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Abstract

Expressions for the thermodynamic factor matrix I' of quaternary mixtures are
derived in terms of Kirkwood-Buff integrals and implemented into the massively-
parallel simulation tool ms2. To assess these expressions, a liquid-like supercritical
quaternary Lennard-Jones mixture is sampled throughout its entire composition
range, employing molecular dynamics in the canonical ensemble. Good agreement
is found between numerical chemical potential derivatives and the results from the
present Kirkwood-Buff integral expressions. Moreover, the limits of the thermody-
namic factor matrix for pure, binary and ternary subsystems are discussed.
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1. Introduction

Accurate thermophysical data are essential for understanding natural processes and
for designing technical applications [1]. Despite longstanding efforts in experimental
thermodynamics, the available database is surprisingly sparse, particularly when it
comes to higher order mixtures [2]. Utilizing suitable computational methods and
high-performance computing, adequate prediction methods rapidly gain importance
to overcome the insufficient thermodynamic data supply [3].

Equilibrium methods are prevalent for the design and optimization of separation
processes, although they are not in equilibrium by definition. Addressing this concep-

tional shortcoming, rate-based methods that explicitly cover non-equilibrium dynamics
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are under strong development [4]. For their parametrization, however, not only equilib-
rium properties, but also transport coefficients are required, making thermodynamic
data supply an even more pressing issue.

To describe mass transport in liquid mixtures, the thermodynamic factor I' is impor-
tant because it connects the Fick diffusion coefficient D with the Maxwell-Stefan (MS)
diffusion coefficient D. In case of a binary mixture, their relation is simply D = I'11-D.

The definition of this factor for a multi-component mixture is given by

x; [ Opy
I'ii=— , 1
! kT <8m] > Tp,% ( )

where p; is the chemical potential of component ¢, x; the mole fraction of compo-
nent j, T the temperature and k the Boltzmann constant. This equation applies at
T,p = const., while the symbol ¥ indicates that ) " ; z; = 1 must be maintained
during differentiation. Following the standard procedure, the partial differentiation of
p; with respect to x; is carried out at constant mole fraction of all other components,
except for the last [5].

In case of multi-component mixtures, this relation is given by D = B™'T, where
matrix B is determined by the MS diffusion coefficient matrix D [5]. Matrices D,
I' and D are of dimension (n — 1) x (n — 1) and only the latter one is symmetric.
As a consequence, T' connects four Fick with three MS diffusion coefficient elements
for ternary mixtures, and nine Fick with six MS diffusion coefficient elements for
quaternary mixtures. To characterize mass transport in higher order mixtures, matrix
D asymptotically requires about twice as many parameter elements than matrix D.
This aspect is an important advantage of MS theory, which, however, rests on chemical
potentials that are not accessible experimentally. On the contrary, when mass transport
needs to be connected to laboratory work, where composition is treated explicitly, the
Fick approach can be applied directly. To take advantage of both MS theory and Fick’s
law for a given scenario, the thermodynamic factor T' is thus indispensable.

Due to its nature of being a derivative of the chemical potential pu;, the thermo-
dynamic factor cannot be measured experimentally. Instead, this property has to be
extracted from phase equilibrium data with the support of excess Gibbs energy mod-
els or equations of state. An elegant alternative route for sampling I';; is offered by
molecular modeling and simulation combined with Kirkwood-Buff integration [6]. It
should be noted that there are no other standard simulation methods available that
can generally be applied.

Detailed information on the microscopic structure of fluids is provided by radial
distribution functions (RDF) g;; sampled with many-body molecular simulations. On
the basis of such data, that are closely related to local compositions, it is straightfor-
ward to analyze liquid solution properties by applying Kirkwood-Buff theory. However,
Kirkwood-Buff integrals (KBI) are defined in the grand canonical (uV'T') ensemble



only, which is hard to impose in simulations of dense liquid phases [7]. Instead, the
standard procedure is to employ the canonical (NVT') ensemble, which may lead to
convergence problems. Numerous efforts have been made to counter these [7-13]. It
was found that RDF corrections are crucial [7] and also that the extrapolation to the
thermodynamic limit, where all ensemble types converge, is necessary [9, 10]. These
outcomes were confirmed by our recent study [14].

This work provides expressions for the thermodynamic factor matrix I'" of quater-
nary mixtures. For binary and ternary mixtures, this factor has already been derived
and successfully evaluated [5, 6, 15, 16]. Ben-Naim outlined the general formalism to
determine the particle number derivative of the chemical potential from KBI [15]. This
formalism was employed here to establish expressions of I' for quaternary mixtures.
They were implemented into the massively-parallel simulation tool ms2 [17-19] and
exemplarily applied to study a non-ideal Lennard-Jones (LJ) mixture. Furthermore,
limits of the thermodynamic factor are discussed, i.e. the quaternary mixture towards

its pure, binary and ternary subsystems.

2. Methodology

ms2 samples RDF g;;(r) for the molecules’ center of mass, which are the essential
input for KBI. Our recent study [14], which is in good agreement with others [7, 12],
has confirmed that RDF corrections are required in this context. The RDF correction
proposed by Ganguly and van der Vegt [20] was found to be most adequate and takes
into account that molecules may underlie excess or depletion phenomena so that it
was applied in this work throughout.

As mentioned above, it is challenging to impose the pV'T ensemble for dense liquid
phase simulations. Facing this issue, Kriiger et al. [13] developed an integral trunca-
tion and correction, in order to apply KBI to NVT ensemble simulation data. Their
mathematical procedure considers that finite simulation volumes, as sampled by the
NVT ensemble, are embedded in a larger reservoir. In this way, the exchange of mass
and energy of the explicitly sampled volume with its surrounding is accounted for.
This KBI truncation and correction [13] was employed here because of its success [14].
Moreover, it was found that the extrapolation to the thermodynamic limit V' — oo [13]
is essential [9, 10, 14]. Therefore, a recently proposed KBI approximation for the ther-
modynamic limit [9] was used here throughout due to its faster convergence than the
standard analytical form [13].

Expressions for I" calculated from KBI for binary and ternary mixtures are provided

in the literature [5, 6, 15, 16]. In case of a binary mixture, it is simply the scalar
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where py = x2p with mixture density p, A2 = G11+Ga2 —2G12 and G5 are KBI with
component indices ¢ and j. In the ternary case, I is a (2 x 2) matrix [5], cf. Appendix
B.

The general formalism for obtaining chemical potential derivatives from KBI was
outlined by Ben-Naim [15]. The derivative of the chemical potential u; with respect

to the particle number Nj is given by

n
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with volume V', component indices %, j, a, b and total number of components in the
mixture n. Note that NV J/ indicates that all particle numbers NN; are kept constant,
except for N;. Eq. (3) gives evidence that KBI are defined for open systems, like
the pV'T ensemble, because the total number of molecules is not constant. The (n x
n) matrix B consists of the elements B;; = p;p;Gij + pidij, where 6;; denotes the
Kronecker delta. In eq. (3), BY are derivatives of the determinant | B| with respect to
Bi;, i.e. BY = 9| B|/0B;j [15]. Note that matrix B is symmetric because g;; = g;; and
thus G;; = Gjs.

The asymmetric (3 x 3) thermodynamic factor matrix I' can be determined for
quaternary mixtures based on eq. (3). Such a mixture has four mole fractions zi,
To, x3 and x4, where the first three were considered to be independent. The matrix
elements are defined by eq. (1) so that the relation between egs. (1) and (3) needs to
be written out, which is presented for a quaternary mixture in Appendix C.

3. Molecular model

Expressions for I' were assessed for a quaternary LJ mixture under liquid-like su-
percritical conditions. The LJ size parameter of all four components was specified to
be identical 01 = 09 = 03 = 04 to ensure statistically sound chemical potential u;
sampling with Widom’s test particle insertion [21]. In order to truly distinguish the
components, the LJ energy parameters were assumed to be e9/21 = 5/6,¢3/e1 = 25/36
and €4/e7 = 125/216. Due to these moderate intermolecular interaction energy dif-
ferences, a significant non-ideality had to be introduced by the modified Berthelot
combination rule [22] g;; = £,/€;6; with all six binary parameters set to { = 1.5.
By defining the value of £ to be far above unity, a mixture with a maximum boiling
azeotrope for all of its binary subsystems is compounded.

This quaternary mixture was studied at constant temperature k7 /e; = 2.2 and
pressure poj/e; = 4. Because of kT./s; = 1.32 [23], the chosen temperature is su-
percritical for all four components and the specified very high pressure led to pure
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Figure 1. Studied compositions of the quaternary LJ mixture are indicated by black circles, while the grey
planes are guides to the eye.

fluid densities p larger than their critical one p.oi = 0.31 [23], i.e. pjo} = 0.721,
p2os = 0.703, psos = 0.688 and pyo = 0.678. In this way, it was ensured that the
mixture was liquid-like supercritical throughout the entire studied composition range,
which is illustrated in figure 1.

NVT ensemble molecular dynamics (MD) simulations were carried out with N =
8000 particles that were equilibrated by 100 Monte Carlo cycles and 8 - 10> MD time
steps. To sample KBI and thus I, production runs were always performed for a period
of 4-107 time steps. Beforehand, isobaric-isothermal (NpT') ensemble MD simula-
tions were conducted to determine the mixture density. Newton’s equations of motion
were solved numerically by applying the Gear predictor-corrector integrator [24] with
a time step of At/(o1+/m1/e1) = 0.0003 for all simulations. Velocities were isokinet-
ically rescaled to maintain the specified temperature. The cutoff radius was set to
401 and the long-range interactions were corrected with the usual analytic mean-field
equations. Sampled state points are shown in figure 1, where the vertices indicate
the pure components, the edges are the binary subsystems and the pyramid surfaces
are the ternary subsystems. Only state points inside the pyramid are truly quater-
nary mixtures so that the plane at x4 = 0.25 mol mol~! was studied with a finer
discretization.

4. Results

Two quaternary state points were selected to validate the present I' expression in de-

tail. For this purpose, I was calculated from approximative chemical potential deriva-
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Figure 2. Thermodynamic factor I' at two quaternary state points; black circles: I' based on numerical
chemical potential derivatives sampled with Widom’s test particle insertion [21]; red circles/triangles: I' cal-
culated with the present expressions for quaternary mixtures based on extrapolated KBI [9]/non-extrapolated
KBI [13] (statistical uncertainties are within symbol size); left: 1 = 0.25 mol mol™!, 3 = 0.125 mol mol~!
and x3 = 0.375 mol mol~1; right: 1 = 0.375 mol mol~!, x5 = 0.25 mol mol~! and z3 = 0.125 mol mol~!.

tives and compared with T’ from KBI. For the former, the chemical potential u; was
sampled with Widom’s test particle insertion [21] using NVT ensemble MD simula-
tions which were performed over 2 - 107 time steps.

To obtain the thermodynamic factor by numerical derivation, p; data were cal-
culated at two different mole fractions near the target one xy, zo and x3, i.e.
x; = x; = 0.01 mol mol™!, respectively, while x4 ensured ZZ x; = 1. Figure 2 shows
a comparison for two quaternary state points. Because of the mixtures’ strong non-
ideality, the main elements of I' are considerably larger than unity. From the agreement
of the nine matrix elements, that is almost throughout within the small statistical un-
certainties, it can be concluded that the present I' expressions based on extrapolated
KBI [9] are appropriate. Numerical data for T' from extrapolated and non-extrapolated
KBI for the entire composition range can be found in the Supporting Information.

5. Graphical overview

The liquid-like supercritical L.J mixture introduced above was studied over the entire
composition range to get an impression of I'. The ternary plane at x4 = 0 was evaluated
with a discretization of Az = 0.25 mol mol~!, cf. figure 1. This plane contains three
pure component systems at the vertices, nine binary state points along the edges
and three ternary state points inside the plane. To determine the matrix elements
of T for the entire plane at x4 = 0, it is crucial to investigate the limits, i.e. the
ternary mixture towards its pure or binary subsystems. These limits are discussed in
Appendix B, where it is shown that some elements of I' cannot be sampled with KBI



in a statistically sound way because of uncertain RDF g;; data at infinite dilution.

A composition slice of the quaternary LJ mixture was studied for x4 =
0.25 mol mol~! with Az = 0.125 mol mol~!, cf. figure 1. Its three vertices are bi-
nary subsystems, the three edges are ternaries, only state points inside the plane are
truly quaternary mixtures. Like the ternary case, some limits of I' cannot be sampled
in a statistically sound way with KBI, cf. Appendix C.

To obtain a smooth visual representation, the Wilson model [25] was fitted to the
present I' simulation data based on extrapolated KBI [9]. Its parameters are listed in
the Supporting Information and a satisfying agreement between I' from the Wilson
model and I' from KBI was found. Utilizing the Wilson model, an analysis of the
ternary and quaternary limits was feasible.

Figure 3 shows I' based on the Wilson model for the ternary subsystem at x4 = 0.
Therein, the surfaces depict the matrix elements of I'. The main elements I'y; and
I'99 reach values from unity to around 1.7, whereas the cross elements I'1o and I'9g
attain values between around + 0.5. Main and cross elements clearly differ from each
other due to their numerical range and curvature. Moreover, this figure confirms the
limits of I' which are given in Appendix B for the ternary case. The first limit, i.e.
ternary mixture towards its pure fluids is I'y; = I'so = 1 and I'1o = T'9; = 0 at the
three vertices. The second limit, i.e. ternary mixture towards its binary subsystems,
is shown at the edges. Exemplarily, for 1 — 0, the main element I'1; = 1 and I'9s is
the binary thermodynamic factor of the subsystem 2 + 3. The cross element I'j3 = 0,
whereas ['91 is neither zero nor unity. Sampling I's; in a statistically sound way with
KBI becomes challenging due to uncertain RDF g1 and g3 at infinite dilution of
component 1, cf. Appendix B.

Figure 4 depicts I' from the Wilson model for the quaternary LJ mixture at
x4 = 0.25 mol mol~!. Again, the main elements are distinctly different from the cross
elements because I'11, ['92 and I'33 attain values between unity and around 1.5, whereas
the cross elements are around 4+ 0.2. Furthermore, main element and cross element
surfaces have different curvatures. The first limit, i.e. quaternary mixture towards the
pure fluids, cannot be seen in this figure, but the second limit, i.e. quaternary mix-
ture towards its binary subsystems is shown at the vertices. For instance, in case of
1+ x9 — 0, the quaternary system converges towards the binary subsystem 3 + 4. In
this case, the main elements are I';; = 1, I'9o = 1 and I'33 is the binary thermodynamic
factor. The cross elements I'3; # 0 and I'sy # 0 cannot be sampled in a statistically
sound way because of uncertain RDF g3, g14 for the former and go3, go4 for the latter
at infinite dilution of components 1 and 2. All other cross elements of I' are zero. The
third limit, i.e. the quaternary mixture towards its ternary subsystems is visible at the
edges of the plane at 24 = 0.25 mol mol~!. Exemplarily, for z; — 0, the quaternary
mixture converges towards the ternary subsystem 2 4+ 3 + 4. Consequently, I'1; = 1,
I'ig =113 =0, I'y; # 0, I'sy # 0 and the remaining matrix elements of T' correspond
to the ternary (2 x 2) I' matrix. Again, the elements I'y; # 0 and I's; # 0 cannot be
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Figure 3. Thermodynamic factor I' of the ternary subsystem at z4 = 0 based on the Wilson model [25] fitted
to I' data determined from extrapolated KBI [9]; red surface: I'11; yellow surface: I'a2; blue surface: I'12; green
surface: I'21; the cross elements of I' were shifted for visibility reasons, while zeros at the vertical axes indicate

their limiting values.



sampled in a statistically sound way with KBI. Details on these limits are given in

Appendix C.

6. Conclusion

Describing mass transport coefficients of liquid mixtures is an important topic in
modern process engineering, however, the limited data supply poses a serious challenge,
particularly when it comes to higher order mixtures. To connect the Fick and Maxwell-
Stefan diffusion formalisms, the thermodynamic factor I' is crucial. However, this
factor cannot be measured experimentally because it is a derivative of the chemical
potential p,;. Kirkwood-Buff integration [6] offers an elegant access to sample this
property by molecular simulation.

Up to now, only T' expressions for binary and ternary mixtures were available [5, 6,
15, 16]. Extending these works, expressions for I' of quaternary mixtures were derived
in this work. For this purpose, Ben-Naim’s [15] general form of the chemical potential
derivative in terms of KBI was applied. The equations for matrix I given in Appendix
C were implemented into the massively-parallel simulation tool ms2 [17-19].

A liquid-like supercritical quaternary non-ideal LJ mixture was simulated over the
entire composition range to study the present I' expressions. Extrapolated KBI [9]
were sampled by NVT' ensemble MD simulations based on the RDF correction by
Ganguly and van der Vegt [20]. A detailed comparison based on numerical chemical
potential derivatives and extrapolated KBI showed a good agreement. Limits of I" for
binary, ternary and quaternary mixtures were discussed.

Instead of sampling chemical potentials, KBI provides an elegant avenue to deter-
mine I' for quaternary mixtures that can efficiently be implemented and parallelized.
The thermodynamic factor I' of mixtures with more than four components are im-
portant too, but the length of according expressions would escalate further. For their
derivation and implementation, automatic procedures may be required for higher order

mixtures.
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Appendix A. Thermodynamic factor of binary mixtures
For a binary mixture, the thermodynamic factor matrix I' is simply a scalar [6, 15]

ZE1p2A12 (Al)

Iy =1— o
H 1+ z1p2A12

where po = x9p with the mixture density p, A1z = G11 + G22 — 2G12 and G;; are KBI
with component indices ¢ and j.
The pure fluid limits are straightforward

lim FH = lim FH =1. (A2)

x1—0 1'2—>0

Appendix B. Thermodynamic factor of ternary mixtures

The thermodynamic factor I' of a ternary mixture is a (2 x 2) matrix. To lighten

notation, the following auxiliary expressions were defined [5, 15, 16]

Ajj = Gii+ Gy — 2G5, # 7, (B1)

1N = p1+ p2 + p3 + p1p2Ai2 + p1p3Aiz + p2p3as

1 (B2)
- Zmpzp:’)(ﬁ%g + AT+ A%y — 2[A13003 + A1aAqz + ApAgs)),
with p; = x;p and mixture density p. The elements of I" are [5, 15, 16]
1
Iy = E(pl + p2 + p3 + p1p2[Gaz — G12 + G13 — Ga3] + p2p3las), (B3)
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I = %(ﬂQ[GQQ — G2 + Gi3 — Gag] — p3[Gzz — Gi3 + Gi12 — Gas)) , (B4)
To = %(,01 [G11 — G2 + Gaz — G13] — p3[Gss — G13 + G12 — Gas)) (B5)

1
oo = 5([)1 + p2 + p3 + p1p2[G11 — G2 — Giz + Gaz] + p1p3Qis) . (B6)

The pure fluid limits are equivalent to the binary case, except for their dimension

1 0
limI‘zlimI‘zlimI‘z( ) (B7)
x1—0 x1—0 xo—0 O 1
xro—0 x3—0 x3—0

The second limit, i.e. the ternary mixture towards its binary subsystem, is

1
lim T = ap (BS)
21 =0 I'yy I'p

Iy T
lim T = < b 12) : (B9)

zo—0 O ]_

lim T = (FB tle o ) : (B10)
230 o I'p+To

Looking at eq. (B8) for ;1 — 0, the main elements are I';; = 1 and I' g, where the latter
is the thermodynamic factor of the binary subsystem 2 + 3 given by eq. (A1). The cross
element I'y5 is zero, whereas I'9; is neither zero nor unity. Due to x1 — 0, parts of eq.
(B5) vanish, but a statistically sound sampling of I'y; with KBI is not straightforward
because of RDF g15 and g13 are needed at infinite dilution of component 1. The other

cases, x9 — 0 and x3 — 0, are analogous.
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Appendix C. Thermodynamic factor of quaternary mixtures

A quaternary mixture has four mole fractions z1, 2, x3 and x4. Here, the first three
were taken as independent. The (3 x 3) thermodynamic factor matrix of a quaternary
mixture I' is not symmetric and its elements are defined by eq. (1). To calculate its
elements, the relation between (9u;/0z;)rp,s and (9p;/ON;j)rp N: is needed, cf. egs.
(1) and (3). The latter derivative was presented in the context of KBI for mixtures
with an arbitrary number of components by Ben-Naim [15]. Based on the work of

Jonah and Cochran [26], the relation for the quaternary case is

0! > < O > ( /0! )
“rL =N. |2 B et , C1
<8x1 Tp,% [ ON: T,p,N! ONy T,p,N; (€D

5M2> < Ousz > < Opz )
dat) =N.|[== — [ === , C2
< Ox1 ) P> [ ON, T,p,N| ONy T,p,N, (©2)

)8}

O (O T I -
<g§;>1p,g - :<SJNV12>T%N£ B (%)MM: : (C4)
(gﬁcf)ﬂp,z - [(%)TN - (%)TN] , (Cs)
<gﬁ>T,p,E - [(%)T%M B (gﬁﬁ)wj : (C6)
<g/aj;>T,p,z =N [(SJ@,)TW% - (%)TW,NJ ) (C7)

14



()
8l‘3 Tp

)8}

3#3) < O3 ) < O3 )
ors =N |2 S hdac] . C9
<8m3 Tp,S [ ON3 T.p,N, ONy T,p,N} (©9)

For the derivative (Op;/ON;)rp N:, several auxiliary expressions were defined [16]

Opa > < O )
- |( (o) (8)
b)) [ ON3 T,p,Nj ONy T,p,N}

Aiji = GiiGjj + GGy + GjGrr + 2(GiiGir + GijG i + GieG )

— Gij - Gj, — ij — Z(Giiij + ijGik + GkkGi]’),Z *j#k,

Fij = GGy — Gi i #5, (C11)

Fjr = GiiGjiGri + 2GjGirGjx — GGy — GG — GGl i #j #k,  (C12)

while the following three were defined in this work

n = p1+ p2+p3+ps+ pip2Qiz + p1p3ldiz + p1palis + p2p3Aas
+ p2palay + p3psAsy + p1p2p3Ai2z + p1p2palig (C13)
+ p1p3PaA134 + p2p3palazs + p1p2p3paliazs

Fii jkkm = GiiG i Grm — GijGikGrm, 1 £ j # k #m, (C14)

where it is important to note that matrix G is symmetric. The last auxiliary expression

is

A1234 = Fl23 + Fioa + Fi3a + Fa3
— 2(G34F12 + Goa F13 + GozFia + G1aFo3 + Gi3Fas + GiaF3y)
+2(F11,2334 + Fi1.24.34 + F11,23.24 + Fo2,14,31 + F22.13.34 + F22.13 14

+ F331424 + F3312.24 + F331214 + Faa,12.13 + Faa12.23 + Faa,13,23) -

(C15)
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The derivatives (Ou;/ONj)rp n; based on KBI were determined from eq. (3) [15] for

quaternary mixtures

- )

<3M1 ) kT (p2 + p3 + pa + p2p3laz + papslaos + p3palss + pap3palass)
T,p,N{

oM Vp1in
(C16)
O kT
N> = vy Lt pelGes — G+ G =G Gus— Gua+ Gy — G
<8N2>T,p,N§ Vn ( + P3[ 33 23 + G2 13] + p4[ a4 14 + Gio 24]

+ p3paF3s + G12A34 — G33(G14 + G21) — Gaa(G13 + Ga3)

+ G23(Gra — G13 + G34) + G24(G13 — Gia + G34) + G34(G13 + Gia))),
(C17)

ON3 Vn
+ p2palFos + G13A24 — G22(G1a + G34) — Gaa(G12 + Ga3)

+ G12(G34 — Ga3) + G14(Ga3 — G34) + G24(G12 + G4 + Gaz + G34)]),
(C18)

0 kT
<M> = —— (14 p2[Ga2 — G12 + G13 — Ga3] + pa[Gas — G14 + G13 — G34]
T,p,Nj

ONy Vn
+ pap3[Fas + G14Q23 — Go2(Gi3 + G34) — G33(G12 + Gaa)

+ G12(G23 — Gaa + G34) + G13(G23 + Gy — G34) + G23(Gaa + G34))),
(C19)

0 kT
<M1> = —— (14 p2[Ga2 — G2 + G4 — Gaa] + p3[G33 — G13 + G1a — G34]
T,p,N;

- )

Vpan

<3M2 > _ KT(p1 + p3 + pa + p1p3A13 + p1pais + p3palzs + p1p3palizg)
ON> T,p,N}

(C20)
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ONs; TV
+ p1palF1a + GozArs — G11(Gas + G34) — Gaa(G12 + Gi3)

+ G12(G1a — G13 + G34) + G14(G13 + Gas + G34) + G24(G13 — G34))),
(C21)

0 kT
<M2> = —— (14 p1[G11 — G12 + G23 — G13] + pa|Gaa — G4 + Gaz — G34]
T,p,N3

Op2 kT
3, — — (14 (G — Gz + Gas — G Gas — Gog + Gos — G
<8N4>T,p,N4 Vi (1+pmlGu 12+ G2 14] + p3[Gs3 — Gaz + Gag — G4

+ p1p3[Fi3 + GoaA1z — G11(Gaz + G34) — G33(Gi2 + G1a)

+ G12(G13 — Gia + G34) + G13(G1a + Gz + G34) + G23(G1a — G34))),
(C22)

)

<3M3 ) _ ET(p1 + p2 + pa + p1p2liz + p1palis + papalaos + p1p2paliog)
ON3 T,p,N} Vipsn
(C23)

0 kT
<M3> = —— (1 4+ p1[G11 — G13 + G314 — G1a] + p2[Gaz — Ga3 + G4 — Ga4]
ONy TN,

+ p1p2][Fi2 + G3aA12 — G11(Ga3 + Gaa) — G22(G13 + G14)

+ G12(G13 + Gas + G14 + Gag) + G13(Gas — G14) + Ga3(G1a — G24))).
(C24)

To determine the derivatives (Ou;/0x;)7p 5, €qs. (C1) to (C9) were combined with
egs. (C16) to (C24) and the thermodynamic factor elements of I' for a quaternary
mixture are obtained by applying eq. (1)

1
' = n (p1 + p2 + p3 + pa + pap3Aaz + papalaos + p3palay + pap3palazy

+ p1p2[G22 — Gia + Gia — Gaa] + p1p3[Gsz — Gz + G1a — G4 (C25)
+ p1p2p3[Foz + G14Q23 — Ga2(Gi3 + G34) — G33(Gi2 + Gaa)
+ G12(Ga3 — Gaa + G34) + G13(G23 + Gaa — G34) + G23(Gog + Ga4)]) ,
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Lo = % “(p1[G11 — G12 + G2a — G4 + p3[Gas — G3a + G13 — G12]

— pa[Gag — Gra + G12 — Gag] + p1p3[Fi3 + Gas A1z — G11(Gas + G34)

— G33(G12 + G14) + G12(G13 — G1a + G3a) + G13(G1a + Gaz + Gs4) (C26)
+ Go3(Gra — G3a)] — p3pa[F3a + G12A34 — G33(G1a + Ga4)

— Gua(Gr3 + Gaz) + G23(Gra — Gi3 + G3a) + Goa(G13 — Gra + G3a)

+ G34(G13 + G14)])

I3 = % - (p1[G11 — Gi3 + G34 — Gha] + p2[G3a — Goa + G12 — G13)

— pa[Gas — Gra + G13 — G3a] + p1p2[Fi2 + G31A12 — G11(Ga3 + G24)

— G22(G13 + G1a) + G12(G13 + G2z + Gig + Gaa) + G13(Gag — G1a) (C27)
+ G23(G1a — Gaa)| — p2pa[Fos + G130824 — Goa(G1a + G34)

— Gua(Gr2 + Ga3) + G12(G34 — Gas) + G14(Gag — G34)

+ G24(G12 + G1a + Goz + G34)])

Tpp = % +(p2[G22 — Gi2 + Gia — Goa] + ps[Gra — Gsa + Ga — G2

— pa[Gaa — Gra + G12 — Gag] + pap3[Faz + G14A23 — Gao(G13 + G34)

— G33(G12 + Gag) + G12(Gasz — Gag + G3a) + G13(Ga3 + Gag — G34) (C28)
+ Go3(Gaa + G34)] — p3pa[F3a + G12A34 — G33(G1a + Ga4)

— Gua(Gr3 + Ga3) + G23(G14 — Gi3 + G3a) + G24(G13 — Ga + G34)

+ G34(G13 + G14)])

1
[y = o (p1+ p2 + p3 + pa+ p1p3Aiz + p1palis + p3palsa + p1p3paliza

+ p1p2[G11 — Gi2 + Gag — Gra] + p2p3[Gss — Gaz + Gag — G4 (C29)
+ p1p2p3[Fiz + Gaa A1z — G11(Ga3 + G34) — G33(Gi2 + Gia)
+ G12(G13 — G1a + G34) + G13(G14 + Gaz + G34) + G23(G1a — G34)]) ,
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I'zp = % - (p1[G34 — Gra + G2 — Ga3] + p2[Gaz — Gas + Gas — Ga4]

— pa[Gag — Gag + Gag — G3a] + p1p2[Fi2 + G31A12 — G11(Gas + G24)

— G22(G13 + G1a) + G12(G13 + Gaz + G1a + G21) + G13(Gag — G1a) (C30)
+ G23(G14 — Ga4)] — p1pa[F1a + G23A14 — G11(G2s + G34)

— Gua(G12 + G13) + G12(G14 — G13 + G34) + G14(G13 + Gag + G34)

+ G21(G13 — G34)])

I3 = % - (p2|G1a — Goa + Ga3 — G13] + p3[Gs3 — Gz + G1a — G4

— p4[Gaa — Gra + G13 — Gy + p2p3[Faz + G14Q23 — G2a(G13 + G34)

— G33(G12 + Gag) + G12(Gaz — Gog + G3a) + G13(G23 + Gag — G34) (C31)
+ G23(Gag + G34)] — papa[Fos + G13024 — Go2(G1a + G34)

— Gua(Gr2 + Ga3) + G12(G34 — Ga3) + G14(Gaz — G34)

+ G24(G12 + G14 + Gaz + G34)])

Iy = % - (p1[Gas — G1a + G13 — Ga3] + p3[G33 — Gag + Gag — G34]

— p4[Gaa — Gag + Gaz — Gy + p1p3[F13 + G2aA13 — G11(Gaz + G34)

— G33(Gi2 + Gua) + G12(G13 — Gia + G34) + G13(G1a + Gaz + G34) (C32)
+ G23(G1a — G34)] — p1pa[Fra + Ga3A14 — G11(G24 + G34)

— Gua(Gr2 + G13) + G12(G1a — G13 + G34) + G14(G13 + Gag + G34)

+ G24(G13 — G34)]) ,

1
I33 = 0 (p1+ p2 + p3 + pa + prp2Qiza + p1palis + papslaos + p1p2paliog

+ p1p3[G11 — Giz + Gsa — Gra] + p2p3[Gae — Gaz + G4 — G| (C33)
+ p1p2p3[Fi2 + G3aA12 — G11(Ga3 + Gaa) — G22(G13 + Gia)
+ G12(G13 + Ga3 + G4 + Gaa) + G13(Gaa — G1a) + G23(G14 — G24))) -

The pure fluid limits are equivalent to the binary and ternary cases, except for their

dimension,
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1 00
ImI'=1lmTT=1lmT=1lmI=]0 1 0 (C34)
x1—0 xo—0 x1—0 x1—0
zo—0 x3—0 z3—0 T2—0 0 0 ].
xr3—0 x4—0 rs—0 x4—0

The second limit, i.e. quaternary mixture towards its binary subsystem, is
1 0 0
IimIT'={ 0 1 0|, (C35)
CE1*>0
220 31 I's;2 I'p
1 0 0
lim I' = F21 FB F23 5 (036)
x1—0
z3—0 0 0 1
I'p T'2 T3
IimIT'=| 0 1 01, (C37)
x2—0
z3—0 0 0 1
1 0 0
limo I'=|T9 I'p+T93 Iog R (038)
T1—
24—0 I's; I'3o I'p + T3
I'p+T3 T INE!
lim I' = 0 1 0 , (C39)
ro—0
z4—0 I3 I3y I'p+Ts1
I'p+T2 ISP} INE!
lim T = Iy I'p+T91 T'ag ] . (C40)
x3—0 0 0 1

Note that all I';; in egs. (C35) to (C40) correspond to egs. (C25) to (C33). For instance,

x1 — 0 and x9 — 0, results in main elements I';1; = 1 and I'g2 = 1. The other matrix

cross elements of the first two lines are zero. The last matrix line with the cross
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elements I'3; implies solutions that are neither zero nor unity because of z3 — 1.
These elements I's; and T'se correspond to eqs. (C27) and (C30) and for z; — 0,

xo — 0 parts of those equations vanish, however, a statistically sound sampling with

KBI is not straightforward because RDF ¢i13, g14, 923 and go4 are needed at infinite

dilution of components 1 and 2. The main element I'g is the binary factor of the

system 3 + 4 given by eq. (Al). The other cases are analogous.

The last limit, i.e. quaternary mixture towards its ternary subsystems, is

1 0 0
lim I'= [Ty Irin Trao | (C41)
221*)0 ’ ’
I'sp T'po1r I'roo
I'rin T2 T'rae
imT=| 0 1 0 |, (C42)
zo—0
Iror I'sa T'rpoo
I'r1n Trae T'is
lim I'= [ I'ro1 I'7o2 Tz | (C43)
xr3—0 ’ ’
0 0 1
P11 +Tg e +Ths T'is
xhgor = | DIr21 +T23 T'roo+Ta3 Taz |, (C44)

I'31

I'3o I'33

Looking at eq. (C41), the first matrix line containing the elements I'y; is clear from
z1 — 0in egs. (C25), (C28) and (C31). The elements I'y; # 0 and I's; # 0 correspond
to eqs. (C26) and (C27). For 27 — 0, parts of the latter two equations vanish, but

a statistically sound sampling with KBI is not straightforward because RDF gi2, g13

and g14 are needed at infinite dilution of component 1. The remaining elements I'r ;;

constitute the thermodynamic factor of the ternary mixture 2 + 3 + 4, cf. egs. (B3)

to (B6). The other cases are analogous.
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