 be the kernel of O;; then N7 € [. The number of tangents of K containing
Ny isatleast g +1+q—2 = 2¢g — 1. As K is complete we have 2¢ — 1 < ¢, so
E<q¢>+q+2—-2q9+1=q®—q+ 3, a contradiction.

(B.2) Next, assume k = ¢°> — ¢+4. Then, considering all planes containing /;, there
are two cases to consider.

(B.2.1) Two planes I1;, I, containing /; intersect K in three points, the plane II;
containing /; intersects K in ¢ points, and the remaining planes II4,II5, ..., I,
containing /; intersect K in ¢ + 1 points. Let [ be a tangent of K at P in II;,
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distinct from /;. Any plane ¢ containing [, distinct from II;, intersects each (g + 1)-
arcIl; N K,i =4,5,...,q + 1, in exactly two points; ¢ — 1 of these planes ( intersect
II3 N K in exactly two points. So for at least ¢ — 1 of these planes ¢ we have
|¢ N K| > g, and for all planes ¢ we have [( N K| > ¢ — 1.

Assume that for all ¢ planes ¢ we have |( N K| > q. Let s be the number of planes ¢
for which |¢ N K| = ¢ and let u be the number of planes ¢ for which |(NK|=¢+1.
Then

9 s(q—1)+uq+3:q2—q+4,s+u:q.

Sos(q—1)+(q—38)g+3 =¢>—q+4, hence s = ¢—1and u = 1. Let ¢ be
the plane which intersects K in a (¢ + 1)-arc O, and let N € [ be the nucleus of
O. The number of tangents of K containing NV is at least g +1 + ¢ — 1 = 2q, so
k<q®+q+2—2q¢=q>— q+ 2, acontradiction.

So we may assume that for exactly ¢ — 1 planes ¢ we have |¢ N K| > ¢ and that for
exactly one plane ¢ we have |( N K| = ¢ — 1. Assume that for s planes ¢ we have
|¢ N K| = g, and that for u planes { we have | N K| = ¢+ 1. Then

(10) s(g—1)+ug+q—2+3=¢"—q+4,s+u=q—1

Sos(g—1)+(q—1—5s)g+q+1=¢*—q+4,hence s = ¢— 3 and u = 2. Let
(1, ¢ be the planes containing [ which intersect K in (¢ + 1)-arcs Oy, O, let Ny, Ny
be the nuclei of Oy, O,, and let IT; N K = {P, Py, P,}. Assume first that Ny & P, Ps.
Then the number of tangents of K containing N; is atleast g+ 1+ ¢ — 3+ 2 = 2gq,
so k < ¢> — ¢ + 2 a contradiction. Similarly if N, ¢ P, P,. Hence we may assume
that Ny = Ny = P, P> N l. Then the number of tangents of K through N is at least
g+1+q+q—-3=3¢—2,50k < ¢>+q+2-3¢+2=¢>—2q+4, again a
contradiction.

(B.2.2) One plane II; containing /; intersects K in three points, and one plane
1, containing /; intersects K in two points. Consequently the other ¢ — 1 planes
I3, 114, ..., 1,41 containing /; intersect K in ¢ + 1 points. Let / be a tangent of K at
P in IT;, distinct from I;. Any plane ¢ containing /, distinct from II;, intersects each
(¢ + 1)-arc II; N K, with i = 3,4,...,q + 1, in exactly two points. As k = ¢> — q + 4
it easily follows that for ¢ — 1 of these planes ¢ we have |¢ N K| = ¢, while for the
remaining plane ¢ we have |( N K| = ¢+ 1.

Let ¢ be the plane containing { which intersects K in a (g+1)-arc O, and let N be the
nucleus of O. The number of tangents of K containing N is at least ¢+1+q—1 = 2gq,
s0 k < ¢® — ¢ + 2, again a contradiction.

(C) Some tangent /;, with 1 < i < ¢, is contained in no plane having at most
three points in common with K.

First we will prove that k¥ < ¢2 — ¢ + 5. A contradiction will be obtained for
ke {¢*—q+5,¢>—q+4}; for k = ¢*> — ¢ + 4 two cases have to be consid-
ered. Hence again k < ¢ — ¢ + 3.

Then |II; N K| > g — 1 for each plane II; containing {;, with j = 1,2, ...,¢ + 1. The
arc II; N K of II; can be completed to a (¢ + 2)-arc of II;; see Theorem 1.2. This
(¢ + 2)-arc meets [; in points P, P;. As there are ¢ + 1 points P; and |I; \ {P}| = g,
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two of the points P; coincide, say P, = P,. The number of tangents of K contain-
ing P, isatleast2(¢q—2) +1=2¢—3,s0k < ¢®> —q+5.

Now we make some observations on (¢ — 1)-arcs of PG(2, g), q even. Let K be any

(¢ — 1)-arc of PG(2, q), g even, and let I be a tangent of K at P € K. Let C be the

unique (g + 2)-arc which contains K; see Theorem 1.2. Put C Nl = {P, N}. Then it

is easy to see that exactly ¢ — 2 points of | 1\ {P N} are on exactly three tangents of

K and that exactly one point Rofl \ {P N } is on exactly one tangent of K; also,
R=1nN'N",with {N,N',N"}UK = C.

(C.1) First, assume k = ¢°> — ¢+ 5. Then II; N K and I, N K are (¢ — 1)-arcs of II;
and II,. Let r be the number of (¢ — 1)-arcs IT; N K, let s be the number of g-arcs
IT; N K and let u be the number of (¢ + 1)-arcs II; N K. Then

A1) r(g—2)+slg—1)+ug+1=¢"—q+5r+s+u=q+1, withr >2.

Sor(g—2)+s(qg—1)+(g+1—r—s)g+1=¢>—q+5, hence 2r + s = 2q — 4, with
r > 2. If s > 1, then we have an extra tangent of K containing P, so k < ¢®> —q+4,
a contradiction. Hence s = 0,7 = ¢ — 2,u = 3.

As the number of tangents of K containing P, is exactly 2¢ — 3, the nuclei of the
three (¢ + 1)-arcs II; N K are distinct from P;. Let N be one of these nuclei. Also,
P, is on exactly one tangent of each of the ¢ — 4 (¢ — 1)-arcs II; N K, distinct from
the (¢ — 1)-arcs II; N K, IIs N K. So N is on at least three tangents of each of these
g —4 (¢ — 1)-arcs II; N K. Hence the number of tangents of K containing N is at
least 2(¢ —4) + ¢+ 1 =3¢ — 7 > 2q — 3, a contradiction.

(C.2) Finally, assume that k = ¢% — g+4. We have to consider two cases depending
of the sizes of IT; N K and I, N K.

(C.2.1) First, assume that II; N K and 1IN K are (¢ — 1)-arcs. The tangents of K
containing P; are the tangents of II; N K and II; N K containing P;, and one extra
tangent [. Assume that [ is a tangent of II3 N K. If II3 N K is a (¢ + 1)-arc O, then
Py is the nucleus of O, so there arise ¢ extra tangents, a contradiction; if II3 N K
is a (¢ — 1)-arc K’, then P, is contained in at least three tangents of K’, again a
contradiction. Hence II3 N K is a g-arc. Also, IT; N K, with j = 4,5, ..., ¢+ 1, cannot
be a g-arc. Let r be the number of (¢ — 1)-arcs II; N K, and let « be the number of
(¢ + 1)-arcs IT; N K. Then

(12) r(g—2)+ug+q—1+1=¢—qg+4r+ut+l=q+1.

Sor(qg—2)+(qg—r)g+q=¢q*>—q+4, hencer = ¢ —2 and u = 2. Let O1, O, be
the (¢ + 1)-arcs II; N K, and let Ny, N be the nuclei of O, 0. Then N; # Py,i =
1,2. Also P; is contained in exactly one tangent of each of the ¢ — 4 (¢ — 1)-arcs
IT; N K, with j # 1, 2. Hence the number of tangents of K containing NV, is at least
2(q—4)+q+1=3¢g—7>2q— 2, clearly a contradiction.

(C.2.2) Consequently, we may assume that II; N K is a (¢ — 1)-arc and that
II; N K is a g-arc . Let r be the number of (¢ — 1)-arcs II; N K, let s be the number
of g-arcs II; N K and let u be the number of (¢ + 1)-arcs IT; N K. Then

(13) r(g—2)+s(g—1)+ug+1=q¢*—q+4,r+s+u=q+1,7>1,5>1.



6 J. A. THAS GHENT UNIVERSITY

So 2r +s =2q—3,r > 1,s > 1. Clearly, s = 1, as otherwise we have an extra
tangent containing P;, and then k < ¢> — ¢+ 4. Hence r = ¢ — 2,5 = 1,u = 2.
The nuclei of the two (¢ + 1)-arcs II; N K are distinct from P;. Let N be one of
these nuclei. Also, P; is on exactly one tangent of each of the ¢ — 3 (¢ — 1)-arcs
IT; N K distinct from II; N K. So N is on at least three tangents of each of these
g —3 (g —1)-arcs IT; N K. Consequently the number of tangents of K containing N
isatleast2(¢ —3) + ¢+ 1 =3¢ — 5 > 2¢ — 2, a final contradiction. [ ]

3. MAIN THEOREM

Theorem 3.1.
(14) mh(3,q) < ¢*> — (V5 —1)q+5,q even,q > 8.
(15) mbh(3,4) = 14.

Proof By [8] we have m/(3,4) = 14, and by Theorem 2.1 we have m4(3,8) < 59,
which proves Theorem 3.1 for ¢ = 8. So from now on we assume ¢ > 8.

Let K be a complete k-cap in PG(3,q), g even, ¢ > 8, and k < ¢> + 1. Let [l be a
plane of PG(3, ¢) for which

(16) 5<|IINK|<q-3.
Let f(X) = ¢(¢+2— X)X. Then by Lemma 1.5 of Chao
a7 t(t—1) = f(5) = fla—3) = 5q(q — 3).
So
(18) t21+\/1+20q(q—3).

2
Put w > /5q — a, that is,
(19) V1+20g(q — 3) > 2v/5¢ — 2a — 1.
For a < v/5q — (1/2) this is equivalent to
(20) 14 20g(q — 3) > 20¢* + 40 + 1 — 8a/5q — 4V5q + 4a,
or
21D 0 > 4a* + a(—8v/5q + 4) + 60q — 4v/5¢,
or
(22) 0> a? + a(—2v5g + 1) + 15¢ — v/5q.

Put o = 3. Then there arises 0 > 9 + 3(—2v/5¢q + 1) + 15¢ — /5, that is, 0 >
12 + 15¢q — 7+/5q. This inequality is satisfied for ¢ > 16.

Hence for ¢ > 16 we have t > 1/5¢ — 3, and so,

(23) E<@+q+2—V5¢+3,
that is,

(24) E<¢®+(1—-V5)q+5.
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For ¢ = 16 it follows from (18) that ¢ > 32 and so k < 241, which is equivalent to
k<q®+(1—+/5)qg+5with g = 16.

From now on suppose that either |IIN K| < 4 or |IIN K| > ¢ — 2 for any plane II
of PG(3,q). Let ly,ls, ...,I; be the ¢t tangents of K containing the point P € K.
Assume, by way of contradiction, that k > ¢> 4 (1 —+/5)q+5. We consider three
cases depending on the number of planes containing /; and intersecting K in
at most 4 points. In each case a contradiction will be obtained .

(A) Assume, by way of contradiction, that each /; is contained in exactly one
plane II;, for which |II;, N K| <4, withi=1,2, ... ¢.

(A.1) Assume that there is exactly one plane II through P with |[TI N K| < 4.
Then fori = 1,2, ...,t we have IT;, = II. So ¢t < ¢+ 1, hence k > ¢*> + 1, a contradic-
tion.

(A.2) There are at least two planes II;, I, through P such that |II; N K|
4,9 = 1,2. Then |II; NII; N K| = 2. Consequently t > 2(¢ — 2), and so k
PHqg+2-2¢+4=¢*—q+6.

<
<

The plane II; intersects K in a m-arc, m < 4, and contains at least ¢ — 2 tangents
of K at P. Let P, € (K N1II;) \ P and assume that PP, is contained in « planes II
with [ITN K| < 4. Thent > a(q—2),s0 k < ¢*> + (1 — a)q + 2 + 2a. Consequently

(25) P+1—a)g+2+2a>¢*+(1—V5)g+5,
or
(26) (V5 —a)g+2a—-3>0

This gives a contradiction for @ > 2 with ¢ > 8. So PP is contained in at most two
planes intersecting K in at most four points.

Assume, by way of contradiction, that for some plane II of PG(3, ¢) we have II N
K = {P}. As there are at least two planes II, I’ through P intersecting K in at
most four points, we have [IINII' N K| =2 and so |[II N K| > 2, a contradiction.

Let PG(2, ¢) be a plane of PG(3, ¢) not containing P and let o be the projection of
PG(3,9) \ {P} from P onto PG(2, q). Further, let P be the set of all images under
o of all points of K \ { P} contained in planes II, with P € II, for which [IIN K| < 4,
and let B be the set of all images under o of the sets II \ {P}. Then there arises an
incidence structure (P, B) of points and lines for which

1 [B] =2,

(2) any two distinct lines in B have exactly one point in common,
(3) each point is contained in at most two lines,

(4) each line contains at most three points and at least one point.

It follows easily that 2 < |B| < 4. For each value of || we will find a contradiction.

() |B| =4
Thent =4(q—2),s0k = ¢* +q+2—4qg+8 = ¢> — 3¢+ 10. Hence ¢> — 3¢ + 10 >
@®+ (1 —+/5)g+ 5, 0or5 > (4 — /5)q, a contradiction as ¢ > 8.
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3 |B][=3

If|P| = 3, thent = 3(¢—1), so k = ¢*>—2¢+5. Hence ¢>—2¢+5 > ¢*+(1—+/5)q+5,
or (3 —+/5)g < 0, a contradiction.

If | P| =4, thent =2(q—1)+¢—2,50 k = ¢*> —2q + 6. Hence ¢*> + (1 —V5)qg +5 <
q*> —2q+6,0r (3 — \/E)q — 1 < 0, a contradiction.

If |P| =5, thent =q—1+2(q—2),s0 k = ¢> —2¢+7. Hence ¢* + (1 — v/5)q+5 <
q* —2¢+ 7, or (3—/5)q < 2, a contradiction.

If |P| = 6, thent = 3(¢—2), so k = ¢>—2¢+8. Hence ¢>+(1—v5)q+5 < ¢*> —2q+8,
or (3 —/5)q < 3, a contradiction.

(M B[ =2

By Theorem 2.1 we may assume that k < ¢*> — ¢ + 3.

If | P|=1,thent =2¢,s0k =¢> —q+2.

If | P|=2,thent=2¢— 1,50k = ¢*> — ¢+ 3.

If |P| = 3, then t = 2¢ — 2, so k = ¢*> — ¢ + 4, a contradiction.

If |P| = 4, then t = 2¢ — 3, so k = ¢*> — ¢ + 5, a contradiction.
If |P| = 5, then t = 2¢ — 4, so k = ¢*> — ¢ + 6, a contradiction.
Hence the cases k = ¢> — ¢ + 2 and k = ¢> — ¢ + 3 have still to be considered.

VDk=¢"—q+2

On K there are two points P, P, such that PP; is contained in two planes II;, IT
intersecting K in just {P, P; }, and in ¢ — 1 planes II3, I1,, ..., II,1; intersecting K in
a (g + 2)-arc.

Let P € (IIsN K) \ {P, P.} and let | be a tangent of K at P’. Assume, by way of
contradiction, that each plane containing ! intersects K in a m-arc with m > 4, so
m > q—2. These m-arcs K/, withi = 1,2,...,¢+1, are extendable to (¢+2)-arcs C;.
Let C; Nl ={N;,P'},i =1,2,...,¢ + 1. At least two of the points Ny, Na, ..., Ny41
coincide, say N; = Ns. A plane II' containing /, but not containing P nor P,
intersects each of the (¢ + 2)-arcs II; N K, with i = 3,4,...,q + 1, in either 0 or 2
points; so |[II' N K| is even. A plane I’ containing ! and either P or P; intersects
K in ¢ points. Hence each plane containing [ intersects K in a m-arc, with m even.
Counting tangents of K containing N;, we obtain at least 2(¢—3)+14+¢—1 = 3¢—6
tangents. So k < ¢ + ¢+ 2 — 3¢+ 6 = ¢> — 2¢ + 8, a contradiction for ¢ > 8. We
conclude that there is a plane II' containing [ with [II' N K| < 4.

Assume, by way of contradiction, that [ is contained in at least two planes IT’, IT”
with |[II' N K| < 4, |I1” N K| < 4. Then, by a previous argument, these intersections
have an even number of points and so [I' N K| € {2,4} and [II" N K| € {2,4}. Now
we count the points of K in planes containing /, and obtain k < (¢—1)(¢—1)+7 =
q%> — 2q + 8, a contradiction for ¢ > 8.

Hence [ is contained in exactly one plane II’ for which |II' N K| < 4. It follows that
the roles of P and P’ may be interchanged.

Let I’ be a second tangent of K containing /', with I’ ¢ IT". Let K=KnI3,II'N
K = {P',P{}. If P| € {P,P,}, then |II' N K| = ¢, a contradiction. Hence P; ¢
{P,P,}. With P’ there corresponds an incidence structure (', B’) of points and
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lines. As k = ¢® — q + 2, we necessarily have |?’| = 1 and |B’| = 2. Hence
II' N K = {P', P/}. If I’ is the unique plane containing !’ and intersecting K in at
most 4 points, then IT' N K = {P’, P|}. Also, the roles of P and P}, P’ and P}, P
and P; can be interchanged.

Interchanging IT3 and I;, ¢ € {3,4, ....,q + 1}, and interchanging P’ with any point
of (Il; N K) \ {P, P}, we see that K is partitioned into (¢?> — ¢ + 2)/2 pairs, where
each pair is contained in two planes intersecting K in that pair and in ¢ — 1 planes
intersecting K in a (g + 2)-arc. Any other plane contains either O or ¢ points of K.
Each point @ of K is contained in 2¢ tangents; the two planes on () intersecting K
in two points each contain ¢ of these tangents.

Now we count the planes intersecting K in a (¢ + 2)-arc, and obtain

¢ —q+2 q+2

Hence g + 2|(¢> — ¢ +2)(¢ — 1), so ¢ + 2|24, that is ¢ € {2,4}, a contradiction.

(V2 k=¢*>—q+3

Then on K there are points P, P; such that PP; is contained in two planes 11y, II,
withII; N K = {P, P,},1l; N K = {P, P, P>}, and in ¢ — 1 planes IT3,I14, ..., 1T,y
intersecting K in a (¢ + 2)-arc.

Let P € (IIsN K) \ {P, P.} and let | be a tangent of K at P’. Assume, by way of
contradiction, that each plane containing [ intersects K in a m-arc with m > 4, so
m > q—2. These m-arcs K/, withi =1,2,...,¢q+1, are extendable to (¢+2)-arcs C;.
Let C; Nl ={N;, P'},i =1,2,...,¢ + 1. At least two of the points Ny, N, ..., Ny41
coincide, say N; = N,. A plane II' containing /, but not containing P nor P,
intersects each of the (¢ + 2)-arcs II; N K, with ¢ = 3,4,...,¢ + 1, in either 0 or 2
points. So if P, ¢ IT', then |II' N K| is even. A plane II' containing ! and either P
or P;, but not P, intersects K in ¢ points. Hence ¢ planes containing [ intersect K
in a m-arc, with m even. Counting tangents of K containing N7, we obtain at least
20¢—3)+14+q—2=3¢—T7tangents. S0k < > +q+2 -3¢ +7=¢q>—2q+9,
a contradiction for ¢ > 8. We conclude that there is a plane I’ containing | with
' N K| < 4.

Assume, by way of contradiction, that [ is contained in at least two planes IT’, IT”
with [I'N K| < 4,|11" N K| < 4. Now we count the points of K in planes containing
I, and obtain k < ¢ — 2¢ + 9, a contradiction for ¢ > 8.

Hence [ is contained in exactly one plane I’ for which |[II' N K| < 4. As all tangents
of K at P, are contained in II; U Il,, it follows that each tangent of K at P, is
contained in exactly one plane intersecting K in at most 4 points. Hence all points
of K\ {P,} play the same role.

Let I’ be a second tangent of K containing P’, with I’ ¢ II'. Let K NIIs = K,II' N

= {P',P{}. If P| € {P,P,}, then |[II' N K| > ¢, a contradiction. Hence P; ¢
{P, P;}. With P’ there corresponds an incidence structure (P, B’) of points and
lines (see first part of (A)).

Ask =q*>—q+3,we necessarily have |?’| = 2 and |B'| = 2. Hence [II'N K| € {2,3}
and II' N K D {P’, P[}. Let I be the unique plane containing {" and intersecting
K in at most 4 points, and let II' N K = {P’, P|}. If P| # P}, then by the structure
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of (P',B') we have {P], P/} C I, clearly a contradiction. Hence P, = P}, and so
(PP} CII'NK.

Without loss of generality we may assume that II' N K = {P’, P}, P}} and II' N K =
{P’, P{}. As |II'N K| is odd, the set I'N K has to contain the point P,. Consequently
P, = Pj.

Interchanging IT; and I1;, ¢ € {3,4,--- ,¢+ 1}, and interchanging P’ with any point
of (I, N K) \ {P, P1}, we see that K \ {P,} is partitioned into (¢* — ¢ + 2)/2 pairs,
where each pair is contained in one plane intersecting K in that pair, in one plane

intersecting K in that pair together with P,, and in ¢ — 1 planes intersecting K in a
(¢ + 2)-arc. Any other plane contains 0, 1, g or ¢ + 1 points of K.

Now we count the planes intersecting K in a (¢ + 2)-arc and obtain
¢ —q+2 (- 1),L2

2 2
Hence ¢ + 2|(¢*> — ¢+ 2)(q — 1), so q + 2|24, that is ¢ € {2, 4}, a final contradiction.

(28)

We conclude that there is some tangent /; containing P, with ¢ € {1, 2, ..., ¢}, which
is contained in exactly 6 > 1 planes having at most 4 points in common with K.

(B) Assume, by way of contradiction, that some tangent / of K is contained in
no plane intersecting K in at most 4 points.

Hence each plane II; containing [ satisfies [I[; N K| > ¢—2, withi =1,2,...,¢+1. By
Theorem 1.2 the arc IT; N K can be extended to a (¢ +2)-arc C;; let C; Nl = {N;, P}
with [ N K = {P}. For at least two planes II,, say II; and II,, we have N; = N5.

(B.1) First we prove that N; is on a tangent of K not in II; U Ily; clearly N, is
on at least 2¢ — 5 tangents of K contained in IT; UII,. Assume the contrary. Then
for any plane II; ¢ {II;,1II,}, the arc II; N K must have an odd number of points.
SoII; N K eitheris a (¢ — 1)-arcor a (¢ + 1)-arc, i € {3,4,...,q + 1}. Also, N; # N;
fori=3,4,..,q— 1. IfI;NKisa (¢—1)-arcand C; \ I, N K) = {N;, N/, N/'},i €
{3,4,...,¢ + 1}, then N; € N/N/, as otherwise N; N/ and N; N/ are tangents of
I; N K.

Let r be the number of planes II;, with ¢ # 1,2, for which IT; N K is a (¢ — 1)-arc,

and let s be the number of planes II;, with i # 1,2, for which II, N K is a (¢+ 1)-arc.
The number of points of K is at least

(29) r(q—2)+sq¢+2(¢g—3)+ 1L, withr+s=¢q—1.
As K is complete, by Theorem 2.1

(30) rg=2)+(g-1-71)g+2(q—3)+1<¢*—q+3,
$O

3D r>q—4.

We may assume that [IsN K is a (¢—1)-arc. The number of tangents of K containing
N3 is at least

(32) g—1+2(r—1)>q¢—1+42¢—10= 3¢ —11.
Hence
(33) E<q®>+q+2-3¢q+11=¢>—2¢+13.
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So

(34) > —2¢+13> ¢+ (1 —V5)q+5,
a contradiction for ¢ > 8.

Consequently N, is on a tangent I’ of K not in IT; U IT,.

(B.2) Now we consider all planes IT containing the tangent ', withi = 1,2, ..., ¢+
1. We will show that:

(a) For each plane II; such that |[II; N K| > ¢ — 2 the point N; does not extend
the arc IT, N K.

(b) For each i we have |II; N K| > ¢ — 2.

@LletIinK|=a,qg—-2<a<qg+1L|ILNnK|=8,g—2<3<qg+1. Then
N, is contained in at least o + /5 tangents of K. Now we consider all planes II}
containing the tangent I’, with ¢ = 1,2, ..., ¢ + 1. Assume, by way of contradiction,
that m = |II; N K| > ¢ — 2 and that the (¢ + 2)-arc C/ extending II; N K intersects
I"in {Ny, P'}, with !N K = {P'},i € {1,2,...,qg+ 1}. Then the number of tangents
of K containing NV, is at least

(35 a+B+m—-3>2¢—4+m—3>3¢q—09.
Hence
(36) E<¢®+q+2-3¢+9=¢*—2¢+11.

So¢®—2¢+11 > q2+(1—\/5)q+5, a contradiction. Consequently for |ITI;NK| > ¢—2
we have Ny € Cl,i € {1,2,...,q + 1}.

(b) Next, assume by way of contradiction that for at least one plane II; containing
I, say II}, we have |II} N K| < 4. Let I} be the plane [I’. Now we count the points
of K in the planes IT}, with ¢ = 1,2, ...,¢ + 1. Let

6, be the number of planes IT/, i € {3,4,...,q + 1}, containing a tangent of II; N K
through N; and a tangent of I, N K through Ny,

0> be the number of planes IT},i € {3,4,...,q + 1}, containing a tangent of IT; N K
through Ny, but no tangent of II, N K through Ny,

05 be the number of planes II/, i € {3,4,...,q + 1}, containing a tangent of II, N K
through N3, but no tangent of II; N K through Ny,

64 be the number of planes IT., i € {3,4, ..., ¢+1}, containing no one of the tangents
of IT; N K or II; N K through N7;.

Then, as N; ¢ C! for |II; N K| > ¢ — 2, we have

37)

k<44q—1401(¢q—2)+02(q—1)+05(q—1)+04q, with 24601+ 605 +03+04 = g+ 1.

Hence

(38) k< q(0y+0s+05+04) — (201 + 02+ 63) + q+ 3,
SO

(39) E<q(g—1)— (201 + 60y +03) +q+3.

Now we have
h+6>|IILiNK|—-2>q—4,
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01+60; > TIoNK|—2>qg—4.
Hence

(40) k<qg—1)—2¢+8+q+3=¢*—2¢+11.
So ¢* — 2¢+ 11 > ¢*> + (1 — v/5)q + 5, a contradiction.

Hence no plane II; containing !’ intersects K in a m-arc, with m < 4,1 <i <g+1.
Consequently, for each plane II; containing !’ we have [II; N K| > ¢ — 2. Also,
we know that the (¢ + 2)-arc C] extending II; N K does not contain Ny, with i =
1,2, ..,q+1.

(B.3) A final contradiction will be obtained by considering the possible inter-
sections I, N K,i = 1,2,...,q + 1. It is easy to see that at least ¢ — 6 planes II;
containing !’ intersect K in a m-arc having at least 3 tangents containing N;; these
planes are the planes containing I’ passing through distinct tangents of IT; N K and
I, N K containing N;. For any such plane II; the arc IT; N K is either a (¢ — 1)-arc
or a (¢ — 2)-arc. Let

6] be the number of planes II;, with II; = [I’, containing a tangent of II; N K
through Ny, a tangent of II, N K through Ny, where IT; N K is a (¢ — 1)-arc,

0, be the number of planes II, with II, # [I’, containing a tangent of II; N K
through NNy, a tangent of II; N K through Ny, where IT; N K is a (¢ — 2)-arc.

Let C/ Nl = {P' N/}, with ' " K = {P’'} and C/ the (¢ + 2)-arc extending
II;NK,i = 1,2,...,¢+ 1. Then N] # Ni,i = 1,2,...,q + 1. We may assume
that N; = Nj. Assume, by way of contradiction, that Ny = Nj = N/, with
i €{3,4,...,qg+ 1}. Then Ny is on at least 3(¢ — 3) + 1 tangents of K. So

(41) kE<q*+q+2—3q+8=q>—2q+ 10.
Hence

(42) 4+ (1 -VE)q+5<q*—2¢+10,
that is,

(43) (3-v5)g <5,

clearly a contradiction. Hence we may assume that N| = Nj, N, = N;, N, #
Ni, NI ¢ {N{,Nj} fori = 5,6,...,q + 1. At least §; — 4 of the arcs IIf N K,II§ N
K, .. I}, NK are (¢ —1)-arcs, say [I; N K, TGN K, ..., Hg,l NK are (¢—1)-arcs. The
number of tangents of IT; N K containing N} , with j € {1, 3}, is either 1 or 3, with
i =5,6,...,01; if N} is contained in one tangent of IT; N K, then N, is contained in
3 tangents of IT, N K, with {j,u} = {1,3} and ¢ € {5,6, ...,0,}. So we may assume
that at least (6} — 4)/2 of the (¢ — 1)-arcs II, N K, = 5,6, ..., 07, have 3 tangents
containing N. Counting the tangents of K through N, we obtain at least

(44) 14 (0] —4) + (05 —2) +2(q — 3)

tangents. As 0] +0, > ¢q—6, this number of tangents is at least 1+¢—6—6+2¢—6 =
3q — 17. Hence

(45) E<@+q+2-3¢+17=¢*—2¢+19.
So
(46) P+ (1—V5)g+5<¢*—2¢+19,
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or
47) (3—V5)g < 14,
a contradiction for ¢ > 16.

If at least one of the arcs IT) N K, I, N K is a m-arc with m > ¢ — 2, then (44)
becomes

(48) L+ (07 —4)+ (05— 1)+ (¢ —3) + (¢ —2),

which is at least 3¢ — 15. Hence k < ¢ — 2¢+ 17. For ¢ = 16 this gives k < 241. But
for ¢ = 16 the inequality k > ¢ + (1 — v/5)q + 5 yields k > 242, a contradiction.

Finally we assume that I N K and II5,NK are (¢—2)-arcs. Then at least 6] —2 of the
arcs I,N K, with ¢ = 5,6, ...,¢+1, are (¢—1)-arcs, say II;N K, IIEN K, ..., H;HzﬁK.
So at least (0] — 2)/2 of the (¢ — 1)-arcs II; N K, with ¢ = 5,6,...,0; + 2, have 3
tangents containing either N or NJ. First, assume that this is the case for Nj. If at
least one of the arcs IT; N K, I} N K is a m-arc with m > ¢ — 2, then the number of
tangents of K containing N} is at least

(49) T+ (0) —2) 4+ 05— 1)+ (¢ —3) + (¢ — 2),

which is at least 3¢ — 13. Hence k < ¢?> — 2q + 15, and so ¢ + (1 —v/5)g + 5 <
q® — 2q + 15, that is, (3 — v/5)q < 10, a contradiction. Hence the arcs IT; N K and
IT) N K are (g — 2)-arcs. Then the number of tangents of K containing IV} is at least

(50) 140 + (05 —2) +2(qg — 3),

which is at least 3¢ — 13. This yields again a contradiction. Consequently at least
(07 — 2)/2 of the (¢ — 1)-arcs II; N K, with ¢ = 5,6,...,607 + 2, have 3 tangents
containing Nj. But then in (44) 6] — 4 may be replaced by 0] — 2, yielding at least
3q — 15 tangents of K containing N;. Hence k < ¢ — 2¢ + 17, which is a final
contradiction.

We conclude that each tangent [ of K is contained in at least one plane intersecting
K in at most four points.

(C) Assume, by way of contradiction, that there is a tangent [ of K which is
contained in at least two planes I1;, I, intersecting K in a m-arc, with m < 4.

Assume that [ N K = {P} and that IT; U II, contains 2¢ + ¢ tangents of K through
P. We have —5 < § < 1.

(C.1) Here we will show that 2¢ + ¢ is the total number of tangents of K
containing P; as a corollary it will follow that k € {¢*>—q¢+1,¢*>—q+2,¢*>—q+3}.
Assume, by way of contradiction, that there is a tangent !’ of K containing P with
I ¢ TI; UTl,. If |II' N K| < 4, then the number of tangents of K containing P is at
least2g+0+q—3=3¢g+0—-3>3¢—8,50k < ¢>+q+2—3¢+8=¢>—2¢+ 10.
Hence

(51) @+ (1 —V5)g+5 < q¢®—2¢+10,

or (3 —v/5)q < 5, a contradiction. Now we consider all planes containing /. By
(B) at least one of these planes intersects K in a m-arc, with m < 4. If at least two
planes containing !’ intersect K in at most 4 points, then P is contained in at least
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2¢ —5+2(q—5) +1=4q — 14 tangents of K. Hence k < ¢®> + ¢+ 2 — 4q + 14 =
q®> —3q + 16, so

(52) @+ (1 —V5)g+5<q®—3q+16,

that is, (4 — v/5)q < 11, clearly a contradiction. Consequently exactly one plane IT’
containing I’ intersects K in at most 4 points. Now we count the points of K in the
planes containing !’. Let

61 be the number of planes , distinct from /I’ and IT, containing /’, containing a
tangent of K in II; and containing a tangent of K in Il,

02 be the number of planes containing ', distinct from II’, containing a tangent of
K in II; and containing no tangent of K in Ils,

03 be the number of planes containing /', distinct from II’, containing a tangent of
K in Tl and containing no tangent of K in Iy,

64 be the number of planes , distinct from II’, containing !’ and containing no
tangent of K in II; or Il,.

Then

(53) k<1+(q—1)+06i(q—2)+02(qg—1)+03(q—1)+0sqg+3,
with

54) 01+ 05+ 03 +64,=q— land 05 + 03 + 20, < 6.

So

(55) k<q+3+(q—1—03—03—04)(q—2)+02(q—1)+605(q — 1) + b4q,
that is,

(56) k<q*—2q+5+ (02 + 03 +26,),
hence

(57) E<q¢®>—2¢+5+6=q>—2¢+11.
Consequently

(58) P+ (1—V5)g+5<q®—2¢+11,

or (3 —/5)q < 6, a contradiction.

It follows that 2¢ + ¢ is the total number of tangents of K containing P and so
k=q¢>4+q+2—-29—6=¢q>—q+2—0.As k < ¢> — ¢+ 3 by Theorem 2.1, we have
—-1<6< 1.

(C.2) Some further properties of K. Let I” be any tangent of K not containing
P and let K N1" = {P’'}. By (B) " is contained in a plane II"” with [II” N K| < 4.
There is a tangent n of K at P’ not contained in IT”. The tangent n is contained
in a plane p with |p N K| < 4. Let 2¢ + ¢’ be the number of tangents of K at P’ in
pUTII”. Then ¢’ < § and if p NII” is a tangent, then by the foregoing section we
have ¢’ = 0. Assume, by way of contradiction, that p N II"” is not a tangent of K
and that ¢’ < §. Then there is a tangent n’ of K at P’ not contained in p U II”. The
tangent n’ is contained in a plane p’ with |p’ N K| < 4. If pN p’ is a tangent of K,
then the 2¢ + 0 tangents of K at P’ are contained in pU p’, a contradiction. So pNp’
is not a tangent; similarly p’ N II” is not a tangent. Hence the number of tangents
of K at P’ is at least 3(¢ — 2), so 2¢ + 6 > 3q — 6, hence § > ¢ — 6, a contradiction.
We conclude that 6’ = ¢ and that all tangents of K at P’ are contained in p U II”.
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Hence, given any point () € K there are two planes «; and «s containing all
tangents of K at @; also |a; N K| <4 and |az N K| < 4. These planes are uniquely
defined by @, and so is a3 N as. By Section (A) the line a; N «p is a tangent of K
at Q. Let II be any plane containing @, with II ¢ {ay,as}. Then II N K contains at
most two tangents at @, so |II N K| > ¢. It follows that K contains no (g — 2)-arcs
and no (g — 1)-arcs.

Notice that |o; N K| + |a2 N K|+ 6 = 3 and remind that -1 < § < 1.

Let I be a plane containing Q, with I ¢ {a1,as}. The arc IT N Kcontains always
at least one tangent of K at @, except when § = —1,k = ¢> — ¢ + 3,|ay N K| =
e N K| = 2. Soifk € {¢> —q+1,¢>—q+2} and if k = ¢ — ¢ + 3 with
lay NK| =]as NK|+2=30r |ayNK| = |ay NK|+2 =3, then I N K is not a
(q +2)-arc. If oy N K| = |aa N K| = 2,k = ¢> — q + 3, then there is excactly one
plane II containing Q for which II N K is a (¢ + 2)-arc.

CHEk=¢"—q+1

Thend =1and [II; N K| = [lls N K| = 1. Let Uy, U € K, with Uy # Us, and let
&1, & be the planes containing U; intersecting K in at most 4 points. If Uy € & U&s,
then 0 < 0, a contradiction. Hence Us ¢ & U&,. Consequently any plane containing
the line U, U, has more than 4 points in common with K.

Now we count the points of K in planes containing the line U;Us. Let 6; be the
number of planes containing U;U, intersecting K in a g-arc, and let 65 be the
number of planes containing U, Us intersecting K in a (¢ + 1)-arc. Then

(59) 01(q—2)+02(g—1)+2=¢q° —q+1,with 0, + 60, = ¢ + 1.
So
(60) 01(g—2)+ (q+1-0)(g—1)+2=¢>—q+1,

thatis 8; = g and 05 = 1.
Now we count the number of (¢ + 1)-arcs on K, and obtain

(@ — g+ 1)@ —q)
(¢+1)q
Soq+1|(¢> —q+1)(g — 1), so q + 1|6, a contradiction.

CHk=q¢>—q+2

Then § = 0 and {|II; N K|, [II;N K|} = {1, 2}. Let Q be any point of K and let /g be
the tangent of K which is the intersection of the two planes «; and «» containing
the 2¢ tangents of K at (). Let (a1 U ) N K = {Q,Q’}. Starting with Q" and l¢/,
we find the same pair {Q’,@}. It follows that K is partitioned into pairs of type
{Q,Q'}. Let £ be the set of these (¢> — ¢ + 2)/2 pairs.

Let {Q,Q'} € L, let a; and a be the planes containing the 2¢ tangents of K at
@, and assume that Q" € a;. Then a; = lglg . Let II be a plane containing QQ’,
distinct from «;. As II contains a tangent of K at ), we have [IIN K| < g+ 1.
Counting the points of K in the planes containing QQ’, we obtain [IIN K| = ¢ + 1.
By an easy counting we see that the planes containing I, but distinct from «; and
ay, intersect K in (g+1)-arcs. This way there arise ¢—1 (¢+1)-arcs Ky, Ko, ..., K41,
having kernels Ny, Ns, ..., Ny_1 on lg \ {Q}. Assume, by way of contradiction, that

(61)
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N; =N;,i#jandi,j € {1,2,...,¢ — 1}. Then N; is on at least 2¢ + 1 tangents of
K, hence k < ¢*> — ¢ + 1, a contradiction. Let Ig \ {N1, N2, ..., N1} = Ng.

Assume, by way of contradiction, that lg Nlg # Ng. Letlg Nilgr = N;,i €
{1,2,...,¢—1},andlet R € K;\ {Q}. Then Iy RN K is a (¢+ 1)-arc with kernel ;.
Hence N; is on at least ¢°+2 tangents, a contradiction. Consequently loNlg = Ng;
similarly, lgNlg = Ng.

Assume, by way of contradiction, that i Nlg # 0, with @ # S and {Q,S} & L.
Let {Q,Q'} and {S, S’} be elements of £. Now we count the number of tangents
of K containing lg Nls = M. The arc lgls N K is a (¢ + 1)-arc with kernel M, so
lols contains ¢ + 1 tangents of K through M; the arc [¢S’ N K is a (¢ + 1)-arc, and
as the line M S’ of the plane g5’ is a tangent of K, the point M is the kernel of
lgS'N K, solgS’ contains g+ 1 tangents of K through M; similarly the plane IsQ’
contains ¢ + 1 tangents of K through M. Hence M is contained in more than 2¢
tangents of K, clearly a contradiction. It follows that if lo N ls # 0, with Q # S,
then {Q, S} € L.

Let {@,S} ¢ £, with @ and S distinct points of K. Then Ig Nls = (. Now we
count the points of K in the planes containing the line QS. Let 6; be the number
of planes which contain .S and intersect K in a g-arc, and let 65 be the number of
planes which contain ().S and intersect K in a (q + 1)-arc. Hence

(62) 01(q—2)+0a(g—1)+2=¢*> —q+2,with6; +60 =q+1.

So #; = ¢ — 1 and 0, = 2. The 2 planes containing @S and intersecting K in a
(¢ + 1)-arc are the planes /.S and IsQ.

Let {Q,S} € £ and let [ Nls = N. Then N is kernel of no one of the ¢ — 1
(¢ + 1)-arcs defined by planes containing the tangent /g and of no one of the ¢ — 1
(¢+1)-arcs defined by planes containing the tangent /5. So for any line n & {lg, ls}
containing N we have [n N K| € {0,2}. Letn N K = {U,U’}.

First, assume that {U, U’} ¢ L. Then |lgU' N K| = |lpyUNK| = g+ 1. As
llgUNK| = |lsUNK| = g+1, the planes IoU and [gU are the two planes containing
UU’ and intersecting K in a (g + 1)-arc. Hence {iqU,lsU} = {lyU’,ly"U}. So
we may assume that loU = lyU’ and [sU = [;»U. Consequently o Ny # 0 and
lsNlyr # 0, thatis, {Q,U} € Land {S,U’} € £. Hence |lolyNK| = |lsly NK| = 2,
clearly a contradiction as Q, U, U’ € Igly.

It follows that {U,U’} € £. So for any pair {T, 7'} € £, with {T, 7"} # {Q, S},
we have N € TT'. Let n’,n” be distinct lines containing N with n’ # n # n” and
n',n” & {lg,ls}. Assume also that n' N K = {V,V'} and n” N K = {W,W'}. Then
{V,V'} € £ and {W,W'} € L. By the foregoing the lines VV’', WW' QS contain
N, clearly a contradiction.

(C5k=¢"—q+3

Let P be any point of K and let [p be the tangent of K which is the intersection

of the two planes 11y, IT, containing the 2¢ — 1 tangents of K at P. Two cases are
considered.

(C51) I NK ={P,P, P'}II,NK = {P}

Then K contains no plane (¢q + 2)-arcs containing P. Let [ be a tangent of K at P,
with [ in IT; and [ # I p. We count the points of K in planes containing /. Let 6; be
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the number of planes containing / and intersecting K in a (¢ + 1)-arc, and let 6, be
the number of planes containing / and intersecting K in a g-arc. Then

(63) 01 +062(¢ — 1) +3 = ¢ — g+ 3, with 6, + 62 = g.

Hence 6; = 0 and 6> = ¢. Let ﬁl, ﬁg, ey ﬁq be the planes containing / and inter-
secting K in a g-arc, let ﬁi NK = K, let C; be the (¢ + 2)-arc extending K; and let
C;Nl={P,N;},withi =1,2,...,q. Assume that for some i € {1,2,...,q} we have
N,; ¢ P'P". The number of tangents of K containing JV; is at least

(64) g+ (@—1)+2=2¢+1,

a contradiction. Hence Ny = Ny = --- = N, = [N P'P”. Then the number of
tangents of K containing NV; is at least

(65) glg—1)+1=¢—q+1,

again a contradiction.

(C5.2)II,NK ={P,P'}\I,nK ={P,P"}

By (C.5.1), for each point @ € K the two planes a;, s through @ intersecting K
in at most four points, intersect K in exactly two points. If o N K = {Q,Q’} and
as N K ={Q,Q"}, then the plane QQ’'Q" is the only plane on @ intersecting K in
a (¢ + 2)-arc. Hence the (¢ + 2)-arcs on K partition K. So

(66) q+2|q2fq+3,soq+2|q77,soq+2|9,

a contradiction.

Now the theorem is proved. |

4. COROLLARIES

We are grateful to T. Sz6nyi for bringing reference [12] to our attention which, in
combination with Theorem 1.6, gives the following considerable improvement of
the bound in Theorem 1.6; see also Remark 4.4.

Theorem 4.1.
(67) mh(3,q) < ¢* — 2q + 3,/q + 2, q even, q > 2048.

Proof. In[12] itis proved that there does not exist a complete k-cap in PG(3, q),
q even, g > 64, for which

(68) ke[q2—(a—1)q+a\/§+2—a+@,q2—(a—2)q—a2\/§]

where « is an integer which satisfies
—2,/q+3+/16q\/q +12q — 44,/ -7

69 2<a<

©9) == 1 /g +2
Putting a = 3, the desired result immediately follows from Theorem 1.6. |
Theorem 4.2. (i) ma(4,4) =41,

(i) ma(4,8) < 479,
(iii) ma(4,q) < ¢ — ¢*> +2v5q — 8, qeven, ¢ > 8.
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Proof.  For q = 4, see [5]. Assume, by way of contradiction, that K is a k-
cap of PG(4,8) with k£ > 479, or a k-cap of PG(4,q), ¢ even and ¢ > 8, with
k> ¢® — ¢® +2v/5q — 8. At each of its points the cap K hast = ¢* + ¢> +q+ 2 — k
tangents. Hence we assume that ¢ < 107 for ¢ = 8 and ¢ < 2¢% + (1 — 2v/5)¢ + 10
for ¢ > 8. We obtain a contradiction in several stages.

I K contains no plane g-arc
Similar to the reasoning in Section I in the proof of Theorem 6.27 in [9].

II There exists no solid 6 such that ¢> + 1 > |6 N K| > ¢*> + (1 —V5)g+5
Suppose ¢ exists. Let § N K = K’. Then K’ can be completed to an ovoid O of 4,
by Theorem 3.1. Let N € O \ K’ and let N’ € K'. Consider the ¢ + 1 planes of
d through NN’. Since each of these planes meets O in a (¢ + 1)-arc, each plane
meets K’ in at most a g-arc. By I, there is no g-arc on K; so each plane meets K’ in
at most a (¢ — 1)-arc.

Assume, by way of contradiction, that none of these intersections is a (¢ — 1)-arc.
Therefore a count of the points on K’ gives

(70) IK'[ < (q+1)(g—3)+1,
whence

(71) P+ (1-VE)g+5<q¢®—2¢-2,
SO0

(72) (3-VB)g+7<0,

a contradiction.

So we may assume that for one of the planes § through NN’, say II, we have
ITN K’| = ¢ — 1. Now we consider all solids of PG(4, ¢) containing the plane II.
Let § be the number of solids I’ for which [T’ VK| > ¢+ (1 —/5)g+5,50 ¢+1—6
is the number of solids I1” for which |TI” N K| < ¢®> + (1 — v/5)g + 5. We have 6 > 1.

First, assume 6 > 2. So there are at least two solids II}, II}, containing II such that
IT:NK| > ¢>+(1—+/5)q+5, with i = 1, 2. By Theorem 3.1 IT;N K can be completed
to an ovoid O; of I}, = 1,2. So O;NIlisa (¢+1)-arc IINK")U{N/,N/'},i =1, 2.
Since IT N K’ can be contained in no more than three (¢ + 1)-arcs, contained in a
common (q + 2)-arc, we have [{ Ny, N/} N {N}, NJ/}| > 1. Assume N; = N}. So the
number of tangents of K containing N is at least

(73) 203+ (1—V5)g+5—q+1)+q—1,
SO
(74) 2¢> + (1 — 2v/5)q + 11,

a contradiction.

Finally, assume that # = 1. Counting the points of K in the ¢ + 1 solids, we obtain

(75) k<ql@®+(1—vVh)g+5—q+1)+(¢* 1),
that is,
(76) E<q¢+(1—-vV5)g*+6q—1.

Hence, for ¢ > 8,
(77) C - +2V50-8< ¢+ (1 -V5)¢® +6¢—1,
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S0
(78) 0<(2—V5)g*+ (6 —2V5)q+7,
a contradiction. For ¢ = 8, there arises 479 < 479, a contradiction.

III For a point N not in K, there do not exist planes IT; and II; such that
IT; NI, = N and such that IT; N K is a (¢ + 1)-arc with nucleus N fori = 1,2
Similar to the reasoning in Section III in the proof of Theorem 6.27 in [9].

IV The tangents through any point Q off K lie in a solid
Similar to the reasoning in Section IV in the proof of Theorem 6.27 in [9].

V The final contradiction is obtained by counting the tangents of K
Similar to the reasoning in Section V in the proof of Theorem 6.27 in [9]. [ ]

Theorem 4.3. For g even, ¢ > 2, n > 5,

(D) ma(n,4) < HBgn—4 4 35
(i) ma(n,8) <4788 4 —2(8" P+ .- +8+1)+1,
(iii) ma(n,q) < ¢t —q¢" 2 +26q" 3 — 9"t —2(¢" 0 + -+ q+ 1)+ 1, for
q>8.

Proof This follows directly from Theorem 1.1, Theorem 4.2 and Theorem 6.14(ii)
in [9]. [ |

Remark 4.4. The bound in Theorem 4.1 leads to considerable improvements of
Theorem 4.2 and Theorem 4.3. We just mention these bounds, but the proofs are
the theme of a subsequent paper.

For ¢ even, q > 2048,

(79) ma(4,q) < ¢* — 2¢° + 3q\/q + 8q — 9\/q — 6.

For q even, ¢ > 2048, n > 5,

(80)
ma(n,q) < q"71—2q"72+3q"7‘3\/§+8q"75—9q"74\/§—7q"74—2(q”75+' cg+1)+1.

5. REMARK

The bound in the MAIN THEOREM is better than the bound of Chao, see [3]. In
2014 Cao and Ou, see [2], published the bound k < ¢®>—2¢+8 (g even and ¢ > 128),
which is better than ours. I did not follow some reasoning in their proof, so I sent
two mails to one of the authors explaining why I think Section 1.3 of the proof is
not correct. Unfortunately I never received an answer.
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