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NNLO soft-gluon corrections for the Z-boson and
W -boson transverse momentum distributions

Nikolaos Kidonakisa and Richard J. Gonsalvesb
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1000 Chastain Rd., Kennesaw, GA 30144-5591, USA

bDepartment of Physics, University at Buffalo, The State University of New York,

Buffalo, NY 14260-1500, USA

Abstract

We present results for the Z-boson and W -boson transverse momentum (pT ) distribu-
tions for large pT at LHC and Tevatron energies. We calculate complete next-to-leading-
order (NLO) QCD corrections as well as soft-gluon corrections at next-to-next-to-leading-
order (NNLO) to the differential cross section. The NNLO soft-gluon contributions are
derived from next-to-next-to-leading-logarithm (NNLL) resummation at two loops. We
find enhancements of the pT distributions and reductions of the scale dependence when
the NNLO corrections are included.

1 Introduction

The production of Z and W bosons with large transverse momentum, pT , has been observed
and analyzed at both the Tevatron [1, 2] and the LHC [3, 4]. The study of electroweak boson
production complements studies of Higgs physics and top quark production in the Standard
Model. Furthermore, these processes are backgrounds to new physics that may be within
reach of the LHC, and thus it is important to have precise theoretical predictions. High-pT
W production has a clean experimental signature when an on-shell W decays to leptons, and
accurate predictions are needed to reduce uncertainties in precision measurements of the W
mass and decay width. The charged leptons in complementary processes involving Z bosons
can be measured with somewhat higher resolution than the neutrino, but the observed event
rate for W bosons at the LHC is larger than that for Z bosons produced on shell. The event rate
for the underlying production mechanism is enhanced experimentally by measuring off-shell Z
bosons and virtual photons decaying to lepton pairs.

At leading order (LO) in the strong coupling, αs, an electroweak boson can be produced
with large pT by recoiling against a single parton which decays into a jet of hadrons. The
LO partonic processes for Z production at large pT are qg → Zq and qq̄ → Zg, and for W
production they are qg → Wq′ and qq̄′ → Wg. The next-to-leading-order (NLO) corrections,
involving virtual one-loop graphs and two-parton final states, for Z and W production at
large pT were calculated in [5, 6] where complete analytic expressions were provided. The
NLO corrections enhance the differential pT distributions and they reduce the factorization
and renormalization scale dependence.

Higher-order contributions to electroweak-boson production from the emission of soft gluons
have also been calculated. These corrections appear in the form of logarithms which can be
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formally resummed, and they were first calculated to next-to-leading-logarithm (NLL) accuracy
in [7] using the moment-space resummation formalism in perturbative Quantum ChromoDy-
namics (pQCD). Approximate next-to-next-to-leading-order (NNLO) corrections derived from
the resummation were calculated in [8] and were shown to provide enhancements and a further
reduction of the scale dependence. Numerical results for the W -boson pT distribution were
presented for 1.8 and 1.96 TeV energies at the Tevatron in [8] and for 14 TeV energy at the
LHC in Ref. [9]. With the calculation of two-loop soft-anomalous dimensions [10, 11], the
resummation was extended to next-to-next-to-leading-logarithm (NNLL) accuracy in [11]. Ex-
act NLO results and approximate NNLO results from NNLL resummation for the W -boson
pT distribution were presented at 1.96 TeV energy at the Tevatron and at 7, 8, and 14 TeV
energies at the LHC in [11] (see also [12]).

In addition to the moment-space pQCD resummation work described above, related theoreti-
cal and numerical studies for electroweak-boson production using resummation in Soft-Collinear
Effective Theory (SCET) have appeared in [13, 14, 15, 16].

In this paper we present the first results for Z production at approximate NNLO using the
pQCD moment-space NNLL resummation formalism, and we show the pT distribution of the
Z boson at 1.96 TeV Tevatron energy and at 7, 8, 13, and 14 TeV LHC energies. We also
present corresponding results for the W -boson pT distribution, thus extending and updating
our previously published results on W production. We find in general that the approximate
NNLO distributions are reliably estimated at fixed order α3

s over the experimentally accessible
phase space with pT ≥ 20 GeV.

In the next section we give some details of the analytical calculation. Section 3 presents
numerical results at Tevatron and LHC energies for the Z-boson pT distribution. Section 4 has
the corresponding results for the W -boson pT distribution. We conclude in Section 5.

2 Analytical results

We start with the LO contributions to electroweak boson production at large pT with a single
hard parton in the final state. The two contributing sub-processes for Z production are (see
Fig. 1)

q(pa) + g(pb) −→ Z(Q) + q(pc)

and
q(pa) + q̄(pb) −→ Z(Q) + g(pc)

and similarly for W production. We define the kinematic variables s = (pa+pb)
2, t = (pa−Q)2,

u = (pb−Q)2, and note that p2T = tu/s. We also define the threshold variable s4 = s+t+u−Q2.
As we approach partonic threshold, where there is no available energy for additional radiation,
s4 → 0.

The LO differential cross section for the qg → Zq process is

EQ

dσB
qg→Zq

d3Q
= FB

qg→Zq δ(s4) , (2.1)

with

FB
qg→Zq =

ααs(µ
2
R)CF

s(N2
c − 1)

Aqg |LZ
qg|2 , (2.2)
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Figure 1: LO diagrams for the processes qg → Zq (top two graphs) and qq̄ → Zg (bottom two
graphs).

Aqg = −
(

s

t
+

t

s
+

2m2
Zu

st

)

, (2.3)

|LZ
dg|2 =

4 sin4 θW − 6 sin2 θW + 9
2

18 sin2 θW cos2 θW
(2.4)

for q = d (or s or b) quark, and

|LZ
ug|2 =

16 sin4 θW − 12 sin2 θW + 9
2

18 sin2 θW cos2 θW
(2.5)

for q = u (or c or t) quark, where α = e2/4π, αs is the strong coupling, µR is the renormalization
scale, mZ is the Z-boson mass, θW is the weak mixing angle, and CF = (N2

c − 1)/(2Nc) with
Nc = 3 the number of colors.

For the process qq̄ → Zg the LO result is

EQ

dσB
qq̄→Zg

d3Q
= FB

qq̄→Zg δ(s4) , (2.6)

with

FB
qq̄→Zg =

ααs(µ
2
R)CF

sNc

Aqq̄ |LZ
qq̄|2 , (2.7)

Aqq̄ =
t

u
+

u

t
+

2m2
Zs

tu
, (2.8)

with |LZ
dd̄
| = |LZ

dg| and |LZ
uū| = |LZ

ug|.
For W production the results are very similar and can be obtained from the above equations

with the changes Z → W , mZ → mW , and |LW
qg | = |LW

qq̄′| = Vqq′/(
√

2 sin θW ) with Vqq′ the CKM
matrix elements.
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The NLO corrections arise from one-loop parton processes with a virtual gluon, and real
radiative processes with two partons in the final state. The complete NLO corrections were
derived in [5, 6]. They may be written as

EQ

dσ
(1)
fafb→ZX

d3Q
= α2

s(µ
2
R) [δ(s4)B(s, t, u, µR) + C(s, t, u, s4, µF )] (2.9)

where µF is the factorization scale and X denotes additional final-state particles. The coefficient
functions B and C depend on the partons fa, fb in the initial state. The coefficient B(s, t, u, µR)
is the sum of virtual corrections and of singular terms proportional to δ(s4) in the real radiative
corrections. Coefficient C(s, t, u, s4, µF ) represents real emission processes away from s4 = 0.

An important subset of the NLO corrections are those from soft-gluon emission. We can
write the NLO soft and virtual (S+V) corrections for the partonic processes for Z production
as

EQ

dσ
(1) S+V
fafb→ZX

d3Q
= FB

fafb→ZX

αs(µ
2
R)

π

{

cfafb3

[

ln(s4/p
2
T )

s4

]

+

+ cfafb2

[

1

s4

]

+

+ cfafb1 δ(s4)

}

(2.10)

and similarly for W production. The coefficients c3 and c2 of the plus-distribution terms in Eq.
(2.10) can be derived from soft-gluon resummation, and their expressions are the same for Z
and W production. The leading-logarithm coefficient, c3, depends only on the identities of the
incoming partons, but c2 also depends on the details of the partonic process. These coefficients
are given by cqg3 = CF + 2CA and cqq̄3 = 4CF − CA; cqg2 = −(CF + CA) ln(µ2

F/p
2
T ) − 3CF/4 and

cqq̄2 = −2CF ln(µ2
F/p

2
T ) − β0/4, where CA = Nc and β0 = (11CA − 2nf )/3 is the lowest-order

term in the QCD beta function with nf = 5 the number of light-quark flavors. The coefficients
of the δ(s4) terms are given by

cqg1 =
1

2Aqg
[Bqg

1 + Bqg
2 nf + Cqg

1 + Cqg
2 nf ] − cqg3

2
ln2

(

p2T
Q2

)

+ cqg2 ln

(

p2T
Q2

)

, (2.11)

and

cqq̄1 =
1

2Aqq̄

[

Bqq̄
1 + Cqq̄

1 + (Bqq̄
2 + D(0)

aa )nf

]

− cqq̄3
2

ln2

(

p2T
Q2

)

+ cqq̄2 ln

(

p2T
Q2

)

, (2.12)

with B1, B2, C1, C2, and D(0) as given in the Appendix of the first paper in Ref. [6] but
without the renormalization counterterms and using fA ≡ ln(A/Q2) = 0 [note that the terms
not multiplying Aqg in Eq. (A4) for Bqg

1 of Ref. [6] should have the opposite sign than shown in
that paper]. Note that Eqs. (2.11) and (2.12) correct the sign of the next-to-last term in Eqs.
(4.3) and (4.10) of Ref. [11]. This correction also affects the approximate NNLO numerical
results in [11].

As we will show in the next section, the soft-gluon corrections are numerically important.
These corrections can be formally resummed in moment space at NNLL accuracy via the use of
two-loop soft anomalous dimensions, the calculation of which involves two-loop diagrams in the
eikonal approximation [10, 11]. The resummed cross section can then be used as a generator
of NNLO approximate corrections [11].
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Figure 2: Z-boson pT distribution at the LHC at 7 TeV energy.

The NNLO expansion of the resummed cross section involves logarithms lnk(s4/p
2
T ) with

k = 0, 1, 2, 3. At NNLL accuracy the coefficients of all these logarithmic terms can be fully
determined, and explicit expressions were already provided in Ref. [11] for W production; the
analytical results are identical for Z production and will not be repeated here. In addition, the
δ(s4) terms involving the factorization and renormalization scales have also been calculated at
NNLO [8]. We denote the sum of the exact NLO cross section and the soft-gluon NNLO correc-
tions as “approximate NNLO.” We will employ the above results, with the noted corrections,
to study the Z-boson and W -boson large-pT distributions for various collider energies,

√
S, at

the LHC and the Tevatron.

3 Z-boson production

In this section we present numerical results for the pT distribution of the Z boson in pp collisions
at the LHC with

√
S = 7, 8, 13, and 14 TeV and in pp̄ collisions at the Tevatron with

√
S = 1.96

TeV. We use the MSTW2008 [17] parton distribution functions (pdf). We consistently use NLO
pdf for the NLO results and NNLO pdf for the approximate NNLO results.

We begin with results for Z production at the LHC at 7 TeV energy. In Fig. 2 we plot the
Z-boson pT distribution, dσ/dpT , for pT values up to 500 GeV. We compare the exact NLO
and the approximate NNLO results at 7 TeV LHC energy with central scale µ = pT . The pT
distribution spans six orders of magnitude in the range of pT shown in the figure. The inset plot
shows the ratios of the NLO and approximate NNLO results with different scales, µ = pT/2,
pT , 2pT to the NLO central result with µ = pT . The approximate NNLO corrrections provide
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Figure 3: Z-boson pT distribution at the LHC at 8 TeV energy.

an increase of the NLO central result, of the order of 10% for µ = pT (the increase varies from
∼13% at pT = 50 GeV to ∼8% at pT = 500 GeV). It is also seen that the scale dependence at
approximate NNLO is significantly smaller than at NLO, so there is a decrease in the theoretical
uncertainty over all pT values shown. While at NLO the scale variation is around ±10%, at
approximate NNLO it is only at most a few percent.

We continue with results for Z production at the LHC at 8 TeV energy. In Fig. 3 we again
show the Z-boson pT distribution at NLO and approximate NNLO. The inset plot again shows
ratios with different scales. Although the overall values for dσ/dpT are higher for this larger
energy, the ratios in the inset plots are very similar at 7 and 8 TeV energies.

In Fig. 4 we show the corresponding results at 13 TeV LHC energy and the pT range shown
is up to 1000 GeV. Again, the approximate NNLO corrections enhance the cross section (from
∼14% at pT = 50 GeV to ∼7% at pT = 1000 GeV, for µ = pT ) while reducing the scale
dependence.

Figure 5 shows the Z-boson pT distribution for 14 TeV energy at the LHC. The distribution
falls over seven orders of magnitude in the pT range shown. The scale ratios and the overall
enhancement from the soft-gluon NNLO corrections at 14 TeV are very similar to those at 13
TeV.

Finally, in Fig. 6 we show the Z-boson pT distribution at the Tevatron energy of 1.96 TeV
for a pT up to 350 GeV. The inset plot again displays the reduction in scale dependence from
around ±10% at NLO to a few percent when the approximate NNLO corrections are included.
The enhancement from these corrections varies from ∼10% at pT = 50 GeV to ∼4% at pT = 350
GeV, for µ = pT .

It is important to check how well the soft-gluon approximation works. In Fig. 7 we plot
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Figure 4: Z-boson pT distribution at the LHC at 13 TeV energy.
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Figure 5: Z-boson pT distribution at the LHC at 14 TeV energy.
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Figure 6: Z-boson pT distribution at the Tevatron at 1.96 TeV energy.
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Z boson σ(100 GeV≤ pT ≤ pupT ) σ(200 GeV≤ pT ≤ pupT )√
S NLO NNLO approx NLO NNLO approx

LHC 7 TeV 277+24
−20 305+8

−4 20.7+2.0
−1.8 22.5+0.8

−0.5

LHC 8 TeV 360+29
−26 395+11

−3 28.6+2.7
−2.4 31.1+1.0

−0.6

LHC 13 TeV 863+66
−54 951+24

−3 84.0+7.2
−6.4 91.4+2.8

−1.3

LHC 14 TeV 979+72
−61 1078+28

−2 97.6+8.3
−7.3 106.2+3.2

−1.5

Tevatron 1.96 TeV 18.3+1.6
−1.7 19.8+0.4

−0.5 0.602+0.051
−0.061 0.637+0.009

−0.018

Table 1: NLO and approximate NNLO Z-boson cross sections, in pb, integrated over pT from
100 or 200 GeV to an upper value pupT which is 350 GeV at the Tevatron, 500 GeV at 7 and 8
TeV LHC energy, and 1000 GeV at 13 and 14 TeV LHC energy. The indicated uncertainty is
from scale variation between pT/2 and 2pT .

the ratio of the NLO approximate (Eq. (2.10)) over the NLO exact (Eq. (2.9)) Z-boson
pT distributions at LHC energies. We see that the approximation is very good, with the
approximate NLO results being 90% to 100% of the full NLO results, depending on the pT value
and the collider energy. At the Tevatron, kinematically closer to threshold, the approximation
is even better with the approximate NLO result being 96% to 100% of the full NLO value.
These results give confidence that the NNLO soft-gluon corrections capture the majority of
NNLO contributions and that the approximate NNLO results in Figs. 2-6 are close to the (yet
unknown) exact NNLO quantities.

In addition to scale variation another source of uncertainty comes from the parton distribu-
tion function sets used. In Fig. 8 we compare the scale and pdf uncertainties (using MSTW2008
NNLO 90% CL pdf sets [17]) at approximate NNLO for Z-boson pT distributions at Tevatron
and LHC energies. We show ratios relative to the approximate NNLO central set with µ = pT .
The scale variation is again with µ ranging from pT/2 to 2pT . At the Tevatron the pdf un-
certainty is larger than the scale variation for all pT values shown, especially at higher pT . At
LHC energies the pdf uncertainty is somewhat smaller than scale variation for most of the pT
range. Both pdf uncertainties and scale variation are a few percent.

In Table 1 we present integrated pT distributions in two representative pT bins at the highest
experimentally accessible values. Cross section values in picobarns are given for exact fixed-
order NLO and enhanced approximate NNLO predictions along with scale uncertainties. The
enhancement from the NNLO soft-gluon corrections over NLO is around 10% for all four LHC
energies, and around 8% at the Tevatron, when integrated over pT higher than 100 GeV. The
scale variation is reduced significantly, by factors of three or four, with the inclusion of these
NNLO corrections. These results would appear to indicate that the predicted event rates are
reliably estimated at approximate NNLO. Deviations from these predicted values would very
likely indicate new physics beyond the Standard Model.
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Figure 9: W -boson pT distribution at the LHC at 7 TeV energy.

4 W -boson production

In this section we present corresponding numerical results for W -boson production. All results
are for the sum of W+ and W− differential cross sections.

We begin with results for W production at the LHC at 7 TeV energy. In Fig. 9 we plot
the W -boson pT distribution, dσ/dpT , for pT values up to 500 GeV. We compare the NLO and
the approximate NNLO results with µ = pT . The inset plot shows the ratios of the NLO and
approximate NNLO results with different scales, µ = pT/2, pT , 2pT to the NLO result with
µ = pT . The scale dependence at approximate NNLO is significantly smaller than at NLO,
and the approximate NNLO corrrections provide an increase of the NLO central result with a
decrease in the theoretical uncertainty over all pT values shown. The results are similar to the
corresponding ones for Z production shown in the previous section, except that the overall rate
is higher for W production.

We continue with results for W production at the LHC at 8 TeV energy. In Fig. 10 we
again show the W -boson pT distribution at NLO and approximate NNLO. The inset plot shows
ratios of the distributions with different scales. Again, the ratios in the inset plots are very
similar at 7 and 8 TeV energies. The approximate NNLO corrections enhance the cross section
(from ∼11% at pT = 50 GeV to ∼7% at pT = 500 GeV, for µ = pT ) while reducing the scale
dependence.

In Fig. 11 we show the corresponding results for the W -boson pT distribution at 13 TeV LHC
energy and the pT range shown is up to 1000 GeV. Again, the approximate NNLO corrections
enhance the cross section while significantly reducing the scale dependence.

In Fig. 12 we show the W -boson pT distribution for 14 TeV energy at the LHC. The scale
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Figure 10: W -boson pT distribution at the LHC at 8 TeV energy.
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Figure 11: W -boson pT distribution at the LHC at 13 TeV energy.
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Figure 12: W -boson pT distribution at the LHC at 14 TeV energy.

ratios at 14 TeV are very similar to those at 13 TeV. The approximate NNLO corrections
enhance the cross section (from ∼12% at pT = 50 GeV to ∼7% at pT = 1000 GeV, for µ = pT )
while reducing the scale dependence. These ratios are also similar to the corresponding ones
for the Z boson.

Finally, in Fig. 13 we show the W -boson pT distribution for the Tevatron energy of 1.96
TeV for pT values up to 350 GeV. The inset plot again displays the enhancement from the
approximate NNLO corrections (from ∼10% at pT = 50 GeV to ∼5% at pT = 350 GeV, for
µ = pT ) and the reduction in scale dependence.

In Fig. 14 we compare the scale and pdf uncertainties at approximate NNLO for the
W -boson pT distributions at Tevatron and LHC energies. Again at the Tevatron the pdf
uncertainty is higher than scale variation while at LHC energies the scale variation is larger
than the pdf uncertainties for most pT values. These results are very similar to those for the Z
boson in the previous section.

In Table 2 we present results for integrated high-pT W -boson distributions for the same
set of parameter values as in Table 1 for Z-boson production. Once again we note that these
rates indicate similar progressive enhancement from NLO to NNLO with significant reduction
in scale uncertainty. These results indicate that the pQCD predictions for the event rates
in these highest pT bins are reliable for both Z and W production at the Tevatron and the
LHC. The integrated cross sections in the higher bin with pT ≥ 200 GeV for both W and Z
production at the Tevatron and the LHC are compatible with corresponding NNLOsing + NLO
results presented in Table 1 of [13] and Table 2 of [16] using the SCET formalism. Our results
display a somewhat larger enhancement from NNLO soft-gluon corrections and a smaller scale
uncertainty than the corresponding ones in [13, 16].
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Figure 13: W -boson pT distribution at the Tevatron at 1.96 TeV energy.

W boson σ(100 GeV≤ pT ≤ pupT ) σ(200 GeV≤ pT ≤ pupT )√
S NLO NNLO approx NLO NNLO approx

LHC 7 TeV 749+63
−56 816+27

−14 52.8+5.1
−4.6 57.1+2.2

−1.6

LHC 8 TeV 967+80
−69 1054+35

−17 72.7+6.8
−6.2 78.6+2.9

−2.2

LHC 13 TeV 2297+167
−143 2502+77

−23 211+18
−16 227+9

−5

LHC 14 TeV 2599+188
−156 2831+88

−23 245+20
−19 264+10

−6

Tevatron 1.96 TeV 45.4+4.2
−4.5 49.3+1.1

−1.4 1.23+0.12
−0.13 1.31+0.03

−0.04

Table 2: NLO and approximate NNLO W -boson cross sections, in pb, integrated over pT from
100 or 200 GeV to an upper value pupT which is 350 GeV at the Tevatron, 500 GeV at 7 and 8
TeV LHC energy, and 1000 GeV at 13 and 14 TeV LHC energy. The uncertainty is from scale
variation between pT/2 and 2pT .
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Figure 14: Comparison of the scale and pdf uncertainties at approximate NNLO for W -boson
pT distributions at Tevatron energy (upper plot) and at LHC energies of 7 TeV (middle plot)
and 14 TeV (lower plot). The upper (lower) scale line in each plot is for µ = pT/2 (2pT ).
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5 Conclusions

In this paper we have presented theoretical perturbative QCD predictions for both Z-boson and
W -boson differential cross sections at large pT at NLO and approximate NNLO at the Tevatron
and the LHC. The NNLO soft-gluon corrections increase rates and decrease dependence on
renormalization and factorization scales. The magnitudes of these effects and the general
trends from LO through approximate NNLO indicate that the perturbation series is reliably
under control. Since we have shown that at NLO most of the corrections are from soft-gluon
emission, it is very likely that the approximate NNLO corrections provide a reliable estimate
of the as yet uncomputed complete fixed-order α3

s corrections. Our results indicate that it is
likely not necessary to add even higher-order soft-gluon effects, beyond the NNLO corrections
computed in this paper, in these inclusive pT distributions at experimentally accessible energies.
These conclusions should also hold true in comparing these QCD predictions to the fiducial
cross sections measured experimentally with phase space cuts on the invariant mass, transverse
momenta and rapidities of the lepton pairs.
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