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Abstract

In this paper, we investigate a Kaldor-Kalecki model of business cycle with
delay in both the gross product and the capital stock. Stability analysis for the
equilibrium point is carried out. We show that Hopf bifurcation occurs and pe-
riodic solutions emerge as the delay crosses some critical values. By deriving the
normal forms for the system, the direction of the Hopf bifurcation and the stabil-
ity of the bifurcating periodic solutions are established. Examples are presented
to confirm our results.

Key words and phrases: Kaldor-Kalecki model of business cycle, Hopf bifurcation,
periodic solutions, stability.
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1 Introduction

In this paper, we study the Kaldor-Kalecki model of business cycle with delay of the
following form:

0 = a1 (1), K1) = S(V(0), K(0)] "
g = 1Y (t—7),K(t—71)) —qK(t),
where Y is the gross product, K is the capital stock, @ > 0 is the adjustment coefficient
in the goods market, ¢ € (0, 1) is the depreciation rate of capital stock, I(Y, K) and
S(Y, K) are investment and saving functions, and 7 > 0 is a time lag representing
delay for the investment due to the past investment decision.
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2 L. Wang & X. Wu

A business model in this line was first proposed by Kalecki [11], in which the idea
of a delay of the implementation of a business decision was introduced. Later on,
Kalecki [12] and Kaldor [10] proposed and studied business models using ordinary
differential equations and nonlinear investment and saving functions. They showed
that periodic solutions exist under the assumption of nonlinearity. Similar models
were also analyzed by several authors and the existence of limit cycles were established
due to the nonlinearity, see [4, 7, 23]. Krawiec and Szydlowski [14, 15, 16] combined the
two basic models of Kaldor’s and Kalecki’s and proposed the following Kaldor-Kalecki
model of business cycle:

{ dy (t)
dt
dK(t)

all(Y (1), K(t)) = S(Y(1), K(1))];
I(Y(t —7), K(t) — qK(t).

dt
This model has been studied intensively since its introduction, see [17, 19, 20, 21, 22,
24]. Tt is argued that a more reasonable model should include delays in both the gross
product and capital stock, because the change in the capital stock is also caused by

the past investment decisions [17]. Adding a delay to capital stock K leads to System

(1).
As in [14], also see [1, 2, 22|, using the following saving and investment functions
S and I, respectively,

S(Y,K) =AY, I(Y,K)=1(Y) — 8K

where 5 > 0 and v € (0,1) are constants, System (1) becomes the following system:

det(t) =a[I(Y(t)) — BK(t) — Y (t)], (2)
WKW _ 1Y (t— 7)) — BE(t —7) — K (2).

dt

Kaddar and Talibi Alaoui [9] studied System (2). They gave a condition for the charac-
teristic equation of the linearized system to have a pair of purely imaginary roots and
showed that the Hopf bifurcation may occur as the delay 7 passes some critical values.
However, they did not give the stability of the periodic solution and the direction of
the Hopf bifurcation.

In this paper, we first give a more detailed discussion of the distribution of the
eigenvalues of the linearized system of (2). So local stability of the equilibrium point is
established. Conditions are found under which the Hopf bifurcation occurs and peri-
odic solutions emerge as the delay crosses some critical values. By deriving the normal
forms for System (2) using the normal form theory developed by Faria and Magalhaes
[5, 6], the direction of the Hopf bifurcation and the stability of the bifurcating peri-
odic solutions are established. Finally, some examples are presented to illustrate our
theoretical results.
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Kaldor-Kalecki Model of Business Cycle 3

2 Distribution of Eigenvalues

Throughout the rest of this paper, we assume that I(s) is a nonlinear function, C3,
and that System (2) has an isolated equilibrium point (Y*, K*). Let I* = I(Y™),
up =Y —Y*uy = K — K* and i(s) = I(s+ Y"*) — I*. Then System (2) can be
transformed into

{ du1(t = afi(uy(t)) — Pus(t) — yuq(t)], (3)

dujt(t) i(ur(t — 7)) — Bua(t — 7) — qua(t).

Let the Taylor expansion of i at 0 be

i(u) = ku+iPu? + i + O(Jul*)

1 1
k— ’L',(O) _ I’(Y*), i@ = 5,//(0) _ §III(Y*)’ iB) — —’L'W(O) _ 5I///(Y*)

The linear part of System (3) at (0,0) is

{ du$t(t = al(k — v)ui(t) — Bua(t)], (4)

W2l) _ oy (= 1) — Bus(t — ) — qus(t),

and its corresponding characteristic equation is

N+ g — ak =X = ag(k =) + (BA + afy)e ™ = 0. (5)

For 7 = 0, Equation (5) becomes

N+ g+ B —alk =) —ag(k —7) + afy =0. (6)
Define 5
=D k=P
q Q

and for the rest of the paper, we always assume k; < ko. For the case that k; > ko, the
discussion can be carried out similarly.

Theorem 2.1. Let 7 = 0. If k < ky, all roots of Equation (6) have negative real parts,
and hence (Y*, K*) is asymptotically stable. If k > ki, Equation (6) has a positive Toot
and a negative root, and hence (Y*, K*) is unstable.

Now assume 7 > 0. Let wi (w > 0) be a purely imaginary root of Equation (5).
After plugging it into Equation (5) and separating the real and imaginary parts, we
have
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4 L. Wang & X. Wu

w? +aqlk—v) = afycos(wr)+ Pwsin(wT),
¢ —a(k—y)w = afysin(wr) — Bwcos(wT).

Adding squares of two equations yields

(7)

wh+[g* = %+ o (k = 7)"w* + a’*(k — )" — @B = 0. (8)
Let
A = q2 _52 +042<k—”)/)2,
B = @k —n) - a?F?

If A>0and B > 0, Equation (8) has no positive roots. If B < 0, Equation (8) has a
unique positive root

\/ A+ VA IB
Wy = .
2

If A<0, B> 0, and A — 4B > 0, Equation (8) has two positive roots

\/—Ai\/A2 —4B
W+ = .
2

Solving Equation (7) for sin(wt) and cos(wt) yields

w* + [agk — o®y(k — y)|w

sin(wr) = 020 1 B )
a’qy(k —7) + (ak — g)w?
cos(wt) = TR :
Define
_— wi + [agk — a?y(k — 7)|ws
1 T
w _ 2k =)+ (ak — gt
F o=

a?fy? + fwi
We, thus, have the following result.
Lemma 2.1. Let we and I (i = 1,2) be defined above.

(i) If B < 0, then there exists a sequence of positive numbers {Tj+ 520 such that

o < T <7 <o <710 < ---, and Equation (5) has a pair of purely

imaginary roots *iw, when T = 7'j+.
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Kaldor-Kalecki Model of Business Cycle 5t

(ii) If A< 0, B >0, and A2 — 4B > 0, then there exist two sequences of positive
numbers {77 }22 and {77 }52, such that 7 <71" <7 <--- <7 <., 75 <
T <7y <o <7 < -, and Equation (5) has a pair of purely imaginary

roots +iwy when T = Tj-i.

Here Tj-i (j=0,1,2,--+) are defined below

N 1 { arccos i + 2jm, if I >0,
J

T T wy | 27 — arccosly + 25, if I <0.
Define A(7) = o(7) +iw(7) to be the root of Equation (5) such that O(Tji) =0 and
w(Tji) = wy, respectively.

Lemma 2.2. Let o(7) and Tji be defined above. Then
o'(177) >0, o' (r7) < 0.
Proof. Differentiate Equation (5) with respect to 7 yields

AN\ 2 tg—alk =) +8 T
(E) - AB(A + ) A

and a calculation gives

d\\ !
R _
()

which gives

:2wi+a2(k—7)2+q2—ﬁ2: 2w + A

T B (0?y? + wi) B (0?7 + wi)
Re (P -l xvA*—4B
Nar ) |=7 = [a*y? +wi)’

completing the proof. O

To discuss the distribution of the roots of Equation (5), we will need the following
lemma due to Ruan and Wei [18].

Lemma 2.3. Consider the exponential polynomial
P(Ae7) = p(A) + q(\)e ™

where p,q are real polynomials such that deg(q) < deg(p) and T > 0. As T varies, the
total number of zeros of P(\,e=*") on the open right half-plane can change only if a
zero appears on or crosses the imaginary aris.

Now we turn our attention to the relationship between A, B and our system pa-
rameters. We look at the following two cases.

Case 1. § < ¢. In this case, A > 0.
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B>0<=k>k ork<—3y/q+;

B <0< |k—~]<pv/q.

Case II. § > ¢. In this case,

1.

2.

3.

A>0, B>0<=k>max{\/3?—q¢*/a+v,k}ork <min{—/5%—¢/a+
7 =BY/a+ )

B <0<« [k -] <Bv/q
A<0, B>0<= pv/q<|k—~|</0%*—q¢*/a.

The discussions above, Theorem 2.1 and Lemmas 2.1, 2.2 and 2.3 imply the following
Lemma 2.4.

Lemma 2.4. Assume 3 < q. Let 7']7L be defined in Lemma 2.1. Then we have

(1)

(i)

if B > 0, then all roots of FEquation (5) have negative real parts when k <
—0v/q + v and Equation (5) has roots with negative real parts and roots with
positive real parts when k > ky;

if B <0, or|k—~| < pBv/q, all roots of Equation (5) have negative real parts for
all 7 € [0,7"); Equation (5) has a pair of purely imaginary roots +iw, and all
other roots have negative real parts when T = 15" ; it has 2(j+1) roots with positive
real parts and all other roots have negative real parts when T € (TJ-*,TJ?;I), J =
0,1,2,---.

Lemma 2.5. Assume 3 > q. Let Tji be defined in Lemma 2.1. Then we have

(i)

(i)

(iii)

if A >0, B >0, then all roots of Equation (5) have negative real parts when

k < min{—+/03? — ¢*/a+~,—Bv/q+~}, and Equation (5) has roots with negative
real parts and roots with positive real parts when k > max{\/(% — ¢*/a + 7, k1 };

if B <0, orif |k —~| < Bv/q, all roots of Equation (5) have negative real parts
for all T € [0,7;"); Equation (5) has a pair of purely imaginary roots +iw, and all
other roots have negative real parts when 7 = 73" ; it has 2(j+1) roots with positive
real parts and all other roots have negative real parts when T € (TJ-*,TJ?;I), J =
0,1,2,---.

if A <0, B>0and A2—4B > 0, then we have 3v/q < |k—v| < \/? — ¢*/a and
A% —4B > 0. Assume that A> —4B > 0. If —\/%? — ¢*/a+~v < k < —B7/q+",
all roots of Equation (5) have negative real parts for all 7 € [0,7y), Equation
(5) has roots with positive real parts when T € (14 ,7,,) where m is the smallest

positive integer such that T, > 7,7, it has a pair of purely imaginary roots +iw,
and all other roots have negative real parts when T = 7. if 7,, < 7", Equation
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Kaldor-Kalecki Model of Business Cycle 7

(5) has two roots with positive real parts and all other roots have negative real

parts when T € (737, 7,,) and all roots of Equation (5) have negative real parts

when 7 € (1,7 ). If ki < k < /3 — ¢®/a + v, Equation (5) has roots with

negative real parts and roots with positive real parts.

The following Hopf bifurcation theorems follow immediately.
Theorem 2.2. Assume < q. Let 7'j+ be defined in Lemma 2.1. Then we have

(i)

(i)

the equilibrium point (Y*, K*) is asymptotically stable for all 7 > 0 when k <
—B7v/q+ v and it is unstable for all T > 0 when k > ky;

the equilibrium point (Y*, K*) is asymptotically stable for all 7 € [0,7)) and
unstable for all 7 > 7 when |k —~| < Bv/q. System (2) undergoes a Hopf
bifurcation at (Y*, K*) when 7 =7 for j =0,1,2,---.

Theorem 2.3. Assume 3 > q. Let Tji be defined in Lemma 2.1. Then we have

(i)

(i)

(i)

3

the equilibrium point (Y*, K*) is asymptotically stable for all 7 > 0 when k <
min{—+/3? — ¢*/a + v, —Pv/q + 7}, and unstable for all T > 0 when k >

max{+/0% — ¢*/a+ v, ki };

the equilibrium point (Y*, K*) is asymptotically stable for all 7 € [0,7)) and
unstable for all T > 77 when |k — | < Bv/q. System (2) undergoes a Hopf
bifurcation at (Y*, K*) when 7 = 7'j+ for7=0,1,2,---.

Assume A?2 —4B > 0. The equilibrium point (Y*, K*) is asymptotically stable for

all 7 € 10, 7;7) and unstable when T € (73, 7,,) where m is defined in Lemma 2.5

when —\/3? — @?/a+~ < k < —=pv/q+~. System (2) undergoes a Hopf bifurca-
tion at (Y*, K*) when T = 7'j+ forj=0,1,2,---. Whenk; < k < /(3% —q¢*/a+~,
the equilibrium point (Y*, K*) is unstable. System (2) undergoes a Hopf bifurca-
tion at (Y*, K*) when 7 = Tji for7=0,1,2,---.

Direction and Stability of Hopf Bifurcation

From Section 2, we know that at (Y*, K*) the characteristic equation of linearized
System (2) has a pair of purely imaginary roots +iwy if 7 = Tji for each j under some
conditions. Under these conditions, as the delay 7 passes the critical values Tji, Hopf
bifurcation occurs and periodic solutions emerge. In this section, by deriving a normal
form for System (2) using a normal form theory developed by Faria and Magalhaes
[5, 6], we study the direction of the Hopf bifurcation and the stability of the bifurcating

periodic solutions.
We first normalize the delay in System (2) by rescaling ¢t — ¢/7 to get the following

system

Wl — (k= y)ui(t) — Bus(t) + iPud(t) + i®ud(t)] + O(jul*),
W0~ rlkuy(t— 1) = Bua(t — 1) — qua(t) + i@u2(t — 1) ()
+i®u(t — 1)) + O(|ur]*).
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8 L. Wang & X. Wu

Let 7, = Tj-i and 7 = 7. + pu. Then p is the bifurcation parameter for System (9) and
System (9) becomes

Pl = are + w)[(k = y)ur(t) = Brus(t) + i@ ud(t) +i@ud ()]
+O(|ur]*),
+iOud(t = 1)) + O(Jwi|).

(10)

The linearization of System (10) at (0,0) is

dud;t(t) = ar.[(k — v)u1(0) — Bua(0)],
{ duth(t) = Tc[kul(—l) — BUQ(—l) _ QUQ(O)] (11)

Let
n(0) = Ad(0) + B5(0 + 1)

__(olk=7) —apB __ (0 0
A—Tc( 0 —q)’B_Tc(k —ﬁ)

Let C'= C([—1,0],C?) and define a linear operator L on C as follows:

where

Ly :/ dn(0)p(0), Yo € C.

-1

Then System (10) can be transformed into

X(t) = LXt + F<Xt7:u>7
where X = (uy,u2)’, X; = X(t+96), 6 € [-1,0], and F(X,, p) = (F*, F?)T where

F' = af(k —~)puy(0) — Buus(0) + 7.iPu2(0) + 73 u(0)] + hoo.t.,
F? = kpuy(—1) = Bpuug(—1) — quus(0) + 7.i® w3 (=1) + 763 u?(~1) + h.o.t.,

where “h.o.t” represents high order terms. Write the Taylor expansion of F' as

1 1
F(p, ) = 5Ea(p, ) + 51 Fs(p, 1) + hoct.

Take the enlarged space of C'

BC ={p:[-1,0] — C*: ¢ is continuous on [—1,0), Heli%l, ©() € C*}.

Then the elements of BC' can be expressed as ¥ = ¢ + Xov, ¢ € C' and

0, —1<6<0,
XO(H):{ I, 6=0

EJQTDE Spec. Ed. I, 2009 No. 27



Kaldor-Kalecki Model of Business Cycle 9

where [ is the identity matrix on C' and the norm of BC' is |¢ + Xov| = |p| + |V|c2.
Let C* = C1([-1,0],C?). Then the infinitesimal generator A : C' — BC' associated
with L is given by

. _ 5, —-1<60<0,
Ap = ¢+ Xo[Lp — $(0)] = { fhp(()) + Byp(—1), #=0

and its adjoint

ko _¢7 O<3§17 *
20 ={ v, son " Erweect

where C'* = C*(]0,1],C*). Let C" = C([0,1],C?*) and for ¢ € C and ¢ € (', define

a bilinear inner product between C' and C’ by

0 0
(o) = $(0)p(0) - / 1 / (€ — 6)dn(8)p(€)de
= v0)e0)+ [ v+ DB,

From Section 2, we know that +ir.w, are eigenvalues of A and A*, where wy = wy
or w_. Now we compute eigenvectors of A associated with iT.wy and eigenvectors of
A* associated with —iT.wy. Let ¢(0) = (p, k)Te™«0? be an eigenvector of A associated
with iT.wy. Then Aq(0) = itawoq(f). It follows from the definition of A that

—a(k — )T + iTewo afr. _
< _chefiTcwo ﬁTcefiTcwo + qTe + iTch Q<O) - 0
We can obviously choose ¢(0) = (p, k)T e'™0? where p = 8+ (q + iwp)e'™0.

Similarly, we can find an eigenvector p(s) of A* associated with —iT.wy

1

= 5(0, af)e™% where 0 = —3e — q + iwy

p(s)
with D being a constant to be determined such that (p(s),¢(6)) = 1. In fact, since
1 ‘
(p(s), a(0)) = FlkaB(L+ (p = B)e™™) + po]

we have D = kaf(1 + (p — 8)e"™°) + po. Let P be spanned by ¢, and P* by p, p.
Then C' can be decomposed as

C=PdQ where Q ={p € C:{(,p) =0,V € P}

EJQTDE Spec. Ed. I, 2009 No. 27



10 L. Wang & X. Wu

Let Q' = QN CY. Let ®(0) = (¢(6),q(0)) and ¥(s) = (gg) Then & = ®.J and

U = —JU where J = diag(iTewo, —iTewy). Define the projection 7 : BC' — P by
m(p + Xov) = S[(¥, @) + ¥ (0)v].
Let u = ®x + y, namely

ur(0) = €™ pry 4 e by + 1 (0),
Ug(e) = ZTcwogk}l‘l + e ZTcwogk'l‘Q + y2(0)

Then System (10) can be decomposed as

{ i=Jr+ V(0)F(Px +y,p),
y=Agy+ (I —m)XeF(Px +y,p).

This can be rewritten as

{ &= Jr+5f5(x,y, 1) + 565 (2,9, ) + hoot,, (1)
y=Agqy+ 313z, y, M) %f (z,y, 1) + ho.t.,

where

fi @y, 1) = W) Ey(Px +y, p), f7(x,y, 1) = (I = m) XoFj(Px +y, ).
According to the normal form theory due to Faria and Magalhaes [5, 6, 8], on the

center manifold, System (12) can be transformed as the following normal form:

1 1
&= Jr+595(w, 0, 1) + 593(x, 0, 1) + hoot.

where g} (x,0, u) is a homogeneous polynomial of degree j in (x, p). Let Y be a normed
space and j,p € N. Let

VI(Y) = Zcqxq:qug,chY

J
lal=3

with norm |32, c,@?) =37, |egly. Define M; to be the operator in V;'(C? x ker )
with the range in the same space by

M;(p, h) = (M/p, M:h),

where (Mp)(z, 1) = [J,p(-, u)|(x) = Dep(z, p)Jx — Jp(z, 1t). It is easy to check that
V3 (C?) = Im(M}) @ Ker(M}) and

Ker(M;) = {p'a%er : (¢, A) = M k = 1,2,¢ € NG, [(q,1)] = j}-

EJQTDE Spec. Ed. I, 2009 No. 27



Kaldor-Kalecki Model of Business Cycle 11

Hence
ker(M,;) = Span p 0
2 p 0 ) sz )
2 2
N T1To Wy 0 0
ar(ut) = o (7). (*5") (o) (o)
Define

f3 (2,0, 1) = f3(,0,p) + g[(Dmle)(l“, 0, 1)Uy (2, p1) + (Dy f3)(2, 0, 1) U3 (, )]

where
U21 (l‘, M)|M:0 = (M;)_lprOjIm(Mg)le(x7 0, O) = (le)_lf;(xa 0, O)
and UZ(x, 1) is determined by
(M3U3)(w, ) = f3(,0, p).
Then
g%(.ﬁl], 07 M) = Projker(MQI)f21<$7 07 :u)7 g;(.ﬁl], 07 M) = Projker(M%)f?} (.T, 07 :u)

Let us compute ga(z,0, 1) first. Since

- - — 92 - —
Aoty + G1To + GoaT] + A11T1T2 + AopT5

1
§f21(x,0,,u) = (

2 2
a1y + @i + agox] + 11122 + a02x2>

where
a = —%[kﬁ(q + (8= p)e” ™) + 5(k(B — p) +p)],
@ = —ERBa+ o+ Ge) = p(FE + (k= 1)o),
sy = %27—01'(2)(62“”05 +0), (13)
ap = %i@) (B+0),
agy = %27—61'(2)(62”0“’05 +0),
then

Ly 1 : 1 _ [ a1z
592(l‘,0“u) - épro.]ker(M%)f2(x707M)_ (C_Ll,ul’g :

EJQTDE Spec. Ed. I, 2009 No. 27



12 L. Wang & X. Wu

Next we compute 5g3(z, 0, p) = %Projker(M?})f;(:c, 0, ). Since the term O(p?|z) is

irrelevant to determine the generic Hopf bifurcation, we have

1 1 ) - 1 e
gg?l’(l‘, 0, :u) = gprOJker(Mg})f?}(xa 0, N) = gprOJng}(fL‘, 0, O) + O(,u2|x|)
1 . I, .
= gProisf; (2,0,0) + 1Projs[(Def3)(x, 0,0)Us (. 0)

+ (Dyf2)(@,0,0)Us (w,0)] + O(p*|]).

2
B T1T2 0
s=om () ()}

Step 1. Compute éProjker(Mag)f?}(az,O,O). Since

where

3 2 2 3
as3ox] + a1 X712 + a1or1xs + aogxg)

= 3 = .2 = 2., = .3
Qo3| + A1227T2 + Q212125 + A30L5

1
5]‘}}(1‘,0,0) = (

where
as = ﬂ[i(g)(ﬁe_?’mw” +a)l,
- 3Oz|/)_|2p7c [i®) (e~  5)],
0y — 305|pD|2ﬁ7-c (@ (Beim0 4 7)),
ags = @[i(g)(ﬁegmwo +0)],

we have

2
(1211’11‘2)

= 2
aglxle

o .
iproJker(Mgl)f?} (l‘, 0, 0) = (

Step 2. Compute $Projg[D, f3 (z,0,0)U; (x,0)]. The elements of the canonical basis of

VZ(C?) are
ZL‘% 1T l‘% ML HUT2 [L2
0/°\ 0 /J°\o/’\o0/)"\0 /) \0)
0 0 0 0 0 0
ZL‘% ) 1T ) ZL‘% ) s ) s ) ,u2 )
whose images under ﬁMZI are, respectively
x? (e g 3 0y o (102 1
O ) O ) 0 ) O Y 0 Y O Y
0 0 0 0 0 0
? 22 ) \zy20) \a2 2 "\0/) 7 \p?)
1 142 2 ML ol
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Hence 1
1 1 (a0t — annxi2e — gaozﬂfg
U2 (SL’, 0) = \1- 2 | = _ 2
1Wo §a02:c1 + a112129 — 205
and .
1 . 12172
—Proj¢[D, fi(x,0,0)U(z,0)] = =}
SProslD. 320,003 .0 = (17
where

2

C, = .—(2|6102|2 — 3agpa + 3|€l11|2)
Wo

ia2|p|2p73(i(2))2 o 2 _ —2iTew _

+ Dﬁ\ﬁeiQiTC“’O+a|2].

Step 3. Compute 3Projg[(Dyf3)(z,0,0)UZ(x,0)], where U3 (z,0) is a second-order
homogeneous polynomial in (u, x1, z2) with coefficients in Q'. Let

h(z)(0) = U3 (x,0) = hoo(0)x] + ha1(0)x122 + hoa(6) 3.
The coefficients hy, = (hj, h5,)" are determined by M3h(z) = f3(x,0,0) or
D h(z)Bx — Agi(h(z)) = (I — ) XoFo(Pz,0)
which is equivalent to

h(z) — Dyh(z)Bx = ®W(0)Fy(dx, 0),
h(x)(0) = Lh(z) = Fy(®z,0),

where i denotes the derivative of h(x)(6) with respect to 6. Note that

FQ(@SL’, 0) = AQOJZ‘% + AHSL’lI‘Q + AOQ:U%

where
Ay = (22'(2)ap27'c,Zi(z)pQTce_ziTcwo)T,
A = (4i%alp|*r, 2i%alp|*r)",
Ap = (2iPap’r, 2@ pr.e?mo)T,

Comparing the coefficients of 22, 112, 25 of these equations, it is not hard to verify
that hoa = hsg, h11 = hqp and that hog, hqp satisfy the following equations

{ }:lzo — 2iTawohgy = PW(0)Ag, (14)

hao(0) — Lhgy = As,
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and

{ ;:111 = OW(0)Ay,

15
h11(0) — Lhyy = Aqy. (15)

Noting that f;(z,0,0) = WF,(®x,0), we deduce

2)

(D, £ h(,0,0) = (a% [B(pe™me0y + pe'meexs) W (—1) + o (pwy + pra)h! <0)])
2 0O 3 pe-ineiozy 4 peimeony)hi (—1) + o (pwy + pra)h (0)]
where
hl(_l) = hj 0( )xl + hn( Dzyzs + héz(_l)f@a

( ) = h ( )551 + hn(o)xl@ + héz(O)x%.

and hence . Co?
. 2T1 T2

Prois (D, Fnl(2,0.0) = (1172)

where
ar.it? —iwo T 1 _11 iwoTo =71 __21
Cy = T[e ? Oﬁphu(_l) + Pahn(O) +e™? Oﬁphm(_l) + p0h20(0)]-

Here hgg, hy; are determined by System (14) and System (15). After long but basic
calculations, we obtain

h%()(O) =

(2i@ ap?e3mw0 (D(—ie® ™0 (2D e 6 )w (—iq + 2wy

+kap(B + ¥ 0a)((—1 + 2™0) 3 — 2ie ™0 wy))

+-e"T0 (B 20 5 ) (—ie T ka4 ie¥ T ka3

128w + 2e¥790 (g + 2iwgy)wo)p) + D(2e7™ p(B + 0 (q 4 2iwg) )wo

—ikaf((—1 + *™0) B + p — 2% p — 2330w (B + €705 )

[(woD (=i + X740 (—~ig + 2wp)) — a(By — i€* ™ (k — ) (—ig + 2wo)) D),

h§o<_1) =

212 qp?e57ewo
wo|D[?

+(D(—ie* ™0 (2De* 0 o (—ig + 2w) + kaB(B + e* ) ((—1 + ™) 3

—2ie*T0y)) + €T (B + 20 (—ie ™ kaB + ie* ™ ka S + 28wy

+26%70 (¢ + 2iwg )wo)p) + D<2€2mw°p(ﬁ + €270 (g + 2iwp) Jwo

—TRQ((—1 + TG 4 AT — i) (5 )

/(2uo(—if + ™0 (—iq + 2w)) — By — ie*™(k — ) (—iq + 2wp)))

[i(—l 4 e2iTcw0><€2iTcwo (ﬁ"‘ €2iTCWOU)Dﬁ+ Dp(ﬁ_'_ e2iTcw05_))
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and

hh(O) =

4i(2)|p|2€—ircwo
(By + (=k +7v)q)|DJ?
+H(B+0) (=g + B(=1 + ™ kar.))p) — D(™ (kaf — (B + q)p)
+kaB(=B + p)7.) (B + 7)],

[0 D(~Dg + kaf(B + 0)(~1 + €7 fr,)

hi(=1)
4(2) 2 —iTewo 4 B '
% [_67227—cw0a7_c((ﬁ + O')Dﬁ + De*QzTcwop(ﬁ + 5‘))

1 _ '
Tt (kg g)g e (=Dt k(B + o) (=1 + €A

—(B+ 0)(—q + B(=1+ ™ kar.))p) — D(e™* (kaf — (6 + q)p)
+kaf(—=B 4+ p)7.)(B + 7))].

Collecting the results above, we obtain

2
bgll’l.TQ

2) + 0al.

bglfL‘ll‘z

1
oo =

where by; = a9; + %(Cl + (). Therefore, System (10) can be transformed into the
following normal form:

{ .jfl = iTCWQ.Tl —+ a1y —+ bgll’%IQ —+ h.O.t.,

To = —iT.WoXa + aipre + 6211’11’% + h-O-t-, (16)

where a; is given in (13). Let x1 = wi+iws, z9 = wy—iws and wy = rcos, we = rsiné.
Then (16) can be further written as

7 = apr + br3 + h.o.t.,
& = 1w+ hot.,

where a = Rela;] and b = Re[by;]. Hence the first Lyapunov coefficient is I;(u) =
b+ O(p), see [3, 13].

Theorem 3.1. Let a and b be given above.

(i) The bifurcating periodic solution is stable if b < 0, and unstable if b > 0;

(ii) The Hopf bifurcation is supercritical if ab < 0, and subcritical if ab > 0.
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16 L. Wang & X. Wu

Remark. The coefficient a is given by

a = Refa;] =
2. .2(.2 2
a8 = =B+ (= 1)@ + )
(=B + B2y (k® = 3ky + 29°) (¢ + wp) + (k = 7)(¢ + wp)?
+wy (820 — (¢ + wi) (g — wp)) — o (k = 7)*((k —7)*q(1 + q7)(¢* + wp)
—0*7*(q + CJQTc + Tcwg)) + Wi (2ky (=g + 2¢° + ¢'7e + 2qw§ Tewp)
+h2(8%q — 2¢° — q'1e — 2% + Tewy) + 77 (= (@7 + wp) (20 + ¢ — Tewp)
+0%(2q + ¢°7 + 7e5))))]-

Although the explicit algorithm is derived to compute b, it is difficult to determine the
sign of b for general o, 3,7, k,q. But if i® = 0, it is easy to see C; = Cy = 0 and
hence b can be simply expressed as

3i®)
= \DP (52 + ¢+ wo + 20q cos(Twp) — 20w sm(Tch))(—kaﬁZq +26%
+263%¢* + ¢* — kaf*¢Pr. + 282w + 2¢*w? — ko B*ruwp + wy
+B(8%q + 3q(q* + wi) — kalq® + ¢* 1 — wi + qrewy)) cos(Tewp)
—1—52((12 - wg) cos(2Tawp) — Bwo sin(T.wo) + 2kafgsin(T.wy)
—38q*wp sin(T.w)

+k:ozﬁq27'cw0 sin(T.wp) — 3ﬁwg’ sin(T.wp) — 263qw0 sin(27.wyp)).

4 Numerical Simulations

In this section, we give some examples to illustrate the theoretical results obtained in
the previous sections.
Example 1. Let « =1, § =0.8, v =0.5625, ¢ = 0.9 and
I(s) = tanh(0.5s).
Then (0,0) is an equilibrium point of System (2), k = 0.5, i® =0, i®® = —0.041667.
Hence w; = 0.6066, and 757 = 3.1382. Take 7 = 2.5. According to Theorem 2.2 (ii),
the trivial equilibrium point (0,0) is asymptotically stable, (Figure 1).
Example 2. Let « =1,  =0.8, v =0.5625, ¢ = 0.9 and
I(s) = tanh(0.5s).
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Figure 1: The equilibrium point (0,0) is asymptotically stable when 7 < 75"
Figure 2: The stable periodic orbit generated by Hopf bifurcation when § < q.

Figure 3: The stable periodic orbit generated by Hopf bifurcation when § > ¢.
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18 L. Wang & X. Wu

Then k = 0.5, i® =0, i®®¥ = —0.041667 and hence w, = 0.6066, 7,” = 3.1382. Take

T =14, = 0.001. After using the algorithm in Section 3, we have

a=2.0772, b= —0.0362,

and hence the bifurcating periodic solution is stable and the Hopf bifurcation is super-
critical (Figure 2).

Example 3. Let « = 0.1, §=0.9, v=0.5625, ¢ = 0.5 and
I(s) = tanh(0.9s).

Then k = 0.9, i® =0, i® = —0.243 and hence w; = 0.7503, 7" = 2.7185. Take

Te =14, i =0.001. After using the algorithm in Section 3, we have

a = 1.2365, b = —0.0002,

and hence the bifurcating periodic solution is stable and the Hopf bifurcation is super-
critical (Figure 3).
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