View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by CSUSB ScholarWorks

California State University, San Bernardino

CSUSB ScholarWorks

Theses Digitization Project John M. Pfau Library

2011

Geodesics of surface of revolution

Wenli Chang

Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd-project

b Part of the Geometry and Topology Commons

Recommended Citation
Chang, Wenli, "Geodesics of surface of revolution" (2011). Theses Digitization Project. 3321.
https://scholarworks.lib.csusb.edu/etd-project/3321

This Thesis is brought to you for free and open access by the John M. Pfau Library at CSUSB ScholarWorks. It has
been accepted for inclusion in Theses Digitization Project by an authorized administrator of CSUSB ScholarWorks.
For more information, please contact scholarworks@csusb.edu.


https://core.ac.uk/display/231813883?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://scholarworks.lib.csusb.edu/
https://scholarworks.lib.csusb.edu/etd-project
https://scholarworks.lib.csusb.edu/library
https://scholarworks.lib.csusb.edu/etd-project?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3321&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/180?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3321&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.lib.csusb.edu/etd-project/3321?utm_source=scholarworks.lib.csusb.edu%2Fetd-project%2F3321&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarworks@csusb.edu

GEODESICS OF SURFACE OF REVOLUTION

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

In Partial Fulfillment
of the Requirements for the Degree
Master of Arts
in

Mathematics

by
Wenli Chang

September 2011



GEODESICS OF SURFACE OF REVOLUTION

A Thesis
Presented to the
Faculty of
California State University,

San Bernardino

by
Wenli Chang
September 2011

Approved by:

sj&-/rle 4, 20/
Date

Dr. Wenxiang Wang, Committee Chair

Dr. Charleg/Stanton, Committee Member

Dr. Rolland Trapp, Co ttee Member

Dr. Peter Williams , Chair, Dr. Charles Stanton
Department of Mathematics Graduate Coordinator,
Department of Mathematics



iii
ABSTRACT

In this thesis, I study the differential geometry of curves and surfaces in three-
dimensional Euclidean space. Some important concepts such as, Curvature, Fundamental
Form, Second Fundamental Form, Christoffel symbols, and Geodesic Curvature and equa-
tions are explored.

I then investigate the geodesics on a surface of revolution through solving dif-

ferential equations of geodesic. Main result are stated in Theorem (8.1).



iv
ACKNOWLEDGEMENTS

First of all, T would like to extend my sincere gfatitude to my supervisor, Dr.
Wenxiang Wang, for his constant encouragement and guidance, for his instructive advice
and useful suggestions and for his patience and thoughtfulness. I am deeply grateful of his
help in the completion of this thesis. Without his consistent and illuminating instruction,
this thesis could not have reached its present form.

I would like to express my gratitude to Dr. Stanton and Dr. Trapp at CSUSB
who gave me suggestions of this thesis. I also owe a special debt of gratitude to all the
professors and staffs in the math department at CSUSB, from whose devoted teaching,
énlightening lectures and kindly help I have benefited a lot.

Finally, I am indebted to my husband and my daughter for their continuous
support and encouragement. Especially, thanks to my husband who have always been

helping me out of difficulties and supporting me taking care of the family.



Table of Contents

Abstract

Acknowledgements

List of Figures

1

2

Introduction

Curves

21 WhatIsaCurve ... ... ... .. ...
22 ArcLength ... ... ... ... ... . . 0 0
2.3 Tangent, Normal and Osculation Plane . . . . . . ... ... ...
2.4 Curvature . . . . . . . o vt e e e e e e e e e

Concepts of a Surface. First Fundamental Form

3.1 Concept of a Surface in Differential Geometry . . . . . .. .. ..

3.1.1 Parametric Representation of Surfaces . . . . ... .. ..
3.2 Curve on a Surface , Tangent Plane to a Surface ... ... ...
3.3 First Fundamental Form . . . .. .. ... ... ... ......

The Second Fundamental Form. Christoffel Symbols

4.1 The Christoffel Symbols . . ... ... ... .. ... ......

Normal and Geodesic Curvature

Geodesic and Geodesic Equations

6.1 Definition and Basic Properties . . . ... ... . ... ......
6.2 Derive the Geodesic Equations . . . . .. ... ..........

A Surface of Revolution

7.1 The Parametric Representation of a Surface of Revolution
7.2 TFirst and Second Fundamental Form of a Surface of Revolution
7.2.1 The First Fundamental Form of a Surface of Revolution
7.2.2 The Second Fundamental Form of a Surface of Revolution

iii

iv

vil



7.3 The Christoffel Symbols for a Surface of Revolution

8 Geodesic of a Surface of Revolution

8.1 Geodesic Equations of a Surface of Revolution . .

8.2 Examples of Geodesic of a Surface of Revolution

Bibliography

vi

45

47
47
50

53



vii

List of Figures

2.1
2.2
2.3
2.4
2.5

5.1
7.1

8.1
8.2

Helix . . . o o o e e e e e e e e e e e e e e e e e 3
Folium Descartes . . . . . . v v v i i e e e e e e e e e e e e 4
Limagon . . . . . o L e e e e e e e e e e e e 4
Tangent, Normal and Binormal Vector . . . . . ... ... ... ...... 7
Cylinder Circular . . . . . . . . . . . i it it e e e e e 12
Normal and Geodesic Curvature . . . . . . . ¢ ¢ v v i v v v v v v v v 31
Surface of Revolution . .. ... ... . . . i s it 42
Geodesicson Sphere . . . . . . . . ... L e e 51
Geodesic 0on Comne . . . v v v vt e e e e e e e e e e e e e e e e e e 51



Chapter 1

Introduction

The study of geodesics is one of the main subjects in differential geometry. The
shortest path on a surface joining two arbitrary points is represented by a geodesic. In
this project, I focus on the study of geodesics on a surface of revolution. I first introduce
some of the key concepts in differential geometry in the first 6 chapters. In chapter 7, I
derive the differential equations for a curve being a geodesic.

A theorem on geodesics of a surface of revolution is proved in chapter 8.



Chapter 2

Curves

In this Chapter, we discuss the curves in 3-dimentional Euclidean space Rg.

2.1 What Is a Curve

Definition 2.1. A curve in R3 is a differentiable map X : I — R® of I into R3. I = [a, b]

be an interval on the real line R1. For each t € I we have

X (t) = (21(2), z2(2), z3(2)), (2.1)

where x1, 29, x3 are the Euclidean coordinate functions of X, andt is called the parameter
of the curve X. X (t) can be considered as the position vector of a moving point on the

image set X (I) of the curve X.

Ezample 1: Straight Line.
A straight line in space passing through the point X (0) = a and in b position

can be represented in the following parametric form:
X(t) = a+ bt = (a1 + bat, a2 + bat, a3 + bst) (2.2)

where

a—= ((11,(12, 0,3), b= (b1,b2)b3)'

a, b are two constant vectors.

Ezample 2: An ellipse with center at origin



An ellipse with center at originis given by
X(t) = (acost,bsint,0) (2.3)
in particular, if a = b = r we have a circle of radius r as
X(t) = (rcost,rsint,0). (2.4)

Ezample 3: Helix

Figure 2.1: Helix

Helix is a curve given by
X(t) = (reost,rsint,ct), a>0,e>0, (2.5)
Helix raise at a constant rate on the cylinder 2 + 22 = r2, and it is said right winding,
if b < 0, then the helix is said to be left winding; and the X3-axis is called the axis.

'Ezample 4: Folium of Descartes

The folium of Descartes can be represented in parametric form as follows:

2
X(t) = (%L%»o) . (2.6)

This curve has a double point at (z1,23) =+0,0).

Ezample 5: the limagon



Figure 2.2: Folium Descartes

Figure 2.3: Limacon



The limag¢on is the parametrized curve:
X(t) = ((1+2cost) cost, (1 +2cost)sint)), teR. (2.7)
Note that X has a self-intersection at the origin in the sense that X (¢) = 0 for ¢ = 2&&
and for t = 4T
2.2 Arc Length

Definition 2.2. Let X(t) (a <t < b) be a curve, then the arc length of the curve X(t)
defined as

s(t) = /to X () dt (2.8)
where,
X (@))dt = 1/ (@1')2 + ()2 + ()2 = VX - X' (2.9)

is the length of the vector X (t).

Note that: X'(t) is the tangent vector of the curve and s(t) is a differentiable

function of ¢.
Theorem 2.3. A curve is parametrized by the arc length if and only if
X ()] =1 (2.10)

Proof. By the Fundamental Theorem of Calculus

ds = | X'|dt,
Ids| _ ds _
dt' ds 7

when t=s is the arc length.

On the other hand, if for the parameter £, we have

X' =1 =

ds
%—1.



Thus,

Let

t is the arc length.

Definition 2.4. We will write

ds? = dz? + dz2 + dz2 = dX - dX

ds is called the element of arc or linear element of C. |

Remark: In this paper, some notations are defined as:i
V
. dX
X=—
ds !
42X '
ds?
o dX

Tdt

0 d2X

Ezample 1: For the circular helix as in (2.5): i
X (t) = (rcost, rsint, ct) (Ic #0)
then

X' = (—rsint,rcost c
? ?

X,-X,=7'2~|—c2 ,

and therefore

50)= /(77 ),

Let

1
!
i

w= T

(2.11)



Then,
X(S) = (rcos(s/w) 7'sin(r/w):i cs/w).

is the circular helix with arc length as a parameter.

2.3 Tangent, Normal and Osculation Plane

J
|

Figure 2.4: Tangent, Normal and Binormal Vector
|

|
'
|
!
|
|

Definition 2.5. Let C be an arbitrary curve in the sp:ace R3, and X (s) be a parametric

representation of C' with arc length s as parameter. The vector

|
(s) = % — X(s)| (2.12)
, |

is called the unit tangent vector of the curve C at thel point X(s). This vector is a unit

!



vector, because
. o dX dX
e —tet =X X =G T =1 (213)

Definition 2.6. All the vectors pass through a point P|of C and orthogonal to the cor-

responding unit tangent vector lie in a plane. This plane,, is called the normal plane to C
at P. [

|

Definition 2.7. The plane determined by the unit tangent t(s) and X(s) is called the

osculating plane of the curve C at P.

Definition 2.8. The intersection of the osculating plane with the corresponding normal

plane is called the principal normal. !

2.4 Curvature

Curvature is a very important concept of a curve. Curvature measures that how

curved a curve is.

Let X (s) represent a curve C with arc length s as parameter.

Since s is the arc length, then by (2.10) :
X' (s) =1
ie
X(s)-X(s)=1.
Differential above equation respect to s, we have
X(s)-X(s)=0

thus
X(s)LX(s)

II
|
v
|

If X(s) # 0, X(s) is orthogonal to the unit tangent vector X(s) and lies in the normal
plane to C.

Definition 2.9. The unit vector

P(s) = )

= 1X0) 219

is called the unit principal normal vector to the curve C at the point X(s).



Definition 2.10. :
k(s) =li(s)] = \{X(s) - X(s)} (k20
is called the curvature of the curve C at the point X (s).

Definition 2.11. Set
K(s) = i(s)

and it is called curvature vector.
Theorem 2.12. A curve is a straight line if and only if k = 0.

Proof. : Part 1: If C' : X = X(s) is a straight line, then

X =Xp+as
where Xy and a are constant.
Therefore,
X=a
k=|X(s)|=0

Part 2: If k =0, By k = | X(s)|, we have X is constant, say a.

a=X(s)
taking integral respect to s of the above equation,
X(s) = /ads =as+ Xo

It is a straight line.

Note that:
i=X
k(s) = [i(s)]
_ Hs)
P = 156)

It is equivalent to say that

(2.15)

(2.16)

Thus,
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Taking the cross product of both sides of this equation by ¢, we find:
txi=XxX=txkP

then,
|X x X| = |t x kP| = k|t x P|

Now, since ¢ and P are unit and orthogonal, |t x P| = 1 then we obtain that:
=]X x X|.

With respect to any parameter ¢, we find that

_(d2X dt X d_2t) dt
T dt? ds At ds?

_EX (@) dx y
T dt? \ds dt ds? ds
then
; dX dt X (dt\® dX d* dt
XxX*(Em)X(Tﬁ (d_) T ﬁ?)
o ds dt dt?2 ds = dt ds?
_ (&) ax | (dX dtY'
“\ds/ dt dt ds
AN
= (E) X xX .
That is

b X x %) = X x x| (2
B B ds
by definition (2.3), we have that

d§3:dX-dX-dX.
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We can rewrite above equation as:

L b oo dE\®

ie
X xx"| dx .
k= XF (dt =X) (2.17)
we can write (2.16) as:
b — (VX x X"y (X' xX')

(VX' - X')3

Since by the the Identity of Lagrange:
(axb)-(exd)=(a-c)(b-d)—(a-d)(b-c)

where a, b, ¢, d are vectors.

It is equivalent to

o VT XXX (XX
(X' X')3
In particular t = s, (2.17) reduces to the form (2.15).

(2.18)

Examples: The Curvature of Some Curves

Example 1. When C is a circle represented by
X (t) = (rcost,rsint,0)

then
X' = (—rsint,rcost,0), X" = (—rcost,—rsint,0).

By (2.17),

_ V/{(r?sin®t + r2cos?t) - (r2cos?t + r2sin’t) — (r2sintcost — r2sint cost)

(r2sint + 72 cos? t)%

k

thus, for a circle
rt
k= = =T
(r?)2
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>

Figure 2.5: Cylinder Circular

Example 2: The circular helix

X(t) = (rcost,rsint, ct)
X = (—rsint,r cost,c)
X" = (=rcost,—rsint, 0)

Thus by(2.17), the curvature of the helix is:

_ V/{(r?sin®t + r2cos?t + c2) - (r2cos?t + r2sin’t) — (r2sintcost — r2sint cost)

k
(r2sin?t + 12 cos2 ¢ + c2)3

GRT1G)

(r2 + ¢?)3

Thus,

r
_7-2+02

So, the curvature of the circular helix is constant.



Ezample 3: The hyperbolic spiral
X(t) = (acosht,asinht,at), (a> 0);
From above parametric function,
X = (asinht,acosht,a),
And,
X" = (acosht,asinht,0),
Then,
X' x X" = (—a?sinht, a® cosht, —a?),
1X" x X"| = v2a cosht,
1X'| = vV2acosht

Thus, the curvature is :
- 1X % X”|
| X'}
i.e
b — V202 cosh ¢
24/2a8 cosh3t
_ 1
~ 2acosh?t

13
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Chapter 3

Concepts of a Surface. First

Fundamental Form

In this chapter, we discuss the surfaces in R3.

3.1 Concept of a Surface in Differential Geometry

3.1.1 Parametric Representation of Surfaces

Definition 8.1. Let D C R? is a open domain, (u,v) represent the points in R%. There
is 1-1 map: T : D — R3, if (@1, 22, x3) represent the Cartesian coordinate of the points

on R3, then the map can be presented as:
z1 = z1(u,v)
z9 = z2(u,v) (u,v) €D

T3 = 373('“" ’U)

and z1(u,v), z2(u,v), z3(u,v) are all differentiable functions respect to u,v, under this
map, the image of D form a surface S in R3. (u,v) is called the parameters of surface S

and the vector parametric function of S is
X(ua U) = (231 (u) U)a .’I}g(u, ’U), x3('u, ’U)) (31)

Remark: In Differential Geometry we use calculus to analyst surfaces. The functions

on a surface must be differentiable. In order to be able to apply differential calculus to
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geometric problems of X (u, v) with respect to u,v. The following assumptions are made:

The Jacobin matrix

dzx1 Oz
Du  Ov
= | 8z &=
J ou E}z
Oz3 Omg
ou ov

is of rank 2 in D.

It means the Jacobins Jg,, Jz,, Jz; are not all simultaneously zero,i.e.,
2 2 2
Joy + gy + Iy 0

and the derivatives of X3, X2 and X3 with respect to w and v are continuous.

The Jacobians are defined as:

g - 0(z2, z3)

2 0w, v)

I, = (3, 21)

O(u, v)

Jay = O(z1, z2)

O(u, v)

Where,

6(932’333) _ %42 %ﬁa
T |8z .
O(u,v) by %1_)&
day2a) _ T+ B2
a(u, fv) Sz dza

6(:63,1?1) B dzx3 Ox1
O(u,v)

7
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Remark: Rank J = 2 is equivalent to the condition that % and %i—( are linearly inde-
pendent.

Examples of surface
Ezample 1: A sphere of radius r with center at X = (0,0, 0)
A sphere is the set of points of R3 that are a fixed distance(the radius) from

a fixed point(its center). So the sphere of radius r with center at X = (0,0,0) can be

represent as:

2
m%—l—m%#—m%:r

from this we can obtain a representation of the form:

z3 = £4/(r? — 22 — 22).

It represents the two hemispheres when 23 > 0 or z3 < 0.

The parametric representation of the sphere can be given as :
X (u,v) = (rcosvcosu,r cosvsinu, rsinv) (3.2)

1 1
0§u<27r,—§7r§'v<§7r

that is,

21 = rCOSVCOSU
ro = rcosvsinu

T3 =7rsinv

As Figure(3.1), u is the longitude and v is the latitude.

Ezample 2: Let C be a curve in the zjz2-plane defined by
X(z1,22) =¢, 23=0

Then the cylinder S(Figure(3.2)) generated by the line L perpendicule to the z1z2-plane

along the curve C is given by

X(.’El,mg) = C. (3.3)
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If C is not a closed curve, and H(u) = (h;(u), he(u),0) is a parametrization of C, then
X(u) ’U) = (hl (’U,), h2(“’)7 U) (3'4)

is a parametrization of the cylinder S.
A circular cylinder is the set of points of R® that are at a fixed distance( the
radius of the cylinder) from a fixed straight line(its azis).
So C (from above example 2) is a circle with a radius a, the parametrizatric
equation of C is:
H(u) = (acosu,asinu,0).
Thus,
X (u,v) = (acosu,asinu,v) ‘ (3.5)

is a representation of the cylinder of revolution which has radius a and the z3 axis as axis
of revolution.

The corresponding matrix

—asinu O
J=| acosu 0
0 1

is of rank 2.
Ezample 3: A cone of revolution with apex at X = (0,0,0) and with zz-axis as axis of
revolution can be represented as:

X(u,v) = (ucosv,usinv, au). (3.6)

The curves u = const are circles parallel to the 2129 — plane while the curves

v = const are the generating straight lines of the cone.

Ezample 4: Torus is rotating a circle C in a plane IT around a straight line ! in II that
does not intersect C. If II to be the zz—plane, [to be the z—axis, a > 0 the distance of
the center of C from [, and b < a the distance of C,then the torus is a smooth surface

with parametrization.

X (u,v) = ((a + bcosu) cosv) cosv, (a + beosu) sinv, bsin u)
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3.2 Curve on a Surface , Tangent Plane to a Surface

Any curve X (u,v) on a surface S can be determined by a parametric parametric

function:

a<t<b
thus, the parametric equation of C' can be written as:
X = X (u(t),v(t))

the tangent vector of C on a surface S is:

/_d_X OX du OX dv

TR TR (3.7)
’ ’ X 15,4
= Xu + X,yv, (X = %,Xv = —87)

This means that the tangent vector of C on a surface S is linear combination of

the vector X, and X,. We assume that X, x X, # 0, X,, X, are linearly independent.

Definition 3.2. The vectors X, X, in (3.7) spans a plane E(P) called the tangent plane
at P to the surface S. E(P) contains the tangent to any curve on S at P passing through
the point P.

Remark: There is a only one tangent direction pass a point at a curve, but there are
infinite tangent directions pass a point on a surface, these tangent vectors form the tangent

plane.

Definition 3.3.

_ Xux X,
n= X, X X.] (3.8)

is called an unit normal vector to S at D, where X,, = %% and X, = %—)v(.



Ezample 1: Tangent vector and Normal vector of a Circular cylinder

The parametric function of a circular cylinder as (3.5)
X (u,v) = (acosu,asinu,v)
and 0 <u < 2w, —oo0 <v < 0, its tangent vector is:
X1 = Xy = (—asinu, acosu,0)

X2 =X, =(0,0,1)
its unit normal vector is:

X, x X,

n= ———
| Xu X X,

= (cosu, sinu, 0)

Ezample 2: Catenary
X (u,v) = (coshu cosv, cosh usinv, u).
Calculate partial derivative:
X1 = (sinhucos v, sinhusinwv, 1)

Xg = (— coshusin v, cosh u cos v, 0)

then
X1 x X, = (—coshucosv, — coshusinw, 0)
| X1 x X2| = V/cosh? ucos?v + cosh? usin? v + sinh? u cosh?
= \/ cosh? u(1 4 sinh® 2) = cosh? u
and,

_ Xux X, 1
" X1 x X,|  coshu

n (—cosv, —sin v, sinhu)

19
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3.3 First Fundamental Form

Let S be a surface defined by a parametric equation X (u,v), as we pointed out

in the preceding section, any curve on surface S can be represented in the form.
u = u(t),v = v(t)
the parametric equation of the curve is:
X (u,v) = X(u(t), v(t)).

From (3.7), we have:

dX O6Xdu OXdv ’ p
X ==t a = X %)

Multify dt on both sides of the above equation:

dv
(X =+ Xt

i.e;
dX = X, du + X,dv.

Now, from (2.11)
ds® =dX -dX

ds? = dX - dX = (Xudu + X,dv)(X1du + X,dv)

thus,
ds® = Xy Xu(du)? + 2Xu Xpdudv + X, X, (dv)?. (3.9)
We set
Xy Xu=gn (3.10)
X, Xy = 012 (3.11)
Xo - Xu =92 (3.12)
Xy Xo = goo (3.13)

since g12 = go1, then (3.9) is written as:

ds® = g11(du)? + 2g12dudv + goo(dv)? (3.14)



3.14 is called the First Fundamental Form of the surface S. It is also expressed as
Edu?® + 2Fdudv + Gdv?.
That is:
Xy - Xu=g1n =EF,
Xu-Xo =Xy - Xy =g12=901=F,
XXy =92=GCG

Ezample 1: Plane
X = (u,v,0)

then
‘ aX dX
_—du_l, X”—_dv_l

Xo Xe=1=E, X,-X,=1=0@G

Xy

Xy Xy = |Xy||Xp]cosa=0=F

a is the angle between x and y, is right angle.

Thus, the First Fundamental Form for a plane is
ds? = dz® + dy®.
Example 2: Circular cylindrical surface
X (u,v) = (acosu,asinu,v)

then

Xy = (—asinwu, acosu,0)

X, = (0,0,1)

2
Xy Xy = <\/(azsin2u+a2cos2u+0)> = a®
Xo-Xo=(V0F0+1) =1
Xy Xy =0.

Thus, the First Fundamental Form of a circular cylinder is

ds® = a%du? + dv?

21



Ezample 3: Hyperbolic paraboloid:
X ={a(u +v), b(u — v), 2uv}

Xy =(a,b,2v), X, = (a,—b,2u)

Then
E=X, X, =d+b + 0

F=X, -X,=a% -0+ 4w
G=X, X, =0a®+b%+42
thus, the First Fundamental Form of Hyperbolic paraboloid is:
ds® = (a? + b? + 4v?)du? + 2(a® — b? + 4uv)dudv + (a? + b% + 4u?)dv?
Ezample 4: Sphere
X (u,v) = (acosucosv,acosusinv, asinu)
Xy = (—acosvsinu, —asinusin v, acos u)
Xy = (—acosusinv, acosucosv,0).

then

2
E=X, X,= (\/a2 cos2 vsin? u + a2 sin? u sin? v + a2 cos? u)

2
= (\/ a2 sin? u(sin v + cos® v) + a cos? u) = a?

2
G=X, X, = (\/a200s2usin2v+azcos2ucos2v+ 0)

= CL2 COS2 u

Xy Xy =0.
The first fundamental form of Sphere is:
ds? = a?(du? + cos? udv?)
Ezample 5: Catenary

X (u,v) = (cosh u cos v, cosh u sin v, u)

22
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Xy = (sinhu cosv, sinhusinv, 1)

Xy = (—coshusinv, coshu cosv, 0)

2
Xy Xy = (\/sinh2 ucos? v + sinh? usin? v + 1)
= V/sinh? +1 = cosh? u

2
X, X, = (\/cosh2 usin? v + cosh? ucos2 v + 0)

= cosh®u

and,

F=X,-X,=0

thus, The first fundamental form of Catenary is:

ds? = cosh? udu? + cosh? dv?
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Chapter 4

The Second Fundamental Form.
Christoffel Symbols

Consider an arbitrary surface S : X (u,v) of class » > 2 and an arbitrary curve
ConS:

u=1u(s), v=uv(s)

Where s is the arc length of C.
Let ~ be the angle between the unit principal vector p to C' and n be the unit

normal vector to S. Since p and n are unit vectors, we have:

p-n = |p||n|cosy =

p-n

_ =
P! - |n]

cosy =

cosi:p-n

since, p = I—% = %, we haye )
kcosy=X -n.
By chain rule
. dXdu dxdv ) .

and

X = Xt + Xup @ 4+ X0 + Xt + Xl + X 0. (4.2)
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Recall the notations:

dX X dX

Xu= T v =T
_d’X 2

uwy — m’ v — Ma
B d2X B d2Xx

T Judy’ v dvudv

Let n be the unit normal vector of the surface, then n is orthogonal to both X,
and X,.

Xy'n=0, X, n=0
therefore, scalar product of n to (4.2)
X n = (Xt + Xutid + Xou 00 + Xopp00) - 1.
Now, we set notation as
b1 =Xuu'n  big=Xy,'n

b22:va'n bo1 = Xpu ' n

since,
Kuv = Xou
thus,
b1z = by
and
X -1 =b11(0)? + 2b1200 + bya(0)?
i.e ) 0 9
%2(_ ‘n=bn (%) + 2b12%%% + boy <%) (4.3)
We get :

d2X «n = by1(du)? + 2biadudv + bao(dv)?.
The quadratic form,

bll(du)2 + 2byedudv + b22(d’0)2 (4.4)
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(4.4) is called the the Second fundamental form of the surface S. We are going to rewrite
it as:
L(du)? + 2Mdudv + N(dv)? (4.5)

Where
b11=L:qu'n1

b122621=M=-Xuv'n:-X21'n’
boz =N =Xyp-n

The second fundamental form of some surfaces are calculated here.

Case 1:Plane

From previous chapter we have:
X, = (—asinu,acosu,0)

Xy = (anal)
.Xu:]., szl

80,

qu= 'uv:0

thus, The second fundamental form of a plane is: 0.

Case 2: Circular Cylinder
X = (acost,asint, ct)

Xy = (—asinwu, acos u, 0)
X, =(0,0,1)
E=ad?, F=0, G=1
Xuyu = (—acosu, —asinu, 0)
Xow =0

Xuw =0
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n = (cosu, sin u, 0)

and,
L=X, n=—a

M=0 N=0.
Thus, the second fundamental form of Circular Cylinde_r is:
—ad?u

Case 3: Catenary

X (u,v) = (coshu cosv, cosh usinwv, 1)

From above chapter we have:
X, = (sinhu coswv, sinhusinv, 1)

X, = (— coshusin v, coshusinwv, 0)

E = cosh?u
G = cosh?u
F=0

Now,

Xy = (coshu cosv, coshusinv, 0)
Xy = (—coshu cosv,coshucosv,0)

And from previous chapter:

1 . .
n= (— cosv, —sin v, sinh u)
coshu

Thus,
L=Xyy,-n=-1

M=X,,-n=0
N=X,-n=1

The second fundamental form of Catenary is:

—d?u + d%v
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4.1 The Christoffel Symbols

Christoffel symbols are shorthand notations for various functions associated with
quadratic differential forms. Each Christoffel symbol is essentially a triplet of three

indices, i, j and k, where each index can assume values from 1 to 2 for the case of two

variables.

Let X (u,v) be a surface with first and second fundamental forms
Edu® 4 2Fdudv + Gdv®

Ldu? + 2Mdudv + Ndv?

we now consider the partial derivatives

X 92X 02X
Y udu’ Y Budv
X _ X X
Rl VY, Y Bvdv
of the vectors X, and X,.
Theorem 4.1.
Xuw =T1X, + T4 X, + I (4.6)
Xuw = T1o Xy + T2, X, + Mn 4.7)
Xow =T Xy +T2,X, + Nn . (49)
Where
1. _ GBy—2F, + FEv 2. _ 2EF, — EEv - FE,
U= ""9(EG - F?) 1 2(FEG — F?)
1 _ GB —FGy r2. _ BGu—FEv
127 9(EG — F?) 127 9(EG - F?)
i _ 2GF, — GG, —FG, 2. _ BEG,—2FF, + FG,
22 2(EG — F?) 27 2(EG-F?)

The siz T’ coefficients in these formulas are called Christoffel symbols.
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Proof. Since {X,, X,,n} is a basis of R3, the second order derivatives of X should be a
linear combination of them.

We will write

KXoy = 1 Xy + a2 X, + agn, (49)
Ky = ﬂlXu + ,B2Xv + ﬂ3na | (410)
Xuw = "}’IXu + '72X’v + 3n, (411)

Taking the dot product of each above equation with the unit normal vector n,
we have

Xy n=o1X, n+aX, -n+agn-n,
L=Xu, n=0+4+0+a3=as

similarly,

M.=133) N:’)’3

Recall that L, M and N are the coefficient of Second Fundamental Form, now, taking
dot product of 4.9,4.10,4.11 with X, X,

Xuw Xy =1 Xy - Xy + a0 Xy - Xy +asn- X,
=Fa;+ Faz+0

and

Xuu* Xy = Fay +Gay

Since E = X, - X, by differentiationary with respect to u and v,we have

E'u. = quXu + quXu

= 2Xyu - X
By = 2Xuy + X
On the other hand,
Xuw- Xo = (Xu* Xolu = X Xow = Fy = 3 B, (4.12)

Therefore, we have

1
Faj+ Fas = EEU
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1
Fai +Gap = F, — §Ev

solving the equations gives
_ GE, -2F, + FEv

N=TEG - )
o, — 2EFy — EEv — FE,
2T T 2(EG—F?)

similarly,

pr=Tiy = ——g(?(}’ _Fgg
EG, — FEv
2(EG — F?)
2GF, - GG, — FG,
2(EG — F?)
s FEG,—-2FF, + FG,
T2 =T = 2EC — F7)
The coeflicient 1,2, B1,62,71 and 72 here are called Christoffel symbols T'%, )

Bo=T% =

m= I‘%2 =

GE, — FG,
2(EG — F?)
2. _ BGu—FEv
127 2(EG - F?)

1 _ 2GF, -GG, — FG,

1
I'ip =

T2 = 2(EG — F?)
2. _ BGy —2FF, + FG,
2 2(EG — F?)
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Chapter 5

Normal and Geodesic Curvature

Figure 5.1: Normal and Geodesic Curvature

Let C : X(s) (s is arc length) is a curve on surface S, then X is a unit vector
and a tangent vector to S. Hence, X is perpendicular to the unit normal n of S, so, X,
n and n x X are mutually perpendicular unit vectors. Again since X is perpendicular to

X, and hence is a linear combination of n and n x X:

X =kpn+ kg x X (5.1)



32

Definition 5.1. The scalars K, and k4 in equation 6.1 are called the normal curvature

and the geodesic curvature of C, respectively.

Proposition 5.2. With above notations (see figure), we have

Kn =X -n,
kg = X - (n x X),
Kn = KCOS @,

kg = EKsin¢

(5.2)
(5.3)
(5.4)
(5.5)

Where & is the curvature of C and ¢ is the angle between n and the unit principal normal

p of C.

Theorem 5.3. The geodesic curvature of kg of a curve C on a surface S depends on the

first fundamental form of S only.

Proof. : Note that
X = X, 0+ X0

Respect to the arc length S of C, we have

X = Xyt + Xt + Xpu®0
+ X000 + Xyl + Xy

Thus,

X x X = [Xyt + Xo9] X [Xuu @0 + Xyt
+Xpu 08 + Xy 00 + X0 + X, 0]

By previous section, we have

Xux Xy XyxX,

n— =
]Xu X Xv' +\/§

Xu x Xy = /gn,
Xy X Xy = —y/gn,



Where, G = EG — F? since

XyxX,=0 Xy xX,=0
nxn=0 - n-n=1
Xu x Xy = +/gn Xy X Xy = —4/gn

then

(X x X)) n = [(Xpt 4+ Xy0) X (Xuutith + Xyptid
+ X 00 4 X0 + Xyit + X, 0)] - m

Note that, in terms of Christoffel symbols,

Xuu =T11 Xy +T5H X, + buin
Xuw =T1oXu + T2, X, + bion
Xopu =T3 Xy +T%4 X, +byin
Xow =T3 X0y +T5X, + beon

then,

(X x X) = (Xutt + Xp0) X (Xuuttt + Xoyptid
A+ X0 + X ®0 + Xy + X, )
= Xy X Xoo ()3 + Xy X Xyo(0)20
+ X X X ()20 4+ Xy % Xppti(0)?
+ Xy X Xttt + Xy % X + Xy X Xoo® ()2
+Xo X Xy @(8)? 4+ Xy X Xy ti()?
+Xo X Xow(9)? + Xy X Xk + X, X X900

= Xy X Xpd — Xy X X0t + Xy X X (14)2 + Xy X X (9)3

+ X X X ()20 + Xy % Xyud(1)?
1+Xo X X @(0)? + Xy X Xy (9)3

33



34

Xy % X, () — Xy x X0+ Xy % (T X,
T3 X, + byn) (@) + X, x (T3 Xy + T2 X, + baon) (9)®
+ X X (T Xy + T2, X, + bron)(@)%0
+X, x (T3, X, + T2 X, + byyn)o(w)?
+X, X (T Xy + T3, X, + bion)i(v)?
+X, % (T35 Xy + T3, Xy + bogn) (9)3
= Xy X X, 00 — Xy X X0t + X X, (4)°T3; 4+ Xo X by (2)°n
X X Xu(9)°Thy + X, X bog(9)%n + Xy x X, (w)20T2,
+X X ()20boen + X, x X, 0(w) 2T + X, X byyo()*n
+ X X Xoy0il 4+ Xy x X, ()3T
+ X x b3 (9)%n + X, x X (0)°T3,
+ X X b2o(0)°n 4 Xybi2(42om + X, x X, (9) ()T},
+X, % bi1o()?n + X, x Xut(9)* T, 4+ X, x by2i(9)?n
+X, % Xu(9)3T3 + X, X baa(9)3n
now, since
Xy xXy=0, Xy xX,=0
Xy x X, =+/gn, X, xX,=—./gn
simplify above, we have
X x X = /gnui + /gnal 3y
+/gnil5,9% + /gnil 2,00 — /gnilTi; ua
— /il o0 — /gnol's ot — \/gnoliy oo
+4/gnud — /gnid + (X, ibyyua
+ Xy b1 9 + X tiboo 09 + X 0by 10
+ X, 0b12% 4 X, 0bo1 9% + Xobootd)Xn
Note: all 'abn(u)(u) ... are constants. Since

nxn=0
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bin =X11-n, bz =Xi2-n
b1 = X21-m, bp=X2-n
so in above expression, all terms cross multify with n become zero. Thus,
X x X = \[gnici + \/gnirdin + \/gnird v 4 \/gnirsv
—/GNOTH UL — /GROTiy 0 — \/gnoT i
— /TR0 + \/gnud — \/gniii
Since n - n = 1, then, we can have
(X x X) - n = /gt + /gul 2500 + /gal' 3, ou
+1/gul 500 — /goT} 0t — /goT 10t
—/G0T 300 — /goT5,00 + /gud — |/gvil

since

I‘%z = I‘%l, F%2 = F%l
then,
Kg=(XxX)-n
= /a[T31 (%)% + T3,(0)%0 + T3 (1) %0
+T%5(9)% — T3 ()20 — T, (%) (9)2T5, (9) %4
—T1y(9)3 + 4t — vl
S0

kg = VLT (0)® + (2T, — T11)(@)%0 ~ (2T, — T%,)0(0)® — T35(0)° + 46 — ). (5.6)

Thus, k4 is only depend on the first fundamental form since the Christoffel
symbols is only depend on the first fundamental form.

O

Ge
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Chapter 6

Geodesic and Geodesic Equations

6.1 Definition and Basic Properties

Definition 6.1. A curve C on a surface S is called a geodesic if its geodesic curvature

is zero everywhere.

Proposition 6.2. Every straight line is a geodesic.

Proof. Assume that a straight line in S
X(s)=p+sq

Which the arc length as parameter.
Then X =0,
k=X -mxX)=0

So it follows that X is a geodesic. O

6.2 Derive the Geodesic Equati_ons

Recall
K =X =tn+ ky(n x X)
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If C is geodesic, then kg = 0. It implies
X = k.

i.e., X is parallel to the normal vector of the surface.

Therefore, C is a geodesic, if and only if X is perpendicular to X, and X,. i.e.,
Kg=(XxX)-n=0.
Let
X = X i+ X0
then
%= (Xt + X,D)
- ds '3 v
= Xt + Xop @0 + Xyl + X0 + X0 + X0
= @1Xy + ()2 Xuu + 200 Xu + 50X, + ()2 X0 (6.1)
By (4.6), (4.7), (4.8)
Xyu =T1X, +T4 X, + In
Xuw = TioXy +T3,X, + Mn
Xy = T3, Xy + T2, X, + Nn

Apply them to equation (6.1)

X =aX, + @4 TiX, + T4 X, + Ln) + 260(T1, X, + %, X, + Mn)
+6X, + (0)3(T32Xy + T2, X, + Nn)

Recall that
L=b;1 =Xuu'n
M=by2=by=Xy -n=Xy'n
N =bgy = X, - 1.
Then

X = iXy + (0)*(ThXy +T4 X, + Xyun - n)
+209(T1p Xy + T2 X, + Xupn - )
+6Xp + (9)2(T32 Xy + %X, + Xopon - 1)
=f1iXu+ foXo+f-n
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where
fi =@+ (@)} + 200, + (9)2T, (6.2)
fa =9+ ()T} + 200122 + (9)°T%, (6.3)
f = (@)* Xy -0 + 260X, - n + (9)% X0y - m (6.4)
then
X x X = (uXy +9X0) X (f1Xu + f2Xo + fn)
= (4Xy) X fiXy + (0X,) X foX, + (4X1) X fn
+0X, X fiXy +0X, X foX, +9X, X fn
now,
kg=(XxX)-n
and recall

XuxXy=0, X, xX,=0

(Xuxm)-n=0
(Xp xn)-n=0
Xux Xy =+/gn

Xo X Xu = —/gn.

So, combining above, we have
kg =(XxX)-n
= [(2Xa) X fiXy] - n+[(@Xy) x f2X,]-n
+ [(4Xy) x f-n]-n
+[6Xo X fiXy] -0+ [0X, X f2X,] -0
+[6X, x f-0]-n
= 0fo[(Xu x Xu) - n] + 9f1[(Xy x Xy) - 1]
= (afp — 9f1)[(Xu x X,) - m].
Then, x4 = 0 if and only if
ufa—0f1=0
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thus

Now, considering X - X
X - X = afi(XuXy) + 0fo(XuXo) + 0f2(XoXy) + 0 f1( X0 Xo)

= "-"’fl(XuXu) + 'l:lz(XuXv) + ’l.)f2(X'va) + 'l')fl(X'uXu)

then
- (X . X) = (@) 2 f1(XuXu) + a%(XuXv) + @%(Xva) + 0f1( X0 Xu)
= fAil(@)*(XuXa) +0f1(XuXy) + (0)* (X Xo) + 9(Xu X))
= fi(e Xy + 0X,) (X, +0X,)
= fi(X - X)
=h
thus
X-X=1
WX -X)=nh
similarly,
(X -X)=f
therefore,
kg =0
=
ufo =19f1
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fi=u(X-X)
fa=o(X-X)
Since,
X-X=0
SO
k=0 f1i=0 and fo=0
ie.,
i+ (9)°TY, + 20T, + (9)°T, =0 (6.5)
B+ ()°T2 + 2007122 + (0)°T2, = 0 (6.6)

We have proved the following theorem on geodesics.

Theorem 6.3. Let C : Xs = X(u(s),v(s)) be a curve on the surface with parametric

equation X (u,v). Then C is a geodesic if and only if the equations 6.5 and 6.6 hold.

(Therefore, (6.5) and (6.6) are called the geodesic equations).
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Chapter 7

A Surface of Revolution

Definition 7.1. : A surface S generated by a given plane curve C rotating about a fized
straight line A is called a surface of revolution. A is called the azis of S.C is called the

profile curve.

7.1 The Parametric Representation of a Surface of Revo-
lution
Taking the aixs of rotation to be the Z-axis, the plane to be the zz— plane. By
the definition of the Surface of Revolution, we have that any point, say p of the surface
is obtained by rotation some q of the profile curve through an angle say u around the
z-axis. Now, if

C= (f(’U), 0, g(v))

is a parametrization of the profile curve containing q, then q is out of the form (see figure)

X(u,v) = (f(’l)) cos U, f(’l)) sinu, h(v))
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Figure 7.1: Surface of Revolution

7.2 First and Second Fundamental Form of a Surface of

Revolution

7.2.1 The First Fundamental Form of a Surface of Revolution

Recall: The first fundamental form of a surface is,
Edu?® + 2Fdudv + Gdv?

where
E=X,-Xu, F=X,-X,, G=X,-X,

let
X (u,v) = (f(v) cosu, f(v)sinu, h(v)) (7.1)

be a surface of revolution.

Then
X, = (—fsinw, f cosu,0)



dh(v)
dv )

X, = (f cosu, f sinu, h') (b =
Where f denoting -&%
E =Xy Xu = ((—fsinu)(—Fsinu) + (f cosu)(f cosu) +0)
| =(f2sin2u+f2cos2u+0)
= f2

and,

F=X,-X,=(—fsinucosu+ fsinucosu+0) =0

G=X, Xo=(f2cos?u+ f2sinu+h?) =f2+h2

So, for a surface of revolution, the first fundamental form has coefficients:

E:f21
F =0,
G:f'2+h’2

7.2.2 The Second Fundamental Form of a Surface of Revolution

Recall: The second fundamental form of a surface:

Ldu? + 2Mdudv + Ndv?

where,

L:qu'n)
M=Xu'v"n"
N =Xy n,

_ Xux X,
| Xy X X’

|X. x X,|? = BG — F2.

n
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(7.2)
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Now, for the surface of revolution

Xy = (—f cosu, —fsinu,0) (7.3)
Xuy = (—f sinu, f cosu,0) (7.4)
Xoo = (f cosu, f sinu, k') (7.5)
and,
i ik
XuX Xy =| —fsinu fcosu O

fcosu fsinu B

feosu O

f sinu 3

k

?

fcosu f'sinu

| ~fsinu o
f sinu  h

‘ —fsinu fcosu

=(fh' cosu)i + (fh'sinu)j + (—ff sinu — ff cos?u)k
=(fh cosu, fh'sinu, —ff)
We assume that f(v) > 0 and that the profile curvev — (f(v),0, h(v)) is unit speed, i.e.,

f2+ K?=1. Then
| Xu X Xp| =

\/(fh' cosu)? + (fh sinu)?2 + (—ff')?
=\ PR+ (f1)?
= V2 +h?
=f
0 (fh cosu, fh sinu,—ff) _ (h,cosu,h,sinu,f’)

f

So, the second fundamental form of a surface of revolution is:

L =Xy -n=(—fcosu,—fsinu,0) - (h' cosv, b sinv,f')
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’

=—fh.
Samilaly,
M =Xy, -n=(—f sinu, f cosy, 0) - (h’ cosv, h sinv, fl)
= (—f'h sinucosu+ f B sinucosu + 0) =0
N=X,, -n= (f" cosu, f sinu, h")(h' cosu, k sinw, f')
=/ —f'n
thus

(frh/l _ f"hl)d’u,2 + fh,d’v2

is the second fundamental form of surface of revolution.

7.3 The Christoffel Symbols for a Surface of Revolution

Recall the formulas for Christoffel Symbols from the previous chapter:

_ GE, —2F,+ FEv 2FEF, - EEv—FE,

I = It =
2(EG — F?) 2(EG — F?)
1-\1 :GE'U_FG'U. 1.‘2 =I’JGru,'—'.Fl?’U
127 9(EG - F?) 127 2(EG — F?)
r1 _ 2GF, — GGy — FG, 2 _ BGy—2FF, + FG,
27 (EG-F?) 27 2(EG-F?)

note that the Christoffel symbols only depend on the coefficients of the first fundamental
form. For a surface of revolution, the coefficients of first fundamental form are the
following:

E=f2 F=0 G=f2+h2=1

Replace these first fundamental form of surface of revolution into the previous Christoffel

symbols formulas:



thus

are the Christoffel symbols of the surface of revolution.

0—0+40
1 _ _
T = T 0
(Y 1
T
0—-0-0
1 _
0—f22f -0
2 —
'y o7 f
o fAO+2RR)—0+0
T2, =0
i, =0
1
L, ==
12 f
T3 =0
I3 =—f
I‘g2 — hlhll
T2, =0

46
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Chapter 8

(Geodesic of a Surface of

Revolution

In this chapter, we are going to study the following question: what are the
geodesics on a surface of revolution.

Recall that a surface of revolution obtained by revolving a curve C in X Z—plane
about Z,zis can be parametrized by an equation X (u,v) = (f(v) cosu, f(v) sinu, g(v)),
where (f(v), g(v)) is the parametric equation for the curve C in zz — plane.

In the following, we will assume that C is given by a function of z in 2z — plane,
namely Z = h(z).

Then, the parametric equation for the surface can be written as X(u,v) =

(v cos u, vsinu, h(v)).

8.1 Geodesic Equations of a Surface of Revolution
Now, let S be a surface of revolution with the parametric equation

X (u,v) = (vcosu,vsinu, h(v))

We find out
E=v’, F=0, G=1+Hk
—’Uh/ ! ——h”
L=——e, M=0 ,N=—
V1+h?2 ’ V1+h?
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' 1
T}, =0, Ti= o

I3 =0, T} =-v,
h/
Th=—7

Let a(s) = (v(s) cosu(s), v(s) sinu(s), h(v(s)) be a curve on S.

By the theorem (6.3), a(s) is a geodesic if and only if

v AN
1+h12(u) +2 0+ 1+h12(v) )—0

1
1'1+0+2-;1'1,-'0+0=0

2
t+—-u0 =0
v

ﬁ_u4m2 HH@V_O
1+h2° 1482

i,e., Therefore, the geodesic equations for a surface of revolution curve;

u+%m=o 8.1)

v-(u)?  RKR(9)?
V-1 am t T =0 (8.2)
if u(s) = constant, then & = 0. The equation (8.1) will obviously holds.
The equation (8.2) will be studied in the following.

First for a curve, on any surface in general:
X(s) = X(u(s),v(s))

we have,
X-X=1
where
X = X0+ X0
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therefore,
X - X = (Xutt 4 Xo9)(Xut + X,0)

= (Xu 'Xu)(ﬂ)2 + 2(Xu 'Xv)i“.) + (Xv ' Xv)(".’)2

recall that
Xu'Xqu, Xu'XvZF, Xv'Xv:G

are the coefficients of the first fundamental form of a surface of revolution, And, for the

surface of revolution,

/ +  dh
— ()2 _ _ 2 _an
E=@w)?* F=0, G=1+h (h_dv
then , we have that:
X -X=@w? @)2+0+rH)0E)2=1. (8.3)
When u(s) is constant,
(v)?-(@)? =0
then (8.4) implies that:
(1+K?2)(0)? =1 (8.4)

that is
(1+KF)(0)2 = (5)2 + ()2 - b2 =1

differentiating it with respect to the arc length s, we have the following,

20(5 +h'h'o+h25) =0
Since v(s) here can not be constant for an actual curve,
then the equation (8.5) implies:

F+RR O+ R =0

or

B+ k) +HE b =0. (8.5)
Now, considering the second geodesic equation (8.2) of a surface of revolution

v-(w)? KA (0)%

UTIE R 1+H2_0
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when u is constant, it becomes,

KB ()2
IR T
multiplying both sides by 1 + k'2, we have that

JA+R2) +ER ()2 =0
therefore, we have just proved the following theorem.

Theorem 8.1. On a surface of revolution S : X(u,v) = (vcosu,vsinu, h(v)) all the

v-curves (i.e., u = constant) are geodesic.

A wv-curve on S is also called a meridian which is basically a rotation of the
profile curve C about z-axis. In the mean time, a u-curve is called a parallel and all
parallel are circles.

Therefore, the theorem 8.1 states that all meridians on a surface of revolution
are geodesic.

On the other hand, if v(s) is constant for a curve a(s),then the geodesic equations
(8.1) and (8.2) imply that & = 0, i.e.,u(s) must be constant. Hence, a parallel on a surface

of a revolution is not a geodesic.

8.2 Examples of Geodesic of a Surface of Revolution

In the following, we take a close look at some examples of surface of revolution.
Ezample 1 Geodesics on a Sphere
We consider the upper half sphere of radius r centered at (0, 0,0) as a surface of revolution
by revolving a quarter of circle in zz—plane by z-axis.
Then a meridian is part of a great circle on the sphere. Therefore, by the theorem 8.1,
all the great circle on a sphere are geodesic.

If ¢ = 0 # a, then X is a circle around the z — azis.

Ezxample 3 Geodesic on right circular Cone
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Figure 8.1: Geodesics on Sphere

Figure 8.2: Geodesic on Cone
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A right circular Cone can be realized as a surface of revolution by revolving a
half line 2 = az in z2-plane about z-axis, z > 0, therefore, it has a parametric equation
of X (u,v) = (vcosu,vsinu, av).

(That is, k(v) = av in our general notation.)

Meridians on a cone are those straight edges which are the geodesics, by the
theorem (8.1).

Parallels are the circles around the cone which are not geodesics.

We also observe that if one cuts the cone along its edge, the cone unwrap into a
sector of the Euclidean plane. Therefore, the geodesics on the come should yield straight
line segments in the sector.

It is clear that the unwrapping of a parallel (a circle) on the cone is not a straight

line segment in the sector. It shows that parallels on & cone are not geodesics.
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