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Regularity and lifespan of small solutions to systems
of quasi-linear wave equations with multiple speeds,
I: almost global existence

By

Kunio HIDANO*

Abstract

In this paper, we show almost global existence of small solutions to the Cauchy problem
for symmetric system of wave equations with quadratic (in 3D) or cubic (in 2D) nonlinear terms
and multiple propagation speeds. To measure the size of initial data, we employ a weighted
Sobolev norm whose regularity index is the smallest among all the admissible Sobolev norms of
integer order. We must overcome the difficulty caused by the absence of the H'-L? Klainerman-
Sobolev type inequality, in order to obtain a required a priori bound in the low-order Sobolev
norm. The introduction of good substitutes for this inequality is therefore at the core of this
paper. Using the idea of showing the well-known Ladyzenskaja inequality, we prove some
weighted inequalities, which, together with the generalized Strauss inequality, play a role as
the good substitute.

§1. Introduction

Let us start with some well-known results on the Cauchy problem for the quasi-

linear, scalar wave equation in three space dimensions of the form

3 3
(11)  Fu—Au= Y G(0u)dFu+ Y H(0.u)dsu, t >0,z €R?,
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where z¢ 1= t, 0y := 0/0z4, 835 = 0%/0x,0x5, and G*PY, H®P are real constants.
Though our primary concern in the present paper is on the Cauchy problem for the
system of nonlinear wave equations with multiple speeds, we expect that to revisit
some fundamental results for the scalar equation (1.1) will serve as a guide to the main
problem discussed later. Just for simplicity, we suppose that G = 0 for any «.
Moreover, without loss of generality, we may suppose G**Y = G5 for any «, 3, and
~ because we are interested in classical solutions. It is then well known (see, e.g., page
113 of Hérmander [10]) that for any initial data in H* x H?3 with

3 3
> D G 0au(0)] L

a=0b,c=1

small enough, there exists 7' > 0 and a unique solution u to the Cauchy problem for
(1.1) such that d,u € C([0,T]; H?). If we consider (1.1) in R™ instead of R and work
with fractional-order Sobolev spaces, this result of local existence remains true for the
H*t1 x H-data with s > (n/2)+1 (see, e.g, Proposition 5.2.B of Taylor [27]). Note that,
for n = 2,3, H* x H? is the largest among all the admissible Sobolev spaces of integer
order, as far as the standard local existence theorem is concerned. We also remark that,
when considering (1.1) in R™ (n = 2, 3) with more regular data in H*T1 x H* for some
s > 4 (s € N), it is possible to choose T" > 0 depending only on ) |[0qu(0)| gs and
independently of s such that the Cauchy problem for (1.1) admits a unique solution
satisfying d,u € C([0,T]; H®). (See, e.g., Theorem 5.8 of Racke [21]. Note that the
equation (1.1) can be written in the form of the first order quasi-linear system (see, e.g.,
page 19 of John [13]) to which we can apply Proposition 5.2.B of [27] and Theorem 5.8
of [21].) This means that a continuation of local smooth solutions to a larger strip is
reduced to the a priori H3-bound of their first derivatives.

Concerning long-time existence, there exist positive constants C, €1 depending on
the coefficients G*#7, H*® such that whenever compactly supported C*-initial data
satisfies

(1.2) W2 (u(0)) < e,

we can obtain the a priori L?-bound of 9,I"u(t), a = 0,...,3, |[a] < 3 which is
strong enough to show that the smooth local solution exists at least for the interval
0, exp(C1e1)], where ¢ := Wi/ *(u(0)). Here and in the following discussion, we use
the notation:

1

(1.3) Wiu(t) := /R ((Byu(t,))? + |Vult, z)?)da,

(1.4) We(u(t)) == > Wi(Tu(t), r=2,3,...

la|<r—1
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For a multi-index a, I'* stands for any product of the |a| operators 0, (v = 0,...,3),
QO =x,0; —x;0; (1<i<j<3), Ly =0 +1t0 (k=1,2,3), and S :=t0; +z- V.
The proof of the a priori bound uses the Sobolev-type inequality

(1.5) [o(t, Lo es) < C(L+)7H 27PN =T ()| L2 es)

la|<1

(see, e.g., Ginibre and Velo [5]) as well as the Klainerman inequality [16]

(1.6) lvt, )l zoe@s) < CL+8)7" ) IT%(E, )| 2 (re).
la]<2

(Note that, while a loss of just one derivative occurs in (1.5), we lose two derivatives
in applying (1.6) to the estimation of nonlinear terms.) We note that the interval
mentioned above becomes exponentially large as the size € of initial data gets smaller
and smaller. Such results have been called “almost global existence theorem” in the
literature since the pioneering work of John and Klainerman [14] for the equation (1.1).

Now, let us turn our attention to the main concern in the present paper: the Cauchy
problem for the system of nonlinear wave equations of the form

(1.7) (07 — G A! = G (0au") 03w + H P (0au’)0pu?, t >0, 2 € R®

7

and its 2D counterpart

(1.8) (07 — 2 A = G (Dau’) (9pu? )02 5u

ijk
+ H5 (00’ (9pu? )04k, t> 0, 2 € R2,

Here, u = (u',...,u") : (0,T) x R* - R¥ (n =2,3, N € N) and, on the right-hand
side of (1.7)—(1.8) and in the following discussion as well, repeated indices are summed
if lowered and uppered. Greek indices range from 0 to n, and roman indices from 1 to
N. Suppose the symmetry condition

(1.9) Gl afy _ Gl ayB _ Gj,ozﬁv
for any i, 7,1 and o, 3,7 in (1.7) or

l,aBvyé l,aBs k,aBv6
(1.10) GuaP0 =GP = Gl

for any ,j,k,l and «,3,7,0 in (1.8). Then the results of local existence mentioned
above for (1.1) carry over to (1.7), (1.8), because these systems can be written in the
form of the first order quasi-linear symmetric system, such as (5.9) of [21], (5.2.1) of
[27]. Concerning long-time existence, for compactly supported smooth initial data of
the form

(1.11) u(0) =ef, Owu(0) = eg,
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Sogge proved that there exist positive constants C5, 5 depending on the speeds ¢y, ..., cy,
the coefficients Gé’jo‘ﬂ e Hfj’.o‘ﬁ , and a weighted H'%norm of Vf and g such that if
0 < & < &9, then a unique solution to (1.7), (1.11) exists at least over the time interval
[0, exp(Ca2e71)]. (See Theorem 4.1 on page 67 of Sogge [25], the proof of which is based
on that of Theorem 1.2 of Keel, Smith, and Sogge [15].) Also, Kovalyov [18] proved that

there exist positive constants C3, €3 > 0 depending on the speeds ¢y, ..., cy, the coeffi-
cients Gé’jiﬁ’yé, quﬁﬁv’ and a weighted H’-norms of Vf and ¢ such that if 0 < & < e3,

then a unique solution to (1.8), (1.11) exists at least over [0, exp(C3e~2)]. In the present
paper, we aim at refining these results by employing a lower-order norm to measure the
size of initial data. More precisely, we prove:

Theorem 1.1.  Assume the symmetry condition (1.9), (1.10). Then there exist
positive constants Cy, €9 depending on the propagation speeds and the coefficients of the
equations (1.7), (1.8) such that if compactly supported, smooth initial data is small so
that

(1.12) N4(u(0)) S €o

may hold, then the systems (1.7), (1.8) admit unique solutions defined on the interval
[0,T] such that Ny(u(t)) < 2N4(u(0)), 0 <t <T. Here,

T =exp(Coe™") (g := Ny(u(0)))
with v =1 for (1.7), v =2 for (1.8).

Here, on the basis of the standard energy FEj(u(t)) associated with unperturbed
wave equations

1 N
(1.13) El(u(t)) = E Z/n(|8tul(t,x)|2 + C%|Vul(t,x)|2>d$,
=1

we have defined the quantity N, (v(t)) for v = (v!,...,v") as

1/2

(1.14) Ni(v(t)) = VE1(v(t)), Na2(v(t)) = . E(950she) |,
la|+(b]+d<1
1/2

N, (v(t)) = > E(952°8%(t)) L k=3,4,...,

lal+]bl+d<k—1
d<1

where, for a = (a1,...,a,) and b = (by,...,by) (m = 1,3 for n = 2,3, respectively),
990 Sy == (9200 St ..., 920 SN), 99 = 9t - 0o, QP = Q- Q0 Qs =

n—1n»
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20 —x;0; (1 <i<j<mn)and S =1tdh+x-V. Weset Z := {0;,,5 : i =
1,...,n,1 <j <k <n}. Note that none of the operators Ly = x,0;+t0x (k=1,...,n
is an element of the set Z. Note also 0, ¢ Z.

There exist some difficulties in showing the almost global existence result for (1.7),
(1.8) when we employ the lower-order norm, such as N4 defined above, to measure
the size of data. Recall that, besides the standard energy inequality for the variable-
coefficient wave equation, the generalized Sobolev-type inequalities (1.5)—(1.6) and the
nice commutation relations between the D’Alembertian (with the propagation speed
c = 1) and the elements of {€2;;, Ly, S} play an important role in showing the almost
global existence for (1.1) with compactly supported, smooth data satisfying (1.2). When
considering the multiple-speed system (1.7), (1.8), we must take into account the fact
that the operator Ly := ¢ 12,0, + ctdy,, which is a speed-dependent variant of Ly,
commutes with (. := 92 — ¢2A, but it no longer does with [z := 92 — 2A (& # ¢).
Indeed, we have [Ly, 0z] = 2¢~1(¢2 —¢?)0x 0y, and this commutation relation is obviously
useless in our argument. We must therefore give up using such a modified operator Ly,
which in turn means that we must give up using the Sobolev-type inequalities (1.5)—
(1.6). On the other hand, we still enjoy the good commutation relations [€2;;,0.] = 0
and [S,0.] = —20,., and some good substitutes for the Klainerman inequality (1.6) are
available on the basis of the use of the operators );; and S and without relying upon
the operators Lj. (See Lemma 6.1 of [24] and Lemma 1 of [22]. See also (4.2) of [6].)
These substitutes, combined with the Klainerman-Sideris inequality (see (3.1) below),
would suffice to show almost global existence theorem for (1.7), (1.8) when a suitable
higher (than 4) order norm of data is small enough. See, e.g., Section 8 of Sideris and
Tu [24] and Theorem 3.1 of [6]. Therefore, it is a good substitute for (1.5) that plays
a key role in reducing the regularity index of norm to as low a level as in (1.2). To
the best of the present author’s knowledge, no substitute for (1.5) is available in the
literature. We explain that our key weighted inequalities (2.7)—(2.13) are well combined
with the method of [24], and they play a role as the substitute for (1.5). To prove these
key inequalities, we follow the way of showing the well-known Ladyzenskaja inequality
[19] or use the generalization of the Strauss inequality. (See (2.20) for the generalized
Strauss inequality. See also [3] for recent, another extension of the classical inequality
of Strauss [26].)

The method in this paper has an application to the system of quasi-linear wave
equations with quadratic nonlinear terms in 2D. Repeating essentially the same argu-
ment as in the proof of Theorem 1.1, we obtain the following:

Theorem 1.2.  Consider (1.7) in R%. Assume the symmetry condition (1.9).
Then there exist positive constants Ag, €y depending on the propagation speeds and
the coefficients of (1.7) with the following property: if the compactly supported, smooth
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initial data is small so that Ny(u(0)) < g9 may hold, then the problem (1.7) has a unique
solution satisfying Na(u(t)) < 2N4(u(0)), 0 <t <T. Here T = Age~2 (g := Ny(u(0))).

In [18], Kovalyov considered the system (1.7) not in R but in R? with data of the
form (1.11), and obtained the slightly weaker lower bound T > Ce~2(log(1/¢))~2, while
in [11], assuming H f Jﬁaﬁ =0 for all 4, j,1, o, 3, Hoshiga obtained the refined lower bound
T > Ce~? with a positive constant C' computed explicitly from the propagation speeds
c1,-..,cN, the coefficients Gé’jam, and the given functions f, g. Theorem 1.2 is an
improvement on the previous results of [18] and [11], for Kovalyov used a higher-order
norm to measure the size of initial data and his lower bound of the lifespan is slightly
weaker than ours, and Hoshiga imposed the restriction H Zl ]’-O‘B = 0 for all 4, 5, [, a, 5, while
we no longer need his strict restriction.

Here we give three remarks. Firstly, as in the books [2], [10], [13], [21], and [25], we
have so far supposed that initial data is smooth and compactly supported, when con-
sidering the lifespan of small solutions. This is mainly because a continuation argument
becomes considerably easier for compactly supported (in space at fixed times ¢t > 0),
smooth solutions. See (4.31) below. Note that the constants Ag, Cy, and €¢ appearing
Theorems 1.1 and 1.2 are completely independent of the “size” of the support of initial
data. Therefore, once we have proved these theorems, we should move on to removing
the compactness assumption of the support, as well as the regularity (C°°) assumption,
of initial data. The idea of doing it can be found on page 122 of [10] (see Remark there).
In order to keep the present paper to a moderate length, we refrain from pursuing this
important problem.

Secondly, in the definition of N, (u(t)) (kx > 3) we have limited the number of
occurrences of S to 1, in accordance with the idea of the earlier papers [15] and [9] that its
at most 1 occurrence is actually sufficient for the proof of almost global existence. With
this, there is an advantage that we can bypass the burdensome calculation of 85 u(0, z)
(j = 2,3,4) when computing Ny(u(0)), because 0; ¢ Z and 0;Su = du + x - Vosu
at t = 0. (Compare this with the fact that we must successively calculate Qf u(0, z)
( = 2,3,4) with the help of the equation (1.1) when computing Wi/Z(u(O)) appearing
in (1.2).) Another feature lies in that, when initial data (u(0),d:u(0)) = (p,) is
radially symmetric about z = 0 (and the system of equations is not necessarily so), we
easily see the condition (1.12) is satisfied whenever the norm with the “mild” weight

(2) = /T 22
(1.15) SO M@aret e+ 3 H@)om2)

1<ISN 1<|a|<4 la|<3

is small enough. The result of almost global existence for symmetric (and not necessarily
diagonal) systems of quasi-linear wave equations is new when smallness is required of

only such mildly weighted Sobolev norm of radial data.
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Thirdly, the proof of Theorem 1.1 obviously remains valid for the scalar equation
(1.1), thus we obtain almost global existence result under the condition (1.12) with
N =1 which is weaker than (1.2).

We conclude this section by mentioning that, in the sequel [7], assuming the null
condition in the different-speed setting proposed by Agemi and Yokoyama [1], Yokoyama
[28], we will prove the global existence theorem for (1.7), (1.8) on a condition which
is stronger than (1.12), but weaker than that in the previous papers [28], [12], [24],
[25], [20]. In addition to the key tools used in the present paper, the proof will use
the estimation lemmas due to Sideris and Tu (see Lemma 5.1 of [24]) in 3D, Lindblad,
Nakamura, and Sogge (see Lemma A.4 of [20]) in 2D when handling the null-form terms.

This paper is organized as follows. In the next section, some useful inequalities of
the Sobolev type or the trace type are proved. Using the Klainerman-Sideris inequality,
we bound weighted space-time L2-norms of the second or some higher-order derivatives
of the local solution in Section 3. In Sections 4 and 5, we carry out the energy integral
argument and complete the proof of Theorems 1.1 and 1.2.

§ 2. Preliminaries

As explained in Section 1, repeated indices will be summed if lowered and uppered.
Greek indices range from 0 to n (n = 2 or 3), and roman indices from 1 to N or 1 to n. In
addition to the usual partial differential operators 9, = 0/0x, (a = 0,...,n), we use the
generator of Euclid rotation €;; = ;0; — x;0; and of space-time scaling S = t0y+x - V.
The set of these p (u = 4 for n = 2, p = 7 if n = 3) differential operators is denoted by
Z=A7Z,....,7Z,} ={V,Q,5}. Note that 0; is not an element of Z. For a multi-index
a=(ay,...,a,), weset Z%:=Z{ .- Z*. Wealsouse Z ={Z1,...,Z,-1} ={V,Q},
with Z% := 071 052Q53 (a = (a1,a2,a3)), 2% := 071052 05° Q14015055 (a = (ay,...,as))
for n = 2, 3, respectively.

We collect several results concerning commutation relations and Sobolev-type and
trace-type inequalities. Let [-,-] be the commutator: [A, B] := AB — BA. It is easy to
verify that

(2.1)  [Z, 07 —AA]=0fori=1,...,u—1, [S,0? — Al = —2(0? — 32A),
"

(22) (2,2 =) _CIZ;, jk=1,....p,
=1

(]
<.
N

SQ>
<
I

(2.3)  [Z;,0k] = ey K=1,....n,

1
(24)  [Z;,0)=0,5=1,...,u—1, [S,]= -0

Here C’g ** denotes a constant depending on ¢, 7, and k.
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The following lemma is concerned with Sobolev-type or trace-type inequalities. We
use these inequalities in combination with the Klainerman-Sideris inequality (see (3.1)

below). The auxiliary norms of v = (v!,... v)

(2.5)  My(v Z > et = [2)dF 0" Ol 2y, Ma(v(t) = Y Ma(Z0(1)),

=1 gzig =
Ssn

which appear in the following discussion, play an intermediate role. We remark that S
and 07 are absent in the right-hand side above. Here and later on as well, we use the
standard notation (A) = /1 4 |A|? for a scalar or a vector A. We also use the notation

Op = (z/lz]) -V

(2.6) lllzge ry e = sup flw(r)llze(sn-,
o 1/2
fulzzozae o= ([ Il Easns™ar)
Lemma 2.1.  Let v be a vector-valued function v = (vi,... v™V): (0,00) x R" —

RY decaying sufficiently fast as |x| — oo. The following inequalities hold for every
=1,...,N:
(i) Suppose n = 2. We have for a =0,1,2

27) [P 20u0N ()| e 12 m2) < ONT P (0(8) (Y Nu(@%0())) 2,
la|=1
(28) et =) 20,01 (1) pagezy < ONY2(0()) (N1 (0(8)) + Ma(o(t))) /2.
(ii) Suppose n = 3. We have for a« =0,1,2,3
(2.9) I{ert — )00 ()| o sy < CNT 2 (w() (N1 (0(t)) + Ma(v(1))) 2,

(2.10) |{cit — r}@avl(t)HLs(Rs) < C(Nl(v(t)) + Mg(v(t))).
Moreover, for any 2 < p < 4 there exists a constant C = C),, > 0 such that we have

(2.11) [r0at! ()l ) < C 3 Ny (Z0(0)).

la|<1

Remark.  We give three remarks. Firstly, by the Sobolev embedding W4 (R?) —
L% (R?) and WH6(R3) — L>®°(R3), we get from (2.8) and (2.10)

(2.12) (et —)Y210,0 (8, 2)|

< C’(Z Nl(agv(t))> (Z N1(08v(t) + > Ma(980( )1/2

la|<1 la|<1 la|<1
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for n = 2 and

(2.13) (et — )00 (t, )| < C( > N@svt) + > Mg(agv(t))>
|

lal<1 al<1

for n = 3, respectively. The former (2.12) was shown by Sideris (see the last inequality
on page 379 of [22]). After he submitted the manuscript, the author became aware of
the recent paper of Zha [29] where the latter (2.13) had been proved (see (37) there).
In addition to (2.8)—(2.10), we will also use both (2.12) and (2.13) in the following
discussion. We also note that the multiplicative form of the right-hand side of (2.8)
and (2.12) is very useful in our argument (see, e.g., (3.15)—(3.16) below). Secondly, we
remark that we will also use for n = 2,3

(2.14) Ir D200 0! () || oo ey < C > N (Z%0(1)),

jal<2

which follows immediately from the combination of (2.7), (2.11) with the Sobolev em-
bedding W12(S1) — Lo°(St), WP (52) — L>°(S?) with p > 2, respectively. Thirdly,
in fact we will use (2.9) not in the present paper but in [7]. The proof of (2.9) is similar
to that of (2.8), thus we prove it here.

Proof.  Applying the well-known inequality [|p[|zers)y < Cl|Vpl|r2ms) with ¢ =
(et — 1)0uv'(t, 7), we easily obtain (2.10). The proof of (2.8) builds upon how to
obtain the well-known LadyZenskaya inequality [19] ||<p||‘i4(R2) < 4||¢||%2(R2) ||V¢||%2(R2).

Indeed, we first obtain by a direct computation

(2.15)  (qt —1)|0.0'(t, x)|* = /x d%(@t — ) |0av' (¢, &1, 22) ) dés

< C/ (|0 (t, &1, 32)|? + (cit — 7)|0av' (2, &1, 22)| |07,V (¢, &1, 22)] ) déa,
which yields
(2.16) (et — r>2]6avl(t,x)]4

< C/ (|aavl(t7 51; x2)|2 + <Clt - 7:>|80évl(ta 517 x2>|’8%avl(tv 517 x2)|)d§1

X / (lﬁavl(ta I1,§2)|2 + <Clt - f>|aavl(t7 x17§2)|’8§avl(tvxlv52)|)d§27

—0

~

where 7 := (62 +22)1/2 7 := (22 +£2)'/2. Integrating both the sides above over R? and

using the Fubini theorem and the Schwarz inequality, we get

(2.17) /R2 (et — 1)2|0q 0! (t, )| dx < C(N1 (v(t)) (N1 (v(t)) + Mg(v(t)))) )
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as desired. The proof of (2.9) is similar, and we follow the proof of ||p|lzsms) <
V2 H<p||1L/22(R3)HVg0HlL/22(R3) which is a special case of the Gagliardo-Nirenberg inequality
(see, e.g., page 25 of [4]). As in (2.16), we get

(2.18) (et — )Y 2|0.0 (8, 2)])®

00 1/2
< C(/ (|0 (t, X1)? + (et — f>|8avl(t,X1)||8%avl(t,X1)|)d§1)

— o0

0 1/2
X (/ (|0a0" (t, X2)|* + (clt—f>|8avl(t,X2)|]8§avl(t,X2)|)d£2>

oo 1/2
X (/ (|8oml(t,X3)|2 + (et — r>|8avl(t,X3)||8§avl(t,X3)|)d§3> )
where X7 = (&1, 22, 23),..., X3 = (21,22,&3), 7 := | X1, 7 := |X2|, and 7 := | X3].
Integrating both the sides above over R?® and using the Schwarz inequality repeatedly,
we get (2.9).
The other inequalities (2.7), (2.11) follow from the well-known inequality (called
the Strauss inequality, especially when we focus on radially symmetric functions; see
[26] and [3])

n— 1/2 1/2
(2.19) =020 Lo 12 ey < V211000l gy 2l Loty
or its generalization (see (2.10) of [8]): for 2 < ¢ < oo and 2/p = 1/2 + 1/q (the reader
is asked to interpret this as p = 4 for ¢ = 00)
n— 1/2 1/2
(220) ||T‘( 1)/290||L$,°L5(R") S \/Z_)HaT(pHL/?(Rn)||s0||L/ELZ,(Rn)'

Indeed, we obtain (2.7) directly from (2.19). Moreover, we obtain (2.11) immediately
from the Sobolev embedding W12(5%) — L7(S?) for 2 < ¢ < oo owing to the fact
that in the condition for (2.20) to hold, the condition 2 < p < 4 is equivalent to
2<g<oo. U

§3. Weighted L?-estimates

It is necessary to bound My (u(t)) by Ny(u(t)) for the completion of the energy
integral argument (see Lemma 3.4 below). We carry out this by starting with the next
crucial inequality due to Klainerman and Sideris [17], the proof of which requires the
use of the operator S; see No(v(t)) on the right-hand side of (3.1) below. In what follows
we use the notation OJ; := 87 — c?A.

Lemma 3.1 (Klainerman—Sideris inequality).  The inequality

(3.1) Ma(v(t)) < C(Na(v +Zt“Dlv ) z2 @)
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holds for any function v = (vi,... o).

Proof. See Lemma 3.1 of [17] (see also Lemma 7.1 of [24]). We have only to repeat
essentially the same argument as in the proof of (3.1) of [17]. Note that the proof there
is obviously valid for n = 2 as well as n = 3. O

We also need the following auxiliary lemma, which compensates for the absence of
0% (i = 2,3,4) in the norms appearing in (1.14), (2.5).

Lemma 3.2.  There exists a constant €* > 0 depending on the propagation speeds
c1,...,cn and the coefficients on the right-hand side of (1.7) or (1.8) with the following

property: whenever a smooth solution u = (u,... uN) to (1.7) or (1.8) satisfies
(3.2) max{ |Z°0au’(t,z)| : la| <1,0<a<n, 1<i< N} <e*,

the point-wise inequality

(3.3) Z|821tx|<022(2| t:c\+|au(m)|)

i=1 a=0

holds. Moreover, there holds for |a| = 1,2

lal  n

(3.4) Z | Z20%ui (t, )| < CZ > Z(Z |Zb02, u'(t, x)| + \Zbaaui(t,xn).
i=1 |b|=1 a=0
Here, n = 2,3 for the solutions to (1.8), (1.7), respectively.
Proof. 1t suffices to prove the inequalities for the solutions to (1.7). The proof

of the inequalities for the solutions to (1.8) is essentially the same. We first note the
obvious equality for each Il =1,..., N

(3.5) Oful — G (0u") 07!
= f AU + 2G0T (002,17 + H ™ (O0u') 0w

Whenever ]Gé’jaooﬁaui(t,x)] <1/(2N) for any j,l =1,..., N, we get by (3.5)

(3.6) [0Fu'] = (2N) M (07wt + - + [0Fu™])
< & [ + 2G| 0au! |05’ | + [Hi |0’ || 0507

Summing both the sides of (3.6) over [ = 1,..., N, we see that the inequality (3.3) holds
whenever max{|0,u’(t,z)| : «=0,...,3,i=1,...,1} is small enough.
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Next, let us prove (3.4). Using the commutation relations (2.1) and (2.4), we get
for |a| = 1,2

(3.7) 0FZu' — G (Dau) (07 27
—clAZ“ul—i— Z Gl a00 Zba u )(Q?Zcuj)
b+; a
+ > 26200 ut ) (Z°02 ) + Y HP(ZP0ut) (Z°0su7 ).
b+c=a b+c=a

Noting the obvious fact

S GLRO( 20, (92 2°w) = G2 00ul) (970
b+c=a
c#a

for |a] = 1, using (3.3) for the estimate of |0?u?(t, z)|, and repeating the same argument
as above, we see that the inequality (3.4) holds for |a| = 1 whenever max{ |Z®d,u'(t, z)| :
la] < 1,0 < a <3,1<i< N} issmall enough. Finally, using (3.3) and (3.4) with
la] =1 for the estimate of |02 Z°u’(t, )| (Jc| = 0,1) (see the second term on the right-
hand side of (3.7)) and repeating the above argument, we see that the inequality (3.4)
holds for |a] = 2 whenever max{|Z%0,ui(t,z)| : Ja| < 1,0 < a < 3,1 <i< N} is
small enough. We have finished the proof. O

Lemma 3.2 is useful in proving the following:

Lemma 3.3. Letu= (u',...,u") be a smooth solution to (1.7) or (1.8) defined
in (0,T) x R™ satisfying

(3.8) sup  max{ |[Z%0.u’(t,z)] : |a| <1,0<a<n, 1 <i< N} <e*
(0,T) xR

Then the following inequalities hold: for each 1 =1,2,..., N and |a| < 2,

(3.9) tEhZ%! (1) ]| 2 grsy < ONZ (u(t)) + CNa(u(t)Ma(u(t), 0<t <T
when u is a solution to (1.7),

(3.10) D Z%% ()| p2re) < CNi(u(t)) + CNi(u(t))Ma(u(t)), 0 <t <T

when u is a solution to (1.8).

Proof. We start with the 3D case (3.9). Obviously, it suffices to deal with |a| = 2.
Taking account of the form of the quadratic nonlinear terms of (1.7) and using the
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commutation relations (2.1)—(2.4) and the point-wise inequality (3.4), we get
(3.11) ||DZZ“u( )||L2(R3)

<C Z > (I0Z°4 (£))00, Zu (1) |2 + (02 (£))0Z°u? (t)]| =)

i,7=1 Ib|+| \

(Here, and in the following as well, we use the notation 0 to mean any of the standard
partial differential operators d, (a = 0,...,n).) It is enough to handle only the case
b| 4+ |c| = 2. We use the notation B; := {x € R3 : |z| < (¢;/2)t + 1}, with B} being the
complement of B;. Using the triangle inequality, (2.13), (2.14), (2.11), and the Sobolev
embedding W12(5%) — L>~(5%), we get for each 4,5 =1,..., N

(3.12) Z 1(0Z°u* (1)) 005 Zu? (t)|| 1.2 (ro)
|b]+|c|=2
<C Z Y(|[{eit — r)ou'(t) o Zu (t)|| 2 mey
lc|=2

+ [|rou’ ()| L= (57) 1005 207 (t) | L2 z2))

+C Y O (et — 1)OZ (b)]| Lo () 1000 20 (£) | L2 ey
bl =le|=1

+ |yr82bui(t)||L$oL3+(B;)||88chuj(t)||Lng°—(R3>)
+C Y O 102° ()| 2oy I{est — )00’ (D 2= (5,)

|b|=2
+ 102°u (t)]] L2 sy 1700w (8) || o= (1))
< Ot~ (Na(u(t) + Ma(u(t))) Na(u(t)).
(Here and in what follows, by 24+ and co— we mean arbitrary numbers ps and ps,

respectively, such that ps > 2, p3 < 0o, and 1/2 = 1/ps + 1/p3.) For the second norm
on the right-hand side of (3.11), we obtain in the same way as above

(313) Y 02 ()07 (1) | 2oy < O (Na(u(t)) + Ma(u(t))) Na(u(t)).
[b]+|c|=2

We have finished the proof of (3.9).
Next, let us prove (3.10). Again, we have only to handle the case |a| = 2. As in
(3.11), we get
(3.14) 1500 Z%u! () || 22y < C’Z(||((92bui(t))(8zcuj(t))@@mzduk(t)||L2
+1(0Z°u* (£))(0Z°w (£))0Z " (t)|| 12).-
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Here, the sum has been taken over i,j,k = 1,..., N and b, c¢,d with |b| + |¢| + |d] < 2.
We must treat the two cases |d| = 0 and |d| = 1,2 separately. In the case |d| = 0,
assuming || < 1 and |¢| < 2 without loss of generality, we obtain by (2.12), (2.14)
(3.15) 1(0Z°u' (£))(0Zw (£)) 00, u" ()| 12 (m2)
< O (et =) 202! ()| L= (3,0
< 102560 (1) el et — 1) /200,05 ()| o 5,
+ O rPOZ0 ()| oo (81 I0ZW (B)]| L2 e 71/ 2005 u" (1) || Lov (51 )
< C{t) ™ (Na(u(t) + Ma(u(t)) N (u(?)),
where B; = {z € R? : [z| < min{c¢;t/2, cxt/2} + 1} with Bj; being its complement.
On the other hand, for |d| = 1,2, we obtain by assuming |b| = 0, |¢| < 1 without loss of
generality
(3.16) ||(Ou'())(0ZU! (t))00p Zu" (t)|| L2 (o)
< [[(0u' (£)0Z°w (1) oo (r2) 1005 2 ()] 12 2
< O@) " (Ieit =) 20u ()l L= 5, ) st — )22 (t) | L= 5.,
+ HTl/zgui(t) HLoo (B;J) Hr1/2820uj (t) HLOO(B:',J')) Ha@mzduk(t) HLZ(RQ)
< O™ (Na(u(t)) + Ma(u(t)) N (u(t)).
By (3.15)—(3.16), we have obtained the desired estimate of the first term on the right-

hand side of (3.14). The proof of the estimate for the second term on its right-hand
side is quite similar. We may omit it. The proof of Lemma 3.3 has been finished. [

Lemma 3.4.  There exists a small, positive constant dg with the following property:
suppose that, for a local smooth solution u of (1.7) or (1.8), the supremum of N4(u(t))
over an interval (0,T) is sufficiently small so that

(3.17) sup Ny(u(t)) < do
0<t<T

may hold. Then, the inequality
(3.18) My(u(t)) < CNy(u(t)), 0<t<T
holds with a constant C independent of T.
Proof. Let us denote by 6, the supremum of N4(u(t)) over the interval (0,7). By

the Sobolev embedding, we see that (3.8) is satisfied when 0, is sufficiently small. Then,
we see that Lemma 3.1 with v = Z% (|a| < 2) and Lemma 3.3 imply for 0 <t < T

(3.19) My (u(t)) < CNa(u(t)) + CNY (u(t)) (Na(u(t)) + Ma(u(t)))
< C(146Y)Ny(u(t)) + Coy My (u(t)),
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(v = 1,2 for (1.7), (1.8), respectively) from which we easily verify the existence of the
constant dg, as claimed in the lemma. Ol

Remark. In the above proof, especially when absorbing C0YM(u(t)) into the
left-hand side of (3.19), we have used the fact that My(u(t)) is finite for ¢ € (0,7).
Indeed, using (3.1), (3.17), and the standard Sobolev embedding, we get My(u(t)) <
CNy(u(t)) + CtNY T (u(t)) < oo.

§4. Estimate for Ny(u(t))

For the given smooth and compactly supported initial data, let us assume (1.12)
for a sufficiently small g > 0 such that 2eq < J§p (see Lemma 3.4 for §y). By the
local existence theorem mentioned in Section 1, a unique smooth solution exists locally
in time. Note that it is compactly supported for fixed times by the finite speed of
propagation. Let T™ be the supremum of the set of all 7' > 0 such that this solution to
(1.7) is defined in (0,7) x R? and satisfies

sup Nyg(u(t)) < oo.
0<t<T

When considering (1.8), we define T* in the same way. When T™* = oo, nothing remains
to be done. We may therefore suppose T < co.

Recall the notation 0; = 97 — c7A. We set Eq(u(t)) = N7 (u(t)) (see (1.14) for the
definition of N4(u(t))). For (1.8), setting Z® = 07'052Q755% for a = (a4, ...,a4) and
letting a. stand for any multi-index a = (ay,...,a4) with ay < 1, we have the energy
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equality by the standard argument

@1 Biu®)= 3 [ G0 @27 0,000)0,2% il da

\a*| 3

+ Z Z / iﬁfvé Z°0,u')(Z°05u ) (20, 05u*)0, 2 u! du
T<l‘<N b+3-|?—£d ax
ax 3 ax

+ Z Z /}R2 iﬁfﬁ Z°0,u")(Z°05u? ) (20, 05u*)0, 2 u! dae

1<IKN ptctd=as
|ax|<2

— Z / Gijo,‘fp‘s ((0au’)05u?)) (85 2% u*) 0, 2 ul da
1<i<n JR?

lax|=3

-y / ( 0009 (04((0au')0pu?)) (0,2 uk )0 2 !
1<I<N

[ax|=3

ijk

— GheBra (at((ﬁaui)(‘)guj)) (OQZ“*uk)é?pZ“* ul) dx

+ Z Z / HZIJ%’BV Z°0,u')(Z°05u ) (220 uk) 0y Z vl da

1<ISN ptctd=a,
lax|<3

+ Z/ ([0, 240, Z% uldx, 0 <t < T*.
1<IKN

|ax|<3

Here, taking into account the quasi-linear character of (1.8), we have introduced the
modified energy

(4.2) Ey(u(t)) := Z / <G230];500 (Do) (9507 ) (8, 2% u*) D, 2%l
|ax|=3

ijk

— GLoPP( )(a/guj)(ﬁqZ“*uk)apZa*ul>dm.

Note that, in (4.1)—(4.2), repeated indices have been summed when lowered and uppered.
Precisely, the Greek indices «, £, 7, and § run from 0 to 2, while the roman p and ¢ from
1 to 2. The roman indices 7, j, and k£ run from 1 to V.

Similarly, for (1.7), setting Z* = 0] 052 05°Q{30750555%" for a = (aq,...,a7) and
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letting a* stand for any multi-index a = (aq,...,a7) with a7 < 1, we get

(4.3) = > Y / Go (0au')([2°, 050,070, 2 uldx

1<I<N |a*|=3

+ > Y > / G2 00u")(2°050,07 )0, 2 ' da

LSISN [ar|=3 b+e=e”

+ > / G2 00u’)(2°050,07 )0, 2 ' da

1<ISN p4c=a*
la*|<2

- > > / G (0p0au') (0,2 w0, 2 uldx
1<I<N |a*|=3

/ (G (040au") (0,2 w0, 27 u!
R?’

1<l<N la*|=3

— GLOP9(9,0,u )(8qZ“*uj)8pZ“*ul)dx

)

+ Z Z Z /Hlaﬁ (2°0,u')(Z°0pu? )DL 2 ul dx:

1<I<N |a*|<3 b+c=a*

+ ) Z/ ([0, 2% u")0, 2% uldw, 0 <t < T™.

1<I<N |a*|<3

Here, we have defined

(44) Ea(u(t)) = - Y Y 5 L@z oz

1<I<N |a*|=3
l,a a” a*
= G0 u) (0,2 w0, Z u')d.

As in (4.1)—(4.2), repeated indices have been summed in (4.3)—(4.4) when lowered and
uppered. The Greek indices «, 5, and v run from 0 to 3, while the roman p and ¢ from
1 to 3. The roman indices ¢ and j run from 1 to V.

We may suppose without loss of generality that, for Ey(u(t)) defined in (4.2), (4.4),
the inequality

(4.5 2 Ba(u(t) < Ba(u(t)) < 5 Ba(u(t)

holds by the Sobolev embedding, whenever N4(u(t)) is small enough. We also note
that, owing to the commutation relations (2.3)—(2.4), the commutators [Z%*, 030,] and
[Z%", 050, ], which appear in the first term on the right-hand side of (4.1), (4.3), have
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the form

2
(4.6) (2, 050,] = Z > C4 0005 2",
a,6=0

<2

3
[Za*aaﬁa’)/] = Z Z Ca’yoljéa aéZb*’

[b*]<2 a,6=0

respectively, for each a.,a* (la.| = |a*| = 3), B, and ~. Here, by Cgfy’aa and CB
we mean suitable constants depending on a., b., a*, b*, and «, 3, 7, and 6. (Note
that by b, and b*, we mean any multi-index (by,...,bs) with by < 1, and (by,...,b7)
with b7 < 1, respectively.) Note also that, thanks to (2.1) and a4 < 1, the commutator

[O;, Z%+] appearing in the last term on the right-hand side of (4.1) is 0 or 2J;. A similar

'ya§’

note applies equally to [;, Z% ] which appears on the right-hand side of (4.3).

Let us start the estimate of F4(u(t)) with the case n = 2. We remark that, under
the assumption that Ny(u(t)) is small enough, we have by repeating quite the same
argument as in the proof of Lemma 3.2

N
(4.7) D07 Zeu (8, 2)| < CY (1070 200! (t,2)| + |00 200 (¢, 2)])

=1

for any multi-index a with |a| < 2, ay < 1. Here, on the right-hand side the sum is

taken over all 1 <i < N, 1<m <2, 0<a<2,and b with by < aj for all 1 < k < 4.
In what follows, we assume N4(u(t)) is small so that (4.7) may hold. Using the

energy equality (4.1) and the commutation relations (2.3), (2.4), and (4.6)—(4.7), we get

(4.8) Ey(u(t)) < C>_|1(02°u")(02u7)00, Z M| 12(m2) Na(u)
+C Y (02°u) (0270 Z ¥ | L2 (m2) Na(u).

Here, on the first term on the right-hand side above the sum is taken over all i, j, k =
1,...,N, and b,c,d with |b| + |c| + |d| < 3, |d| < 2, by + ¢4 + dy < 1. On the second
term, the sum is taken over all i,5,k = 1,..., N, and b,c,d with |b| + |¢| + |d| < 3,
by + ¢4 + dy < 1. Obviously, we have only to deal with the case |b| + |¢| + |d| = 3.
Moreover, we may focus on the case of by + ¢4 + dy = 1 because the argument otherwise
becomes much simpler. When treating the second term on the right-hand side above,
we may also assume |b| < |¢| < |d| (hence |b|,|c| < 1) without loss of generality. We
treat the two cases dy = 0 and d4 = 1, separately. When dy = 0, we know by + ¢4 = 1
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and |d| < 2. If by = 0, then we get by (2.8), (2.14)

(4.9)  (02°u")(0Z°u?)OZ " 12
<O (et — r)l/Qé?ZbuiHLz;(Bi’k) 10Zu? || oo || {cxt — r)l/QﬁZduka(Bi’k)
+ C'<t>71||7“1/23Zbui||L<><>(B;7,€)||7"1/QaZCUj||L<><>(B;7,€)||azduk||L2
< C(t) " N (u(t)).

If by = 1, then we know ¢4 = 0 and thus we obtain the same bound as (4.9) by considering
10253 1o ||(cjt—7“>1/26ZCuj||L4(Bj7k) in place of H<cit—r)1/26Zbui||L4(Bi7k) 10Zu? || oo .
When dy = 1, we know by = ¢4 = 0 and thus obtain by (2.12), (2.14)

(4.10)  |(0Z°u*)(0Z°u?)OZ W ||
< ) et = ) 2020 | oo s, ) {ejt = 1) 2OZU || Lo, ) 1026 2
+C) T P 220 | L (1P POZW || oo ;) 1020 2
< C{t) TN (u(t)).

Next, let us consider the bound for the first term on the right-hand side of (4.8). We
may suppose |b| < |¢| (thus |b] < 1) without loss of generality. We discuss the two cases
dy = 0 and dy = 1, separately. In the former case, we further treat the two cases |d| < 1
and |d| = 2, separately.

Suppose dy = 0 and |d| < 1. If by = 1, then we have ¢4 = 0, |c¢| < 2 and thus obtain
by (2.7) and the Sobolev embedding on S!

(A11) (02" (025w )00, Z%4 | .-
< O HOZ || o< | (et — ) 202U || o, ) (et — 1) /200, 2% || Las, )
+ C<t>_1HTl/QaZbuiHLOO(B;.’k)||7“1/28Zcuj||L$°LfJ(B;’k)HaawzdukHLiLgo
< C{t) T NG (u(t)).

If b4 = 0, then ¢4 = 1 and obtain

(4.12)  |(02°u?)(0Z°u?)d* Z%¥|| 12
< C() W eit = )20 || e (3, 0 19276 || 2l ext — )" 200, uM|| e (3, 1)
+ O ()M 20w | oy 10250 | 2 |72 000" | 1w 8,
< C(t) T N (u(t)
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for |c| = 3 (thus |b| = 0), and

(4.13) [[(02°u*)(02°u?)D? Z || 2
< O (et — ) 20Z0 | oo (5, ) I1OZW || pa || (et — 7)1 200, Z%F || Lacp, )
+ C<t>71||T1/2aZbui||L°°(Bg’k)||T1/2azcuj||L$°Lf)(Bgyk)HaamzdukHLngO
< C{t) TN (u(t))

for |¢| < 2. (Recall that we are assuming d4 = 0, |d| < 1.)
Next, suppose dy = 0 and |d| = 2. Then, we know |b| = 0, |c| = 1 (because of
|b| < |c| and [b] + |c| + |d| = 3), and easily obtain by (3.18)

(4.14) 1(0Z°u")(0Zu? )0 Z " | 1.2
< O Hou L 10Z°w || 1< | {ext — r)00: Z 4" || 125,
+ C() M2 0ut || Lo () 1P/ 202U || oo (37 000 Z M| 2
< C(t) ™ NG (u(t)).

(The definition of B; is given in the proof of Lemma 3.3.)

Turn our attention to the case of dy = 1. We know by = ¢4 = 0 and |¢| < 2. We
discuss the two cases |d| =1 and |d| = 2, separately. If |d| = 1, then we get

(4.15) ||(0Z°u")(0Zu))D? ZF|| -
< O Mt — ) 20Z0 | oo, [ (eit — 1) 20ZU || pagp, )| 005 ZF | pa
+C() P22 | Lo (1P 2020 || Lo 12 (81 ) 11000 Z M| L2 s
< C{t) 7 NG (u(t)).

If |d| = 2, then we know |b] = 0, |¢| = 1 and thus easily obtain

(4.16)  [(02°u") (82w ZF | 12
< C{) et — )20 | Lo By Il(est — 1) 20 20 || oo (5,000 200" | 12
+C() P 20u | oo my ) 172020 || Lo (1 )]|000 20| 2
< C(t) 7 Ny (u(t)).

We have finished bounding the right-hand side of (4.8). Taking account of the equiva-
lence between E4(u(t)) and Eg(u(t)) (see (4.5)), we get from (4.9)(4.16)

(4.17) Ej(ult)) < ()7 N (ult)) Ea(u(t))

as far as Ny(u(t)) is small enough.
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We turn our attention to the case n = 3. In the same way as we got (4.8), we
obtain by (4.3)

(4.18) E4(u(t)) < C Y (02100, Zu || 2 Na(u) + C > [|(02°u*)0Z°u || 12 Na(u),

where in the right-hand side, the sum is taken over all i,5 = 1,..., N and b, ¢ with
6] + || <3 (|¢|] < 2 for the first term), by + ¢7 < 1. As in the case of n = 2, it suffices
to treat the terms with |b| + |¢| = 3 and by + ¢7 = 1.

Let us first treat the second term on the right-hand side above. We may suppose
|b] < || (thus |b] < 1) without loss of generality. When ¢; = 0, we know by = 1, |¢| < 2
and thus obtain by (2.10), (2.11) and the Sobolev embedding on S?

(4.19) H(&Zbu"')aZcujHLz < C’(t>_1]|8ZbuiHLs | {c;t — r)@ZCujHLe(Bj)
+ C<t>_1HTaZbUiHLgoLEﬁF(B;)HaZCUjHLngO*
< C(t) ™ Ni (u(t)).

When ¢7 = 1, we know b7 = 0 and thus obtain by (2.13), (2.14)

(4.20) 1(0Z°u")0Z W || 2
< C’(t)_l(H(cit — T)aZbUiHLoo(Bi) + HTaZbUiHLoo(B:;)) 10Zu? || 1.2
< C(t) ™ NE(u(t)).
Next, let us turn to the estimate of the first term on the right-hand side of (4.18).
Again, we discuss the two cases ¢; = 0 and ¢7 = 1, separately.
Suppose ¢; = 0. We handle the two cases |c¢| < 1 and |c| = 2, separately. When
c¢7 =0 and |c| <1, we know b7 = 1 and thus obtain
(4.21) 1(0Z°u") 80, Zw || 2
< C{t) 02| L2 (H(cjt — T>aaxuj”Loo(Bj) + Hré’ﬁwujHLoo(B;))
< C(t) " Ni(u(t))

for |b] = 3 (thus |¢| = 0), and

(4.22) 102400, ZW || 2 < C(t) |02 || 12 ||(cjt — 1) 00, ZU || o (8,
+ C<t)’1||Tazbui||L$oLg+(B;)||aachujHL%Lgo—
< O{t) "N (u(t))

for |b| < 2. When ¢; = 0 and |¢| = 2, we know b7 = 1, |b| < 1 and thus easily get by
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(3.18)
(4.23) 1(02°u")00, Zu || L2 < C )~ H|0Z%u"|| Lo || (et — )00 Zu || 12(B;)
+ C<t>_1 HraZbuiHLoo(B;) HaachujHLz
< C(t) ' NZ (u(t)).
Finally, suppose ¢; = 1. We know b7 = 0 and |b| < 2. Let us discuss the two cases
lc| =1 and |c| = 2, separately. If |c| = 1, then
(4.24) 1(0Z°u")00, Zu || 2 < C{t) || (eit — T)aZbUiHLG(Bi) 00, Su? || 1,3
+ O<t>_1||7"aZb“ilngoL3+(B;)Haaxs“jHLngo*
< C{t) ' NZ (u(t)).

If |e| = 2, then we know |b| <1 (and by = 0) and thus easily get

(4.25) 1(0Z°u")00, Zu || 1,2
< C<t>_1(||<cz-t — r>8Zbui|\Loo(Bi) + HraZbuiHLoo(BZ{))H@@chujHLz
< C(t) 7 N; (u(t)).

We have finished the required estimates of the two terms on the right-hand side of
(4.18). Combining (4.19)—(4.25) and recalling (4.5), we get

(4.26) Ej(u(t)) < C(t)~ Na(u(t)) Ea(u(t))

as far as Ny(u(t)) is small enough.

We are in a position to complete the proof of Theorem 1.1. We prove Theorem 1.1
for the solutions to (1.7), because the proof for those to (1.8) is similar. Let T be the
supremum of the set of all 7' > 0 such that this solution to (1.7) is defined in (0,7) x R3
and small so that

(4.27) sup Na(u(t)) < 2e,
0<t<T

where € := Ny (u(0)). By definition, we know T, < T*.

If we assume
(4.28) elog(1+7T,) < B

for the constant B defined via exp{C1B} = 7/6 (see (4.29) below for the constant
Cy > 0), then we will get a contradiction. Indeed, we get by (4.26)

(4.29) Ei(u(t)) < 26CL(1+ 1)L Ey(u(t), 0 <t < T,
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for a suitable constant C; > 0. This together with (4.5), (4.27)-(4.28) immediately
yields

7
(4.30) Ny(u(t)) < 1€ < 2¢, 0 <t < T..

We note that, thanks to the fact that u(¢,z) is smooth and compactly supported for
fixed times, we easily see that

(4.31) Na(u(t)) € C([0,T*)).

(It is this simple proof of (4.31) that needs the smoothness of the solution and the
compactness of the support for fixed times.) Recall T, < T* by definition. If T, < T,
then in view of (4.31) the bound (4.30) obviously contradicts the definition of T,. We
thus see T\, = T™*. Recall that the system (1.7) is invariant under the translation of the
time variable, and that the length of the interval of existence of C*°-solutions to (1.7)
with data (p,%) given at t = ¢y depends only on the H3-norm of (Vi,) but it does
not on tyg. Thanks to the bound Ny(u(t)) < 7e/4 (0 <t < T*), we can therefore extend
this solution u(t,z) to a larger strip, say, (0,7* +T") x R3 (for some T" > 0) with

sup  Ny(u(t)) < oo
0<t<T*+T"
by solving (1.7) subject to the compactly supported C*°-data (u(T*—6, ), Opyu(T*—0d, x))
given at t = T* — §. (Here, by 6 > 0, we mean a sufficiently small positive number.)
This, however, contradicts the definition of 7*. We thus see that (4.28) is false and
there holds

(4.32) elog(1+T,) > B,

by which we have finished the proof of Theorem 1.1 for the solutions to (1.7).

8§5. Proof of Theorem 1.2

The proof of Theorem 1.2 requires only obvious modifications of that of Theorem
1.1. We may therefore leave the details to the reader.

Acknowledgement. The author is grateful to Professors Hideo Kubo and Hideo Takaoka
for inviting him to the conference “Harmonic Analysis and Nonlinear Partial Differen-
tial Equations” held in July 2016 at the Research Institute for Mathematical Sciences
(RIMS), Kyoto University. He also thanks Professor Chengbo Wang for information on
low regularity well-posedness for quasi-linear wave equations, which was very helpful
to him. His thanks go as well to the referee for reading the manuscript carefully and



60

KUuUN1O HIDANO

making a valuable comment on the continuation argument for local solutions in Section

4.

[

References

Agemi, R. and Yokoyama, K., The null condition and global existence of solutions to
systems of wave equations with different speeds, Advances in Nonlinear Partial Differential
Equations and Stochastics. Ser. Adv. Math. Appl. Sci., vol. 48. World Sci. Publishing, River
Edge, NJ, 1998, pp 43-86.

Alinhac, S., Geometric analysis of hyperbolic differential equations: an introduction, Lon-
don Mathematical Society Lecture Note Series, vol. 374. Cambridge University Press, Cam-
bridge, 2010.

Cho, Y. and Ozawa, T., Sobolev inequalities with symmetry, Commun. Contemp. Math,
11 (2009), 355-365.

Friedman, A., Partial differential equations, Holt, Rinehart and Winston, Inc., New York-
Montreal, Que.-London, 1969.

Ginibre, J. and Velo, G., Conformal invariance and time decay for nonlinear wave equa-
tions. I, Ann. Inst. H. Poincaré Phys. Théor., 47 (1987), 221-261.

Hidano, K., An elementary proof of global or almost global existence for quasi-linear wave
equations, Tohoku Math. J. (2), 56 (2004), 271-287.

Hidano, K., Regularity and lifespan of small solutions to systems of quasi-linear wave
equations with multiple speeds, II: global existence, in preparation.

Hidano, K., Wang, C., and Yokoyama, K., Combined effects of two nonlinearities in lifes-
pan of small solutions to semi-linear wave equations, Math. Ann., 366 (2016), 667—694.
Hidano, K. and Yokoyama, K., A new proof of the global existence theorem of Klainerman
for quasi-linear wave equations, Bulletin of the Faculty of Education, Mie University 57
(2006), 1-13.

Hormander, L., Lectures on nonlinear hyperbolic differential equations, Mathématiques &
Applications (Berlin), 26. Springer-Verlag, Berlin, 1997.

Hoshiga, A., Existence and blowing up of solutions to systems of quasilinear wave equations
in two space dimensions, Adv. Math. Sci. Appl., 15 (2005), 69—-110.

Hoshiga, A. and Kubo, H., Global small amplitude solutions of nonlinear hyperbolic sys-
tems with a critical exponent under the null condition, SIAM J. Math. Anal., 31 (2000),
486-513.

John, F., Nonlinear wave equations, formation of singularities, Seventh Annual Pitcher
Lectures delivered at Lehigh University, Bethlehem, Pennsylvania, April 1989. University
Lecture Series, 2. American Mathematical Society, Providence, RI, 1990.

John, F. and Klainerman, S., Almost global existence to nonlinear wave equations in three
space dimensions, Comm. Pure Appl. Math., 37 (1984), 443-455.

Keel, M., Smith, H.F., and, Sogge, C.D., Almost global existence for quasilinear wave
equations in three space dimensions, J. Amer. Math. Soc., 17 (2004), 109-153.
Klainerman, S., Remarks on the global Sobolev inequalities in the Minkowski space R™ !,
Comm. Pure Appl. Math., 40 (1987), 111-117.

Klainerman, S. and Sideris, T.C., On almost global existence for nonrelativistic wave
equations in 3D, Comm. Pure Appl. Math., 49 (1996), 307-321.



REGULARITY AND LIFESPAN OF SMALL SOLUTIONS TO SYSTEMS OF QUASI-LINEAR WAVE EQUATIONS 61

[18]
[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]

[29]

Kovalyov, M., Long-time behaviour of solutions of a system of nonlinear wave equations,
Comm. Partial Differential Equations, 12 (1987), 471-501.

Ladyzenskaja, O.A., Solution “in the large” to the boundary-value problem for the Navier-
Stokes equations in two space variables, Soviet Physics. Dokl., 123 (1958), 1128-1131.
Lindblad, H., Nakamura, M., and Sogge, C.D., Remarks on global solutions for nonlinear
wave equations under the standard null conditions, J. Differential Equations, 254 (2013),
1396-1436.

Racke, R., Lectures on nonlinear evolution equations. Initial value problems, Aspects of
Mathematics, E19. Friedr. Vieweg & Sohn, Braunschweig, 1992.

Sideris, T.C., Delayed singularity formation in 2D compressible flow, Amer. J. Math., 119
(1997), 371-422.

Sideris, T.C., Nonresonance and global existence of prestressed nonlinear elastic waves,
Ann. of Math. (2), 151 (2000), 849-874.

Sideris, T.C. and Tu, S.-Y., Global existence for systems of nonlinear wave equations in
3D with multiple speeds, SIAM J. Math. Anal., 33 (2002), 477—-488.

Sogge, C.D., Lectures on non-linear wave equations. Second edition, International Press,
Boston, MA, 2008.

Strauss, W.A., Existence of solitary waves in higher dimensions, Comm. Math. Phys., 55
(1977), 149-162.

Taylor, M.E., Pseudodifferential operators and nonlinear PDFE, Progress in Mathematics,
100. Birkhauser Boston, Inc., Boston, MA, 1991.

Yokoyama, K., Global existence of classical solutions to systems of wave equations with
critical nonlinearity in three space dimensions, J. Math. Soc. Japan, 52 (2000), 609-632.
Zha, D., Some remarks on quasilinear wave equations with null condition in 3-D, Math.
Methods Appl. Sci., 39 (2016), 4484-4495.



