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Chapter 1: Introduction

1.1 Generalized special cycles

There are four classes of irreducible reductive dual pairs over R of type I in

the sense of Howe, (see [Ad)):
1. (O(p,q),Sp(2n, R))
2. (U(p,q), U(r,s))
3. (Sp(p,q), O*(2n))
4. (O(m,C),Sp(2n,C))

Each group belonging to any of the eight families of groups in the above table is
the group that preserves either a non-degenerate Hermitian or skew-Hermitian form
(,) over a real,complex or quaternionic vector space V. Let I' be a torsion free
arithmetic subgroup of G such that I'\G is compact. For this Introduction, we will
assume that G = G(R) is the set of real points of a algebraic group G and I is a
congruence subgroup of G(Z) ( in general, we will need to assume G(R) = G x G,
where G, is compact). Furthermore we assume we have chosen a lattice £ in V

which is invariant under G(Z). In each of the cases that we are interested in, the



symmetric space D = G/K associated to G where K is a fixed maximal compact
subgroup has a realization as a subspace of a Grassmannian associated to V. In
what follows let M = I'\ D. Once we have chosen an orientation on D after passing
to a (possibility deeper) congruence subgroup of I' we may assume M is a compact
oriented manifold.

We define and study cycles which are called “generalized special cycles”, to
be denoted Cyx . (see below for the explanation of the notation), in the locally
symmetric spaces M. In this paper, we restrict our attention to the cases G =
U(p, q), Sp(2n,R) and O*(2n). In this case M is a compact Kahler manifold which
is in fact a connected complex algebraic variety ( [BB]), and the cycles Cx . are
algebraic cycles.

We now briefly introduce the definition of Cy ., when G' = U(p, q), Sp(2n,R),
O*(2n,R). We will give a self-contained definition of these cycles in Chapter 3.
In what follows we will let V' = CP*? for the case G = U(p,q), V = R*" for the
case G = Sp(2n,R) and V be the rank n free right module over the Hamilton
quaternions for the case G = O*(2n). Let x = (21,29, -+ ,2,) € V™. In the
definition of the cycles Cx . we will assume that the vectors x,x9,- - ,x,, are
linearly independent and the restriction of the form (,) on U = span{x} is non-
degenerate. In particular, for G = Sp(2n,R) this implies that m = 2r for some
positive integer r. For G = U(p,q), let (r,s) be the signature of (,)|y. This is an

important invariant of the cycle Cx .. We then have the orthogonal splitting

V=UaU".



For any non-degenerate subspace W C V', we denote by G(W), resp. K (W), resp.
(W) the stabilizer of W in G, K or I respectively. Let D(W) = G(W)/K (W) be
the symmetric space of G(W). Denote by Gy or G(U*) the group that fixes each
vector in x, by Dy or D(U%) its symmetric space and 'y = G, NT.

There is no canonical embedding from Dy to D. However we can choose

2z € D(U). Once this choice is made, there is an embedding

Sx,z' - Dx — D.

To be more precise, we can think of D(U) as the set of (inner) Cartan involutions
Ad(o) € Aut(G(U)), where Ad is the adjoint map and o is a linear isometry of U
satisfying a positivity condition. Similar descriptions hold for D(U1) and D. Now

suppose 2’ = Ad(0’) € D(U) and z = Ad(c) € D(U*). Then

sx» = Ad(c' ® o) € D.

We denote by Dy .- the image of Dy under sy ..
We pass to the locally symmetric space level and denote (by abuse of notation)
by sx, . the map

Sxz  Ix\Dx — M =T\D

induced by sy on the symmetric space level. Since I'yx C I' and I'y fixes 2/, the
above map is well-defined.

Sx,» 1s an Riemannian immersion and is generically injective (see Lemma 3.2).



It is complex analytic hence algebraic by the GAGA principle since both '\ Dy and
M are projective varieties. We call the map sy . : T'x\Dx — I'\D a generalized
special cycle. In general, sy . is not an embedding. However, for a given x, we

can pass to a finite index subgroup A C I' such that

Sx2 t Ax\Dx — A\D

is an embedding (see Lemma 3.1).

However, for general x (and U), we are forced to consider Cy .- to be a singular
cycle in the sense of algebraic topology. Namely, we will consider the singular cycle
given by the mapping sx . : Cx — M. We will usually abuse notation and omit
sx,» and denote the resulting cycle by Cx .. In particular, if 7 is a differential form
of degree equal to the dimension of Cx, we will abbreviate | o Sx,2M to J o -

We can also think of Cx .. as an element in the Chow group Ch*(M) of M.
We note that the image of sy ,» will often have self-intersections and sometimes will

not be orientable (in which case the singular cycle is zero).

Remark 1.1. [t is an important fact that the homology class of Cx ., does not
depends on the choice z'. Hence when only the homology class is considered, for
example when we take the period of a closed differential form n on Cx , we often

write [Cx| instead of [Cx ..

Remark 1.2. When s orr is equal to 0 in cases (1),(2),(3) of the table, the corre-

sponding cycle Cx . is called special cycle by Kudla and Millson (see [KM1], [KM?2],



G Gx G’
U(p,q) | Ulp—rg—s),(1<r<pl<s<gq) | Ulr+sr+s)
O(p,q) | Olp—rg—s),(1<r<pl<s<gq) |Sp2(r+s),R)
Sp(p.q) | Sp(p—r.q—s),(L<r<pl<s<q)| O(2r+s))
Sp(2n,R) Sp(2n —2r,R), (1 <r <mn) O(2r,2r)
O*(2n) O*(2n —2r),(1 <r <n) Sp(r,r)
Sp(2n,C) Sp(2n —2r,C),(1 <r <mn) O(4r,C)
O(n,C) O(n—r,C),(1<r<n) Sp(2r,C)

Table 1.1: List of isometry groups of generalized special cycles

[KMS3], [KM5]). In these cases G(U) is compact and its symmetric space is a single

point. In other words, the choice of 2’ in definition of Cx . is not necessary.

The main goal of this paper is to put these generalized special cycles into a
generating series and show that generating series is an automorphic form for another

group G’ such that (G,G") is a dual reductive pair in the sense of Howe (see [Ad]).

1.2 A special class in the Lie algebra cohomology with values in the

oscillator representation

Let 20 = S(V™), the Schwartz functions on V™. There is a dual pair (in the
sense of Roger Howe) (G, G’) such that G x G’ (in general a double cover of it, but
we neglect this fact in the introduction) acts on 20 by a unitary representation w.

In the three cases of our interest, we have
1. G=U(p,q), G'=U(m,m) withm =r+s,0<r<p 0<s<gq,
2. G=5p(2n,R), G =O(m,m) withm =2r, 0 <r <n,

3. G=0*(2n,R), G'=Sp(m,m) .



In all cases, G’ is the linear isometry group of (W, <, >) where W is a 2m dimensional
complex vector space, a 2m dimensional real vector space, or a 2m dimensional
quaternionic vector space respectively, and <, > is a skew-Hermitian, symmetric or
Hermitian form respectively. Given an isotropic splitting W = E + F', we can view
Vmas V@ FE and S(V™) as S(V ® E). Let P’ be the parabolic subgroup that
preserves the subspace E. We call P" a Siegel parabolic. Then P’ has a Langlands

decomposition

Pl — N/A/Ml
where N’ is the unipotent radical and M’ is the Levi factor. We have
1. AAM' = GL,,(C),
2. AM' = GL,(R) ,
3. AM' = GL,,(H),

respectively in the three cases. For m’ € A’M’, the action w(m’) on S(V™) is simply

(w(m') f)(x) = det"(m) f (xm), (1.1)

where f € S(V™), x € V™ and n = Z% for the unitary group.

The action of G via w is just the induced action on functions

for f €W =8(V™), x € V™ viewed as a (p+ ¢) by m (resp. 2n by m in the other

6



two cases) matrix.
We fix a point zy in the symmetric space D of G. In other words, we fix a

maximal compact group K of G. Let

go = Po D &

be the corresponding Cartan decomposition of the Lie algebra gy of G (we drop
the subscript 0 to indicate complexification). Let °(D) be the space of smooth
differential forms on D and Q*(D,20) be the space of differential forms with values
in 20.

Let C*(g, K;20) = (A*p* ® 2)X. There is an isomorphism given by the
evaluation at z

O°(D, )% = (A*p @ W)X

Its inverse is given by

b D(,%) = L[l %0),
where ¢ € C*(g, K;20) and g¢,zy = z and L;,l is the pullback on differential forms
induced by left translation of G on D. We can further extend the definition of ¢ to
let it depend on G’ by the oscillator representation w,

U(z, 9, %) == L 1 [(w(g)) (g5 '%)].

9z



In his PhD thesis [And], Anderson constructed a cocycle

py € C*(g, K;20) = Q°(D, ).

It is holomorphic (in particular, of Hodge type (d,0)) and closed. Using ¢, we
can define a hodge type (d,d) class ¢ € C%*(g, K;W) (see Chapter 7). In the
unitary case, the construction of both ¢ and ¢ depends on a pair of integers (r, s)
(0 <r <p, 0<s < q) which will eventually match the signature of (,)|span{x}- In
this case we specify the signature by writing ¢, s instead of ¢ if necessary. We call

¢ a special cocycle. We will see that for large \ € R,

> ()]

yelx

is a constant multiple of the Poincaré dual of the cycle Cy ./, where [-] means taking
cohomology class in H*(M). In the unitary case, the form ¢, is studied by Kudla

and Millson ( [KM5]).

1.3 Theta series and statements of main theorems

Throughout this section we assume that ¢ is the special canonical cocycle in
the last section. In the unitary case, we fix a signature (r,s) (0 <r <p, 0 < s <q)
and assume @ = @, ;.

Recall that £ is a lattice in V fixed by I'. By [Weil2], we can choose arithmetic



subgroups I' C G and IV C G’ such that the distribution 6,

Ocp = Z ¥ (x)

xXEL™

is I' x IV-invariant.

We now apply 0, to ¢ to get

05795 c Q'(F\D) ® COO(F/\G/)

We also define

eﬁ,ﬂ,cﬁ(zag/) = Z @(Zag,)

x€L™,(x,x)=0

for a matrix 5 € M,,(B). We have the following Fourier expansion of . _:

eﬁ,gﬁ(zag/) :Z Z @(’ngl7x)

B xeLm™ (x,x)=p8

= brse(29)
5

(1.2)

where § runs over all possible inner product matrix (x,x). We call 0, 3 5 the §-th

Fourier term of 0, 5 as each 0. g s is a character function under the action of ['NN".

Recall that N’ is the nilpotent radical of the Siegel parabolic P’ and it is Abelian.

See Chapter 5 for more details.

Now suppose O C V™ is a closed G orbit. Then by a theorem of Borel ( [B],

Theorem 9.11), O N L™ consists of a finite number of '-orbits. By Witt’s theorem,



G acts transitively on the set
{x € V"|(x,x) = 5}

when f is non-degenerate.

Thus the set

{x e L"|(x,x) = f}

consists of finitely many I-orbits. We choose I'-orbit representatives {xi,...,X,}
and define

U; = spanx;, 1 <1 < o.

For each 1 < i < o choose a base point z; € D(U;). Let C, ., be the generalized

special cycle. Let

z={21,29,..., %}

Then define

o
Cpz = Z Cxiyi-
i=1

Cjs, is a cycle in the Chow group of I'\D. By remark 1.1, the homology class [Cj ]
is independent of the choice of z, so we simply denote by [Cjp] its homology class.
Our main theorem of the paper can be summarized as: if g is nondegenerate
and in the unitary case has signature (r, s), the S-th Fourier term 0. g 5 of 0. 5 will
be a function of G’ which is not constantly zero times the Poincare dual of [Cg]. In

order to have precise statements, we use the notion of theta correspondence.

10



Definition 1.1. Let n be any differential form on T'\D, define a smooth function

0c.5(n) on G by

Ocs(n) = /r\D nAOca(dg).

We call the above map theta correspondence defined by poo. When n is closed, the

above gives a map
05 : H4(T'\D,C) — C>(I'"\G")
where d = dimD, d' is the degree of . O, is called (geometric) theta lifts.

Also define a, g,3(n) to be the g-coefficient of 6, 5(n):

acpp(n) = / IS S CVAS (1.3)

x€L™,(x,x)=0

Then we have the Fourier expansion:

Ocs(n) =D acsg(n).
8

We prove the following theorem in Chapter 8.

Theorem 1.1. Assuming that G = U(p,q), Sp(2n,R) or O*(2n,R), and B is a
non-degenerate (nonsingular) Hermitian, skew symmetric or skew Hermitian matriz
respectively in the three cases. Let m be the R, C or H-rank of 5 respectively in the
three cases and G' = U(m, m), O(m,m) or Sp(m,m) respectively. Then we can find

a canonical form ¢ € C*(g, K;S(V™)) such that for any closed differential form n

11



on M and ag g z(n) defined in equation (1.3), the following is true

ac.5.5(1) = (g, B) / .

Cs
where k is an analytic function in G’ that depends on 3.

Remark 1.3. The canonical form @ in the theorem depends on the signature of 5.
To be more specific, in the unitary case we have to assume ¢ = @, 5, where (1, ) is
the signature of 3. In the other two cases there is no notion of signature and there

is no such dependence (on signature) as well.

Let us also briefly recall Poincaré duality in terms of differential forms. For a
closed submanifold C' inside an oriented manifold M, we say that a closed form 7 is

a Poincaré dual form of C if it satisfies

Jorne= )
M C

for any closed form 7. Poincaré dual form is unique up to exact forms.
The above definition for a Poincaré dual form can be extended to a singular

cycle. We say that a closed form 7 is a Poincaré dual form of the singular cycle

/MnAfz/Cf*n

f:C — M if it satisfies

for any closed form 7.

Remark 1.4. If the image f(C) has a stratification such that its open stratum f(C)°

12



s a submanifold of M, then we can replace the right-hand side of the above formula
by ff(C)O n. If f(C) is an algebraic or a totally geodesic cycle (both are true here)

then f(C) has such a stratification.

With the above discussion in mind, Theorem 1.1 is equivalent to the following

theorem.

Theorem 1.2. Keep the same assumptions on 5 and @ as in Theorem 1.1. Then

02,561 = PD([Cp])r(d', ).

where PD([Cp]) € H*(I'\D) is the Poincaré dual of [Cg| and k is an analytic func-
tion in G’ that depends on f3.

If we can prove the function k(¢’, 3) is not identically zero, then meﬁﬁ,@(z, J)
is the Poincareé dual of [Cs]. We will prove this for generic ¢’ in Chapter 10.
Theorem 1.3. Let (¢, 3) be the function defined in Theorem 1.1. Then (g, )

is an analytic function on G' that is not identically zero. To be more precise, there

exists m' € M' such that for sufficiently large A € R,

k(Am', 8) # 0.

In other words, for a generic ¢, még,g@m(z,g’) 1s a Poincaré dual of the cycle
Cs.

Remark 1.5. In a following paper [MS], Millson and the author of this paper will
study generalized special cycles on the symmetric spaces associated to G = O(p, q),

13



Sp(p,q), Sp(2n,C) and O(n,C). In other words, we can let G be any group that
shows up in a wrreducible reductive dual pair over R of type I in the sense of Howe
other than the groups we study in this paper. We will prove the analogue of Theorem

1.1, Theorem 1.2 and Theorem 1.3 in those cases.

In conclusion, 6,5 can be seen as a ”generating” series of PD([Cj]). Of
course, as for now we do not have an explanation for all the Fourier terms 0. 5 ; as
k(g', B)PD([Cs]). Only for those 6. 5, whose (3 is non-degenerate and in the unitary
case has a fixed signature (r,s) (when ¢ = ¢, ), do we have such an explanation.

We will show that the canonical special class ¢ transforms under an irreducible
representation of a maximal compact group K’ C G'. Moreover 0. ; can be viewed

as matrix coefficients of a automorphic vector bundle on I'"\G'/K".

1.4 History

The question proposed above has a long history of investigation. The modu-
larity of intersection numbers of special cycles was first studied in [HZ] in case of
Hillbert modular surfaces. Later in a series of work ( [KM1], [KM2], [KM3], [KM5]),
Kudla and Millson studied similar phenomenon for higher rank locally symmetric
spaces associated to O(p, q) (resp. U(p,q) and Sp(p,q)). To be more specific they
constructed via Weil representation differential forms that are Poincaré duals to Cx
when (,)|x is positive definite, namely, the special sub-cases of cases (1),(2),(3) in
our table 1.1 when s has to be equal to zero. Sum over x one gets a theta se-

ries which is automorphic in the dual group Sp(2r,R) (resp. U(r,r), O*(2r)) of

14



G = O(p,q) (resp. U(p,q) and Sp(p,q)). Moreover they prove these differential
forms are holomorphic with respect to the dual group Sp(2r,R) (resp. U(r,r)) on
the cohomology level, thus give rise to holomorphic modular forms on Siegel upper
half space of genus r by theta lifting. Using the results of Kudla and Millson, to-
gether with the classification of unitary representations with nonzero cohomology
of Vogan-Zuckerman and endoscopic classification of automorphic representations
of G', [BMM1] and [BMM?2] are able to prove certain cases of Hodge Conjecture on
arithmetic hyperbolic spaces and arithmetic quotients of complex balls.

In this paper, for the unitary group U(p, ¢) we remove the assumption of [KM1],
[KM2], [KM3], [KM5] that s = 0. The corresponding cycles are no longer special
cycles in the sense of Kudla and Millson. Moreover we give theta lifts from the
cohomology of Hermtian locally symmetric manifolds associated to G = Sp(2n, R)
and O*(2n) to vector valued automorphic functions associated to the groups G’ =
O(m,m) or Sp(m,m).

In a following paper [MS], Millson and the author will deal with the rest cases
when G' = O(p, q), Sp(p, q), O(m, C) or Sp(2n, C). Thus for all groups G which show
up in an irreducible real reductive dual pair of type I, we have constructed for all such
cycles Cs,, (whenever ( is non-degenerate) in the compact locally symmetric spaces
of G, theta series that contains the Poincaré dual of [Cjs] as its Fourier coefficient.

We have to point out that there are many other cycles in locally symmetric
spaces of G which correspond to subgroups of G. However we suspect that the
generalized special cycle Cyx we defined here may be the only class of cycles whose

generating series is automorphic in a dual group. In the end, in order to apply Theta

15



distributions to the Poincaré duals of the cycles, the cycles have to be determined
by a tuple of vectors x € V™ where V' is the fundamental module V' of G, which is

exactly the case for (the homology classes of) these generalized special cycles.

1.5 Idea of Proof

We construct a fiber bundle
T T \D — '\ Dx 2,
whose fibers are (topologically) Euclidean spaces. We show that

Le(p) = > ¢(y)

yel'x

is a (constant multiple of) the Thom form for the above fibration. To be more

precise

/ n A Lx(p) = k(g 5)/ n,
Fx\D 1—‘X\Dx,z’

where

k(g B) = / 5z, %),
FDx,z’

and F'Dy . is any fiber of the fibration I'x\D — I'x\ Dx_.». In some cases, this inte-
gral can be computed explicitly (namely the Kudla-Millson cases in [KM1], [KM2],

[KM3], [KM5]), but in general this integral is extremely hard to compute. So instead

16



we show that

/ Pz, 9', Ax)
FD,

is nonzero for certain ¢’ when A\ — oo using the method of Laplace. The method of
Laplace is a very powerful tool and suits our situation very well, which will be used
again in [MS]. After we have proved this, almost everything follows formally from

the unfolding lemma 8.1.

1.6 Open problems

Many interesting questions follow from this paper. First, it is interesting to
know the representation theory of ¢ in terms of G x G’. It is possible that after
taking its cohomology class, [¢] is in a unique irreducible unitary representation
m x ' of G x G'. In fact, unitary representations 7 of G with nonzero cohomology
are classified in [VZ]. We conjectured that [¢] is in a unique representation 7 of G
with nonzero cohomology and 7’ is the theta correspondence of 7.

Secondly, the author would like to know more about [0 5] when [ is degen-
erate or has the "wrong” signature in the unitary case. In the cases considered by
Kudla and Millson it is shown that if 5 is not positive semi definite, then [0 55, ,]
is zero. The author wonders if similar phenomenon are true in the cases considered
by this paper. To be more precise, the author would like to know if [0 55, .] = 0 if
B is not of signature (r, s).

Another possible direction of research will be the case when I' is not co-

compact. When G = O(p,q) and T' is not co-compact, the boundary behavior

17



of the special cohomology classes constructed by Kudla and Millson has been stud-
ied in [FM1], [FM2], [FM3] and [FM4]. It would be very interesting to study the
boundary behaviour of ¢ constructed in this paper. In the case when G is Sp(2n, R),
non-compact arithmetic quotients of D include Siegel modular varieties which are
moduli spaces of principally polarized Abelian varieties. The objective along this
line is to construct Poincaré dual of special cycles and theta lifts on various com-

pactifications of these locally symmetric spaces.

1.7 Guidance for readers

This is a long paper so we provide a road map for readers. Chapter 2 constructs
compact arithmetic quotients of D which are in fact complex projective varieties.
Chapter 3 defines the generalized special cycle Cx. In Chapter 4 we describe the
symmetric spaces of U(p,q), Sp(2n,R) and O*(2n,R), write down the local equa-
tions for the generalized special cycles and prove that they are in fact algebraic
subvarieties. Chapter 5 and 6 reviews some fact about the oscillator representation
and set up coordinate functions for later use. Chapter 7 reviews the construction
of [And], constructs the special class ¢, proves that it is closed and proves the im-
portant lemma, Lemma 7.7. In Chapter 8 we will prove Theorem 1.1 and Theorem
1.2 assuming rapid decreasing of ¢ on the fiber F'D .. Chapter 9.4 proves the rapid
decreasing of ¢ on the fiber F'Dy ,,. Chapter 10 proves Theorem 1.3 using method
of Laplace. Chapter 11 described the K'-type of ¢ in terms of highest weight theory.

Readers who are familiar with arithmetic groups and the oscillator representation,
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can pick up the definition of special cycles in Chapter 3 and then proceed to Chap-
ter 7 directly and go back to Chapters 4,5 and 6 if necessary. Chapter 8 consists
of formal calculations which are similar to the counterparts of the previous work of
Kudla and Millson ( [KM1], [KM2], [KM3], [KM5]), but it include the case when the
cycle Cp is singular which the author is not sure has been written down before. For
Chapter 6, 7 and 10, one can focus only on the unitary group case for first reading
as the other two cases are similar.
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Chapter 2: Compact quotients of Hermitian symmetric spaces

In this chapter we construct compact arithmetic quotients of Hermitian sym-
metric spaces associated to U(p, q), Sp(2n, R) or O*(2n,R). By a Theorem of Baily
and Borel ( [BB]), these compact quotients are in fact projective algebraic varieties.

Let k£ be a totally real number field with ¢ distinct embeddings o4, ..., 0,
into R. Let vy,...,v, be the induced metrics and k,,, ..., k,, be the corresponding
completions. Define So, = {vy,...,v,}. Let F be a CM field whose maximal real
subfield is k. There are ¢ pairs of conjugate embeddings of F into C. We choose
one inside each pair, denote them by oy,...,0, by abusing notation. Notice that
the abuse of notation is reasonable as o;|; is the o; defined for k.

Let (B, o) be a k-algebra with involution of one of the following types:

(the CM field F,the generator of Gal(F/k))
(B,0) = 1)

(a quaternion algebra with center k, the standard involution)

Let V be a right B vector space and (,) a non-degenerate o-skew Hermitian form

(or o-Hermitian form respectively) on V satisfying

(vb, Bb) = b (v, D)b (2.2)
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for v,0 € V and b,b € B. Let G be the unitary group of V such that

G ={g € GLg(V)|(gv, g0) = (v,0),Vv,0 € V'} (2.3)

Define V, =V ®; k, and G, = G(k,), where v is an Archimedean place (metric) v

of k. Extend (,) to V, and denote the new form by (,),. Also define

Ve = [ Vo

VESeo

G = [] G-

VESs
We want to choose the form (,) to be anisotropic, which is to say that there is no
vector v € V such that (v,v) = 0.
Let Oy be the ring of integers of k and B(Oy) be the integral closure of Oy in

B. Choose an B(Oy) lattice £L C V and define

G(O) ={9 € GlgL = L}.

Also define G(I) to be the congruence subgroup

G(I) ={g € G(Og)|g = Id(modI)} (2.4)

for an ideal I in B(O}). We want to choose I big enough, namely containing some

fixed ideal J, such that G(I) acts simply on the symmetric space D of G.,. Let
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['=G(I). It is a theorem of Borel (see [B]) that I' is a co-compact subgroup in G..
Moreover by a Theorem of Baily and Borel ( [BB]), I'\D is a complex projective
variety.

We need a lemma.

Lemma 2.1. There is a ¢ € k such that \/c ¢ k and o,(c) € U; for 1 <i < {, where

U; is any open subset of R.

Proof. Choose a non-Archimedean place p of k such at Ok /p is not a field of char-
acteristic two. As taking square is a two to one map on O /p, there exists a b € O
such that z? = b mod(p) has no solution in O/p. Thus 2> = b has no solution
in O and k. Now choose € small enough such that 22 = @ has a solution when

la — 1], < e. By weak appoximation theorem, there exists a ¢ € k such that
L.oi(c)eU; (1<i<¥)
2. le—bl, < |bly-€

Then ¢ satisfies the assumption of the lemma. O]

Detailed construction of (B,o) and (V, (,)) will be given separately in three

cases.

2.1 The U(p, q) case

Choose dy, . ..,dy,dyt1, - . . dprq be p+ g purely imaginary numbers of I satis-
fying

1. Im(o1(da)) <0, Im(o1(d,)) >0for 1 <a<pandp+1<pu<p+gqg
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2. Im(o;)(dj) <0for2<i<land1<j<p+q.

This is possible because of weak approximation theorem. Let V be a p + ¢ di-
mensional right F' vector space and (,) be the skew Hermitian form defined by the
diagonal matrix with diagonal entries dy,...,d,1,. If G is defined by equation 2.3,

we have
1. G, =U(p,q)
2. Gy, 2U(p+gq) for2<i</,
where G, = G(k,) for an archimedian place (metric) v of k. In particular since (, )y,

is definite for 2 < i < ¢, there is no nonzero isotropic vector for (,) in V.

2.2 The Sp(2n,R) case

By lemma 2.1, we can choose c¢;, ¢y such that o1(¢;) > 0, 0;(¢;) < 0 and
VG ¢ kfor j=1,2and 2 <i </ Let B=H(cy,ca) be the quarternion algebra

over k generated by €1, €2 with relations

2 _ 2 _ —
€] = C1,€y = C2,€1€2 = —€2€7.

We put €3 = €1€65. Then an element £ € B can be written as £ = {y+& €1 +E60+E3€3,

where §; € k for 0 < j < 3. We define an anti-involution ¢ on B by

(&) =& — &ier — Eoea — E3€3.
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With the given assumption we know that

B @4 ky, = Ms(R)

B ® ky, @ H

for 2 <7 </, where H is the classical Hamiltonian quarternions.
Let E be any field that contains ,/c;. We define an anti-involution ¢’ on
Ms(E) by

o'(x) = JzJ

0 -1
where J = . We can embed B into My(FE) as follows

§o+&1ver a6+ E3/cr)
S—&yva S —&va

i(§o + &6 + &oer + E363) =

It is easy to check that ¢’ o4 =i 00, so from now on we abuse notation and denote
both involutions by o. Now let V be a n-dimensional right B vector space and (,)
be a Hermitian form on V satisfying 2.2. G be the group defined as in 2.3.

Let e;; be the matrix with the (4, j)-th entry 1 and all the other entries zero.

Let e = e11. As B®y E = My(F), we get a decomposition

VE = VEG + VEQU
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as a IV vector space, where Vg = V ®, E. Let Sg be the E-bilinear form on Vge
defined by

Sg(xe,ye)es = (ze, ye)

Following a result of section 2 of [LM] we see that Sg is skew symmetric and

GE = Sp((VE, SE)) = Sp(2n, E)

In particular when F = k,, = R, we know that G, = Sp((V,,, S, )) = Sp(2n,R).
And we also have

G = Sp(Pu;s Q;)

for 2 < i < ¢, where p,, + q¢,, = n as B ®; k,, = H. In particular we can choose
the form (,) to be defined by a diagonal matrix with diagonal entries dy,...,d, € k
satisfying

O'i(dj) >0

for 2 <i<mand1l<j<n. We then have

for 2 < ¢ < n. With this choice G will be anisotropic as Sp(n) is. We have

Goo = Sp(2n,R) x Sp(n)“".
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2.3 The O*(2n,R) case

The construction of G in this case is very similar to that of Sp(2n,R). Let k

be the same totally real number field. By lemma 2.1, we can choose ¢y, ¢ such that

oi1(c1) <0,01(cz) <0

oi(c1) > 0,0i(c2) <0

Ve Ve gk

for 2 <i < /(. B =Hg(cy,co) as before. This time we have

B @y ky, = H

B @4 ky, & M (R)

for 2 < i < {, where H is the Hamiltonian quarternions. Now let V be a n-
dimensional right B vector space and (, ) be a o-skew Hermitian form on V' satisfying

2.2. G be the group defined as in 2.3. Then we see that

G,, = 0*(2n,R)

as D ®y k,, = H. Following a result of section 2 of [LM], we also have

Gvi g O<pv¢> qu)



for 2 <i < ¢, where p,, +q,, = 2n as B®y k,, = M5(R). In particular we can choose
di,...,d, € k such that o;(d;) >0 forall 1 <i</¢,1<j<mn,andlet (,) be the
form defined by the diagonal matrix with diagonal entries dies, ..., d,e3. By lemma

2.1 of [LM], we know that G,, (2 < i < /) is defined by a block diagonal matrix S,

with 2 by 2 diagonal blocks —J(dy€s), ..., —J(d,€2). Since
0 1 0 Cde dj 0
—J(djez) = : = :
-1 0 dj 0 0 —ngj

by our assumption .S,, will be positive definite for 2 < i < ¢. Thus G,, = O(2n,R)

for 2 <i < /. This implies that G is anisotropic and

G =2 0*(2n,R) x O(2n,R).
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Chapter 3: Hermitian symmetric spaces and generalized special cy-

cles

Notations and assumptions are as in the previous chapter. In this chapter
we define generalized special cycles in '\ D, where D is the symmetric space as-

sociated to Go = [] G,. As a set, it is the set of maximal compact sub-

VESs
groups of G or equivalently the set of Cartan involutions. Recall that G, =
U(p, q), Sp(2n,R), O*(2n, R) respectively and all the other factors of G, are com-
pact. The symmetric space of G is the set of maximal compact subgroups of G,
or equivalently the set of Cartan involutions of G, and in our case there will be a
canonical one-to-one corresponence with those of GG,,,. We will accordingly identify
the two sets.

Recall that V' is a right B vector space and (,) a non-degenerate o-skew

Hermitian or o-Hermitian form. Let

x = (21,...,2,) € L™,

We will require that U = spang(x) to be non-degenerate with respect to (,). We
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then have the decomposition V = U 4+ U+. We define

GUH) ={gcGlgv=v,Yv €U} (3.1)

and

GU) ={g € Glgv =v,Yv € U*}.

Let D(U*) be the symmetric space associated to G(U%),, and D(U) be the symmet-
ric space associated to G(U),,. Thus we are thinking of G(e) and D(e) as functors
on the categories of real or complex vector spaces equipped with nondegenerate

forms.

Remark 3.1. In order to be consistent with the notation of the work of Kudla and
Millson we will also use the symbol Gy to denote the group G(UL) defined above

with similar alternative notations for D(U) etc. Hence we have

Gy =GU"Y), Gyr =G(U), Dy = D(U*), Dy = D(U). (3.2)

Define I'y = I' N Gy. By our construction I'y\ Dy is a compact locally sym-
metric manifold. We want to map I'yy\ Dy to T'\D to get an algebraic cycle. This
requires the choice of a point in D(U) as we will now see.

Let ry = Id|y & (—1d)|yr, so ry € G and let oy = Ad(ry) € Aut(G). Any
2 € D(U) corresponds to a Cartan involution o(z') of G(U). We need to extend
o(2') to all of D. To do this let Y C U be the orthogonal complement of 2’ thought
of as a linear subspace of U (in our usual realization of D(U) as an open subset of
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a Grassmannian of U). Let ry be reflection in Y. As an involution of D we have
o(2') = Ad(ry). Now consider Y as a subspace of V and define our extension of
o(2') to be reflection through Y in V.

For any o € Aut(G), define

H? ={g € H| o(g) = g}

for any subgroup H of G carried into itself by the action of o;. Since opyo(z') =

o(2")oy, we know that GV is carried into itself by the action of o(z’). Then we

define

Gch,o(z’) A (GO’U)O'(Z/) _ (Go—(z’))UU

It is easy to see that

G = G(U) x G(U*).

Consequently the symmetric space DV of G7Y is the product

D(U,U*) := D°" = D(U) x D(U*)

A point z € D(U,U") is a pair of Cartan involutions (71, 75) where 7y (o resp.) is
a Cartan involution of G(U),, (G(U%),, resp.). Equivalently we can view z as a

subspace of V', then

z€DUUN o 2=2nUd2nU"
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Definition 3.1. Let U be a non-degenerate subspace of V and z € D. We say (U, z)

(resp. (x,z)) is a compatible pair if z € D(U,U%).

There is a natural embedding 7 defined by

p: DU, U = D:(1,7) — 1@

When there is no ambiguity we also denote the image of p by D(U,U4).

Since G°V = G(U) x G(U*), we know that

Gouo) = QU)E) x GUY).

Notice that G(U)vlz/) is the maximal subgroup of G(U),, fixed by o(2’). Define

Tioy =N G By definition

FU,O‘(Z )y = (P n G(U)U(z ) X FU:

o(z

where PNG(U)?) is discrete in the compact group G(U)3*” hence finite. Moreover

I['NGU)’) acts trivially on D(UL), so Tp\G(U*) = Ly o \G(UL).

For a Cartan involution o of G(U%),,, we define an embedding i,:

i D(UT) < DU, UY) 0w (2, 0).

Let p,, be the composite map po ..

Definition 3.2. Denote by Dy . (or Dy ) the image of Dy under the map p,.. We

31



call it a generalized special sub symmetric space of D.

Remark 3.2. Note that the fized point set Dy of Y is the cover of a special cycle

in the sense of Kudla and Millson and
Dy = D(U,U*) N Dy

so the unwversal cover of our generalized special cycle is the simultaneous fized point

set of a pair of commuting involutions.

i, p and p, induce maps (still denoted as i/, p and p,.) of locally symmetric

spaces
Ly\D(U*) — T°U\D(U,U™+), D(G°V) — T\D,Ty,\D(U™*) — T'\D

respectively. Since both oy is rational, the image of the above maps are closed.
The induced map i, is always injective(hence an embedding). But in general p
(hence p,/) won'’t be injective and the image won'’t be a manifold. The following two

lemmas "resolves the singularities” of the image in two different ways.

Lemma 3.1. There is an arithmetic subgroup I'" C T' of finite index such that the

following diagram commutes, and p' is an embedding.

()7 \D(U,U*) —2— T'\D

! !

rov\D(U,U+) —2— T\D
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This implies that p., : T'y\Dy — I"\D is an embedding.

Proof. U @ U+ is a rational eigenspace decomposition of V under 7. Let

I =T Nrylry.

Then I is fixed by Ad(ry) as r¥, = Id. We claim that T'(N) C I” for some ideal
N C Oy. ry is represented by a matrix m for a basis of the lattice L. Let J be the
fractional ideal generated by matrix entries of m and choose N such that NJ? C O,.

Then any g € I'(N) can be written as

g=1Id+ g1, g1 = 0(modN).

Hence all entries of mgm are in O. That is to say rgI'(V)ry C T'. Hence I'(N) C ITV.
In particular I is of finite index in I".

Suppose that 1,25 € Ty\D(U1) and v € IV such that yz; = 5. Let pu =
yryy~try. Then since ryy~lry € TV, u € TV, But pas = x5 hence p = 1 as T acts
simply. It follows that ryy~lry = 47! hence v € G°U. So v € (IV)?Y. So the map
o (I)°v\D(U,U+) — T'\D is injective. Since locally it is an analytic immersion

(see Chapter 4), the lemma is proved. O

Lemma 3.2. The map Dy\D(UL) L& T\D is a finite birational morphism onto

its 1mage.
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Proof. Vv € I' = I'yy, define
D, = D(U") NnyDU").

Then D, is an analytic subset of D(U*). We claim that it is a proper subset.
Otherwise v is in the stablizer of D(U*) which is G(U'). Hence vy € TNG(U+) = Ty,
a contradiction.

The image V,, of D, under the natural quotient map D(U*) — I'y\D(U%) is

a proper analytic sub variety of I'y;\ D(U%). Define

v= |J v

’YEF—FU

Then p, : Ty\D(U+) — T'\D is injective outside V.

By the commuting diagram

T A\D(U+) - T\ D

! |

Iy \D(U+) =5 1\D

where I is as in Lemma 3.1, the map p., is quasi-finite. p. is a regular map
between projective varieties (see Theorem 4.1). It is a projective morphism by
Lemma 28.41.15 of Stack Project, hence is a finite morphism. By the argument in
the previous paragraph, it is injective outside a set of measure 0 with respect to
the measure defined by the Kahler metric on D(U~). Hence the degree of the finite

morphism p,» must be 1. It must be a birational morphism. O
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We denote the image of p,s by Cpy .. We sometimes also use Cx ., to denote
Cy,» for convenience but it really just depends on U. We will prove in Theorem 4.1

that Cp . is a subvariety of I'\ D.
Definition 3.3. We call Cy v (or Cx ) a generalized special cycle.

Definition 3.4. Denote by My the image p(D(U,UL)). We call My a mized cycle

associate to U.

Remark 3.3. In the unitary group case, when U,, is not positive or negative definite,
My is called a mized (special) cycle and denoted Dy by [KM5]. In the current paper,

our notation is different.

The cycle Cy . depends on the choice of 2/ € D(U). However, its homology

class does not. In fact, for any two 2/, 2" € D(U), there is a continuous path

¢:[0,1] — D(U)

such that ¢(0) = 2/, ¢(1) = 2”. Thus we can define a map D(U*) x [0,1] — D by

(0:1) = c(t)lv @ ol

Since T'y fixes U, this map defines a map I'y\D(U*) x [0,1] < T'\D which is a
homotopy equivalence between two different embeddings of '\ D(U*). From now
on we specify the choice of embedding if necessary, otherwise we use the notation

[Cy] or [Cy] to refer to an equivalent class of cycles.
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We illustrate the above abstract construction in case of the unitary group.
In the next chapter, we will write down in explicit coordinates generalized special
cycles in the symmetric spaces associated to the real groups U(p, q), Sp(2n,R) and

O*(2n,R). The abstract constructions in this chapter will then become concrete.

3.1 Example: the unitary group case

Recall that we assume that G,, = U(p,q) and G, = U(p + q) for the rest
Archimedean places v. It is well-known that the symmetric space D can be identified

with the set of negative ¢g-planes in V,,

D ={z € Gry(V,)| (,)|- <0}

Let U be a F-subspace of V. If (,)|y,, has signature (r, s), then we have G(U™"),, =

U(p—r,g—s). And

D(U*) = {z € Gro—s(Uy)| (,)]: < 0}

Choose an orthogonal decomposition of F-vector space U = UT+U~ with respect to
(,), such that (, )vl‘Ujl is positive definite and (, ), | v;, is negative definite. Equiv-
alently choose a rational point z; = U~ in the symmetric space D(U). This is
always possible by weak approximation theorem. We can now define an embedding
Dy — D by

sz@UJl.
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Under this embedding we identify D(U~) with its image Dy, in D:

Dy ={z€D| U, CzC (UMH"}. (3-3)

After passing to arithmetic quotient, Cy.; = po (Ty\D(U™)) becomes an al-

gebraic cycle of T\ D denoted as Cu,z-

Proposition 3.1. When U,, is positive or negative definite, the above embedding

is canonically defined. In other words, the choice of 2, is unnecessary. Dy, =

D(U,U*) Moreover Dy,.; = Dy+ N Dy_.

Proof. When U, is positive (negative resp.) definite, the group G(U) is compact
and the symmetric space D(U) consists of one point z{ = {0} (2, = {U} resp.).
This proves the first statement.

D(U,U*) = D(U) x D(U*) = D(U) x Dy but the first factor is trivial, the

second statement is proved. By equation (3.3)

Dy- ={z € DU}, C 2}, Dy+ = {z € D|= € (U})*}.

The third statement follows from equation (3.3) again. O

Remark 3.4. When U,, is positive (resp. negative) definite, we simply denote Cy.,
by Cy. This is the situation in [KM1] [KM2], [KM3] and [KM5]. Cy is called a
special cycle there. When U, is not necessarily definite, the name special cycle is

reserved for T°V\D(U,U").
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3.2 Fibration m: D — Dy

We construct a fibering 7 : D — Dy.;. Let N(Dy,.;) be the normal bundle of

Dy, € D. And denote

N.Dy ={veT.D|v L T.Dy.}

for each z € Dy;. Then the Riemannian exponential map induces a map F' :

N(Dy,;) — D by the formula

F(z,v) = exp,(v).

The image of the line through v in the normal fiber N.(Dy,,) over z under the
exponential map is the unique geodesic through z orthogonal to Dy ;. Theorem
14.6 of [He] then states that since Dy, is totally geodesic in D the tube D is the
disjoint union of the geodesics in D which are perpendicular to Dy ;. Hence we

obtain

Lemma 3.3. The Riemannian exponential map exp : N(DU%) — D s a diffeo-

morphism.

Let m: D — Dy, be the map whose fibers are geodesics that are perpendicular
to Dy.;. By Lemma 3.3, 7 : D — Dy, is isomorphic to N(Dy_;) — Dy as a
fiber bundle. We denote by

F.Dy. :=7(2) (3.4)
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the fiber of 7 for any 2z € Dy ..

Since

exp(Ad(g)z) = Ad(g) exp(),

7 is Gy = G(U™)-equivariant. Thus it induces a fibration which we still denote by
T

T FU\D — FU\DU,z/'
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Chapter 4: Coordinates of Hermtian symmetric spaces

The notations and assumptions in this chapter are as in the last chapter except
that we work in the category of real groups. We assume G = U(p, q), Sp(2n,R) or
O*(2n,R) and (V, (,)) be its fundamental module. Let x € V™ and U = span{x}.
We write down explicitly coordinates of the symmetric spaces of G. We then write
down the generalized special cycles in these local coordinates and prove that they are
algebraic subvarieties of the ambient locally symmetric spaces. We then construct
embeddings of the symmetric spaces of Sp(2n,R) and O*(2n,R) into the symmetric
space of U(n,n) and explain the relations of the corresponding generalized special

cycles.

4.1 The U(p, q) case

We start with the case G = U(p,q). We use an explicit inhomogeneous coor-
dinate of the bounded symmetric domain model of D. Recall that D is the set of

negative g-planes. Let (U, zp) be a compatible pair (Definition 3.1). We can choose
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an orthonormal basis {v1, ..., Vp, Upt1, Upsq} such that

(Va, Vo) = 1if 1 < < p,
(vp,v) =—1ifp+1<pu<p+q,

(Ui,’l)j) =0 le 7&],

and
U = spanc{vi, ..., U, Upt1,- -, Uptst, 20 =SPanc{Vpii, ..., Vpiq}
Define
+_ - _
U =spanc{vy,...,v.}, U~ =spanc{vpi1, ..., Vpss},
and
! —
20 =2 NU=U" =spanc{vpt1,...,Upss}-

U has signature (r,s) w.r.t. the Hermitian form (,). Then by Proposition 3.1, we
know that

Dy ={2€D|U” Cz2lU"}.

The Cartan involution 6, corresponding to z, is conjugation by the gy = Idy, +

(—Idy.).
For a negative ¢-plane z we can find a unique ordered basis {uy,...,u,} of z
such that
A
(Ugy ..o ytg) = (U1, Upiq) (4.1)
1
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where A = (a;j)1<ij<p 1S a p by p matrix such that

A"A < Id,. (4.2)

Here < is the usual partial order on the space of ¢ by ¢ Hermitian matrices (de-
fined later). Conversely given A satisfying the inequalities (4.2), the above equation

defines a negative g-frame. We call the matrix A the inhomogeneous coordinates

A
of the point 2z and the representation of z as the p + ¢ by ¢ matrix as the

I

q
homogeneous coordinates of z.

The action of U(p,q) on the inhomogeneous coordinates of a point z is as

follows.

Lemma 4.1. For g € U(p,q), the action of U(p,q) on D represented by the inho-

mogeneous coordinate is

g-A=BC™!

A B
if g = where B is a p by ¢ matrix and C is a q by ¢ matriz.

I, C

A B
Proof. First compute matrix multiplication g = , then multiply on

C

o~

BC™!
the right by C~! to get . The first step takes {uy,...,u,} to the neg-

I

q
ative ¢-frame {guy,...,gu,}. Since the latter spans a negative g-plane as well, by

our coordinate assumption, *BB — *C'C' is negative definite, hence C' is invertible.
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Then multiplying on the right by C'~! is equivalent to choosing another basis in-
side span{guy, ..., gu,} so that we get back to the inhomogeneous coordinate. By

definition g - A = BCL. O]
Suppose z is represented by A in inhomogeneous coordinate, the above condi-
tion says the first r rows and first s columns of A are zero, i.e.

0 O
Dy = {A € My y(C)|A = Ay € Myy_ryniqos)(C),*AA < I,}. (4.3)

0 Ay

4.2 The Sp(2n,R) case

In this section let D; be the symmetric space of Sp(2n,R) and D be the
symmetric space of U(n,n). Let Vi be a 2n dimensional real vector space with a
non-degenerate skew symmetric form (,);. Let V =1, ® C. For v € V let v denote
the conjugation of v relative to the real subspace V. We extend (,); from V4 to
V' anti-linearly in the first variable and linearly in the second variable. Denote the
resulting form by (,). It can be easily checked that (,) is skew Hermitian. By
a calculation using basis of V; (which we will see soon), one can show that the
Hermitian form 1(,) has signature (n,n). We can also extend (,); linearly in both

variables and still denote the resulting skew-symmetric form by (,);. Hence we have

(v,w) = (T,w);, for v,w e V.

We then have three linear isometry groups: G(Vj, (,)1) = Sp(2n,R), G(V, (,)) =
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U(n,n) and G(V, (,)1) = Sp(2n, C). Denote by o the complex conjugation on GL(V)

induced by the above conjugation on V', so from real vector subspace Vj inside V.

Lemma 4.2. (0,w) = (v,w), (0,0) = —(v,v) for all v,w € V. o(U(n,n)) =

U(n,n), o(Sp(2n,C)) = Sp(2n, C).

Proof. Let v be the complex conjugate of v € V.

Since (v,v) is purely imaginary (v,v) = —(v,v). For any g € U(n,n)

(a(9)z,0(9)y) =(97, 9y) = (97, 97)

=(z,9) = (v, y)

This shows that o(U(n,n)) = U(n,n). Similarly, o(Sp(2n,C)) = Sp(2n, C). O

The following is easy to verify

Sp(2n,R) = U(n,n)? = Sp(2n,C)? = U(n,n) N Sp(2n,C).

Dy is the set of n dimensional C-subspace z in V' such that
1. (,); restricted on z is zero (z is Lagragian for (,);).
2. 1(,) is negative definite on z.

Since D is the set of negative n-planes of (V, %(, )), D1 naturally injects into D, this
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injection is in fact an embedding. The involution o of U(n,n) induces an involution
of D. To be more precise, for any z € D, let Z be the complex conjugate of z with
respect to the real structure defined by V,. By Lemma 4.2, Z is positive definite.

Define

with respest to the Hermitian form %(, ). One sees immediately that

Lemma 4.3.

o(g-z)=o0(g)-o0(2),Yg € U(n,n)
and D, = D°.

Proof.

o(g-2)=(g72)" = (o(g) - 2)" = o(g)(2)"

where the second equation follows from the definition of o(g) and the third equality
follows from the fact that o is an anti-isometry of (,) (see the proof of the previous

lemma). Hence the first statement is proved. Let z € D, then

z€ D% &z =(2)*

<(z,y) =0,Vz,y € 2
S(z,y) =0,Vr,y € 2

Sz e Dy
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Now let Uy C Vj be a non-degenerate subspace with respect to (,); and z be

a point in D(Up). We can find a symplectic basis {E, ..., E,, F1, ..., F,} such that

1. (Eka Fy)l - 5k]7 (Eku Ej)l - (Fk7F})1 =0.

2. U(] = span{El, Fl, ooy E,«, Fr} and 20 = spanC{El — Fﬂ, e ET — F/L}
According to definition 3.2, we can define a special subsymmetric space Dy, ,, C
Dy. Let U = Uy ® C, then U C V is of signature (r,r) and we have the special
subsymmetric space Dy ., C D. The natural embedding Dy — D maps Dy, , into

Dy -

Define an orthonormal basis of V' for the form (,) by

1 1 1 1
v = —(E1+F11),...,0, = —=(E,+F,1),vp401 = —(E1—Fi1),...,09, = —(E,—F,7).
1 \/5( 1 1) \/5( ) +1 \/5( 1 1) 2 \/5( )
z
Clearly, vy = vain and Uary = v, for 1 < a < n. Hence, if € C? is the
w
column vector of coordinates of the vector v € V relative to the basis {vy, -, v2,}

then we have

gl

(4.4)

S
I

in the same coordinates. For any z € D, we express z as a matrix A as in Equation

(4.1) of the last section. By Equation (4.4), if z is the span of the column vectors in

A I,
the matrix then Z is the span of the column vectors in the matrix

I, A
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tA

The column vectors in the matrix are perpendicular to the column vectors
L,
I I, O
in the matrix with respect to +(, ) which has the matrix form
A 0 —I,

Hence we conclude that in the inhomogeneous coordinate above

o(A) ="A.

From this description we see that o is holomorphic and D; = D7 in the
inhomogeneous coordinate is the set of n X n symmetric matrix with operator norm
less than 1. Recall that in the inhomogeneous coordinate Dy ., is represented by

the matrices

{A € Man(C)|A = ,A4 € M(n—r)x(n—r) ((C), *ALAL < ]n_r}. (45)
0 Ay

It is easy to see that Dy, ,, is the subset of Dy ., with the additional requirement

that *tA = A. Hence

(DU,Z())U = DU07ZO’

4.3 The O*(2n,R) case

In this section let Dy be the symmetric space of O*(2n,R) and D be the

symmetric space of U(n,n). Let Vy be a n dimensional right H-vector space with
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non-degenerate skew Hermitian form (, ), that satisfies

(vh, Th)s = h(v, ¥)h.

Let V' be the underlying complex vector space of V. Define (,) on V by

(v,0) =a+biif (v,0)e =a+bi+cj+ dk.

Then (,) is s skew Hermitian form and 1(,) is of signature (n,n). Also define S(,)
on V by

S(v,0) = (vy,0).

It is easy to see that S(,) is bi-linear and symmetric. We have three linear isometry
groups G(Vo, (,)2) = 07(2n,R), G(V,(,)) = U(n,n) and G(V,S(,)) = O(2n,C).
Denote by o the involution on GL¢(V') = GL(2n,C) defined by conjugating by the

element j € H.

Lemma 4.4. (vj,wj) = v,w, (vj,vj) = —(v,v) for all vyw € V. Moreover

o(U(n,n)) = U(n,n), o(0(2n,C)) = O(2n,C).

Proof.
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Since (,) is skew Hermitian (v,v) is purely imaginary. It follows that (vj,vj) =

—(v,v). Define J(v) = v - j for v € V. Then for g € U(n,n),

(o(9)z,0(9)y) =(JgJ "z, JgJ'y) = (9] 'w, g 'y)

%) = (2.).

Hence o(g) € U(n,n) as well. Similarly ¢(O(2n,C)) = O(2,C). O

The following can be verified

O*(2n,R) = U(n,n)? = O(2n,C)? = U(n,n) N O(2n,C).

D, is the set of n dimensional C-subspace z of V' such that
1. S(,) restricted on z is zero.
2. 1(,) is negative definite on z.

Since D is the set of negative n-planes of (V, %(, )), Dy naturally injects into D, this
injection is in fact an embedding. The involution o of U(n,n) induces an involution
of D. To be more precise, for any z € D, let z - 7 be the complex vector space

{vjlv € z}. By Lemma 4.4, z - j is positive definite with respect to %(, ). Define

with respest to the Hermitian form 1(,).
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Lemma 4.5.

o(g-z)=0(g)-0(2),Vg € U(n,n)
and Dy = D°.

Proof. Define J(v) = v - j for v € V. Then

(gv) - j = J(gv) = JgJ " Jv =0(g)(v- j).

For any g € U(n,n)

The second equality follows from the fact that o(g) € U(n,n)(Lemma 4.4). This

proves the first statement. Let z € D, then

z€D” &z =(z-5)"
e(x-j,y) =0,Vo,y € z
<S(r,y) =0,Vr,y € 2

Sz € Ds.

O

Now let Uy C V; be a non-degenerate H-subspace with respect to (, )2 and zg

be a point in D(Uy). We can find a basis {vy,...,v,} such that
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1. (Va,vg)a = i04p for 1 < a, f < n.
2. Uy = spang{vy,...,v.} and 29 = spanc{vi7j,...,v.j}.

According to definition 3.2, we can define a special subsymmetric space Dy, ., C Ds.
Let U be the underlying complex vector space of Uy, then U C V is of signature (r,r)
and we have the special subsymmetric space Dy ., C D. The natural embedding
Dy — D maps Dy, ., into Dy .

Define an orthonormal basis of V:

Uy v o5 Uns Ungl = V1J5 -+, U2n = UnJ-

Apparently v,j = Vgsn and vai,j = —vy for 1 < o < n. For any z € D, we

express z as a matrix A as in the last section. z is the span of the column vectors
A

in the matrix and z - 7 is the span of the column vectors in the matrix
I,

-1, —tA
. The column vectors in the matrix are perpendicular to the

A I,
-1,
column vectors in the matrix with respect to 1(,) which has the matrix
A
I, O

form . Hence we conclude that in the inhomogeneous coordinate above
0o -1,

o(A) = —"A.
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From this description we see that o is holomorphic and Dy = D? in the
inhomogeneous coordinate is the set of n X n anti-symmetric matrix with operator
norm less than 1. Recall that in the inhomogeneous coordinate Dy ., is represented

by the matrices

{A € Mnxn((c)lA = ,A4 € M(n—r)x(n—r) (C), >IKAA4144 < In—r}-
0 Ay

It is easy to see that Dy, ,, is the subset of Dy ., with the additional requirement
that ‘A = —A. Hence

<DU7ZO)U = DU(»ZO'

4.4  Generalized special cycles are subvarieties

Theorem 4.1. The generalized special cycle Cy . defined in 3.3 is an algebraic

subvariety in M = T\ D.

Proof. First let us assume that the map p, : I'y\Dy — I'\D is an embedding.
By equation (4.3) and its analogues for G = Sp(2n,R) and G = O*(2n,R), the
subsymmetric space Dy . is a complex analytic subvariety of D. Hence I'yy/\ Dy is
a complex analytic subvariety of D. By the main theorem of [Chow], I'y\Dy is a
complex algebraic subvariety of I'\ D.

In the general case, we apply Lemma 3.1. By the previous argument we see that
(in the notation of Lemma 3.1) (I')/\ Dy is a complex algebraic subvariety of I\ D.

Since the map f : ["\D — I'\ D is an analytic covering between complex projective
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varieties, it is automatically a regular map of complex projective algebriac varieties
by [Serre]. Hence f is projective by Lemma 28.41.15 of Stack Project. Being a finite
covering map, f is automatically quasi-finite, hence a finite morphism. Hence f is
proper and in particular closed. Then the image Cy . = f((I")y\Dy) is a closed

subvariety of I'\ D. O
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Chapter 5: The oscillator representation

5.1 Dual reductive pairs

Let (B, o) be defined as in 2.1. Let € be —1 or 1. We define a non-degenerate
e-Hermitian form (, ) on a right B vector space V' and a —e-Hermitian form <, > on

a left B vector space W which satisfy

(Ulbh Usz) = b‘f(vla Uz)bz

(U1,U2) = 6(7127?11)0

< blwl, bowy >= by < Wy, Wy > bg

< Wy, Wy >= —€ < Wy, wy >’

for v1,v9 € V, wi,wy € W and by,by, € B. Let G be defined as in 2.3 and

G'={g € GLg(W)| < w1g', wag" >=< w1, wy > Ywy, wy € W}.
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We view G and G’ as algebraic groups over k. Let

n = dimpgV,

and
2n' = dimgW.
Also let
W=V®gW
and
() =trem((,)® <,>7) (5.1)

So that W is a k-vector space with a non-degenerate alternating form ((,)). Then

(G,G'") is a dual reductive pair in the sense of [Ho2].

5.2 the Schrodinger model

Now we assume that (W, <,>) is split over B. i.e. there is a decomposition

szl_'_wll

with B subspaces W’ and W” which are isotropic for <, >. We fix a decomposition

of W and choose B-bases e, ..., e, for W' and €], ...e], for W” such that

< 61‘,€;~ >= 61]
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This choice of basis gives rise to an isomorphism

a b
G = € GLy,(B)|ad* — bc* = 1,ab* = ba™, cd* = dc* } |
c d
where a* = Ta“ etc and to isomorphisms

Wy

W=V W =y"
W =V @y W' = V",

Under these isomorhpism

(([z1, 9], [x2, 12])) = t?‘B/k((wl,yz) — (Y1, 72)),

where we think of [z, 4], [z2,ye] as elements in W for xy, 41, x2,y2 € V™ and
(,y) = ((i,95)) € My(B)

if x,y € V™. Also note that the parabolic subgroup P’ C G’ which stabilizes W”

then has the form
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and hs unipotent radical

N' = n/(b) = |b € M,(B) with "6” = b (5.2)

and Levi factor

M =< m'(a) = la € GL,(B) and a = (Ta™')7 » . (5.3)

Fix a non-trivial additive chracter 1 of k, trivial on k£ and let

(w, LAV (8)"™))

—_—

be the Schrédinger model of the global oscillator representation of Sp(W(A)), the
two fold metaplectic cover of Sp(W(A)), corresponding to ¢ and the polarization
(1.7) in [Weil2] and [Ho2]. As usual , we identify Sp(W(k)) with its image in

Sp(W(A)) under the canonical splitting, and we have the Sp(W(k))-invariant dis-

tribution # defined by

where ¢ € S(V(A)"), the Bruhat Schwartz functions on V(A)". Let G'(A) denote

the inverse image of G'(A) in Sp(W(A)). Then the action of G'(A) in L*(V(A)")

defined by the restriction of w to G’(A) commutes with the natural action of G(A)
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defined by

w(g)p(x) = (g~ %),

where g € G(A), p € L*(V(A)").
To describe the action of the parabolic subgroup P’(A) of G'(A) we fix a

—_——

section of the covering Sp(W(A)) — Sp(W(A)) and hence an identification:

as in [R]. Then

w(m'(a), )p(x) = Cxv(a)p(xa) (5.4)

where

ev(a)lal? case 1
xv(a) =

la|? cases 2 and 3,

where |a| is the modulus of multiplication by a on B} and €,(a) is as in the notation

of [R]. Also

w(n'(b), Q)p(x) = C?ﬂ(%tr(b(X’X)))w(X)- (5.5)

Define £ = {8 € M, (B)| "¥° = eb} and we have the Fourier expansion according

to the action(character) of N'(A):
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Notice that this is just a way to rewrite the summation. Finally we define

5.3 Classical theta distribution
Let IL be an open subgroup of V' (Ay). Let ¢y, be the characteristic function of

an open subgroup L™ C V(Ay). For any ¢ € S(V2), define po, € S(V(A)") by

Poo = P & QL

We now apply the Sp(W(k))-invariant theta distribution to p:

Ops(9:9) = Y Poolg,9,%).

xeV (k)"
Define

L=LnV(k).

Via the map V (k) — V., L is a lattice in V... There exist arithmetic subgroups
I' ¢ G(k) (actually I' = G(k) NGL(L)) and I'" C G'(k) such that for any g € I', ¢’ €

[, we have

> wlg g e@e)(x) = ) wig,d)p®1)(x).

xeV (k)™ xeLn
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In other words, each open subgroup L C V(Ay) induces a V, lattice L, groups

I'c G(k), T" C G'(k), and a T x I"-invariant distribution 6 on S(V) defined by

Orp0 = Z Poo(X).

xeLm™

This is the classical theta distribution that we will use later.
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Chapter 6: Real reductive dual pairs

In this chapter, we study real dual reductive pairs. We construct the division
algebra (B, o), the B vector space V(resp. W), the form (,)(resp. <,>) and the
group G(resp. G’) as in section 5.1 except that now we are interested in the case

k = R instead of a number field (so B=R,C or H).

6.1 The infinitesimal Fock model

The discussion in this section follows that of section 6 in [KM5] closely. But
we correct a sign error in that paper. Let W be a be a vector space over R with
a non-degenerate skew-symmetric form ((,)) and Jy be a positive definite complex
structure (i.e. the form ((.Jy, )) is positive definite) on W. We may decompose W@ C
according to

WoC=W 4+W

where W’ is the +i eigenspace of Jy and W” is the —i eigenspace of Jy. Notice that
both W and W” are isotropic for ((,)).
We now construct a one-parameter family of representations wy of sp(W & C)

on Sym(W’)*, the symmetric algebra of the dual of W. We observe that W' and
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W are dually paired by ((,)) and it suffices to construct a one-parameter family of
representations on Sym(W”).

Define W, to be the quotient of the tensor algebra T*(W ® C) of the complex-
ification of W by the ideal generated by the elements © ® y — y @ x — A((z,y))1
where z,y € W. Let p : T*(W ® C) — W, be the quotient map. Clearly
p(T*(W")) = Sym*(W’) and p(7*(W")) = Sym*®*(W"). W, has a filtration F** inher-

ited from the grading of 7*(W ® C) and

[FPWy, FIW,] C FPTI2 W,

Thus F?W), is a Lie algebra and we have a split short exact sequence of Lie algebras

0— F'Wy = F°W, = sp(W® C) — 0

where the splitting j : sp(W ® C) = Sym*(W ® C) — F?(W),) is given by

Now let Z be the left ideal in W, generated by W'. Then 20, = W, /Z is a Wj-
module and a fortiori an sp(W ® C) module via the splitting j. The projection
p: Sym®*(W”) — W, induces an isomorphism onto W, /Z and we obtain an action

of W, and sp(W ® C) by left multiplication.
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Explicitly let {e1,...,en, fi,... fn} be a symplectic basis for W such that

Joej = fj and Jofj == —fj (61>

for 1 < j < N. Define

!/ L o n . o
w; = e; — f;i and wi = e; + fji

for 1 < j < N. Then {w],...,wi} (resp. {w,...,wX}) is a basis for W' (resp.

W”). Let z; be the linear functional given by

Then Sym®(W”) can be identified with Pol(W’) = Pol(CY) = C[uy, . .., uy]. Denote

by p the action of Wy on Pol(CY). We have (Lemma 6.1 of [KM5])
Lemma 6.1.

1 p(u)) =,

2. pa(w)) = 22‘)\6%.

From now on we specialize to the case A\ = 27 and let 20 = WWo,;. Let w
denote the action of sp(W @ C) on 2. We call (20, w) the infinitesimal Fock model

of the oscillator representation of sp(W @ C).
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6.2 The Schrodinger Model

If we decompose W as

W=XaY

where X and Y are Lagrangian subspaces of W. The Schrodinger model can be

viewed as the Schwartz functions X'. Explicitly if we assume

X = span{ey,...,ex}

Y = span{fi,..., fn}

Then we have

0
pale;) = oz,
pa(fi) = Az
where {z1,...,zx} are coordinate functions with respect to the basis {eq,...,en}.
We define
N

wo = exp(—m Z )

i=1
o is the unique vector in S(X) that is annihilated by p(wj) for all 1 < j < N. The

oscillator representation w is a representation of the metaplectic group Mp(2N,R)

—~——

and U(N) is a maximal compact subgroup of Mp(2N,R). We then have a unique
Wi-intertwining (thus sp(W)-intertwining) operator ¢ : 20, — S(X). ¢ maps the

—_—

infinitesimal Fock model 20 onto the U(NV)-finite vectors in the Schrodinger model
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which consists of functions on X of the form p(z)yo(z) where p(z) is a polynomial
function on X. More specifically, it maps 1 € 20 to ¢ and it is easy to show that

(Lemma 6.3 of [KM5])

Lemma 6.2.

(z) = <ai — 2rz;)

As in previous chapters we are going to give detailed construction of Fock and
Schrodinger model case by case. We will see later that the Fock (resp. Schrodinger)
models of the dual pairs (U(n,n), U(m,m')), (Sp(2n,R), O(2m,2m’)) and (O*(2n), Sp(m,m’))
are isomorphic since they come from isomorphic (W, ((,))). The common Fock

(Schrodinger) model of these dual pairs can be used to study the seesaw dual pairs:

U(n,n) O(2r,2s) (6.2)
Sp(2n,R) U(r, s)
and
U(T‘L, n)><Sp(‘r, s) . (6.3)
O*(2n) U(r, s)
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6.3 The (U(p,q),U(m,m')) case

Let V be a p + g dimensional right vector space over the complex numbers.

(,) be a non-degenerate skew-Hermitian form on V' with signature (p, q) satisfying
(vh,v'h') = h(v,v" )
for h,h' € C and v,v" € V. Choose a basis {vi,...,Up, Vps1,...,Vprq} of V such
that
1. (Va,vq) = —1i

2. (Vp,vp) =14

for 1 <a<p,p+1<u<p+q (in this section we keep this convention of index)
and (v;,v;) =0 if j # k.
Let W be a m + m/ dimensional vector space over the complex numbers with

a Hermitian form <, > of signature (m,m’) satisfying

< hw,Ww >=h < wy,wy > N
for h, ' € C and w,w’ € W. Choose a basis {wy, ..., W, Wni1,- -, Wpim } of W
such that

1. <wg,w, >=1

2. <wg,w, >=—1
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for 1 <a <m,m+1 <k <m+m/(in this section we keep this convention of index)
and < w;,wy >=01if j # k.

Define W =V ®@c W and ((,)) on W by

One checks easily that ((,)) is a skew Hermitian form that is anti-linear in the first
variable and linear in the second variable. Define ((,))r = Re((,)), then ((,))r is a
symplectic form on the underlying real vector space of W.

Define Jy = i1, ; ® Iy, Where I, is the matrix

Then Jy is a positive definite complex structure for the symplectic form ((, ))r.
Now define We = W g C = V ®¢ (W ®g C). Denote the new complex

structure by right multiplication by i. Define

W, = Wy — 1w, (6.4)

// . .
W, = Wq + W41

Wy, = wg + 1wy

wy = wy, — 1wgi.
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We =W @ W” where W/ (W” resp.) is the +i(—i resp.) eigenspace of Jy. Then we

have

Lemma 6.3.

! !/ " !/ "
W' = spanc{v, ® wy, v, ® wy, Ve @ Wy, v, @ w),

1" 1 !/ " /
W = spanc{v, ® wy, v, ® w,, v4 @ Wy, v, @ wy}

Define linear functionals

1. uaa(v & w) = <<Ua ® wg, VR w>>R
2. Upa(v @ W) = (v, @ We, v @ W))r
3. Uak(v @ w) = (v, @ WY, v @ w))r

1. w0 ® W) = (1, © whv ® w))

We can now identify Sym®(W”) = Pol(W’) with the space of polynomials in complex

variables {u;;,1 <i<p-+¢q,1 <j<m+m'} and this will be the Fock model 20.
Now we assume m = m/. In this case, the Schrodinger model of the oscillator

representation is given by the space of Schwartz functions on S(V ®¢ E) =2 S(V™)

on V™ where E is a given Lagrangian subspace of W. We use complex coordinates

z=(21,...,2m)

with

zj = t(zl,ja e 7Zp+q,j>

68



Zjk = Tjk + WYk

with respect to the basis {vy,...,v,44}. If we fix the parameter A = 274, then we
have
p+q m
po(z) = exp(—1 Y Y |2kal)
k=1 a=1

The Weil representation action of sp(W, ((,))) now arises by the following action of

quantum algebra W,:

pa(ve @ W) :%(—)\ﬁaa + 235;(1)’ pa(v, @ wl) :%( Nizpq + Zaa ),
PA(ta ® W) ,) :%(Aizaa 9 ajaa)’ Pa(v, ® ) :%(m,m 9 afw),

Pa(Ve @ wl) —\}_()\zzaa + 2aia) pa(v, @ W) %()\zzua + 2aia)
Pl &0 0) = (NiZo0 = 255,y ) =iz = 25)

where l <a<pp+1<pu<p+q,1<a<mand

RS VA
aij 2 8a:jk 8ka

9, 1,0 0

9o 2"

+
Oz OYji

L0 — S(V™) maps 1 € 2 to ¢y and
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Lemma 6.4.

0 0
L(Uaq) —T(Azzaa + Qagaa), L(Upa) —7(/\22% + 28ZW)
1, 5 RN 0
t(Uak) —E(—)\zzfm — Qazaa), () —ﬂ(—AzzW — Qazua)

fori<a<pp+1<u<p+qgl<a<m,k=a+m

Let p be a monomial of degree d of the variables {uaq, U, Uak, Uur| < @ <

pp+1<pu<ptqgl<a<m,m+1<k<2m}. Suppose

p pTq m Ao
daa dua

-1 LI T ot

a=1 m+

pu=p+1a=1k=m+1
Then we have

p ptq m

=TT IT IT v vapess

a=1 p=p+1 a=1 k=m+1

We will need the following lemma later

Lemma 6.5.

L(p) = Ppo.

where p is a polynomials of the variables {zaq, 2ua; Zak, 2uell < o <p,p+1 < p <
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p+q,1 <a<m,m+1<k<2m} whose highest order term (degree d term) is

p ptq m

H H H H 2\/_7T’Za“ ) (= Qﬁﬂzﬂa)dua@ﬂﬂ'zaa)dak(2\/§7Tzua>d“k

a=1 p=p+1 a=1 k=m+1

Proof. Since

p+q m

Yo = H HeXp(_ﬂ-|Zoza|2)

a=1a=1
and the operators {¢(uaq), t(tua), t(Uak); ()] <a<p,p+1<pu<p+ql1<a<
m,m+ 1 < k < 2m} commute with each other, it suffices to prove the lemma for

one variable case. That is it suffices to prove the case when

o = exp(—|z|)

and

This is an easy induction on the degree d. When d = 0, there is nothing to prove.

Suppose

—
()™ e(u) " o = Pay dr 0

where pg, 4, is a degree d; +dy polynomial of z, Z with highest order term (—2+v/272)% (—2+/272)%

Then

&900 = —TZ%o
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7-%P0 = —TZPo.
Z

Both % and % reduce the degree of pg, 4,. SO

—d
(W) (1) o = Payt1,as o

where pg, 1.4, is a polynomial of with highest order term (—2v/272)1+!(—2y/277)%.

The lemma is proved. O

6.4 The seesaw dual pairs 6.2

Let Vy be a 2n dimensional real vector space with a non-degenerate skew
symmetric form (, )o. Let V = 1, ® C and we extend (, )y from V; to V' anti-linearly
in the first variable and linearly in the second variable. Denote the resulting skew
Hermitian form by (,).

Let W be a r + s dimensional complex vector space with a Hermitian form
<, > of signature (r, s) which is linear in the first variable and anti-linearly in the
second variable. We denote the underlying real vector space of W as Wg. And
define <, >g= Re <,>. Then <, >p is a symmetric form of signature (2r,2s). We
have

V®cW:(%®RC)®@W§%®RWR.

Define W =V ®@c W and ((,)) on W by

(V@ w, 0 @u)) = (v,0) <W,w > .
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Also define a symplectic form ((,))g on W (regarded as Vo ® Wg) by

((v@w, 0@ W))r = (v,0)

It is easy to check directly that

Lemma 6.6.

< W, W >R .

Re<<7 >> = <<7 >>R

Remark 6.1. The above lemma shows that the

same underlying symplectic module (W, ((,))r).

seesaw dual pairs in 6.2 share the

Thus they give rise to the same

oscillator representation. Thus the Fock and Schrodinger model of (U(n,n), U(r, s))

can serve as the Fock and Schrodinger model of (Sp(2n,R), O(2r,2s)) as well.

Now suppose r = s. We want to write down the coordinate functions in the

Schrodinger model S(VZ") = S(V”). Let Ei,.

basis of (Vg, (,)o). Then

1. va:\%(Ea—iFa)forlgozgn

. B, Fy, ..., F, be a symplectic

2. v, = \%(Eu_n +iF, ) forn+1<p<2n.
Then
1. (Va,vq) = —1

2. (vy,v,) =1

Choose a split basis {wy, ..., wq,} of (W, <,>) such that
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1. < wy, Wpyyr >= Oab
2. < Wy, Wp >=< Wagy, Whyy >=0

for 1 < a,b <r. Then {wy,iwy,... W, Wy, Wpi1, Wpi1, ..., W, iWe, } is & split basis
of (WR, <, >R)- Define

E = spanc{wy, ..., w,}.

Then the Schrodinger model of the seesaw dual pair (6.2) is S(V ®¢ F) = S(Vp ®

Er) = S(V") = S(VE). We use complex coordinates

z=(21,...,2)
with
zj="(21,- - 22n,5)
Zjk = Tk + 1Yjk-
with respect to the basis {vy,...,v9,} and {wy,...,w,}. Then it is easy to see that

) xa—l—ma(Ea ® wa) -

) yoHrn,a(Fa ® wa) = -

1
V2
. 1 .
ya,a(Eoc ® iw,) :E’ ya+n,a(Ea ® iw,) =
1
V2

anrn,a(Fa ® iwa) =

Sl Sl Sl Sl

for 1 <a <n,1<a<r. Allother pairings between {z;5,y;x|l <j<n,1<k<
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r} and {E, ® w,, Fy @ W, By @ iw,, Fy @ iw,|1 < a <n,1 <a<r} are zero.

6.5 The seesaw dual pair 6.3

Let V' be a n-dimensional right H vector space with skew Hermitian form (,)
satisfying

(vh, ©h) = h(v,D)h,

where v, 0 € V and h, h € H. V¢ is the underlying complex vector space of V.

Define a skew Hermitian form H(,) on Vi by

H(v,7) =a+ bi

if (v,0) = a+ bi+ ¢j + dk. Define S(,) on V¢ by

S(v,0) = H(vj,0).

S is symmetric and complex linear. Let W be a r + s dimensional left C vector spae
with non-degenerate Hermitian form <, > of signature (7, s) that is comlex linear
in the first variable and anti-linear in the second variable. Define Wy = H ®¢ W,

extend <, > to a form on Wy denoted as <, >y satisfying

< hv,ho >u=h < v,7 >u h,
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for h,h € H. Then we have a canonical isomorphism

V®HWH§V@®CW

Let W =V @y Wy. Define ((,))r on W by

((v@w, 0 ®w)) = Re[(v,0) < W, w >g.

((,))r is well-defined on W and is a symplectic form. Also define ((,)) on W (re-

garded as V¢ ®c W)by

(v@w, 0 @w)) = H(v,0) <w,w > .

Then we have

Lemma 6.7.

((; e =Re((,)).

Remark 6.2. The above lemma shows that the seesaw dual pairs in 6.2 share the
same underlying symplectic module (W, ({,))r). Thus they give rise to the same
oscillator representation. Thus the Fock and Schrodinger model of (U(n,n), U(r, s))

can serve as the Fock and Schrodinger model of (O*(2n),Sp(r, s)) as well.

Now suppose r = s. We want to write down the coordinate functions in the
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Schrodinger model S(V7") = S(V{). Choose a basis vy, ..., v, of V. such that

(Ua, Ug) = —Z'(sag.

Let voin = voj. Then {vy,...,vn,Vp11,v2,} is & basis of Vi. Choose a split basis

{wy, ..., we} of (W, <,>) such that

L. < W, Wty >= 5ab

2. < Wy, Wp >=< Waiy, Wpsy >=0

for 1 <a,b<r.
Define

E = spanc{wy, ..., w,}.

Then the Schrodinger model of the seesaw dual pair (6.2) is S(V ®@¢ E) = S(V").

We use complex coordinates

7, = (zl,...,zT)
with
Zj = t(zLj, ce ,ZQnJ)
Zjk = Tjk + Wik
with respect to the basis {vy,...,vn,v17,...,v,5} and {wy, ..., w,}.
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Chapter 7:  Special Schwartz classes in the relative Lie Algebra co-

homology of the Weil representation

In this section we review the construction of holomorphic differential forms
in [And]. We use this result to construct the special canonical class ¢ as in Theorem
1.1. We prove that ¢ is closed.

Recall that

C*(g, K3 M) = Homp (A*(g/¢), M) = Homg (Ap, M) 2= (A\p* @ M)

is a cochain complex and gives rise to the relative Lie algebra cohomology H*(g, K; M)
(see [BW]) for the (g, K') module M.

Let go be the Lie algebra of G and g be its complexification. Fix a maximal
compact subgroup zy = K of G and the corresponding Cartan decomposition gg =
to+po. Identify 7., D with po where D = G/K. Note that D is Hermitian symmetric.

Decompose p = py ® C into holomorphic and anti-holomorphic tangent vectors

p=p"+p .

In his Phd thesis, [And], G. Anderson constructed cochains ¢ in Homg (A®p,, 20°-)
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where 20 is the Fock model of the oscillator representation. Here, the notation 207~
denotes the subspace of 20 annihilated by p_. By left-translating using elements
in GG, the cochains ¢, give rise to G-invariant holomorphic differential forms on D

with values in 20. We now give this construction case by case.

7.1 The U(p, q) case

We follow the assumptions and notations of section 6.3. Let V* = Hom¢(V, C).

Given a Hermitian form (,) on V, there is a map V — V* given by

v (v,-).

Hence we can view the underlying Abelian group of V* as the same with that of V,
and we denote by v* the element v € V if we think of v as an element in V* instead.

The scalar multiplication in V* is defined by

hv* = vh,Yh € C.

where the left hand side is scalar multiplication in V* while the right hand side is
scalar multiplication in V.

One can also identify V ®¢ V* with Hom¢(V, V') by the map

vV = (D, ).
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Let Sym(V ® V*) be the symmetric tensor inside V ®¢ V* (this makes sense since
V and V* have the same underlying Abelian group). By the above identification,

Sym(V ® V*) acts on V' by

where vo 0 = v ® U* + 0* ® v. One can check that this action satisfies

((voo)(x),y) + (z,(vor)(y)) =0

Moreover we have

Lemma 7.1.

Sym(V @ V*) =u(V,(,)) = u(p,q)

Define V* = spanc{vi,...,v,} and V™~ = spanc{vp41, . . ., Uptq}. The splitting
V = VT 4+ V= corresponds to a point in the symmetric space D of G and gives a

Cartan Decomposition of go = u(V/ (,)).

go = £o + po,

where

ty = (Hom(V~, V™) @ Hom(V*", V")) N gy

and
po = (Hom(V~, V1) @ Hom(V*, V7)) N go.
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More explicitly define

B = U 0 v, and F,,,, = v, © U, (7.1)

for 1 < m,n < p+ q then we have
1. € = spang{Eous, Fop, B, Fluv}
2. po = spang{Eq,, Fuou}

where 1 < o, <pand p+1 < u,v < p—+ q(in this section we keep this convention

of index). In terms of matrices we have

0 A
Po = |A S Mqu<(C)

*A 0

We now describe an Ad(K)-invariant almost complex structure J, acting on p
that induces the structure of Hermitian symmetric domain on U(p, ¢)/(U(p) x U(q)).

Let ¢ = e, Define a(¢) by

a(Q)(va) = vaC and a(C)v, = v,C . (7.2)

Now we define

Jp = Ad(a(())-
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It is easy to check under the identification of V ®¢ V* = Hom¢(V, V') we have

Ad(a(Q))(v @ 1) = (a(¢)v) ® (a(¢)v").

This implies that

JP(EOZ,U) = Fa/u Jp(FaM) - _Eau-

Define

Xop = Eop — 1Fy, = 20, ® v;,

You = Eop + 1Fy, = 20, ®@ v,,.

Let p(resp. p_) be the +i (resp. —i) eigenspace of .J,. We then have

py = spanc{Xa,}, p— =spanc{Ya,}.

In matrix form we have

\

0 A
P+ = |A € Mpxq((c)
0 0
\
0 0
p- = |A € Mqu(C)
tA 0 )

We also let {&),, [l <a<pp+1<pu<p+q}(resp. {{[1<a<pp+l<p<

p + q})be the basis of p* (resp. p* ).
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Now fix 1 <r <p,1 <s <gq. Define

Ut =spanc{vy,...,v.}, U =span{v,i1,...,0pss}

and

U=U"+U".

Also define

U = spanc{v1, Vo, ..., Up, Upi1y -, Upts}

Recall that the symmetric space D of G = U(p, q) is the set of negative g-planes.

We fix z{ = U~. In Chapter 3 we define a sub symmetric space of D

Dy ={2€DlU” CzCU"}.

Fix a base point 2o = span{vyi1,...,Uptq} € Dy,.;. Now it is obvious that

TZODU,26 = SpanR{EauaFay‘r+ I<a<ppt+s+1< 2 SP+Q}

where T, Dy ., is the tangent space of Dy at zp. And the holomorphic tangent space

of Dy at zg is

T} Dy = spanc{Xaulr +1<a<pp+s+1<pu<p+q}

Recall that we define a fiber bundle 7 : D — Dy, in section 3.2 as follows. At
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each point z € Dy s, the fiber is the union of all geodesics that are perpendicular to
Dy,.; at z. The tangent space of the fiber F. Dy = 71(29) at 2o can be described
as

Ny Dy = spang { By, Foyl(0, 1) € T} (7.3)

where [ is the index set

I={(a;pl <a<rptl<p<pt+qiU{(e,p)lr+1<a<pp+l<p<p+s}
(7.4)

Ny Dy LT, Dy,.; with respect to the Killing form of g. We also have

NoDu.zy = {Xoul(c, p) € I}

Next let 20_ be the infinitesimal Fock model defined in section 6 for the dual

pair (U(p,q), U(0,7 4+ s)). We now define polynomials f, f- € 20_ by

Definition 7.1.

Up U2 ... Uiy
f_|_ - det
Ury Upg .. Upp
Up+1 r+1 Up+l 742 -+ Uptl r4s
fo=det
Upts r4+1 Upts r+2 -+ Upts r4s

These polynomials are special cases of the polynomials studied in [KV]. We
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define an element of (A*p, ® 20°7)SUP9) following the construction of [And]. To
be more precise, let K = U(p) x U(q) and K be its two fold cover which is the
preimage of K under the map Mp(W) — Sp(W) and K° be the identity component
of K. Then it is a fact known to experts that K is the det™"2 -cover of K (see for
example [P]):

g _rts

K={(g,2) € KxC*|2*>=det(g)” = }.

Define
€D, . = /\ Xap
(a,p)el
Also define
_ £q—s pp—T
fDU,z(/) - + fﬁ

It can be shown that € acts on 20_ by

r+s
Ua X 'Uﬁ Z Zak Oéﬁ(r + S)
r+s
0 1
wv, o)) =— Zyp—=—— — =0, (1T + 5).
( 2 ) kz:; azp,k 2 1 ( )

The adjoint action of £ on p, induces an action on A®*p,. Define

b:span(c{va@)vgﬂ <a<pB<pt@spanc{v, @vlp+1<v<pu<p+q}.

t = spanc{v, ® v;|1 < a < p} G spanc{v, @ v,lp+1 < p < p+gj.

n_ = spanc{v, ® v3|l < B < a < p} @spanc{v, @uvylp+1 < p<v <p+q}.
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Then b is a Borel sub-algebra of €. One can verify that both ep, , and fp, , are
»2() »2()

highest weight vectors with respect to b. The weight of ep,, , with respect to b is
»20

1 1
(q+§(r 8),.,q+5(7"—8)7—(7“—’—8),.7—(7‘—{—8),
e por
1 1
_(T - S) - D, §(T - S) - D, _é(r + S)? ) ——(7" + S) )
s q—s

It is easy to observe that these two weights differ by

—(%(T —8), .., %(r —35)).

. J/
-~

p+q

Now denote the irreducible representation of K° generated by ep , as V(U),

U,z(/)

the irreducible representation of K° generated by fp, ., as A(U) where K° is the
=)

identity component K. By the theory of highest weight we have a K%-equivariant

map ¢ : V(U) = A(U) @ det~2~) such that

¢+(€DU726) = fDU,z6 ® 1.

When r and s have different parities, K = K°. When r and s have the same parity,

we know that K = K x {#1}. The main result of [And] in this case can be rephrased
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as

Theorem 7.1.
Yy € Homko(/\rq*p“”p% W ® det*%(’"*s)).

Let {€1,...,€e4} be a basis of V(U) C A®p, such that each ¢; is a weight
vector of t. Extend {ey,..., €4} to a basis of A"7TP5~"5p, = take the dual basis in-
side A"9TPs7"p* and denote the first d basis vectors by Qy,...,Q;. We have an

isomorphism
Hom go(A*p, W' @ det2(%) = (A*p @ W' @ det 20 )F",

Under this isomorphism ¢, maps to an element ¢, € (AP ™p* @ W' ®

0

det=2(r=9)K,

by = Z U (€) (7.5)

The element thus defined is independent of the choice of the basis {e1, ..., €4} and
is actually in (A®p, ® Q07 )SUPD),

We suppose

span{x} = {v1, ..., V00, Vpi1,- ., Vpss} € V5.

Let

it FyDy. — D
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be the natural embedding (see equation (3.4) for the definition of F,,, Dy, ). We have
the following crucial lemma which states that when restricted to the fiber F}, Dy

at zp there is only one term left in ¢, .

Lemma 7.2.

(01 ()) 0 = LT N\

(a,p)el
Proof. Recall that {X,, | (o,u) € I} (I is defined in Equation (7.4)) span the
holomorphic tangent space Njo Dy, ., of F.,Dy,.; at zp, and X, is perpendicular to
N7 Dy, if (o, 1) ¢ I. Similarly {¢,, | (o, ) € I'} span the holomorphic cotangent
space of I, Dy, at 2o, and i*(&,,, )]z, = 0 if (o, p) & 1.
Notice that /\(m el §op 18 the unique lowest weight vector in the irreducible
U(p) x U(g)-representation generated by itself. All the other weight vectors in

the representation are obtained by applying highering operators to /\(m el QW and

hence are of the form

X = Z g NNE,

where {j1,...,Ja} € {(a,p) | 1 < a < p,p+1 < pu < p+q} and for each d-
tuple of index {ji,...,Jjq} that appears in the above summation, there is an index

j€{j1,-..,ja} such that j ¢ I. Hence

By the definition of ¢, the lemma follows.
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Similarly let 20, be the Fock model for the dual pair (U(p,q), U(r + s,0)).

One can define an element

Y € Hom o (A"7P7"5p 0% ® det%(”_s))

and an element

b€ (/\rq—&-ps—rspi ® wt}: ® det%(r—s))f(”

We omit the construction of ¢ and ¢_ because it is completely analogous to the
construction of ¢,. Both ¢, and ¢_ are closed by Theorem 7.4 which we will prove
later.

Now let 20 be the infinitesimal Fock model for the dual pair (U(p,q), U(r +

s,m+ s)). We have

W= ®W, XW_@det ") @W, @ detz"),

We define

b=0+ No-.

It is immediate that

(b c (/\2rq+2ps—2rsp* ® Qﬂ)RO.

Moreover since the differential operator d for the chain complex C*(g, K°;20) sat-
isfies

d=d_ ®1+1®d,
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where d_ (resp. d, ) is the differential operator for the chain complex C*(g, K°; 20_®

det=20=) (resp. C*(g, K% W, @ det:("=9)), we have

dp = 0.

7.2 The Sp(2n,R) case

We use the fact that G = Sp(2n,R) = Sp(2n,C) N U(n,n). More specifically
let V be a 2n-dimensional complex vector space with a skew Hermitian form H(,)
and a skew symmetric form S(,). We further assume that we can choose a basis

{v1,...v9,} such that
1. H(Vq,v4) = —1,
2. H(vy,v,) =1,
3. <wj,v >=0if 7 #k,
for 1 <a<n,n+1 < pu<2n(in this section we keep this convention of index) and
1. S(Va, Voin) =1,
2. S(vj,v) =0if j #k+nand k # j+n.

Given these assumptions, it can be shown that U(V, H(,))NSp(V, S(,)) = Sp(2n, R).

We have seen in the last section that

w(V H(,)) = Sym(V @ V7).
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It can also be shown that

g=200®C=sp(V,S(,)) = SymZ(V)

where go = sp(2n, R) and SymZ (V) acts on V' by

voc¥(x) =vS(0,x) +0S(v,x).

We will denote a product element in Sym(V) as x oc y and a product element
in Sym(V ® V*) as x oy for x,y € V. The linear transformation a(¢) introduced
in equation (7.2) sits inside Sp(V,S(,)) N U(V,H(,)). Thus the almost complex
structure

Jp = Ad(a(C))

introduced in the last section stablize gy and we have a Cartan decomposition

go =% +po

and

P=ps+p-

where £ is the 0 eigenspace of J, and p (resp. p_) is the +i (resp. —i) eigenspace

of Jy. If we define V* = spanc{vy,...,v,} and V~ = spanc{v,41, ..., U2, } as in the
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last section, we have the identifications

t=spanc{voctjve Vo eV}

py = spanc{v oc ofv,0 € V*}

p_ = spanc{v oc 0lv,0 € V™~ }.

More explicitly define

Xaﬁ = Vg OC Vg
Y,

v = Uy, OC Uy

forl<a<pf<nandn+1<pu<v <2n. Then

py = spanc{Xas}

p_ = spanc (¥, }.

in terms of matrices we have

0 A
po = |A € M,(C),!A= A
A0
0 A
P, = |A € M,(C),!A= A
00
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p_ = |A € M,(C),"A= A

We also let {41 < a < B < n} (vesp. {¢,[n+ 1< pu<v<2n}) be the basis of

p’ (resp. p* ).

Now fix 1 < r < n. Define

U = spanc{v1,...,0n, Upi1,- -+, Unir}-

Recall that the symmetric space D of G = Sp(2n,R) is the set of positive definite
almost complex structures with respect to S(,). Define the complex structure Jy

on U to be
1. Jy(vy) =ivg for 1 <a <r
2. Ju(Varn) = —10aqy for 1 < a <.

In Chapter 3 we define a sub symmetric space Dy of D:

DU,JU - {J € D|J|U - JU}

Fix the base point zy = a(¢)? € Dy.,. We have

TzoDU,JU ®C= T;(;DU,JU D Tz_oDUJU

+

where T, Dy, ;, is the tangent space of Dy, j, at zp, and 1.} Dy, s, (resp. T, Dy, j,)
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is the holomorphic (resp. anti-holomorphic) part of it. And we have
T Dy, =spanc{Xoglr +1 < a < <n}

T, Dy, =spanc{Yun+r+1<pu<v<2n}

The holomorphic tangent space of the fiber F,, Dy, (see Section 3.2 ) at z is

Nt Dy, = spanc{Xas|(ev, 8) € I} (7.7)
where [ is the index set

I={(a,p)1 <a<ra<p<n} (7.8)

Define ep,, , € A*py by

eDU,JU = /\ Xag.
(a,B)el

Let 20_ be the infinitesimal Fock model for the dual pair Sp(2n,R), O(0, 2r)

defined in Chapter 6. Define f, € 2J_ by

Uip U2 ... Ulr
+ = det
Upr1 Up2 ... Upp
Also define
f _ prn—r+1
Du,yy, — J+ :
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It can be shown that £ acts on W_ by

The adjoint action of £ on p, induces an action on A®*p,. Define

b = spanc{v, oc vpn|l < a < S < n}.

t = spang{v, oc Vain|l < a < n}.
n_= Span(c{va oc Uﬁ+n|1 <f<a< n}

b is a Borel sub-algebra of £. Both ep,, o and fp,, s, are eigenvectors under the

action of b. Moreover they have the same weight

N

m+1,...,n+1,r ... 7).
~——

Let K = U(n) and K be its two cover which is the preimage of K under the map

Mp(W) — Sp(W). Using the seesaw pair

U(n,n) O(0,2r + 2s) (7.9)
> |
Sp(2n,R) U0, +s)
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and fact about U(r 4 s) (see section 7.5 or [P]), we can see that
K =K x {+1}.

Now denote the irreducible representation of K generated by ep, , as V(U),
the irreducible representation of K generated by fp,, oy 88 A(U). By the theory of

highest weight we have a K-equivariant map ¢, : V(U) — A(U) such that

¢+ <€DU,JU ) = fDU,JU :

The main result of [And] in this case is

Theorem 7.2.

= HomK(/\%n(n+1)_%7‘(T+1)p+7 wp:).

Let {€1,...,€e4} be a basis of V(U) C A®p, such that each ¢; is a weight vector
of t. Extend {ey,. .., €4} to a basis of Az?(t =27ty take the dual basis inside
/\%"(”H)_%T(’"“)pi and denote the first d basis vectors by Q,...,Q4. We have an
isomorphism

Hompg (A®p, °7) = (A*p* @ W)~

Under this isomorphism ¥, maps to an element ¢, € (/\%”("H)’%T(’"“)pi ®W)K:

d
by = Z Vi (€)
=1
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The element thus defined is independent of the choice of the basis {e, ..., €4}

We suppose

spanc{x} = span{vy,..., v, }.

Let

7 FZODU,JU — D

be the natural embedding (see equation (3.4) for the definition of F, Dy j,). We

can prove the following lemma similarly as Lemma 7.2:

Lemma 7.3.

(0D = 77N\ G

(a,p)el
Let 20, be the infinitesimal Fock model for the dual pair (Sp(2n,R), O(2r,0)).

One can analogously define an element

w_ c HOIHK(/\%TL(”+1)_%T(T+1)]J_, Qnﬂ_+)

and an element

¢_ c (A%n(n—i—l)—%r(r—i-l)p*_ ®mp++)l(

Now let 20 be the infinitesimal Fock model for the dual pair (Sp(2n,R), O(2r, 2r)).
We have

W = W_ ®W,.
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We regard both ¢, and ¢_ as elements in C*(g, K;20) and define

6=6s No_.
It is immediate that

Qb c (/\n(n—i-l)—r(r—l—l)p*’ w)K

doy = db_ =do =0

The proof of this fact is similar to the one in the previous section which is a conse-

quence of Theorem 7.4.

7.3 The O*(2n) case

Let V be a n-dimensional right H vector space with skew Hermitian form (,)
satisfying

(vh, ©h) = h(v, )h,

where v,v € V and h, h € H. Vg is the underlying complex vector space of V.
Define V* the dual vector space of V' as follows. The underlying Abelian group of
V* is the same with that of V and we denote by v* the element v € V if we think

of v as an element in V* instead. The scalar multiplication in V* is defined by

hv* = vh,Vh € H.
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where the left hand side is scalar multiplication in V* while the right hand side is
scalar multiplication in V. There is an isomorphism V* — Hom¢(V, C) given by the
form ()

v (v,0).

One can also identify V ®@¢ V* with Home(V, V') by the map

VRO = (D, ).

Let Sym(V ® V*) be the symmetric tensor inside V ®¢ V* (this makes sense since
V and V* have the same underlying Abelian group). By the above identification,

Sym(V ® V*) acts on V' by

(vog 0)(x) =v(0,x) + (v, x)

where vog ¥ = v ® U* + 0" ® v. One can check that this action is H-linear and

satisfies

((vom 0)(x),y) + (2, (vor 0)(y)) = 0

Moreover we have

Lemma 7.4.

I

Sym(V @ V") = o™ (V. (,))

0*(2n)
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Define H(,) on V¢ by

H(v,0) =a+biif (v,0) =a+bi+cj + dk.

Then H(,) is (complex) skew Hermitian of signature (n,n). We also define S(,) on
Ve by

S(v,0) = H(vj,0).

One can check that S(,) is symmetric complex bilinear. We have the following fact

O*(V.(,)) = U(Ve, H(,)) N O(Ve, 5(,))

In other words

O*(2n) = U(n,n) N O(2n,C).

It can also be shown that

g=00®C=0o(V,S(,)) = AL(V)

where go = 0*(V, (,)) and AA(V) acts on V by

vAO(z) = —vS(0,2) + 0S(v, x).

100



Explicitly choose an orthogonal basis {vy,...,v,} of V such that

(UOH Uﬁ) = _7;6045

for 1 <o, <n. Then {vy,...,0n,Vns1,...,02,} is a basis of Vi where

Vy = Vpy—n]

for n +1 < pu < 2n. The C-linear transformation a(¢) introduced in equation (7.2)

sits inside O(V, S(,)) NU(V, H(,)). Thus the almost complex structure

Jp = Ad(a(C))

stablize gy and we have a Cartan decomposition

go =t + o

and

P=pytpo

where £ is the 0 eigenspace of J, and p, (resp. p_) is the +i (resp. —i) eigenspace
of Jy.

If we define V' = spanc{vy,...,v,} and V~ = spanc{v,41,...,v2,} as in the
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last section, we have the identifications

t=spanc{vAdjv eV oeV}

py = spanc{v A djv, v € VT}

p_ =spanc{v Adjv,0 € V™ }.

More explicitly define

Xaﬁ = Vg /\Ug
Y =v,Av,

forl<a<f<nandn+1<pu<v<2n. Then

py = spanc{Xas}

p_ = spanc (¥, }.

in terms of matrices we have

0 A

po = { |A € M,(C),'A=—A}
A0
0 A

pr={ |A € M,(C),'A= A}
0 0
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0 0
po={ |A € M,(C),"A = —A}.

A0
We also let {41 < a < B < n} (vesp. {§,[n+ 1< pu<v<2n}) be the basis of

p’ (resp. p* ).

Now fix 1 < r < n. Define

U = spang{v1,...,Um, Upi1,- -+, Unir}-

Recall that the symmetric space D of G = O*(2n) is the set of n-dimensional
subspace z of V¢ such that
1. S(,)]. is zero
2. L H(,)|. is positive definite.

7

Define z{ C U by

2y = spang{vy, ..., v}

In Chapter 3 we define a sub symmetric space Dy, of D:

Dy ={z € D|z € z}.

Fix the base point zy = spanc{vy,...,v,} € D. We have

TZQDU,Z(/) ® (C - T,joDU,Z() @ Tz;DU,Zé
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where T3, Dy, is the tangent space of Dy,.; at z, and T s Dy ., (resp. TZ_ODU%) is

the holomorphic (resp. anti-holomorphic) part of it. And we have
T Dy,.y = spanc{Xaslr +1 < o < f < n}

T, Dy =spanc{Yun+7+1<p<v<2n}

The holomorphic tangent space of the fiber F,  Dy.; (see Section 3.2 ) at z is

N} Dy, = spanc{Xasl(a, B) € I} (7.11)
where I is the index set

I={(a,p)1<a<ra<p<n}

Define ep , € A®py by

/
U,zO

eDU,z’O - /\ Xa’B
(a,B)ET

Let 20 be the Fock model defined in the last section for the dual pair

(O*(2n),Sp(0,7)). Define f, € W_ by

Uil U2 ... Ulp

f+ = det

Ury  Up2 o oo Upp
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Also define fp, , € W_ by
0

fDUZ _ 1 r—1
It can be shown that € acts on WW_ by
W(Vo AV =—1 +u — ir0ap-
( o 5+n Z Ua+n, ka Ui sk o,k auﬁ,k) af

The adjoint action of £ on p, induces an action on A®p,. Define

b = spanc{v, A vgin|l < a < B <n}.

t = spanc{vy A Vain|l < a < n}.
n_ = spanc{va A vgn|l < B < a <n}.

b is a Borel sub-algebra of . Both ep, , and fp, , are eigenvectors under the action
1Zq 120

of b. Moreover they have the same weight

Let K = U(n) and K be its two cover which is the preimage of K under the map

Mp(W) — Sp(W). Using the seesaw pair

U(n,n) Sp(0,r + s) (7.12)

I > |

O*(2n,R) U0, 7+ s)
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—_—

and fact about U(r 4 s) (see Section 7.5 or [P]), we can see that
K =K x {+1}.

Now denote the irreducible representation of K generated by ep , as V(U), the
720

irreducible representation of K generated by fp , as A(U). By the theory of highest

/
U’ZO

weight we have a K-equivariant map ¢, : V(U) — A(U) such that

¢+(GDU726) = fDU,z6 .

The main result of [And] in this case is

Theorem 7.3.

. € Homp (A, 20%).

Let {€1,...,€4} be a basis of V(U) C A®p, such that each ¢; is a weight vector
of t. Extend {ey,. .., €4} to a basis of Az?(D=27(—Dy_ take the dual basis inside
/\%"(”_1)_%7"(’"_1)131 and denote the first d basis vectors by €2y,...,Q,;. We have an
isomorphism

Hompg (A®p, °7) = (A*p* @ W)~

Under this isomorphism ¥, maps to an element ¢, € (A%”("’l)’%r(r’l)pi ®W)K:

d
by = Z Vi (€)
=1
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We suppose

span{x} = span{vy,...,v.}.

Let

7 FZQDU,Z(’) — D

be the natural embedding (see equation (3.4) for the definition of F,, Dy,). We can

prove the following lemma similarly as Lemma 7.2:

Lemma 7.5.

PO X)) = £ N G

(a,p)el

Let 20, be the infinitesimal Fock model for the dual pair (O*(2n), Sp(r,0)).

One can analogously define an element
U € Homg (A D=0y g2
and an element
¢_ c (/\%n(n—l)—%r(r—l)p*_ ®w5_+)l(

Now let 20 be the infinitesimal Fock model for the dual pair (O*(2n), Sp(r,7)).
We have

W = W_ ®W,.

We regard both ¢, and ¢_ as elements in (A""~D="0=Dp* @ 99)% and define

b=0r No-.
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It is immediate that

¢ c (/\n(n—l)—r(r—l)p* ® m)K

doy, = db_ =do =0

The proof of this fact is similar to the one in the unitary case which is a consequence

of Theorem 7.4..

7.4 Closedness of holomorphic differentials

In this subsection, we prove that the Anderson cochains ¢, are closed hence

cocycles. First we recall the following well-known fact
Lemma 7.6. A holomorphic form on a compact Kahler manifold M is closed.

Proof. On compact Kahler manifold we have the following equality of Laplacians

Ag =20, = 27,

A holomorphic form ¢ is 0-closed. It is also 0*-closed as well because it has Hodge-

type (p,0). Hence ¢ is Az-harmonic, hence Az-harmonic. Hence ¢ is closed. ]

Theorem 7.4. Let G = SU(p, q), Sp(2n,R) or SO*(2n,R). Then the ¢, (¢_ resp.)

constructed in [And] is closed as an element of C*(g, K;20_) (C*(g, K;20,) resp).

Proof. We prove the holomorphic case, the anti-holomorphic case is similar.
Recall that ¢, is generated by the special harmonic polynomial f (f =
TP #7771 respectively for our three cases) considered in [KV]. By

108



[KV] f is in a representation AKX 6(A) of G x G’ where A is the K-finite vectors of
an irreducible unitary representation and 6(.A) is a finite dimensional representation
of the compact group G’. Hence the Anderson cocycle ¢, is a holomorphic cocycle
in HPO (g, K; A).

By the proof of Proposition 2.3 in [And], there is a cocompact lattice I' of G
and a (g, K)-map

[ — C=(\Q),

such that I(f) # 0. Since f € A and A is irreducible, we know that [ is injective

restricted on A. Hence the map on the cochains:

I.C*(g, K, A) — C*(g, K,C™(I'\Q))

is also injective.
Now I.(p4) is a holomorphic form on a compact Kéhler manifold. So it is

closed by Lemma 7.6. Since I, is a map of chain complexes we know that

L(dpy) = dl.(py) = 0.

Because I, is injective on C*(g, K, A), we know that

dg@+ =0.
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7.5 ¢ in the Schrodinger Model

Let K be SU(p,q), U(n) (regarded as the maximal compact subgroup of
Sp(2n,R)) or U(n) (regarded as the maximal compact subgroup of O*(2n)). In
all three cases we have constructed elements in the relative Lie algebra cohomology
by, d_, 0 € (A°p* @ W)X, Recall that we have an defined a map ¢ : 20 — S(V7+9).

Since ¢ is an isomorphism between 20 and its image in S(V™), we define

pr=()(01), - =()(g-), e=()(9)

in (A*p*®@S(V™))X. More explicitly we have in the Schrodinger Model (see equation

(7.5)):

p = Z (e 0 by (€)) (L 0 P (&))@l A €Y.

By our construction of ¢ and lemma 6.4, ¢ o ¢, (¢;) and ¢ o 1)_(€;) are polynomials

of the operators that show up on the right hand side of lemma 6.4. Hence we have

(tothy(e))(tov_(€))po = pijeo,

and

d

ij=1
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where p;; is a polynomial in the variables {zuq, Zaas Zua, Zua | 1 <@ <p,p+1 < p <

p+¢q,1 <a<m} (in the Sp(2n,R) or O*(2n) case, p = ¢ = n,m = r). Define

211 k12 .- Rl
£ = (—2v2nr)"det
Zrl Zr2 ... Zpr
Zerl r+1 Zp«H r+2 .- Zp+1 r+s
fl = (—2v2r)*det
Zp—i-s r+1 gp-i—s r+2 .- Ep-‘,-s r+s

Recall that i : F,, Dy, — D is the natural embedding where U = span{x}

and z(, are defined as in each subsection.
Lemma 7.7. The highest term (in terms of the degree of the polynomial in front of

®o) of i*(p(x))]z, 4s

(F )T (fLf- )P dVOl(Foy Dyzy ) o,
(f_/s-f-,i-)n_r-i_ld\/Ol(FZODU,Z{)) 205

(f;f;)n_r_ldVOKFZoDU,Z(’)) |207

respectively for G = U(p, q), Sp(2n,R) and O*(2n,R), where dVol(F,,Dy,.;) is the
volume form of the Fiber F, Dy ..
Proof. 1t follows from Lemma 7.2 (resp. Lemma 7.3 or Lemma 7.5), the analogous

expression of i*(p_) and Lemma 6.5. O
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Chapter 8: The Thom form for the fiber bundle I'\D — I'y\ Dy

In this chapter we start to prove the main theorems of the paper. We give
the symmetric space D = G /K the Gy -invariant Riemannian metric 7 induced
by the trace form on pg. D is then a negatively curved symmetric Kahler manifold
whose sectional curvatures are automatically bounded as it is homogeneous. We
suppose the sectional curvature of D is bounded below by —p?. Let x € V™ viewed
as a m-tuple of vectors in V.

Let x € V™ (1 < m < n) satisfy the following assumptions in the three cases

of our interests respectively:

1. The Hermitian form i(, ),, restricted to spangx ® k,, is non-degenerate and

1

has signature (r,s). In particular 1 <r <p,1 < s <gand r+ s =m.
2. The Hermitian form (,) restricted to spangx is non-degenerate. m = r.
3. The skew-Hermitian form (,) restricted to spangx is non-degenerate. m = r.

In each case we define a 2m dimensional B-vector space W, a form <, > on W
that is non-degenerate and split. We assume that it is Hermitian, skew Hermitian
and Hermtian respectively in case (1), (2) and (3). Let G’ be the group of B-linear

transformations on W preserving <, >. Define G} and G._ for G’ the same way for
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G. We have
1. G, =U(r +s,7+s)
2. G'_ = 0(2r,2r)*
3. G' = Sp(r,r)*

for case (1), (2) and (3) respectively.

We fix point z; in the symmetric space D of G,. That is to say we fix a max-
imal compact group K, of G. By our assumptions, K, = K,, X ]_[Uesoowév1 Gy.
Let

go =ho D b

be the corresponding Cartan decomposition on the Lie algebra gg of G, (we drop
the subscript 0 to indicate complexification). Let Q°*(D) be the space of smooth
differential forms on D.

We think of (A®p* @ S(V™))K= as a cotangent vector with values in S(V™) at
the base point zy where S stands for Schwartz functions. There is an isomorphism

given by the restriction map

(Q°(D) @ S(VI))%> — (A"p @ S(VI))K>

Let éfvl be the metaplectic cover of G, which is the preimage of G, under
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the map Mp((V™),,) = Sp((V™),,). And let

=G XHG’

vF#UL

G’ acts on S(V) by the oscillator(Weil) representation w and the action commutes
with that of G. Recall that the action of G, via w is just the induced action on

functions

(w(g) /(%) = flg~'x).

for f € S(V), x € V' viewd as (p + ¢) by m matrix.

Any form 1 € (A®p* ® S(V™)¥ give rise to form 1)

W99’ x) = Ly (w(g, ¢ (%))

where g € G, ¢ € é;o and L, denotes the left translation map by g on G and

Ly is its induced pullback map on 2*(D). Then we have

) € (Q°(D) ® S(Vm))GeoxCie,

We will often write 1;(2, g,x) for z € D as ¥ only depends on g mod K., and

Q;(Z, g/’ X) = L;z—l <w<gzv g')¢(x))

where g, is any element in G that maps our base point z; to z.
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Let ¢, be the vacuum vector (Gaussian function) of S(V,,) for any Archimedean

place v # v;. Define

poe =0 ® [] 00 € (N*p @ SV
REZ0]

where ¢ is the form we constructed in the last chapter. Apply the above construction
t0 Yoo t0 get a form G € (2°(D) @ S(V))CoexChs,

Choose an open subgroup L of V(Af). Recall from chapter 5 that we can
choose arithmetic subgroups I' ¢ G(k) and I" C G'(k) and a I' x I'-invariant

distribution 6y,

Ocp = Z Y(X)

xelL™
where £L =L NV (k) is a lattice in V.

We now apply 0, to P to get
Oc.5.. € Q(I\D) ® C*(I"\GL,).

We also define

Hﬁ,ﬂ,cﬁoo(Z?g,) = Z @OO(Zaglv}()) (81)
)=8

xeL™ (x,x

115



for a matrix § € M,,(B). We have the following Fourier expansion of 0. ;_ :

9£7<Poo < g Z Z 9500(279/73())

B xeL™,(x,x)=8

= Ocp6.(29)
5

where § runs over all possible inner product matrix (x,x). We call 8. 5 the §-th
Fourier coefficient of 6. 5 as it’s a character function under the action of I' N N’
for certain Nilpotent subgroup N’ C G’. See chapter 5 for more details.

Now suppose O C V' is a closed G orbit. Then by a theorem of Borel ( [B],
Theorem 9.11), O N L™ consists of a finite number of [-orbits. By Witt’s theorem,

G acts transitively on the set
{x e VZI(x x) =5}

when [ is non-degenerate.

Thus the set

{x € L"(x,x) = B}

consists of finitely many I-orbits. We choose I'-orbit representatives {xi,...,X,}
and define

U; = spanx;, 1 <1 < o.

For each 1 < i < o choose a base point z; € D(U;). Let Cx, ., be the generalized
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special cycle. Let

z={z1,20,..., %}

Then define

o
Cﬁl = Z Cxi,zi‘
=1

Cj, is a cycle in the Chow group of I'\D. By remark 1.1, the homology class [Cj ,]
is independent of the choice of z, so we simply denote by [Cj] its homology class.
In this chapter whenever we take the period of a closed differential form 7 on Cjg,
(resp. Cx ) we write fcg 1 (vesp. [o_n).

Let 1 be any differential form on I'\ D, define a smooth function 0. ;_(n) on
G'_ by

02,600 (n) = / NAOcg.(9).
\D

We call the above map theta lifts defined by ¢.,. When 7 is closed, the above gives
a map

H¥4(I\D,C) — A(I"\G".)

where d = dimD, d' is the degree of ¢ and A(I"\G",) is the space of automorphic

functions on I"\G’_. Also define az.p(n).¢. to be the S-coefficient of 0. 5 (1):

ac. ()¢ () = /

r\D

UAQL,,B,szw(Z,g'):/ nA Y Pe(zgx). (82)

I
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Then we have the Fourier expansion:

Orpn () =D acpe. ().
B

Theorem 8.1. Assuming that ( is non-degenerate (a nonsingular matriz), and in

case (1) also assume that o1(B) has signature (r,s). Then

ac.pm)ew(n) = K9, B) / n

Cs
where Kk is an analytic function in ¢ that depends on f3.

Let us also briefly recall Poincaré duality in terms of differential forms. For a
closed submanifold C' inside an oriented manifold M, we say that 7 is a Poincaré

dual form of C if it is a closed form such that

fror= Lo
M C

for any closed form 7. Poincaré dual form is unique up to exact forms.

The above definition for Poincaré dual form can be extended to a closed cycle
C' (a member of H.(M)) given that C is almost a submanifold. To be more precise,
if C' has a stratification such that its open stratum is a submanifold of M, then the
above definition works.

With the above theory of Poincaré duality in mind, theorem 8.1 then is equiv-

alent to
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Theorem 8.2. Assuming that ( is non-degenerate (a nonsingular matriz), and in

case (1) also assume that o1(B) has signature (r,s). Then

02,8.6. (2, 9)] = PD([Cs])k(g’, B).

where [0] is the value of 8 in H*(T\D) and PD([Cp]) € H*(T\D) is the Poincaré

dual of Cp.

When the function (g’, ) is nonzero, m[&@@w(z, g')](see equation (8.1))

is the Poincaré dual of C3. We will prove this for generic ¢’ in Chapter 10.

Theorem 8.3. (¢, 5) is an analytic function on G’ that is not identically zero.
In particular, k(g¢',B) is nonzero for generic ¢'. To be more precise, there exists

m' € M’ such that for sufficiently large \ € R,

k(Am/, B) # 0.

In other words, for a generic ¢, m[9£,57¢m(z,g’)] is the Poincareé dual of Cg.

These theorems mean that [0, | can be seen as a ”generating” series of
PD([C3]). Of course, as for now we do not have an explanation for all the ”Fourier
coefficients” as Poincaré duals of cycles. Only for those satisfying the condition of
theorem 8.2 do we have such an explanation.

First we need the following ”unfolding” lemma:
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Lemma 8.1.

nA Poo(2, 4, %) / A @ol2,9',%5)
/F\D > z ;

xeL™ (x,x)=03

Proof. First we can switch the order of integration and summation on the left hand
side of the equation as 1 is bounded and ¢ (z, ¢, x) is uniformly fast decreasing in

X:

/ nA Z 9500<Z>9/ax) = / 77/\9000(Z qg, X)
D \D

xeL™ (x,x)=p xEEm

—ZZ/ NA @ool2,9,Y)

j=1yel'x;

We have to justify the exchange of summation and integration in the first equality
above. Let B(r) be the ball of radius r in V. Since {x € £ N B™(r)} has finite
cardinality, {x € L™, (x,x)} N B™(r) also has finite cardinality. As ||@|| is a
Schwartz function in V', the exchanges of summation and integration follows from
dominated convergence theorem.

We do the summation in each I'-orbit:

D ARTENCYATE
r\D

yelx

/ NA Goolz, 9,7 'x)
Y €T\ D
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" 5 , . L
By definition of $o(z,¢’,x) and the fact that L} is contravariant in g we have

Poo(2,9,771%) =L 1(@(g2, 6 oo (7))
=L 1 (w@(9)poolg; 7 'x))
=L5 0 L -1 (@(9)¢eo((79:) 7))

=L (Poc(72,9',%)).

And

Z / nA 9500(279/”7_1)() =
~velX\I' D

> /F\D NAL(Po(v2,9',%))

~yelX\I'

= Z / Li(n A @oo(72, 9", %)) (as 1 is T-invariant)
e \I' D

Now if I is a fundamental domain of the I' action on D, then U,er\r(y - F) is a

fundamental domain of the I'y action on D. So we have

> /\ Li(n A @oo(v2,9,%) = > /L*Msooo v2,9,%))
I'\D

~ET,\T FET\T

— Z / NA @Pool(z, g, %)
V(F)

YETX\T

:/ T]/\QBOO(ng/7X)'
I \D

The conclusion of our lemma follows. O
Define
Uyx = spanx.
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Let Gx be the stabilizer in G, of x and Dy, be the symmetric space associated to
Gy (i.e. the symmetric space associated to UZ). Also let Ty = I'N Gy. Recall in
Chapter 3, we have an embedding Dy, — D by choosing a point 2, in the symmetric
space associated to (Uy, (,)). The image of the embedding Dy, ., is totally geodesic.
After mod out I', we have the cycle Cy, .r = 7., (I'x\ Dy, ) of ['\Goo. In this chapter,
for simplicity we denote Dy, .+ by Dy ., and Cy, .o by Cx 1.

The critical topological observation is that FX\DX,Z(/) is a totally geodesic sub
manifold of the space Fx = I'y\ D and Ej is in a natural way (topologically) a vector
bundle over I'x\ Dy .;. There is a fibering 7 : By — I'x\ Dy .; defined in section 3.2.
We denote the fiber at a point 2z € FX\DX,Z(/) by F.Dy ;. For later use, we also define
Nsz,z(’) by

N.Dy., = {¢ € T.D|vLT.Dy .}

where T, D is the tangent space of D at z. N.Dy . is the tangent space of F.Dy .1
at z.
As before suppose d = dim(D),d" = dim(Dx,.;). The following theorem is a

special case of theorem 2.1 of [KM4].
Theorem 8.4. Let ® be a differential d'-form on Ey satisfying
1. ® is closed.

2. ||®|| < exp(—dpr)p(r) for some polynomial p where r is the geodesic distance

to Fx\Dx,z{J-
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If n is a closed bounded (d — d')-form on Ex we have

/ T]/\q):l'i/ n
x Fx\Dx,26

where

/{z/ d.
"D_
0

for any z € T,\ Dy ;.

Remark 8.1. When k=1, ® is a Thom form of the fiber product Ex — I'x\Dx ..

Proof of Theorem 8.1 assuming rapid decreasing of ¢, on the fiber F,D, .;:
Assume that ¢, satisfies the condition of Theorem 8.4.

By the unfolding lemma 8.1, we know that

Z/ N A Gool2, 9, X5).
x; \D

It suffices to show that

/FX\D NA @eol2, 9, %) = k(g B) / n

for each x = x;.
We apply theorem 8.4 to & = ¢, (2,9, x). We already know that ¢, is closed.

We will prove in Theorem 9.3 that it is fast-decaying. So it satisfies both conditions
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of the above theorem. Define

k(g %, 2h) = / Goclz g1 %)
F..D_

20 x,2(

for any zy € Cx ;. By theorem 8.4, we know that

/ NAGoo(2,9 %) = H(g’,x,%)/ 1.
I'x\D

T\Dy .1

When the map m; : I'x\Dy, — I'\D is an embedding, in other words, we can

identify T'x\ Dy, with C’x%. One can immediately conclude that

/ NAPeo(2,9,%) = k(g X, 2) / 7. (8.3)
I \D

C,

x,2(

In general one use lemma 3.2 to conclude that the map
T Fx\Dx,zg) — Cx,zé

is generically injective, so

/ n= / m,
Cx i Fx\Dx o
<0 =0

and equation (8.3) holds again. This finishes the proof of theorem 8.1 except that
we have to show x(¢’, %, z) only depends on ¢' and £.
The fiber F}, Dy .; does not depend on the group I'y, it only depends on Dy ./

(D = Dy p and I'y\D — Cy ., have the same fiber). We want to show that
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Lemma 8.2. (¢, x, z() is independent of the choice of z;. Moreover it only depends

on B = (x,x) when B is non-degenerate.

Let n be a I'-invariant form on D such that fc . n# 0. We have seen in the
X,z

proof of lemma 8.1 that

/\ 77/\29500(2/79/79)() :/ 77/\9500(Z7g/ax)'
I'\D

ger I'x\D

Theorem 8.4 tells us that

/ nNAGso(2,9,%x) = k(g x, 26)/ 1.
I \D Cy

)ZO

For different choices of 2, Cy .; are homologous. Thus /. o, nis independent of 2.
x,2(

By the nondegeneracy of the pairing between H*(M) and H,(M), we can choose 7

/C ,77%0-

x,2(

such that

So fF\Dn A ger Pool2: 9', g%) is independent of z5. This shows that r(g', x, zp) is
independent of the choice of A, from now on we simiply denote it by x(¢’, x).
Let X € V7 and \ be a point in the symmetric space associated to (Ug, (,)),

Zo € Dx 5. Suppose there is a g € G such that gx = X then as in the proof of 8.1,
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we have

/ Poo(®, g, X) / Poc(2, 9, gX)
F..Dg F..D

207X X 20 gx, A
= [ Lnls g )
FZODgx)\
:/ (;000(27917)()
L FZO gx)\

:/ @oo(z7g/7x)
F_1.D_ _1x

9Tz XgT N A

This proves that k(¢’,x) only depends on the G-orbit of x. In particular, when /3

is non-degenerate and has signature (r, s) in the unitary case, we can define

k(g B) = kg’ %)

for any x such that (x,x) = g.
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Chapter 9: Rapid decrease of ¢ on the Riemannian normal fiber

In this chapter, we prove that ¢, defined in Chapter 8 satisfies the condition
of Theorem 8.4.

Throughout the chapter we assume V' is a complex vector space with a non-
degenerate skew Hermitian form (,) of signature (p,q). We fix an orthnormal basis
{v1, ..., 0,44} as before. For the latter two groups we assume p = ¢ = n in addition.

For G=U(p,q),n=p+q m=r+s, x=(¥,...,%1s) and

U := span{x}.

Let zp € D such that (U, z) is a compatible pair (Definition 3.1). Notice that U
together with zo gives rise to a sub-symmetric space Dy ., where 2y =20NU.

Recall from Section 4.2 that Vj is a 2n dimensional real vector space with a
skew symmetric form (,); and V = Vi ®g C. Sp(2n,R) = G(V, (, )1) is a subgroup
of U(n,n) and its symmetric space D; embedds D, the symmetric of U(n,n). In
this case let m = r and assume xg = (%1,..., %, %1, --.,Ur) € VZ". Denote by U
and U

Up = spang{Z1,..., Zr,t,.. U} C Vo, U=Uy@rCCV
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respectively. Let zp € D; such that (U, z) is a compatible pair. Notice that Uy
together with 2 gives rise to a sub-symmetric space Dy, ., € Dy where z; = 2 NU.
Recall that we have the isomorphisms Vi7" = Vy Qg F 2 V ®c £ = V" (as in

Subsection 6.4). Under this isomorphism X is mapped to x in V", more explicitly
]' — el — el m
X = E(a:l—zyl,...,m—zyr) eV,

Recall from Section 4.3 that O*(2n,R) is a subgroup of U(n,n) and its sym-
metric space Dy embedds D, the symmetric of U(n,n). In this case let m = r and

assume X = (Z,...,7,) € V" and
U = spang{x}.

We can also view x as in both Vjj and V. Let zy € Dy such that (U, z) is a
compatible pair. U together with zp gives rise to a sub-symmetric space Dy, € D
where 2{, = 2o N U.

In all three cases, a point zop € D (in the latter two cases view zy as in D
instead of D; or D) gives rise to a Cartan involution 6, : V' — V. Define a positive

definite Hermitian form (,),, on V' by

(3:7 y)zo = Z(.I', ezoy)'

We call this form the majorant of (,) with respect to z;. We denote (v,v),, as
v,
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In all the above cases, for any 2y € D, define M,, : D x V™ — R to be the

function

My(z%) = ) |lgz I3, (9.1)
(=1

where g, € G is any element such that g,zy = z. Since the isotropic group of zj is

K and for any k € K, 0.,k = k0.,, we know that

(kx, ky)., =i(kz,0.,ky)
=i(kx, k0.,y)

:Z(I, ezoy) - (I‘7 y)zo-

Hence the function M, (z,x) is well-defined.

Lemma 9.1.

My (hz, hx) = M, (z,x).

Proof. Choose a g such that gzy = z, then hgh™'hzy = hz. Hence

NE

My (hz,hx) = ||hg~'h™ R[5,

(=1

(hg*h™ - hiip, RO B - (hg™*h™" - hiy))

M-

(=1

(hgilll_};g, hQZnglj:’g)

M-

(=1

1 1

(g_ fﬁa 9209_ fé)

M-

~
Il

1

=M, (z,x%).
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Recall that the Riemannian distance d(D’, z) between the totally geodesic
submanifold D’ and z € D is the length of the shortest geodesic joining z to a point
of D'. This geodesic is necessarily normal to D’. Choose a base point zy € D'. If
z = exp,, (tu) for u € N, D' where exp,, denotes the exponential map at the base
point zy, then

d(D',z) =t.

Our first goal of this chapter is to prove the following estimate on M for all

three cases.

Theorem 9.1. Let (x,29) be a compatible pair (Definition 3.1) and z{, = 2z N U.

There is a positive constant ¢ depending on x and z but not on zy such that

Mzo (Z) X) > cexp(?c ’ d(DU,zéa Z)) (92)

It is easy to see that

d(Dy,zy, 2) = d(Dhynzy, hz). (9.3)

Equation (9.3) together with Lemma 9.1 implies that in order to prove Theo-

rem 9.1 it suffices to assume (by replacing (x, z9) by (hx, hzy) for some h € G)

1. For G = U(p, q), span{x} = spanc{vy,...,0r, Upt1, ..., Upss} and 2o = spanc{vpi1, . .

2. For G = Sp(2n,R), spang{x¢} = spang{E,...,E., Fi,...,F.} and z, =
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spanc{Fy +iFy, ..., E, +iF,}.
3. For G = O*(2n,R), span{x}g = spang{v1,...,v.} and 2o = spanc{vij,...,v.j}.

Recall that we have a Gx-equivariant fibration 7 : D — Dy, with the fiber F,, Dy .,

over zy. By the definition of M, (z,x) (Equation (9.1)), we see that

M, (9z,x) = M,,(2,%x),Vg € Gy.

Hence we can translate z by elements in Gx and assume that z € F} Dy, Hence
we can assume that

z = epoO(X)7

for some X € N, Dy, where exp,  is the exponential map of the symmetric space

starting from zp. It is well-known that (see for example Section 3 of Chapter IV
of [He))

exp,, (X) = exp(X)z0,

where we identify N, Dy, as a subspace of p and exp is the exponential map of the
group G. From now on we assume that z = exp(X)z with X € N, Dy, C p. We

also denote for simplicity (, )o = (, ).,-

9.1 Theorem 9.1 for the unitary case

The theorem will be a consequence of Lemmas 9.2 through 9.6.
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Recall that we have the Cartan Decomposition

u(p,q) = € + po

where pg are Hermitian matrices of the form

0 A
Po = |A € Mqu<C)

Lemma 9.2. Let A € Herm,, and € > 0 be given. Then there exists § depending on €
and A such that for any B € Herm,, with ||A— B|| < ¢ there exist R, S € U(n) such

that RAR™' and SBS™! are diagonal with || RAR™'—SBS™!|| < € and ||R— S| < e.

Proof. For U € U(n), the statement in the lemma is true for A if and only it is true
for UAU™! (with the same € and ¢). Hence without lost of generality we can assume

we can assume A is diagonal of the form

M, 0O 0 -~ 0 0
0 Ao, O 0 0

A= (9.4)
0 0 0 -+ 0 M,

where A1, Ao, ...\, are distinct eigenvalues of A and r1 + 1o+ -+ 1, = n.

First we assume that A;, A9, ...\, are all nonzero.
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Define a Lie subalgebra us C u(n) to be the set of matrix of the form

0,

*
_X12

*
_Xlk

We define a map

X12

Op,

*
_XQk

Xik

Xor,

0,

k

¢ 1 uy X Herm,, x --- x Herm,, — Herm,,

given by

o(X,mq, -+ ,my) =exp(X)A

Then the differential of ¢ at (0,0, ...

d¢0(X7 may, - 7mk)

Il
2
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,0) is given by

0
0
exp(my)
0
0
+ [X, A],
my

(9.5)

exp (—X)

(9.6)



which in turn is equal to

A1y (A= A)X12 -0 (A — )\kz)Xlk
(/\1 — /\Q)XE /\2m2 tee ()\2 — )\k)XQk
(M=) X5, (M2 — M) X5 - Ak,
Because we assume that A\j, Ao, ... A, are distinct and nonzero, d¢, is an isomorphism

from uy x Herm,, X --- x Herm,, to Herm,. Hence by inverse function theorem, ¢
is a diffeomorphism from the product of a ball B(0,7) of radius n around the origin
in uy with a ball B(0,7’) of radius 7' around the origin of Herm,, x --- x Herm,, to
a neighborhood U(n,n’) of A in Herm,,.

For a given ¢, shrink the size of n and 7 if necessary such that

X €uyand || X|| <n=||I —exp(X)|| <e (9.7)

and

Y € Herm,, X --- x Herm,, and ||Y] <7’ = ||A— Aexp (V)| <e. (9.8)

Choose § such that B(A,d) € U(n,n'). Suppose B € B(A,0d). Since B € U(n,n')

we have a unique expression

B =exp(X)Aexp (Y)exp (—X) with X € B(0,n) and Y € B(0,7').
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Put B, = I and S; = exp(—X) so RiAR;' = A is diagonal and S;BS;! =

Aexp (Y) is block diagonal of the form

Bll 0 NN 0
) 0 BQ2 ce 0

where B;; is of size r; X r;.
By the above choices of 7 (equation (9.7)), 0’ (equation (9.8)) and ¢, it is clear

that we have

|A—B|| <d=||R — Si|| <eand |RiAR;" — SiBS{ || <. (9.10)

Now there is a block diagonal unitary matrix

Rll 0 0
0 R22 0
R: )

where R;; € U(r;) such that RS; BS; 'R~ is diagonal. Notice that RA = AR, hence

RAR™' = A is also diagonal.
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Let S = RS;. Since R is unitary, by equation 9.10 we have

|B =S|I = |[R(Ry = S| <,

and

|IRAR™' — SBS™Y|| = ||R(A — $iBS;H)R™Y|| < e.

The lemma is now proved for A a block diagonal matrix of the form (9.4) and
A1, ..., A\, are nonzero.

In general we can choose a A such that A’ = A + A, does not have zero
eigenvalue. By the previous argument, there are B’ € Herm,, and R, S € U(n) such
that ||R—S|| < eand ||[RAR™ —SB'S™!|| < e. Now let B = B’ —\I,. The lemma

is now proved. 0

Recall that the tangent space Ny Dy, of the fiber F. Dy, at z can be
identified with a subspace of pg given by equation (7.3). Our goal is to prove

The Proposition will be a consequence of the following discussion and lemma.
Let X € N, Dy so in particular X € p and is Hermitian with respect to (, )o. Let
01, - U, be an orthonormal basis for (, )y of V' consisting of eigenvectors of X.
Then

Suppose
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for 1 < k <n. Then

1755 = Z lpa (@)1 = Z a5 ?

where p,, is the orthogonal projection using the metric ( , )y onto the eigenspace

corresponding to Ag.

Remark 9.1. When it is necessary to distinguish to which X € N, Dy, . the num-

bers a¥ and Ay, belong we will write a¥(X) and A\y(X).

Lemma 9.3. We have

(exp (—tX)7;, exp (—tX)T;)o = Z [, (F5) |7 exp (—2pt)
k=1

where the sum is over all eigenvalues of X .

Proof. Since {7y : 1 < k <n} is an orthonormal basis for V' we have

(exp (—tX)Z;, exp (—tX)Z;)o —Z| ;, (exp —(tX)Z;)o Z| 0;, exp ( tX)(Za y))|?

=1

n n
:Z |(0;, Zaf exp (—Axt)0x)o Z |a}]? exp (—=2X;t)
i=1 k=1

We now define
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r+s r+s
Z D lEPEON) == Y o @EDIgA(X). (9.11)
J=1 X;(X)<0 J=1 X;(X)<0

Since all the terms in the sum defining f(X) are nonnegative it follows that
f(X) = 0 if and only all the term in the sum are zero. By Lemma 9.2, we can prove

the following.
Lemma 9.4. f(X) is continuous on pg = T.,D.
Proof. Let X; € pg. Then for any X € py we have

r+s r+s

SO = FXD) =1 > PEON) =Y Y lafP(X)N(X)] (9.12)

J=1 XAi(X)<0 J=1 X;(X1)<0

Let € > 0 be given. Apply Lemma 9.2 with A = X; to find § such that whenever
| X — Xi|| < 6, there exist unitary matrices R, S such that RX; R~ and SXS~*
diagonal and

|R— S| <eand ||[RAR — SBS™!| <e.

But ||R — S|| < € implies that suitably chosen eigenvectors of A and B are
close. More precisely, if 7;(X), resp. 9;(X1),1 < i < n is the eigenvector of X (resp.
X1), corresponding to the eigenvalue X\;(X), resp.\;(X;) which is the i-th row of R,

resp. ¢-th row of S we have
e >||R-S|*= levz — 5(X0)?[[§ = [[5:(X) — a(X))[§ < €1 <i <m.
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Hence, for all 7,j,1 <7 <nand 1 < j <n we have

(X)) — a; (X)) = |(&5, 5:(X) — vi(X1))o* < 1755 18:(X) — &:(X)l < [1451[6 €

Also

IRAR™ — SBSTY> =) “(M(X) — Ai(X1))?

=1

and consequently
|RART'—SBS™'|> < € = i()\i(X)—)\i(Xl))z <e= NX)-N(X))P < 1<i<n.
i=1
Hence, for all 7,1 < i < n we have
A (X) — Ni(Xy)| < e
Since X is fixed, we assume that

Ai(X) < M N(Xy) < M

for 1 <i<n.

Now using the identity |ab — a't'| < |b|la — d| + |a’||b — V| we obtain

[l (X)X (X) =5 *(X)Aa(X) | < [ (X [ (X) [ [ (X0) [ [ (X)) A (X) = Ao (X3 )

J
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Since |A;(X)| < M and |a}]*(X;) < [|Z;]|5e* we have

[l (X)X (X) = fas P (X)) M (X0)| <M [|af*(X) — a5 *(X0)] + (151510 (X) = Mi(X0))]

<M||zll5 € + |IZ;lloe = IF|0(Me* + e).

Suppose that the strictly negative eigenvalues of X are A;(X), -, \(X) and
the strictly negative eigenvalues of X; are A\j(Xi), -+, \e(X1). We assume k > /.
The case k = ¢ is easier (in this case, we have only the first sum in Eqation (9.13)
below) and the case k < ¢ can be treated in a manner symmetrical to that of the
case k > /.

We have

rT8

707X = | i(m (X)—Jad B(X)A )ina\

7j=1 i=1 7=1i=(+1

+

(9.13)

r+s

The first sum is clearly majorized by £ 771 [|7;|5(2Me® + €) using the inequality

immediately above. To majorize the second sum we note that

Hence |\(X) — \(Xy)| = —Mi(X) + Ai(Xy). Note that each of the two terms is

positive. But

|/\1<X) — )\Z(X1)| < €= —)\z(X) + )\1(X1) < €= —)\Z(X) < €.
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r+s

Hence the second summand is majorized by (k —¢) > 1)

1511Ge-

Lemma 9.4 follows.

Let S(N,Dy,.;) be the unit sphere of N,,Dy./, then we have

Lemma 9.5. f(Y) does not take the value zero on S(N,,Dy,.;). As S(N.,Dy.,.;) is

compact and f(Y) > 0, there exists C > 0 so that

fY)>C, Y € S(N,,Dy,;)-

Proof. Assume f(Y) = 0. Suppose v is an eigenvector of Y corresponding to a

strictly negative eigenvalue so

Y(v) = Av, A <O.

Then

FY) = 0= [IpA(@)[I* = 0 = (&, v)0 = 0.

for1<j<rorp+1<j57<p+s.

Let Uy = spanf{vy, ..., v, } and U = span{vpi1, ..., Upss}. Let UL = span{v,;1, ...

and UL = span{vpis41,..-,Up1q}. Then v L U, & U_ as span{i,...,Tr1s} =
Uy @ U-. Let u € V. Using the orthogonal decomposition V = U, + Ui +U_ +U*

we may write u = (vy, wy, vg, wy) with v; € Uy, wy € Ui,vg € U_,wy € U-. Then
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in this representation we have

v = (0,w,0,ws) with w; # 0 or wy # 0

and

Y (v) = Av = (0, Awy, 0, Awy).

But since Y € N, Dy ., we have (see equation (7.3))

0 0 a b

0 0 ¢ O
Y —

*a *c¢ 0 0

*» 0 0 0

Hence

Y(”) = (bw27 07 *th 0) = \v= (0, )\wl, O, )\’U}Q)

Since A < 0 the equation immediately above implies w; and ws = 0, a contradiction.

[]

Assume now we have ordered the eigenvalues of X so that the first n eigenval-

ues are negative and the rest nonnegative.

Lemma 9.6. There exists strictly positive numbers b, ¢ such that for some, 7, with 1 <
1 < n, we have

IAi| ==X\ > b and |a§-|2 >c
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Proof. Since

7+ n

FO==32 2 laPNX)

1
Ai(X)<0

zlQ

is bounded below by C', at least one of terms in the sum is bounded below by ¢ =

where N is the number of terms in the sum. Suppose this term is —|a§-|2)\i. Hence

|a§|2|/\i| = —|a§|2/\i > ¢ for some 1, j.

But since ) | |ai|* = ||Z;]|3 it follows that

i < |75, 1<i<n1<j<r+s.

Hence
c
Ail 2 =
M2 ER
We put
c
b= ——.
17515

But since || X|| = >.7, A2 =1, it follows that

Al <1

and hence

|ak]* > c.
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Proof of Theorem 9.1 for the unitary case: We assume X € S(N,Dy.;),

z = exp(Xt)zo and g = exp(Xt). Then

r+s r+s n

M.y (2,%) = Y (exp (—tX)T5,exp (—tX)T;)o = D > llpa (&) exp (—2Xit).

j=1 j=1 i=1

But all the terms in the sum immediately above are nonnegative and we have proved
in Lemma 9.6 that one of them is minorized by cexp (2bt). Hence the entire sum is

also minorized by cexp (2bt) and we obtain

M, (z,x) > cexp (2bt).

Since

d(Dx,267 Z) =1

Theorem 9.1 is proved.

9.2 Proof of Theorem 9.1 for G = Sp(2n, R)

We know that Sp(2n,R) € U(n,n) and the symmetric space Sp(2n,R)/U(n)
embedds into U(n,n)/(U(n)xU(n)). In this section we denote D = Sp(2n,R)/U(n), D' =

U(n,n)/(U(n) x U(n)). Let

2o = span{vpi1, ..., U2}
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Then zq is a negative n-plane of V. At the same time z, is a Lagrangian subspace
of (,);. Here (,); is the symplectic form on V; and we extend it complex linearly to
V. So zp can be naturally viewed as a point in both D and D’.

zo corresponds to a Cartan decomposition of g

go = £ + po.

With respect to the basis {vy,...,v9,} po is given by equation (7.6). Now we

need to study a Schrodinger model of the following seesaw dual pairs

U(n,n) O(2r,2r) (9.14)
| >
Sp(2n, R) U(r,r)

as in Section 6.3 and Section 6.4. To be more precise, recall that W is 2r dimen-
sional complex vector space with a Hermitian form of signature (r,r). Let E be
a Lagrangian subspace of W. Then the Schrodinger model of the above seesaw
dual pair is S(V ®@¢ F) = S(V"). Also recall that we have a symplectic basis
{Ey,...,E,, Fy,...,F,} of Vj and an orthonormal basis {vy,...vy,} of V' with re-
lations given in Section 6.4.

Moreover there is an isomorphism V" 2V ®@¢ F = V@ F = VZ". Under this

isomorphism, xg = (1, ..., %y, U1, .-, ¥) € V& is mapped to

X/:(fl—igl,...,fr—igr) Evm.
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Let X" = (&1 + ith,..., % + 1y,) € V™. We have assumed that spang{x,} =
spang{F1, ..., E. Fi,..., F.}. Hence spanc{x’,x"} = spanc{vi, ..., 00, Uni1, .-, Unir}-
Let U = spang{xo} and U’ = spanc{x’,x"}.

We know that

My (2,%0) = Z((Qz_ll’j, 9-"w5)0 + (9295, 92 '95)o)

j=1
= (g (& — i), 91 (T; — i))o
j=1
=M, (z,%').
where (, )o is the Hermtian form on V' with {v;,...,v9,} an orthonormal basis and

g. € Sp(2n,R) such that g,2p = 2. Since g, is real and (,)p is invariant under

complex conjugation, it is also true that

r

My (2, %0) = My (2,X") = > (g2 (& + i), 92 (T + i) )o.
j=1

Hence

MZO (27 XO) =

N | —

(921 (5 +ig5), 921 (&5 + 7))o + (92 (T — i), 921 (F) — i%;))o)-
J=1

(9.15)

146



For X € T,,D C po, let z = exp(tX)zp, then as in Lemma 9.3, we have

T

D (exp(—tX)(#; + i), exp(—tX) (& + i3];))o+

j=1

1
M., (z,x) :§

(exp(—tX)(Z; — i;), exp(—tX)(T; — ig;))o)

=2 3 S (oo (@ — i) 3 exp(=ACO) + oo (3 + i) exp(-A(X)1)},

j=1 A(X)

where the summation runs over the eigenvalues of X and py(x) is the projection
onto the eigenspace of X with eigenvalue A(X).

Since T.,,D C T,,D’, we can define f(X) as in equation (9.11)

FO) == {lpao@ = i) IGAX) + lIpaco) (5 + i) [IAX) )
J=1 \(X)<0

where the summation runs over the negative eigenvalues of X. By lemma 9.4, we
know f is continuous on T, D’. As before, we have a generalized special cycle
Dy, €D where 2{ = 20N U. Let Ny Dy, be the normal vectors to Dy..; at zo and

S(N., Dy, ) be its unit sphere.

Lemma 9.7. f(X) does not take zero value on S(N.,Dy_s). As S(N.,Dy,.;) is

compact there exists C' > 0 such that
f(X)>C X e S(NZODUJ(/)).

Remark 9.2. This is the analogue of lemma 9.5. Notice that the symmetric space

D here s different from that of lemma 9.5.
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Proof. Assume f(X) = 0. Suppose v € V} is an eigenvector of X corresponding to

a strictly negative eigenvalue so

X(v) =M, A <0.

Then

FX) = 0= [lpa(@; — iy II* = [Ipa(F; + ig)[I* = 0

Since spanc{Z1—iyi, . . ., Lr—1Yr, L1+, - - ., Tp iy, } = spanc{v1, ..., Vp, Upni1, -« Unir }s
we know that

(U, /Uj)O =0

foril<j<randn+1<j53<n+r.

Recall that for X € N, Dy ., we have (see equation (7.7) and equation (7.6))

0 0 a b

0 0 %% 0
X —

*a b 00

*» 0 0 0

where a = 'a. The rest of the proof is exactly the same with that of lemma 9.5. [J

With lemma 9.7, the conclusion of lemma 9.6 holds for X € N, Dy ., as well,
so for z € F,,Dy,.; Theorem 9.1 can be proved similarly as in the unitary case. The

general case can be derived from this using the argument right after Theorem 9.1.
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9.3 Proof of Theorem 9.1 for G = O*(2n)

In this section we use notations from Section 6.5. We denote
D = 0*(2n)/U(n), D' =U(n,n)/(U(n) x U(n)).

Then D C D’. Let

2o = span{vpi1, ..., U2}

Then zj is a negative n-plane of (Vi, H(,)). At the same time zo is a Lagrangian
subspace of (V¢,S(,)). So zp can be naturally viewed as a point in both D and D’.

zo corresponds to a Cartan decomposition of g

go = & + po.

With respect to the basis {vy,...,v9,} Po is given by equation (7.10). Now we need

to study a Schrodinger model of the following seesaw dual pairs

U(n,n) Sp(r,r) (9.16)

| >

O*(2n,R) U(r,r)

as in Section 6.3 and Section 6.5. To be more precise, recall that W is 2r dimen-
sional complex vector space with a Hermitian form of signature (r,r). Let E be

a Lagrangian subspace of W. Then the Schrodinger model of the above seesaw
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dual pair is S(V ®¢ F) = S(V"). Also recall that we have an orthonormal H-basis
{v1,...v,} of V with relations given in Section 6.5.
Recall that Wy = H ®c W, and we can extend the Hermitian form on W

to Wy. Let E be a Lagrangian subspace of W, and Fyg = H ®¢ E. We have an

isomorphism:
Vi2VecEXVugEg V.
Let x = (Z4,...,%,) € V", we have assumed that
U = spang{x} = spang{vi,..., v, }.
Hence

spanc{x,xj} = spanc{vi, ..., Up, Uns1,- - Unir}-

We know that

MZ()(Z, X) = Z(gz_lfom gz_lfa)&

a=1
where (, )o is the Hermtian form on V' with {vy,...,ve,} an orthonormal basis and
g. € O*(2n,R) such that g,zy = z.

For X € T,,D C po, let z = exp(tX)zp, then as in Lemma 9.3, we have

r

M, (z,x) = Z(exp(—tX)fa, exp(—tX)Ty)o

a=1

=573 llpaco (@) 3 exp(~A(X)1),

a=1 A(X)

where the summation runs over the eigenvalues of X and p)(x) is the projection
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onto the eigenspace of X with eigenvalue \(X).

Since T,,D C T,,D’, we can define f(X) as in equation (9.11)

Z D oo (E)IFAX),

a=1 \(X)<0

where the summation runs over the negative eigenvalues of X. By lemma 9.4, we
know f is continuous on T,,D’. As before, we have a generalized special cycle
DU% € D where 2z, = 2N U. Let NZODUJ(/) be the normal vectors to DU% at zo and

S(N. Dy, ) be its unit sphere.

Lemma 9.8. f(X) does not take zero value on S(N, Dx ). As S(N.Dx.,) is

compact and f(X) > 0 there exists C' > 0 such that

f(X)>C, X € S(N,Dx.z, )

Proof. Since X € 0*(2n), it commutes with right multiplication by 7 on V which is
a complex anti-linear map on Vg. In particular if A is an eigenvalue of X (A must
be real as X is Hermitian) and V), is the A-eigenspace of X, V) will be preserved by
right multiplication by j.

Suppose V) is the A-eigenspace of X corresponding to a strictly negative eigen-

value A\. Assume f(X) =0, then

FX)=0= |Ipr(@a)]2 = 0 = vaLVA,
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for 1 < a <r. As V), is preserved by right multiplication by j and (, ) is preserved
by right multiplication by j, the above implies Z,jLV) for 1 < a < r. Since

spanc{x,xj} = spanc{vi,..., U, Uni1,- -, Unir}, we have

UaJ_V)\,

forl<ag<randn+1l1<a<n-+r.

Recall that for X € N,, D, ., we have (see equation (7.11) and equation (7.10))

0 0 a b
0 0 = 0
X —
‘a =b 0 0
b 0 0 0
where a = —'a. The rest of the proof is exactly the same with that of lemma 9.5. [J

With lemma 9.8, the conclusion of lemma 9.6 holds for X € N, Dy ,, as well,
so for z € F,, Dy ;, Theorem 9.1 can be proved similarly as in the unitary case. The

general case can be derived from this using the argument right after Theorem 9.1.

9.4 Rapid decrease of the cocycles over the fiber F, Dy .,

In this section we want to prove that for any ¢ € C*(g, K; S(V™)), 1 satisfies

the decreasing condition of Theorem 8.4.

Theorem 9.2. All the assumptions are as in Theorem 9.1. For any Schwartz func-
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tion ¢ € S(V™) and any constant p > 0, there is a constant C, such that

Y(g~'x) < Cpexp(—pd(z,g,%)), (9.17)

where d(z, g) is defined in Theorem 9.1.

Proof. Since 9 is a Schwartz function, for any positive integer N, there is a positive

constant C'y such that

By Theorem 9.1, we know that
—1 C’N
w(g X) < —exp(—Zch(z,g,X)).
c

We fix a N > £ and let C), = CTN, the theorem is proved. n

Theorem 9.3. Fiz a nondegenerate x, a point z € D such that (x, z) is a compatible
pair, ¢ € G and ¢ € C*(g, K;S(V™)). For any p > 0, there is a positive constant

C; such that

[0(2,9',%)I] < G exp(—pd(z, 9, %)),

where the norm is taken with respect to the Riemannian metric 7 and d(z,g,X) is
as in Theorem 9.1. In particular, po(z, ', X) satisfies the condition of Theorem 8./

and is integrable on Foy Dyt -
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Proof. Let g = g. = exp(Xt) with || X|| = 1. So d(Dx,;,z) = t. Recall that
U= (L) ().

where
d
¢ - Z ¢Ile
I

where ¢y € S(V™) are polynomial and €2; € A*p*. Hence

U(z,g,%x) =Y (w(g)r) (g7 %)L ().

1

Weil representation preserves the space of Schwartz functions, hence w(g')y; €
S(Vm).
By Theorem 9.2, we know that for any I and p’ > 0, there is a constant C’/f >0

such that

(w(g"vr)(g~'x) < Clexp(—pd(z, g,%)).

Since the left action of G on D is isometric, we know that
|| Lg—+ ()] = [I€2]].

Hence define

o = \/ch)zuw.

I

We know that || (2, ¢, x)|| < C)exp(—pd(z,g)).
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Chapter 10: Asymptotic evaluations of fiber integrals

We want to compute the fiber integral x(g’, f) defined by

m@mzéD ooz g ).

20 Mx, 2!

where (x,x) = § and (x,2p) is a compatible pair (Definition 3.1) and 2z = 2o N
span{x}. Our goal is to prove theorem 8.3. This only depends on the symmetric
space Goo/ Ky so we only need to work over real groups. Recall that ¢, = ¢ ®
IL 4, v Where @ is the cocycle defined in Chapter 7, ¢, is the Gaussian function of
V. and v is an Archimedean place for the number field k. Throughout the chapter
we assume that ¢’ = (¢1,1d,...,Id) € G, =[], G,. Hence p,(g,¢') is a nonzero
constant for v # vy. So in order to prove the integral x(¢’, 5) is nonzero, it suffices

to compute the following rescaled integral

/ o(2,9',%x)
F,.D

20 x7z6

with ¢’ € G, . So from now on in this chapter, we change our notation and let
G=0G,, G =G, and k(g = [r b gooo z,¢',x). Recall that (G,G’) can be
2D

the following three dual pairs
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1. (U(p,q),U(TaT))
2. (Sp(2n,R), O(2r, 2r))

3. (O*(2n),Sp(r,r))

Recall that the group M’ C G’ is

M =< m'(a) = |a € GL,(B) and a = (Ta )"

An element (m/(a), () in its double cover acts by (see (Chapter 5))

w(m'(a), Q)p(x) = Cxv(a)p(xa).

If

(x,x) = .

Then f is an f-tuple of r x r C-skew Hermitian (resp. 2r by 2r real-valued skew-

symmetric or r by r H-skew Hermitian) matrix. We have

(xa,xa) = "a’Ba.

It follows that

k(g'(m'(a),¢), B) = (xv(a)k(g, "a”Ba).

Suppose [ satisfies the condition of theorem 8.1. By the above formula and Gram-
Schmidt process, we can choose m = m/(a) such that "a’Ba is of the following
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form:

1. For the group U(p, q) we assume 'a’Ba is an 7 + s by r + s diagonal matrix

with diagonal entries {—i, ..., —i,4,...,i}.
——_——— N——

T S

2. For the group Sp(2n, R) we assume 'a?Ba is the 2r by 2r matrix
I, O

3. For the group O*(2n) we assume 'a’fa is an r by r H-valued diagonal matrix

with diagonal entries {—i, ..., —i}.
—_———

r

So from now on we assume [ is of the above form. By translating by appropriate

g € GG, we can choose any x such that (x,x) = § and compute (¢, 3) as

"{(g/76) = /F b @oo(zag/7x)'

0 x,z(/)
Hence we can assume
Lox= (U1, , U, Upits s Uprs), 20 = SPANC{VUpit, -« -y Uprg )y
2. x=(Fy,...,E., Fi,...,F.), zo = spanc{v,, ..., v, },
3. x=(v1,...,0.), 20 = spang{vp, ..., o, },

in the three cases respectively (the choice of basis of the vector spaces is as in
Chapter 7). Let a(t) € GL,,(B) be scalar matrix t - Id. The exact value of k(¢’, 5)
is hard to compute in general, instead we approximate x(¢’, 3) for ¢’ = (m/(a(t)), 1)

as t — 0o. We need the following theorem.
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Theorem 10.1. Let f(x),h(x) be smooth functions on R™. And let J(v) be the

integral

J(t) = - f(x)e @ dy,

And we assume that
1. The integral J(t) converges absolutely for all t > 0.

2. For every € > 0, p(e) > 0, where

p(€) = inf{h(z) — h(0) : x € R",|x — 0| > €}

3. the Hessian matriz

18 positive definite.

Then we have

) £(0)det(A)~Zexp|—th(0)],

ast — oo.

The above theorem is one special case of the so-called method of Laplace. The
proof can be found in Section 3 of Chapter IX in [Wong]. To apply Theorem 10.1,
we choose a base point 29 € Dy ., Recall that we identify T,,D = go /% with po.
One half of the trace form defines a Ad(K)-invariant metric 7 on pgy (thus 7 extends

t a G-invariant metric on D). If exp,, is the exponential map of the Riemanian
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manifold (D, 7) and exp is the exponential map in G, then we have the following

commutative diagram( [He] Chapter VI, section 3):

po —— G

IS
T,D —% G/K

The metric 7 also makes T, D a (Euclidean) Riemannian manifold in an ob-
vious way, we abuse notation and denote this metric also as 7. If X € p and
g. = exp(X),z = exp,,(X) then we have d(z,zy) = ||X]||, where both d(z, z) and
|| X || are defined with respect to the metric 7.

Using the exponential map exp,, we can identify the normal vector space
N, Dy .y with the fiber F, Dy ., for a suitable choice of base point zp. Then we

apply theorem 10.1 to

J(t) = rlg %) = /F YRR /N e (3(Yg' )

0 x,26 0 x,z/0

for Y € N,,Dy ., and ¢’ = (m/(a(t)),1).

We verify the assumptions of theorem 10.1 one by one. The first assumption
is already proved in Theorem 9.3. Hence we will verify the remaining two in this
section. We will emphasize on the case G = U(p, ¢) and mention the other two cases
briefly. As the reader will see, the case when G' = Sp(2n,R) or G = O*(2n) follows
easily from the case G = U(n,n).

Proof of theorem 8.3: In theorems 10.2, 10.3 and 10.4 we will compute the

asymptotic value of k(¢, 5) in each cases and show it’s nonzero. It is easy to show
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that the action of G’ is analytic on the polynomial Fock space. By the definition of
k(¢', B) and the fact that @ is fast decaying on F,, Dy x, (¢, 8) is analytic on G,

and the theorem is proved.

10.1 The method of Laplace for the U(p, q) Case

Our goal is to apply theorem 10.1. To apply the theorem there are three
conditions to check. (1) is checked in Chapter 9.4. Now we check (2) and (3). We

have assumed

/
2o = span{vpi1, ..., Uprqt € D, 2z, = span{vpi1, ..., Upis},

— m
X = (V1,0 U, Upi1s .o, Upiq) € V™.

Let

Uj = spanc{v;},1 <j<p+q

Recall that the definition of D; does not require a base point (see remark 3.4). Our

key observation is that

Lemma 10.1.
T p+s
Dy = ((YPH(C[) D)
j=1 Jj=p+1
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Proof. By definition for 1 < j < p, we have

D;={z€ D|zcCU;}.

For p+1 < j <p+ q we have

D; ={z e D|U; C z}.

Since (see remark 3.3)

Dx,z(’) = {Z S D| @ji;j—l Uj CcCzC (@;lej)L},

the lemma follows.

We define functions M7(X) : D — R by

M7 (z) = |lg. " v;llo,

where z € D and g, - zp = z. It is well defined as || - || is K invariant.

Lemma 10.2. For any element z € D, we have

h(z) = cosh®(t) + sinh?(t)
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where t = d(z, D;). In particular,
M (z) > M (z).

Equality holds if and only if z € D, .

Proof. Let us assume 1 < j < p. The case p+ 1 < j < p+ ¢ is similar. Without

loss of generality we can assume j = 1. It is easy to see that

cosh(t) - vy —isinh(t) -v, ifa=1
exp(—tEq,)v1 =

V1 otherwise

cosh(t) - vy + sinh(t) - v, fa=1
exp(—tF,,)v1 =

U1 otherwise

Recall that the group Gy, fixes v1. Hence
M'(z) = M'(g2),Yg € Gy,.

We have a Gp,-equvariant fibration 71 : D — D; (see Section 3.2). By translating
z using an element in Gp,, we can assume that m(z) = zp and is of the form
z = exp,,(X) where X € N, D; and (recall the definition of E,,, F,, in eqaution
(7.1)

Ny Dy = span{ Ly, Fi lp+1 < p < p+q}.
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We assume that

p+q p+q p+q
X = Z xluElu — Z yl,u,Fl,u = Z v1 N\ (1’1“ +z’y1#)vu
pu=p+1 u=p+1 pu=p+1
We define
p+q
t= | D (el + |yl
p=p+1
and
p+q
= — Z xlu—l-zym
u =p+1

Then (v,v) =i and (vy,v) = 0. We have
exp(—X)(vy) = cosh(t) - vy — isinh(t) - v.
So
M'(2) = ||cosh(t) - v; — isinh(t) - v||§ = cosh®(t) + sinh?(t).

Since z = exp(tvy o v)zy we know that ¢ = d(z,29) = d(z,D1). The claim of the
lemma is proved. 0

Define M : D — R by

T p+s

M(z) =Y W(2)+ > W(z

J=1 J=p+1
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Define h : N, Dy s — R (h/ resp.) by

h = M oexp,, oi (h) = M’ oexp,, oi resp .), (10.1)
where i is the injection ¢ : N, Dy .r < T.,D. M is the function defined in Equation
(9.1).

Proposition 10.1. The function h satisfies condition (2) and (3) of theorem 10.1.

Proof. By lemma 10.2 and lemma 10.1, M(z) obtains its minimal value at z if and
only if 2 € Dy ;. In particular, 2o is the unique point with minimal % value on
F., Dx..;, hence a critical point of h. Now we suppose X € N, D, .. with [| X[ = 1.

We define hx : R — R by
hx () = h(exp., (= X1)).

Then ¢t = 0 is a global minimum for hx(t), thus we have

d
Ehx(t”t:o = 0. (10.2)

By lemma 9.3, we have

(exp (—tX)v;, exp (—tX)v;)o = Z |a§|2 exp (—2\gt).
k=1
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From this we know

m T r4s

dt2 hex () = 1D 4lalPAfexp (—20t) + > 4la¥ A7 exp (—2\it)}.

k=1 j=1 j=r+1

With Lemma 9.6 in mind, we have a uniform lower bound of 4 h x(t) for all

dt?

{lIX]| = 1|X € T,,Fxy} and ¢t > 0. And a similar argument works for ¢ < 0. So

hx(t), we can assume that h’%(t) > C for a positive constant C. It follows that
1 2
h(X) 2 1(0) + SCIIX]I%

Hence h satisfies condition (2) of theorem 10.1. Condition (3) is also satisfied because
we know from the above that the Hessian matrix of h is positive definite with the

smallest eigenvalue bigger or equal to C' O

Any X € N, Dy .; can be written as

Z IapEozp,"i_ Z yau ap

(a,p)el (a,p)€l

where I is the index set defined in equation (7.4). We denote the function h/oexp,, oi

by h7. We think of these as functions in variables {24, yau|(a, ) € I}. We need

Corollary 10.1. Suppose (a, ), (B,v) € I. For 1 < j <p, we have

O*hI

———— = 2008000
024,078, pledu
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O*hi

——— = 20,8040,
ayauayﬂu plastn
217
_oW
024,03,
Forp+1<75<p+q, we have
O*hi
—— = 20,30,,i0,
axauaxﬁy BYuin
O*hi
—— = 20,30,,i0,,,
8yauay5,, BYuifn
27j
o,
070,03,

Proof. We need to compute the following

82

0s0t

[(exp (sX + tY)v,exp (sX + tY)v)o]|s=t=0-
Using the second order approximation of the exponential map
1
exp (sX +1tY) = I+(sX+tY)+§(52X2+t2Y2+stXY+5tYX)+higher order terms

One can check that

92
0sot

1 1
25((XY +YX)v,v)g+ 5(1}, (XY +Y X))o+ (Yv,X0)o+ (Xv,Y0).

[(exp (sX + tY)v, exp (sX + tY)v)o]|s=i=0
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We also have

Eou(va) = —ivy, Eou(vu) = iva

Fou(va) = —vy, Fou(v,) = —v,

for1 <a <p,p+1<pu<p+gq. Alsorecall that (, ) is a positive definite Hermitian
form with orthonormal basis {vy,...,v,4,}. With these preparations, the formulas

in the lemma follow from routine calculations. O
The Hessian matrix A of h at 0 is a 2(rq+ ps — rs) by 2(rq+ ps — rs) matrix.

Corollary 10.2. A is diagonal with diagonal entries

9%h B 0%*h _ 4
0?4y, N Yoy N
fori<a<rp+1<u<p+s. And
2 2
0°h 0°h _y

0?4y, B Yoy N

fori<a<rp+s+1<pu<p+sorr+1<a<pp+l1<pu<p+s. In

particular it is positive definite with determinant

det(A) = 47147,

Proof. Since

r +s
h = Z B + pz R
j=1 j=p+1
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The corollary follows from 10.1 and simple algebra. O

With all the preparations we are ready to prove our main theorem of this

section. Recall that

for Y € N, Dy s and g’ = (m'(a(t)), 1).

Theorem 10.2.
J(t) ~ <23rq+3psf7rs7T3rq+3psf5rst%(p+q)f2rs exp(—(r + S)t2),

where ¢ is an eighth root of unity.

Proof. Think of N,, Dy .; as R2(ra+ps=7s)  Recall that

where gzo = z. By equation (7.13), we have

d
=00 PN,

ij=1

where p;; are polynomial functions on V™ and €2; € A®p7 and

wo(x) = exp(=7nTr(x,x)o) = exp(—7 Z [1Zm|I%)
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with x = (v1,...,Vr, Upt1, ..., Upts). SO we have

(1" oexp, ) (2) (Y, Id, x) = po(exp(— me exp(—Y)x)i* ((Lexp(-v)) " (€)M Lexp(-v))*(£25)),
(10.3)
with

wo(exp(—Y)x) = exp(—h(Y)),

for Y € Ny Dx 2 Since ¢ and Ny Dx 2t have the same degree.

(i* oexp;, @)Y, Id,x) = f(Y)exp(—h(Y))dvol

for a function f in Y, where dvol is the volume form of the Euclidean space
(NZODX%, ).

Recall equation 5.4, so we have

w(m'(a(t)), D)p(x) = (t2PF0p(xt).

So for a polynomial function p of degree d on V™, we know

w(m'(a(t)), 1)(ppo) (x) = ¢t2 0+ th X)po(xt)
=(tz(Pta) Ztl x) exp(—h(Y)t?)

where p; is the degree i homogeneous part of p;. After applying ¢’ = omega(m/(a(t)), 1)

to each term in the summation of Equation (10.3) and combining terms according
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to t-degree, we have

2(rq+ps—rs)

(i o expl, @)(Y, 0", x) = Ct'=" 3" Ef(Y) exp(—h(Y)#)dvol. (10.4)

i=1

Theorem 10.1 can be applied to (i* o exp} $)(Y,g',x). Condition (1) of 10.1 is
checked in theorem 9.3 as each term of Equation (10.4) is in C*(D, S(V™))¢. Cond-
tion (2) and (3) are checked in Proposition 10.1, and the determinant of the Hession
of h is checked in corollary 10.2.

As we are interested in asymptotic value when ¢ — oo, only the highest degree
(which is 2(rq + ps — rs)) term of ¢ in Equation (10.4) matters. By Lemma 7.7, we

know that the highest degree term of (i* o exp} $)(0,¢’,x) evaluated at

X = (U1, U, Ups1s - Upys)

18

where

I={(e,pl<a<rp+l<p<p+qtU{(a,plr+1<a<pp+l<p<p+sh

Since

(i oexpi)lol N\ & [\ &) = dvol

(a,pm)el (am)el
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By 10.1 we know

2
J(t) N(Q\/iﬂ_t)Z(rqﬂoszrs) . t%(pﬂ]) . (t_j)ps+rqfr327psfrq exp(—(r + S)tQ)

_ _ 1 _
N23rq+3ps 7rs7_‘_3rq+3ps 5rst2(p+q) 2rs exp(—(r + S)tQ).

The theorem is proved. O

10.2  The method of Laplace for the (Sp(2n,R), O(2r,2r)) Case

We want to apply theorem 10.1 to compute

J(t) = /N exp’, (Foo(V, ¢, X))

O’Dx,z6

in case of the dual pair (Sp(2n,R), O(2r, 2r)). We need to check conditions (1),(2),(3)
of theorem 10.1 again. Fortunately, we don’t need to start from scratch. Our strat-

egy is to use the seesaw dual pair

U(n,n) O(2r,2r) (10.5)
Sp(2n,R) U(r,r)

to reduce a substantial part of the problem to the unitary dual pair case. We proceed

quickly by omitting the proofs that are similar to the unitary group case.
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Recall from Section 6.4 that we have a R vector space Vp and V =V ® C. Let

D =Sp(2n,R)/U(n), D =U(r,r)/(U(r) x U(r).

We have assumed that

x=(Fy,....,E., Fi,....F.), zo=spang{vn, ..., 011}

Let Uy = spang{x}, U = spanc{x} and z{, = U N zy = spanc{v,,...,Vn1r}. Then
we can define generalized special cycles Dy, € D and [)U% e D.

We have studied the function

T

M(2) = Mey(2,%) = ) (19" Eall + 19 Fall3)

a=1
in Chapter 9, where g.zp = z. By equation (9.15), we know that

T

M(2) = (9= vallg + 197 varall5)

a=1

Recall that we have defined function h : D — R by h = M o exp,, oi where 7 :
N.,Dy,.; — T.D. Let j be the injection D — D and j, : NoyDy.y — Ny Dy be

the induced map. Then we know that

eXpp ., (7:(X)) = j(expp . (X)) = exp(X) 20, VX € Ny Dy,
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where expp . and expp . are exponential map in the corresponding symmetric

spaces and exp is the exponential map on the group U(n,n). We then have
Lemma 10.3. The function h o j, satisfies condition (2) of theorem 10.1.

Proof. By Proposition 10.1, h(z) obtains its minimal value when z = z, for z € D.
As D c D. h|p also obtains its minimal value at z. If we suppose X € N, Dy .,

with [|X|| = 1. We define hx : R — R by
hx(t) = h(j.(X1)).

Then as in the proof of Lemma 10.1, we know that %hﬂ x(t) is bounded below

uniformly by Lemma 9.7. This suggest that z, is actually the unique minimal point
of hooj, on F, Dy, It also implies that h o j, satisfies condition (2) of theorem

10.1 as in the proof of Proposition 10.1. O]

It is then easy to see that the Hession matrix A of hoexp,, ot at 0 € N, Dx .,

is a 2nr — r2 +1r by 2nr — r? +r positive definite diagonal matrix with determinant
det(A) = 427",
Recall that

J(t) = w(g,x) = / 5z g x) = / * o exp?, (3(Y, ¢, x))
F..D_ N..D_

20 X,z 20 X,z

for Y € N, Dy, and ¢’ = (m/(a(t)),1).
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Theorem 10.3.

5,247 5,245 2
J(t) ~ 22m" 5T +2r,n_3m" 3T +2rtn re4r exp(—rt2).

Proof. Apply lemma 6.5, lemma 7.3 and theorem 10.1. The details are similar to

that of theorem 10.2. O

10.3 The method of Laplace for the (O*(2n), Sp(r,r)) Case

We want to apply theorem 10.1 to compute

J(t) = /N e (Gl )

0 x,z/O

in case of the dual pair (O*(2n),Sp(r,r)). We need to check conditions (1),(2),(3)

of theorem 10.1. Again we make use of the seesaw dual pair

U(T n)><Sp(‘r, ). (10.6)
O*(2n) U(r,r)

to reduce a substantial part of the problem to the unitary dual pair case.. We use
the assumptions and notations of Section 6.5.

Let

D = 0*(2n,R)/U(n), D= U(r,r)/(U(r) x U(r)

175



We assume that

x = (v1,...,0), 20 =spanc{vy,...,v,}.

Recall that we have defined function M : D — R by

M(2) = Mey(2,%) = ) N9z vjll%,-
j=1

Let i : N,, = T,,D. We then define h = M o exp,, o 1.
Lemma 10.4. The function h satisfies condition (2) of theorem 10.1.
Proof. Similar to that of Lemma 10.3 or Proposition 10.1. O

It is then easy to see that the Hession matrix A of hoexp,, ot at 0 € N, Dx .,

is a 2nr —r? —r by 2nr — r? — r positive definite diagonal matrix with determinant

2

det(A) = 427

In this case we have

Theorem 10.4.

J(t) ~ 22nr—gr2—grﬂ_3nr—gr2—grtn—TQ—r exp(—rtQ).

Proof. Apply lemma 6.5, lemma 7.5 and theorem 10.1. The details are similar to

that of theorem 10.2. O
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Chapter 11: The associated vector bundle £ on I\ D’

Recall that G’;l (f(fjl resp.)is the metaplectic cover of Gf, (K, resp.) which is

the preimage of G, (K, resp.) under the map Mp((V"™),,) = Sp((V"™),,), and
=G, x ] G K=K, =[] K.
v#£U] VAU

G' acts on S(V) by the oscillator(Weil) representation w and the action commutes
with that of G. In this appendix, we show that 6. ; is a matrix coefficient of an

automorphic vector bundle

E-T\G /K",

where K’_ is the maximal compact subgroup of G’ that fixes the vacuum vector
1, ¢» where ¢, is the Gaussian function of S(V;,). Let K be the image of K'_ in

G under natural projection. Recall that we have
1. G, =U(r +s,7+s)
2. G'_ = 0(2r,2r)*
3. G'_ = Sp(r,r)*

for case (1), (2) and (3) respectively.
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We will compute the K’_ action on

v =9 ® [] @0
v#£v]

where ¢ is the special class constructed in Chapter 7. Since K’ = [[, K/, and K/,
acts on ¢, trivially for v # vy, it suffices to compute the f({)l action on . It turns
out that often times f({)l is the trivial two-fold cover of K7, and the action descends
to K, . If this is the case, we actually compute the action of K . The following
general argument applies to both f({]l and K| representation so we just deal with
the [N(z’)l case for brevity.

We will show that ¢ is a highest weight vector of an irreducible representation
of K +,- We denote this representation by 0. To be more precise there is an irreducible

representation (E,, o) of K’ inside W such that

w(ke = o(k)e, VK € K,

Hence

w(g'k)o = w(g)(a(K)e), (11.1)

for all ¢’ € égo, k' € f(éo and ¢ € E.

Let E* = Hom(E,,C) be the dual representation of E. There is a canonical
element ® € E, ® EZ which corresponds to the identity element in E, ® £} =
Hom(E,, E,). Explicitly we choose a basis {¢1,...,pq} of E, and we assume ¢, =

¢, the special class defined in Theorem 1.1. Let {eq,...,e4} be the corresponding
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dual basis of E*. Then we have

d
P = Z%’ ® €.
i=1

By definition the diagonal action of é’oo on ¢ leaves it invariant:
(c @) (K)d =, K € K (11.2)
Equivalently,
(0@ Id)(K)® = (Id® o*)((K) ™ H)®, k' € K, (11.3)

where Id stands for the trivial action. For each x € L",

®(g',x) = w(g)(®)(x)

is a function on G with values in E?.

Any ¢ € W defines a function on (;;o with values in W by associating ¢’ € G’f)o
to w(g')p. We use R(g¢') to denote the right translation action of ¢ € G’ on the
functions with values in a vector space. Equation (11.1) and equation (11.3) together
imply that

R(K)® = (Id® o*)((K) ™). (11.4)

In other words, ® is a section of the associated vector bundle & — G'_/K'_ to the

representation (E*,0*) of K .
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We now apply #-distribution to get

Orald) = Y (w(g') ® 1d)(P)(x),

XELM

There is a subgroup I" € G’ such that its pullback in G’ is the trivial double cover

and

Oc0(vg) =0c0(g),y €T

By equation (11.4) and the I"-invariance of 0. ¢, 6,4 is a section of the bundle

'\ — I"\G" /K. The cocycle 0, is then a matrix coefficient of 0 ¢:

0c.0(9") = (Ora(g), ¥),

where (,) is an K’_-invariant bilinear pairing between E, and E*.
The group G’ can be decomposed as G' = P'K’_. And recall that P’ =

N'A’M" (Langlands decomposition). We can define

k(@4 ) = / 3(g, %),

x,z!

it is a section of & — G'/K’_. Then we have

k(g B) = (k(®, 4, B), p).

Now we proceed in cases. In case (1) we compute the (f(qil)o (the identity
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component of K7, ) action by computing highest weights. In case (2) and (3) K}, is
the trivial two-fold cover of K7, and the action descends to K , so we compute the

K] action. The results are essentially the same with those of [KV]. We proceed by

U1

cases.

11.1 Case (1)

In this case G}, = U(m,m) where m = r + s. Recall in Section 6.3 we choose
a basis {wi, ..., Wy, Wty Wyame } of Wy, with the Hermitian form <, > such

that
1. <wg,w, >=1
2. <wg,w, >=—1

for1<a<mm+1<k<m+m and < w;,w, >=01if j # k. Under this basis

U(m) x U(m) is the block diagonal matrices

{ |"AA =1d,*BB = Id}.

For simplicity we denote by U(m,0) the subgroup that is identity on the lower right
block and by U(0,m) the subgroup that is identity on the upper left block.

Let ¥ be the Lie algebra of U(m,m). Then ¥ ® C acts via the oscillator
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representation by

p+q
1

(wa ® wb Zua bau + Z u,ua - §6Qb<p - q)
D p=p+1 b
for 1 <a,b<m and
p+q 1
w(wy ® w)) Z““’“au ; > ey — + 50a(p =) (11.5)
« p=p+1

form+1<k ¢<2m.
Let t be the diagonal torus of u(0,m), n be the strictly upper triangular Lie
algebra of u(0,m):

n={w,@uw;m+1<k<{<2m}

Recall that in Section 7 we define the element ¢, using the special harmonic

47°f27". Here f, and f_ are as in definition 7.1 except that we shift b to b+ m
where b is the second index of the variable u,;,. This is because in definition 7.1 our
assumption is that W is negative definite (hence K’ = U(0,m)). So now U(m,0)
acts trivially on f9° 2"

Using equation (11.5), it is easy to see that f{ °f”™" has weight

(q—s+%(p—q)wwq—er%(p—cm—(p—?“)+%(p—qx~--7—(p—7")+%(p—Q))
1 1 1
( S+§(p+q) —5+§(P+Q)a7"—§(P+Q) r—=(p+q)
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under t. Moreover we can show that f{ °f*™" is killed by n. We have three cases

1. m+1<k<fl<m-+r

2. m+1<k<m4rm+r+1<L<m+r+s

3 mAyr+1<k<l<m-+r-+s.

In case (1), w, @ w; replaces a column of f; by an existing column and acts trivially
on all the variables in f_. In case (2), wy ® w} acts trivially on all the variables in
f+ and f_. In case (3), w, ® w; acts trivially in all the variables in f, and replaces
a column of f_ by an existing column. In any case wy ® wj kills f17° 77",

The conclusion is that f{ °f*~" hence ¢, is a highest weight vector of u(0,m).

Similarly ¢_ is a highest weight vector of u(m,0) with weight

1 1 1 1
=(6—50+aq....s—5@+a.—r+5p+a,....—r+5(p+a)
Hence o = ¢ A p_ is a highest weight vector of weight
1 1 1 1
(s=5(+a)—rt5p+a). =s+5p+a),. .r=50p+a)...)
T S T S

—_——

under the action of the connected component of U(m,m).

11.2  Case (2)

In this case G, = O(2r,2r).
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Let us use the notation of Section 6.4. Recall that W is a complex vector space
with a Hermitian form <, > of signature (r,r). We denote by Wg the underlying
real vector space of W and let <, >gr= Re <,>. (7 is the linear isometry group of
(Wr, <, >gr). We can choose an orthonormal basis {w,, w|1 < a <r,r+1 <k < 2r}
of W such that

< Wo, We >= 1, < wy, w, >= —1

for 1 <a<rr+1<k<2r. Let O(2r0) be the linear isometry group of
the subspace W, spanned by the first r basis vectors, and O(0,2r) be the linear
isometry group of the subspace W_ spanned by the last r basis vectors. Then
K, = 0(0,2r) x O(2r,0) is a maximal compact subgroup of &}, . Let ¥ be its Lie
algebra. Then

E = A2(WL) @ AR(W_) = sp(r,0) @ sp(0,7).

First we focus on O(0, 2r). Define

Wy, = wg + 1wy

wy = wy, — iwgi,

where r + 1 < k < 2r. Notice that if we extend the form (, )g complex linearly to a

symmetric form on Vg ®g C. Then

(w), wy )r = =20
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and the inner product between any other vectors among these are zero. Then we

have a split torus t of 0(0,2r) ® C spanned by

{w, ANwi = w), @ (wp)" —w, @ (w))*|r +1 <k < 2r}.

We also have a nilpotent algebra n of 0(0,2r) ® C:

n = span{w, Awj|r+1 <k, <2r} @ span{w, Awy|r+1<k<l<2r}

The Lie algebra 0(0,2r) x C acts by the Weil representation in the following way:

u 0 0
; A 0) = 2 a+nk™w  — WYatnlS )
w(wy, A wp) ;(U + ’kaua,e Ua+ faua,k)
n
0 0
w(w) ANw)) =2 Up f———— — Ug ,
( F é) ;( 4 aua+n,€ ’eaua+n,k)
/ 1\ * " 11\ * / " - a a
w(2wy, @ (wy)* — 2w, @ (wy)*) = w(w, ANwy) =2 Z(u(”"’km - ua’e(?ua,k)’

a=1

Recall that in Chapter 7 we define the element ¢, using the special harmonic
:Z_T“. Here f, is as in definition 7.1 except that we shift b to b 4+ r where b is the
second index of the variable u,;,. This is because in definition 7.1 our assumption is

that W is negative definite (hence K’ = O(0,2r)). So now O(2r,0) acts trivially on

n—r-+1
+ .
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Moreover it is easy to see that f7~ " is killed by n and has weight

(—(n—=r+1),...,—(n—r+1))

S

~\~
T

under t. So f77""! hence ¢, is a lowest weight vector of s0(0, 2r). The corresponding
highest weight is

(n=r+1),....(n—r+1)).

(.

Y
Under the group O(0,2r), f7~"*! generates an irreducible representation that
splits into two irreducible representations of s0(0, 2r) with highest weights

(n=r+1),....,(n—r+1))

- /
v~
T

and

((n—r—i—1),.;,(n—r+1),—(n—r+1)).

Let us denote this representation by F

Similarly ¢_ is a highest weight vector of o(2r,0) with weight

(n—r+1),...,(n—r+1))

. S
~~
r

and it generates the same representation F as before under the group action of

O(2r,0).
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11.3 Case (3)

In this case G, = Sp(r,r).

Let us use the notation of Section 6.4. Recall that Wy is a H-vector space
with a Hermitian form <, > of signature (r,r). G, = is the linear isometry group
of (W, <,>m). We can choose an orthonormal basis {wg, wg|l < a < rr+1 <

k < 2r} of Wy such that

< Wa, We >up= 1, < wg, w, >y= —1

for 1 <a <rr+1 <k < 2r. Let Sp(r,0) be the linear isometry group of
the subspace W, spanned by the first r basis vectors, and Sp(0,7) be the linear
isometry group of the subspace W_ spanned by the last r basis vectors. Then
K, = Sp(0,7) x Sp(r,0) is a maximal compact subgroup of G . Let & be its Lie
algebra. Then

2 A2(W) @ AP (W) = sp(r,0) @ sp(0,7).

First we focus on Sp(0,7). We have a split torus t of sp(0,7) ® C spanned by

{wp A wy —iwy, A wyi = 2w @ wir +1 < k < 2r}.

We also have a nilpotent algebra n of 0(0,2r) ® C:

n = span{wiAgwe—iwgAgwei|r+1 < k < £ < 2r}@span{wg Agjw,—iwgAgjwei|lr+1 < k. 0 < 2r}
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The Lie algebra sp(0,7) acts by the Weil representation in the following way:

n
. . 0 0
W(wk Ag Wy — 1wk Ay wgz) =2 Z(Uakau— - Ua+n,éau—)7
a,l a+n,k

a=1

) . o a ) )
w(wg Am Jwe — iwy Ag jugi) = 2 Z(uakﬁu—g + umgau
a+n, a+n,k

),

a=1

u 0 0
w(wy Al jwe + twy A jwet) = —2 Z(Ua+n,e— + Uagn o)
— OUg g O 0

Recall that in Chapter 7 we define the element ¢, using the special harmonic f7~"*

Here f is as in definition 7.1 except that we shift b to b 4+ r where b is the second

index of the variable uy,. This is because in definition 7.1 our assumption is that W

n—r—1

is negative definite (hence K’ = Sp(0,7)). So now Sp(r,0) acts trivially on f}

n—r—1

Moreover it is easy to see that f7 is killed by n and has weight

(—(n—r—l),.\.ﬁ.,—(n—r—l))

under t. So fﬁ_r_l hence ¢ is a lowest weight vector of sp(0,7). And the corre-

sponding highest weight is

(n—r—1),...,(n—r—1)).

(.

N~
s

Similarly ¢_ is a highest weight vector of sp(r,0) with weight

(n—r—=1),....(n—r—1)).

(.

N~
s
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