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A Simple Proof of Zorn’s Lemma

JoNATHAN LEWIN
Department of Mathematics, Kennesaw State College, Marietta, GA 30061

There are two styles of proof of Zorn’s lemma that are commonly found in texts.
One of these is the style of proof that is given in [1] and [2], and the other uses
ordinals and transfinite recursion. The purpose of this note is to suggest a proof
which has some of the flavor of the ordinal proof, but which does not require
ordinals.

Notation. If < is a partial order in a set X, then a chain C C X is a subset C of
X that is totally ordered by the order < . Note that the empty set is a chain. If C
is a chain in X and x € C, then we define

P(C,x) ={yeCly <x}.

A subset of a chain C that has the form P(C, x) is called an initial segment in
C. An element x in a partially ordered set X is said to be maximal if there does
not exist an element y € X such that x < y.

ZorN’s LEMMA (Hausdorff Maximal Principle). Suppose that < is a partial
order in a set X and that every chain in X has an upper bound. Then X has a maximal
element.

To obtain a contradiction, suppose that X has no maximal member. If C is a
chain in X, then by choosing an upper bound u of C and then choosing an
element x > u, we can obtain an element x € X such that y < x forevery y € C.
Such an element x will be called a strict upper bound of C. Using the axiom of
choice, we choose a function f that assigns to every chain C C X, a strict upper
bound f(C).

We shall say that a subset 4 of X is conforming if the following two conditions
hold:

(a) The order < is a well order of the set A.
(b) For every element x € A, we have x = f(P(A, x)).

We now make an observation about the comparability of conforming subsets
of X:

If A and B are conforming subsets of X and A # B, then one of these two sets is an
initial segment of the other.

Proof. We may assume that AN\ B # J. Define x to be the least member of
AN B. Then P(A, x) C B. We claim that P(A4, x) = B. To obtain a contradiction,
assume that B\ P(A4,x) # &, and define y to be the least member of
B\ P(A, x). Given any element u € P(B, y) and any element v € A such that
v <u, it is clear that v € P(B,y). Therefore if z is the least member of
AN P(B, y), we have P(A, z) = P(B, y). Note that z < x. But since

z=f(P(4,z)) =f(P(B,y)) =,

and since y € B, we cannot have z = x. Therefore z < x, and we conclude that
y = z € P(A, x), contradicting the choice of y.
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354 RICHARD GRANT

Using the property of comparability of conforming sets that we have just proved,
we now observe that if 4 is a conforming subset of X and x € A4, then whenever
y < x, either y € A or y does not belong to any conforming set. It now follows
easily that the union U of all the conforming subsets of X is conforming, and we
deduce from this fact that if x = f(U), then the set U U {x} is conforming.
Therefore, x € U, contradicting the fact that x is a strict upper bound of U.
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The Converse of Liouville’s Theorem

RicHARD GRANT
Departments of Geriatrics and Psychiatry, University of Massachusetts Medical School,
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After seeing Liouville’s theorem on the approximation of real algebraic num-
bers by rationals, it is natural to ask whether the converse is true. That is, if there
are only finitely many rational numbers p/q such that la — p/q| < ¢/q* for some
positive integer k and constant ¢, can we conclude that « is algebraic? There is a
simple counterexample that isn’t mentioned in the standard texts [1, 2, 3, 4].

If A={lag,a,,a,,...}; a; =1 or 2} is the set of numbers whose continued
fraction representation contains only 1s and 2s then A is uncountable and so must
contain transcendental numbers. However if a = [a,, a;,d,,...] € A then a has
no close rational approximation. To see this let p,,/q,, be the mth convergent. For
any simple continued fraction we have

1

1
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But ¢,,,,=4,, +4,,_, Or q,,,1 = 2q,, + q,,_, since a,, =1 or 2 so, for the
numbers under consideration, we have q,,,; < 3g,, and so

1
647,
Moreover, this inequality holds for any rational number p /g, for if |a — p/q| <

1/6q* then |a — p/ql < 1/2q?, and this implies that p/q is a convergent; see
[4, p. 219].

qm+1 qm

REFERENCES

1. H. Davenport, The Higher Arithmetic, Dover, New York, 1983.
2. G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Oxford University
Press, London, 1960.

3. Hua Loo-Keng, Introduction to Number Theory, Springer, New York, 1982.
4. H. M. Stark, An Introduction to Number Theory, MIT Press, Cambridge, Massachusetts, 1981.

This content downloaded from 130.218.13.44 on Thu, 08 Jun 2017 22:27:51 UTC
All use subject to http://about.jstor.org/terms



	Kennesaw State University
	DigitalCommons@Kennesaw State University
	4-1991

	A Simple Proof of Zorn's Lemma
	Jonathan W. Lewin
	Recommended Citation



