arXiv:1303.3575v4 [nlin.Sl] 18 Oct 2018

LIE ALGEBRAS RESPONSIBLE FOR ZERO-CURVATURE REPRESENTATIONS
OF SCALAR EVOLUTION EQUATIONS

SERGEI IGONIN

Center of Integrable Systems, P.G. Demidov Yaroslavl State University, Yaroslavl, Russia,
INdAM, Dipartimento di Scienze Matematiche, Politecnico di Torino,
Corso Duca degli Abruzzi 24, 10129 Torino, Italy
E-mail address: s-igonin@yandex.ru

GIANNI MANNO

Dipartimento di Scienze Matematiche, Politecnico di Torino,
Corso Duca degli Abruzzi 24, 10129 Torino, Italy
E-mail address: giovanni.manno@polito.it

ABSTRACT. Zero-curvature representations (ZCRs) are one of the main tools in the theory of integrable
PDEs. In particular, Lax pairs for (141)-dimensional PDEs can be interpreted as ZCRs.

For any (1+1)-dimensional scalar evolution equation &, we define a family of Lie algebras F(E) which
are responsible for all ZCRs of £ in the following sense. Representations of the algebras F(E) classify all
ZCRs of the equation £ up to local gauge transformations. To achieve this, we find a normal form for
ZCRs with respect to the action of the group of local gauge transformations.

As we show in other publications, using these algebras, one obtains some necessary conditions for
integrability of the considered PDEs (where integrability is understood in the sense of soliton theory) and
necessary conditions for existence of a Backlund transformation between two given equations. Examples of
proving non-integrability and applications to obtaining non-existence results for Backlund transformations
are presented in other publications as well.

In our approach, ZCRs may depend on partial derivatives of arbitrary order, which may be higher than
the order of the equation £. The algebras F(€) generalize Wahlquist-Estabrook prolongation algebras,
which are responsible for a much smaller class of ZCRs.

In this paper we describe general properties of F(E) and present generators and relations for these
algebras. In other publications we study the structure of F(&) for equations of KdV, Krichever-Novikov,
Kaup-Kupershmidt, Sawada-Kotera types. Among the obtained algebras, one finds infinite-dimensional
Lie algebras of certain matrix-valued functions on rational and elliptic algebraic curves.

1. INTRODUCTION

Zero-curvature representations and Backlund transformations belong to the main tools in the theory
of integrable PDEs (see, e.g., [5, 22, [30]). This paper along with [10, 11}, [12] is part of a research program
on investigating the structure of zero-curvature representations (ZCRs) for partial differential equations
(PDEs) of various types. The study of ZCRs performed in this paper leads to some results on Béacklund
transformations and integrability, which are described in [111, 12].

Here we study (1+41)-dimensional scalar evolution equations

(1) u = F(x,t,ug, uq, ..., ug), u=u(z,1),
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where we use the notation
ou Ok

(2) Utzaa Ug = U, uk:%,

The number d > 1 in () is such that the function F' may depend only on x, t, uy for k& < d. The symbol
Z>( denotes the set of nonnegative integers.

Methods of this paper can also be applied to (141)-dimensional multicomponent evolution PDEs,
see [10].

k € Zso.

Remark 1. When we consider a function @ = Q(z,t, ug, uy, . .., ;) for some [ € Zs(, we always assume
that this function is analytic on an open subset of the space with the coordinates x, t, ug, uq, ..., u;. For
example, () may be a meromorphic function, because a meromorphic function is analytic on some open
subset.

PDEs of the form (I]) have attracted a lot of attention in the last 50 years and have been a source of
many remarkable results on integrability. In particular, some types of equations (II) possessing higher-
order symmetries and conservation laws have been classified (see, e.g., [19,20} 25] and references therein).
However, the problem of complete understanding of all integrability properties for equations () is still
far from being solved.

Examples of integrable PDEs of the form (1) include the Korteweg-de Vries (KdV), Krichever-
Novikov [I5] 28], Kaup-Kupershmidt [13], Sawada-Kotera [26] (Caudrey-Dodd-Gibbon [1]) equations.
Many more examples can be found in [19, 20, 25] and references therein.

In the present paper, integrability is understood in the sense of soliton theory and the inverse scattering
method. (This is sometimes called S-integrability.) It is well known that, in order to investigate possible
integrability properties of ([Il), one needs to consider ZCRs. (In particular, Lax pairs for equations ()
can be interpreted as ZCRs.)

Let g be a finite-dimensional Lie algebra. For an equation of the form (Il), a zero-curvature represen-
tation (ZCR) with values in g is given by g-valued functions

(3) A=Az, t,ug,ug, ..., up), B = B(z,t,up,uy, ..., Upta—1)
satisfying
(4) D,(B) — Di(A)+ [A,B] =0.
The total derivative operators D,, D, in () are
(5) Dx:gjLZukHi, Dt:g+ZDk(F(1’,t,u0,u1,...,ud))i.
Ox e Juy, ot P v Juy,

The number p in () is such that the function A may depend only on the variables x, ¢, uy for & < p.
Then equation () implies that the function B may depend only on z, ¢, uy for &' <p+d— 1.

Such ZCRs are said to be of order < p. In other words, a ZCR given by A, B is of order < p iff

a—A:Oforalll>p.
8ul

The right-hand side F' = F(x,t,uq, ..., uq) of () appears in condition (), because F' appears in the
formula for the operator D; in (B). Note that () can be written as [D, + A, D; + B] = 0, because
[D.., D;] = 0. See also Remark 2] for another interpretation of equation (4).

We study the following problem. How to describe all ZCRs (3]), () for a given equation ()7

In the case when p = 0 and the functions F', A, B do not depend on z, t, a partial answer to this
question is provided by the Wahlquist-Estabrook prolongation method (WE method for short). Namely,

for a given equation of the form u; = F'(ug, u1, ..., uq), the WE method constructs a Lie algebra so that
ZCRs of the form
(6) A = A(uyg), B = B(ug,u1,...,uq-1), D.(B) — D(A)+[A,B] =0

correspond to representations of this algebra (see, e.g., [2, [0 14, 29]). It is called the Wahlquist-Estabrook
prolongation algebra. Note that in (@) the function A = A(ug) depends only on wuy.
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To study the general case of ZCRs ([B]), (@) with arbitrary p for any equation (I), we need to consider
gauge transformations.

Without loss of generality, one can assume that g is a Lie subalgebra of gl for some N € Z-(, where
gly is the algebra of N x N matrices with entries from R or C. So our considerations are applicable
to both cases gly = gly(R) and gl = gly(C). And we denote by GLy the group of invertible N x N
matrices.

Let K be either C or R. Then gly = gly(K) and GLy = GLy(K). In this paper, all algebras are
supposed to be over the field K.

Remark 2. So we suppose that functions A, B in (@) take values in g C gly. Then condition (4) implies
that the auxiliary linear system

0, (W) = —AW, (W)= —-BW
is compatible modulo (Il). Here W = W(x, t) is an invertible N x N matrix-function.

Let G C GLy be the connected matrix Lie group corresponding to the Lie algebra g C gly. (That
is, G is the connected immersed Lie subgroup of GLy corresponding to the Lie subalgebra g C gly.) A

gauge transformation is given by a matrix-function G = G(x, t, ug, uy, . .., u;) with values in G.
For any ZCR (B)), (@) and any gauge transformation G = G(x,t, ug, ..., ;), the functions
(7) A=GAG' - D,(G) -G, B=GBG™'—Dy/(G)-G*

satisfy D, (B) — Dy(A) + [A, B] = 0 and, therefore, form a ZCR. Moreover, since A, B take values in g
and G takes values in G, the functions A, B take values in g. (This is well known, but for completeness
we prove this in Lemma [I])

The ZCR (@) is said to be gauge equivalent to the ZCR (3)), [ ]). For a given equation (), formulas (7))
determine an action of the group of gauge transformations on the set of ZCRs of this equation.

Remark 3. So we study gauge transformations with values in G. Alternatively, one can take some other
Lie group G C GLy whose Lie algebra is g and consider gauge transformations with values in G. The
results of this paper will remain valid, if one replaces G by G everywhere.

The WE method does not use gauge transformations in a systematic way. In the classification of
ZCRs ([6)) this is acceptable, because the class of ZCRs ([]) is relatively small.

The class of ZCRs (3)), (@) is much larger than that of (€). Gauge transformations play a very
important role in the classification of ZCRs (3]), (). Because of this, the classical WE method does not
produce satisfactory results for (3]), (@), especially in the case p > 0.

To overcome this problem, we find a normal form for ZCRs (3], (@) with respect to the action of the
group of gauge transformations. Using the normal form of ZCRs, for any given equation ({I), we define
a Lie algebra F” for each p € Zx( so that the following property holds.

For every finite-dimensional Lie algebra g, any g-valued ZCR (B]), ) of order < p is locally gauge
equivalent to the ZCR arising from a homomorphism F? — g.

More precisely, as is discussed below, we define a Lie algebra F? for each p € Z>( and each point a
of the infinite prolongation £ of equation (Il). So the full notation for the algebra is F?(&€,a). (The
family of Lie algebras F(£) mentioned in the abstract of this paper consists of the algebras F? (€, a) for
all p € Zso, a € E.)

Recall that the infinite prolongation € of equation () is an infinite-dimensional manifold with the
coordinates x, t, uy for k € Zsg. The precise definitions of the manifold £ and the algebras F*(&, a)
for any equation (IJ) are presented in Section 2l For every p € Zs and a € &, the algebra FP(£,a) is
defined in terms of generators and relations. (To clarify the main idea, in Example [Il we consider the
case p = 1.)

For every finite-dimensional Lie algebra g, homomorphisms F? (£, a) — g classify (up to gauge equiv-
alence) all g-valued ZCRs (3), () of order < p, where functions A, B are defined on a neighborhood of
the point a € £. See Section 2] for details.
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According to Section [2, the algebras FF(€,a) for p € Zsq are arranged in a sequence of surjective
homomorphisms

(8) o= FP(E a) 5 FPHE a) = - = FHE,a) = F°>E,a).

According to Theorem [3] for each p € Z, the algebra FP(&, a) is responsible for ZCRs of order < p,
and the algebra FP~'(€, a) is responsible for ZCRs of order < p — 1. The surjective homomorphism
FP(£,a) — FP~Y(£,a) in (§) reflects the fact that any ZCR of order < p — 1 is at the same time of
order < p. The homomorphism F?(£,a) — F*~'(£, a) is defined by formulas (1)), using generators of
the algebras F*(€, a), FP~'(&, a).

As we show in the preprints [12} [11], using F?(€, a), one obtains some necessary conditions for inte-
grability of equations ([I]) and necessary conditions for existence of a Bécklund transformation between
two given equations. To get such results, one needs to study certain properties of ZCRs (3]), () with
arbitrary p, and we do this by means of the algebras F”(£,a). As explained above, the classical WE
method (which studies ZCRs of the form (@) is not sufficient for this.

Applications of F?(£,a) to obtaining necessary conditions for integrability of equations (II) are pre-
sented in [12]. Examples of the use of these conditions in proving non-integrability for some equations
of order 5 are presented in [12] as well. Applications to obtaining non-existence results for Bécklund
transformations between two given equations are described in [11].

In this paper and in [12] [11] we present also a number of results on the structure of the algebras
F?(E,a) for some classes of scalar evolution equations of orders 3, 5, 7 and concrete examples. In
particular, the KAV equation is considered in Theorem [7]in this paper. The Krichever-Novikov equation
is discussed in [II]. In [12} TI] we study also the algebras F(E,a) and integrability properties for a
parameter-dependent 5th-order scalar evolution equation, which was considered by A. P. Fordy [7] in
connection with the Hénon-Heiles system. The problem to study this equation was suggested to us by
A. P. Fordy.

Relations of the algebras F?(£, a) with parameter-dependent ZCRs are discussed in [12].

We suppose that the variables x, t, uy take values in K. A point a € £ is determined by the values of
the coordinates x, t, uy at a. Let

a=(x==x4t=ty, uy=ay) € &, Za, ta, ap € K, k € Z>o,

be a point of £. In other words, the constants xz,, t,, a; are the coordinates of the point a € £ in the
coordinate system x, t, uy.

Example 1. To clarify the definition of F”(€, a), let us consider the case p = 1. To this end, we fix an
equation () and study ZCRs of order < 1 of this equation.
According to Theorem [, any ZCR of order < 1

(9) A= Az, t, ugp, up), B = B(x,t,ug,uy,. .., uq), D.(B)—Di{(A)+[A,B]=0

on a neighborhood of a € £ is gauge equivalent to a ZCR of the form

(10) A= fl(:c,t, Ug, U1), B = B(:c,t, UQ, Uy -+ -5 Ug),
(11) D.(B) — Di(A) +[A, B] =0,
oA . -
(12) a—m(:ﬂ, t,ug,a;) =0, A(z,t,a9,a1) =0, B(xg,t,a0,a1,...,aq) =0.

Moreover, according to Theorem 2 for any given ZCR of the form ([@)), on a neighborhood of a € £ there is
a unique gauge transformation G = G(z, t, ug, . . . , ;) such that the functions A = GAG~'—D,(G)-G,
B =GBG™!' — Dy(G) - G " satisfy [I0), (), @2) and G(xq, ta, ao, - - ., a;) = Id, where Id € GLy is the
identity matrix. Therefore, we can say that properties (I2) determine a normal form for ZCRs () with
respect to the action of the group of gauge transformations on a neighborhood of a € £.

A similar normal form for ZCRs (3)), (@) with arbitrary p is described in Theorem [Il and Remark
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Since the functions A, B from (I0), (I2) are analytic on a neighborhood of a € £, these functions are
represented as absolutely convergent power series

(13) A= Z (2 — 20)" (t — ta)(uo — @)™ (ur — ar)™ - Aé(l):liia

l1,l2,i0,i1>0
(14) B= Y (z—x)"(t—ta)?(uo—ao) ... (ug—ag)* B} .
l1,12,50,--,Ja=0

Here A2 and B2 are elements of a Lie algebra, which we do not specify vet.

10,01 Jo---Ja
Using formulas (I3)), (I4]), we see that properties (I2) are equivalent to
(15) AR = Ay =By =0 Vi, o, ig € Zso.

To define F*(€, a), we regard A2 B2 from (I3), (Id) as abstract symbols. By definition, the Lie

10,917 " Jo---Jd ” 4
algebra F'(&, a) is generated by the symbols Aﬁ;lfl, Bﬁ-;ﬁl__?jd for 11, ls, 70,91, Jo, - - -, ja € Z>o. Relations for
these generators are provided by equations (I, (IT). A more detailed description of this construction

is given in Section 2

As discussed above, the algebra FP(€, a) is defined by a certain set of generators and relations arising
from a normal form of ZCRs. In Theorem [ we describe a smaller subset of generators for F*(€, a).

Example 2. Consider the case p = 1. According to the above definition of F*(€, a), the algebra F*(&, a)
is given by the generators Ai(l)lfl, B;-(l)j{?jd and the relations arising from ({I1I), (I5). According to Theorem [4]
1,0

the algebra F'(€,a) coincides with the subalgebra generated by flio’il
result is valid also for F?(&, a) for every p.

for 14,19, € Z>p, and a similar

This result helps us to describe the structure of F¥(€, a) and the homomorphisms () more explicitly
for some PDEs. Consider equations of the form

(16) U = Uggy1 + f(x,t, ug, U, . .., Usg—1), q€{1,2,3},
where f is an arbitrary function. Examples of such PDEs include

e the KAV equation u; = uz + uouy,

e the Kaup-Kupershmidt equation [13] u; = us + 10ugus + 25ujus + 20udu,

e the Sawada-Kotera equation [26] u; = us + bugus + Hujug + Huduy (which is sometimes called the
Caudrey-Dodd-Gibbon equation [I).

Many more examples of integrable PDEs of this type can be found in [19, 20] and references therein.

Equations of the form (@] are considered in Theorem [B which is proved in [I2]. Theorem [ implies
that, for any such equation with ¢ € {1,2, 3},

e for every p > q + 6,3 the algebra FP(€, a) is obtained from F’~'(£, a) by central extension,
o for every p > ¢ + 0,3 the algebra F?(€, a) is obtained from F4=1+%3 (€ a) by applying several
times the operation of central extension.
Here 0,3 is the Kronecker delta. So d33 =1, and 6,3 = 0 if ¢ # 3.

Applications of Theorem [@] to obtaining some necessary conditions for integrability of equations (I6])
are described in [12]. Results similar to Theorem [6] can be proved for many other evolution PDEs as
well. For instance, in [11] we present a similar result for the Krichever-Novikov equation.

Let £, £1, £9 be Lie algebras. One says that £; is obtained from £ by central extension if there is an
ideal J C £; such that J is contained in the center of £, and £,/3 = £. Note that J may be of arbitrary
dimension.

We say that £ is obtained from £ by applying several times the operation of central extension if there
is a finite collection of Lie algebras go, g1, . .., gr such that go = £, g = £5 and g; is obtained from g;
by central extension for each i =1,... k.

Consider the infinite-dimensional Lie algebra sly(K[)\]) =2 sl(K) @k K[A], where K[A] is the algebra
of polynomials in . (If we regard K as a rational algebraic curve with coordinate A, the elements
of sly(K[\]) can be identified with polynomial sly(K)-valued functions on this rational curve.) For the
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KdV equation, in Lemma [ we prove that F(€,a) is isomorphic to the direct sum of sly(K[)\]) and a
3-dimensional abelian Lie algebra.

To obtain this result, we use the following fact. If the function F' in (1) does not depend on z, t,
then the algebra FY(&, a) is isomorphic to a certain subalgebra of the Wahlquist-Estabrook prolongation
algebra for (II) (see Theorem [ for details).

The explicit structure of the Wahlquist-Estabrook prolongation algebra for the KdV equation is given
in [3, 4] and contains sly(K[\]). This helps us to describe F°(€, a) for KAV in Lemma8l Then Theorem
implies that, for every p € Z.g, the algebra FP(€,a) for KAV is obtained from sly(K[\]) by applying
several times the operation of central extension. See Theorem [7] for more details.

For the Krichever-Novikov equation, in [II] we show that some infinite-dimensional Lie algebra of
certain matrix-valued functions on an elliptic curve, which arises from the elliptic ZCR [15], 21] of this
equation, plays the main role in the description of F¥(&, a).

Somewhat similar (but not the same) ideas on ZCRs and Bécklund transformations were considered
by one of us in [§], mostly for a few scalar evolution PDEs of order 3. As we show in [12} [I1], the theory
of this paper has more applications than that of [§].

For the Burgers and KdV equations, ZCRs of the form

(17) A:A(uo,ul,u2,...), B:B(uo,ul,u2,...), DI(B)—Dt(A)—F[A,B] =0

(where A and B may depend on any finite number of the coordinates wuy) were studied in [6]. However,
gauge transformations were not considered in [6]. Because of this, the paper [6] had to impose some
additional constraints on the functions A, B in (7).

2. ZCRs, GAUGE TRANSFORMATIONS, AND THE ALGEBRAS F?(&,a)

Recall that z, t, uy take values in K, where K is either C or R. Let K* be the infinite-dimensional
space with the coordinates z, ¢, uy for k € Z>(. The topology on K* is defined as follows.

For each | € Zx, consider the space K'*3 with the coordinates x, t, uy for k < 1. One has the natural
projection m;: K® — K3 that “forgets” the coordinates uy for k' > .

Since K'*3 is a finite-dimensional vector space, we have the standard topology on K!™2. For any
| € Z>y and any open subset V C K3 the subset 7; '(V) C K™ is, by definition, open in K*. Such
subsets form a base of the topology on K*. In other words, we consider the smallest topology on K*
such that the maps 7, | € Z>, are continuous.

Let U C K93 be an open subset such that the function F(z,t, ug, uy, . .., ug) from (@) is defined on U.
The infinite prolongation € of equation (I)) is defined as follows €& = 7;'(U) C K*. So & is an open
subset of the space K* with the coordinates x, ¢, uy for k € Zy. The topology on £ is induced by the
embedding £ C K*.

A point a € £ is determined by the values of x, t, u; at a. Let

(18) a=(x==x4t=ty, uy=ay) € &, Za, ta, ap € K, k € Zsy,

be a point of £. The constants z,, t,, a; are the coordinates of the point a € £ in the coordinate system
T, t, ug.

We continue to use the notations introduced in Section [II In particular, g C gly is a matrix Lie
algebra, and G C GLy is the connected matrix Lie group corresponding to g, where N € Z-.

For any | € Z>o, a matrix-function G = G(z,t, ug, us,...,u;) with values in G is called a gauge
transformation. Equivalently, one can say that a gauge transformation is given by a G-valued function
G = G(x,t,up,...,u). See also Remark Bl about gauge transformations with values in other matrix Lie
groups.

In this section, when we speak about ZCRs, we always mean ZCRs of equation (II). For each i = 1, 2,
let

Ai:Ai(ZE,t,Uo,Ul,...), Bi:Bi($7t7u07ul7"')7 DI(BZ)_Dt(AZ)+[AzaBZ] =0
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be a g-valued ZCR. The ZCR A;, By is said to be gauge equivalent to the ZCR A,, B, if there is a gauge
transformation G = G(x,t, ug, ..., ;) such that

A =GAG - D, (G)- G, B, =GB,G' — Dy(G) -G
The following lemma is known, but for completeness we present a proof of it.
Lemma 1. Let
(19) A= A(z,t,ug,uy,...,uy), B=DB(zt,up,u,...,Uprg—1), Dz(B)— Di(A)+[A,B]=0

be a ZCR of order < p for some p € Z>q such that the functions A, B take values in g. Here D, and
D, are given by (H).
Then for any G-valued function

(20) G = G(z,t,up, Uy, ..., Up_1)
depending on x, t, u, ..., up_1, the functions
(21) A=GAG™ - D,(G)-G™, B=GBG™ - D,/(G)-G!

form a g-valued ZCR of order < p. That is,
(22) A= A(l’,t, Uy Uy« - oy Up), B= B(:L’,t, UQs Uty - -+ s Uptd—1), Dm(B) — Dt(A) + [A, B] =0,
and A, B take values in g. Formulas 1)) determine an action of the group of G-valued gauge transfor-
mations (20) on the set of g-valued ZCRs of order < p.

Proof. Since A, B take values in g and G takes values in the connected Lie group G C GLx corresponding
to the Lie algebra g C gly, the functions

-1 -1 9 o 0 -1 9

(23) GAG™, GBG 7, 89:(G> G, 8t(G) G, Jun

take values in g. Hence the functions A, B given by (21)) take values in g as well. Using formulas ([l),
(19), (2I)) and the fact that G may depend only on z, t, uy, ..., u, 1, we easily get (22).

One has D, + A = G(D, + A)G™! and D, + B = G(D, + B)G™", which implies that formulas (21)

determine an action of the group of G-valued gauge transformations (20) on the set of g-valued ZCRs

of order < p. O

(GQ)-G™ Yk

Remark 4. For any [ € Z>o, when we consider a function Q = Q(x,t, ug,us,...,u;) defined on a
neighborhood of a € £, we always assume that the function is analytic on this neighborhood. For
example, () may be a meromorphic function defined on an open subset of £ such that () is analytic on a
neighborhood of a € £. In particular, this applies to the functions A, B considered in Theorem [I] below.

Let s € Z>. For a function M = M(x,t,ug, uy, us, ... ), the notation M . means that we
- up=ag, k>s
substitute u; = a; for all £ > s in the function M. Also, sometimes we substitute x = x, or t = t, in

such functions. For example, if M = M(x,t, ug, uy, uz, ug), then
M :M(zaataUOaul>a27a3)'
T=Iq, up=ap, k>2
Theorem 1. Let g C gly be a matriz Lie algebra and G C GLy be the connected matrixz Lie group
corresponding to g, where N € Z~q. Let
(24) A=Az, t,up,uy,...,uy), B=DB(x,t up,us,...,Uprd—1), Di(B)—Di(A)+[A B]=0

be a ZCR of order < p for some p € Zs such that the functions A, B are defined on a neighborhood of
a € £ and take values in g.

Then there is a G-valued function G = G(x,t,ug, u1, ..., up—1) on a neighborhood of a € £ such that
the functions

(25) A=GAG™ — D,(G)-G™, B =GBG™ — D,(G) -G
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satisfy
A

(26) =0 Vs>1,
aus up=a, k>s

27 A =0

(27) up=ag, k>0 ’

28 B =0

( ) T=Tq, Up=ak, k>0 ’

and one has

(29) G = Id.

T=Zq, t=tq, up=ar, k>0

Note that, according to Lemmall, the functions [28) form a g-valued ZCR of order < p. That is,
(30) A:A(x,t,uo,ul,...,up), B:B(:L’,t,uo,ul,...,up+d_1),
(31) D.(B) — Dy(A) + [A,B] = 0,
and A, B take values in g. Furthermore, in Theorem[@ below we will show that a G-valued function G

satisfying the above properties is unique.

Proof. To explain the main idea, let us consider first the case p = 2. So A = A(x,t, ug, uq, us).
Consider the ordinary differential equation (ODE)
U=0f, k22)

0G4 0A
=G, =
8U1 8u2
with respect to the variable u; and an unknown function Gy = G1(x,t, ug, uq). The variables z, ¢, ug are
regarded as parameters in this ODE.
Let G (z,t,ug,u1) be a local solution of the ODE (32) with the initial condition G1(x,t, ug, a1) = Id.
Since 0A/0us takes values in g, the function Gy (x,t, ug, u;) takes values in G. Set

(33) A=G1AGT — D,(Gy) - GTY, B =G,BGT' — D,(Gy) - G
As G takes values in G, the functions A, B take values in g. Using 33) and (32), we get

(32)

0A 0A _ ) _
(34) e =G (—8 )Gl t— <—8 (D.(Gh)) )G1 b=
U2 |yp=ay, k>2 U2 |yp=ay, k>2 U2 up=ap, k>2
A A A
:G1<a— )G;l aGlG ! G1<a )G G1<a )G;lzo.
Ouy up=ay, k>2 duy Ous up=ay, k>2 Ouy up=ay, k>2

Now consider the ODE

(35) oG _ G, <8A

8U0 8u1

Up=ag, k>1)

with respect to the variable ug and an unknown function Gy = Go(z,t,ug), where z, t are regarded as

parameters.
Let Go(z,t,up) be a local solution of the ODE (B5]) with the initial condition Gy(x,t,ap) = Id. Since

8/1/ Ou, takes values in g, the function Go(z,t,ug) takes values in G. Set
(36) A= GoAG;! — D,(Gy) - G Y, B = GoBG;' — Dy(Gy) - Gy .

Then (32), (35), (B0) yield
0A
Oug

Furthermore, as G takes values in G, the functions A, B take values in g.

=0 Vs>1.

up=a, k>s
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Let G = G(x,t) be a local solution of the ODE

% =G (A up=ay, k>0)
with the initial condition G(z,,t) = Id, where ¢ is viewed as a parameter. Set
(37) A= GAG — Dy(C) G, B = GBG — DG)- G,
Then 3
gj =0 vs2 1, Au:a k>0:O.
s lup=ay, k>s K=k k2

Now let G = G(t) be a local solution of the ODE

oG . .
(38) E-G-(B

with the initial condition G(t,) = Id. Since A takes values in g, the function G takes values in G. Then
we see that A, B given by (B7) take values in g, which implies that G takes values in G. Set

(39) A=GAG™' - D,(G)-G™, B=GBG™' - D/(G)-G.
Then A, B obey (20), ([27), [28) and take values in g.
Let G =G -G - G- Gy. Then equations (33)), (36), (1), (39) imply

A=GAG' - D,(G) -G, B =GBG™'—Dy(G) -G

T=Tq, Up=0ag, k>0>

?

Furthermore, since

Gl(xvtu Uo, al) = Go(% t, ao) = G(%a t) = é(ta) = Id,

we have G(x4, tq,a},ad) = Id. Thus G = G- G- Gy - Gy satisfies all the required properties in the case
p=2.

This construction can be easily generalized to the case of arbitrary p. One can define G as the product
G=G-G -Gy Gy...Gp_q, where the G-valued functions

Gy = Gy(z, tug, ..., uy,), q=0,1,...,p—1, G = G(x,1t), @:@(t)
are defined as solutions of certain ODEs similar to the ODEs considered above. O

Fix a point a € £ given by (I8), which is determined by constants z,, t,, a.
A ZCR

(40) A=Az, t,ug,ug,...), B = B(z,t, up, ug, ... ), D,(B) — Di(A)+[A,B]=0
is said to be a-normal if A, B satisfy the following equations
A

(41) ) —0 ¥s>1,

aus up=ay, k>s
42 A =0
( ) up=ay, k>0 ’
43 B =0.
( ) T=Tq, up=0ar, k>0

Remark 5. For example, the ZCR A, B described in Theorem [lis a-normal, because A, B obey 24al),
27), [28). Theorem [] implies that any ZCR on a neighborhood of a € &£ is gauge equivalent to an
a-normal ZCR. Therefore, we can say that properties (1), (42)), (43) determine a normal form for ZCRs
with respect to the action of the group of gauge transformations on a neighborhood of a € £.

Analyzing properties (41l), (42), (#3) of a-normal ZCRs, it is easy to prove the following lemma.
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Lemma 2. Let p1,ps € Z>y. For eacht=1,2, let
Az' :Ai(z,t,uo,...,upi), Bz = Bi(l’,t,UQ,...,upi+d_1), D:(:(Bz) _Dt(Az)‘l’ [AZ,BZ] :O

be an a-normal ZCR of order < p; such that the functions A;, B; are defined on a neighborhood of a € €
and take values in g.

Suppose that on a neighborhood of a € & there is a function G = G(x,t,ug, ..., u;) with values in G
such that

A =GA,G™' - D,(G)- G, B, = GB,G™' - D,(G)-G™.
In other words, we suppose that the a-normal ZCR Ay, By is gauge equivalent to the a-normal ZCR As, By
by means of a gauge transformation G = G(zx,t,ug, ..., u).

Then the function G is actually a constant element of the group G (that is, G does not depend on x,

t, ug), and we have
A, = GA,G™H, B, = GB,G™L.

Theorem 2. We use here the notations introduced in Theorem[d. Let
(44) A=Az, t,ug,...,uy), B=DB(x,tug,...,upra-1), D.(B)— Di(A)+[A,B]=0
be a ZCR of order < p such that the functions A, B are defined on a neighborhood of a € £ and take

values in g.

Then on a neighborhood of a € £ there is a unique gauge transformation G = G(x,t, ug, ..., u;) such
that G(a) = 1d and the functions
(45) A=GAG' - D,(G) -G, B=GBG™'—Dy(G)- -G

form an a-normal ZCR. (That is, the functions ([d5) satisfy 20), 27), 28), B1).) Furthermore, G
depends only on x, t, ug,...,u,—1, and the ZCR ({AH) is of order < p.

Note that, according to our definition of gauge transformations, the function G takes values in G. The
property G(a) = 1d means that G(z4, 14, ag, - .., ap—1) = Id.

Proof. Existence of the required gauge transformation follows from Theorem [l Let us prove uniqueness
of it.
Suppose that we have two gauge transformations

Gl = Gl(l',t, Up, - - - ,Ull), G2 = GQ(ZE, t,UQ, ey Ulz)
such that G(a) = Ga(a) = Id and for each i = 1,2 the ZCR given by the functions
(46) A, = G AG; — D, (Gy) - G, B; = G:BG; "' — Dy(G;) - G

is a-normal.

Relations (@) say the following. For each i = 1,2, applying the gauge transformation G; to the ZCR
A, B, we get the ZCR A;, B;. Therefore, applying the gauge transformation G1G5 ' to the ZCR Ay, By,
we get the ZCR Ay, B;. That is, from (46]) one obtains

A= (GiGEHAGIGY) T = Do (GhGy ) - (GhGy )T
B = (G1G51)Ba(G1Gy )™ = Dy(GhG3Y) - (GG ),
which means that the a-normal ZCR A;, B is gauge equivalent to the a-normal ZCR A,, By by means

of the gauge transformation G1G5'. Then, by Lemma [ the G-valued function G;G5" is a constant
element of the group G. Since G1(a) = Ga(a) = Id, this implies G; = Go. O

Remark 6. According to Remark[] the g-valued functions (24]) are analytic on a neighborhood of a € €.
The construction of G = G(z,t,ug,...,uy—1) in the proof of Theorem [ implies that G is analytic as
well. Then the g-valued functions A, B given by ([25)) are also analytic on a neighborhood of a € £.

Since A, B are analytic and are of the form B30), these functions are represented as absolutely
convergent power series

(47) A= Z (@ — 2a)" (t — o) (ug — ag) . .. (up — @) - AL

l1,l2,i0,...,ip=>0



LIE ALGEBRAS RESPONSIBLE FOR ZERO-CURVATURE REPRESENTATIONS 11

(48) B= Z (2 — o) (t = ta)"* (uo — a0)™ .. . (Upya—1 — Gpra—1)’re - B;'(l{.%.?jwd,l,
11,012,505 >Jp+d—1=0
Tle Pl
z(l)zzpa jé...zjﬁd,l cg
For each k € Z~, we set
(49) Ve = {(z’o,...,ik) ezt | 3r e {1, k} such that i, =1, i, =0 Vg > r}.

In other words, for k € Z-( and iy, . .., i € Z>g, one has (i, ..., i) € Vy iff there is r € {1,...,k} such
that (i, ..., 0r—1,8r pt1y- -+, 0k) = (G0y---,9-1,1,0,...,0). Set also Vy = @&. So the set V, is empty.
Using formulas (@), (A8]), we see that properties (28), (27)), ([28)) are equivalent to

(50) AV =By"% =0,  ARE =0, (io,....0p) €V lila € Zso.
Remark 7. Let £ be a Lie algebra. Consider a formal power series of the form
C= > (z—x)"(t—ta)?(uo— o) ... (tn — ay)™ - CL"% cit: e g,
11,1210+ yim >0
Set
(51) D,(C)= > Dy((z—xa)"(t —ta)(uo — a0)™ . .. (thry — a)™) - CP12
ll,lQ,iO,...,im
(52) Di(C) = > Di((x—za)"(t —ta)?(uo — a0)” ... (tm — ay)™) - i1 .

11,12,i0,0-rim
The expressions
Dx((x —2) (t = ta)2(ug — ag)™ ... (upm — am)im),
Dy((z — Ta) (= 1) "2 (ug — ag)™ .. . (U, — am)'™)
are functions of the variables x, ¢, ugx. Taking the corresponding Taylor series at the point (I8]), we
regard (53]) as power series. Then (B1l), (52]) become formal power series with coefficients in £.
According to (), one has Dy = & + > k>0 D’;(F)%, where F' = F(x,t,ug,...,uy) is given in ().

When we apply D, in (52)), we view F' as a power series, using the Taylor series of the function F.
Consider another formal power series

(53)

R= > (v—2a)"(t—ta)®(to — @) ... (U — )™ - RIE | R € g,
41,42,J0;--,Jm =0
Then the Lie bracket [C, R] is defined as follows
CoRI= Y (o= @)™t = 1) % (ug — @)™ — ) [OR L R

11,12,i0, ey
q1,92,705---:Jm
Remark 8. The main idea of the definition of the Lie algebra FP(£,a) can be informally outlined as
follows. According to Theorem [Il and Remark [6] any ZCR (24]) of order < p is gauge equivalent to a
ZCR given by functions A, B that are of the form ([@7), [@8) and satisfy (3I), (0).
To define FP(£, a), we regard AV Bl from (@), (48) as abstract symbols. By definition, the

20...2p) ]0~~~.]p+d:1 B
algebra FP(&, a) is generated by the symbols Aﬁéﬁl__?ip, B;'(l)f?jpmfl for 1y, 1la, 40, - - - ip, Jo, - - - s Jprd—1 € Z>p.

Relations for these generators are provided by equations (31), (50). The details of this construction are
presented below.

Let § be the free Lie algebra generated by the symbols A2 and B! for all

10.--ip Jo---Jp+d—1

l1>l2ai0a s >ip>j0> s ajp-l—d—l S ZZO-
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Consider the following power series with coefficients in §

A= N om0 (- ) ALY,

l1,l2,i0,...,ip =0

B= Z (x — SCa)ll (t — ta)l2 (ug — ag)™ . .. (Uptd—1 — ap+d—1)jp+d ! Bég’lzjwd .

11,012,505 ,Jp+d—120
Then the power series D,(B), D;(A), [A, B] are defined according to Remark [l We have
Do(B) = Di(A) +[ABl = 3 (o) (= ta) (w0 — a0)" . (pra — apra)™H - 20T,
11,02,90,---,4p+a>0

for some elements Zfli)’l?q €5.

Let 3 C § be the 1deal generated by the elements
Zf11()712qp+d7 Ai)hl(Q)v B871207 llu 127 qo, - - -y 4p+d S ZZOa
ARt (ioy - -ip) €V, I, la € Zso.
Set FP(€,a) = §/J. Consider the natural homomorphism ¢: § — §/J = FF(€,a) and set
lide Il 1,0 _ 11,0
Aul) 22 - w(Aul) 22 ) ]Bji)“?jpﬁ»dfl - w(Bji)fjmdq)'
The definition of J implies that the power series
(54) A= Y (o= )" (t = ta)(uo — a0) .. (up — ap)” - AL
l1,l2,i0,...,ip>0
(55) B = > (@ = 2a)" (t = )" (w0 — @0)™ ... (Upsa—1 — Apyar)Prer B2
11,012,505 ,Jp+d—12>0
satisfy
(56) D,(B) — D;(A) + [A,B] = 0.
Remark 9. The Lie algebra F?(£, a) can be described in terms of generators and relations as follows.
1,0 1,1

Equation (&0) is equivalent to some Lie algebraic relations for A;"% B2 . The algebra F*(€, a)
is given by the generators Ai(l)’li , ]B%éi)’l?] a1+ the relations arising from (BA), and the following relations
(57) Al — g — Aﬁ;’lip =0,  (io,..rip) €V, i,y € Zsg.
Note that condition (57)) is equivalent to the following equations

0A
(58) =0 Vs>1,
aus up=ay, k>s

59 A =0,
( ) up=ay, k>0
60 B = 0.
( ) T=xq, up=ap, k>0

Note that, according to Remark [7, the definition of the power series D;(A) in (56]) uses the Taylor
series of the function F' = F'(x,t, uo, . .., uq) from (), because D, is determined by F'. So the constructed
generators and relations for the algebra FP(€, a) are determined by the Taylor series of the function F

at the point (IS).

Remark 10. Let £ be a Lie algebra. If A, B are functions with values in £ and satisfy (24]) then A, B
constitute a ZCR of order < p with values in £.

Instead of functions with values in £, one can consider formal power series with coefficients in £.
Then one gets the notion of formal ZCRs with coefficients in £.
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More precisely, a formal ZCR of order < p with coefficients in £ is given by formal power series

(61) A= Y (w—a)(t—t)2(ug —ag)® ... (uy — )" - AR
l1,l2,i0,...,ip>0

(62) B = Z (x — %)ll (t— ta)l2 (up — ao)jo e (up—l-d—l - %er—l)jp“l*1 ) Bé‘g’.l.?jﬁd,l

11,012,505 ,Jp+d—1=>0

such that A2 Btz € £ and

10-.-8p? "~ Jo---Jp+d—1
(63) D,(B) — D,(A) +[A,B] = 0.
If the power series (61]), (62)) satisfy (@dl), (@2)), (43) then this formal ZCR is said to be a-normal.

, e polil
For example, since (B4), (53) obey (6), B8), (B9), @0) and A7 B2 | € FP(E,a), the power
series (54)), (B3] constitute an a-normal formal ZCR of order < p with coefficients in F*(€, a).

Remark 11. Let g be a finite-dimensional Lie algebra. Let p: FP(€,a) — g be a homomorphism from
F?P(£,a) to g. Applying u to the coefficients of the power series (54]), (53), we get the following power
series with coefficients in g

(64) A= > (w2 =) (t—ta)?(uo — an) ... (up — ap)™ - p (AL ),
ll,lg,io,...,ip
(65) B = Z (2 — 2a)" (t — ta)®(uo — a0) . . . (Upta—1 — Apra—i )PP+ - M(Bﬁ{.l?jﬁd,l)-

11,012,505 Jp+d—1

Since (54), (B3) obey (B6), (3), (BI), @0), the power series (64), (65) satisty @), @2), @3), G3).

Therefore, (64]), (G5) constitute an a-normal formal ZCR of order < p with coefficients in g.

A homomorphism p: FP(E,a) — g is said to be regular if the power series (64]), (G5) are absolutely
convergent in a neighborhood of a € £. In other words, u is regular iff ([64]), (63]) are analytic functions
with values in g on a neighborhood of a € £.

For a regular homomorphism g, the analytic functions (64]), (63) form an a-normal g-valued ZCR of
order < p. We denote this ZCR by Z(&, a, p, u). Formulas (64)), (65) imply that the ZCR Z(E, a, p, 1)
takes values in the Lie subalgebra ,LL(IFp (&, a)) cg.

Remark 12. Let g be a finite-dimensional matrix Lie algebra. By Theorems [I, 2, for any g-valued
ZCR (24)) of order < p on a neighborhood of a € £, there is a unique gauge transformation G such that
G(a) = Id and the functions (25)) form an a-normal ZCR. (That is, the functions (25]) satisfy (20), (27]),
), ©1).)

Consider the Taylor series (A7), (A8]) of the functions (25). Properties ([BI)), (B0) imply that the
following homomorphism

(66) w: FP(E,a) — g, M(Ah,lz ) = Al M(le,zz ) = Bhk

10...ip 10...4p? JO--Jptd—1 Jo--Jptd—1’

is well defined. Here flﬁ;lip, B;-(l)ﬁl_?jwdfl € g are the coefficients of the power series (47), (4S]).
Since (A7), (48)) are the Taylor series of the analytic functions (25]), the homomorphism (66) is regu-
lar. According to Remark [II], we get also the g-valued ZCR Z(&, a, p, i) corresponding to the regular
homomorphism (66). The ZCR Z(&, a, p, i) coincides with the ZCR given by the functions (25]).
Since the ZCR (24)) is gauge equivalent to the ZCR given by (25), we see that the ZCR (24]) is gauge

equivalent to the ZCR Z(&, a,p, p).

Theorem 3. Let g C gly be a matriz Lie algebra and G C GLy be the connected matrixz Lie group
corresponding to g, where N € Z~q. In what follows, all ZCRs are defined on a neighborhood of a € £.
Let p € Z>y. Consider g-valued ZCRs of order < p

(67) A=Az, tug,...,uy), B=DB(z,tug,...,upra—1), D.(B)— Di(A)+[A,B]=0.

We have the following correspondence between g-valued ZCRs (61) and homomorphisms
w: FP(E a) — g.
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e In Remark I3, for any g-valued ZCR (€7), we have canonically defined a reqular homomor-
phism p: FP(E,a) — g, so that the ZCR (67) is gauge equivalent to the ZCR Z(E,a,p, n) de-
fined in Remark[I1. The ZCR Z(E,a,p, p) is a-normal and takes values in the Lie subalgebra
1(FP(€,a)) C g.

e In Remark[I1, for any homomorphism u: FP(E,a) — g, we have canonically defined a formal
ZCR of order < p with coefficients in g. This formal ZCR is given by the formal power se-
ries (64)), (65) and is a-normal. If the homomorphism p is regular, then this formal ZCR is
analytic and coincides with the ZCR Z(E, a,p, i1).

e Foreachi=1,2, let

(68) AZ :Ai(llﬁ',t,U(),...,up), BZ :Bi(z,t,uo,...,uerd_l), Dx(Bz) _Dt(Az) + [AzaBz] :O

be a g-valued ZCR of order < p. Let p;: FP(E,a) — g be the reqular homomorphism associated
with the ZCR (68)) by the construction in Remark[I2

Then we have the following property. The ZCR Ay, By is gauge equivalent to the ZCR As, By
iff there is an element G € G such that

(69) p1(v) = G - py(v) - G Vv e FP(&,a).

Proof. We need to prove only the last statement of the theorem, because the other statements follow
from Remarks [11],

According to Remark [T1], for each ¢ = 1,2 the ZCR A;, B; is gauge equivalent to the a-normal ZCR
Z(&,a,p, p;). Therefore, the ZCR Ay, B is gauge equivalent to the ZCR As, By iff Z(E, a, p, 1) is gauge
equivalent to Z(E, a, p, p2).

If there is an element G € G satisfying (69), then Z(&, a, p, 1) is gauge equivalent to Z(E, a, p, o) by
means of the constant gauge transformation equal to G.

Conversely, if Z(E, a, p, p11) is gauge equivalent to Z(&, a, p, 112) by means of some gauge transformation,
then existence of an element G € G satisfying (69)) follows from Lemma[2] because the ZCRs Z(E, a, p, j11)
and Z(&, a, p, j1o) are a-normal. Indeed, by Lemma 2] if Z(E, a, p, 1) is gauge equivalent to Z(E, a, p, i)
by means of some gauge transformation, then this gauge transformation is actually a constant element
G € G obeying

(70) Z(E,a,p,n) = G -Z(E,a,p, p2) - G
The definition of Z(&, a, p, 1) in Remark [[1limplies that (Z0) is equivalent to (GJ)). O

Remark 13. Since we assume g C gly for some N € Z.g, homomorphisms pu: FP(€,a) — g are
representations of the Lie algebra F?(£, a). So from Theorem Bl we see that g-valued ZCRs of order < p
are classified by g-valued representations of F? (€, a).

l1,l2

Suppose that p > 1. According to Remark [0 the algebra FF(€,a) is given by the generators A

10...9p "7
ng’.{?jpﬂil and the relations arising from (56), (57). Similarly, the algebra F*~'(£, a) is given by the
generators Aigli% o Ag»f)’.lfjﬁdiz and the relations arising from

D,(B) — D,(A) + [A,B] =0,
Af)l.f% = ]Bgf?o =0, Ai’é’.l_ip,l =0, (G0, -+ ip—1) € Vp1, li,ly € Z>o,
where
. ; ; Al
A= > (=) (t—ta)(uo— o) ... (upy —ap_1)* - AL
11,02,70,.-50p—1

. . . i
B= > (x—2)"(t—ta)?(uo — a0)" ... (Upra—s — Qprao)re 2 -BLE

11,012,505 s Jp+d—2

This implies that the map

l1,l2 A 1,02 l1,l2 l1,l2
(71) A = 507iP'A- B — 50jp+d 1'B-

10...0p—11p (IR Jo---Jp+d—2Jp+d—1 , - Jo---Jp+d—2
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determines a surjective homomorphism F?(£,a) — F*~'(€, a). Here 6y;, and &y;,,, , are the Kronecker
deltas.

According to Theorem [3 the algebra FF(E,a) is responsible for ZCRs of order < p, and the
algebra FP'(£,a) is responsible for ZCRs of order < p — 1. The constructed homomorphism
FP(£,a) — FP~ (€, a) reflects the fact that any ZCR of order < p — 1 is at the same time of order < p.
Thus we obtain the following sequence of surjective homomorphisms of Lie algebras

(72) o FP(Ea) » PN (E a) = - > FY(E,a) = F°(&,a).

Other approaches to the study of the action of gauge transformations on ZCRs can be found in [16]
17, 18, 23], 24], 27] and references therein. For a given ZCR with values in a matrix Lie algebra g, the
papers [16, [I7, 23] define certain g-valued functions, which transform by conjugation when the ZCR
transforms by gauge. Applications of these functions to construction and classification of some types of
ZCRs are described in [16] [17, 18] 23], 24 27].

To our knowledge, the theory of [16] 17, 18| 23, 24, 27] does not produce any infinite-dimensional Lie
algebras responsible for ZCRs. So this theory does not contain the algebras F* (€, a).

3. GENERATORS OF THE ALGEBRAS F’(&,a)

We continue to study the Lie algebras FP(£,a), p € Z>o, defined in Section 2l Here £ is the infinite
prolongation of equation (), and a € £ is given by (I8). According to Remark [0l the algebra F?(&, a)
is given by the generators

(73) Al‘l’lz Blhb llal2ai07'"aipaj()a"'ajp-i-d—l € ZZO)

10...ip’ Jo--Jp+d—1’

and the relations arising from (B6l), (57)). Using (Bl), we can rewrite equation (50) as

) ) ) d 0
- § _— _ = _ § k _— —
(74) ox (B) + ar Uk+1 aUk (]B) ot (A) p D:E (F(ZI}', t7 Ugy - - - ,Ud)) auk (A) + [A7 ]B] 07

where F(z,t,uqg,...,uq) is the right-hand side of equation ([II). We regard F' = F(x,t, ug,...,uq) as a
power series, using the Taylor series of the function F' at the point (Ig]).

According to Remark [0 the algebra F? (€, a) is generated by the elements (73]). Theorem (] says that
the elements (75]) generate the algebra F?(E,a) as well. This fact is very useful in computations of
F?(&, a) for concrete equations, because the set of the elements (73] is much smaller than that of (73)]).
Theorem [ is used in Section [ of this paper and in the proof of Theorem [@ given in [12].

Theorem 4. The elements
(75) Al li,io, ..., iy € Lo,

Zo...ip’

generate the algebra FP(€, a).
Proof. For each | € Z>g, denote by ; C FP(£,a) the subalgebra generated by all the elements Abb

10...0p
with Iy < [. To prove Theorem [, we need several lemmas.

Lemma 3. Let [y, 13, jo, ..., Jp+d—1 € Z>o be such that jo + -+ + jpra—1 > 0. Then B2 eA,.

jO---jp+d71

Proof. For any jo, ..., jpta—1 € Zso satisfying jo + -+ + jpra—1 > 0, denote by ®(jo, ..., jp+a—1) the
maximal integer r € {0,1,...,p+ d — 1} such that j. # 0. Set also ®(0,...,0) = —1.
Differentiating (74) with respect to wu,.4, we obtain -—2—(B) = 2L . _2 (A) which implies

aup+d, 1 8ud 8up

B2 e Ay, for all Iy, Iy, jo, .- -, jpra1 Obeying ®(jo, ..., jpra—1) =p+d—1.

j0~~~jp+d71

Let m € {0,1,...,p+d — 1} be such that

(76) IB%?,’b. (€A, forall I2, 50 - - - Jpra1 € Lxo satisfying ®(jp, ..., jprq_1) > m.

0"'];,)+d—
We are going to show that
Bl~1’l2 € 9112

Jo--Jp+d—1
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for all ll, lg,jo, cee 7jp+d—1 S ZZ(] Satisfying (I)(jo, . 7jp+d—1) =m.
For any power series C' of the form
C= > (z—z)"(t—1ta)(uo — ag)® ... (wp — ar)™ - C1 ", , Cony, € FP(E, a),
11,02,d0, g >0

set

S(0) = (-2 (0))

aum-i—l

up=ag, k>m+1
That is, in order to obtain S(C'), we differentiate C' with respect to u,,41 and then substitute u; = ay
for all kK > m + 1. Property (57)) implies

(77) S(E(A)) ~ 0.
Combining (74) with (77), we get

) S(0.(8)) = 8( Y- PP -(8)) — S((4.B).
Using (B3)), one obtains

(79) S(D.(B)) = > Jm (@ = 20) 1 (t = )" (w0 — a0) .. (tp — a /"' BLE
11,02,§0,--,Jp+d—120,
@(jo, - Jptd—1)=m

+S ( Z (t— ta)IQDx <($ - %)ll (uo — ao)jo oo (Upa—1 — ap+d—1)jp+d71> ) B%’.lfjpwl) :
l1,l2,50,-

s Jpt+d—120,
D(j0, s Jptd—1)>m

From (57) it follows that S(A) = 0, which yields
(80)  S([A.B]) = [S(4), B |+ |a

S(B)] - [A

S(]B)] .

In view of (73), &), for any l1,ls, Jo, - - -, Jpra—1 € Zxo satisfying ®(Jo, ..., Jp+ra—1) = m the element
1,02 appears only once on the left-hand side of (78) and does not appear on the right-hand side

) )
up=ag, k>m+1 up=a, k>m+1 up=a, k>m+1

jO”'ijrdfl
.. 11l . . .
of (). Combining (78), [79), (B0), we see that the element B;*?  is equal to a linear combination
of elements of the form
13,12 I, 15 I, 7 A R
(81) Aié,,,zipa Bj;,,?jp+d71> Ai(l),,,zipaszfjﬁdfl ) lé <ly, Iy <ly, CI>(]O> e a.]p-l—d—l) > m.

Obviously, for any I < I, one has 2l;, C 2,. Taking into account assumption ([G), we obtain that the
elements (8T)) belong to 2A;,. Hence ]B%’l2~ €A,

e Jptd—1

The proof of the lemma is completed by induction. O
Lemma 4. For all 1,1y € Zo, one has BY'2 € 2y, .

Proof. According to (57), we have BY'™2 = 0. Therefore, it is sufficient to prove BL2 € 2, for I; > 0.
Note that property (57) implies
(82) A ~ 0.

up=ag, k>0

=0 —(A
ug=ag, k>0 ’ 8t( )

In view of (BAl), one has

8 — 1,2
(83) 7:B) = D hlr—z)" (1) B

up=ay, k>0 11>0, 12>0

Substituting ux = ay, for all k € Z>, in (4)) and using ([82), (83), we get
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(84) Y hlz—m) Nt —t)? B =

11>0, 12>0
p+d—1
0
(% weg®)

k=0

(ZDk Oy, ))

Combining (54)), (55), (B4), we see that for any I; > 0 and I, > 0 the element B; "2 is equal to a linear
combination of elements of the form

1,0 11 . . . . . .
(85) A-l 2 ]B-l 2. l/l,Z(],...,Zp,jo,...,jp+d_1 6Z207 ,]0+"'+,]p+d—1 :1

0.--2p’ Jo---Jp+d—1’

U =0, k>0 U =0, kZO

According to Lemma [ and the definition of 2;,, the elements (85) belong to 20;,. Thus B2 € 20;,. O

Lemma 5. For all 11,11, ...,1, € Z>o, we have Ai(l)’ltl €.

Proof. Using (54]), we can rewrite equation (74) as
i I1,l+1
o (@ =)t —ta) (o — a0) ... (uy — ) - AR =

l1,0,20,..,ip >0
p+d—1

Z Uk+1 Z Dk auk ) + [A> B]'

This implies that Aﬁéltpl is equal to a linear combination of elements of the form

I1,0: 01,1 I, 01,0 2 7 A P ~
(86) Az(l) 27, 7 B]{)--%ijrdfl’ [Az(l) 27,,, ]B]:) 2]p+d 1]’ I, < l, I, < l, 2055 lps JOs -+ o5 Jptd—1 € ZZO'
Using Lemmas B, @ and the condition Iy < [, we get IB%%’IQJ vay €2, C A Therefore, the elements (6
belong to 2;. Hence Ai(l)ltpl SPIT O
Now we return to the proof of Theorem 4. According to Lemmas Bl 4 and the definition of 2;, we
have Aﬁ;’li ,Bég’lzj v €2, for all l1, 1,90, .. .%p, Jo, - - -, Jp+d—1 € Z>p. Lemma [l implies that

9112 C 9112_1 C 9112_2 C - CAp.
Therefore, FP(£, a) is equal to 2y, which is generated by the elements ([75)). O

4. RELATIONS BETWEEN F°(£,a) AND THE WAHLQUIST-ESTABROOK PROLONGATION ALGEBRA

Consider a scalar evolution equation of the form
ok

87 =F .. = t = —
( ) Uy (Uo,ul, 7ud)7 U U(SL’, )7 Uk 8l’k7

Ug = Uu.

Note that the function F in (87) does not depend on z, ¢.
Let &€ be the infinite prolongation of equation (87). Recall that x, ¢, u; are regarded as coordinates
on the manifold £. A point a € £ is determined by the values of x, ¢, u; at a. Let

(88) a=(x=2x4t=ty, uy=ay) € &, Zg, ta, ap € K, k € Zso,

be a point of £. The constants z,, t,, ar are the coordinates of a in the coordinate system x, t, uy.
The Wahlquist-Estabrook prolongation algebra of equation (87) at the point (88) can be defined in
terms of generators and relations as follows. Consider formal power series

(89) A= (up—ao)' - A, B= > (u—ao)”... (a1 —as1)"" Bjj,,,
i>0 Jose-Jd—120
where

(90) A, Bjo..ju 1 1,90, - - -5 Jd—1 € Lo,
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are generators of a Lie algebra, which is described below. The equation
(91) D.(B) — Di(A) + [A,B] = 0

is equivalent to some Lie algebraic relations for (@0). The Wahlquist-Estabrook prolongation algebra
(WE algebra for short) is given by the generators (O0) and the relations arising from (@I]). A more
detailed definition of the WE algebra is presented in [9]. We denote this Lie algebra by 207,,.

Then (89), (@T) is called the formal Wahlquist-Estabrook ZCR with coefficients in 23,.

The right-hand side F' = F'(ug,uy, ..., uq) of (87) appears in equation (91I), because F' appears in the
formula D, = % + Y a0 DE(F) (,gk for the total derivative operator D;. We are going to show that the
algebra F°(&, a) for equation (87) is isomorphic to some subalgebra of 20,.

According to Remark [0 the algebra F°(£, a) is generated by A", Bgyf?jd—l’ According to (57), one
has A = B2 = 0 for all Iy, .

Since equation (87) is invariant with respect to the change of variables = — = — z,, t — t — t,, we
can assume z, = t, = 0 in (88). Since Al = BY™2 =0 and 2, = t, = 0, in the case p = 0 the power

series (B4)), (B3), (BO) are written as

(92) A= Z 2112 (ug — ag)t - A2,
11,12>0, i>0
(93) B= >  a""(u—ao).. (g —ag )t BEE By =0,
l1,l2,505+,0a—12>0
(94) D,(B) — D,(A) + [A,B] = 0, APE BIE e FO(E,a).

The next lemma follows from the definition of F°(&, a).

Lemma 6. Let £ be a Lie algebra. Consider formal power series of the form

P = Z 2l (UO _ ao)i . Pill’lz, Pill’lz €L,
11,12>0, i>0
Iyl j o Il Iyl 0,1
Q= Z ' (ug — ag)’”® .. (g1 — ag—1 )"t Q7L Qi €L Qpr=0

l1,l2,50,--,Ja—120

If D,(Q) — Dy(P) +[P,Q] = 0, then the map A" — P2 BE s Q2 determines a homo-

Jo---Jd—1 Jo---Jd—1

morphism from F°(&,a) to £.

Let £ be a Lie algebra. A formal ZCR of Wahlquist-Estabrook type with coefficients in £ is given by
formal power series

(95) M = (ug—ao) - M, N= Y (uo—a)’. . (ug—1—ag1)"" - Nj,_j. .,
120 J0y-5Ja—120
M;, Njy..ju . € L,
satisfying
(96) D,(N)— D{(M)+[M,N] =0.
The next lemma follows from the definition of the WE algebra 2J,,.

Lemma 7. Any formal ZCR of Wahlquist-Estabrook type (93)), (Q6l) with coefficients in £ determines a
homomorphism 20, — £ given by A; — M;, B; — N

0---Jd—1 0---Jd—1"
Remark 14. For any Lie algebra £, there is a (possibly infinite-dimensional) vector space V' such that
£ is isomorphic to a Lie subalgebra of gl(V'). Here gl(V) is the algebra of linear maps V' — V.

For example, one can use the following construction. Denote by U(£) the universal enveloping algebra

of £. We have the injective homomorphism of Lie algebras
£ L= gl(UL)), E(v)(w) = vw, ve L, w e U(L).
So one can set V = U(£L).
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Denote by F the vector space of formal power series in variables z;, 2z, with coefficients in F°(&, a).
That is, an element of F is a power series of the form

l1 lQClllz Clllg E FO(E a)
E 5 .
l1,l2€Z>¢

The space F has the Lie algebra structure given by

[Z lel Zézchlz’ Z Z{l Zgzéf1[2:| — Z Zl11+l~1zéz+l~2 [011127 C~11~11~2i| 7 011127 é«flig e FO(E’ a)'
I1,l2 1,02 I1,02,01,l2
We have also the following homomorphism of Lie algebras
(97) v:F = FE a), ,,( > zglzgohlz) = O,
l1,l12€Z>¢
For i = 1,2, let 9.,: F — F be the linear map given by 0., (Y zilzézChb) =) 8‘2 (2 b lZ)C’lll2

Let D be the linear span of 0,,, d,, in the vector space of linear maps F — F. Since the maps 0,,, 0.,
commute, the space D is a 2-dimensional abelian Lie algebra with respect to the commutator of maps.
Denote by LL the vector space D @ F with the following Lie algebra structure

(Xi + fi, Xo+ fo] = Xa(fe) — Xao(f1) + [f1, fol, X1, Xy €D, fi. f2 € F.

An element of I can be written as a sum of the following form

(ylazl + ?/20@) + Z 21125201112’ Y1, Y2 S K> Olllz € FO(E’.? a)'
Theorem 5. Let R C 203, be the subalgebra generated by the elements
(98) (ad Ag)* (A, k€Zso, i€ Zsg.

Then, the map (ad Ag)*(A;) — k!- AP k€ Zs, determines an isomorphism between R and F°(€, a).
(Note that for k =0 we have (ad Ag)°(A;) = A;, hence A; € R for all i € Z~y.)

Proof. We have Dy = £ 437, uk+1% and Dy = 2+, D’;(F)au , where F' = F(ug, uq,...,uq)
is given in (87). Equation (04) is equivalent to

0
9 T D0 B

11,12,50,--,Ja—1

+ Z xllthw<(U0 —ag)” ... (ug-1 — ad—l)jd’l) ]B%zi)’l%d )

11,012,505, Ja—1

- %(xlltlz)(u() —ag)' - A =) 22Dy ((ug — ap)’) - A + [A,B] = 0.
l1,l2,i SRR

We regard the expressions

(100) A 821 + Z Uo _ aO . <Z 1 12A11,12)

>0 l1,l2
~ l l1,l2 y l l1712
(101) B <(922 + E Z 25 By ) E (up — @) ... (Ug—1 — a4—1) ]d e ( E :Z 2B]0 Jd— 1)
l1,l2 J0s--sJd—1>0, l1,l2

jo+-+jq—1>0

as formal power series with coefficients in L.
Since the function F' in (87) does not depend on z and t, equation ([Q9) is equivalent to

D, (B) — D,(A) + [A,B] =0,

which implies that the power series ([I00), (I0T]) constitute a formal ZCR of Wahlquist-Estabrook type
with coefficients in L.
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Applying Lemma [7] to this formal ZCR, we obtain the homomorphism

(102) (28 2, — L, SO(AO) = azu SO(AZ) = Zzlllzé2Ail7l2> 1> 0,
l1,l2

¢(Bo...0) (azz_l'zzll 7B 12) ©(Bjo...ja_s) = (Zzll 4B 1), Jo+ -+ Ja—1 > 0.

l1 lQ ll 12

Clearly, F is a Lie subalgebra of L = D @ F. In view of ([I02), for any k € Z>( and i € Z~ one has

103 ad Ao)*(A;) ) = (ad 8s,) ApAl) = (0.)" (Y kAl ) eF
( ' 1 21 ~2 1 1 R2 £
l1 l2 l17l2
Since R C 20, is generated by the elements (@), property (I03) implies p(R) C F C L. Using the
homomorphism ([@7)) and property (I03)), we get

(104)  voyly: R—F(Ea), (voy) ((adAo)’“(Ai)) — kAR ke Zso, i€ Zeo

Using Remark [[4] we can assume that 20, is embedded in the algebra gl(V') for some vector space V.
Let S be the vector space of power series of the form

(105) Sl (ug—ag) . (up—ap)* O G e gl(V), k€ Zs.

U1,02,i0,...,i, >0

Note that S contains the power series (I05) for all k € Zso. For each C € S, the power series
D,.(C), Dy(C) € S are defined according to Remark [7]

Recall that gl(V') consists of linear maps V' — V. Since gl(V) is an associative algebra with respect to
the composition of maps, the space S is an associative algebra with respect to the standard multiplication
of formal power series.

Also, using Remark [ and the Lie bracket on gl(V'), we obtain a Lie bracket on the space S.

We set By = By, where By o is the free term of the power series B from (89). Since
A, By, € W, C gl(V) for all 4,5, ...,ja-1 € Zso, the power series e*4°, e and (8J) belong
to S. Set

(106) P = —ePo fyemtFo 4 etBordo fomrAog=tho, Q = —By + ePoerAo gemrAog=tho,
Using (106)), we get

(107) D,(Q) = P [Ao, egc“‘lolfv’e_””“‘lo}e_tBO + etBoerAo D (B)ewA0e~tho,

(108) Dy(P) = —[By, e Age 0] + [By, efoemlo gemmA0e=tB0] 4 efBoemdo D (A)e " Aoe~ B0,

Recall that D,(B) — Di(A) + [A, B] = 0 according to (O1]). Combining this with (I06]), (I07)), (I08]), one

obtains

(109) Dy(Q) = Dy(P) + [P, Q] = "™ (D, (B) — Dy(A) + [A, B]Je™ e = 0.
Formulas (89)), (I06]) yield

(110) P = —e'P Aje P 4 Z(uo — ag)’ - ePoem Ao Yo7 Aoem B0 —

i>0

_ Z $l1t12 (UO — aO) 1 (ad B())l2 ((ad Ao)ll (-Az)) :

[115!
I1,12>0, i>0 12

(111) Q = _BO + Z (UO — CLO)jO . (ud—l _ ad—1>jd71 . tBoem.Aijo g 1e—one—tBo _

J0s-+Jd-120

. ’ 1
= —Bo+ > atR(up—agl® ... (ugy — g - llllz'(adso)lz((ad/to) (Biv.is 1) )-

11,02,J0,--,.Ja—12>0
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From (I09), (II0), (ITI) it follows that the power series P, @ satisfy all conditions of Lemma
Applying Lemma [l to P, @ given by ([I0), (ITI]), we obtain the homomorphism

(112) ¢: FY(E,a) — W,, Q/J(Ail,lg) _
115!

1 . . . .
(B, ) = L 1l] (ad By)"™ <(ad A0>11(Bj0---jd71)>7 il Joy -y Ja—1 € Lo,  Jo+ -+ Ja1 >0,
1

1,1 / /
1/}(]801(2)) = llllllz' (a‘d BO)l2 <(a‘d A())ll (BO...0)>7 lll € Z>07 l/2 € ZZO’
From (I12) we get

(113) V(AP°) =

(ad Bo)"™ <(ad Ao)“(Ai)>, hols € Zso, i€ Zoo,

1
l!

Since, by Theorem M the elements A?’O, li € Z>g, i € Z~y, generate the algebra F°(€,a), property (I13))
implies ¢ (F°(€,a)) C R. Then from (I04), (II3) it follows that the homomorphisms ¢: F°(€,a) — R

and v o gp‘m: R — F°(&, a) are inverse to each other. O

(ad Ao)ll (AZ) c %, ll c 2207 1€ Z>0.

5. THE ALGEBRAS FP(€,a) FOR THE KDV EQUATION
We need the following result, which is proved in [12].

Theorem 6 ([12]). Let € be the infinite prolongation of an equation of the form (L6) with ¢ € {1,2,3}.
Leta € €. For eachp € Zg, consider the surjective homomorphism p,: F?(£,a) — FP~1(E, a) from (8).
If p> q+ 43 then

[v1,v9] =0 Vo € ker ¢, Yy € FP(E, a).

In other words, if p > q+ 6,3 then the kernel of @, is contained in the center of the Lie algebra FP(&, a).
For each k € Ty, let y,: FFT71T003(8 ) — RT3 (€ q) be the composition of the homomorphisms

FEHa=1H003(& q) — FFTI2H003(8 q) — ... — FIT003 (€ g) — FI1H0993(E q)
from (). Then
[ha, [ha, -, [Pe—1, [Pk, hga]] -] =0 Vhi,..., hiy1 € ker .
In particular, the kernel of 1y, is nilpotent.

Lemma 8. Let € be the infinite prolongation of the KdV equation u; = us + uguy. Let a € &.
Then F°(£, a) is isomorphic to the direct sum of sly(K[)\]) and a 3-dimensional abelian Lie algebra.
(The Lie algebra sly(K[A]) has been defined in Section[dl)

Proof. We are going to use Theorem [ which says that F(£, a) is isomorphic to a certain subalgebra
of the Wahlquist-Estabrook prolongation algebra 2J,,.

The Wahlquist-Estabrook prolongation algebra for the KdV equation was computed in [3, 4]. Ac-
cording to [4], this algebra is isomorphic to the direct sum of sly(K[A]) and a 5-dimensional nilpotent
Lie algebra H. The algebra H has a basis (r_3,7_1,79, 71, 73) satisfying

(114) [7’1,7’_1]:[7”_3,7’3]:—7’0, [T’Z’,T’j]zo lf Z"—j%o
In order to be in agreement with formulas from [4], we take the KdV equation in the form
(115) uy = —uz — 12uquq,

which can be transformed to u; = ug + ugu; by scaling of the variables z, t, u. (Recall that we use the
notation (2).)
Let (h,y, z) be a basis of sly(K) satisfying

(116) [h,y] = 2y, [h, 2] = =2z, ly, 2] =
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In Section M for any evolution PDE of the form (87)) we have defined the notion of formal Wahlquist-
Estabrook ZCR with coefficients in 20, which is given by formulas (89), (@I)). According to [4], for the
KdV equation (I15), we have 20, = H @ sl5(K[A]), and A from (89) can be written as

(117) A= —-2X| — 2up Xy — 3ug X,
where
1 1
(118) X1 =T — §y + 52)\, X2 =r_1+z, X3 =Tr_s3.
Since r1,7_1,7_3 € H and y, 2,2\ € slh(K[\]), the elements X;, X5, X3 given by (II8) belong to
H & sl (K[N]).

The paper [4] uses the symbol 7" in place of A\. For equation (I1H), the paper [4] contains also an
explicit formula for B from (89), but it is not needed for us.

Formulas (114), (I16]), (IT7), (II8) imply that, in this case, the subalgebra SR C 20, defined in
Theorem [l is equal to the subalgebra

H @ sl,(K[\) € H® sly(K[\]) = 20,

where H C H is spanned by the elements r_q, r_s, ro. Formulas (I14) imply that the 3-dimensional Lie
algebra H is abelian.

According to Theorem [, one has F°(€,a) = M. Since R = H @ sly(K[)]), we see that FO(£,a) is
isomorphic to the direct sum of sly(K[A]) and the 3-dimensional abelian Lie algebra H. O

Theorem 7. Let £ be the infinite prolongation of the KdV equation uy = uz + uouy. Let a € £. Then

e the algebra F° (&, a) is isomorphic to the direct sum of sly(K[\]) and a 3-dimensional abelian Lie
algebra,

o for every p € Zso, the algebra FP(E,a) is obtained from slo(K[N]) by applying several times the
operation of central extension.

Proof. The statement about F°(£,a) has been proved in Lemma B In particular, we see that F*(E, a)
is isomorphic to a central extension of sly(K[M]).

For every p € Z-y, consider the surjective homomorphism ¢, : F*(£,a) — F*~!(€, a) from (7). Since
the KdV equation is of the form (I6) for ¢ = 1, Theorem [6 implies that the kernel of ¢, is contained
in the center of the Lie algebra F?(£, a). Hence for each p € Z~ the algebra F?(£, a) is obtained from
FP~1(€,a) by central extension. Since F°(€,a) is isomorphic to a central extension of sly(K[)\]), we see
that F¥(€, a) is obtained from sly(K[A]) by applying several times the operation of central extension. [
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