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We study the momentum distributions and spatial correlations of few harmonically confined SU(N) fermions
using quantum Monte Carlo methods. In our study, we vary the spin degeneracy N from 2 to 6 and the total
number of particles from 6 to 18. Only balanced mixtures, with the same number of atoms per spin type, and
repulsive unlike-spin contact interactions are considered. Going from N = 2 to N = 6, with the same occupancy
of each spin state, we observe an increase of atom-atom correlations. This effect is particularly significant in
the momentum distributions, which show fatter tails at large k (kσ > 5, σ being the oscillator length) when N
grows, in agreement with experimental findings. Those tails also show the expected k−4 decay related to the
Tan contact for different values of the spin degeneracy. According to our results, the local spin ordering and the
spin-spin correlations are mainly determined by N via the Pauli exclusion principle, with minor influences from
the particle-particle interactions, irrespective of the total number of confined atoms.
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I. INTRODUCTION

The experimental realization of ultracold confined gases of
alkali-earth atoms has opened a wealth of studies on multispin
systems [1]. Fermionic isotopes of these atoms have orbital
degrees of freedom which are largely decoupled from the
nuclear spin I . In those, one can have at hand a mixture of
particles of different spin with the same scattering parameters.
Up to now, these have been achieved for 173Yb [2] (not
really an alkali-metal atom, but with the same behavior), with
I = 5/2, and 87Sr [3], with I = 9/2. In the experiments, one
can populate any number of states up to the maximum spin
degeneracy, N = 2I + 1, providing a unique setup to study
multispin Fermi systems beyond the standard N = 2 case
achieved much before using alkali atoms such as 6Li or 40K
[4]. These unique properties can help future developments in
atomic clocks [3,5] and quantum simulators [1,6].

SU(N) Fermi mixtures present enhanced many-body corre-
lations in comparison to SU(2) ones, thus making mean-field
theory less accurate to describe them [7,8]. In addition, these
correlations can be even more relevant in reduced dimension-
ality [9]. This effect has been observed recently in a quasi-
one-dimensional geometry of confined 173Yb atoms which
implements a Fermi SU(N) system [2]. By progressively
populating larger N states, that enhancement of correlations
produces momentum distributions with larger occupations at
higher momenta.

One-dimensional trapped SU(N) fermions have been stud-
ied in the past using different approaches. Matveeva and
Astrakharchik [9] studied the change in the Tan’s contact with
N in the range 2–6 using the diffusion Monte Carlo (DMC)
method. Decamp et al. [8] also calculated the Tan’s con-
tact and the momentum distribution of particles for different
degeneracies up to N = 6. A relevant result of Ref. [8] is

the prediction of the scaling of the Tan’s contact at strong
couplings. Both Refs. [8] and [9] are extensions of previous
studies on the relation of the Tan’s constant to the energies,
the tail of the momentum distributions, and other observables
in both three-dimensional [10] and one-dimensional SU(2)
systems [10–13].

One-dimensional SU(N) Fermi mixtures (N > 2) can be
studied using the same kind of Hamiltonian previously used
in the literature for SU(2) [14–18]. Including harmonic con-
finement, it reads [8,9]

HT =
Np∑
i=1

[−h̄2

2m
∇2

i + 1

2
mω2x2

i

]

+ g1D

N∑
α=1

N∑
β>α

Nα∑
i=1

Nβ∑
j=1

δ
(
xα

i − xβ
j

)
, (1)

where m is the mass of all fermions, and g1D = −2h̄2/ma1D

sets the strength of the interaction between particles of spin
α and β, with α �= β. Np = ∑N

α=1 Nα is the total number
of confined atoms, with Nα the number of spins of type α.
We take the same mass m and s-wave scattering length a1D

for all the fermions, regardless of its spin, and restrict our
study to repulsive fermions (g1D � 0) which correspond to
a1D < 0. We considered g1D values in the range 0–50h̄ωσ

(see below). The one-dimensional (1D) scattering lengths can
be readily varied from their 3D counterparts [19] using a
confining-induced resonance [20]. However, in alkaline-earth
atoms, the use of magnetic fields to tune the scattering length
is not possible due to their close electronic shells [1]. Optical
resonances can be used, but at the price of significant atom
losses. Here, we considered only balanced mixtures, i.e.,
Np = N N1, with N1 being the number of atoms with spin
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of type 1. According to the Lieb-Mattis theorem and its
extensions, balanced configurations, in which the total spin
equals 0, should be the ground states for systems including
different types of spins [21,22]. All distances are given in units
of the oscillator length σ , (σ 2 = h̄/mω), and the energies in
units of h̄ω, with ω the oscillator frequency.

In this work, we aim to describe the behavior of 1D
harmonically confined SU(N) fermions with Np between 6 and
18, with N in the range 2 to 6. In this way, we extend previous
studies in two directions: larger number of particles and inter-
action regime beyond the limit 1/g1D → 0 [8,23]. It is worth
noticing that a SU(N) fermionic system made up of N particles
is not different than a cluster of N bosons. Since we considered
arrangements with Nα > 1, fully fermionic behavior was seen
for some observables, such as the momentum distributions.
The plan of the paper is as follows: In Sec. II, we describe
the application of the quantum Monte Carlo method to this
problem. The results obtained are discussed in Sec. III, where
we report results for the momentum distributions, the Tan’s
contact, and the relative ordering of atoms as a function of the
unlike-spin interaction parameter. Finally, Sec. IV comprises
the main conclusions of our work.

II. METHOD

Our theoretical approach is microscopic and it is intended
for an exact solution of the many-body Hamiltonian (1). To
this end, we rely on the diffusion Monte Carlo (DMC) method,
which stochastically solves the many-body Schrödinger equa-
tion. In the case of bosons, the DMC method provides exact
results within some statistical noise. The study of fermions
faces the famous sign problem, which hinders an exact so-
lution with some exceptions, most remarkably 1D systems
such as the ones we are considering in this work. To keep the
sign under control and avoid the cancellation of signal with
growing imaginary time, one normally fixes the nodal surface,
where the function is zero, to be the one of a known model.
This is the well-known fixed-node approximation, which is
known to provide a rigorous upper bound to the exact energy
of the system [24]. Generally, the exact ground-state nodal
surface is not known and one approximates it as accurately
as possible. Fortunately, the situation in one-dimensional
fermions is much easier because we know that the nodal points
are exactly the points where two particles meet, i.e., when
(xα

i − xα
j ) = 0 [25]. The DMC method uses an importance

sampling trial wave function to reduce the variance and to
introduce the right quantum symmetry. In the present case, we
work with a Jastrow-Slater wave function which implements
the Fermi statistics by using a Slater determinant for particles
with the same spin. This determinant fulfills the condition of
the 1D nodes and so DMC is able to find the exact ground-
state energy of the system, always within some unavoidable
statistical noise. In our calculations, the trial wave function is
chosen to be

�(x1, . . . , xN ) =
N∏

α=1

Dα

Nα∏
i

Nβ∏
j

ψ
(
xα

i − xβ
j

)
. (2)

In Eq. (2), the Slater determinants Dα are built with the lowest-
energy orbitals of the harmonic oscillator for each species

α. The Jastrow term ψ (xα
i − xβ

j ) is chosen as the two-body
solution of the Schrödinger equation, without the harmonic
potential [14–18],

ψ (xi − x j ) =
{

cos(k[|xi − x j | − Rm]), |xi − x j | < Rm

1, |xi − x j | � Rm,

(3)

in which Rm is a parameter in the range 6–10 σ that is
variationally optimized. The parameter k in Eq. (3) is the
solution of the equation

ka1D tan(kRm) = 1, (4)

for each value of g1D.
One of our goals in this work is to study how the relative

positions of the atoms depended on N, Np, and the number
of atoms per spin. We are mainly interested in topological
ordering, i.e., we consider only the spin sequences and not the
actual distances between particles. In order to fully charac-
terize the atom distributions, we use both the density profiles
and the momentum distributions, nα (k), of each spin species.
The function nα (k) is the Fourier transform of the one-body
density matrix, ρα (x, x′),

nα (k) = 1

2π

∫
dxdx′ρα (x, x′) exp[−ik(x − x′)], (5)

with

ρα (x, x′) = Nα

∫
dx2 . . . dxNp�(x, . . . , xNp )�(x′, . . . , xNp ),

(6)

which in a cluster depends on both x and x′, and not only on
the distance between both positions, as in a homogeneous sys-
tem. �(x, . . . , xNp ) represents the ground-state wave function
of the set of atoms, as sampled in the DMC method.

III. RESULTS

Arguably, the first parameter one can think of to charac-
terize the confined SU(N) system, and the primary output
of any DMC calculation, is the total energy. We show the
energies as a function of the g1D parameter in Fig. 1 for two
different values of the total number of particles (Np = 12, 18)
and different number of spin components. For N = 2, the
results are in line with those of smaller systems [15], i.e., the
energy is a monotonous function of the interaction parameter
that converges to the Tonks-Girardeau (TG) limit [26] for
g1D → ∞. That limit depends only on Np, irrespective of the
number of species and on the fermionic or bosonic nature of
the interacting particles. For the cluster sizes analyzed, the
TG energies are 72h̄ω (Np = 12) and 162h̄ω (Np = 18). In
general and as it can be seen from the figure, the energies
differ significantly at low g1D for different N, while for g1D →
∞ they all approach the common TG limit. For instance, the
energy differences for systems with the same value of g1D,
the same number of particles, and different N are below 5%
for g1D > 20h̄ωσ . The fact that, all other properties being
equal, the energy for an arrangement with SU(N) symmetry
is smaller than the one for a SU(N′) one when N > N ′ was
verified previously only for clusters up to six particles [22].
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FIG. 1. Total energy as a function of the g1D interaction param-
eter and for different values of Np and N in clusters with SU(N)
symmetry. Error bars are of the size of the symbols and not displayed
for simplicity.

From the results in the figure, we can obtain the Tan’s
contact C for different values of the number of particles Np

and the interaction parameter g1D, through the relation [9]

C = dE0

da1D
= mg2

1D

2h̄2

dE0

dg1D
, (7)

with E0 the energy of the system. The results are displayed
in Fig. 2. There, the symbols correspond to the numerical
derivatives obtained by a finite-difference procedure of the
results of Fig. 1. Following the scaling law predicted in
Ref. [8] for the highly interacting regime, we plot our results
in terms of the scaled x variable σ/(|a1D|N1/2

p ) and y variable
C/C∞, with C∞ the Tan’s contact in the TG limit. We can see
that our results collapse to the same curve, within the error
bars (represented only in one case for clarity). The dashed line
is the analytical derivative of a fit to the energies as a function
of a1D for the case Np = 18 SU(6). Fits for arrangements
with different N or number of particles are virtually identical
and not displayed. We can conclude that our data follow the
scaling law of Ref. [8] (deduced for the infinite interaction
limit) for number of particles larger than the ones considered
in that work (Np = 18 instead of a maximum of Np = 12 of
Ref. [8]). The fact that the slopes of the energies collapse as
a function of the inverse of the size of the cluster was verified
also for small SU(2)–SU(4) clusters in previous works [27]
for the limits g1D → 0 and g1D → ∞.

The distribution of atoms in systems with different N is
studied using the density profiles and the momentum distri-
butions. In Fig. 3, we report those functions for arrangements
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FIG. 2. Ratio between Tan’s contact for a given interaction
strength, represented by a1D, and the same parameter for g1D → ∞
(C∞). The dashed line corresponds to the collapsing fits obtained
through the derivatives of the data in Fig. 1 with respect to a1D, while
the symbols are obtained by deriving numerically the same set of
energies.

with the same number of particles per spin (in this case, three)
and with N from two to six. The strength of the interaction
is taken as g1D = 10 h̄ωσ , as in Ref. [2], but with a number
of atoms per spin channel smaller than 20, the latter being
the value reported in the experiment. The density profiles are
normalized to the total number of particles, so the widening
of the distributions in going from Np = 6 to 18 is to be
expected. We also observe that the curves become featureless
as to resemble a parabola when the total number of atoms
increases. The momentum distributions are normalized to one,
as in Ref. [2], and are averages over the N distributions in
each cluster. They display a number of maxima in the low-k
region equal to the number of atoms per specie (counting
both the k and −k values, the latter not shown for the sake
of simplicity), in accordance with previous literature. We use
a double logarithmic scale to emphasize that for large values
of k, the value of n(k) grows with N, in accordance with the
experimental findings of Ref. [2]. Therefore, correlations be-
come more important when the spin degeneracy grows. From
the data in Fig. 3, we can say that the scaling law that describes
the behavior of the long tails of n(k) (kσ > 5) is also fulfilled
in a certain range of large momenta. The dashed straight line
in the same figure is C/(Npk4), with C the Tan’s contact for
the SU(4) cluster obtained from data in the previous figure.
The Np factor comes from the normalization to one of the
momentum distributions used. The law is fulfilled in other
cases, but the dependencies are not displayed for simplicity.

The increase in correlations with N, which makes atoms
populate states with larger k in the momentum distributions,
can also be seen for the same number of particles, Np, but
different symmetries [SU(6), SU(3) and SU(2)] in the top
panel of Fig. 4. In this case, the momentum distributions
are normalized to the number of components per spin. For a
bulk system, one expects a sharp decrease in occupancy of
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FIG. 3. Top panel: Momentum distributions [n(k)] for different
N, normalized to one. The straight line corresponds to C/(12k4) for
the SU(4) set of atoms. The interaction parameter is g1D = 10 h̄ωσ .
Bottom panel: Density profiles normalized to the number of particles
for different N, with Np = 18 and g1D = 10 h̄ωσ .

the states outside the Fermi sphere of radius, kF = πρ/N,
with ρ being the particle density. We therefore scale all
momenta with kF . The result of this procedure is displayed
in Fig. 4. There, we can see that there is a clear decrease in
the momentum occupation above kF , as expected, and that the
correlations induced by increasing N produce fatter tails for
k > kF , as in the case already displayed in Fig. 3.

On the other hand, the density profiles do not change
appreciably in going from SU(2) to SU(6), for the same
number of particles and the same interparticle interaction,
aside from a minor spreading of the function with decreasing
N. This can be seen in the bottom panel of Fig. 3.

In 1D Fermi systems, it is also interesting to study the
spatial distribution of spins inside different clusters. In con-
trast to other methods, this is easily calculated in Monte
Carlo since, in DMC, one is constantly sampling particle
configurations. We study their relative ordering and not the
actual distances between consecutive atoms, i.e., we consider
topological distances. The first of those distributions is dis-
played in Fig. 5 for SU(2) with Np = 18 and Np = 12 atoms,
and different values of g1D. This figure reports the probability
of having another atom of the same spin as an nth neighbor.
The first conclusion is readily apparent: the probability of
having a nearest neighbor with the same spin is low, and thus
the system presents local antiferromagnetic correlations. In
fact, that further away probability is basically independent
of the topological distance for interacting clusters and only
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FIG. 4. Same as in the previous figure, but for SU(6), SU(3),
and SU(2) clusters with Np = 18 and g1D = 10h̄ωσ . The momentum
distributions are normalized to the number of particles per spin
component.

fluctuates appreciably around a common average for g1D = 0.
This is something that can be seen experimentally in 1D
chains of balanced mixtures of spin-up and spin-down 6Li
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FIG. 5. Probability of finding another spin of the same type as a
nth topological neighbor for SU(2) systems. Solid symbols: Np = 18;
open symbols: Np = 12. Squares: g1D = 0; triangles (only for Np =
18): g1D = 20h̄ωσ ; circles: g1D = 50h̄ωσ . The error bars are of the
same size as the symbols and not shown for clarity.
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FIG. 6. Same as in the previous figure for SU(3) (upper curves)
and SU(6) (lower curves) clusters with Np = 18 (full symbols) and
Np = 12 (open ones). Only the cases for g1D = 0 and g1D = 50h̄ωσ

are displayed.

atoms loaded in optical lattices interacting repulsively [28].
The first feature can be understood as a direct consequence of
the Pauli exclusion principle, which can be thought of as sort
of a repulsive interaction for atoms with the same spin. The
leveling off of the probability displayed in Fig. 5 from the
second position onwards implies that no long-range chain of
perfectly alternating ↑↓↑↓↑ . . . spins exits. The fact that the
distributions are similar for Np = 18 and Np = 12 indicates
that this ordering pattern can probably be extrapolated to
infinitely long 1D chains, since no obvious size effect appears.
We can also see that Pauli’s effective repulsion is somehow
relaxed when g1D increases, as the local antiferromagnetic
correlations are larger in the noninteracting case. The behavior
is monotonous with g1D: the values for g1D = 20 h̄ωσ are
intermediate from those for g1D = 0 and g1D = 50 h̄ωσ .

The SU(3) and SU(6) probabilities for same-spin pairs,
as a function of the topological distance, are displayed in
Fig. 6. There, only the cases for g1D = 0 and g1D = 50 h̄ωσ

are shown for simplicity since the results for other values of
g1D within this range are in between those shown. The general
features of the results are similar to their SU(2) counterparts:
there is a “hole” in the probability of having another spin of
the same type up to the closest N − 1 topological position
[first and second for SU(3) clusters, and up to fifth in the
SU(6) case]. This means that the probability is greatly reduced
with respect to what one would expect from a random distribu-
tion of spins. As in the previous case, the results are basically
independent of the size of the cluster and the avoidance of
same-spin neighbors is purely local. The probabilities beyond
the Nth neighbor also level off, being their values are above
but close to (N − 1)/(Np − 1), corresponding to a completely
random spin distribution.

The existence of a hole for the same-spin probability for
close neighbors could lead us to think that the atoms order
themselves in “packages” of spins of N atoms of different
types. As we can see in Fig. 7, in which we show the
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FIG. 7. Probability of having a set of N different consecutive
neighbors in SU(N) clusters as a function of the g1D parameter. Full
symbols: Np = 18; open symbols: Np = 12. Error bars are of the size
of the symbols and were not displayed.

probabilities of having N different consecutive spins in SU(N)
clusters as a function of g1D, this is only partially true since
that would imply the values of those probabilities are equal
to one for any value of g1D, and they are not. As before, we
can see that to a very good approximation, they are functions
of N and not of the total number of particles, Np. In fact, the
values for Np = 12 and Np = 18 are basically on top of each
other for SU(2) and SU(3) clusters. Those probabilities are
also practically independent of g1D for g1D � 20h̄ωσ . This is
in line with the long-range ordering probabilities in smaller
SU(2) clusters found in Ref. [15]: there, the probability of
finding a configuration of regularly alternating spins reaches
a plateau for some g1D value, that probability being smaller
than the one corresponding to g1D = 0.

IV. DISCUSSION

The DMC method allows us to exactly evaluate the most
relevant ground-state properties of one-dimensional harmon-
ically confined SU(N) fermions in 1D, and in this work this
has been done for a number of species of up to N = 6. In
this sense, we have extended previous studies of clusters with
smaller number of particles or smaller number of spin types,
analyzing the energies, the density profiles, and the momen-
tum distributions. In doing so, we have verified that certain
scaling relations, as those pertaining to the Tan’s contacts
(deduced only for the infinite interaction limit) and to the tails
of the n(k) distributions, hold for larger spin arrangements
than those previously considered in the literature. We have
also found that the shape of the density profiles for big enough
clusters depends basically on the total number of particles,
with minor corrections due to the number of spin types, pro-
vided that the unlike-spin interactions are large enough. The
minor spreading with decreasing N for clusters with the same
number of particles was found experimentally in SU(6) [29]
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and SU(4) [30] Mott insulators loaded in three-dimensional
optical lattices.

The extension to larger clusters is especially important
for the case of N = 6, for which the information for Np > 6
is sparse (only energies are reported in Ref. [9]), and null
in other quantities as the momentum distributions, in which
only the cases for N = 6 and Np = 6 have been previously
considered [8]. In this work, we report the momentum dis-
tributions n(k) of fully fermionic SU(6) arrangements and
compare them with clusters with the same number of par-
ticles per spin (larger than one) and different number of
spin types, corroborating the experimental results of Ref. [2].
In contrast to what one would expect from a mean-field
treatment, the enhancement of correlations produced fatter
momentum distribution tails with increasing N. However, in
our calculations, this effect is relatively small, indicating that
the finite temperature in Ref. [2] could be of much relevance.
Unfortunately, thermal corrections could not be included in
our calculations since our Fixed-node diffusion Monte Carlo
(FN-DMC) method converges to the ground state, what means
that our description is valid only at T = 0.

The DMC algorithm also gives access to the ordering of
particles with different spins inside the clusters. This can
be done for any values of the interaction between unlike
spins, g1D, and of N, in contrast to what has been previously
reported in the literature, in which that information is basically
restricted to SU(2) systems in the 1/g1D → 0 limit [31–33],
even though the techniques used can, in principle, be extended
to larger values of N. We cannot resort to the Lieb-Mattis
theorem or to its extensions to deduce those spin orderings in
SU(N) clusters since they state only that configurations with
the same number of atoms per spin have lower energies that
those corresponding to other arrangements with the same total
number of particles [21,22]. In addition, the DMC technique
allows us to study correlations between spins, an experimental
observable [28], for 1D SU(N) cold fermionic clusters. Our
results indicate that for clusters with unlike-spin repulsive
interactions, the main driver of the spin ordering is the Pauli
exclusion principle. This forbids two atoms with the same
spin to be at the same position, therefore creating an effective
repulsive interaction that produces a probability hole for
same-spin first topological neighbor pairings. For g1D = 0, in
between those same-spin atoms we can have any number of
atoms of different spin type with no energy penalty. That is the
reason why the hole goes up to the N th − 1 position from the
initial atom. It also explains why the probability of having N
different consecutive spins is larger in noninteracting systems.

When g1D > 0, the unlike-spin repulsion partially counteracts
the effective Pauli correlation (that only forbids two atoms to
be at the same position), making it indirectly less favorable
to have an all-different N-spin pack. However, that repulsion
is not enough to modify the size of the probability hole for
same-spin first neighbors. As indicated above, the existence
of this hole has been experimentally proved [28] in SU(2)
systems.

The antiferromagnetic correlation is purely local and un-
able to produce long-distance ordered spin distributions in the
1D chains analyzed; by that, we mean a sequence of spins
of the type ↑↓↑↓ . . . spanning the entire SU(2) cluster or
the equivalent ↑↓→↑↓→ . . . in a SU(3) one. In that spin
basis, those can be defined as pure “antiferromagnetic,” in a
similar way as is done for an Ising chain. If we had those
kinds of distributions, the probabilities displayed in Figs. 5
and 6 would have a distinct sawtooth profile beyond the
N − 1th neighbor that we do not see. This is in agreement with
previous results for small SU(2) clusters (up to four particles)
for the 1/g1D → 0 limit in which they can be described
by a Heisenberg Hamiltonian [31]. The equivalence of the
energies obtained in a continuous description and the one
afforded by the Heisenberg Hamiltonian has been checked in
Refs. [34] and [35] in small (up to four particles) systems by
solving the full continuous model. When g1D > 0, the cou-
pling constant between fermionic particles is positive, leading
to an antiferromagnetic (AFM) Heisenberg chain [22,31,32].
Exact-diagonalization procedures show that the ground states
of those Heisenberg clusters are mixtures of all the possible
configurations in the spin base, i.e., the ↑↓↑↓ ordering for
a four-particle cluster is by no means the only possibility, in
line with our results for larger clusters. This implies a lack of
long-distance Ising-like antiferromagnetic ordering. The same
results were obtained for continuous Hamiltonians close to
the TG limit [33], and for larger SU(2) clusters with different
values of g1D [15]. To our knowledge, no studies of the spin
ordering (or spin correlation) in the SU(N) Heisenberg chains
are available to be compared to our results.
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