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AnHoTanusa

In this paper we solve the problem of approximating functionals (p(A)z, f)
(where p(A) is some function of self-adjoint operator A) on the class of elements
of a Hilbert space that is defined with the help of another function ¢(A) of the
operator A. In addition, we obtain a series of sharp Taikov-type additive inequalities
that estimate |(¢(A)z, f)| with the help of ||¢)(A)z|| and ||z||. We also present several
applications of the obtained results. First, we find sharp constants in inequalities of
the type used in Hérmander theorem on comparison of operators in the case when
operators are acting in a Hilbert space and are functions of a self-adjoint operator. As
another application we obtain Taikov-type inequalities for functions of the operator
%% in the spaces Lo(R) and Lo(T), as well as for integrals with respect to spectral
measures, defined with the help of classical orthogonal polynomials.
Keywordsfunctions of operators Landau-Kolmogorov inequalities best approximation
orthogonal polynomials
Mathematics Subject Classification (2000) MSC 26D10, MSC 47A63, MSC
41A17, MSC 47A58

1 Introduction.

We begin by stating Stechkin’s problem (see, [§]) of best approximation of an operator by
linear bounded operators on some class of elements.

Let X, Y be Banach spaces; A : X — Y be some operator (not necessarily linear) with
a domain D(A) C X. Let also L(N) = L(N; X,Y) be a set of linear bounded operators
T : X — Y, with norms bounded above by N > 0, and Q C D(A) be some class of
elements. The quantity

UT) =U(AQ,T) :=sup{||Ax — Txlly : z€Q}
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is called the deviation of the operator T' € L(N) from operator A on the class @), and
E(N)=FEA,Q,N) =inf{U(T) : T € L(N)} (1)

is called the best approzimation of the operator A by the set of operators £L(N) on the
class Q.

The problem is to compute the quantity F(N) = E(A,Q, N) and find an operator
T € L(N) that realizes the infimum on the right-hand side of ().

This problem has actively being studied by many authors. The history of the question,
survey of the known results as well as further references can be found in [1], [5, Ch. 7].
The high interest in this problem has been partially due to its close connection to Landau-
Kolmogorov-type inequalities, which provide an estimate for the norm of an intermediate
derivative of a function with the help of norms of the function itself and norms of higher
derivatives. Such inequalities, as well as their various generalizations, found applications
in various areas (see, for instance, [I], [5]).

We demonstrate this connection on additive inequalities of Landau-Kolmogorov type.
In addition, we present here one of the methods to solve Stechkin’s problem.

We assume that operator A is homogeneous. In addition, let a linear operator B from
a space X into a Banach space Z such that D(B) C D(A) be given. Usually, the class @
in Stechkin’s problem is taken to be

Q=W?"={zxeD(B) : ||Bz|z <1}

For any N > 0, arbitrary operator T' € L£L(N), and arbitrary x € D(B) the following
inequality holds
[Azlly < U(T)[|Bz|[z + Nlz|lx, (2)

which implies

[Az]ly < E(N)||Bz|z + Nllz|[x. (3)

The last inequality is a Landau-Kolmogorov-type inequality in additive form. If for some
operator T' and some element T € D(B) inequality (2]) becomes an equality, then comparing
it with inequality (B]) written for Z, we see that E(N) > U(T'), and hence

Therefore, operator T' delivers the infimum in the right-hand side of ().
Let G be the real line R or unit circle T. By L,(G) (1 < p < 0o) we denote the space
of all functions x : G — C, such that

/|x(t)|p dt | ecm 1 < p < o0,
11,6 =
G

esssup {|z(t)| : t € G}, ecom p = o0.

By Lo(G) we denote the space of all measurable and almost everywhere finite functions
z : G — C. By C(G) we denote the space of all continuous bounded functionsz : G — C
equipped with the uniform norm.



By L} (G),r € N, 1 < p,s < oo, we denote the space of all functions x € L,(G),
such that their (r — 1)-st derivative is locally absolutely continuous and r-th derivative is
in Ly(G). Set W), ={z € L (G) : [+, < 1}.

In 1968 Taikov [10] Considered Stechkin’s problem in the following setting X = Z =
Ly(R), Y = C(R), A= 4. B =9 (so0 that W5 = Wy,), k, r € N, k < r. Taikov proved
that if

1/2 1/2
fr—k-12 1 ,_freie 1
“= 212 sin 7r2’;+1 T 212 s11r17T2kJrl

dt’

and N = ah™*"%/2 h >0, then

dk
E <dt Wy, ) = bhr kL2,

Clearly, the problem of computing the quantity E( tk,WQQ,N ) is equivalent to the

problem of approximating the unbounded functional z*)(0) on the class W3 ,(R) by
bounded functionals (case of Y = R). In addition, in [10] Taikov obtained best possible
inequalities estimating the uniform norm of kth, 0 < k < r, derivative of the function
x € L5 ,(R) with the help of Ly(R)-norms of z and 2™ in additive and multiplicative
forms. Let us present the additive inequality here. For any h > 0

o legey < 0™ ey + 07 0] - W

C(R)
In 2012, Babenko and Bilichenko [4] solved the problem of best approximation of the
functional Fy(z) := (A*z, f) on the class

Q= {x € D(A) : || A2l < 1}

by linear bounded functionals (A is a self-adjoint operator in a Hilbert space H, f € H,
k <r, k, reN), as well as sharp additive inequality of type (), estimating |Fy(x)| with
the help of ||z| and |[|A"z| . Even though functional *)(0) is not a functional of the
described type, Taikov’s results follow from results of paper [4].

In this paper, we extend the results of [4] to the case of rather general functions of a
self-adjoint operator in a Hilbert space, and present a series of applications.

The paper is organized as follows. In Section 2 we present necessary facts about spectral
decomposition of self-adjoint operators and functions of such operators. Section §3 contains
main results. First, in Section 3.1 we present several technical auxiliary lemmas that are
followed by the main results in Section 3.2. We solve the problem of approximation of
functionals (p(A)x, f) (where ¢(A) is some function of self-adjoint operator A) on the
class of elements of a Hilbert space that is defined with the help of another function
1(A) of the operator A. In addition, in this section we obtain a series of sharp additive
inequalities that estimate |(¢(A)z, f)| with the help of |[¢)(A)z|| and ||z||. In Section 3.3 we
study properties of functions N, and M, ,,, which are used in main results. Section 4 is
dedicated to applications. In Section 4.1 we find sharp constants in inequalities of the type
used in Hormander theorem on comparison of operators (see [II, Ch. 2, §6]) in the case
when operators are acting in a Hilbert space and are functions of a self-adjoint operator.



In Section 4.2 we generalize Taikov’s results to the case of rather arbitrary functions of
the differential operator i%. Similar results for operators in the space Ly(T) are presented
in Section 4.3. Finally, in Section 4.4 we obtain Taikov-type inequalities for integrals with
respect to spectral measures, defined with the help of classical orthogonal polynomials.

2 Spectral decomposition of self-adjoint operators.
Functions of operators.

Following ( [0, Ch. XIII, §1]), we say that there is a partition of unity F defined on a
o-algebra B of Borel sets on R, if for every § € B there is a projector E(3) in the given
Hilbert space H and

1. E0) =0, ER)=1;

2. for any sequence {Bj};";l C B, which consist of mutually disjoint sets,
E (U ﬁj) => E(B).
j=1 j=1

With the help of the given partition of unity, one can define so-called spectral integrals
(see [6, Ch. XIII, §2], i.e. integrals of the form

T(p) = / S(1)AE(1),

R
where ¢ € Lo(R). Some necessary properties of such integrals are presented below.

1. For any function ¢ € Ly(R) the integral 7 (¢) exists as, generally speaking, unbounded
operator with dense in H domain

D) ={xet : [lawPdEwss) < oo

If ¢ € Lo(R), then this operator is defined on the whole space H and is bounded.
Note that for any element x € D(J(¢))

||~7(<P)93||2Z/Iw(t)IQd(E(t)wjx)-

If ¢ € Lo(R), then for any z, f € H

/ oty dEWz, f | = (= / S AE()f | .

R



2. For any measurable and almost everywhere finite functions ¢ and ¢

~

[t +voien - | [enaen+ [vniee )|

h T +0) = (T(@) + TW))™,
and ~
/ S(B(B)AE(t) = / (H)E(t) / BB |

T(e¥) = (T ()T (W))~

(here, by A~ we denote the closure of the operator A). In addition, if one of the
functions is bounded, then taking closure on the right-hand side of above expressions
is no longer needed.

According to the spectral theorem (see, for instance, [6]), for each self-adjoint operator
there exists a partition of unity E such that

A= /tdE(t), DA)=qz€H : /th(E(t)x,z) <00 g, (5)

R R

and if z € D (A), then

Az = /tdE(t)x and |Az||* = /th(E(t)z,x) < 00.
R R

On the other hand, using (B, each partition of unity generates some self-adjoint operator
A.

Any measurable and almost everywhere finite function ¢ : R — C defines a function
©(A) of self-adjoint operator A:

o(A)z = / S(t)AE(t)x = T

R

Moreover,
D(p(A) =z el /|gp(t)|2d(E(t)x,:):) < 00

and

||<P(A)93||2Z/Iw(t)lzd(E(t)x,x)-



3 Main results

3.1 Auxiliary lemmas

Here we present two simple lemmas, which in particular imply that if condition (@) is
satisfied, then spectral integrals used further in this paper, exist.

Let functions ¢,9 € Lo(R) be given. From now on we assume that these functions
satisfy the following condition

or, equivalently,

Lemma 1. If function ¢ and ¢ satisfy (@), then
D(y(A)) C D(p(A4)). (7)

Proof. Indeed, let © € D()(A)). Then

A))
/|¢(t)|2d(E(t):c,x) < 00.

We have
[traEnnn = [ HEa s pemaeee.
() B2 o

Inclusion () is proved. O
Lemma 2. If condition (6) is satisfied, then for any 7 > 0 each of the functions
p(t) o(t) o (t)? [p@POF
L7l 1470 A +7)))? 1+7[y()?)?

belongs to the space Ly (R).

Proof. We prove the statement for the function %, and the rest can be proved

similarly. Without loss of generality, we assume 7 = 1. The desired statement follows from
the inequality
@ 2le®)]
L+ [0 = 1+ [p(2)]

that is equivalent to
L+l <2420 or ()] < 1+ 20"

The last inequality for ¢, such that [¢(t)| < 1, is obvious. Also, for ¢, such that |1 ()| > 1,
it follows from the fact that for such ¢ we have |¢(t)] < [(¢)]2. O

6



3.2 Approximation of functionals
and inequalities of Landau-Kolmogorov type

Let ¢, 9 € Ly(R), A be a self-adjoint operator in H, and

Qy = {x € D(y(A)) : [lv(A)zf| < 1}.

For the element f € H we define functional F, ; as follows

Fo (@) = (p(A)z, f), z € D(¥(A)).
In addition, we define functions N, ,(f;7) and N, ,(f;7) of 7> 0
1/2

0O ymwrnt .

(L+7lv @))

Noalfir) =9 [

R

1/2

L eweer
Moolsin) =1 [ Qe D

R

We prove the following two theorems that generalize results of [4].

Theorem 1. Let functions ¢ and v satisfy (@). Then for any T > 0 we have

E(Npwy(fi7)) = E(Fp,p, Qu, Noy(f57)) = TMpy(f5 7). (8)
In addition, the extremal approximating functional for F, ; is the functional
p (1)
gr(x) = | —————=d(E(t)x, f). 9
@)= [ o (B o)

R

Theorem 2. Under assumptions of Theorem[d, for any x € D(¢¥(A)) and any 7 > 0 we
have

[Fop (@) < Moy (f57) [0 (A)z|| + Now (F;7) 2] - (10)
Inequality (I0) becomes equality for the element

_ e ()
vy = R/ g (T)‘sz(t)f. (11)

Proof. Taking into account the general scheme of solving Stechkin’s problem that was
presented in Introduction, proofs of Theorems [I] and 2] consist of the following four steps.

1. First we prove that
E(Npy(f;7)) S T7Mpy(f37). (12)

2. Estimate (I2)) implies inequality (I0).

3. Next, we prove that inequality (IZ) becomes equality for the element defined in ([IT]).

7



4. Using this fact, we prove equality (§). Having that, both theorems are proved.

Step 1. First let us show that for functionals g, (see (@))

lg-Il < N (f5 7). (13)

Indeed,

_ p (1) N v (1) .
o:(@)| = | [ 1 () J)H(/HW@)QdE(t) f)l

R R

N, [ e® A e®
1/2
= |lz] - |S0(t)|2 d(E = N, ) |zl .
Il { / e (t)f,f)} ol ) I

This gives the desired estimate (I3)).
If x € Qy, we obtain

|Fp.p(2) = 97 (2)] =

[ewawwen - | %d (E(t)e, f)‘

| [ ew7wm .
- Rfl+7|¢(t)|2¢(t)d(E(t) )

B AE(t), / MdE(t) f)

(R J Tl P
<7| [ vttapwa ' | s '

_ | 7 _Z@ww
= 7 lg(A)e] ' / o e

1/2
v [ L@ eoP V.
— (A / e (t)z)m(t)f,f)) < Mgl 7).

Thus, for any z € Qy
|Fop(x) = gr(x)| < My (f57) (14)

8



and, hence,
E(Npuy(fi7)) S TMpu(f;7) (15)

Inequality ([I2]) is proved.
Step 2. From estimates (I4]) and (IH), it follows that for 7 > 0 and any x € D(¢(A))

|Fo ()] < [ Fp p(2) = g-(2)] + |g-(2)]

<||¢( Az ||) <||¢( A ||) [o(A)z| + llg-Il =]
< My (fi7) 1U(A)z]| + Ny (f; 7) [l -

Inequality (I0) is proved.

Step 3. By Lemma [2] % € Lo(R), which implies that the element x,, defined
by equality (1), belongs to x, € D(1)(A)) C D(¢(A)). Let us show that for this element
inequality (I0) becomes an equality. We have

o)l = ( / ; +'f|(;’(';|2)2d (E®F, f)) - ; (16)
P(A)r, = / O iy
v = [ - @Z(&gdﬂt)ﬁ
I (A)z] = ( / (1'i(j>|58'|z)2 ( <>f,f>) - (1)
Fogln)] = (oA, )] = / ) 19
Substituting (I8), (I6), and (T7) in (I0), we obtain

e
Fop )] = / i PRICOREy

/'“” 1”“” )|)d(E(t)f,f)
(1+ 7] ()

_ |0 (£)] p [ (1) ()]

- 2 (E(t)faf)+7 22d(E(t)f>f)
R/(1+T|¢(t>\2) R/(1+T|w<t>|)

= Npw (f;7) llz-l| + Mo (f: ) [[0(A)z- || -

Thus,
| Fo,p (@) = Ny (f: 7) ||| + 7Mooy (5 7) [0 (A)z- ||

9



and, hence, for y, = m we have

[Fo ()l = ™M (f3 7) + Nou (f57) ly= 1l - (19)

Step 4. We now prove

E(Nyy(f;7)) = TMypu(f5 7).

For the element y, we have equality (I9). Besides that,

[Fo ()] < B (Np o (f5 7)) + N (F; 7) Nl

Comparing the last inequality and (I9]), we see that
E(Npw(f;7)) 2 TM o (f37).
Together with (IH), it gives
E(Npy(fi7) = 7Moo (f;7).

Theorems [l and 2] are now proved. [

3.3 Properties of functions N, ,(f,7) and M, ,(f, 7).

Because of Theorems [Il and ] it is interesting to study further the question under what
conditions on functions ¢ and @ one could claim that the problem of computing the
quantity E (Fy, .y, Qyu, N) is solved for all N € (0, ||¢(A)||) in the case f € D(¢(A)), and
for all N € (0,00) in the case f ¢ D(p(A)). Lemmas below provide sufficient conditions.

Lemma 3. We assume functions ¢ and v satisfy condition (@). Then function Ny, (f;7)
continuously depends on T and is non-increasing with .

Proof. The fact that N, ,(f;7) is non-increasing is obvious. Continuity at every point
7 € (0,400) readily follows from the following equality that holds for all 0 < 7 < 7

Ng@ﬂl}(f? 7'1)2 - Ncp,lb(f? 72)2

le@Y )2+ (1 + )Y (1))
4+ 7nl@) )21 + nld(1)]?)?

d(E@)f, f)

= (7'2 - 7‘1)

and from the fact that functions 1f£?:ﬁ§§|z)2 and 2J1rJ(rTT12TIZ?t|;Z|J2(§)2\2 are bounded. OJ

Next we study the behavior oé this function as 7 — 0.

Lemma 4. Let functions ¢ and 1) satisfy condition (@) and be continuous. Then

| [ @I if £ e D(p(A)),
fiuy Nows (f37) = { Yoo, if f & D(p(A).

7—0

10



Proof. Let f € D(¢(A)). Then

/ (e dEDS, ) = (A
For any £ > 0 there exists a > 0 such that

/\go DIFAE)f, £) > (1— )| e(A)fIP.

Since functions ¢ and v are continuous, for all small enough 7 we have

le(A) I > / ( 20 PRCOIE / ' : PO yswy, f)

L+ 7[3(t) —o (L+ 7[R @)?)
> /a(l —e)lePA(E®)S, ) > (1 —e)lle(A) S

—a

In the considered case, the desired fact is proved.
Let now f ¢ D(p(A)). Then for any N > 0 there exists a > 0 such that

e OPAE® S f) > N

—a

and for all small enough 7 we have

(P " lewP N
]R/ ( |2)2d(E(t)fv f) > /_a (1 n 2d(E(lf)f7 f) > 5

L+ 7[(t) T (8)[?)

Lemma is proved. []

Lemma 5. Let functions ¢ and v satisfy (@), be continuous, and

(1))
e (L+ TG0

— 0, as T — 00. (20)

Then
lim N, (f;7) =0, (21)
T—00

and, hence, for any N € (0, |@(A)f|) (for any N € (0,+0c0) in the case f ¢ D(¢p(A)))
equation for T

Nsmb(fﬂ') =N

has a solution.

Proof By Lemmas [Bl and (] together with properties of continuous functions, the
statement of the lemma is proved once we prove (21I), which is obvious if condition (20])
is satisfied. [J

Remark 1. In order to condition (20) hold, it is sufficient to have

o L
b T 0@

Remark 2. It is easy to verify that condition (22)) is satisfied for functions ¢(t) = t*
and Y(t) =17, 0 < a < B.

— 0, as T — 0. (22)

11



Lemma 6. Let functions ¢ and ¢ satisfy condition (@) and be continuous. In addition,
let either f € D(¢p(A)), or f ¢ D(p(A)) and

e(®)?

Tsup —————— — 0, as T—0. 23
SO %)

Then
TM, 4 (f;7) =0, as T — 0. (24)

Proof. When f € D(p(A)) the function M, ,(f;7) is bounded and (24)) is obvious. In
the case when f ¢ D(p(A)), the statement follows from the obvious estimate

LN\2 |90(t)|2 2
Meoﬂﬁ(fﬂ') < I?E%RXWHJCH

and (23)). O

Remark 3. Note that condition (23) is satisfied, for instance, by functions ¢(t) = t*
and ¥(t) =%, 0 < a < 3, from Remark 2.

4 Applications.

4.1 Sharp constant in Hormander theorem
on comparison of operators in the case of Hilbert spaces.

The next theorem is due to Hérmander (see, for instance, [11, Ch. 2, §6, p. 117]).

Theorem 3. Let us consider Banach spaces X; (i = 0,1,2; Xo = X) and linear operators
T; (i = 1,2), that map D(T;) C X into spaces X;. Let operator Ty be closed and let operator
Ty admit closed extension. If D(Ty) C D(T%), then there ezists a constant C, such that
for all x € D(Ty)

1 Toxllx, < C{ll2l% + I Taxl%, } 2. (25)

From this theorem it follows that for any functional f € X and any 7 > 0 there exists
a constant C'(f, ) such that for all z € D(T})

(T, f) < CUf Il + 7l T3, 32 (26)

In the case when Xg = X; = Xy = H and operators 77 and T3 are functions of a
self-adjoint operator in H, we find sharp constants in inequalities (26]) and (25]).

Theorem 4. Let functions ¢ and ¢ satisfy (@), and let A be a self-adjoint operator in a
Hilbert space H. Then for any f € H, arbitrary 7 > 0, and arbitrary x € D(1(A)) we
have

1/2

POL 1 mwrn S (el + oy @27)

((A)z, f)] < / Rt

R

Inequality (27) becomes an equality for the element defined in (I1]).

12



This is precisely the sharp form of the corollary from Hormander’s theorem that deals
with functionals. Note that this inequality (27)) for powers of a self-adjoint operator A was
proved in [3].

Proof. Applying Schwartz inequality to the right-hand side of (I0), we obtain

[(p(A)z, Ol < N (f3 1)+ TM o (f 7P 2 {2 + 7 ([ (A)a] P32,

Since
pr(f' 7')2 +7M,, ¢(f 7')2

N 2 0F d(EWf, f)+7 YOU 4wy, s
!k1+TW@Wf /11+th 2y (E()f, )

:/%d(ﬂt)ﬂfﬁ

+ 79 ()]

we arrive at inequality (27)). The fact that inequality (27)) becomes an equality for z.,
defined by (1), can be verified similar to the way it was done in Theorem 2l [J

Next we obtain Hormander’s theorem in a Hilbert space. The obtained inequalities
can naturally be called Hardy-Littlewood-Polya-type inequalities. More information about
other Hardy-Littlewood-Polya-type inequalities can be found in, for instance, works [5],
[2], which also provide further references.

Theorem 5. Let continuous on R functions ¢ and v satisfy (@), and A be a self-adjoint

operator in a Hilbert space H. Then for any f € H, arbitrary 7 > 0 and arbitrary
x € D((A)), we have

(4 >x||<sup{%} el + 7 o)z} 29

If partition of unity E(B) is such that for any t € R and § > 0, we have
E([t,t+]) #0, (29)
then inequality (28) is sharp.

Proof. From inequality (27]) we obtain

l(p (A) ]| = sup [(¢(4) z, f)

||f||<1
) 1/2
N ST
< mp / o EORD b el 47 ()2

We have )
p [ 2O 5)

gen L 14Ty ()

13



() oy el
o N SEETOT: / WEOL) =R T er

Inequality (28)) is proved.
We show that if (29)) is satisfied, then the constant in this inequality is the best possible.
We assume that there exists € > 0 such that for x € D(¢(A))

loyel? < (1 = psup AT ol o uarel} (30)

Taking into account continuity of ¢ and ¢ we find a point t. and a number § > 0 such
that

lp(te .
L. Sup 1+r|w(t Tep < Vite 1+f|w(t IER
2. |e(®)]* > (1 —e?)|p(t.)|? for any ¢t € [t.,t. + 0];

3147 <vVI+e(l+7|Y(t)) for any t € [t., t. + 4.

Further, we choose f. € E([t.,t. + ¢])(H) so that ||f.|| = 1. Applying properties 1-3
and inequality (B0) for the element f., we obtain

te+6
(1= eMlp(to)” < /t [e(OPAED) fe, f2) = (A f]?

< (1 epsup LAV {7+ o))

2 te+6
<Q-avTre Ao (1o [ wraEo. )

2 te+6
— (- evTFe At [ s P L )
< (1= OVITE- (AT VITE - (L4 o)) = (1 - )]

This brings us to a contradictory inequality

(1—¢%) < (1—¢?).

Theorem is proved. []

4.2 Generalization of Taikov’s results.

As usual, by Fourier transform of a function « € Ly(R), we understand

—zts

Flz]()

o —zts
By j
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and by inverse Fourier transform we understand
1 N

Fi (t) = / ”8 s)ds = — lim
[y] V2T V2w N—oo | _ N

ey (s)ds.

Let us consider operator A = dt in Ls(R). From properties of inverse Fourier transform,
it follows that for the partltlon of unity corresponding to this operator the following is
true:

piBa—u) _ gia(z—u)
B8 = F 1 Flalon) = 5 | S o(2)dz, a< b (31)

o i(z —u)
R

For the function ¢(A) of the operator A (here and below functions ¢, are continuous
and satisfy (€])) we compute the spectral integral and write

p(A)x(t) = /@(S)dE(S)ZE (t) = F [ F=])(t).
R
The fact that function z € Ly(R) belongs to the domain of the operator ¢(A) implies

oFlz] € Ly(R). If = € D(¢p(A)) and W € Ly(R), then it is easy to see that

oF[z] € L1(R), and, hence, the function ¢(A)z(t) is continuous.
Next, for any a > 0 we set

fo(t) = F " [X—aal (t).
Using the fact that operator F~! is unitary, we have
((A)z, fo)l = (F [0 F2]], fu) = (0 Fla], FIfa])
— (eF el xwa) = [ el Flal(s)ds.

—a

As a — 400, we have

/_a p(s)Fz](s)ds — /@(S)f[x](é‘)ds = F o F[2])(0) = ¢(A)z(0).

From the fact that % € Ly(R), it follows that —2L_ and

(1+‘w‘2) 1+|w|2 E L (R) Then

1+\¢\2
for a — oo

B o (1)
Ny (fui7)? /<1+T|¢<>|) () o, f2)

=i (R #it] .5.)

R
_ |ol? B U
1+7_|¢| 2 [—a,a]s X[—a,a]

‘ 2 2

1+r|w s %/ 1+Tw >|>d$

15



and
(s)

¢fa, —)/ ds.
M, 1—|—T|¢s )2

Thus, taking the limit as a — oo in the inequality

|((A)z; )l < Nopw (fa; ]| o @y + 7Moo (fas T) [ (A) 2] Loy

we arrive at

1/2
o) < | [T el
1/2
(s u(e)
v / (At rueppE® ) Alee 62

Using the fact that the operators ¢(A) and 1(A) are invariant with respect to the shift,
the last inequality implies

1/2
el < | [ 8 mmds | ol
e\
o(s)Y(s
b / R s | el 69

From the last inequality one can easily obtain Taikov’s inequality by taking ¢(t) =
tkowt)=1t", k,reN, k<r.
Therefore, we proved the following theorem

Theorem 6. Assume that functions ¢, are continuous, satisfy condition (@), and WI‘)W S

Ly(R). Then for any 7 > 0 and any function © € Ly(R) such that F[z] € Lo(R) we have
sharp inequalities (33) and ([33).

For the best approximation of the functional ¢(A)z(0) on the class Wy ,(R) we have

the following. If
1/2

B o)
v=|/ T roPE® ]

R

then
1/2

| detseer
B(N) = / A+ ruPE™|

and the extremal functional is

= 7¢(8) Tis)as
‘R/1+Tw<s>|2ﬂ e

16



4.3 Results for functions of the differential operator in Ly(T).

Next let us take operator A = %% in Ly(T). The corresponding partition of unity is
1 )
EB)x(t) = —— > &(n)e™,  BeB,

vors

nezZNp

™

where Z(n) = \/% /x(s)e‘msds. For the function ¢(A) of the operator A we can also
write -
1 = :
Ax(t) = — n)z(n)e™.
p(A)z(t) mn;oow()()

As usual, by l(Z) we denote the space of complex-valued sequences {x,} = {,}nez
such that 3~ |2,|* < co. Domain of the operator ¢(A) consists of functions x from Ly(T)

such that {|¢(n)z(n)|} € lo(Z). If z € D(¢(A)) and condition {%} € l(Z) is

satisfied, then it is easy to see that {¢(n)z(n)} € [1(Z) and, hence, function p(A)x(t) is
continuous. Below we assume that these conditions are satisfied.
Let

1 &,
Dm(t)zﬁ > e meN,

n=—m

be the Dirichlet kernel. Then for any function « € Lo(T)

2

1
% Dm(s — t)LU(S)dS = Sm (SL’, t) )
0

where S,,(x,t) is a Fourier partial sum for the function z and, hence,
(0(A)z, Dm) = Sm(p(A)x, 0).
Applying Theorem 2 to the functional on Ly(T) defined by D,,, we obtain
[(e(A)z, Din)| < N (Do T[] Lo(ry + 7Moo (Di; T) [0 (A) | o), (34)
Note that under the above conditions

(p(A)x, Dr) = Sm(p(A)x,0) = p(A)z(0),  m — o0,

- 1/2
| o)
NowDni7) %{ 2 <1+T|w<n>\2>2}

n=—oo

and

o 1/2
| )b (m)?
M‘”"(D’”’TH{ 2 <1+T|w<n>\2>} |

n=—oo

17



Taking m — oo in (B4]), we obtain

- ) 1/2
(e(A)(0)] < { > +‘ffgzll)‘2)2} Jeleacn

n=—oo

0 1/2
+7 {n;w 1+ 7[on)P) } | (A)z|| Loy, (35)

and, therefore,

- ) 1/2
()i < { > 5 +|f|(ZEL>\z>z} Nelae

n=—oo

o0 1/2

Thus, we have proved the following theorem.

Theorem 7. Assume that functions ¢,v are continuous, satisfy conditions (@), and

{%} € 15(Z). Then for any 7 > 0 for an arbitrary function v € Ly(T) such

that {(n)z(n)} € lo(R), sharp inequalities (33) and (36) hold.

Theorem [7] generalizes and sharpens mean-squared inequality of Shadrin [7].
For the best approximation of the functional p(A)z(0), the following is true. If

= emp "
N:{ 2 <1+T|w<n>|2>2} ’

n=—oo

then

- 1/2
_ () ()P
H) =7 {Z@o i+ r|w<n>\2>} /

and the extremal functional is

p(n)i(n)

0= 2 Tr )P

S—
Note that the result about approximating this functional is new even in the case

ot) =tF, () =t", kreN, k<r.

4.4 Orthogonal polynomials

In this section we consider applications related to the partition of unity connected with
classical orthogonal polynomials.

18



Let I be the interval (—1,1), real line R or half line R,. Let also for o, > —1 and
tel
et if I =R,
h(t) = t¥e ! if I =R,,
(1—=t)(1+t)P, ifI=(-1,1).

By Ly p(a,b) we denote the Hilbert space of functions « € Ly(1) such that

1/2

ol = § [ B0 Oy <,
I

with the inner product

(2,y) = / Btz (t)y (1)t

By {F,.(z)} we denote the system of orthogonal polynomials corresponding to the weight
function h(x), normalized so that || F}| L, ,q) = 1.

As it is well-known (see, for instance, [9, Ch. 2|), orthogonal polynomials {F},(¢)} are
solutions to the differential equation

D(t)y" + (A(t) + D'())y" = vy = 0, (37)

where for I =R
for I =R,

and for I = (—1,1)
Aty=B—a—(a+pB)t, D(t)=1-1, 7, =-n(n+a+f+1).

With the help of the sequence of orthogonal polynomials {F),(t)}, we define the
partition of unity in Lo (1)

E@)a(t) =Y anFult),  BEB,

neps

where z,, = (z, F},). Then we have

/ dE(s)a(t) = Y waFu(t) = 2(1).

R

Differential equation (B7) can be re-written as follows
Ly = ny,
where the differential operator L is defined by
Ly = D(t)y" + (A(t) + D'(1))y" — (v — n)y.

19



Then, on one hand, for any function = € D(L) we have
La(t) =Y na,F,(t),
n=0

and on the other hand for the spectral integral / tdE(t) and an arbitrary function = €
R
D(L) we have

/ sdE(s)x(t) = Y na,F(t).

From here it follows that the defined partition of unity generates operator L, and we can
consider functions (L) and ¢ (L) of this operator. So for the function ¢ € Lo(R)

p(L)x(t) = /@(S)dE(S)I(t) =) ), F(t). (38)

R

Moreover, x € D(¢(L)) if and only if {¢(n)x,} € l2(Z;).
Recall that if condition (6)) is satisfied, then D(¢/(L)) C D(p(L)). Observe that if
functions ¢, 1 are continuous, x € D(¢(L)), and the following holds

()| Fnll e
(14 [(n)[?)1/?
then it is easy to see that the series in the right-hand side of (B8] is uniformly convergent

on I, and hence its sum ¢(L)z is continuous on I.
For m € N we set

} € 1,(Z,), (39)

m

P(t,s) =Y Fy(t)Fy(s).

n=0

Clearly,
(@(-), Pu(t, ) = >z Fult).
n=0
Fixing ¢ € I, we define the functional f;,, on the space Ly (I)

Jom(x) = (2(-), Bn(t;-))-

Applying Theorem [I we have

[ fem (L)) < Noy (Foms T2 L) + TM g (frms TIO(A)2 L, 1) (40)

Note that under the listed above conditions and with m — oo

fem(p(L)x) = o(L)x(t),

20



(147l (s)[?)?

_ |o(s)[? .
! <R/ T+ g PR >ftvm’ftvm)

(o)
) (Z T+ rlp(mpye Vom0 fm)

2
N%w(ft,mﬂ')z = / () d(E(s) frm, fem)
R

I )P x )2 2
=2 T rmpr 0 2 2 1+r|w DA

and

Taking m — oo in (@0), we obtain

o 1/2
lp(n) F(t)[?
[p(L)x(t)] < { —~ (1 —|—7‘|¢(n)|2)2} ||x||L2,h(1)

n

) /2

Therefore, we have proved the followmg theorem.

Theorem 8. Assume that continuous functions @, 1 satisfy conditions (@) and (39). Then
for any T > 0, arbitrary function © € Loy (I) such that {(n)x(n)} " € b(Zy), sharp
inequality (41]) holds.

For the best approximation of the functional ¢(L)z(t) the following is true. If

~ 1/2
& e F)P
M= {Z a +f|¢<n>|2>2} ’

then

= [p(n)(n) Fu(1)
{Z 1+T|w<n|>} |

and the extremal functional is

'r nt
8 z%lww e
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