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—— Abstract
A family of problems that have been studied in the context of various streaming algorithms are
generalizations of the fact that the expected maximum distance of a 4-wise independent random
walk on a line over n steps is O(y/n). For small values of k, there exist k-wise independent random
walks that can be stored in much less space than storing n random bits, so these properties are
often useful for lowering space bounds. In this paper, we show that for all of these examples, 4-wise
independence is required by demonstrating a pairwise independent random walk with steps uniform
in £1 and expected maximum distance Q(y/nlgn) from the origin. We also show that this bound
is tight for the first and second moment, i.e. the expected maximum square distance of a 2-wise
independent random walk is always O(nlg®n). Also, for any even k > 4, we show that the kth
moment of the maximum distance of any k-wise independent random walk is O(n*/?). The previous
two results generalize to random walks tracking insertion-only streams, and provide higher moment
bounds than currently known. We also prove a generalization of Kolmogorov’s maximal inequality
by showing an asymptotically equivalent statement that requires only 4-wise independent random
variables with bounded second moments, which also generalizes a result of Blasiok.
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1 Introduction

Random walks are well-studied stochastic processes with numerous applications in physics
[14], math [17], computer science [2], economics [13], and biology [4]. A commonly studied
random walk on Z is a process that starts at 0 and at each step independently moves either
+1 or —1 with equal probability. In this paper, we do not study this random walk but instead
study k-wise independent random walks, meaning that steps are not totally independent but
that any k steps are completely independent. In many low-space randomized algorithms,
information is tracked with processes similar to random walks, but simulating a totally
random walk of n steps is known to require O(n) bits while there exist k-wise independent
families which can be simulated with O(k1gn) bits [10]. As a result, understanding properties
of k-wise independent random walks have applications to streaming algorithms, such as
heavy-hitters [8, 9], distinct elements [5], and ¢, tracking [6].
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For any k-wise independent random walk, where k > 2, it is well-known that after n steps,
the expected squared distance from the origin is exactly n, since Epen (R(1)+---+h(n))? =n
for any 2-wise independent hash family . One can see this by expanding and applying
linearity of expectation. This property provides good bounds for the distribution of the final
position of a 2-wise independent random walk. However, we study the problem of bounding
the position throughout the random walk, by providing comparable moment bounds for
SUpy <;<p, |[P(1)+- - -+ h(i)| rather than just for |h(1)+---+h(n)| and determining an example
of a 2-wise independent random walk where the expected bounds do not hold, even though
very strong bounds for even 4-wise independent random walks can be established.

Two more general questions that have been studied in the context of certain streaming
algorithms are random walks corresponding to insertion-only streams, and random walks with
step sizes corresponding to random variables. These are useful generalizations as the first
proves useful in certain algorithms with insertion stream inputs, and the second allows for a
setup similar to Kolmogorov’s inequality [16], which we will generalize to 4-wise independent
random variables. To understand these two generalizations, consider a k-wise independent
family of random variables X,..., X,, and an insertion stream p1,...,p,, € [n], where now
seeing p; means that our random walk moves by X),. on the jth step. The insertion stream
can be thought of as keeping track of a vector z in R™ where seeing p; increments the p;th
component of z by 1, and X can be thought of as a vector in R™ with ith component X;.
Then, one goal is to bound for appropriate values of &’

Enen [ sup ‘(Xaz(%‘k} )
1<t<m

where z(*) is the vector z after seeing only the first ¢ elements of the insertion stream.

Notice that bounding the k’'th moment of the furthest distance from the origin in a k-wise

independent random walk is the special case of m =n, p; = j for all 1 < j < n, and the X;’s

are uniform random signs.

1.1 Main Results

Intuitively, even in a pairwise independent random walk, since the positions at various times
have strong correlations with each other, the expectation of the furthest we ever get from the
origin should not be much more than the expectation of than our distance from the origin
after n steps. But surprisingly, we show in Section 2 that there is a pairwise independent
family H such that

Enen [ sup |hy +-"+ht] =Q(Vnlgn), (1)

1<t<n

meaning there is a uniform pairwise independent +1-valued random walk which is not
continuously bounded in expectation by O(y/n). Furthermore, this bound of \/nlgn is tight
up to the first and second moments, because in Section 3 we prove that for any pairwise
independent family H from [n] to {—1,1} with E[h;] = 0 for all i,

Enen [ sup (hy+---+ ht)2] =0 (n1g2 n). (2)
1<t<n
In Section 4, we uniformly bound random walks corresponding to insertion-only streams
and random walks with step sizes not necessarily uniform +1 variables. We first generalize
Kolmogorov’s inequality [16] by proving that for any 4-wise independent random variables
X1,...,X, with mean 0 and finite variance,

E[X?
]P’(sup |X1+~-~+Xi|2)\>§w (3)
1<i<n A
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for all A > 0. In Appendix A, we generalize Equation (2) by proving for any family X7, ..., X,

of pairwise independent variables such that E[X;] = 0,E[X?] < 1, and for any insertion
stream p1,...,pm € [n],
. 2 )
B | sw (2,0 =0 (el m) (@
1<t<m

where z = z(™) is the final position of the vector. Finally, we show that for any even k > 4,
any k-wise independent family X1, ..., X,, such that E[X;] = 0, E[X}] < 1, and any insertion
stream p1,...,pm € [n],

B | swp (2,200 | =0 (l1). 6
1<t<m

Equations (3), (4), and (5) are interesting together as they provide various bounds on
the supremum of generalized random walks under differing moment bounds and degrees of
independence.

Finally, we note that to prove Equation (1), we create a complicated pairwise independent
hash function, which suggests that standard pairwise independent hash functions do not have
this property. Indeed, for many such families, such as some types of codes constructed from
Hadamard matrices or random linear functions from Z/pZ — Z/pZ, we have Esup, |h1 +
-+« 4 hi| = o(nlgn). (See the appendices in the arXiv version of this paper.) However, we
note that for some standard pairwise independent hash functions, it is difficult to provide
either an upper or lower bound for Esup, |h; + -+ + h;|. Therefore, even if some simpler
pairwise independent hash function satisfies Equation 1, our hash family has the advantage
that the analysis is simpler, even if the construction of the family is not.

1.2 Motivation and Relation to Previous Work

The primary motivation of this paper comes from certain theorems that provide strong
bounds for certain variants of 4-wise independent random walks, which raised the question of
whether any of these bounds can be extended to 2-wise independence. For example, Theorem
1 in [8] proves for any family H of h € {—1,1}" with 4-wise independent coordinates,
Enew (supg(h, 2)) = O(||2||2). This result generalizes a result from [9] which proves the
same but only if h is uniformly chosen from {—1,1}". [8] provides an algorithm that
successfully finds all /5 e-heavy hitters in an insertion-only stream in O(e~2loge™!) space,
in which the above result was crucial for analysis of a subroutine which attempts to find
bit-by-bit the index of a single “super-heavy” heavy hitter if one exists. Theorem 1 in [§]
also proved valuable for an algorithm for continuous monitoring of £, norms in insertion-only
data streams [6]. Lemma 18 in [5] shows that even without bounded fourth moments, given
4-wise independent random variables X1, ..., X,, each with mean 0 and finite variance,
2
P(max Xy + -+ X 2)\> :o(”'m‘lE[Xi]).
1<i<n A2
This theorem was crucial in analyzing an algorithm tracking distinct elements that provides
a (1+ ¢)-approximation with failure probability J in O(¢=21gd~! +1gn) bits of space. Notice
that our Equation (3) is stronger than the above equation and is asymptotically equivalent
to Kolmogorov’s inequality, though under much weaker assumptions.
A natural follow-up question to the above theorems is whether 4-wise independence is
necessary, or whether lesser levels of independence such as 2-wise or 3-wise are required.
Equation (1) shows that 2-wise independence does not suffice for any of the above results,
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because the random walk on a line case is strictly weaker than all of the above results, though
the case of 3-wise independence is still unknown. As a result, we know that the tracking
sketches in [8, 6, 5] cannot be extended to 2-wise independent sketches.

However, the results given still have interesting extensions, such as to higher moments.
Equation (5) shows a stronger result than the one established in [8], since it not only bounds
the first moment of sup,(h, 2!} for a 4-wise independent family of uniform 41 variables
but also bounds the 4th moment equally (as they have mean 0 and kth moment 1). The
main methods used for proving most of our upper bounds are based on chaining methods,
specifically Dudley chaining, with slight modifications, although the bounds in Section 3 are
proved differently from standard chaining methods but are still motivated by similar ideas.
Dudley chaining was introduced in [11], and Dudley chaining and other chaining techniques,
along with applications, are summarized in [18].

k-wise independence for hash functions was first introduced in [10]. Bounding the amount
of independence required for analysis of algorithms has been studied in various contexts, often
since k-wise independent hash families can be stored in low space but may provide equally
adequate bounds as totally independent families. As further examples, the well-known AMS
sketch [1] is a streaming algorithm to estimate the ¢ norm of a vector z to a factor of 1 ¢
with high probability by multiplying the vector by a sketch matrix IT € R™*(/ e
independent random signs and using ||I1z||2 as an estimate for ||z||2. It is known from [20, 22]
that the accuracy of the AMS sketch can be much worse if 3-wise independent random
signs are used instead of 4-wise independent random signs. If z is given as an insertion
stream, it is known that the AMS sketch with 8-wise independent random signs can provide
weak tracking [8], meaning that Esup, |[|[lIzV||3 — ||z []3| < €]|2|/3. This implies that the
approximation of the /5 norm with the 8-wise independent AMS sketch is quite accurate at
all times ¢. While one cannot perform weak tracking with 3-wise independence of the AMS
sketch, it is unknown for 4-wise independence through 7-wise independence whether the

) of 4-wise

AMS sketch provides weak tracking. Finally, linear probing, a well-known implementation
of hash tables, was shown to take O(1) expected update time with any 5-wise independent
hash function [19] but was shown to take ©(lgn) expected update time for certain 4-wise
independent hash functions and ©(y/n) expected update time for certain 2-wise independent
hash functions [20].

Bounding the maximum distance traveled of a random walk has also been studied in
probability theory independent of computer science applications, both when the steps are
totally independent or k-wise independent. For example, Kolmogorov’s inequality [16]
provides bounds for sup,(X; + - - - + X;) for independent random variables X7, ..., X; even
if only the second moments of X,..., X, are finite. [3] constructed an infinite sequence
{X1, Xo,...} of pairwise independent random variables taking on the values 1 such that
sup, (X1 + -+ + X;) is bounded almost surely, though the paper also proved that this
phenomenon can never occur for 4-wise independent variables taking on the values +1.
Finally, the supremum of a random walk with i.i.d. bounded random variable steps was
studied in [12], which provided comparisons with the supremum of a Brownian motion
random walk regardless of the random variable chosen for step size.

1.3 Notation

We define [n] :={1,...,n}, and treat p1,...,pm € [n] as an insertion-only stream that keeps
track of a vector z that starts at the origin and increments its p;th component by 1 after
we see pj.
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A k-wise independent family from [n] to {—1,1} is a family H of functions h : [n] — {—1,1}
such that for any k distinct indices, their values are independent Rademachers, where
Rademachers are random variables uniformly selected from {—1,1}. A k-wise independent
random walk is a random walk where one’s position after ¢ steps is h(1) + - -- + h(t), with &
chosen from H. We may also denote a k-wise independent random walk as a random walk
where the ith step is a random variable X;, assuming Xj, ..., X,, are random variables such
that any k distinct X;’s are totally independent.

In this paper, we think of a hash function & : [n] — {—1,1} as a vector in R"™, where
h; = h(i), for the purpose of denoting inner products. Similarly, treat X as the vector
(X1,...,Xn).

Finally, in Section 2, we assume that n is a power of 4, in Section 3, we assume n is a

power of 2 and is at least 4, and in Section 4, we assume m is a sufficiently large power of 2.

We note that these assumptions can be removed by replacing n with the largest power of 4
less than n or the smallest power of 2 greater than n or m, respectively.

1.4 Overview of Proof ldeas

Here, we briefly outline some of the main ideas behind the proofs of Equations (1) through (5).

The main goal in Section 2 is to establish Equation (1), i.e. construct a pairwise
independent H such that E[h;h;] = 0 for all ¢ # j,. In other words, we wish for the covariance
matrix M = E[hTh] to be the identity matrix I,,. We also want sup;<;<,, |h1 + -+ + hi| to
be Q(y/nlgn) in expectation. The construction has two major steps. o
1. Create a hash function such that Esup;<;<, [h1 + -+ hi| = Q(v/nlgn) but rather than

have E[h;h;] = 0 for all ¢ # j, have Zi;jTE[hihj]‘ = O(n), i.e. the cross terms in total

aren’t very large in absolute value (this hash function will be Hs in our proof). To do
this, we first created H1, which certain properties, most notably that E[h; +--- 4+ h,] =0

but E[hy + -+ 4 hy o] = ©(y/nlgn), and rotated the hash family by a uniform index.

The rotation allows many of the cross terms to average out, reducing the sum of their
absolute values.

2. Remove the cross terms. To do this, we make H a hash family where with some constant
probability, we choose from Hy and with some probability, we choose some set of indices
and pick a hash function such that E[h;h;] will be the opposite sign of Epecyy,[hih;]
for certain indices i, j, so that overall, E[h;h;] will be 0. Certain symmetry properties
and most importantly the fact that >°,; [Enew,[hih;]| = O(n) will allow for us to
choose from Hs5 with constant probability, which means even for our final hash function,
Esupi<icp [h1 + -+ + bl = Q(/nlgn).

The goal of Section 3 is to establish Equation (2), i.e. to show that if M = E[hTh] = I,,,
which is true for any pairwise independent hash function, then sup;,; <, |h1 + -+ + hi|> =
O(n 1g* n). To do this, we apply probabilistic method ideas. We notice that for any matrix
A, E[hT Ah] = Tr(A), and thus, if we can find a matrix such that the trace of the matrix is
small, but h™ Ah is reasonably large in comparison to supy;<,, |h1 +- -+ h;|?, then E[hT AR]
is small but is large in comparison to E [SUPlgign |hy + - St hi|2] . If we assume that n is a
power of 2, then the matrix that corresponds to the quadratic form

Ign (n/27)-1
T Ah = Z Z (hiors1 4+ + hgigayor)?,
r=0 =0

ie. RTAR =02+ +h2 + (hy +ha)?+- + (hp_1+hy)%+ -+ (h1 + -+ hy,)? can be

shown to satisfy T7(A) = nlgn and for any vector z, 2" Ax > - (w1 + -~ + 2;)? for all

1 <4 < n, not just in expectation. These conditions will happen to be sufficient for our goals.
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This method, in combination with Equation (1), will also allow us to prove an interesting
matrix inequality, proven at the end of Section 3. The method above actually generalizes
to looking at kth moments of k-wise independent hash functions, as well as random walks
corresponding to tracking insertion-only streams, and will allow us to prove Equations (4)
and (5). However, these generalizations will also need the construction of e-nets, which are
explained in Appendix A, or in [18].

We finally explain the ideas behind Equation (3), the generalization of Kolmogorov’s
inequality and Lemma 18 of [5]. We use ideas of chaining, such as in [18], and an idea of
[5] that allows us to bound the minimum of X, i +---+ X; and X1 + --- + X}, where
1 < j < k, given 4-wise independent functions X1, ..., X,, with only bounded second moments.
We combine these with another idea, that we can consider distances between ¢ and j for
1<i<j<nasE[X} +- -+ X;] and that for any i < j < k, either E[X?, | +--- + X7] is
very small and we can bound X; 1 +--- + Xj, IE[X]Z+1 + -+ 4 X?] is very small and we can
bound X;41 + - - - + Xj, or we can bound min(|X;4+1 + - - - + X,|, | X1 + - - - + Xi|) with the
idea of [5]. These ideas allow for our chaining method to be quite effective, even if the X;’s
do not have bounded 4th moments or if the X;’s wildly differ in variance.

2 Lower Bounds for Pairwise Independence

In this section, we construct a 2-wise independent family H such that the furthest distance
traveled by the random walk is Q(y/nlgn) in expected value. In other words, we prove
the following:

» Theorem 1. There exists a 2-wise independent hash family H from [n] — {—1,1} such that
Eney | sup Z h;il| = Q(/nlgn).

To actually construct this counterexample, we proceed by a series of families and tweak
each family accordingly to get to the next one, until we get the desired H.

We start by creating H;. First, split [n] into blocks of size v/n so that {(c — 1)v/n +

1,...,¢cy/n} form the cth block for each 1 < ¢ < y/n. Also, define £ = 4 Now, to pick a

function A from H;, choose the value of h; for each 1 < i < n independently, but if 7 is in

the cth block for some 1 < ¢ < ¢, make P[h; = 1] = % + m and if ¢ is in the cth block

for some £+ 1 < ¢ < /n, make P[h; = 1] = § — 2.(671%). This way, E[h;] =

cth block for ¢ < ¢ and E[h;] = —— if i is in the cth block for ¢ > £.

From now on, assume that h; is periodic modulo n, i.e. h;y, = h; for all integers i. We

1 ep e
mlf@lslnthe

first prove the following about H; :

» Lemma 2. Suppose that 1 < i < j < n. Suppose that i is in block c; and j is in block ca,
where ¢ and co are not necessarily distinct. Define r = min(cy — ¢1,/n — (ca — ¢1)). Then,

Z Enerty (hitraymhitaym) = O (r +1)2

d=0

! <lg(r—|—2)> .
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Proof. For 1 < ¢ < +/n, define f. to equal Z+1 if 1 < ¢ < ¢ and to equal _c%e if
(41 < ¢ < y/n. In other words, f. = E[h;] if ¢ is in the cth block. Furthermore, assume that

f is periodic modulo v/n, i.e. f. = Jetym for all integers c. Then,

V-1 V-1
Z Enerty (Mivaymljvaym) = Z Enewty (hivaym)Bren, (hjraym)
d=0 d=0
Vvn—1 vn
f01+df02+d = Z fdfr-‘rd
=0 a1

Now, since r < £, if we assume r > 1, this sum can be explicitly written as

l—r T
1
9.
;dd—i—r Zd +1—) ;(n+1—d)(n+1—(r+1—d))
<2
;d(d+’f’ Zerrlf
2 o= (1 1 (1 1
;dz::l d —|—T> r—i—ldz_:l(d r+1—d>
2 [ 1 2 1
; Zd) r—l—l(Zd)
d=1 =1
2 il < Cilg(r+2)
r(r+1) —d) T (r+1)2
for some constant C;. If we assume r = 0, then this sum can be explicitly written as
i; _ (Co)-1g(0+2)
d? (041)2

for some constant Cy. Therefore, setting Cs = max(Cy,Cs) as our constant, we are done. <

To construct Ho, first choose h € H; at random, and then choose an index d between
0 and y/n — 1 uniformly at random. Our chosen function A’ will then be the function that
satisfies b = h; 4. s for all i. We show the following about Hs:

» Lemma 3. The following three statements are true:

a) For alli,j € Z, ]Ehe’Hz(h h,; ) Ehe’Hz(hH-fh]-{—f)
b) Suppose that 1 < 4,4, 4,5 < n, where 4,7 are in blocks c1, 4,7 are in blocks ca, and

? 7é .777’ 7& J . Then: Ehe'Hz (hlhj) Ehe?—tg (hz hj )
c) Zi;&j [Ener,hih;| = O(n).

Proof. Part a) is quite straightforward, since

Va1

Enery (hitaymhivaym)
d=0

Enen, (hih;) =

i

i
Z Enerty (Ritar1yymnljt@ar)vn) = Brers (hiy ymhis )
d=0

by periodicity of h modulo n.
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For part b), for all d € Z, note that i + dy/n and ¢’ + d/n are in the same blocks,
Jj+dy/n and j' +dy/n are in the same blocks, i + dy/n # j + dy/n and thus h, g /m, R g m
are independent, and i’ + dy/n # j' + dy/n and thus h; 4 /m, 44,5 are independent.
Therefore, Enea, (hiyaymnhjraym) = Enery (hiyaynhyraym) for all d. Because of the way
we constructed Ha, part b) is immediate from these observations.

We use Lemma 2 to prove part c). First note that for all ¢ # j,

JA—1
1 Cslg(r +2)
Enen, (hihj) = 7n Z Enery (hitaymhivaym) < m7
d=0

where 7 is in block ¢, j is in block ¢z, and r = min(|c; — e2], v/ — |c1 — ¢2|). Now, there are
exactly n(y/n — 1) pairs (4,j) where 1 <4,j <n, i # j, and r = 0. This is because we can
choose from +/n blocks for the value of ¢; = ¢q, and then choose from /n(y/n — 1) possible
pairs (i, ) in each block. For a fixed 0 < r < ¢, there are exactly 2n3/2 pairs (i, j), since
there are 21/n choices for blocks ¢; and ¢y and +/n choices for each of 7 and j after that, for
r =/, there are exactly n®/? such pairs, since there are 2y/n choices for blocks ¢; and ¢y and
\/n choices for each of i and j after that, and finally we cannot have r > ¢. Therefore,

Cslg(r+2)
3/2 3g
;max(O,EhefHQ(hih <2 / Z fr—l—lQ _C4

2
for some constant Cy, since ) g(rJlr)Q) is a convergent series.

To finish, note that |z| = 2 - max(0,x) — x, so

> [Bnens (hihy)| < 2-Can = Bnen, (hihy) < (2Cs + 1)n,

i#] i#]
since
> Euens(hihy) =Y Bnewy (hihy) =Y Bneroh? = Ener, (b + -+ + hn)* =0 > —n.
i#£] i,j i
Thus, setting C5 = 2C4 4+ 1 gets us our desired result. <

Next, we tweak Hgo to create a new family Hs. First, notice that we can define g.,., for
1 <ec1,c0 < y/n to equal Epeqy, (hih;) for some i in the ¢ith block and j in the cpth block
such that 7 # j. This is well defined by Lemma 3 b), and as 1 < ¢, c3 < /n, there always
exist i # j with 4 in the c;th block and j in the coth block, as long as n > 4. Now, to create
Hs, define g =1+ > . _., [9e,c,|- Then, with probability %, we choose a hash function from

Ho. With probability % for each 1 < ¢1 < ¢3 < v/n, we choose h; =1 for all ¢ in the ¢;th
bucket, if gc,c, > 0, we make h; = —1 for all ¢ in the coth bucket and if g.,., < 0, we make

h; = 1 for all 7 in the coth bucket, and if 7 is not in either the ¢ith or the caoth bucket, we let
h; be an independent Rademacher. We prove the following about Hs:

» Lemma 4. Ifi and j are in different buckets, then Ency, (hih;) = 0. If i, are in the same

bucket but i # j, then there is some constant 0 < Cs < C5 such that Epeqg, (hihj) = %.

Proof. Assume WLOG that ¢ < j. If ¢,j are in different buckets, then we compute
Enens (hih;) as follows. With probability ; we are choosing h from Ho, and if ¢ is in
the ¢ith bucket and j is in the coth bucket, then Epeqy, (hih;) = geie,- With probability
921220 wwe have hih; = 1 with probability 1 if ge,c, < 0 and h;h; = —1 with probability 1 if



S. Narayanan

Jere, = 0. In all other scenarios, either h; or h; is a Rademacher completely independent of
all other elements, which means that E[h;h;] = 0. Therefore, the overall expected value of
hih; equals ge,c, - é + % - £1 where the +1 is positive if and only if g.,., < 0, so the
expected value is 0.

If 4,7 are in the same bucket, then we can compute Epeqy,(hih;) as follows. With
probability %, we are choosing h from Ho, and if ¢, j are in the cth bucket, then Ejeq, (hih;) =

Jee- For all ¢’ # c, there is a [9ecr| probability of everything in the cth block having the same

sign and everything in the ¢th block having the same sign. For the other cases, i, j are
independent Rademachers. Therefore,

1
Ehe?—tg(h h gcc Z ‘gcc = — | Gee + Z |gcc’|
c'#c g c'#e

However, note that ge. > 0 since Epeypy, (hihj) = ﬁ > aBrern, (hivaymhjraym) and for all d,

we have Enes, (hipqmhjyaym) > 0 since i +dy/n, j + dy/n are in the same block for all d.

Furthermore, for all indices c1, €2, ge,e; = g(er+1)(ca+1), Where indices are taken modulo /n,
by Lemma 3 a). Combining these gives

EhEHB(hihj) < (Z |g0102|>>

However, we know that g > 1 and ) . . [9e,c,| < Cs by the arguments of Lemma 3 c), so
the lemma follows. <

Now, we are almost done. To create H, with probability p = 7 O \/%_1) T > 7 +ICG’

choose h from H3, and assuming we chose from 3, with probability % negate hy,...,hy,.

With probability 1 — p, for each block of y/n elements, choose uniformly at random a
subset of size £ from the block, and make the corresponding elements 1 and the remaining

elements —1. Tt is easy to see that now, Epcy (h;) = 0 because of the possibility of negating.

Moreover, Epcy(hihj) = 0 for all i # j. To see why, if ¢ and j are in different blocks then
Enens (hihj) = 0 and if we do not choose h from Hg, then h; and h; are independent. If 4, j are
in the same block, then if we condition on choosing from Hs, E(h;h;) = % If we condition

on not choosing from Hs, the probability of 4, j being the same sign is % = %,

meaning E(h;h;) = *ﬁ' Therefore, Epey (hihj) =p - % —(1-p)- 2= =0.
To finish, it suffices to show that

Enen [ sup |h1+---+ht|} — Q(y/algn).

1<t<n

To check this, note that with probability at least ﬁ we are picking something from Hg,
so we need to just verify that

Enec, { sup |hy + - +ht|} = Q(v/nlgn).

1<t<n

But for H3, we are choosing something from Hs with probability é but g <1+ Cs by the
arguments of Lemma 3 c), so it suffices to verify that

Enens, [ sup |hy + ---+ht|} = Q(v/nlgn).

1<t<n

63:9
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But for Hs, if we condition on the shifting index d, we know that

1
Elhitaym + hovaym + -+ Pareyyml > \/ﬁ<1+...+ g) > Cov/nlgn

for some C7, and likewise

1

Elhyyaroyym + hor@rovm + 0+ hiaranyml < Ve (‘1 - €> < —Crv/nlgn,

which means that regardless of whether d < £ or d > /,

C
Enen, [max ([hy + -+ hgzl, b+ + hiarnval)] = 77\/518;”
by the triangle inequality. But for any h € Ho,

max (|h1 + -+ hgyzl, b1+ + hiarp yal) < Sup (h1 + -+ hy),

<t<n

so the result follows by taking the expected value of both sides, which proves our upper
bound is tight in the case of a random walk. Thus, we have proven Theorem 1.

3 Moment Bounds for Pairwise Independence

We show that the bound established in Section 2 and the induced bound on the second
moment are tight for the 2-wise independent random walk case by proving Equation (2)
in Section 1.1:

» Theorem 5. For all 2-wise families H from [n] to {—1,1},

Enen ( sup (hy+ -+ hi)2> = O(nlg?n).

1<i<n

We provide a generalization of this theorem in Section 4, with a slightly different method.
To prove this, we first establish the following lemma:

» Lemma 6. Suppose that there exists a positive definite matrix A € R™™™ such that
Tr(A) = dy for some di > 0 and there exists some function f such that for all vectors x € R™
and integers 1 <i <n, ifx; +---+x; = 1, then 27 Az > d—12 for some do > 0. Then, for all
2-wise families H,

Enen ( sup (hy +---+ hi)2> < dyds.

1<i<n

Proof. Note that Epcyh? =1 for all i and Ejeq(hihj) = 0 for all i # j. Therefore,

Enen(h"AR) = Y Enenl(hibjAiy) = Y Aij (Enen(hihy))

1<ij<n 1<i,j<n

= Z A” = TT(A) = dl.

1<i<n
However, for any 1 <1i <mn, for any h € H, if hy +--- + h; # 0, then

1

RTAh > (hy 4+ hy)? - —,
do
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. 1
since the vector s

7, - I has its first ¢ components sum to 1, so we can let this vector
equal = to get 27 Az > ﬁ If hy +--- 4+ h; = 0, then the above inequality is still true as A
is positive definite.

Therefore,

1
hYAh > — - sup (hy +---+ hy)?,

2 1<i<n

which means that

1
dy = ]Ehey(hTAh) > df -Enen < sup (hl + -+ h,’)2> s
2

1<i<n
so we are done. <

» Lemma 7. There exists a positive definite matriz A € R"*™ such that Tr(A) =nlgn and
forallz e R" and 1 <i<mn, ifx1+---+z; =1, then 2T Ax > @%' This clearly implies
Theorem 5.

Proof. Consider the matrix A such that for all 1 <4,j <n, A;; =lgn —k if k is the smallest
nonnegative integer such that ’Q_—klj = LJQ;li Alternatively, we can think of A as the sum
of all matrices BY, where B% is a matrix such that B}) = 1if i < k,! < j and 0 otherwise.
However, we sum this not over all 1 < 4,5 < n but fori =2"-(s—1)+1,j =2"-s for
0<r<lgn—1and1<s <287 Agan illustrative example, for n = 8, A equals

32 1100 0 0
231100 0 0
1132000 0
1123000 0
000032 11
0000 2 3 11
0000 1 1 3 2
000011 2 3
1000000 O 110000 0 0 1111000 0
01 00000 0 1100000 0 1111000 0
0010000 0 001100 0 0 1111000 0
oo o100 0 o0 001100 0 0 1111000 0
=loo 00100 o0of"foooo110o0[T[oooo1 111
00000 T1 0 0 0000110 0 0000 1 1 1 1
00000010 00000UO0 11 0000 1 1 1 1
0000O0TUO0O0 1 00000GO0 11 0000 1 1 1 1

Tt is easy to see that Tr(A) = nlgn, since A;; = lgn for all i. For any 1 < i < n, define
ip = 0 and for any 1 < r < lgn, define i, = 287" . Lygfﬁj Then, for any 1 < i < n, one
can see that i1z, =i and for any 1 <i <n, A = B + BlitDia 4 ... 4 Blagn-1+Dign 4 O
where C' is some positive semidefinite matrix and we assume B is the 0 matrix if i = j + 1,
because B and Blir—1tDir for all 1 < r < lgn are verifiable as matrices in the summation
of A. Therefore, if z1 +---4+x; =1,

2T Az > ZxTB(i"”“)i"x
i=1
= @t 2 )+ @ar @) e @it Ty
1
> 1.
“lgn

2

since (w14 - -+x4, )+ (i, 41+ 424, +- -+ (24, 41+ -+2;) = 1 and by Cauchy-Schwarz.
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63:12

Pairwise Independent Random Walks Can Be Slightly Unbounded

Finally, if i = n, then A = B'("/2) 4 B(n/2+1)n L O where C is some positive semidefinite
matrix. Therefore, if 1 +--- + x,, = 1,

2T Az > 2T B1(n/2) g 4 2T gn/24+1)n .
1

. <4
lgn

= @1+ +Tn2) + @njop + o+ an)? > o >

N | =

As a final note, for any positive definite matrix A and vector v, the minimum value of
w? Aw over all w such that wTv = 1 is known to equal (vZ' A=*v)~!. This can be checked
with Lagrange Multipliers, since the Lagrangian f(w, \) of f(w) = w? Aw subject to wlv =1
equals w Aw — A(wTv — 1), which is a convex function in w and has its derivatives vanish
on the hyperplane w'v = 1 when A = 2(vTA"1v)"1 w = $(A~1v) (See for example [7],
Chapter 5, for more details of Lagrange Multipliers). By Lemma 6 and Theorem 1, we have
the following corollary:

» Corollary 8. For all positive definite A, if we define v* as the vector with first i components
1 and last n — i components 0,

Tr(A) - max (v' A1) = Q(nlg?n)

1<i<n
and this bound is tight for the matriz of Lemma 7.

Proof. If the first part were not true, then there would be matrices A,, such that Tr(A) = dy,
Tyt = 0 for some i, and dydy = o(nlg® n). However, this would mean

wl Aw = é where w
by Lemma 6 that for all pairwise independent H,

Enen ( sup (hy+---+ hi)2> < didy = o(nlg2 n),

1<i<n

contradicting Theorem 1. The second part is immediate by the analysis of Lemma 7. |

4 Generalized Upper Bounds

In this section, our goal is to prove Equation (3) of Section 1.1.

4.1 Proof of Equation 3

In this subsection, we prove a generalization of Kolmogorov’s inequality [16] by proving

an identical result even if we only know that our random variables X1,..., X,, are 4-wise
independent.
» Theorem 9. Suppose that X1, ..., X, are 4-wise independent random variables satisfying

E[X;] =0 and Var(X;) < oo for alli. Then, for all X > 0,

E[X?
IP( sup (X1+---+Xi)2/\) §L[21].
1<i<n A

Proof. Assume WLOG that A > 1, >"E[X?] = 1, and E[X?] > 0 for all i, i.e. none of the
variables are almost surely 0. Also, define S; = X7 + -+ X; and T; = E[X? + - - + X?] for
0 <i <n. Note that Ty =0 and T,, = 1.
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We proceed by constructing a series of nested intervals [a, s, b, s] and our analysis will
be similar to that of Lemma 18 in [5]. We construct a,, and b, for 0 < r < d =
O(max;lg (E[X?]7!)) and 1 < s < 2", as integers between 0 and n, inclusive. First define
ap,1 = 0 and bp,; = n. Next, we inductively define a, s, b, s. Define a,112s—1 := a,s and
bri1,2s := by 5. Then, if there exists any index a, s <t < b, 5 such that

I

0.45-|Ty, , — T,

<|T, = T,,.| <055 |Ty,, =T,

let ay41,25 = byt1,2s—1 =t (if there are multiple such indices ¢, choose any one). Else, define
br+1,2s—1 to be the largest index ¢ > a, s such that

T, — Ty, .| <045 T, — T,

Qr,s

and similarly define a,41,2, to be the smallest index ¢ < b, s such that

T- T, 2055 [Ti, ~ T, |.

Note that in this case, a, 25 = by 2s—1 + 1.

It is clear that intervals are all nested in each other and for every r, all integers between 0
and n are in an interval [a,s, by 5] for some s (possibly at an endpoint). Also, we always have
aro < bro < apy < --- < bpor, and any interval [a, s, by 5] satisfies T, — T, , < 0.55". The
previous point implies that since d = ©(max;(IgE[X?]71)), every integer equals aq s = bg.s
for some s.

We now call an interval [a, s, by 5] bad if either s is odd and b, s # ;. s+1 oOr s is even and
ars # brs—1. Define the rank ¢, s of a bad interval as the number of distinct ' < r such
that [ar s, brs] C [ar s, b o] for some bad interval [a, g, by o], which may equal [a, s, by 5.
Define the relative rank of a bad interval with respect to some interval [a, b] as the number of
distinct 7 < r such that [a, s, by 5] C [ar s, b /] C [a,b] for some bad interval [a, g, by o).

Note that [a,2s—1,br2s—1] and [a, 25, by 2s] are either both bad or both good, i.e. not bad.

We now show the following:

» Lemma 10. Given distinct bad intervals [ay, s,,br,.s;] for 1 <i < £ all contained in some
interval [a, s, by 5], where each interval has relative rank exactly g with respect to [ay. s, by s],

4
> (T, ~Ta, ) <09 (Ta,, ~T,,).

i=1
As an immediate consequence, given distinct bad intervals [ar, s, by, s;| with absolute rank q,
¢
Z (Tbriv% o Ta"‘iﬂsi) < 0.9%

i=1

Proof. First, note that the bad intervals cannot overlap, except at endpoints, as the only
way for such intervals to overlap is for one to be contained in another, which would mean
they have different ranks. Now, we prove this by induction on b,  — a, 5. If by s —ar s =1,
then for any value of ¢, this is quite straightforward, since there cannot exist bad intervals of
nonzero length with positive relative rank. Now, given b, s —a, s > 1, then a, s = ay41,2s—1 <
bri1,2s-1 < arg1,2s < brg1,2s = by s, and at least one of the two outer inequalities must be
strict. If by41,25—1 = Gr41,25, then neither [a,41 251, br41,25—1] DOL [Gr11 25, bry1,25] are bad
intervals. We can separately look at intervals which are subintervals of [a,41,25—1, br4+1,25—1]
or [ar+1,2s,br4+1,25] to see which ones have rank ¢. By induction on b, s — a, s, the total
length of the subintervals of relative rank ¢ is at most

0.97 - (Ty - T

r+1,2s—1 Ar41,25—1

)+ 0.9 - (T}, ~T

r41,2s QAr41,2s

) = qu ' (Tbr,s - Ta/T,a‘).

63:13
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If byt1,26—1 # Gri1,2s, then if ¢ = 1, we can only choose the subintervals [a,41,2s—1, brt+1,25—1]
and [ay41 .25, bry1,25), and clearly

(Tb7~+1,2571_Ta7~+1,2371)+(Tbm+1,25 _Tar+1,25) < (0'45+0'45).(Tb7‘,s_Ta'r,s) = 0'9'(Tb _Tar,s)'

T, 8

If ¢ > 1, we can separately look at intervals which are subintervals of [a,+1,25—1,br+1,25—1]
and [ay41,2s, bry1,25] to see which ones have relative rank ¢ — 1, where we have to subtract
one from the rank since [ay4+1,25—1,br41,2s—1] and [ar41 25, bry1,25] are both bad. Then, the
total length of the subintervals of relative rank ¢ is at most

O‘Qq_l : (Tbr+1,2s—l - Ta'r‘+1,2s—1) =+ O'Qq_l : (Tbr+1,25 - Tar+1,2s)
< 0.9 (0454 0.45) - (T, , — Ta,,) = 0.99Ty, , — Ta,.,). <

Next, for any A, we bound the probability that there exists either a bad interval [a, s, by 5]
with rank ¢ such that |S;, , — S,, .| > 0.999 - X or good intervals [ar 25—1, br25—1], [@r 25, br 25
such that min(|Se, ,._; — Sa,0. 1|5 19,0, = Sarn.|) > 0.997 - A Note that by the Chebyshev

inequality,
P(|Sp, . — S >099q,)\)<M
b'r,s Ar sl = ¥* — 0 992(] )\2 )

since E [(Sy, . — Sa,.)?] =Ty,.. — Ta,., by pairwise independence. Therefore, the probability
of us having this for any bad interval is at most

> Ty, —Ta.. ~= 099 Ly
2. 2. G S;ogg?q-v =00

q=1 bad interval
rank g

Next, note that for any good intervals [a,2s—1,br25—1] and [a; 25, by 25|, we have that

P (min (|S, — Saraeils|Sb20 = Sarai]) = A-0.997)
P ((Sb'r,Qs—l - Sar,2s—1) (Sbr2< Sar,Zs)Q > )‘4 : 0994T)

E [(Sbr"zs—l - Sar,2s—1) (Sbr29 Sar,?s)z}

r,25—1

- At 0.994
(Tbr 2s—1 Tar 25—1)(Tb7‘ 2s _Tar 25) 0'552T
< : : 200 <
- A% 0.994 — A%-0.994
using 4-wise independence of Xi,...,X,,. Since there are at most 2" such pairs of good

intervals for any r, the probability of Sy, .., = Sa, 5. 1|, [Sb,.. — Sa
than A -0.99" for any pair of good intervals, is at most

O 552"
2T = 4.

both being greater

r,2s

Finally, the probability of |S,, — So| = [St,, — Sao,| > A is at most %{i] =0(\72).
These imply the following result:

» Lemma 11. The probability of there existing a bad interval [a, s, by s] with rank g such
that |Sy, , — Sa, .| > 0.997- X, or good intervals [ar2s—1,br25—1] and [a,2s,br2s] such that
1Sb, 5.1 = Saroeils 19,5, — Sa,...| are both greater than X -0.99", or of |S, — So| > A is
O\ 72).

Next, we prove the following:
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» Lemma 12. For any 0 < i < n, there exists a sequence 0 < ig,i1,72,...,1q < n with
io =0,iq =1, and a sequence of nested intervals [ag, sq,b0,55] D -+ D [Gd,sy bd,sy] Such that
for any 1 < j < d—1, i is an endpoint of the interval [a;,,,b;s,] and of the interval
[aj—1,s;_1,0j-1,5,_,]. Furthermore, for any 1 < j < d, either i;_y = ij, or [a;s,,bjs,]

is a bad interval, or i; equals aj2s = bjos—1 and i;_1 is either ajas_1 or bja2s such that
|Si; — Si;_| = min(| Sy, 5, — Sa;.0.ls[Sa; 001 = Saje._r]). The intervals and values i, . . . ,iq
may depend on the actual values of X1, ..., X,.

Proof. We know that i = i4 equals a4 s, = bg s, for some sy, and thus must also equal either
Ad—1,s4_, OF bg—1,s, , for some sq_;. If we are given ;11 for some 1 < j < d, if 941 equals
@j2s—1 Or bj o, for some s, then let ¢; = ¢;41 which equals a;j_; s or bj_1 s, respectively. If 7;
equals ajos or bjo.—1 for some s, then if a; 25 = bj2,—1, we can choose ij_; accordingly as
Saj,2sfl| or ‘Sb =5,

ji2s — Paj,2a

either a; 2s—1 = aj_1,5 or b; 25 = b;_1 s based on whether |Sl,j)2571 —
is smaller. If aj2s 75 bj’gsfl, then if ij = Gj2s WE choose 2'3;1 = aj-1,s and if ij = bj72571

then we choose ij_1 = bj_1 . <

As a result, we have that if the conditions of Lemma 11 do not hold, which happens with
probability 1 — O(A~2), then for any 4, then every |S;| satisfies

d fe'e) o
1Sil <D 185, = Si, [ S A 0,999 A4 0.997 - A = O(N),
j=1

q=1 r=1

where I am using the fact that the intervals [a;,,,b; ;] are nested in each other, so no two
bad intervals can have the same rank.

In summary, we have with probability at least 1 — O(A~2), the supremum of |S;| =
| X1 + -+ X;| over all i doesn’t exceed O()), so we have proven Theorem 9. <

5 Open Problems

We note a few further directions that could be taken after this work. The first main open
problem is whether 3-wise independent random walks on n steps have supremum distance
bounded by O(y/n) in expectation. As all 3-wise independent random walks are also 2-wise
independent, we know that the supremum distance is bounded by O(y/nlogn) in expectation
and the supremum square distance is bounded by O(nlog2 n) in expectation. However, we
do not know if better bounds are true for 3-wise independent random walks. Likewise, for
odd k > 5, we could ask if the kth moment of the supremum distance is bounded by O(n*/?)
in expectation, as we only know that the (k — 1)th moment of the supremum distance is
bounded by O(n*~1/2) in expectation by Equation (5), since k — 1 is even and at least 4.

Finally, we could ask how the constants increase as k grows. By our proof of Equation
(5) and the constants in Khintchine’s inequality [15], we know that the kth moment of

3k/2 . /2

the supremum distance of a random walk is O(k) . Therefore, we could ask if the

constant O(k)?*/2 could be improved if k grows with respect to n (such as if k = O(logn)).
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A Generalized Upper Bounds: Proof of Equations 4 and 5

Before we prove Equations (4) and (5), we construct 2"/2-nets for 0 < r < 2lgm + 1 in
a very similar way as in Theorem 1 in [8]. We define an e-net to be a finite set of points
Ar.05Qr1,- - -, Qrq, such that for every 2 |[2() —a, (||s < ¢]|2||2 for some 0 < s < d,.. The
constructions are defined identically for both equations. Define apo := 20 as the only
element of the 2792 = 1-net. For r > 1, define a,.o = 2(*), and given a, ; = 2(**) then define
ar s+1 as the smallest ¢ > t; such that

120 = 20|y > 27772 2] 5,

unless such a ¢t does not exist, in which case let s = d, and do not define a, o for any s’ > s.
We define the set A, = {a,s : 0 < s < d,}. The following is directly true from our
construction:

» Proposition 13. For any 0 < t < m and fized r, if t1 < t is the largest t; such that
2 = q, ; for some s, then ||z —2(1)||y < 277/2.||2||2. Consequently, A, = {a,o,...,arq.}
is a 27"/ -net.

The above proposition implies the following;:
» Proposition 14. For all1 <t <m, z®) = qa, lem+1,s for some s.

Proof. Let t; be the largest integer at most ¢ such that () = a21g m+1,s for some s.
Then, |2 — agigmi1,s|[3 < 27@8™+D . ||2||2 < 1, which is clearly impossible unless

t) —
Z( ) — a21gm+1,s- <

Next, to prove Equations (4) and (5), we will need the Marcinkiewicz—Zygmund in-
equality (see for example [21]), which is a generalization of Khintchine’s inequality (see for
example [15]):

» Theorem 15. For any even k > 2, there exists a constant By only depending on k such
that for any fived vector v and totally independent random variables Y = (Y1,...,Yy),

This implies the following result:

k/2

» Proposition 16. For any k > 2 and vector v, there exists a By only dependent on k
such that

k
1k ”
E[(v,Xﬁ =E (Zvixi) < Byl[v[5.
=1

Proof. Since the expected value of (3 viXi)k is only dependent on k-wise independence, we
can assume that the X;’s are totally independent but have the same marginal distribution.
This implies

n k n
E <ZviXi> < BE <Zu§X3>
=1 =1

by Theorem 15. However, we know that E[X2¢] < 1 for all 4 and all 1 < d < k/2, since
E[X}F] <1 and E[X??]*/? < E[XF] by Jensen’s inequality, so simply expanding and using
independence and linearity of expectation gets us the desired result. <

k/2
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We now prove equations (4) and (5).

Proof of Equation (4). For r > 1 and s, suppose a, s = 2®) and t; <t is the largest index
such that z(*") € A,_;. Then, define f(s,t) to be the index s’ such that z(f1) = Ar_1,s-
Consider the quadratic form

2lgm+1 d,
> D Mans = army g, X)%
r=1 s=0

By Proposition 13, [|as — ar_1,f(rs) |2 < 2=(=1)/2 |2||5. Thus, by Proposition 16, we get
the expected value of the quadratic form equals

2lgm+1 d, 2lgm+1 d,
Z ZE[<(G’T,28+1 —ar2s), X)? < By Z Z lar 2541 — ar24]]3
r=1 s=0 r=1 s=0
21gm+1
<By Y (27-27072ll3) < 2Ba(2lgm + 1)(1[2I3).
r=1

Here, I am using the fact that an e-net has size at most e~2, which is easy to see since
20 .., 2™ ig tracking an insertion stream (it is proven, for example, in Theorem 1 of [8]),
and thus d, < 2".

Now, for any 0 < i < n, consider 2" and let 2(9) = a5y lgm+1,s- Lhen, define s, = s if
r=2lgm+1and s,y = f(r,s,) for 1 <r <2lgm+ 1. Note that sg = 0 and for any r > 1,
if a5, € Ay_1, then a5, = ar—1.5, ,. Thus, each ((ars, —ar—15, ), X)2 for 1 <2lgm+1
is either 0 (because a5, — ar—1,5. , = 0) or is a summand in our quadratic form. Therefore,

2lgm+1 d, 21gm+1 1
. )2 _ V2> — ) X2
; ;«ar,s ar,j(r,s))a X> > ; <(ar,sr arfl}sril), X> > QIgm 1 <z ,X> ,

with the last inequality true since a2igm+1,s1, ms1 = 20 ag 5, = 29, and by the Cauchy-
Schwarz inequality. As this is true for all ¢, taking the supremum over i and then expected
values gives us

2lgm+1 d,
2B>(2lgm +1)(||2|[3) > E Z Z<(an2s+1 _ar,25)7X>2‘|
r=1 s=0

1 o
>__ - . ]E[ (2>X2}
Z Slem 1 WP (=, X)7,

and therefore,
E (0, %)2] = O (II2I3 16 m) “

Proof of Equation (5). Counsider the form

2lgm+1

d,
Z 2/ Z«ar,s — r_1,f(r,s)) X)*,
s=0

r=1
with f(r,s) defined as in the proof of Equation (4). We again note that by Proposition 13,
l|ars = ar_1 f(r5)l|2 < 2-(=1/2 . ||2||5. Thus, by Proposition 16, we get the expected value
of the form equals

21lgm+1 d 21lgm+1

r d,
Z QT/Q ZEK(GT,S - arfl,f(r,s))aX>k] < Bk Z QT/Q Z ||a'r,s - a'rfl,f('r‘,s)HéC

r=1 s=0 r=1 s=0



S. Narayanan

2lgm—+1 Ie's)
<Be S 22ar. o UmURR|k <y 9b2 S 0GRk 022 ) 5|6,
r=0 r=0
since k > 4. Again, I am using the fact that d,, < 2" as an e-net has size at most e 2,
Now, for any 0 < i < n, suppose s satisfies z(*) = ay lgm+1,s- define s, = s if r =21gm+1
and s,_1 = f(r,s,) for 1 <r <2lgm + 1. Then, similarly to in the proof of Equation (4),

21g mt1 d, 2lgm+1
Z 2/ Z((ar,s - arfl,f(r,s))7 X>k > Z 2T/2<(ar,s7- —r-1,5,_1), X>k
r=1 s=0 r=1

> Q(kHE - (20 X))k

The last inequality requires justification, specifically that if x; + -+ + 2215 m41 = 1,
S 2722k — Q(k=1)*. This is sufficient since we can let 2, = (a5, —ar_1.5,_,), X ). To prove
this, define 27,25, ..., 254,41 such that o7 + - + 25,0y = Land 2} > - > @by, 44
are in a geometric series with common ratio 27*/(?%) = 1 — ©(1/k). Then, note that for
any xi,...,%21gm+1 such that x1 +--- + 221y = 1, x; > x} for some i. But note that
(x!)*27/2 are equal for all r because of our geometric series, and equals (2})* = Q(k=1)*
since 2} = Q(k~1)* is clearly true. Thus, 3 2"/2zF > 2¢/2(2/)F = Q(k~1)* so we are done.

As this is true for all i, we can take the supremum over i and then take expected values

to get
21lgm+1 d,
216/2316”2’/”]2c >E Z 2T/2Z<(a'f,s_a'rfl,f(r,s))vX>k > Q(kil)k'sup]E |:<Z(Z)7X>k:|
r=1 s=0 [

and therefore, for a fixed k,

Esup (=12, X)*| = 0 (([2115) -
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