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A level-set model is presented for simulating mass transfer or heat transfer in two-phase flows. The
Navier-Stokes equations and mass transfer (or heat transfer) equation are discretized using a finite vol-
ume method on a collocated unstructured mesh, whereas a multiple marker level-set approach is used
for interface capturing in bubble swarms. This method avoids the numerical coalescence of the fluid par-
ticles, whereas the mass conservation issue inherent to standard level-set methods is circumvented.
Furthermore, unstructured flux-limiter schemes are used to discretize the convective term of momentum
transport equation, level-set equations, and chemical species concentration equation, to avoid numerical
oscillations around discontinuities, and to minimize the numerical diffusion. A convection-diffusion-
reaction equation is used as a mathematical model for the chemical species mass transfer at the contin-
uous phase. Because the mathematical analogy between dilute mass transfer and heat transfer, the same
numerical model is applicable to solve both phenomena. The capabilities of this model are proved for the
diffusion of chemical species from a sphere, external mass transfer in the buoyancy-driven motion of sin-
gle bubbles and bubble swarms. Results are extensively validated by comparison with analytical solu-
tions and empirical correlations from the literature.

© 2019 Published by Elsevier Ltd.

1. Introduction

Bubbly flows are common in natural phenomena and industry
[1]. Some applications can be found on steam generators of ther-
mal power plants, microfluidic devices, and the so-called unit
operations of the chemical engineering, e.g., bubble columns are
used for separation processes, or as chemical and biochemical reac-
tors [2-4]. In these operations, bubbles or droplets are typically
injected at the bottom of the column into a liquid phase, while a
gas diffuses and reacts with dissolved reactants. Although some
empirical correlations have been proposed for estimation of heat
and mass transfer rates from bubbles or droplets [5], there is a lack
of detailed understanding of the complex interplay between fluid
mechanics and mass transfer (or heat transfer). Since these
small-scale phenomena affect the overall operation and control
of multiphase systems, as well for future optimization and design,
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it is of great importance to improve the accuracy of their predictive
models.

Bubbly flows with mass transfer or heat transfer, lead to a
highly non-linear mathematical problem. Indeed, analytical meth-
ods are restricted to very special cases, whereas experiments can
be difficult to perform due to limitations in optical access. On the
other hand, the development of computer technology opens the
possibility to use Direct Numerical Simulation (DNS) of the
Navier-Stokes equations, as another approach to design non-
invasive and controlled experiments of bubbly flows [6]. In this
sense, multiple methods have been introduced in the last decades
for DNS of interfacial flows, some examples include: level-set (LS)
methods [7,8], conservative level-set (CLS) methods [9,10],
volume-of-fluid (VOF) methods [11,12], coupled VOF/LS methods
[13-16], and front tracking (FT) methods [17]. These approaches
solve two-phase flow using the so-called one-fluid formulation
[17], where the fluid interface is captured by means of a Eulerian
approach (VOF, LS, CLS, VOF/LS) or a Lagrangian (FT) approach.
Despite the fact that the idea behind these methods is similar, their
numerical implementations may differ greatly.

In the context of the aforementioned methods, remarkable
efforts have been done on the development of numerical models
for heat transfer or mass transfer in two-phase flows. For instance,
Davidson and Rudman [18], Bothe et al. [19], Alke et al. [20], Onea
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Nomenclature
A area vector X.y,Z cartesian coordinates
A interfacial area . dot product
|al absolute value of a [[v]] Euclidean norm (v - v)'/?
AL Hinterland ratio
C concentration Greek Symbols
Cr interface concentration \V/ gradient
d distance function, differential A increment
dp bubble diameter or Dirac delta function
D diffusivity o density
Pa Damkéler number U viscosity
e unit vector 1, density ratio
Eo Eﬁtv@s number Ny viscosity ratio
g gravity CLS function
h local grid-size T pseudo-time
H Heaviside function £ re-initialization equation parameter
Ha Hatta number r interface
k1 first-order reaction constant Q spatial domain
ke mass transfer coefficient in the continuous phase o surface tension coefficient
Ixo Kolmogorov length scale K interface curvature
Igq Batchelor length scale w, vorticity component in z
Mo Morton number
n interface unit normal Subscripts
Ney number of control volumes f face
Ng number of bubbles P current cell
p pressure C,D,U,F cells
Pe Peclet number d dispersed phase
Re Reynolds number c continuous phase
r radial coordinate i ith bubble
r chemical reaction rate P projected
S surface X,y,z  cartesian components
Sc S_chmldt number A reference
t time
Ur terminal drift velocity ,
v velocity Superscripts .
v time-averaged velocity s Fegglarlzed
v volume 0 initial ‘
We Weber number ¥ normalized
X position

etal.[21], Gupta et al. [22], Hayashi and Tomiyama [23] have intro-
duced numerical models for simulating mass transfer of chemical
species within and between fluids with deforming interfaces, using
a VOF method. Bothe et al. [24] proposed a variable transformation
of the species concentration, to include the concentration jump at
the interface, into a single continuous variable. Bothe et al. [25],
Francois and Carlson [26] have reported VOF-based methods for
calculating reactive mass transfer, whereas a sub-grid-scale model
for mass transfer in single rising bubbles at high Schmidt numbers
has been introduced by Bothe et al. [27], Weiner and Bothe [28].
Further efforts in the context of the VOF method include the imple-
mentation of a Continuous Species Transfer (CST) model by Mar-
shall et al. [29] and Deising et al. [30]. Yang and Mao [31], Wang
et al. [32] introduced a transformation of concentrations, molecu-
lar diffusivity, mass transfer time and velocities, for simulating
the conjugate inter-phase mass transfer in single bubbles or dro-
plets, in the context of the level-set method. Ganguli and Kenig
[33] proposed an approach to handle the concentration jump at
the interface, that does not require a constant distribution coeffi-
cient. Darmana et al. [34] presented a model based on the front-
tracking technique, which allows a priori computation of mass
transfer coefficients for rising bubbles. Bhuvankar and Dabiri [35]
presented a numerical study of the heat transfer improvement
around a bubble rising near a wall in a shear flow by using a

front-tracking method. Mao et al. [36], Figueroa-Espinoza and
Legendre [37] performed simulations using a body-conformal
mesh around fixed-shape rising bubbles, whereas Arbitrary
Lagrangian Eulerian (ALE) Interface-Tracking algorithm for reactive
mass transfer in single bubbles has been reported by Falcone et al.
[38].

DNS studies of heat transfer or mass transfer in bubble swarms
are still quite limited. For instance, Dabiri and Tryggvason [39]
studied the heat transfer in bubbly flows in a turbulent channel
using the Front-Tracking method [17], furthermore this methodol-
ogy was employed by Piedra et al. [40] to study the effect of the
channel angle on the flow and the heat transfer. Deen and Kuipers
[41] performed a numerical study of wall to liquid heat transfer in
dispersed gas-liquid two-phase flow using VOF simulations,
demonstrating that the heat transfer coefficient peaked near the
bubbles. Aboulhasanzadeh et al. [42-44] developed a multiscale
approach to compute the mass transfer from buoyant bubbles,
using a boundary-layer approximation next to the bubble and a
coarse grid for the rest of the flow, in the framework of the
Front-Tracking method [17]. Roghair et al. [45] presented an
improved Front-Tracking technique for the simulation of mass
transfer in dense bubbly flows, including first order chemical reac-
tions in the continuous phase. Koynov et al. [46], Radl et al. [47]
researched the impact of bubble swarm hydrodynamics on chem-
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ical reaction selectivities, using two-dimensional simulations and
the front-tracking method [17].

Although previous efforts have introduced remarkable numeri-
cal findings, many other configurations and flow conditions are not
explored yet. Since interface capturing methods lead to an artificial
and potentially unphysical coalescence of bubbles, most of previ-
ous research about bubbly flows, with or without heat transfer or
mass transfer, has been performed using the front-tracking method
[17]. Moreover, the accuracy and capacity of novel numerical
approaches to tackle heat or mass transfer in bubbly flows, e.g.,
the multiple marker CLS method [48], is still to be proven. Despite
the fact that previous papers touched upon heat transfer or mass
transfer in single bubbles or droplets using VOF, LS and FT meth-
ods, to the best of the authors’ knowledge there are not previous
studies in the context of the conservative level-set (CLS) method
[9,10]. Indeed, this work aims to present a sufficiently general
numerical methodology for simulating interfacial mass transfer
processes (or heat transfer) in singles bubbles and bubble swarms,
within the framework of the multiple marker CLS approach intro-
duced in Balcazar et al. [48,49]. This approach includes the adop-
tion of three-dimensional collocated unstructured meshes [10],
as well as the possibility to activate adaptive mesh refinement
[50]. Thus, using a finite-volume/CLS method [10], the accumula-
tion of mass conservation error that is known to affect standard
level-set formulations, is circumvented. Whereas the multiple
marker approach [48,49,51] avoids the numerical and potentially
unphysical coalescence of fluid particles, taken into account bubble
collisions in long-time simulations of bubbly flows. Finally, these
numerical methods and algorithms are efficiently implemented
in a parallel computational framework, which lead to an accurate
and robust numerical tool for computing the Sherwood number
in 3D bubbly flows, as a function of Reynolds number, Schmidt
number, Damkéler number and bubble volume fraction.

Further advantages of the unstructured finite-volume/CLS
method [10], include the accurate computation of normals at the
interface, employing a least-squares method based on a wide and
symmetric nodes-stencil. Then, these normals are used for an accu-
rate computation of the surface tension force, without reconstruc-
tion of distance functions as in coupled volume-of-fluid/level-set
methods, and without explicit representation of the interface as
in front-tracking methods. Since most computational operations
are local; this method can be efficiently implemented on parallel
computational platforms (see Appendix B). Furthermore, unstruc-
tured meshes are adaptable to complex domains, allowing for an
efficient mesh distribution in regions where the interface resolu-
tion has to be maximized. On the other hand, unstructured flux-
limiter schemes designed to discretize convective terms of trans-
port equations, avoid numerical oscillations around discontinu-
ities, whereas the numerical diffusion is minimized. Finally, the
finite-volume methodology is attractive due to the satisfaction of
the integral forms of the conservation laws over the entire domain.

This paper is organized as follows: The mathematical formula-
tion is reviewed in Section 2. Section 3 introduces the numerical
methods. Model validation and numerical experiments, including
the prediction of Sherwood number in single bubbles and bubble
swarms, are presented in Section 4. Finally, concluding remarks
and future work are discussed in Section 5.

2. Mathematical formulation
2.1. Incompressible two-phase flow

The Navier-Stokes equations for the dispersed fluid in Q4 and
continuous fluid in Q. can be combined into a set of equations in

a global domain Q = Q, U Q, with a singular source term for the
surface tension force at the interface I' [17,10]:

%(pv) T (pw) = -V + ¥ (Vv + (V9)')
+(p—po)g+1fs (1)

V-v=0, (2)

where v and p denote the fluid velocity and pressure field respec-
tively, p is the fluid density, p is the dynamic viscosity, g is the grav-
itational acceleration, f, is the surface tension force (Section 2.3),
subscripts d and c denote the dispersed phase and continuous phase
respectively. Since physical properties are assumed to be constant
at each fluid-phase with a jump discontinuity at the interface, these
can be written as:

p = pHe+ pgHa, t = ptHe + pigHa, 3)

where H, is the Heaviside step function that is one in Q. and zero
elsewhere, and H; = 1 — H,.. At discretized level a continuous treat-
ment of physical properties is adopted in order to avoid numerical
instabilities at the interface (Section 2.4). Furthermore, if periodic
boundary condition is applied on the y — axis (aligned to g), then
a force —p,g is added to the Navier-Stokes equations (Eq. (1)), with
0o = V5! Jo(pgHa + pHc)dV, to prevent the acceleration of the
entire flow field in the downward vertical direction due to the
action of g [52,48,53]. On the other hand, p, =0 for simulations
without periodic boundary conditions on the y — axis.

2.2. Multiple marker CLS method

There are three major challenges for simulating bubbly flows in
the framework of interface capturing methods: the first is how to
keep a sharp front of the fluid interface; the second is how to per-
form an efficient and accurate computation of surface tension
forces; and the third is how to avoid the numerical merging of
the bubbles. Regarding the first and second issues, this work
adopts a finite-volume/CLS method introduced by Balcazar et al.
[10] for interface capturing on general unstructured grids, whereas
the third issue is addressed using a multiple marker CLS approach
introduced in Balcdzar et al. [48]. Thus, the present method
employs different CLS functions (called markers), ¢, . . ., ¢y, to fol-
low the motion of each fluid-particle (€;) contained by the dis-
persed phase (Q,). As a consequence, two or more CLS functions
can be captured in the same control volume, allowing for the col-
lision of the fluid particles without numerical merging of their
interfaces, as illustrated in Fig. 1.

In the CLS method the interface is implicitly represented by the
0.5 iso-surface of the regularized indicator function ¢;:

qsi(x,t):%(tanh <d"(2"bjt)> +1> di=1,...,ng (4)

where d; is the signed distance function associated to the ith fluid
particle, and ¢ a parameter that sets the thickness of the CLS profile
[10]. Eq. (4) is used to initialize the CLS functions (¢;), from the dis-
tance functions (d;) generated for each fluid particle. Since the
velocity field is solenoidal (V - v = 0), the ith interface transport
equation can be written in conservative form as follows:

%+V‘¢iv:0 i=1,2,... nq (5)

Furthermore, an additional re-initialization equation is intro-
duced to keep a sharp and constant interface profile:
09,

-+ V(1 - ¢)n} =V - eV,

- i=1,2,...,n. (6)
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~ PR

—— -

(continuous phase)

Heat or mass Q¢
transfer

Fig. 1. Each fluid particle (€;) in the dispersed phase Qq is captured by a CLS function ¢;. Two or more interfaces can be solved at the same control volume without numerical

merging.

This equation is advanced in pseudo-time 7, whereas n? is the
normal field at t=0. The compressive term in Eq. (6),
$;(1 — ¢;)n?, forces the CLS function to be compressed onto the
interface along the normal vector n?. On the other hand, the diffu-
sive term in Eq. (6), V - eV¢;, ensures the interface profile remains
of characteristic thickness ¢ = 0.5h°°. The local grid size (h) is mea-
sured as the average of the distances between the local cell cen-
troid and the neighbors’ cells centroids, around the faces of the
local cell. Geometrical information on the interface I';, such as nor-
mal vector n; and curvature x;, are obtained as follows:

Vo,
Vil

The curvature is integrated over each finite-volume Qp, to com-
pute a cell averaged value:

n;(¢;) = Ki(¢;) = =V - mi(¢y). (7)

K,pf—vlp V- nIdV——VlP/ n; - dA, (8)
where V¢; is calculated at each cell by means of the least-squares
method applied to a wide and symmetric nodes-stencil based on
the information of neighbor cells around vertices of the current cell
Qp [10], and weighted by the inverse-distance between the current
and neighbor cell-centroids [54], A is the area vector, Vp is the vol-
ume of the current cell, Sp is the surface of the current cell, and the
subindex P denotes the Pth control volume.

2.3. Surface tension

Implementing surface tension in a numerical scheme involves
two issues: First, an accurate computation of the curvature (k)
must be performed, and second, the resultant pressure jump must
be applied appropriately to the fluids. Since the governing equa-
tions are discretized by means of a finite-volume approach, these
issues are conveniently solved by means of the Continuous Surface
Force (CSF) model introduced by Brackbill et al. [55]. This model
has been extended to the multiple marker CLS method in [48,49],
as follows:

f, = imq( b))% = qu
i=1

IV il —ZGKI Vi,
9)

where the index ny refers to the total number of fluid particles in
the dispersed phase Qq, and d}; = ||V¢;|| is the regularized Dirac
delta function concentrated at the interface, as illustrated in

Fig. 2. Further discussions on the regularization of Dirac delta func-
tion for level-set methods can be found in [56]. Here, some proper-
ties of o}; are remarked in the context of CLS method:

o At discretized level d}; can be interpreted in the cell Qp as
follows:

(5?1)1» \}p / (bsr l) dv = mteffaCia{/jrea in va

where V; is the volume of Q. Therefore, the interfacial area of
the ith bubble can be computed as A; = [, o1,dV.

e For any time: ¢; = ¢;(d;(X)) (Eq. (4)) and ||Vd;(X)|| = 1 because
di is a signed distance function [7,8], then
Ori = [[Vi(di(X))|| = (0¢i(di)/0dy)||Vdi(X)]| = ¢;(d)/Od;. Com-
bination of the last result and Eq. (4) leads to
&= (4e)” (] - (tanh(dl/(Zs)))z). The last function presents
the property [~ o1 ;(di)dd; =1, whereas &}; has a peak at

d; =0 (interface) of (4¢)”', as illustrated in Fig. 2. Since

&= 0.5h", then o}; approach the analytical Dirac delta function

ash— 0.

Finite-volume discretization of the surface tension force is per-
formed as follows: fﬂp f.dV = (f5),Vp = Z?jlaki_p(Vd),-),,Vp [10],
with «;p evaluated by Eq. (8), and (V¢;), computed by means of
the least-squares method.

2.4. Regularization of physical properties

In order to avoid numerical instabilities at the interface, fluid
properties (Eq. (3)) are regularized using a global level-set function
(¢) [48,49,51]:

G, 1) = min{ ¢y (X, 0),. .., 1 (X,0), by, (%,1) . (10)

If smoothed Heaviside functions are defined as H = ¢ and

Hj =1 — H:; then, physical properties are given by:

p = paHy + pcHe, 1= ugHg + pcHe. (11)
In this research, ¢; is defined as 0.5< ¢; <1 in Q. and

0<¢; <05 in Qg Furthermore, Hj;=1-¢; denotes the

smoothed Heaviside-step function for the ith bubble. On the other
hand, if ¢; is defined as 0.5 < ¢; < 1 in Q4, and 0 < ¢; < 0.5 in Q,

then ¢ = max{¢>1, e ¢nd} (Eq. (10)), whereas Hy = ¢ and H}; = ¢;.
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1F —c=o0.5n00 50F ]
- -g =0.5h0%
i --e=0.5h =

< 0.5F . V;'QH 25} .
0] . - 3
-10 0 10 -10 10

di/ h

Fig. 2. CLS function (¢;) as defined in Eq. (4) with ¢ = 0.5h", and regularized Dirac delta function (&}; = ||V ¢;||), d; is the signed distance function of the ith fluid particle and h
is the local grid size. The interface (I';) is located in d;/h = 0 which corresponds to ¢; = 0.5.

2.5. Mass transfer

For moderately soluble substances, the main resistance to mass
transfer is located in the liquid phase (Q.) [5]; whereas the fluid
inside the bubble is well mixed, such that the concentration in
the bubbles can be considered as constant [34,45,42]. Furthermore,
the present model involves that bubbles do not shrink and the con-
centration is not coupled to the hydrodynamics. As a consequence,
only the solution outside the bubble is of interest. Taken into
account these constraints, the mass balance of a chemical species
is given by the following convection-diffusion-reaction equation
defined in Q.:

%f+v - (vC) = V- (DVC) + #(C)

(12)
where C is the concentration of the chemical species, D is the diffu-
sion coefficient or diffusivity which takes the value D, in Q. and the
value Dy in Qq, whereas i(C) denotes the chemical reaction rate. In
this work it is assumed a first order chemical reaction, then
i(C) = —k,C, where k; is the reaction rate constant.

In this context, the concentration of the dissolved species (C) at
the centroids of the interface-cells (defined in next paragraph) is
imposed by linear interpolation, using information of the concen-
tration field from Q. (excluding the control volumes at the inter-
face), and taken into account that the concentration at the
bubble surface (Cr.) is constant. Thermodynamic equilibrium is
assumed, therefore Cr. = HCr4, where H is the so-called Henry
constant. The discontinuity introduced by Henry’s law, if H # 1,
can be treated by rescaling the concentration and diffusion coeffi-
cient as discussed by [19,24,21,31], to obtain a continuous solution.
As a consequence and without loss of generality, it is considered
that the value of C on the boundary of the bubble (Cr.) is to be
given. Furthermore, this research aims to analyze steady-state
mass transfer, which is only possible if the mass transfer resistance
is located in Q.. Cases with resistance in the droplet (internal mass
transfer), or with resistance in both phases (conjugate mass trans-
fer), will be analyzed in future works.

Given a cell Qp and its neighbor cells Q;, then Qp is defined as an
interface cell if there is at least one cell Q; for which ¢, > 0.5 and
¢r < 0.5,0r ¢p < 0.5and ¢, > 0.5, orif ¢, = 0.5 (see shaded cells in
Fig. 3a). Here the subindex P denotes the current cell Qp, and sub-
index k denotes the neighbor cells around the vertices of Qp (Cells-
layer 1 in Fig. 3¢). Once interface cells have been detected, the con-
centration at these cells (Cp) is computed by linear interpolation,
using a nodes-stencil {xp,xr,xpp}, as illustrated in Fig. 3b. Where
I denotes the interface, X, is the point projected from Xy to the
line [,, and xr € Q. is the closest cell-centroid to the line [, selected
from the cell-centroids around the vertices of Qp, in a region of two
cell layers around Qp (see Fig. 3c), I, is a line orthogonal to the
interface which contains the points Xp and xr (see Fig. 3b). Indeed,

if Qp is an interface cell and xp € Q., then Cp is interpolated as
follows:

|Xr — Xp||

Cp=Cr——-—"—
P xe = X ]

(Cr—Cp,). (13)
Cr, can be approximated by a Taylor expansion as follows:
Cr, = Cr + (Xp, — X¢) - (V4C);. This operation is performed close to
the interface-cells, where the resolution of the mesh is maximized.
Furthermore, it is expected that Xr, ~ Xr as the mesh is refined,
indeed Cr, = Cr is the approximation used in this work. The mini-
mum distance from the point X, to the interface I" is computed as
follows:
IXr — X, || = [[Xr — Xp|| + [np - (XF — Xp)] (14)
with mp = (Vi¢)p/||(Vae)s||. The distance function (|d(xp, t)|) at the
cell-centroid Xp is approximated by means of Eq. (4), as follows:
|[d(Xp, t)| = ||Xr — Xp|| = Zsptanh’l(Zq')(xp, t)—1). (15)
While the present model is introduced for mass transfer, the
mathematical analogy between heat transfer and mass transfer
under the conditions of no dissipation, low mass flux and constant
properties [5], permits to use this model for heat transfer
processes.

3. Numerical method

The governing equations are solved with a finite-volume dis-
cretization of the physical domain on a collocated unstructured
mesh, where scalar and vector variables (p,v,C,..., ¢;) are stored
in the cell centroids, as first introduced in [10]. The convective
term of momentum equation (Eq. (1)), chemical species mass
transfer equations (Eq. (12)) and interface transport equation (Eq.
(5)) is explicitly calculated approximating the fluxes at cell-faces
by means of a TVD Superbee flux-limiter scheme [10] (see Egs.
(56)-(58) at Appendix A). Compressive term of the re-
initialization equation (Eq. (6)) is approximated by using linear
interpolation for the compressive flux at the cell-faces (Egs. (56,
60), Appendix A). Diffusive terms of all discretized equations are
centrally differenced (see DS1 in Table 4, Eqs. (61), (62) at Appen-
dix A), whereas a distance-weighted linear interpolation is used to
find the cell-face values unless otherwise stated. Gradients are
computed at cell-centroids by using a least-squares method based
on the information of the cell-nodes around the vertices of the cur-
rent cell. The pressure-velocity coupling is solved by means of a
standard fractional step projection method originally introduced
by Chorin [57]. Hence, the global algorithm for simulation of mass
transfer (or heat transfer) in two-phase flows is summarized as
follows:
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Cells-layer 1
1
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1
I
; P

t

I

1
Cells-layer 2

Fig. 3. (a) Interface-cells (shaded cells). (b) Nodes-stencil used to enforce a Dirichlet boundary condition at interface-cells. (c) Nodes-stencil around the current cell Qp.

1.

2.

Initialize v(xp,0), ¢;(Xp,0),C(xp,0) physical properties and
interface geometric properties.

The time-step, At, which is limited by the CFL conditions and
the stability condition for the capillary force [55], is calcu-
lated as follows:

e hph? NP pi 4 poN 12
AtCtmln<”v|,H,<m> h (4M) (16)

where C; = 0.1 unless otherwise stated.

. The fluid interfaces are advected using the multiple marker

CLS method introduced by Balcazar et al. [48]. Indeed,
advection equation (Eq. (5)) and re-initialization equation
(Eq. (6)) are explicitly integrated in time with a 3-step
third-order accurate TVD Runge-Kutta method [58]. More-
over, solving re-initialization equation (Eq. (6)) for the
steady-state leads to a smooth transition of ¢; at the inter-
face, proportional to the diffusion coefficient &= 0.5h"°,
where h is the local grid size. This configuration corresponds
to an interface thickness, with a distance between contours
of ¢ =0.1 and ¢ = 0.9, of around three times the grid size
[10]. Furthermore, ¢ is chosen as small as possible to keep
a sharp representation of the interface, whereas the
numerical stability of Eq. (6) is not affected. In present sim-
ulations two iterations per physical time step of re-
initialization equation (Eq. (6)) are enough to maintain the
profile of the CLS functions, whereas the time-step (AT) is
restricted by the viscous term of Eq. (6) [9,10]:

AT = Crmin{ (hz/s)P},CT =0.05 and subindex P denotes
the Pth control volume.

. Physical properties (p, ) are updated at each control vol-

ume, according to the Section 2.4. Diffusivity is updated as
follows: D = D, in Q., and D = D, in Q.

. Mass transfer equation (Eq. (12)), is solved using an explicit

Euler scheme on Q, excluding the interface cells:
c-cC )

AL —C{ + D +1(C)", (17)
where D¢ = V;, - (DV;,C) is the diffusion operator (see Appen-
dix A, scheme DS1), Cc = V}, - (vC) is the convective operator
(see Appendix A), V, is the gradient operator, whereas the
super-index n denotes the previous time step.

. Concentration is computed at the interface cells by using Eq.

(13).

. A fractional-step projection method [57] is used to solve the

pressure-velocity coupling. In the first step a predicted
velocity (v*) is computed at cells, as follows:

V* _ nvn - " ng
PY L D+ (p - po)g+ D 0ki(d) Vi,

i=1

(18)

where Dy (V) = V- uVuVv + Vi - 1(Vyv)" is the diffusion
operator, Vy, - uV,v is approximated by a central difference
scheme (see Appendix A, scheme DS1), V;, - u(V,v)" is calcu-
lated by the Gauss-Theorem [10], V¢; and (V)" are evalu-
ated by using the least-squares method [10], x;(¢;) is
obtained at each cell according to Eq. (7), and
Cy(pv) =V, - (pwv) is the convective operator (Superbee flux
limiter scheme, Appendix A).

. Application of the incompressibility constraint (Vj-v = 0)

into the corrector step (Eq. (20)) yields to a Poisson equation
for the pressure field:

Vi (5 Vp) = 5 Vi (V)€ (Vi = (19)
P At

Discretization of Eq. (19) leads to a linear system, which is

solved by using a preconditioned conjugate gradient method.

Here 0Q denotes the boundary of Q, excluding regions with

periodic boundary condition, where information of the corre-

sponding periodic nodes is used.

. The predicted velocity (v*) from Eq. (18), does not satisfy the

incompressibility constraint. Therefore, a corrected velocity
(v) is obtained at cells, according to the fractional-step
method [57]:

LY~ Vo). (20)

10. In order to avoid the pressure-velocity decoupling when
the pressure projection is made on collocated meshes
[59], and to fulfill the incompressibility constraint
(Vi-v=0), a cell-face velocity (vy) is interpolated as
follows:

1 At At
Vi = 5| Ve +—(Vip) ) ——(Vnp) (21)
qe{zl’-F}z ( ! Pq ! P !

where P and F denote the adjacent cell nodes with a common
face f, and p; is computed by arithmetic average. The reader is
referred to Appendix B of [49] for technical details on the ori-
gin of Eq. (21). This cell-face velocity is used to advect the CLS
functions (¢;) in Eq. (5), momentum (pv) in Eq. (1), and
chemical species concentration (C) in Eq. (12).

11. Repeat steps 2-10 until the desired simulation time.
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The numerical methods and algorithms introduced in this work
have been implemented in the framework of the Computational
Fluid Dynamics platform TermoFluids [60], which is an in-house
code, based on C++ for object-oriented design, and Message Passing
Interface (MPI) for parallel communications. The mesh is parti-
tioned using ParMETIS library [61]. The parallel scalability of the
computer code has been proven on the supercomputer MareNos-
trum 1V, as detailed in Appendix B.

The reader is referred to [10,49,53] for additional technical
details on the finite-volume discretization of the governing equa-
tions on unstructured meshes. Further verifications and validations
of the CLS method for two-phase flows with surface tension, have
been reported in our previous works [10,48,63,16,53]; whereas a
comparison of CLS method [10] and coupled volume-of-fluid/
level-set method [16] is reported in [62].

4. Model validation and numerical experiments

The fluid dynamics of bubbles and droplets rising or falling
freely in infinite media can be characterized by four dimensionless
numbers [5]:

2
Mo SHeAD g gdyAp n, = Pe. "“:Z_;’ (22)

pia®’ o 77 pg
where Mo is the Morton number, Eo is the E6tvos number, 77, is the
density ratio, ,, is the viscosity ratio, Ap = |p. — py|, dy is the spher-
ical volume equivalent diameter of the bubble (or droplet). The sub-
scripts d and ¢ denote the dispersed fluid phase and the continuous

fluid phase, respectively. The velocity of the ith bubble (v,;) is com-
puted as follows:

Jo VX, OHG(x, t)dV

Vel = He x, dv

,fori=1,...,ny, (23)

The spatial-averaged velocity in Q and Q; are defined as:

vao(t) = V' / v(x,0)dV,vy(t) = V' / v(x,t)dV, (24)
Jo Q

which are related to the continuous phase velocity (vc(t)) by:
Vo(t) = (1 —o)ve(t) + ovg(t), with o =V4/Vg = de avy [, dv
defined as the bubble fraction. In this work, the Reynolds number
is expressed in terms of the drift velocity [52],
Avyi(t) = vq;i(t) — vo(t), which corresponds to the bubble velocity
with respect to a stationary container:

Pcdp (Avai(t) - &)
e

where €, is a unit vector parallel to +y direction. The Reynolds
number of the bubble swarm is computed as follows:

Re;(t) = ,fori=1,... ng, (25)

Re(t) = — "Rei(t). (26)

Furthermore, the terminal rise velocity (Ur) is computed as the
time-averaged drift velocity when the steady state is achieved:
Ur=T7" [ Avgy(t
obtained by Eq. (2
follows:

) - ,dt. Once the velocity of each bubble is
3), bubble trajectories can be integrated as

t
Xai(t) = X + /0 vai(t)dt, (27)
where xJ; is the initial position of the ith bubble centroid.

Large-scale models incorporate closures for mass transfer in the
form of Sherwood number correlations Sh = f(Re, Sc). Whereas, in

bubble swarms it is expected an effect of the bubble fraction
[45,64]. Thus, mass transfer (without chemical reaction) in bubbly
flows can be characterized by the Sherwood number (Sh), and Sch-
midt number (Sc) or Peclet number (Pe) [5], defined in Q. as

follows:
k.d U Urd,

Sh=-b §c=_Fc Pef = ReSc, 28
D= . , (28)

where k. denotes the liquid-side (Q.) mass transfer coefficient.
Dimensionless equations and boundary conditions for dilute-
solution mass transfer and heat transfer, are the same [5]. There-
fore, while results in this work are given in terms of Sh and Sc for
mass transfer; the equivalent results for heat transfer can be
obtained by replacing the Nusselt number (Nu) by Sh, and the
Prandtl number (Pr) by Sc.

Finally, the Damkoéler (Da) number will be defined for mass
transfer with homogeneous chemical reaction following first-
order kinetics, 7(C) = —k;C, as follows:

kyd?

Da = .
D,

(29)

This dimensionless number can be interpreted as the ratio of
the reaction rate to the diffusion rate.

4.1. Diffusion with chemical reaction of a stationary spherical bubble

Validation of the numerical model for mass transfer with chem-
ical reaction (Section 2.5) is performed by comparison of numerical
results of diffusion from a stationary spherical bubble in a quies-
cent liquid, against the analytical solution. At steady state, the
mass transfer of a chemical species with first order chemical reac-
tion is given in spherical coordinates by:

D. 0 [ ,0C(r) B
= <r ar ) kiC(r) =0, (30)
with boundary conditions C(0.5d,) = Cr, and C(co0) = 0. This equa-
tion has the following analytical solution:

—ar
€ =Cre € 31)

T =T

with a = (k;/D.)"/?, Cr. is the concentration at the interface from
the side of Q., and d, is the bubble diameter.

In this simulation, the bubble of diameter d,, is fixed at the
center of a cubic domain Q = [0,3.6d;] x [0,3.6d;] x [0, 3.6d,]. Fur-
thermore k; ={0.25,1},D,=5x10"* Cr. =1 and d, =0.277.
The velocity field is set to v=0 in Q, whereas the initial
concentration is one in Q4 and zero in Q.. Neumann boundary con-
dition is used on the confining boundary (9q). Q is discretized with
tetrahedral control volumes, with averaged grid sizes
h={d,/36,d,/18,d,/9} and number of control volumes

Nep = {29.5 % 10%,3.6 x 10°,0.5 x 106}, respectively. A second
mesh is set up using uniform hexahedral control volumes, with
h = {d,/70,d,/42,d,/28} and N, = {2503,1503,1003}, respec-

tively. Finally, the following error norms (L, L, ) are defined for grid
convergence studies:

| | ) 172
= NZ‘Xn‘ref —Xal, Ly = <N Z‘xn,ref = Xnl ) ) (32)
n=1 n=1

where x, is the nth sample of quantity x, e.g. x=C, and N is the
number of samples. The analytical solution is taken as the reference
solution X ref.

Fig. 4a shows a comparison of numerical solution against ana-
lytical solution for the continuous radial concentration profile
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Fig. 4. Diffusion with chemical reaction. (a) C(r) for k; = {0.25,1.00}. Analytical solution (continuous red line). Numerical solution for tetrahedral cells h ~ d,/36 (+),
h~d,/18 (x),and h =~ d,/9 (o). For hexahedral cells h ~ d; /70 (+), h ~ d, /42 (x), and h ~ d), /28 (o). (b) Grid convergence at k; = 1, where p is the order of convergence, L; (o)
and L, (+) are defined in Eq. (32). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(C(r)), using tetrahedral cells and hexahedral control volumes. As
can be observed numerical results for reaction rate constants
k; = {0.25,1}, are in close agreement with analytical solutions as
the grid is refined. Fig. 4b reports the order of convergence (p),
which is second order (p ~2) for tetrahedral and hexahedral
meshes. This verification demonstrates that the diffusion term
and chemical reaction term have been correctly implemented on
general unstructured meshes.

4.2. Unsteady diffusion of a stationary spherical bubble

This test case has been previously solved by Darmana et al. [34],
in the framework of a front-tracking method and cartesian meshes.
Here this problem is computed again to validate the proposed
model for unsteady mass transfer. The species balance equation
is written in spherical coordinates as follows:

oc(r,t) D & <r2 oC(r, t))7

ot 12 or or

(33)

00.5

1 T T T T
o
0.2} -
VOS5 0 t.:1 —
o -, 1.2 1.5
t=4
0 3
1 1.5 2 25 3 35
r/rb

with boundary conditions C(0.5dp,t) = Cr,, and C(oco,t) = 0. This
differential equation has the analytical solution (see chapter 6 of
Crank [65]):

C(r,t) = Cr_c% (1 - erf(%%{?)),

where d, is the bubble diameter.

The computational set-up and boundary conditions are the
same as in previous section. Q is discretized by tetrahedral control
volumes, with averaged grid sizes h = {d,/36,d,/18,d,/9} and

number of control volumes N, = {29.5 x 10°,3.6 x 10°,

(34)

0.5 x 10°}, respectively. A second mesh with uniform hexahedral
control volumes is also used, with h = {d,/70,d,/42,d,/28} and

N, = {25037 1503, 1003} control volumes, respectively.

Fig. 5a shows a comparison of the numerical solution against
the analytical solution for the continuous radial concentration
profile (C(r,t)) at different times, using tetrahedral cells and
hexahedral control volumes. As can be observed, numerical results

T
102%F L
E o p=2--""" 7
109L° et
- t=1 * ]
10_4E_+. i s i g ediia s v el
0.01 0.02 0.03 0.04
h

BRI SRR R R R L
103§— ! ° .2t

__,,-—""—:_ ------ p=1—"
WA= "

F t=1

IR RN FETTTTTTTI FTTTTTI

4 6 8 10 12
h %1073

Fig. 5. Unsteady diffusion. (a) C(r) at t = {1,4,11}. Analytical solution (continuous red line). Numerical solution for tetrahedral cells h ~ d,/36 (+), h ~ d,/18 (x), and
h ~ dy/9 (o). For hexahedral cells h ~ d, /70 (+), h ~ dy/42 (x), and h ~ d,/28 (o). (b) Grid convergence at t = 1, where p is the order of convergence, L; (o) and L, (+) are
defined in Eq. (32). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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at t = {1,4,11} converge to the analytical solutions as the grid is
refined. Fig. 5b shows the order of convergence (p) at t = 1, which
is second order (p ~ 2) for tetrahedral and hexahedral meshes. This
verification demonstrates that the numerical code has been cor-
rectly implemented for unsteady mass transfer on general unstruc-
tured meshes.

4.3. Mass transfer from single bubbles

This section aims to perform an extensive validation of the
level-set model, taken into account the interaction of hydrodynam-
ics and external mass transfer in single rising bubbles. First, a grid
convergence analysis as well as the assessment of diffusive
schemes on unstructured meshes is carried out for hydrodynamics
and mass transfer from a single bubble. Second, special attention is
given to the discretization of convective terms on unstructured
meshes, which is critical to conserve the numerical stability in
bubbly flows with high-density ratio and high Reynolds number.
Finally, a comparison of present numerical results for
Re = Re(Eo,Mo),Cp = Cp(Eo, Re) and Sh = Sh(Re, Sc) against empiri-
cal correlations from the literature is performed.

In what follows, mass transfer coefficient (k.) from single rising
bubbles is calculated using a mass balance of the chemical species
in Q:

Ve dc.

kc(t) :A(CF,C _ Cm) Ew

(35)
where C, = V! Jo, CdV, V. is the volume of Q, A= [,,||V|ldV is
the bubble surface, Cr. is the concentration at the interface from

the liquid-side Q., and C,, = 0 is the concentration far from the bub-
ble interface.

4.3.1. Mesh convergence analysis
Q is a cylindrical domain with height Ly and diameter D, (see
Table 1), where dj, is the initial bubble diameter. Q is discretized

Table 1

by triangular-prism cells, as illustrated in Fig. 6a, with the mesh
concentrated around the y-axis, to maximize the grid resolution
of the bubble. The local grid size (h) on a region of diameter
2d, around the y-axis is uniform (see Fig. 6b), with
h = {d,/35,d,/30,d,/25} (see meshes M;,M, and M3 in Table 1).
As shown in Fig. 6b, the grid size grows exponentially from the
concentrated region up to the lateral boundary, where it reaches
a maximum size. These meshes were generated by a constant step
extrusion of a two-dimensional unstructured grid along the y-axis,
being the step size Lo /N, = h, where N, is the number of planes in
which the y-axis is divided. Neumann boundary-condition is
applied at the lateral, top and bottom walls. The initial bubble posi-
tion is (x,y,z) = (0,1.5d,0), on the y-axis, whereas both fluids are
initially quiescent.

A first simulation is performed using dimensionless parameters
Eo =3.125,Mo =5 x 10‘6711p =100, Ny = 100,Da =0 and Sc = 1.
Fig. 7a and b shows the time evolution of Reynolds number and
Sherwood number for h = {d,/35,d,/30,d,/25}. Furthermore, an
assessment of diffusive schemes with no-orthogonal correction is
shown, by using black lines for the scheme DS1 (Table 4) and red
lines for the scheme DS2 (Table 4). These schemes have been
applied to all the transport equations, as described in Appendix
A. It can be observed that simulations are not sensitive to the
selected diffusive scheme, therefore the scheme DS1 (see Table 4)
will be used throughout this research. Fig. 7c depicts vorticity con-
tours (w, = e, - (V x v)) and concentration contours on the sym-
metry plane x —y at t* =t\/g/d, = 7.5. It can be observed that
numerical results for h=d,/35 and h=d,/30 are very close,
whereas the grid convergence is demonstrated for hydrodynamics
(w;) and mass transfer (C). As a consequence, the grid size
h = d,/35 is selected to perform further simulations unless other-
wise stated.

As further physical argument to select the grid size, the so-
called minimum-length scales are calculated. Following the work
of Batchelor [66], the Kolmogorov (lg,) length scale describes the

Mesh configuration for simulating mass transfer from single rising bubbles. N, is the number of control volumes in Q, Q is a cylinder (Fig. 6), Dq is the cylinder diameter, and L, is

the cylinder height.

Mesh N¢y h Cell geometry Dq Lo

M1 433 x 10° dy/35 Triangular-prism 8d, 10d,

M2 3.65 x 10° dy/30 Triangular-prism 8d, 10d,

M3 1.50 x 10° dy/25 Triangular-prism 8d), 10d,

M4 717 x 10° dy/35 Hexahedral 8d, 16d,
(a)
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\
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T,
I

77
7

Triangular-prisms
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Fig. 6. Unstructured mesh configuration for mass transfer from single bubbles. (a) Meshes with hexahedral cells and triangular-prisms cells. (b) Cross-section (x — z).
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Fig. 7. Eo =3.125,Mo =5 x 10’6,11/, =100,7, = 100,Da = 0 and Sc = 1. Grid convergence, h = d,/35 (-), h = d»/30 (—), h = dy/25 (——). Mesh composed by triangular-
prisms cells (Fig. 6a, Table 1). Diffusive schemes DS2 (red lines) and DS1 (black lines) as defined in Table 4. (a) Re(t) (Eq. (25)). (b) Sh(t) (Eq. (28)). (c) Concentration contours

C ={0.1,0.5,0.75,0.9}, and vorticity contours w, = &, - V x v = {1,5,10}, at t* = t\/g/d, = 7.5, mesh M; (Table 1). (d) Zoom of concentration contours. (For interpretation of

the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 2

Estimation of Kolmogorov (I, ) and Batchelor (Ig,) length scales, where d, is the bubble diameter.
Eo Mo Re Sc dy/lko dy/lga
3.125 5% 1077 109 1.0 30.5 30.5
3.125 5%x1077 109 5.0 30.5 68.1
3.125 5% 1077 109 10.0 30.5 96.4

smallest scales of turbulence, whereas the Batchelor (Ig,) length
scale [66] describes the smallest scales of fluctuations in concen-
tration before molecular diffusion dominates:

v Iko
o= (%) = (36)

where v. = pu./p, is the kinematic viscosity in Q. and €= gU;
approximates the rate of energy dissipation per unit mass,com-
puted as the work performed by a gravity-driven bubble rising in
a quiescent liquid [29,1,67]. Table 2 shows d; /I, and dp/lz, for a
typical case (Eo,Mo,Re) computed in this research. It can be
observed that Schmidt number (Sc) plays an important role to
define the grid size. According to Ig, it is necessary a grid size
h ~ dy/30 for Sc =1, and h ~ d;,/96 for Sc = 10, in order to capture
physical concentration gradients. Therefore, a selection h = d,/35
obtained by the previous grid refinement study, is consistent with
the expected I, and Iy,, for the range of dimensionless parameters
used in this work.

4.3.2. Effect of convective schemes

An assessment of convective schemes (see Appendix A) is
important to avoid numerical oscillations around discontinuities
and to minimize the so-called numerical diffusion. Numerical
experiments were performed to research the influence of the con-
vective scheme on the discretization of momentum equation (Eq.
(18)), and concentration equation (Eq. (17)). Consistently with Sec-
tion 4.3.1, the unstructured mesh M; (Table 1) is used in this
section.

Fig. 8 depicts the time evolution of Reynolds number (Re), nor-
malized surface of the bubble (A"(t)=A(t)/A(0)) with
A(t) = [, [IV¢||dV, Sherwood number (Sh), and the concentration
(C) profile along the symmetry axis of Q (y-axis) at t* = 3.8, for

Eo=3.125M0o =5 x 107%,5c = 1,1, =100,n, = 100. Fig. 8a illus-
trates numerical results using a Superbee convective scheme for
the mass transfer equation (Eq. (12)), whereas Superbee, Central-
difference (CD), Upwind and Smart convective schemes are used
for momentum equation (Eq. (1)). It is observed that Re(t) com-
puted by an Upwind scheme is lower than results obtained with
other flux limiters. In addition, concentration profiles calculated
by Upwind, Smart and CD limiters are delayed in comparison with
that computed using a Superbee flux-limiter scheme. Fig. 8b illus-
trates numerical results using a Superbee convective scheme for
momentum equation, whereas Superbee, CD, Upwind and Smart
convective schemes are used for mass transfer equation. Here, it
can be observed that computation of Sherwood number is sensitive
to the employed flux-limiter. Moreover, Fig. 9, shows that concen-
tration contours computed by using an Upwind scheme lead to
numerical diffusion, whereas results with Superbee flux-limiter
minimize the aforementioned numerical effect. As a consequence,
in what follows Superbee flux-limiter scheme is selected to dis-
cretize convective terms. The reader is referred to the Appendix
A for further technical details on the implementation of unstruc-
tured flux-limiters employed in this work.

4.3.3. Prediction of Re = Re(Eo,Mo) and Cp = Cp(Eo, Re)

A set of numerical experiments is performed to investigate the
interaction between hydrodynamics and external mass transfer
from a single bubble. Dimensionless parameters are
0.5 < Fo < 3.125 and 10°® < Mo < 5 x 1072, which correspond to
spherical and ellipsoidal bubbles according to the Grace diagram
[5]. Additional parameters are defined as #, =100,1, = 100,
Da =0 and Sc =1. The computational set-up, initial condition
and boundary conditions are defined as in Section 4.3.1. Further-
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Fig. 8. Effect of convective schemes (Appendix A), h = d,/35 triangular-prisms cells, Eo = 3.125,Mo = 5 x 1075 Sc = 1,17, = 100,17, = 100. (a) Momentum equation (Eq.
(18)): Superbee (—), Upwind (--), Smart (——), CD (—-). Concentration equation (Eq. (17)): Superbee. (b) Concentration equation: Superbee (—), Upwind (--), Smart (——), CD (—-).

Momentum equation: Superbee.

8.5 9.5
y/d

Fig. 9. Concentration contours C = {0.1,0.25,0.5,0.75,0.9} at t* = 7.5, Eo = 3.125,Mo = 5 x 107%,Sc = 1,1, = 100,71, = 100, h = dy/35. Concentration equation: Superbee

(=), Upwind (--), Smart (——), CD (—-). Momentum equation: Superbee.

more, the spatial domain Q, and the meshes used in this section are
summarized in Table 1.

Fig. 10 depicts the time evolution of Reynolds number, normal-
ized bubble surface, and Sherwood number. Fig. 10b illustrates
results calculated on the mesh M, (Table 1), whereas results
depicted in Fig. 10a-c-d were calculated on the mesh M; (Table 1).
Since physical properties ratios are fixed to 17, = 100 and 1, = 100,
then Re = Re(Eo, Mo). As can be observed from Fig. 10, Re achieves
its terminal value after a short period of time. If Eo is kept constant,
Re increases as Mo decreases; whereas if Mo is kept constant, Re
increases as Eo increases. The normalized bubble surface is equal
to unity at the initial state, which correspond to a spherical bubble.
As simulations advance, the bubble surface increase as a conse-
quence of the bubble deformation.

Since the mass transfer rate (Sh = Sh(Re,Sc)) depends of the
bubble hydrodynamics (Re); as a first step it will be validated by
comparing the drag-force coefficient (Cp = Cp(Re,Eo)) and
Re = Re(We, Mo), against correlations from the literature. For a ris-
ing bubble Cp can be obtained from a steady-state force balance,
Fruoyant + Farag = 0, in the direction e,:

1 R nd: .
(g“‘ﬁ) (Pc—Pa)ey -8 — CDTb % (Va—ve)-&,)° =0, (37)
where vy =T"" ff(f”vd(t)dt is the time-averaged velocity during

the period T at steady-state, with a similar definition for v.. The pre-
vious force balance leads to a practical formula for Cp, namely:

_ Ado(p— po)%y 8 18
T 3 (Va-ve) &) 2%

Dijkhuizen et al. [68] proposed a drag closure for pure liquids,
Cp = Cp(Re, Eo), valid for spherical and deformed bubbles, which
has the form:

Cp = 1/Cp(Re) + Cp(E0)?, (39)
CotRe) = I (1 + gt )

Cp(Eo) = 925050 :
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Fig. 10. Mass transfer in single bubbles. Da=0,5c=1,17, =100 and 7, =100, (a) Eo=3.125, 5x 107° < Mo < 5x 1072, mesh M; (Table 1). (b) Eo=3.125,
5x 1077 < Mo <5 x 10°*, mesh My (Table 1). (c) Eo = 1.0, 10 7 < Mo < 10~*, mesh M; (Table 1). (d) Eo = 0.5, 10"® < Mo < 10°%, mesh M, (Table 1).

Furthermore, Rastello et al. [69] proposed a correlation
Re = Re(We, Mo), in terms of Weber number We = p_ Uzd,/o and
Morton number Mo = i¢g/(a3p,), as follows:

Re = 2.05We**Mo 7. (40)

Fig. 11a shows that numerical results for C, computed by the
presented method, match fairly well with the correlation (Eq.
(39)) proposed by Dijkhuizen et al. [68], for Eo = {0.5,1,3.125}.
It is observed an increment in Cp as the Eo increases; whereas
the range of the drag force coefficient is maintained in
0.1 < Cp < 20 for Reynolds numbers 1 < Re < 150. Fig. 11b shows
that all numerical results expressed in terms of Re, We and Mo, clo-
sely fit with the correlation (Eq. (40)) proposed by Rastello et al.
[69]. Furthermore, Fig. 11c illustrates some examples of vorticity
contours (@, = &, - (V x v)) on the plane x — z, as well as the final
bubble shapes, for Eo = 3.125 and 10~7 < Mo < 10~*. These results
validate the hydrodynamics on three-dimensional unstructured
meshes.

4.3.4. Prediction of Sh = Sh(Re, Sc)

As a further step, the computed Sherwood numbers summa-
rized in Fig. 10, are compared with available correlations from
the literature. Multiple models of the Sherwood number,
Sh = Sh(Re, Sc), in single bubbles rising in a quiescent liquid have
been proposed, for spherical and deformed bubble shapes. For
instance, Boussinesq [70] proposed a theoretical model for mass
transfer from a single spherical bubble in the limit of potential
flow, considering that the transfer occurs across a very thin con-
centration layer at the bubble interface:

_ 2 1/2
Sh = \/ﬁPe . (41)

Winnikow [71] derived an expression for spherical bubbles
with fully developed internal circulation, that includes the effect
of Reynolds number:

2 2.89\'"? 1,
-2 (1-2) P @2

which is valid for Re > 70 [5]. Takemura and Yabe [72] proposed a
correlation for spherical gas bubbles, Re < 100 and Pe > 1:

1/2
2

2 1
Sh=" 17§W (25+VPe). (43)

Lochiel and Calderbank [73] reported an expression for oblate
spheroidal bubbles, considering a potential flow around the
bubble:

1/2

271532 - 1)
-1+ ln(x+ N 1)

2 2 1/2
sh——2vpe(2(1+k
W Pe(sz( * )> e

(44)

where y is the bubble aspect ratio, k is the velocity factor, and e is
the eccentricity defined as follows:

2 _ yein~!
k—(W) e=\[1-7  (43)
e—ysin e X

__major axis
~ minor axis’

Numerical results for the computed Sherwood numbers
(2 < Sh < 15) versus Reynolds numbers (1 < Re < 120), as well as
results predicted by correlations from the literature, are depicted
in Fig. 12a-b, with Sc = 1 and Da = 0. Numerical results computed
on the triangular-prisms mesh M (Table 1) for Eo = {0.5,1,3.125},
and hexahedral mesh M, (Table 1) for Eo = {3.125}, demonstrate
that the level-set model leads to similar accuracy independently
of the cell geometry. As shown in Fig. 10 (A*(t)) and Fig. 12c (e.g.,

(Eo, Mo) = {(0.5,10*6), (3.125,10*3)}) the bubble shapes tend

to be spherical for the lowest Reynolds numbers, and deformed
(ellipsoidal) for the highest Reynolds numbers. Consistently, our
numerical results are closer to predictions of Takemura and Yabe
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Fig. 11. Validations against correlations [68,69]. Numerical results (Fig. 10), for (Eo, mesh) = (3.125,M;) (o), (Eo,mesh) = (3.125,M4) (<), (Eo,mesh) = (1,M;) (+) and
(Eo,mesh) = (0.5,M;) (x). Meshes M; and M, from Table 1. (a) Cp=Cp(Re, Eo), Eq. (39) [68] (Eo = 3.125(——), Eo = 1(—-), Eo = 0.5(--)). (b) Re = Re(We,Mo), Eq. (40) [69] (——).

(c) Contours w, =€, -V x V.

(a)15
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Sh
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Fig. 12. Sh = Sh(Re, Sc). Takemura and Yabe [72], Eq. (43) (—-). Lochiel and Calderbank [73], Eq. (44) with y = 2 (——). Boussinesq [70], Eq. (41) (--), Winnikow [71], Eq. (42)
(). Numerical results for Eo = {3.125(c), 1(+),0.5(x)}, Sc = 1,Da = 0,1, = 100,#, = 100, and grid size h = d/35. (a) Sh vs. Re, mesh M; in Table 1. (b) Sh vs. Re, mesh My in

Table 1. (c) Concentration contours, mesh M; in Table 1.

[72] correlation (Eq. (43)) for spherical bubbles at low Re; whereas
numerical predictions are closer to Lochiel and Calderbank [73]
correlation for deformed bubbles at high Re. As a further validation,
Fig. 13 shows the effect of Schmidt number on the Sherwood num-
ber for Eo = 3.125,Mo =5 x 10~ and Re = 11. These simulations
were performed on the mesh M; (Table 1) with triangular-prism
cells. Fig. 13a depicts the time evolution of Sh for

Sc ={1,5,10, 20,50}, whereas Fig. 13b shows Sh versus Sc. It can
be observed that numerical predictions are closer to the correlation
of Takemura and Yabe [72] for the highest Sc. Fig. 13c illustrates
the effect of Sc on the concentration field. As it is expected, the
thickness of the concentration boundary layer is reduced as the
Schmidt number increases, whereas the concentration tends to
be sharpest concentrated in the wake of the bubble as Sc increases.
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Fig. 13. Fo=3.125Mo=5x 10"*,17, = 100,15, = 100. (a)

Sh(t)  for
Re = Re(Eo,Mo) = 11.3. Takemura and Yabe [72], Eq. (43) (—-); Lochiel and Calderbank [73], Eq. (44) with y =2 (—-); Clift et al. [5], Eq. (41) (-); present numerical
results (o). (c) Concentration contours. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Therefore, results of these numerical experiments validate the pro-
posed level-set model for mass transfer coupled to the
hydrodynamics.

4.4. Mass transfer from bubble swarms

This section aims to explore the interaction of fluid mechanics
and mass transfer from bubble swarms rising on a stable bubble
column, where there is no gradient of bubble fraction and no
large-scale liquid motions induced by buoyancy. A sample of a
whole bubble column is represented by a cubic domain with fully
periodic boundaries, which means that once bubbles leave from
one boundary, new bubbles come in through the opposite bound-
ary. One of the simulations reported by Esmaeli and Tryggvason
[52] is reproduced here for the sake of validation. The problem con-
sists on the buoyancy-driven motion of a three-dimensional bub-
ble, with Eo =2, Mo = 10>, 57, = 10,1, = 10, and bubble fraction
o = 0.1256. Q is a cube with side-length Lo = 1.61d,, where d, is
the initial bubble diameter.

Fig. 14a depicts the time evolution of the Reynolds number
computed by the present model on a uniform hexahedral mesh

of {503, 100°, 1503} grid cells. The difference in the terminal Rey-
nolds number computed by meshes 100®° and 150° is 0.9%,

Sc = {1(-),5(——),10(-),20(-),50(——,red)},t* = t\/g/dy,. (D)

Sh = Sh(Re,Sc),  with

whereas it is 3.4% between meshes 50° and 100°, which demon-
strate grid convergence. For the sake of comparison, a sample of
data reported by [52,51] were extracted and plotted in Fig. 14. Sim-
ulations of Esmaeli and Tryggvason [52] were carried out by using
the front-tracking method, whereas Coyajee and Boersma [51]
used a coupled volume-of-fluid/level-set method. It is observed
that time evolution of Reynolds number computed by the present
method, is in close agreement with numerical results reported by
[52,51]. Fig. 14b depicts a bubble at the steady state, and the
streamlines in a reference frame moving with the bubble, com-
puted on a 150° mesh. Present results are consistent with those
reported by Esmaeli and Tryggvason [52], which validates the pre-
sent model on fully periodic domains.

4.4.1. Prediction of Re = Re(Eo, Mo, ) and Cp swarm = Cp (o, E0)
Bubbles are initially distributed in Q following a random pat-
tern, whereas both fluid phases are initially quiescent. Since fluids
are incompressible and numerical coalescence is avoided, the bub-
ble volume fraction (o) and number of bubbles (n,) are constant
throughout the simulation. Dimensionless parameters are

Eo = 3.125,Mo — {5 x1077,5 x 10*8}, 1, = 100,17, =100 and

3% < o < 20% as summarized in Table 3. These simulations are
performed on a fully periodic cube of 4d, side-length, discretized

(b)

10
ok

15

Fig. 14. Rising bubble in a periodic cube, with Eo =2, Mo = 10’5711‘, =10,17, =10, and o =0.1256. (a) Time evolution of Re. Present results for meshes
{503(—-), 100%(——), 1503(—)}, Esmaeli and Tryggvason [52] (o), Coyajee and Boersma [51] (+). (b) Steady-state bubble shape and streamlines.
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Mass transfer from bubble swarms, ng is the number of bubbles, Re = T~! f fo+T Re(t)dt averaged at steady-state, C. is the spatial-averaged concentration at steady-state predicted

by the level-set model, and CF M is the concentration predicted by the film theory [45] (Eq. (54)).

Case Eo Mo Sc o ng Da Re Cc CE’V' Sh

1 3.125 5%10°8 1 3.27% 4 252 163.2 0.1052 0.1038 13.9

2 3.125 5%10°8 1 8.18% 10 25.2 138.5 0.2572 0.2574 15.1

3 3.125 5%x10°8 1 9.82% 12 25.2 130.2 0.2991 0.3002 15.6

4 3.125 5%10°8 1 13.09% 16 25.2 118.6 0.3864 0.3898 16.6

5 3.125 5%x10°8 1 16.36% 20 252 107.3 0.4636 0.4692 16.8

6 3.125 5%x10°8 1 19.63% 24 25.2 99.6 0.5190 0.5275 17.9

7 3.125 5%x10°7 1 9.82% 12 14.2 75.6 0.3818 0.3849 12.7
by a 150° uniform hexahedral mesh, which is equivalent to the grid (Eq. (26)) of the bubble swarm for all cases of Table 3. Regarding

size h =d,/37.5.
Fig. 15 depicts the time evolution of Reynolds number (Eq.

(26)), normalized surface for each bubble A; (t) = A;(t)/ (nd2> with
t) = Jo [IVilldV, total of bubbles
A(t) = Z?d/\,-(t)/(ndﬁ), bubble trajectories projected on the plane

z—Yy, spatial-averaged concentration of the chemical species
(Cc(t)), and Sh(t) computed by Eqgs. (28) and (52); whereas simula-
tions correspond to cases 3 — 5 from Table 3. Fig. 16a shows Re(t)

normalized surface

the hydrodynamics, it is observed from Fig. 15 that Re;(t) (Eq. 25)
presents fluctuations originated by the bubble-bubble interactions
and bubble shape oscillations. Nevertheless, the time-averaged
Reynolds number (T~! f fortT Re(t)dt) tends to the steady-state as
the simulation advances (discontinuous gray lines in Fig. 15),
whereas it tends to decreases as the bubble fraction increases.
The drag-force coefficient defined in Eq. (38) for a single bubble,
should be modified for bubble swarms in order to account the
effect of local bubble fraction (). Thus, following the work of Rog-

T
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Fig. 15. Mass transfer from bubble swarms. (a) Case 3 from Table 3. (b) Case 4 from Table 3. (c) Case 5 from Table 3.
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Fig. 16. (a) Re(t) (Eq. (26)) for cases in Table 3 (see item (b) for lines legends). (b) C(t) for cases in Table 3. (c¢) Normalized drag-force coefficient vs. bubble fraction (« %). (d)
Sherwood number vs. bubble fraction (« %) for Eo = 3.125,Mo = 5 x 10~® (Table 3). (e) Conceptual scheme of the film-model. (f) CC” predicted by the film-model (Eq. (54)) vs.

C. predicted by present DNS (Table 3).

hair et al. [74] and Simonnet et al. [76] the drag-force coefficient
for a bubble in a swarm reads:

4ds(p: = Po)ey -8y
3p:((Va— Vo) - &)’

Furthermore, some correlations for the drag-force coefficient in
a swarm of bubbles (Cp swerm ) have been reported in literature [ 74—
77). Following the approach of Roghair et al. [74] and Rusche and
Issa [77] a correction function f(x) can be used to account the
effect of bubble fraction on Cp yqerm, in comparison to the single ris-
ing bubble drag-force coefficient Cp ., (see Eq. (38)), as follows:

— o). (46)

CD,swarm =

CDﬁwmm

@] = f(o). (47)

In this context, a correction function was proposed by Rusche
and Issa [77] for bubbly flows, based on experimental data:
f(o) = exp(3.640) + o084, (48)

Bridge et al. [75] proposed an exponent n = 1.29 for the
correlation:

fla)=(1-u™ (49)

Roghair et al. [74] developed a drag closure for mono-disperse

bubble swarms, in the range of 1<Eo<5 and
10" < Mo < 10°°, based on DNS data:

18
f(a)=1+g(Eo)x=1 +Eo&. (50)

Fig. 16c shows that the normalized drag-force coefficients, for
cases (Eo,Mo) = (3.125,5 X 10’8>
relation with the bubble fraction; whereas present simulations

predict the same order of magnitude for f(x) (Eq. (47)) than those
predicted by correlations from literature [77,75]. Furthermore, it is

in Table 3, adjust to a linear

observed from Fig. 16c¢ that our results compares fairly well with
the correlation proposed by Roghair et al. [74] for Eo = 3.125 (Eq.
(50)); which validates the proposed level-set model for the hydro-
dynamics of bubble swarms.

4.4.2. Prediction of Sh = Sh(Re,Sc,Da, o)

In this section, numerical results of mass transfer from bubble
swarms coupled to their hydrodynamics are discussed, for cases
summarized in Table 3. Since mass transfer simulations are carried
out in a periodic domain, the concentration will be saturated
(Cc = Cr.) if there is no consumption of the chemical species trans-
ferred to Q.. As introduced by Roghair et al. [45], the aforemen-
tioned problem is avoided by activating the chemical reaction
term (Da > 0) in the mass transfer equation (Eq. (12)). Thus, for a
batch reactor at steady state, the mass balance between the mass
transfer from bubbles and a first-order chemical reaction in Q. is
written as follows:

dc.

Vesar

N4
= kCZAi(CF,C - Cc) - kl Ccvc = 07 (51)
i=1
where A; = [, ||V ¢,||dV is the interfacial area for each bubble, Cr is
the concentration at the interface from the liquid-side Q. and
C. =V Jo, CdV is the spatial-averaged concentration of the chem-

ical species in Q.. From the previous balance, the mass transfer coef-
ficient can be computed for the steady-state as follows:

‘. _ ki VeCe
‘ (Cl",c - Cc)Z?il fg HV(JS,HdV

Therefore, for reactive mass transfer, k. is a function of the
chemical reaction constant (k;), the averaged concentration (C.),
and interfacial surface. In order to report numerical results, the
Sherwood number (see Eq. (28)) will be employed in place of k..

(52)
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Fig. 15 (see C.(t)) and Fig. 16b shows that after initial transient
effects, the spatial-averaged concentration of the chemical species
(C.) achieves the steady-state, indicating a balance between the
mass transfer rate and the consumption of the chemical species
(Eq. (51)). At this point, it is possible to use Eq. (52) to compute
the Sherwood number, as illustrated in Fig. 15. Further numerical
results for the predicted Sherwood number (Sh) are summarized

in Table 3 and Fig. 16d. It can be observed a linear relation between
Sh and o, whereas Sh increases with the bubble-volume fraction
(3% < o0 < 20%). This trend is consistent with numerical findings
reported by Roghair et al. [45] in the framework of a front-
tracking methodology.

Figs. 17 and 18 show snapshots of the bubble distribution for
cases summarized in Table 3, as well as concentration field and

Max.

Min.

Fig. 17. Mass transfer from a swarm of 12 bubbles in a fully periodic box, Eo = 3.125,Mo = 5 x 10’7,11p = 100,17, =100, = 0.1256, Sc = 1, Da = 14.2. Concentration
contours (C), and vorticity contours (@, = &, -V x v). (a) t* = t\/g/d, = 31.3.(b) t* = 34.5. (c) t* = 50.1.

(2) - (b)

(c)

Max.

Min.

Fig. 18. Mass transfer from a swarm of 12 bubbles in a fully periodic box, Eo = 3.125,Mo = 5 x 10’8,11,J =100,7n, =100, = 0.1256, Sc = 1,Da = 25.2. Concentration
contours (C), and vorticity contours (w, = €,V x v). (a) t* = t\/g/d, = 18.8. (b) t* = 37.6. (c) t* =57 4.
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vorticity field generated by the interaction of the bubbles, at
(Eo, Mo, Re) = (3.125,5 x 10’7,75.6> and

(Eo,Mo, Re) = (3.125, 5x1077, 120), respectively. As qualitatively

illustrated in these figures, vorticity fields suggest that agitation
tends to be stronger for higher Reynolds numbers, which is
reflected also on the spatial distribution of concentration contours.

As a further validation test, the concentration predicted by the
proposed level-set model will be compared with predictions of
the so-called film theory. This consistency test was proposed by
Roghair et al. [45] in the framework of a front-tracking method.
In the film theory, it is assumed a stagnant film layer at the inter-
face and a well-mixed bulk, as schematically illustrated in Fig. 16e.
The stagnant layer has negligible capacitance and hence a local
steady-state exists. In this context, the mass balance is written in
a differential volume of the liquid boundary layer, where only dif-
fusion and chemical reaction take place:

d*C(x)
dx*

D, =k C(x). (53)

The boundary condition at the interface is C(0) = Cr., whereas
at the limit of the liquid film and liquid bulk (x = §), concentration
is that of the liquid bulk C(5) = C.. Furthermore, it is assumed
batch operation for the integral mass balance (Eq. (51)). Following
the work of Roghair et al. [45], the solution of that model can be
expressed in terms of the Hatta number (Ha) and the Hinterland
ratio (AL) as follows [45]:

1
T _
€ =Cre Ha(AL — 1) sinh(Ha) + cosh(Ha)” Y
Lo\ 1 - akV
Ha = (c;zc) ) AL:w‘ ©3)
<C

g
Dey _ [olIVeilldV
i=1

Fig. 16e shows that concentrations (C.) predicted by the present
level-set model, match fairly well with concentrations predicted by

the film theory (C).

5. Conclusions

A novel multiple-marker CLS approach has been introduced for
mass transfer (or heat transfer) in single bubbles and bubble
swarms. The method is based on a mass conservative level-set
method for interface capturing, combined with a multiple marker
approach to avoid the numerical coalescence of bubbles. The math-
ematical model has been solved using a finite-volume approach on
a collocated unstructured mesh, including unstructured flux-
limiters schemes for convective terms in momentum, mass trans-
fer and level-set advection equations. To the best of authors’
knowledge, this is the first time that a multiple marker CLS
methodology is presented for mass transfer in bubbly flows.

Numerical experiments demonstrate the ability of the method
for simulating bubbly flows with mass transfer and first-order
chemical reaction. Present results compare very well with analyt-
ical results and empirical correlations from the literature. Since
the constraint imposed by the Batchelor length-scale (see Eq.
(36)), present simulations are focused on low Schmidt numbers
to achieve a practical grid-size for mass transfer and hydrodynam-
ics phenomena, with Peclet number (Pe = ScRe ~ 0(100)).

Simulations of bubble swarms in a fully periodic domain show
oscillations on the Reynolds numbers of each bubble, analogous to
that observed in turbulence, which are induced by bubble-bubble
interactions. Nevertheless, the time-averaged Reynolds number
tends to the steady-state. These fluctuations are also observed on

the bubble surfaces. Present numerical results show an increase
of the Sherwood number with the bubble fraction, which is consis-
tent with numerical findings reported by Roghair et al. [45].

Altogether, this research has introduced a predictive methodol-
ogy based on first physical principles, for simulating the interac-
tion of mass transfer and fluid mechanics, as well as to compute
Re = Re(Eo, Mo, o), Cp swarm = Cp(Re, Eo, o) and Sh = Sh(Re, Sc, Da, )
in bubbly flows.
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Appendix A. Finite-volume schemes

Spatial discretization of the governing equations is performed
using the finite-volume method on a collocated unstructured mesh
[10,49]. For the sake of completeness and for computer-code devel-
opment, some points are remarked.

A.1. Convective schemes

The convective term of governing equations (or compressive
term in Eq. (6)) is discretized at the current cell Qp as follows:

1
(Vi - pe)p ~ VPZﬁfwfcf <Ay (56)
f

where Vp is the volume of the current cell Qp, subindex f denotes
the cell-faces, A; = ||As||€ is the area vector, € is the unit vector
orthogonal to the face f pointing outside the current cell, as illus-
trated in Fig. 19a. Consistently with Eqs. (1, 12,5, 6):
(ﬂ,cﬂﬁ): {(vac)v (pvvv yj):(17v7¢i)7(17n?7¢i(1 7(/51'))}' yj are
the components of v, n? = n;|,_, (see reinitialization equation, Eq.
(6)) [10,49]. If ¢f = v; in Eq. (56), then vy is given by Eq. (21).
Whereas if ¢; = (n7), in Eq. (56), then (nf), is calculated by linear
interpolation.

Unstructured flux-limiters, including Total variation diminish-
ing (TVD) differencing schemes, are used for computing y at the
cell-faces, as first introduced in Balcazar et al. [10]. Fig. 19b shows
a stencil of three points {Xc,,Xp,,Xy,} on the line I, which is
orthogonal to the face f on the face centroid x;. Point X denotes
the upwind cell centroid and xp is the downwind cell centroid
respect to the face f. The point xy is the far-upwind cell-centroid,
defined as the cell-centroid with the minimum distance to the line
I with xy, = X¢, — AX¢,_p, € I;. The far-upwind cell-centroid is
selected from the set of cell-centroids around the vertices of the
cell Q¢ (see Cells-layer 1 in Fig. 3c) in upwind direction with

f
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(a) (b)

Far-upwind

Downwind

| Xpp-Xcpll [1Xpp-Xcpll

Fig. 19. (a) Nodes-stencil for unstructured diffusive schemes, subindex P denotes the current cell and subindex F denotes a neighbor cell. (b) Nodes-stencil for unstructured

flux limiter schemes, ¢; € {Vf, n}’}

respect to the face f, as illustrated in Fig. 19b. Indeed, v, is written
as the sum of a diffusive upwind part (y,) plus an anti-diffusive
term [10,49]:

by = e, +5L(0) (9, —bc,)- (57)
The anti-diffusive part is multiplied by the flux limiter, L(6),
with 0y defined as the upwind ratio of consecutive gradients of v,
as follows: 0f = (x//cp - z//up>/(x//Dp - 1//Cp). The flux limiters used
in this work have the forms [78,79]:
max{0,min{20;,1}, min{2,0;} }
(0 +10¢1) /(1 + 16y])

TVD Superbee,
TVD Van — Leer,

L(05) = { max{0,min{20;,0.25 + 0.756;,4}} Smart,
1 Central difference,
0 Upwind.

(38)

A first-order Taylor approximation is used for computing y at
the points of the nodes-stencil (k,):

Vi, = Vi + (e, = Xi) - (Vi) (39)

where (k,,k) = {(C,,C), (Dp,D), (Up,U)} as illustrated in Fig. 19a.
Further formulations of TVD differencing schemes can be found in
[78,80-83].

Alternatively, y = ¢(1 — ¢), in the compressive term of the re-
initialization equation (Eq. (6)), can be calculated at cell-faces by
linear interpolation:

U = weyp + (1 — Wp)isp. (60)

Here, subindex {P, F} denotes the cells with common face f, and
wp is the interpolation coefficient. For instance, the distance
weighted coefficient wp =1 — [|AXp_¢||(||AXp_s|| + HAXF‘,f”)i] is
used in this work unless otherwise stated; whereas other possibil-
ities such as wp = 0.5 are incorporated in the computer-code. Egs.
(60) and (56) are used in this research to discretize the compres-
sive term of Eq. (6).

Fig. 20 illustrates an assessment of the unstructured flux-
limiters schemes on the solution of the so-called Zalesak disc test
[84]. The disc illustrated in Fig. 20a rotates in a circular domain
of radius Rq = 0.5 and centroid X = (Xo,Y,) = (0.5,0.5). The rota-
tion velocity is given by €,-v=y -y, and &, -v =X, —x. The
domain is discretized using 1.12 x 10° triangular cells, equivalent
to the grid size h ~ 2Rq/250. The CFL condition (see Eq. (16)) for
time-step is set to C; = 0.5. As initial condition the marker function
¢ (Eq. (5)) is set to 0 inside the disc and 1 outside the disk, whereas
Neumann boundary-condition is applied for all variables. Fig. 20b-
h show numerical solutions of the contours ¢ = {0.05,0.5,0.95},
after one rotation of the disk around Xy, as well as the exact solu-
tion. Fig. 20b-f depict results for upwind, van-Leer, and Superbee

0.9F

075

(d)

1 Il

Fig. 20. Numerical solution ¢ = 0.05 (-—), ¢ = 0.95 (——), ¢ = 0.5 (—), exact solution (—, red). (a) Initial condition, X, = (x,y.) = (0.5,0.75) and x, = (0.5,0.85). (b) Upwind
flux-limiter (FL). (c) Van-leer FL. (d) Superbee FL. (e) Superbee FL, V¢ = 0 in Eq. (59). (f) Smart FL. (g) Van-Leer FL in CLS method. (h) Superbee FL in CLS method. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 21. (a) Mass conservation error, E, = [,,(¢(X, t) — ¢(x,0))dV/ [, #(x,0)dV. (b) Normalized perimeter, A" = [, [[Vo(x,t)||dV/ [, [|[V$(x,0)||dV. Upwind FL (——), Van-leer FL
(—), Superbee FL (--), Superbee FL with V¢ = 0 in Eq. (59) (—), Smart FL (—,gray), Van-Leer FL in CLS method (——, gray), Superbee FL in CLS method (-, gray).

Table 4

Diffusive schemes. Terms of Eq. (62), where 7 is the non-orthogonal contribution.
Diffusive scheme ds 1y
Ds1 HAXP FH (vw)}'_ntp . (éf - épg,p)

DS2 1AXp, ., | AXp gy (VW)e— D%y (V)

[1AXp, .y Il

flux-limiters, on the solution of advection equation (Eq. (5));
whereas Fig. 20g-h uses van-Leer and Superbee flux-limiters to
solve the advection equation in the level-set method (Egs. (5),
(6)). As expected upwind flux-limiter is prone to excessive numer-
ical diffusion, whereas other flux-limiters present an excellent per-
formance. Results with Superbee flux-limiter (see Fig. 20d) tend to
oscillate, because the thickness (0.05 < ¢ < 0.95) of the disk is
extremely sharp, whereas the accuracy of Eq. (59) is affected by
the gradients. As depicted in Fig. 20e, the last issue is solved by
deactivating the gradient correction in Eq. (59). On the other hand,
as illustrated in Fig. 20h, Superbee flux-limiter is a reliable scheme
in the context of the CLS method, since the thickness of the CLS
profile (0.05 < ¢ < 0.95) can be smoothed by solving the reinitial-
ization equation (Eq. (6)). Fig. 21 depict the time evolution of mass
conservation error (E,) and normalized perimeter of the disc (A™). It
is observed excellent mass conservation for all flux-limiters
(10’16 <E; < 107" ), whereas upwind flux-limiter achieves a max-

imum error E, < 1078, Since excessive numerical diffusion, the disk
shape is not well preserved by upwind limiter, whereas it is well
preserved by the other flux-limiters (see A*(t) in Fig. 21).

A.2. Diffusive schemes
Diffusive term is discretized at the cell Qp as follows [10]:

(Vi T = g3 (T - Ay (61)
f

A central difference scheme with non-orthogonal correction
[85,86] is used for computing diffusive fluxes at cell-faces:

B
ref —
o

v e

comp

@1 1l

D

0.1

480 1008 2016

# cores

4032

A
C
up
(o]
T

(Vi) A = 1A (% " nf), (62)

where d;y and #; (non-orthogonal contribution) are defined in

Table 4. Here, AX;_j = X; — X;, €p_p = (||AxpﬂFH)’1ApoF, € is the unit
vector orthogonal to the face f pointing outside the cell P, as illus-
trated in Fig. 19a. Consistently with Eqgs. (12, 1,6):

(&v) = {(DCJ,C), (,uf, yj), (sf,gbl-)}, where {; and gradients at
cell-faces are computed by linear interpolation, e.g.,
(Vx//)}”t” =wWp(Viyy)p + (1 — Wp)(Vih)p.  While diffusive
schemes (see Jasak [86]) can be defined in the framework of Eq.
(62), results of numerical experiments performed in this work
(see Fig. 7)) are not sensitive to the selected scheme (Table 4). As
a consequence, diffusive scheme DS1 (see Table 4) is used unless
otherwise stated.

other

Appendix B. Parallel scalability

The numerical methods used in this work are implemented in
the framework of an in-house C++ computer code called
TermoFluids [60], which employs the Message Passing Interface
(MPI) for parallel communications. The parallel scalability of these
methods and computer code were researched simulating the
buoyancy-driven motion of a swarm of 24 bubbles, including mass
transfer and first-order chemical reaction, using Eo = 3.125,
Mo =5 x 10’6,11/) =100, Sc =1 and 7, =100. Q is a cylindrical
pipe, with size (Dq, Ho) = (6dp,4d}y), where D, is the cylinder diam-
eter, Hgq is the cylinder height, and d, is the bubble diameter. Q is
divided in 24.9 x 10° triangular prisms cells, which corresponds to
the grid size h = d,/40. These test cases were carried-out on the
supercomputer MareNostrum [V based in Barcelona-Spain. The
scalability of the computer code was investigated by using 480
up to 4032 cores. Fig. 22a depicts the normalized time required
for one-iteration of the global algorithm, using the computing time
with 480 processors as the reference time (T,s). Furthermore,
Fig. 22b presents the strong speed-up (SSU) computed as
SSU = Tref /T comp, Where Teomp is the computing time per iteration
of the global algorithm.

AN

e

~
T

\
\

- - -

n
w
T
\
\
\

516 -

480 1008 2016 3024 4032
# cores

Fig. 22. Parallel scalability of the computer code, using the supercomputer MareNostrum IV. (a) Tcomp/Trer is the normalized time taken for each iteration. (b) Strong speed-up,

linear (——) and present results (o).
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