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Abstract

The elliptic Ding‐Iohara‐Miki algebra [Sa1] is an elliptic quantum group obtained from
the free field realization of the elliptic Ruijsenaars operator. In this article, we review the free
field realization of the elliptic Ruijsenaars operator, the elliptic Ding‐Iohara‐Miki algebra and
related topics.
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Notations. In this paper, we use the following symbols.

 \mathbb{Z} : the set of integers,  \mathbb{Z}_{\geq 0}  := {0, 1, 2, :::},  \mathbb{Z}_{>0}  := {1, 2, :::},

 \mathbb{Q} : the set of rational numbers,  \mathbb{Q}(q, t) : the field of rational functions of q, t over  \mathbb{Q},

 \mathbb{C} : the set of complex numbers,  \mathbb{C}^{\cross}  :=\mathbb{C}\backslash \{0\},

 \mathbb{F}[[z, z^{-1}]] : the set of formal power series of z,  z^{-1} over a field  \mathbb{F}.

If a sequence  \lambda=(\lambda_{1},  \ldots ,  \lambda_{N})  \in  (\mathbb{Z}_{\geq 0})^{N} satisfies the condition  \lambda_{i}\geq\lambda_{i+1}(1\leq\forall i\leq N-1) ,
 \lambda is called a partition. We denote the set of partitions by  \mathcal{P} . For a partition  \lambda , we define

 \ell(\lambda)  :=♯ {i  |\lambda_{i} \neq 0\},  |\lambda|  := \sum_{i=1}^{\ell(\lambda)}\lambda_{i} . The symbol  \ell(\lambda) is called the length of  \lambda and  |\lambda|
is called the size of  \lambda.

Let q, p  \in  \mathbb{C} be complex parameters satisfying  | q  |  < 1,  | p  |  < 1. We define the

 q‐infinite product as (x;  q)_{\infty}  := \prod_{n\geq 0}(1-xq^{n}) (x  \in \mathbb{C}) and the theta function as

 \Theta_{p}(x) :=(p;p)_{\infty}(x;p)_{\infty}(px^{-1};p)_{\infty} (x  \in \mathbb{C}^{\cross}) .

We set the double infinite product as  (x;q, p)_{\infty}  := \prod_{m,n\geq 0}(1-xq^{m}p^{n})  (x\in \mathbb{C}) and the

elliptic gamma function as

  \Gamma_{q,p}(x) := \frac{(qpx^{-1};q,p)_{\infty}}{(x;q,p)_{\infty}} (x\in 
\mathbb{C}^{\cross}) .

§1. Introduction

The aim of this article is to give a short review on the elliptic Ding‐Iohara‐Miki

algebra [Sa1] and related materials. First we give backgrounds of this article.
Quantum algebraic aspects of quantum integrable systems have been studied in

these decades. The Ding‐Iohara‐Miki algebra, which is one of main features of this arti‐

cle, is a quantum group which has to do with the free field realization of the Macdonald

operator. Actually, first Ding and Iohara foucd a class of quantum groups as gener‐

alizations of the quantum affine algebra  U_{q}(\hat{sl_{2}}) [DI]. Then Miki [Miki] introduced a
 q‐deformation of the  W_{1+\infty} algebra which has a structure of Ding and Iohara’s algebra.

Further Feigin‐Hashizume‐Hoshino‐Shiraishi‐Yanagida [FHHSY] obtained a quantum
group which is essentially the same as Miki’s quantum group, and constructed the com‐

mutative families containing the Macdonald operator by using the free field realization

and the trigonometric Feigin‐Odesskii algebra.

By keeping the fact that the Hamiltonian of the trigonometric Ruijsenaars model

[R1] is essentially the same as the Macdonald operator in mind, we can recognize that
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the trigonometric Ruijsenaars model can be treated in terms of representations of the

Ding‐Iohara‐Miki algebra. The Ding‐Iohara‐Miki algebra has some applications to the

AGT conjecture [AFHKSY, the refined topological vertex [AFS].
On the other hand, there exists an elliptic generalization of the trigonometric Rui‐

jsenaars model, so‐called the elliptic Ruijsenaars model [R1]. Then by recalling the
trigonometric case, one can have a question:

How can we obtain an elliptic analog of the Ding‐Iohara‐Miki algebra which

has connections to the elliptic Ruijsenaars model ?

One of main purposes is to give an answer to the above question.
Then we can find the fact that the free field realization of the Macdonald operator is

based on the form of the kernel function for the operator. In addition Komori‐Noumi‐
Shiraishi studied kernel functions for  q‐difference operators of Ruijsenaars type, and
they obtained the kernel function for the elliptic Ruijsenaars operator [KNS. Hence it
would be a natural expect that the elliptic kernel function has important informations
for the free field realization of the elliptic Ruijsenaars operator. Actually, the elliptic
kernel function tells us what kind of boson is suitable. Consequently, starting from
the elliptic kernel function, the free field realization of the elliptic Ruijsenaars operator
was obtained, and an elliptic analog of the Ding‐Iohara‐Miki algebra arose. We call
the elliptic quantum group the elliptic Ding‐Iohara‐Miki algebra. Furthermore
it turns out that by using the free field realization and the elliptic Feigin‐Odesskii
algebra [FO] [FHHSY, we can construct commutative families of the elliptic Ruijsenaars
operator, i.e. a part of works due to Feigin‐Hashizume‐Hoshino‐Shiraishi‐Yanagida can
be extended to the elliptic case.

 EElliptic Ruijsenaars operato

 1 elliptic deformation

Macdonald operator

lliptic Ding‐Iohara‐Miki algebra

1elliptic deformation !
Ding‐Iohara‐Miki algebra \ovalbox{\tt\small REJECT} fe  \ovalbox{\tt\small REJECT} ldraiaton\ovalbox{\tt\small REJECT}!

Next let us explain the word the elliptic deformation. On the theta function  \Theta_{p}(x)
and the elliptic gamma function  \Gamma_{q,p}(x) , we can easily check the followings:

 \Theta_{p}(x) :=(p;p)_{\infty}(x;p)_{\infty}(px^{-1};p)_{\infty} \vec{parrow 0}
1-x,

  \Gamma_{q,p}(x) := \frac{(qpx^{-1};q,p)_{\infty}}{(x;q,p)_{\infty}} arrow 
\underline{1}. parrow 0 (x;q)_{\infty}

Thus it is natural to regard an inverse procedure of the above as the elliptic deformation.

We can find such procedure as follows. Let us rewrite  1-x and  (x;q)1 ) as

 1-x= \exp(-\sum_{n>0}\frac{x^{n}}{n}) , \frac{1}{(x;q)_{\infty}} =
\exp(\sum_{n>0}\frac{1}{1-q^{n}}\frac{x^{n}}{n}) .
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Furthermore we rewrite  \Theta_{p}(x)/(p;p)_{\infty} and  \Gamma_{q,p}(x) as

  \frac{\Theta_{p}(x)}{(p;p)_{\infty}}  = \exp(-\sum_{n\neq 0}\frac{1}{1-p^{n}}\frac{x^{n}}{n}) ,   \Gamma_{q,p}(x)=\exp(\sum_{n\neq 0}\frac{1}{(1-q^{n})(1-p^{n})}\frac{x^{n}}{n}
) .

Hence we can find the following procedure:

 \ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} eipi\ovalbox{\tt\small 
REJECT}! 1-x= \exp(-\sum_{n>0}\frac{x^{n}}{n} deformation

 \ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} eipi\ovalbox{\tt\small 
REJECT}!  \frac{1}{(x;q)_{\infty}}  = \exp(\sum_{n>0}\frac{1}{1-q^{n}}\frac{x^{n}}{n}

xp  (- \sum_{n\neq 0}\frac{1}{1-p^{n}}\frac{x^{n}}{n})  =   \frac{\Theta_{p}(x)}{(p;p)_{\infty}},
xp  ( \sum_{n\neq 0}\frac{1}{(1-q^{n})(1-p^{n})}\frac{x^{n}}{n})  =\Gamma_{q,p}(x) .

deformation

The above operation is for functions, however not only for functions but also for boson

operators there exists a similar procedure of elliptic deformation. By using the pro‐

cedure, we can reproduce the theta function  \Theta_{p}(x) and the elliptic gamma function

 \Gamma_{q,p}(x) from OPE of boson operators.

Organization of this paper.

In Section 2, we will discuss about the free field realization of the elliptic Ruijsenaars

operator and the elliptic Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t,p) [Sal]. In Section 3, we will
construct the commutative families of the elliptic Ruijsenaars operator by using the free

field realization and the elliptic Feigin‐Odesskii algebra [Sa2].

Acknowledgements. I would like to thank organizers of 2013 RIMS SYMPO‐

SIUM ”String Theory, Integrable Systems and Representation Theory” for giving me

opportunities of my talk at the conference and this submission.

§2. Elliptic Ding‐Iohara‐Miki algebra

In this section, we introduce the elliptic Ding‐Iohara‐Miki algebra [Sal]. For read‐
ers convenience, before starting discussions about elliptic case we give a review of the

trigonometric case [FHHSY].

§2.1. Free field realization of the Macdonald operator

In the following, let  q,  t  \in  \mathbb{C}^{\cross} be complex parameters and we assume  |q|  <  1,

 |t^{-1}|  <  1 and  q  \neq  t . We denote the field of rational functions of  q^{1/4},  t^{1/4} over  \mathbb{Q}

by  K  :=  \mathbb{Q}(q^{1/4}, t^{1/4}) . Set the  q‐shift operator by  T_{q,x}f(x)  :=  f(qx) . The Macdonald

operator  H_{N}(q, t)  (N\in \mathbb{Z}_{>0}) is defined by

 H_{N}(q, t) := \sum_{i=1}^{N}\prod_{j\neq i}\frac{tx_{i}-x_{j}}{x_{i}-x}T_{q,x_
{i}}.
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Then the kernel function for the Macdonald operator defined below has the follow‐

ing property.

Proposition 2.1 (Kernel function for  H_{N}(q, t) [Mac]). De ne the func‐
tion  \Pi_{MN}(q, t)(x, y)  (M, N\in \mathbb{Z}_{>0}) as follows.

  \Pi_{MN}(q, t)(x, y) := 1\leq i\leq\prod_{1\leq j\leq} \frac{(tx_{i}y\cdot;q)_
{\infty}}{(x_{i}y_{j};q)_{\infty}}.
Let  H_{N}(q, t)_{x} be the Macdonald operator which acts on functions of  x_{1} , :::,  x_{N} . The

the Macdonald operator  H_{N}(q, t) and the kernel function  \Pi_{MN}(q, t)(x, y) satisfy the

following relation.

 H_{N}(q, t)_{x}\Pi_{NN}(q, t)(x, y) =H_{N}(q, t)_{y}\Pi_{NN}(q, t)(x, y) .

For the free field realization of the Macdonald operator, let us consider to rewrite

the kernel function  \Pi_{MN}(q, t)(x, y) as the following form:

  \Pi_{MN}(q, t)(x, y)= 1\leq i\leq\prod_{1\leq j\underline{<}} \exp(\sum_{n>0}
\frac{1-t^{n}}{1-q^{n}}\frac{(x_{i}y_{j})^{n}}{n}) .

Next we define the  K‐algebra  \mathcal{B}_{K} of boson to be generated by  \{a_{n}\}_{n\in \mathbb{Z}\backslash \{0\}} and the

following relation:

(2.1)  [a_{m}, a_{n}] =m \frac{1-q^{|m|}}{1-t^{|m|}}\delta_{m+n,0} (m, n\in \mathbb{Z}
\backslash \{0\}) .

We set the normal ordering:  \bullet : as

 :a_{m}a_{n}::=  \{\begin{array}{ll}
a_{m}a_{n}   (m<n) ,
a_{n}a_{m}   (m\geq n) .
\end{array}
Let  |0\rangle be the vacuum vector which satisfies   a_{n}|0\rangle  =  0  (n > 0) . For a partition  \lambda , we

set  a_{-\lambda}  :=a_{-\lambda_{1}}\cdots  a_{-\lambda_{\ell\lambda}} and define the boson Fock space  \mathcal{F} as the left  B_{K}‐module:

 \mathcal{F}  := spanK  \{a_{-\lambda}|0\rangle|\lambda\in \mathcal{P}\}.

Let  \langle 0| be the dual vacuum vector which satisfies the condition  \langle 0|a_{n}  =0  (n< 0)
and define the dual boson Fock space  \mathcal{F}^{*} as the right  \mathcal{B}_{K}‐module:

 \mathcal{F}^{*}  := spanK  \{\langle 0|a_{\lambda}|\lambda\in \mathcal{P}\}  (a_{\lambda} :=a_{\lambda_{1}}\cdots a_{\lambda_{\ell\lambda}} ) :
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For a partition  \lambda , we define symbols  n_{\lambda}(a) ,  z_{\lambda} and  z_{\lambda}(q, t) by

 n_{\lambda}(a) := ♯ \{i|\lambda_{i}=a\}, z_{\lambda} :=\prod_{a\geq 1}
a^{n_{\lambda}(a)}n_{\lambda}(a)!, z_{\lambda}(q, t) :=z_{\lambda}\prod_{i=1}
^{\ell(\lambda)}\frac{1-q^{\lambda_{i}}}{1-t^{\lambda_{i}}}.
Let us define a bilinear form  \langle\bullet|\bullet\rangle :  \mathcal{F}^{*}  \cross \mathcal{F}arrow K by the following condition.

 \langle 0|a_{\lambda}a_{-\mu}|0\rangle=\delta_{\lambda\mu}z_{\lambda}(q, t) .

The answer why we need the boson (2.1) is in the following proposition.

Proposition 2.2 (Reproduction of the kernel function  \Pi_{MN}(q, t)(x, y) ).
Let us de ne boson operators (z) :  \mathcal{F}arrow \mathcal{F}[[z, z^{-1}]] and  \phi^{*}(z) :  \mathcal{F}^{*}  arrow \mathcal{F}^{*}[[z, z^{-1}]] as
follows.

(  z )  := \exp(\sum_{n>0}\frac{1-t^{n}}{1-q^{n}}a_{-n}\frac{z^{n}}{n}) ,  *(z)  := \exp(\sum_{n>0}\frac{1-t^{n}}{1-q^{n}}a_{n}\frac{z^{n}}{n}) .

We use the symbols as  \phi_{N}(x)  := \prod_{j=1}\phi(x_{j}) ,  \phi_{N}^{*}(x)  := \prod_{j=1}\phi^{*}(x_{j})  (N\in \mathbb{Z}_{>0}) . The

the kernel function  \Pi_{MN}(q, t)(x, y) is reproduced from the operators  \phi_{N}^{*}(x) and  \phi_{N}(y)
as follows.

 \langle 0|\phi_{M}^{*}(x)\phi_{N}(y)|0\rangle=\Pi_{MN}(q, t)(x, y) .

For boson operators which take the following forms as

 X(z)= \exp(\sum_{n<0}X_{n}^{-}a_{n}z^{-n})\exp(\sum_{n>0}X_{n}^{+}a_{n}z^{-n})  \in End_{K}(\mathcal{F})[[z, z^{-1}]]  (X_{n} \in K) ,

we use the notations  (X (z))_{\pm} defined by

 (X(z))_{+} := \exp(\sum_{n>0}X_{n}^{+}a_{n}z^{-n}) , (X(z))_{-} :=
\exp(\sum_{n<0}X_{n}^{-}a_{n}z^{-n}) .

For the free field realization of the Macdonald operator, we prepare the following

boson operators  \eta(z) ,  \xi(z) .

Proposition 2.3 ([FHHSY]). Define the operator  \eta(z) :  \mathcal{F}  arrow  \mathcal{F}[[z, z^{-1}]] as
follows.

  \eta(z) :=:\exp(-\sum_{n\neq 0}(1-t^{n})a_{n}\frac{z^{-n}}{n}) :

Then  \eta(z) satis es the following.

i)  (\eta(tz))_{-}  (z)= (  qz ),  *(z)(\eta(z^{-1}))_{+}=\phi^{*}(qz) .

ii)  \eta(z)\eta(w)=   \frac{(1-w/z)(1-qt^{-1}w/z)}{(1-qw/z)(1-t^{-1}w/z)}  :\eta(z)\eta(w) :  (|w/z| < 1) .
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Proposition 2.4 ([FHHSY]). Define the operator  \xi(z) :  \mathcal{F}  arrow  \mathcal{F}[[z, z^{-1}]] as
follows.

 \xi(z)  :=: \exp(\sum_{n\neq 0}(1-t^{n})\gamma^{|n|}a_{n}\frac{z^{-n}}{n}) :  (\gamma:=(qt^{-1})^{-1/2}) .

Then  \xi(z) satis es the following.

i)  (\xi(\gamma z))_{-}\phi(z)=\phi(q^{-1}z) ,  \phi^{*}(z)(\xi(t\gamma^{-1}z^{-1}))_{+}  =\phi^{*}(q^{-1}z) .

ii)  \xi(z)\xi(w)=   \frac{(1-w/z)(1-q^{-1}tw/z)}{(1-q-1w/z)(1-tw/z)}  :\xi(z)\xi(w) :  (|w/z| < |qt^{-1}|)
In the following  [f(z)]_{1} denotes the constant term of  f(z) in  z . The operators  \eta(z) ,

 \xi(z) reproduce the Macdonald operators in the following way.

Proposition 2.5 (Free field realization of the Macdonald operator[FHHSY]).
(1) The operator  \eta(z) reproduces the Macdonald operator  H_{N}(q, t) as follows.

 [\eta(z)]_{1}\phi_{N}(x)|0\rangle=t^{-N}\{(t-1)H_{N}(q, t)+1\}\phi_{N}(x)
|0\rangle.

(2) The operator  \xi(z) reproduces the Macdonald operator  H_{N}(q^{-1}, t^{-1}) as follows.

 [\xi(z)]_{1}\phi_{N}(x)|0\rangle =t^{N}\{(t^{-1}-1)H_{N}(q^{-1}, t^{-1})+1\}
\phi_{N}(x)|0\rangle.

We also have the dual version of Proposition 2.5.

Proposition 2.6 (Dual version of Proposition 2.5).
(1) The operator  \eta(z) reproduces the Macdonald operator  H_{N}(q, t) as follows.

 \langle 0| N*(x)[\eta(z)]_{1} =t^{-N}\{(t-1)H_{N}(q, t)+1\}\langle 0|\phi_{N}^{
*}(x) .

(2) The operator  \xi(z) reproduces the Macdonald operator  H_{N}(q^{-1}, t^{-1}) as follows.

 \langle 0|\phi_{N}^{*}(x)[\xi(z)]_{1} =t^{N}\{(t^{-1}-1)H_{N}(q^{-1}, t^{-1})+1
\}\langle 0|\phi_{N}^{*}(x) .

By the free field realization of the Macdonald operator, we can show the functional

equation of the kernel function  \Pi_{MN}(q, t)(x, y) .

Proposition 2.7 (Functional equation of the kernel function). The Mac‐
donald operator  H_{N}(q, t) and the kernel function  \Pi_{MN}(q, t)(x, y) satisfy the followin

functional equation.

(2.2)   \{H_{M}(q, t)_{x}-t^{M-N}H_{N}(q, t)_{y}\}\Pi_{MN}(q, t)(x, y)= \frac{1-t^{M-}
}{1-t}\Pi_{MN}(q, t)(x, y) .

Here  H_{M}(q, t)_{x} denotes the Macdonald operator which acts on functions of  x_{1},
 \cdots ,  x_{M}.
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Proof. The proof of Proposition 2.7 is very simple. By the free field realization  0

the Macdonald operator, we can calculate the matrix element  \langle 0|\phi_{M}(x)[\eta(z)]_{1}\phi_{N}(y)|0\rangle
in different two ways as

 \langle 0|\phi_{M}(x)[\eta(z)]_{1}\phi_{N}(y)|0\rangle

 =t^{-M}\{(t-1)H_{M}(q, t)_{x}+1\}\Pi_{MN}(q, t)(x, y)

 =t^{-N}\{(t-1)H_{N}(q, t)_{y}+1\}\Pi_{MN}(q, t)(x, y) .

Consequently we have the relation (2.2).  \square  \square 

§2.2. Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t)

The Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) is defined as follows.

Definition 2.8 (Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) [Miki][FHHSY]).
Let  f (x) be the polynomials in  x  \in  \mathbb{C}^{\cross} and  g(x) be the meromorphic function in
 x\in \mathbb{C}^{\cross} defined by

 f^{+}(x)  :=(1-qx)(1-t^{-1}x)(1-q^{-1}tx) ,  f^{-}(x)  :=(1-q^{-1}x)(1-tx)(1-qt^{-1}x) ,

 g(x)  :=   \frac{f^{+}(x)}{f^{-}(x)}=   \frac{(1-qx)(1-t^{-1}x)(1-q^{-1}tx)}{(1-q-1x)(1-tx)(1-qt^{-1}x)}.
Let  C be a central, invertible element and  x (z)  := \sum_{n\in \mathbb{Z}}x_{n}z^{-n},  \psi (z)  := \sum_{\pm n\geq 0}\psi_{n}z^{-n}
be currents satisfying the relations:

 [ \psi (z), \psi (w)] =0, \psi^{+}(z)\psi^{-}(w)= \frac{(Cw/z)}{(C^{-1}w/z)}
\psi^{-}(w)\psi^{+}(z) ,

 \psi^{+}(z)x  (w)=g(C  \frac{1}{2}\frac{w}{z})^{\mp 1}x  (w)\psi^{+}(z) ,  \psi^{-}(z)x  (w)=g(C  \frac{1}{2}\frac{z}{w})^{\pm 1}x  (w)\psi^{-}(z) ,

 -(z/w)^{3}f (w/z)x (z)x (w)=f (z/w)x (w)x (z) ,

 [x^{+}(z), x^{-}(w)]=   \frac{(1-q)(1-t^{-1})}{1-qt^{-1}}\{\delta(C\frac{w}{z})\psi^{+}(C^{1/2}w)-
\delta(C^{-1}\frac{w}{z})\psi^{-}(C^{-1/2}w)\}.
We define the Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) to be an associative  K‐algebra generated

by  \{x_{n}\}_{n\in \mathbb{Z}},  \{\psi_{n}\}_{\pm n\geq 0} , and  C with the above relations.

Remark 2.9. It can be checked that the Ding‐Iohara‐Miki algebra has the co‐

product  \triangle :  \mathcal{U}(q, t)arrow \mathcal{U}(q, t)\otimes \mathcal{U}(q, t) defined as follows [FHHSY]:

 \triangle(C^{\pm 1}) :=C^{\pm 1}\otimes C^{\pm 1}, \triangle(\psi (z)) :=\psi 
(C_{(2)}^{\pm 1/2}z)\otimes\psi (C_{(1)}^{\mp 1/2}z) ,

 \triangle(x^{+}(z)) :=x^{+}(z)\otimes 1+\psi^{-}(C_{(1)}^{1/2}z)\otimes x^{+}
(C_{(1)}z) ,

 \triangle(x^{-}(z)) :=x^{-}(C_{(2)}z)\otimes\psi^{+}(C_{(2)}^{1/2}z)+1\otimes 
x^{-}(z) .

Here we define  C_{(1)}  :=C\otimes 1,  C_{(2)}  :=1\otimes C.
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By Wick’s theorem, we have the following proposition.

Proposition 2.10 (Free field realization of  \mathcal{U}(q, t) [FHHSY]).
Set  \gamma  :=(qt^{-1})^{-1/2} and define operators  \varphi (z) :  \mathcal{F}arrow \mathcal{F}[[z, z^{-1}]] as follows:

 \varphi^{+}(z) :=:\eta(\gamma^{1/2}z)\xi(\gamma^{-1/2}z) :, \varphi^{-}(z) :=:
\eta(\gamma^{-1/2}z)\xi(\gamma^{1/2}z) :

Then the map

 C\mapsto\gamma,  x^{+}(z)\mapsto\eta(z) ,  x^{-}(z)\mapsto\xi(z) ,  \psi  (z)\mapsto\varphi (  z )

gives a representation of the Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) .

§2.3. Free field realization of the elliptic Ruijsenaars operator

In this subsection, we start discussions about the elliptic theory side. In the follow‐

ing, for parameters  q,  t\in \mathbb{C}^{\cross} assume  |q|<1,  |t^{-1}|<1 . We regard  p as a formal variable.

For a fixed  N\in \mathbb{Z}_{>0} , we define power sum polynomials by  p_{n}(x)  :=   \sum_{i=1}x_{i}^{n},  p_{n}(X)  :=

  \sum_{i=1}x_{i}^{-n}(n\in \mathbb{Z}_{>0}) . For a partition  \lambda , set  p_{\lambda}(x)  := \prod_{i=1}^{\ell(\lambda)}p_{\lambda_{i}}(x) ,  p_{\lambda}(X)  := \prod_{i=1}^{\ell(\lambda)}p_{\lambda_{i}}(x) .

Definition 2.11. Define the space  \Lambda_{N}(q, t, p)  \subset K[x_{i}^{\pm 1}|1\leq i\leq N]^{\mathfrak{S}_{N}}[[p]]  (N\in \mathbb{Z}_{>0})
by

 \Lambda_{N}(q, t,p)  :=   \{\sum_{d\geq 0} \sum_{\lambda,\mu\in,0\leq|\mu|\underline{<}d}c_{\lambda}^{d}
p_{\lambda}(x)p_{\mu}(X)p^{d}| \{\lambda^{Foreachd\geq 0and\mu\in \mathcal{P}}
\in \mathcal{P}|c_{\lambda\mu}^{d}\neq 0\}<\infty(c_{\lambda\mu}^{d}\in K)\}
Definition 2.12 (Elliptic Ruijsenaars operator  H_{N}(q, t, p) [R1]). The ellip‐

tic Ruijsenaars operator  H_{N}(q, t, p)  \in End_{K[[p]]}(\Lambda_{N}(q, t, p))  (N\in \mathbb{Z}_{>0}) is defined by

 H_{N}(q, t,p) := \sum_{i=1}\prod_{j\neq i}\frac{\Theta_{p}(tx_{i}/x_{j})}
{\Theta_{p}(x_{i}/x\cdot)}T_{q,x_{i}}.
The kernel function for the elliptic Ruijsenaars operator has been introduced by

Ruijsenaars [R2] and Komori‐Noumi‐Shiraishi [KNS

Proposition 2.13 (Kernel function for  H_{N}(q, t, p) [R2] [KNS]). Define the
function  \Pi_{MN}(q, t, p)(x, y)  (M, N\in \mathbb{Z}_{>0}) as fol ows.

  \Pi_{MN}(q, t,p)(x, y) := 1\leq i\leq\prod_{1\leq j\leq} \frac{\Gamma_{q,p}(x_
{i}y_{j}.)}{\Gamma_{q,p}(tx_{i}y)}.
The symbol  H_{N}(q, t,p)_{x} denotes the elliptic Ruijsenaars operator which acts on functions

of  x_{1} , :::,  x_{N} . Then we have the following relation.

 H_{N}(q, t,p)_{x}\Pi_{NN}(q, t,p)(x, y)=H_{N}(q, t,p) \Pi_{NN}(q, t,p)(x, y) .
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Let us consider to construct the free field realization of the elliptic Ruijsenaars

operator. Then we pay attention to the fact again that the free field realization of the

Macdonald operator is based on the kernel function for the operator. Hence also in

the elliptic case, we would expect that the kernel function for the elliptic Ruijsenaars

operator has important informations of the free field realization of the operator. Keeping

the idea in mind, we rewrite the kernel function  \Pi_{MN}(q, t,p)(x, y) as the following form.

 \Pi_{MN}(q, t,p)(x, y)

 =

 1 \leq i\leq\prod_{1\leq j\leq}   \exp(\sum_{n>0}\frac{(qt^{-1}p)^{n}(1-t^{n})}{(1-q^{n})(1-p^{n})}\frac{(x_{i}
y_{j})^{-n}}{n})\exp(\sum_{n>0}\frac{1-t^{n}}{(1-q^{n})(1-p^{n})}\frac{(x_{i}
y_{j})^{n}}{n}) .

To reproduce the kernel function  \Pi_{MN}(q, t,p)(x, y) from OPE of boson operators,

we prepare an algebra of boson  \mathcal{B}_{K((p))} to be generated by  \{a_{n}\}_{n\in \mathbb{Z}\backslash \{0\}},  \{\overline{a}_{n}\}_{n\in \mathbb{Z}\backslash \{0\}}
and the following relations:

 [a_{m}, a_{n}]  =m \frac{(1-q^{|m|})(1-p^{|m|})}{1-t^{|m|}}\delta_{m+n,0},
 [a_{m}, a_{n}]  =0  (m, n\in \mathbb{Z}\backslash \{0\}) .

 [\overline{a}_{m}, a_{n}]  =m \frac{(1-q^{|m|})(1-p^{|m|})}{(qt^{-1}p)^{|m|}(1-t^{|m|})}\delta_{m+n,0},

We denote the  K[[p]] ‐subring of  \mathcal{B}_{K((p))} generated by  \{a_{n}\}_{n\in \mathbb{Z}\backslash \{0\}},  \{\overline{a}_{n}p^{|n|}\}_{n\in \mathbb{Z}\backslash \{0\}} by

 \mathcal{B}_{K[[p]]}.
We define the normal ordering :  \bullet : as usual:

 :a_{m}a_{n}::=  \{\begin{array}{ll}
a_{m}a_{n}   (m<n) ,
a_{n}a_{m}   (m\geq n) ,
\end{array}  :\overline{a}_{m}a_{n}::=  \{\begin{array}{ll}
\overline{a}_{m}a_{n}   (m<n) ,
\overline{a}_{n}\overline{a}_{m}   (m\geq n) .
\end{array}
Let  |0\rangle be the vacuum vector which satisfies the condition   a_{n}|0\rangle  =a_{n}|0\rangle  =0(n>0)

and set the boson Fock space  \mathcal{F} as the left  B_{K[[p]]} ‐module.

  \mathcal{F}:= \{\sum_{d\geq 0_{0}\lambda}\sum_{\mu\in \mathcal{P} ,\leq||\leq 
d}c_{\lambda\mu}^{d}a_{-\lambda}a_{-\mu}|0\rangle p^{d}| \{\lambda^{Foreachd\geq
0and\mu\in \mathcal{P}}\in \mathcal{P}|c_{\lambda}^{d}\neq 0\}
<\infty(c_{\lambda}^{d}\in K)\}
Let  \langle 0| be the dual vacuum vector satisfying the condition  \langle 0|a_{n}  =  =|a_{n}  =  0

 (n<0) . We define the dual boson Fock space  \mathcal{F}^{*} as the right  \mathcal{B}_{K[[p]]} ‐module:

  \mathcal{F}^{*} := \{\sum_{d\geq 0} \sum_{\lambda,\mu\in,
0\leq|\mu|\underline{<}d}c_{\lambda}^{d} \langle 0|a_{\lambda}a_{\mu}p^{d}| 
\{\lambda^{Foreachd\geq 0and\mu\in \mathcal{P}}\in \mathcal{P}|c_{\lambda\mu}
^{d}\neq 0\}<\infty(c_{\lambda\mu}^{d}\in K)\}
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For a partition  \lambda , set  z_{\lambda}(q, t,p)  \in K[[p]] as follows.

 z_{\lambda}(q, t,p) :=z_{\lambda} \prod_{i=1}^{\ell(\lambda)}\frac{(1-
q^{\lambda_{i}})(1-p^{\lambda_{i}})}{1-t^{\lambda_{i}}}.
We define a bilinear form  \langle\bullet|\bullet\rangle :  \mathcal{F}^{*}  \cross \mathcal{F}arrow K[[p]] by the following condition.

 \langle 0|a_{\lambda_{1}}a_{\lambda_{2}}p^{|\lambda_{2}|}a_{-\mu_{1}}a_{-
\mu_{2}}p^{|\mu_{2}|}|0\rangle  =\delta_{\lambda_{1}\mu_{1}}\delta_{\lambda_{2}\mu_{2}}z_{\lambda_{1}}(q, t,p)
z_{\lambda_{2}}(q, t,p)(qt^{-1})^{-|\lambda_{2}|}p^{|\lambda_{2}|}.

Then we can reproduce the kernel function  \Pi_{MN}(q, t,p)(x, y) as follows.

Proposition 2.14 (Reproduction of the kernel function  \Pi_{MN}(q, t, p)(x, y) ).
De ne  (p;z) :  \mathcal{F}arrow \mathcal{F}[[z, z^{-1}]] and  *(p;z) :  \mathcal{F}^{*}  arrow \mathcal{F}^{*}[[z, z^{-1}]] as follows.

 (p;z)  := \exp(\sum_{n>0}\frac{(qt^{-1}p)^{n}(1-t^{n})}{(1-q^{n})(1-p^{n})}a_{-n}\frac
{z^{-n}}{n})\exp(\sum_{n>0}\frac{1-t^{n}}{(1-q^{n})(1-p^{n})}a_{-n}\frac{z^{n}}
{n}) ,

 *(p;z)  := \exp(\sum_{n>0}\frac{(qt^{-1}p)^{n}(1-t^{n})}{(1-q^{n})(1-p^{n})}
\overline{a}_{n}\frac{z^{-n}}{n})\exp(\sum_{n>0}\frac{1-t^{n}}{(1-q^{n})(1-p^{n}
)}a_{n}\frac{z^{n}}{n}) .

We use the notations  \phi_{N}(p;x)  := \prod_{j=1}\phi(p;x_{j}) ,  \phi_{N}^{*}(p;x)  := \prod_{=1}\phi^{*}(p;x_{j})  (N\in \mathbb{Z}_{>0}) .

Then the kernel function  \Pi_{MN}(q, t, p)(x, y) is reproduced from  \phi_{N}^{*}(p;x) and  \phi_{N}(p;y) as

follows.

 \langle 0|\phi_{M}^{*}(p;x)\phi_{N}(p;y)|0\rangle=\Pi_{MN}(q, t,p)(x, y) .

By attempting to construct elliptic deformations of operators  \eta(z) ,  \xi(z) , we can

find the following operators  \eta(p;z) and  \xi(p;z) .

Proposition 2.15 (Elliptic current  \eta(p;z) [Sa1]). Let  \eta(p;z) :  \mathcal{F}arrow \mathcal{F}[[z, z^{-1}]]
be the boson operator de ned as follows.

  \eta(p;z) :=:\exp(-\sum_{n\neq 0}\frac{1-t^{-n}}{1-p^{|n|}}p^{|n|}\overline{a}
_{n}\frac{z^{n}}{n})\exp(-\sum_{n\neq 0}\frac{1-t^{n}}{1-p^{|n|}}a_{n}\frac{z^{-
n}}{n}) :

Then  \eta(p;z) satis es the following.

i)  (\eta(p;tz))_{-}\phi(p;z)=\phi ( p ; qz),  \phi^{*}(p;z)(\eta(p;z^{-1}))_{+}=\phi^{*} ( p ; qz):

ii)  \eta(p;z)\eta(p;w)=   \frac{\Theta_{p}(w/z)\Theta_{p}(qt^{-1}w/z)}{\Theta_{p}(qw/z)\Theta_{p}(t^{-1}
w/z)}  :\eta(p;z)\eta(p;w) :  (|w/z| < 1) .

Proposition 2.16 (Elliptic current  \xi(p;z) [Sal]). Let  \xi(p;z) :  \mathcal{F}arrow \mathcal{F}[[z, z^{-1}]]
be the boson operator defined as follows.

 \xi(p;z)  :=: \exp(\sum_{n\neq 0}\frac{1-t^{-n}}{1-p^{|n|}}\gamma^{-|n|}p^{|n|}a_{n}\frac
{z^{n}}{n})\exp(\sum_{n\neq 0}\frac{1-t^{n}}{1-p^{|n|}}\gamma^{|n|}a_{n}\frac{z^
{-n}}{n}) :



150 Yosuke AITO

Then  \xi(p;z) satisfies the following.

i)  (\xi(p;\gamma z))_{-}\phi(p;z)=\phi(p;q^{-1}z) ,  \phi^{*}(p;z)(\xi(p;t\gamma^{-1}z^{-1}))_{+}=\phi^{*}(p;q^{-1}z) .

ii)  \xi(p;z)\xi(p;w)=   \frac{\Theta_{p}(w/z)\Theta_{p}(q^{-1}tw/z)}{\Theta_{p}(q-1w/z)\Theta_{p}
(tw/z)}  :\xi(p;z)\xi(p;w) :  (|w/z| < |qt^{-1}|)
By using operators  \eta(p;z) ,  \xi(p;z) we can reproduce the elliptic Ruijsenaars operator

as follows.

Theorem 2.17 (Free field realization of elliptic Ruijsenaars operators[Sa1]).
(1) The elliptic Ruijsenaars operator  H_{N}(q, t,p) is reproduced by the operator  \eta(p;z) as
follows.

 [\eta(p;z)-t^{-N}(\eta(p;z))_{-}(\eta(p;p^{-1}z))_{+}]_{1}\phi_{N}(p;x)
|0\rangle

 =  \frac{t^{-N+1}\Theta_{p}(t^{-1})}{(p;p)_{\infty}^{3}}H_{N}(q, t,p)\phi_{N}
(p;x)|0\rangle.
(2) The elliptic Ruijsenaars operator  H_{N}(q^{-1}, t^{-1},p) is reproduced by the operato
 \xi(p;z) as follows.

 [\xi(p;z)-t^{N}(\xi(p;z))_{-}(\xi(p;p^{-1}z))_{+}]_{1}\phi_{N}(p;x)|0\rangle

 =  \frac{t^{N-1}\Theta_{p}(t)}{(p;p)^{3}}H_{N}(q^{-1}, t^{-1},p)\phi_{N}(p;x)|0
\rangle.
Theorem 2.17 is also stated as follows. First we set zero mode generators  a_{0},  Q

which satisfy the relation:

 [a_{0}, Q] =1, [a_{n}, a_{0}] = [a_{n}, a_{0}] =0, [a_{n}, Q] = [\overline{a}
_{n}, Q] =0 (n\in \mathbb{Z}\backslash \{0\}) .

We also set the condition   a_{0}|0\rangle  =  0 . We define  |\alpha\rangle  :=   e^{\alpha Q}|0\rangle  (\alpha \in K[[p]]) . Then we

have   a_{0}|\alpha\rangle  =\alpha|\alpha\rangle . We also set  \mathcal{F}_{\alpha}  (\alpha\in K[[p]]) by

 \mathcal{F}_{\alpha}  :=   \{\sum_{d\geq 0} \sum_{\lambda,\mu\in,0\leq|\mu|\underline{<}d}c_{\lambda}^{d}
a_{-\lambda}a_{-\mu}|\alpha\rangle p^{d}| \{\lambda^{Foreachd\geq 0and\mu\in 
\mathcal{P}}\in \mathcal{P}|c_{\lambda\mu}^{d}\neq 0\}<\infty(c_{\lambda\mu}^{d}
\in K)\}
Theorem 2.18 ([Sa1]). Set the operators  \overline{\eta}(p;z) ,  \overline{\xi}(p;z) by

 \overline{\eta}(p;z) :=(\eta(p;z))_{-}(\eta(p;p^{-1}z))_{+}, \overline{\xi}(p;
z) :=(\xi(p;z))_{-}(\xi(p;p^{-1}z))_{+}.

Using these symbols we define operators  E(p;z) ,  F(p;z) as follows:

(2.3)  E(p;z) :=\eta(p;z)-\overline{\eta}(p;z)t^{-a_{0}}, F(p;z) :=\xi(p;z)-\overline{
\xi}(p;z)t^{a_{0}}.
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Then the elliptic Ruijsenaars operators  H_{N}(q, t, p) ,  H_{N}(q^{-1}, t^{-1}, p) are reproduced by

the operators  E(p;z) ,  F(p;z) as follows.

 [E(p;z)]_{1} \phi_{N}(p;x)|N\rangle= \frac{t^{-N+1}\Theta_{p}(t^{-1})}{(p;p)
_{\infty}^{3}}H_{N}(q, t,p)\phi_{N}(p;x)|N\rangle,
 [F(p;z)]_{1} \phi_{N}(p;x)|N\rangle = \frac{t^{N-1}\Theta_{p}(t)}{(p;p)
_{\infty}^{3}}H_{N}(q^{-1}, t^{-1}, p)\phi_{N}(p;x)|N\rangle.

The dual versions of Theorem 2.17, 2.18 are also available. Set the condition as

 \langle 0|a_{0}  =0 . For  \alpha\in K[[p]] , set  \langle\alpha|  :=  \langle 0|e^{-\alpha Q} . Then we have  \langle\alpha|a_{0}  =\alpha\langle\alpha| . We also set

 \mathcal{F}_{\alpha}^{*}  (\alpha\in K[[p]]) by

 \mathcal{F}_{\alpha}^{*}  :=   \{\sum_{d\geq 0} \sum_{\lambda,\mu\in,0\leq|\mu|\underline{<}d}c_{\lambda}^{d}
\langle\alpha|a_{-\lambda}a_{-\mu}p^{d}| \{\lambda^{Foreachd\geq 0and\mu\in 
\mathcal{P}}\in \mathcal{P}|c_{\lambda\mu}^{d}\neq 0\}<\infty(c_{\lambda\mu}^{d}
\in K)\}
Theorem 2.19 (Dual versions of Theorem 2.17, 2.18). (1) The operators

 \eta(p;z) ,  \xi(p;z) reproduce the elliptic Ruijsenaars operators  H_{N}(q, t,p) ,  H_{N}(q^{-1}, t^{-1},p)
as follows.

 \langle 0|\phi_{N}^{*}(p;x)[\eta(p;z)-t^{-N}(\eta(p;z))_{-}(\eta(p;p^{-1}z))_{+
}]_{1}

 =  \frac{t^{-N+1}\Theta_{p}(t^{-1})}{(p;p)_{\infty}^{3}}H_{N}(q, t, p)\langle 
0|\phi_{N}^{*}(p;x) ,

 \langle 0|\phi_{N}^{*}(p;x)[\xi(p;z)-t^{N}(\xi(p;z))_{-}(\xi(p;p^{-1}z))_{+}]
_{1}

 =  \frac{t^{N-1}\Theta_{p}(t)}{(p;p)^{3}}H_{N}(q^{-1}, t^{-1},p)\langle 0|\phi_
{N}^{*}(p;x) .

(2) The operators  E(p;z) ,  F(p;z) reproduce the elliptic Ruijsenaars operators  H_{N}(q, t,p) ,
 H_{N}(q^{-1}, t^{-1},p) as follows.

  \langle N|\phi_{N}^{*}(p;x)[E(p;z)]_{1} = \frac{t^{-N+1}\Theta_{p}(t^{-1})}
{(p;p)_{\infty}^{3}}H_{N}(q, t,p)\langle N|\phi_{N}^{*}(p;x) ,

  \langle N|\phi_{N}^{*}(p;x)[F(p;z)]_{1} = \frac{t^{N-1}\Theta_{p}(t)}{(p;p)
_{\infty}^{3}}H_{N}(q^{-1}, t^{-1},p)\langle N| N*(p;x) .

By using the free field realization of the elliptic Ruijsenaars operator, we obtain

the functional equation of the elliptic kernel function  \Pi_{MN}(q, t,p)(x, y) as follows.

Theorem 2.20 (Functional equation of the elliptic kernel function [Sa2]).
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We define  C_{MN}(p;x, y) as

 C_{MN}(p;x, y) :=  \frac{\langle 0|\phi_{M}^{*}(p;x)[(\eta(p;z))_{-}(\eta(p;p^{
-1}z))_{+}]_{1}\phi_{N}(p;y)|0\rangle}{\Pi_{MN}(q,t,p)(x,y)}
(2.4)  =  \frac{dz}{2\pi iz}\prod_{i=1}^{M}\frac{\Theta_{p}(t^{-1}x_{i}z)}{\Theta_{p}
(x_{i}z)}\prod_{j=1}^{N}\frac{\Theta_{p}(z/y_{j})}{\Theta_{p}(t^{-1}z/y_{j})},
where the integral contour  C is chosen by

 C :  |z|  < \min\{|x_{1}|^{-1}, . . . , |x_{M}|^{-1}, |y_{1}|, . . . , |y_{N}|\}.

For the elliptic Ruijsenaars operator and the kernel function  \Pi_{MN}(q, t, p)(x, y) , we have

the following functional equation.

 \{H_{M}(q, t,p)_{x}-t^{M-N}H_{N}(q, t,p)_{y}\}\Pi_{MN}(q, t,p)(x, y)

(2.5)  =  \frac{(1-t^{M-N})(p;p)_{\infty}^{3}}{\Theta_{p}(t)}C_{MN}(p;x, y)\Pi_{MN}(q,
t,p)(x, y) .

Here the symbol  H_{M}(q, t,p)_{x} denotes the elliptic Ruijsenaars operator which acts  0

functions of  x_{1},
 \cdots ,  x_{M}.

Proof. The proof is straightforward. What we have to do is to calculate the matrix

element  \langle 0|\phi_{M}^{*}(p;x)[\eta(p;z)]_{1}\phi_{N}(p;y)|0\rangle by Theorem 2.17, 2.19 in different two ways as
follows:

 \langle 0|\phi_{M}^{*}(p;x)[\eta(p;z)]_{1}\phi_{N}(p;y)|0\rangle

 =   \frac{t^{-M+1}\Theta_{p}(t^{-1})}{(p;p)_{\infty}^{3}}H_{M}(q, t,p)_{x}\Pi_{MN}
(q, t,p)(x, y)+t^{-M}C_{MN}(p;x, y)\Pi_{MN}(q, t,p)(x, y)
 =   \frac{t^{-N+1}\Theta_{p}(t^{-1})}{(p;p)_{\infty}^{3}}H_{N}(q, t,p)_{y}\Pi_{MN}
(q, t,p)(x, y)+t^{-N}C_{MN}(p;x, y)\Pi_{MN}(q, t,p)(x, y) .

Therefore we obtain Theorem 2.20.  \square  \square 

Remark 2.21. We can check the following:

 C_{MN}(p;x, y)=  \frac{dz}{2\pi iz}\prod_{i=1}^{M}\frac{\Theta_{p}(t^{-1}x_{i}
z)}{\Theta_{p}(x_{i}z)}\prod_{j=1}^{N}\frac{\Theta_{p}(z/y_{j})}{\Theta_{p}(t^{-
1}z/y_{j})}
  \vec{parrow 0} \frac{dz}{2\pi iz}\prod_{i=1}^{M}\frac{1-t^{-1}x_{i^{Z}}}{1-
x_{i^{Z}}}\prod_{=1}^{N}\frac{1-z/y_{j}}{1-t^{-1}z/y_{j}}=1.

Hence by taking the limit  parrow 0 the formula (2.5) reduces to the equation (2.2).
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§2.4. Commutator of operators  E(p;z) ,  F(p;z)

The commutator  [\eta(p;z), \xi(p;w)] is given by

 [\eta(p;z), \xi(p;w)]  =   \frac{\Theta_{p}(q)\Theta_{p}(t^{-1})}{(p;p)_{\infty}^{3}\Theta_{p}(qt^{-1})}\
{\delta(\gamma\frac{w}{z})\varphi^{+}(p;\gamma^{1/2}w)-\delta(\gamma^{-1}
\frac{w}{z})\varphi^{-}(p;\gamma^{-1/2}w)\}.
Since  [\varphi^{+}(p;z)]_{1}  \neq  [\varphi^{-}(p;z)]_{1} , we have  [[\eta(p;z)]_{1}, [\xi(p;w)]_{1}]  \neq  0 . On the other hand,

the operators  E(p;z) ,  F(p;z) defined in (2.3) satisfy the following.

Proposition 2.22 ([Sa1]). (1) For operators  E(p;z) ,  F(p;z) we hav

 E(p;z)E(p;w)=g_{p}( \frac{z}{w})E(p;w)E(p;z) ,

 F(p;z)F(p;w)=g_{p}( \frac{z}{w})^{-1}F(p;w)F(p;z) .

(2) The commutator of operators  E(p;z) ,  F(p;z) takes the form as

(2.6)  [E(p;z), F(p;w)]  =   \frac{\Theta_{p}(q)\Theta_{p}(t^{-1})}{(p;p)_{\infty}^{3}\Theta_{p}(qt^{-1})}
\delta(\gamma\frac{w}{z})\{\varphi^{+}(p;\gamma^{1/2}w)-\varphi^{+}(p;
\gamma^{1/2}p^{-1}w)\}.
From the relation (2.6) we have  [[E(p;z)]_{1}, [F(p;w)]_{1}]  =0 . This corresponds to the

commutativity of the elliptic Ruijsenaars operators  [H_{N}(q, t,p), H_{N}(q^{-1}, t^{-1},p)]  =  0.

The above proposition is needed in Section 3.

§2.5. Elliptic Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t,p)

The elliptic Ding‐Iohara‐Miki algebra is an elliptic analog of the Ding‐Iohara‐Miki

algebra introduced by the author.

Definition 2.23 (Elliptic Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t,p) [Sa1]). Set the
 K[[p]] ‐valued holomorphic functions  f  (p;x) in  x\in \mathbb{C}^{\cross} and the  K[[p]] ‐valued meromor‐

phic function  g_{p}(x) in  x\in \mathbb{C}^{\cross} as

 f^{+}(p;x)  :=\Theta_{p}(qx)\Theta_{p}(t^{-1}x)\Theta_{p}(q^{-1}tx) ,  f^{-}(p;x)  :=\Theta_{p}(q^{-1}x)\Theta_{p}(tx)\Theta_{p}(qt^{-1}x) ,

 g_{p}(x)  :=   \frac{f^{+}(p;x)}{f^{-}(p;x)}  =   \frac{\Theta_{p}(qx)\Theta_{p}(t^{-1}x)\Theta_{p}(q^{-1}tx)}{\Theta_{p}(q-
1_{X)\Theta_{p}(tx)\Theta_{p}(qt^{-1}x)}}.
Let  x  (p;z) ,  \psi  (p;z) be currents, i.e. generating functions of generators having the
form

 x (p;z)= \sum_{d\geq 0}x_{d}^{\pm}(z)p^{d}=\sum_{d\geq 0}\sum_{n\in \mathbb{Z}}
x_{d}[n]z^{-n}p^{d},
  \psi (p;z)=\sum_{d\geq 0}\psi_{d}^{\pm}(z)p^{d}=\sum_{d\geq 0}\sum_{n\in 
\mathbb{Z}}\psi_{d}^{\pm}[n]z^{-n}p^{d}
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and  C be a central, invertible element. We impose the following defining relations:

 [\psi (p;z), \psi (p;w)]=0,  \psi^{+}(p;z)\psi^{-}(p;w)=   \frac{g_{p}(Cw/z)}{g_{p}(C^{-1}w/z)}\psi^{-}(p;w)\psi^{+}(p;z) ,

  \psi^{+}(p;z)x (p;w)=g_{p}(C \frac{1}{2}\frac{w}{z})^{\mp 1}x (p;w)\psi^{+}(p;
z) ,

  \psi^{-}(p;z)x (p;w)=g_{p}(C \frac{1}{2}\frac{z}{w})^{\pm 1}x (p;w)\psi^{-}(p;
z) ,

 -(z/w)^{3}f (p;w/z)x (p;z)x (p;w)=f (p;z/w)x (p;w)x^{\pm}(p;z) ,

 [x^{+}(p;z), x^{-}(p;w)]= \frac{\Theta_{p}(q)\Theta_{p}(t^{-1})}{(p;p)_{\infty}
^{3}\Theta_{p}(qt^{-1})}\{\delta(C\frac{w}{z})\psi^{+}(p;C^{\frac{1}{2}}w)-
\delta(C^{-1}\frac{w}{z})\psi^{-}(p;C^{-\frac{1}{2}}w)\}.
We define the elliptic Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t,p) to be an associative  K[[p]]-
algebra generated by  \{x_{d}^{\pm}[n]\}_{n\in \mathbb{Z}}^{d\geq 0},  \{\psi_{d}^{\pm}[n]\}_{n\in \mathbb{Z}}^{d\geq 0} and  C with the above relations.

Theorem 2.24 (Free field realization of  \mathcal{U}(q, t,p) [Sa1]). Set  \gamma  :=(qt^{-1})^{-1/2}
and operators  \varphi  (p;z) :  \mathcal{F}arrow \mathcal{F}[[z, z^{-1}]]  a

 \varphi^{+}(p;z)  :=:\eta(p;\gamma^{1/2}z)\xi(p;\gamma^{-1/2}z)  :,  \varphi^{-}(p;z)  :=:\eta(p;\gamma^{-1/2}z)\xi(p;\gamma^{1/2}z) :

Then the map

 C\mapsto\gamma, x^{+}(p;z)\mapsto\eta(p;z) , x^{-}(p;z)\mapsto\xi(p;z) , \psi 
(p;z)\mapsto\varphi (p;z)

gives a representation of the elliptic Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t,p) .

Remark 2.25. (1) By the definition, the trigonometric limit  parrow 0 of the elliptic
Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t, p) is the Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) .

(2) The elliptic Ding‐Iohara‐Miki algebra has a coproduct

 \triangle:\mathcal{U}(q, t,p)arrow \mathcal{U}(q, t,p)\otimes \mathcal{U}(q, t,
p)

defined by

 \triangle(C^{\pm 1}) :=C^{\pm 1}\otimes C^{\pm 1}, \triangle(\psi (p;z)) :=\psi
(p;C_{(2)}^{\pm 1/2}z)\otimes\psi (p;C_{(1)}^{\mp 1/2}z) ,

 \triangle(x^{+}(p;z)) :=x^{+}(p;z)\otimes 1+\psi^{-}(p;C_{(1)}^{1/2}z)\otimes 
x^{+}(p;C_{(1)}z) ,

 \triangle(x^{-}(p;z)) :=x^{-}(p;C_{(2)}z)\otimes\psi^{+}(p;C_{(2)}^{1/2}z)+
1\otimes x^{-}(p;z) .

§3. Relation to the elliptic Feigin‐Odesskii algebra

In this section, we introduce the elliptic Feigin‐Odesskii algebra [FO] [FHHSY. We
utilize the algebra for the construction of commutative families of the elliptic Ruijsenaars

operator [Sa2].
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§3.1. Elliptic Feigin‐Odesskii algebra  \mathcal{A}(p)

Definition 3.1 (Star product  * ). Set a meromorphic function  \omega_{p}(x, y) in  x,

 y\in \mathbb{C}^{\cross} as

  \omega_{p}(x, y) := \frac{\Theta_{p}(q^{-1}y/x)\Theta_{p}(ty/x)\Theta_{p}(qt^{
-1}y/x)}{\Theta_{p}(y/x)^{3}}.
Define the star product  * as

 (f*g)(x_{1},  \ldots, x_{m+n}):=Sym[f(x_{1}, \ldots, x_{m})g(x_{m+1}, \ldots, 
x_{m+n})\prod_{1\leq\alpha\leq m}\omega_{p}(x_{\alpha}, x_{\beta})]m+
1\leq\beta\leq m+n.
Proposition 3.2 ([FO] [FHHSY]). Define an  n ‐variable meromorphic functio

 \epsilon_{n}(q,p;x)  (n\in \mathbb{Z}_{>0}) as follows.

  \epsilon_{n}(q,p;x) :=\prod_{1\leq a<b\leq n}\frac{\Theta_{p}(qx_{a}/x_{b})
\Theta_{p}(q^{-1}x_{a}/x_{b})}{\Theta_{p}(x_{a}/x_{b})^{2}}.
Then we have  \epsilon_{m}(q,p;\bullet)*\epsilon_{n}(q,p; \bullet)(x)=\epsilon_{n}(q,p;
\bullet)*\epsilon_{m}(q,p; \bullet) (x)  (m, n\in \mathbb{Z}_{>0}) .

Definition 3.3 (Elliptic  Feig_{i}n‐Odesskii algebra  \mathcal{A}(p) [FO][FHHSY]). For
a partition  \lambda , we set  \epsilon_{\lambda}(q,p;x) as

 \epsilon_{\lambda}(q,p;x) :=(\epsilon_{\lambda_{1}}(q,p;\bullet)
*\cdots*\epsilon_{\lambda_{\ell\lambda}} (q,p;\bullet))(x) .

Set  \mathcal{A}_{0}(p)  :=K[[p]],  \mathcal{A}_{n}(p)  :=span\{\oplus\lambda(q,p;x)||\lambda| =n\}  (n\geq 1) . We define the elliptic

Feigin‐Odesskii algebra as  \mathcal{A}(p)  :=\oplus_{n\geq 0}\mathcal{A}_{n}(p) whose algebra structure is given by the
star product  *.

Proposition 3.4 ([FHHSY]). The elliptic Feigin‐Odesskii algebra  (\mathcal{A}(p), *) is
unital, associative, and commutative.

§3.2. Commutative families  \mathcal{M}(p) ,  \mathcal{M}'(p)

Recall that the boson operators  E(p;z) ,  F(p;z) defined by (2.3) in Section 2 satisfy

(3.1)  E(p;z)E(p;w)=g_{p}( \frac{z}{w})E(p;w)E(p;z) ,

(3.2)  F(p;z)F(p;w)=g_{p}( \frac{z}{w})^{-1}F(p;w)F(p;z) ,

where  g_{p}(x) is defined by

 g_{p}(x)=  \frac{\Theta_{p}(qx)\Theta_{p}(t^{-1}x)\Theta_{p}(q^{-1}tx)}{\Theta_
{p}(q-1_{X)\Theta_{p}(tx)\Theta_{p}(qt^{-1}x)}}.
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Set a meromorphic function  \omega_{p}'(x, y) in  x,  y\in \mathbb{C}^{\cross} as

  \omega_{p}'(x, y) := \frac{\Theta_{p}(qy/x)\Theta_{p}(t^{-1}y/x)\Theta_{p}(q^{
-1}ty/x)}{\Theta_{p}(y/x)^{3}}.
Due to the relations (3.1), (3.2), operator‐valued functions as

  \prod_{1\leq i<j\underline{<}} \omega_{p}(x_{i}, x\cdot)^{-1}E(p;x_{1})\cdots 
E(p;x_{N}) ,

  \prod_{1\leq i<j\underline{<}} \omega_{p}'(x_{i}, x_{j})^{-1}F(p;x_{1})\cdots 
F(p;x_{N})
are symmetric in  x_{1} , :::,  x_{N}.

Definition 3.5 (Maps  \mathcal{O}_{p},  \mathcal{O}_{p}' ). We define linear maps

 \mathcal{O}_{p} :  \mathcal{A}(p)arrow  \oplus  End_{K[[p]]}(\mathcal{F}_{\alpha}) and  \mathcal{O}' :  \mathcal{A}(p)arrow  \oplus  End_{K[[p]]}(\mathcal{F}_{\alpha})
 \alpha\in K[[p]] \alpha\in K[[p]]

as follows.

 \mathcal{O}_{p}(f)  :=  [f(z_{1},  \ldots, z_{n})\prod_{1\leq i<j\leq n}\omega_{p}(z_{i}, z\cdot)^{-1}E
(p;z_{1}) . . .E(p;z_{n})]_{1}  (f\in \mathcal{A}_{n}(p)) ,

 \mathcal{O}_{p}'(f)  :=  [f(z_{1},  \ldots, z_{n})\prod_{1\leq i<j\leq n}\omega_{p}'(z_{i}, z_{j})^{-1}F
(p;z_{1}) . . . F(p;z_{n})]_{1}  (f\in \mathcal{A}_{n}(p)) .

Here  [f(z1, :::, z_{n})]_{1} denotes the constant term of  f(z1, :::, z_{n}) in  z_{1} , :::,  z_{n} . We extend

the maps linearly.

Proposition 3.6. For any  f,  \in \mathcal{A}(p) , we have

 \mathcal{O}_{p}(f*g)=\mathcal{O}_{p}(f)\mathcal{O}_{p}(g) , \mathcal{O}_{p}
'(f*g)=\mathcal{O}_{p}'(f)\mathcal{O}_{p}'(g) .

From Proposition 3.6, we obtain the following theorem.

Theorem 3.7 (Commutative families  \mathcal{M}(p) ,  \mathcal{M}'(p) [Sa2]). (1) Set  \mathcal{M}(p)  :=

 \mathcal{O}_{p}(\mathcal{A}(p)) ,  \mathcal{M}'(p)  :=\mathcal{O}_{p}'(\mathcal{A}(p)) . The

 \mathcal{M}(p) \subset \oplus End_{K[[p]]}(\mathcal{F}_{\alpha}) , \mathcal{M}'
(p) \subset \oplus End_{K[[p]]}(\mathcal{F}_{\alpha}) .

 \alpha\in K[[p]] \alpha\in K[[p]]

The spaces are commutative subalgebras of boson operators.

(2) The commutative families  \mathcal{M}(p) ,  \mathcal{M}'(p) satisfy  [\mathcal{M}(p), \mathcal{M}'(p)]  =0.

By the free field realization of the elliptic Ruijsenaars operator, we have the follow‐

ing.
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Corollary 3.8 ([Sa2]). Elements in  \mathcal{M}(p) ,  \mathcal{M}'(p) act on  \phi_{N}(p;x)|N\rangle as q‐
difference operators in  End_{K[[p]]}(\Lambda_{N}(q, t,p)) commuting with each other, where  \Lambda_{N}(q, t,p)
is the space of functions of  x_{1} , :::,  x_{N} defined in Definition 2.11. By the free field real‐

ization of the elliptic Rui
 \cdot

senaars operators, the commuting  q ‐difference operators also

commute with the elliptic Ruijsenaars operators  H_{N}(q, t,p) ,  H_{N}(q^{-1}, t^{-1},p) .

The elliptic Feigin‐Odesskii algebra originally appeared in Feigin‐Odesskii [FO]. In
this section, we have regarded the elliptic Feigin‐Odesskii algebra as a machinery for

the construction of the commutative families of the elliptic Ruijsenaars operator. For

combinatorial properties of the trigonometric and the elliptic Feigin‐Odesskii algebra,

see [FHHSY].

§4. Perspectives

In this article, we have seen some topics related to the elliptic Ding‐Iohara‐Miki

algebra. Here we give some comments about open problems which should be studied
more in a future.

§4.1. An elliptic analog of the Macdonald symmetric functions

The trigonometric Ruijsenaars model is solvable due to the theory of the Macdonald

symmetric functions. In the elliptic case, Ruijsenaars showed Liouville integrability  0

the elliptic Ruijsenaars model [R1]. Then one would have some questions:

Does there exists eigenfunctions for the elliptic Ruijsenaars operator ? Can we

obtain an elliptic analog of the Macdonald symmetric functions ?

However this problem is very difficult because of the emergence of the elliptic functions,

thus the problem remains open since Ruijsenaars found the elliptic Ruijsenaars model.

On the other hand, there are some interesting works due to Langmann on the

elliptic Calogero‐Sutherland model [L1][L2 L3. This model is a degeneration of the
elliptic Ruijsenaars model in the limit  q  arrow  1 . In the papers [L1][L2 L3, Langmann
gave the free field realization of the elliptic Calogero‐Sutherland Hamiltonian and the

kernel function for the operator, and researched an elliptic analog of the Jack symmetric

functions [L3]. He also showed the functional equation of the kernel function for the
elliptic Calogero‐Sutherland Hamiltonian. Then it is remarkable there appears the p‐

derivative  D_{p}  :=p \frac{\partial}{\partial p} ( p is the elliptic parameter) in the functional equation. Further

by keeping the relation between the elliptic Calogero‐Sutherland model and the elliptic

Ruijsenaars model in mind, the functional equation of the kernel function for the elliptic
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Ruijsenaars operator (2.5) in Section 2 as

 \{H_{M}(q, t, p)_{x}-t^{M-N}H_{N}(q, t,p)_{y}\}\Pi_{MN}(q, t,p)(x, y)

 =  \frac{(1-t^{M-N})(p;p)_{\infty}^{3}}{\Theta_{p}(t)}C_{MN}(p;x, y)\Pi_{MN}(q,
t,p)(x, y)
should be recognized as a  q‐deformation of Langmann’s functional equation. By com‐

paring the above equation and Langmann’s result, it seems to be natural that the right
hand side of the above as

  \frac{(1-t^{M-N})(p;p)^{3}}{\Theta_{p}(t)}C_{MN}(p;x, y)\Pi_{MN}(q, t,p)(x, y)
is written in terms of the  p‐derivative  D_{p} . Thus it would be nice if there exists a function

 f_{MN}(x) such that

 f_{MN}(D_{p})\Pi_{MN}(q, t,p)(x, y)

 =  \frac{(1-t^{M-N})(p;p)_{\infty}^{3}}{\Theta_{p}(t)}C_{MN}(p;x, y)\Pi_{MN}(q,
t,p)(x, y) .

If as such function  f_{MN}(x) is obtained, perhaps circumstances concerning an elliptic

analog of the Macdonald symmetric functions would be more clear.

§4.2. Modular double of the Ding‐Iohara‐Miki algebra

As a material which is in progress, the author would like to mention the study  0

the modular double of the Ding‐Iohara‐Miki algebra.

Modular doubles arised from studies of relations between quantum groups and

modularities in mathematical physics [F] [FKV. In the theories of modular doubles, the
double sine function which is a modular analog of the  q‐infinite product plays important

roles. Let  \omega_{1},  \omega_{2}  \in  \mathbb{C} be parameters satisfying  {\rm Re}(\omega_{1})>0,  {\rm Re}(\omega_{2})>0 . The double sine

function  S(\omega_{1}, \omega_{2};u) is defined by

(4.1)  S( \omega_{1}, \omega_{2};u) :=\exp( \mathbb{R}+i0\frac{e^{ku}}{(1-
e^{\omega_{1}k})(1-e^{\omega_{2}k})}\frac{dk}{k}) .

The integral is well‐defined in  0<{\rm Re}(u)  <{\rm Re}(\omega_{1}+\omega_{2}) . If  q  :=e^{2\pi i\frac{\omega_{1}}{\omega_{2}}} satisfies  |q|  <  1,

 S(\omega_{1}, \omega_{2};u) has the  q‐infinite product representation as follows.

 S( \omega_{1}, \omega_{2};u)= \frac{(e^{2\pi i\frac{u}{\omega_{2}}};q)_{\infty}
}{(\overline{q}e^{2\pi i\frac{u}{\omega_{1}}};q_{\infty}},
where  \overline{q}:=e^{-2\pi i\frac{\omega_{2}}{\omega_{1}}} . Then we remark that the integral representation of  S(\omega_{1}, \omega_{2};u)  (4.1)
is valid if the parameter  q is on the unit circle  |q|  =1 . More on the double sine function

and some related topics, see Narukawa [Naru], Kurokawa  [K
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Due to Bytsko‐Teschner [BT, and Frenkel‐Ip [FI], and Ip [Ip], modular doubles
have the following properties:

 \bullet Let  \mathfrak{g} be a finite dimensional simple Lie algebra of simply‐laced type over  \mathbb{C} and  \mathfrak{g}_{\mathbb{R}}

be the real form. Then the modular double of the quantum group  \mathcal{U}_{q}(\mathfrak{g}_{\mathbb{R}}) is defined

by

 \mathcal{U}_{q\overline{q}-1}(\mathfrak{g}_{\mathbb{R}}) :=\mathcal{U}_{q}
(\mathfrak{g}_{\mathbb{R}})\otimes \mathcal{U}_{\overline{q}-1}(\mathfrak{g}
_{\mathbb{R}}) ,

where for parameters  q=e^{2\pi i\omega}  (\omega\in \mathbb{C}) , set  \overline{q}:=e^{-2\pi i/\omega} . Then representations  0

 \mathcal{U}_{q}(\mathfrak{g}_{\mathbb{R}}) and  \mathcal{U}_{\overline{q}-1}(\mathfrak{g}_{\mathbb{R}}) commute with each other.

 \bullet The universal  R operator of  \mathcal{U}_{q\overline{q}-1}(\mathfrak{g}_{\mathbb{R}}) is written by the double sine function.

For more details including modular doubles of non‐simply‐laced type, see Ip [Ip]. Rela‐
tions between the modular double of  U_{q}(sl_{2}(\mathbb{R})) and the quantum TeichmUller theory

are studied in Nidaiev‐Teschner [NT].
Next let us consider how to construct the modular double of the Ding‐Iohara‐Miki

algebra. First by comparing universal  R operators of  U_{q}(sl_{2}(\mathbb{C})) and of the modular

double of  U_{q}(sl_{2}(\mathbb{R})) , the following substitution is essential:

 (x;q)  (\omega_{1}, \omega_{2};u) .

modular analog

Second the Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) is discovered from the kernel function for

the Macdonald operator which has the form as

  \Pi_{MN}(q, t)(x, y)= 1\leq i\leq\prod_{1\leq j\leq} \frac{(tx_{i}y_{j};q)
_{\infty}}{(x_{i}y\cdot;q)_{\infty}}.
Then we may have a question:

If we define the kernel function by using the double sine function as

(4.2)

  \Pi_{MN}(\omega_{1}, \omega_{2}, \sigma)(u, v) := 1\leq i\leq\prod_{1\leq 
j\underline{<}}   \frac{S(\omega_{1},\omega_{2};u_{i}+v_{j}+\sigma)}{S(\omega_{1},\omega_{2};
u_{i}+v\cdot)}  (\sigma\in \mathbb{C}) ,

what kind of quantum groups can we obtain ?

At present, by using bosons obtained from the kernel function (4.2), the author have
checked the emergence of an algebra looks like

 \mathcal{U}(e(\omega_{1}/\omega_{2}), e(\sigma/\omega_{2}))\otimes \mathcal{U}
(e(\omega_{2}/\omega_{1}), e(\sigma/\omega_{1})) (e(u) :=e^{2\pi iu}, u\in 
\mathbb{C})
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which has the modular double‐like properties. It seems that the algebra would be

the modular double of the Ding‐Iohara‐Miki algebra  \mathcal{U}(q, t) , however we need more
researches.
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