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GREEN FUNCTIONS FOR BOUNDARY VALUE PROBLEMS ON
PRODUCT NETWORKS

A. CARMONA, A.M. ENCINAS, AND M. MITJANA

1. INTRODUCTION

Green’s functions on a connected network are closely related with self-adjoint
boundary value problems for positive semidefinite Schrodinger operators (BVP
in the sequel). Since the matrices associated with these class of operators are
symmetric M-matrices, each Green function can be interpreted as the group inverse
of such a matrices. There exists a very interesting variety of self-adjoint boundary
value problems on a network, see for instance [2], that leads to interesting results in
many areas including the properties of random walks, chip-firing games, analysis of
online communities, machine learning, algorithms and load balancing in networks.
In addition, we also can interpret these BVP as the discrete analogue of the
corresponding problems for elliptic differential operators or even as the discretization
of such a boundary value problems.

For sake of simplicity, we restrict ourselves here to analyze either the Dirichlet
Problem or the Poisson equation. For product networks, these kind of boundary
value problems have been studied by F. Chung, R. Ellis and S.T. Yau, see [6, 8, 9],
considering the normalized Laplacian. However, since in general the normalized
Laplacian of a product network is not expressible in separated variables involving
the normalized Laplacian of the factor networks, in the above referred works the
authors must consider only cartesian product of regular networks, that is also a
regular network. We remark that in this case, the problem is reduced to the analysis
of the combinatorial Laplacian, since that for regular networks the normalized
Laplacian is a multiple of the combinatorial one.

As a motivation of our work, we consider A € M,,»«,(R) and BE M,,,xm(R)
two irreducibles and symmetric M-matrices. If |,, € M, «,(R) denotes the identity
matrix and B = (b;;), we can consider the M-matrix M € M, xnm (R) defined as

A+ biily bialy, bimln
bo1ly, A+ bysl, --- bamIn
M — 2% + ‘22 | 2‘
bmlln bm2| A+bmm|n

and then we raised the following questions:

(i) Is the spectrum of M related with the spectra of A and B?
(ii) Is M# related with (A + z1)# and (B + wl)# for some (or many) z,w € C?
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Here, K# denotes the group inverse of K.

We will take advantage by considering A and B as operators on Finite Networks
and M as an operator on the Product Network. Our treatment appears as the
discrete version of the Separation of Variables Method for BVP for PDE.

2. FINITE NETWORKS AND SCHRODINGER OPERATORS

A finite network I' = (V,¢), consists of a finite set V, called vertexr set and
a symmetric function ¢: V x V. — [0,+00), called conductance, satisfying that
c(xz,xz) =0 for any € V. Two vertices z,y € V are adjacent iff ¢(z,y) > 0 and we
always assume that ' is connected.

In what follows C(V) = C(V;R) and C(V;C) stand respectively for the spaces
of real and complex functions defined on the vertex set V. Given v € C(V;C), ©
denotes its conjugate and then, (u,v) = > w(z)v(x) determines an inner product

zeV
on C(V;C), whose associated norm is denoted by || - [|. Given u € C(V,C), u™t
denotes the subespace of C(V,C) orthogonal to u. For any x € V, &, is the Dirac
function at x. Moreover, k denotes the (generalized) degree of I'; that is, the funcion
defined as k(z) = > ¢(x,y), for any € V.
yeV

A real-valued function w € C(V) is called weight if w(z) > 0 for any = € V and
in addition ||w|| = 1. The sets of weights on V' is denoted by Q(V') or simply by
when it does not lead to confusion.

Given F' C V a nonempty subset, F'¢ denotes its complementary and C(F') and
C(F;C) are the subspaces of real and complex functions vanishing on F¢. It is
clear that C(F') and C(F; C) can be identified respectively with the space of real or
complex functions defined on F. Moreover, the set

§(F)={z€ F°:c(z,y) >0 for some y € F}

is called the boundary of F and then, F = F U§(F) is the closure F, see Figure 1.
Clearly, 6(F) = (), or equivalently FF = F, iff F = V.

FIGURE 1. A vertex set F' and its boundary §(F’)

The combinatorial Laplacian of T', or simply the Laplacian of T", is the linear
operator L: C(V;C) — C(V; C) that assigns to any u € C(V; C) the function L£(u)
defined as

L(u)(x) =Y e(w,y) (u(@) —u(y), V.

yeVv
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More generally, given ¢ € C(V;C), the Schrédinger operator with potential ¢ is
Ly: C(V;C) — C(V;C) defined as L4(u) = L(u) + qu for any u € C(V;C). The
Schrédinger operator whose potential is the conjugate of ¢; that is, Lg, is called the
adjoint of L, since it satisfies that (L,(u),v) = (u, L5(v)) for any u,v € C(V;C).
For a given nonempty subset F C V and a given potential ¢ € C(V;C) we
consider the following Boundary Value Problem:
Given f € C(F;C) and g € C(6(F);C), find u € C(F;C) such that

(1) Lyu)=fonF, wu=g, ond(F).

When F # V, this problem is known as Dirichlet Problem on F, whereas when
F =V it is called Poisson equation on V. In this last case the data g has no sense,
since then 6(F) = (.

When F' # V, each Dirichlet problem on F' is equivalent to a semihomogenoeus
Dirichlet problem. Specifically, u € C(F'; C) is a solution of Problem (1) iff v = u—g
is a solution of the Dirichlet problem

(2) Lou)=f—L(g) on F, u=0, on §(F).

Therefore, to analyze the existence and uniqueness of solution of the boundary
value problem for any f € C(F;C) is equivalent to analyze the same topics for the
following problem:

(3) Given f € C(F;C), find u € C(F;C) such that £,(u) = f on F.

This formulation encompasses both, Dirichlet problems and Poisson equations; the
last ones appear when F = V.

For any weight w € Q, we call the function q, = —w™'L(w) the Doob potential
asociated with w. Therefore,

Go(z) = —K(x) + w(x)™* Z c(z,y)w(y) > —k(zx), for any z € V.
yeVv

Although in a first glance, Doob transforms could seem a bit strange and Doob
potentials a very specific kind of potentials, they play a main role among real-
valued potentials. In fact, as a consequence of the Perron-Frobenius Theory, given
a real-valued potential ¢ € C(V') there exist an unique unitary weight w € 2 and a
unique real value A € R such that ¢ = g, + A, see [1].

The variational characterization of the solutions for the boundary value problems
(3) is described in the following result, see [3, Proposition 3.5] for its proof.

Proposition 2.1 (Dirichlet Principle). Let F C V be a non empty subset, w € 2,
A > 0 and the potential ¢ = q, + X\. Given f € C(F) consider the quadratic
functional : C(V) — R given by

(u) = &Eq(u) = 2(f, u).

Then u € C(F') satisfies that Ly(u) = f on F iff it minimizes on C(F). Moreover
has a unique minimum except when F =V and A = 0 simultaneously. In this case,
has a minimum iff f € w' and moreover there exists a unique minimum belonging

to wt.
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3. GREEN FUNCTIONS, EIGENVALUES AND EIGENFUCTIONS

In this section we consider fixed the finite and connected network I' = (V,¢), a
weight w € €1, a non-negative value A > 0, the real-valued potential ¢ = ¢, + A and
its corresponding Schrédinger operator £,. Under these hypotheses, for any proper
subset F¥ C V and any f € C(F) the Dirichlet Problem (3) has a unique solution;
that is there exists a unique u € C(F') such that £,(u) = f on F. Moreover, when
A > 0 for any f € C(V) the Poisson equation (3) has a unique solution; that is
there exists a unique u € C(V') such that L,(u) = f on V.

When either FF C V is a proper subset or A > 0, the Green Function of F for
the potential q is Gf;: F x F — R such that for any y € F, Gf’;(-7 y) is the unique
solution of the Dirichlet Problem L,(u) = ¢, on F, u = 0 en §(F), when F is
proper, or the Poisson equation £,(u) =¢, on V when F =V but A > 0.

The Green operator of F for the potential q is gj: C(F) — C(F) defined for

any f € C(F) as GE(f)(z) = > GE(x,y)f(y), € F. Then GI is self-adjoint
yeF

and for any f € C(F), the function u = GJ'(f) € C(F) satisfies that Lq(u) = f
on F. The self-adjointness of G" implies that G’ is a symmetric function, see for
instance [3].

When A = 0, then ¢ = ¢, and the Poisson equation £,(u) = f on V is solvable
only if f € w' and in this case, there exists a unique solution belonging to w'.
The Green Function of V' for the potential q is G(‘Z/: V x V — R such that for any
y €V, GY(-,y) is the unique solution of the Poisson equation L4(u) = &, — w(y)w
belonging to w.

The Green operator of V for the potential q is G} : C(V) — C(V) defined for

any f € C(V) as Gu(f)(x) = Y GY(x,9)f(y), x € V. Then for any f € C(V),
yev

GY(f) =GY(f — (w, f)w), GY is self-adjoint and the function u = GY (f) € C(V)
is the unique function in w' satisfying that L,(u) = f — (w, f)w. Newly, the
self-adjointness of g;/ implies that G;/ is a symmetric function.

On the other hand, if we label the vertices of I", say V = {x1,...,2,} where
n = |V, then each endomorphism of C(F') can be interpreted as a matrix of order
|F|. So Lg is identified with the matrix L}" whose diagonal entries are r(x;) +q(;)
and whose off-diagonal entries are —c(x;,2;), ¢, = 1,...,n. Moreover if for a
proper subset F' C V, we interpret £, as an endomorphism of C(F), then it can
be identified with the matrix Lf; obtained from L}I/ by eliminating the rows and
the columns corresponding to the vertices in F°. Notice that, as the potential are
real-valued, all the above matrices are real-valued and symmetric.

We also denoted by Gf; the matrix identified with the Green operator gf defined

above. With these identifications, Gg = (Lf)f1 when either F' is a proper subset

of V or A > 0. Moreover, when A = 0, then G(‘; = (L}I/)#, the Group Inverse of L}I/.
Since the group inverse coincides with the inverse when the matrix is invertible, we

have that G = (Lg)# for any non-empty subset ' C V and any A > 0

Given a non-empty subset F' C V, an eigenvalue of the boundary problem (3) is
z € C such that the Schrédinder operator £, is singular on C(F'; C). Equivalently,
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z € C is an eigenvalue of the boundary problem (3) if there exists u € C(F’; C) non-
null and such that £,(u) = zuon F. Each u € C(F; C) satisfying the above identity
is called eigenfunction of the boundary problem (3) associated with z.

Since ¢ is a real-valued potential, any eigenvalue must be real, the eigenfunctions
are real functions and eigenfunctions corresponding to different eigenvalues must
be orthogonal each other.

If z € C is not an eigenvalue of the boundary value problem (3), then £,_. is
an automorphism of C(F; C) and then we denote by its inverse by gf_z. Moreover,
if GqF_Z: Fx F — R is given for any y € V as G5_Z(~,y), the unique solution

of the equation L,(u) = g, on F, then GI (f)(z) = Y GE _(x,y)f(y), for any
yel

f€C(F,C) and any x € F.
The following result is the discrete version of the well-known Spectral Theorem,
see [1].

Theorem 3.1 (Spectral Theorem). For any non-empty subset F C V, there exist
real values pf” < - < ,uﬁw and an orthonormal basis {Uf}'fill C C(F) satisfying
the following properties:
(1) Eq(vf) = ,ufvf on F, j=1,...,|F|. Moreover, if z € R is an eigenvalue
of the boundary value problem (3), then z = uf for some j=1,...,|F|.
(i) A < uf < pd and vf (z) > 0 for any x € F. Moreover, ui' = X iff F =V
and then vf" = w. In particular, pf" > 0, except when F =V and X\ = 0,
simultaneously.
|7
(iii) For any u € C(F;C) then L,(u)(z) = Zuf(u, vf)v]F(x) for any x € F.
j=1

The Spectral Theorem has as a very nice consequence, that we can also obtain
the expression for the Green function of F' for the potential ¢ in terms of the
eigenvalues and eigenfunctions. Prior to do this, for any a € C we define a# as a ™!
when a # 0 or a# = 0 when a = 0.

Theorem 3.2 (Mercer Theorem). Given a non-empty subset F C V', then
GE(zy) =) _(u)*of (x)f (y), zyeV.
j=1
Moreover, if z € C\ {puf’ <--- < ,ulf;‘}, then

Gf_z(:c,y) = Z(/,Lf — z)*lvf(ac)vf(g,/)7 z,y €V.
j=1

4. PrRoDUCT NETWORKS

Obtaining eigenvalues and eigenfunctions and hence the corresponding Green
functions in a given network is, in general, a very difficult task. In fact, there exist
explicit expressions for these issues, only in a few cases corresponding to highly
structured networks. Let us consider two different connected networks (I'1, ¢1) and
(T'2, c2) with vertex sets V7 and Va.
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We define the Product network as the network I' = T’y x I'y = (V,¢) where
V = V1 x V5 and the conductance is given by

C1($1,$2), if T2 = Y2,

(4) c((@1,m1), (@2,92)) =4 calyry2), if 21 =y,
0, otherwise

Clearly 'y x I'; is also connected.

Given u € C(V5 x Vp) for any (x,y) € Vi x Va, u, € C(V1), u” € C(V2) denote
the functions defined as u,(z) = u(z,y) for any z € V4 and by u*(z) = u(z, z) for
any z € Vs.

Given u € C(V1) and v € C(V2) the tensor product of u and v is u®v € C(Vy x Va)
defined as (u ® v)(z,y) = u(z)v(y) for any (z,y) € Vi x Va. Notice that given two
weights w; € Q(V;), i = 1,2, then w; ® wy € Q(V4 x Va). Moreover, given z € V;
and y € Vo we have g(, ) = €, @ &y.

We denote by £? the combinatorial Laplacian of the network I';, i = 1,2 and
by £ the combinatorial Laplacian of the product network I'y x I's. The following
result establishes that the combinatorial Laplacian of a product network is expressed
in separable variables when applies on a tensor product function. This property
justifies the name of separable variables for the solution technique of boundary value
problems on product networks.

Proposition 4.1. Given u; € C(V;), i = 1,2 then
E(ul & UQ> = L’l(ul) Ruo +u1 ® EZ(UQ).

In particular, if w; € QUV;), i = 1,2, then qu, 89w, = Gy, + Qu, and hence, for any
u € C(Vh x V) we have

Loy W)@,y) = L () (@) + L2, (w)(y). (2,y) € Vi X Va.
Proof. Given u € C(Vy x V3) for any (x,y) € Vi x V5 we have that

L) (z,y)= Y e(@y), (zw) (ulz,y) — ulz,w))

- Z cl(x7z)(u(x,y) - U(Z,y)) + Z CQ(y,’lU)(’LL(iL',y) - U(ZL’,U)))
z€Vy weVa

= L' (uy) (@) + L2 (") (y)-

On the other hand, since (u1 ® u2)y = urus(y) and (u1 ® uz)* = uq(x)us we obtain
that

Llur @ uz)(x,y) = uz(y) L (ur) (@) + ur (@) L2 (us) (y).
In particular £(w; ® we) = L1(w1) ® wa + w1 ® L2(ws) and hence,
Qo @wy, = — (W1 @ w2) 1 L(w1 @ws) = —wi LY (w1) — wal?(W2) = oy + Guy-
From all above identities we finally obtain that
Loy, W(@,y) = L) (@,Y) + oy g, (7, y)u(2, y)
= LM uy)(x) + L2 () (y) + (qur () + g, (v))u(z, y)
= L (uy)(z) + 52( )W) F G (2)ty () + o, () u” (y)
= Céwl (uy)(z) + qw () (u”)(y)- 0
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The boundary value problems we analyze in I'y x I's, refers to subsets that are
also expressed as cartesian products. So, given non empty subsets F; C V;, i = 1,2
we consider F' = F} x Fy C Vq x V5. Then, it is satisfied that

(5) 5(F1 X FQ) = (Fl X 5(F2)) U ((5(F1) X FQ),
where we allow that F; = V; in which case §(F;) =0, i =1, 2.

Given w; € Q(V;), i« = 1,2 and A > 0, we consider the real-valued potential
4 = Qu,ow, + A. We are interested in study the boundary value problem (3) on
F = F} x F» and also in compute the corresponding Green function gf . To do
this, we first split A as A; + Ay where A1, A2 > 0 and then apply the Spectral
Theorem to each boundary value problems L, (u;) = f; on F;, where ¢; = qu,, + \;
and f;,u; € C(F;), i = 1,2. Specifically, let ufi < < ”Iiiil the eigenvalues of

the boundary value problem £, (u;) = f; on F;, i = 1,2 and {UJF}IJP;{ C C(F;) a
corresponding orthonormal system of eigenfunctions.

Remember that always ,uf’ * is simple and moreover vf’ “*>0o0n F;,i=1,2. In
addition, ,uf = \; iff F; = V; and then vf = w;. Therefore, uf > 0, except when
F; =V; and \; = 0, simultaneously.

The main result in product networks is that the eigenvalues and the eigenfunctions
for the boundary value problem (3) in product subsets, is completely characterized
in terms of the eigenvalues and eigenfunctions of each factor.

Theorem 4.2. For any j=1,...,|Fi| and any k =1, ..., |F2| we have that
/Jq(vfl @ui?) = (ufl —i—u,fz)vfl @vi? on Fy x Fy.

Moreover {,uFl + ,usz} 1<j<im| determines all eigenvalues and {UFI ® v,f"’} 1<j<|Py |
7 1<k<|F| J 1<k<|Fy|

is an orthonormal basis in C(Fy X Fy).

The fundamental consequence of Theorem 4.2 is that we can compute the Green
function for product networks in terms of the eigenvalues and the eigenfunctions of
each factor by applying the Mercer Theorem.

Corollary 4.3. In the above conditions for any (z1,y1), (z2,y2) € V1 X Vo, we have
that

|F1| | Fa]
GU P (21, ), (2, 92)) = Z Z(Mfl + M£2)#U]F1 (551)1);3[;1 (2)vp2 (y1)ve 2 (y2).
J=1k=1

The above formula requires the knowledge of eigenvalues and eigenfunctions
for the two factors. Therefore, except for structured networks, the application of
the above method is very restricted. We finish this paper showing a technique
that only requires the computation of eigenvalues and eigenfunctions for one of
the factor networks and also the computation of a finite family of Green functions
corresponding to the other product network. In fact this method is nothing else
but the discrete version of the well-known Separation of Variables Method to solve
boundary value problems in PDE.

The key issue to apply the Separation of Variables Method lies on use an adequate
expression for functions in C(F; x F»). With the above notations, for any Given
h € C(Fy x F), for any j = 1,...,|Fi| and any k = 1,...,|Fy| we consider the
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functions «;(h) € C(F») and Bi(h) € C(Fy) defined as
o (h)(y) = (hy, o™ = 37 iz )0} (2) = 3 bz} (2), wen,

zeVy z€F
Brl)(@) = (W, 0" = 3 b, 20" (2) = D b, 20" (2), ye e
z€Va z€F>

Theorem 4.4. Under the conditions and notations in this section, for i = 1,2
consider the real-valued potentials pi = q1 + u‘Fﬂ = Qu, + A1 + u|F2 € C(Fy),
E=1,... |F2|andp]—q2+u| 1|—qw2+)\2+,u|‘€(3( Fy),j=1,...,|Fs|. Then,

|F2|

G (e, ), (z2,92)) = Z G‘;le(ffl,fz)”;? (y1)vp? (y2)
k=1
|F1|

ZG‘ 2‘(2!173/2) Y 1)Uf1($2)'

j=1
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