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Abstract. We introduce the concepts of diagonalization basis property and strong diag-
onalization basis property. For appropriate spaces having these properties we show that the
classical selection properties are equivalent to certain basis properties of the spaces. In partic-
ular, these equivalences hold for various metrizable spaces. The Sorgenfrey line, which is not
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We calculate critical selection cardinals for subspaces of the Sorgenfrey line.
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The following notation is used throughout the paper: For collections A and
B the symbol:

• Ufin(A,B) denotes the statement that for each sequence (Un : n ∈ N) of
elements of A there is a sequence (Vn : n ∈ N) of finite sets such that for
each n we have Vn ⊆ Un, and {∪Vn : n ∈ N} ∈ B.

• Sfin(A,B) denotes the statement that for each sequence (Un : n ∈ N) of
elements of A there is a sequence (Vn : n ∈ N) of finite sets such that for
each n we have Vn ⊆ Un, and ∪n∈NVn ∈ B.

• S1(A,B) denotes the statement that for each sequence (Un : n ∈ N) of
elements of A there is a sequence (Vn : n ∈ N) such that for each n we
have Vn ∈ Un, and {Vn : n ∈ N} ∈ B.

Ufin(A,B), Sfin(A,B) and S1(A,B) are selection principles.
From now on X is a space with no isolated points and Y is a subspace of

X, possibly equal to X. The collection of all open covers of X is denoted OX ,
while the collection of all covers of Y by sets open in X is denoted OXY . An
open cover U of X is said to be:
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(1) a noncompact cover if: No finite subset of U is a cover of X. The symbol
Onc

X denotes the collection of non-compact open covers of X. The symbol
Onc

XY denotes the set of open covers of X which contain no finite subcovers
of Y 1.

(2) a large cover if: for each x ∈ X the set {U ∈ U : x ∈ U} is infinite. The
symbol ΛX denotes the set of large covers of X, and ΛXY denotes the
collection of large covers of Y by sets open in X.

(3) an ω-cover if: X is not in U , and for each finite subset F of X there is a
U ∈ U such that F ⊆ U . The symbol ΩX denotes the set of ω-covers of
X, and ΩXY denotes the collection of ω-covers of Y by sets open in X.

(4) a γ-cover if: U is infinite and for each x ∈ X the set {U ∈ U : x 6∈ U}
is finite. ΓX denotes the collection of γ-covers of X. ΓXY denotes the
collection of γ-covers of Y by sets open in X.

(5) groupable if there is a partition U = ∪n∈NUn of U into finite sets Un such
that for m 6= n, Um ∩ Un = ∅, and for each x ∈ X, for all but finitely
many n, x ∈ ∪Un. The symbol Ogp

X denotes the collection of groupable
open covers of X, and Λgp

X denotes the collection of groupable large covers
of X. The symbols Ogp

XY and Λgp
XY have the obvious definitions.

(6) weakly groupable if there is a partition U = ∪n∈NUn of U into finite sets
Un such that for m 6= n, Um ∩Un = ∅, and for each finite set F ⊂ X there
is an n with F ⊂ ∪Un. Owgp

X denotes the collection of weakly groupable
covers of X, and Λwgp

X denotes the collection of weakly groupable large
covers of X. The symbols Owgp

XY and Λwgp
XY have the obvious definitions.

Our beginning point is the following basis property introduced by K. Menger
in [8]: For each base B for the topology of the metric space (X, d), there is a
sequence (Bn : n <∞) such that: For each n, Bn ∈ B and limn→∞ diam(Bn) =
0 and {Bn : n < ∞} covers X. Hurewicz proved that for metrizable spaces
Menger’s basis property is equivalent to a selection property:

1 Theorem (Hurewicz - [6]). A metrizable space X has property Sfin(OX ,
OX) if, and only if, it has Menger’s basis property with respect to each metric
generating the topology.

1Important Note: Here we require that the open covers be covers of the superspace X, and
has no finite subcovers for the subspace Y . In all other instances where we use XY it is only
assumed that the family in question consists of sets open in X, and not that the family also
covers X.
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The property Sfin(OX ,OX) is also called the “Menger property”. Theorem 1
gives for metrizable spaces an equivalence between a selection property and a
basis property.

In this paper we prove theorems which characterize several other selection
properties in terms of basis properties. In particular, we generalize Hurewicz’s
theorem in two directions: In Theorem 4 we prove the relative version of it,
which implies Hurewicz’s theorem, and we prove it in a more general context
which in the metric case yields Hurewicz’s theorem. Some of the results in this
paper appeared in [1] for metrizable spaces.

A-basis and diagonalization basis properties.

2 Definition. ForX a space and A ⊆ P(P(X)):X has the A-basis property
if there is for each sequence (Bn : n ∈ N) of bases of X such that for each n
Bn ⊃ Bn+1 and ∩n∈NBn = ∅, a sequence (Bn : n ∈ N) such that each Bn is
an element of B1, and for each k, for all but finitely many n, Bn ∈ Bk, and
{Bn : n ∈ N} ∈ A.

With OX the collection of open covers of metric space X, the OX -basis
property implies the Menger basis property. The generalization of metric spaces
we will use here is given by:

3 Definition. A space X has the diagonalization basis property if there is
for each sequence (Un : n < ∞) of open covers a sequence (Bn : n < ∞) such
that:

(1) ∩n<∞Bn = ∅;

(2) For each n, Bn+1 ⊆ Bn;

(3) For each n, Bn is a basis for X;

(4) For each n and each B ∈ Bn there is a k > n and U, V ∈ Uk with
B ⊆ U ∪ V .

In [6] Hurewicz also introduced the selection property Ufin(Onc
X ,ΓX), which

was generalized to Ufin(Onc
XY ,ΓXY ) in [5], and was further investigated in [3].

In Theorem 9 of [3] it is shown that for X a Lindelöf space Ufin(Onc
XY ,ΓXY ) if,

and only if, Sfin(ΛX ,Λ
gp
XY ).

Property Ufin(Onc
X ,ΩX) is introduced in [10], and was shown in [3] to be

equivalent to Sfin(ΛX ,Λ
wgp
X ). In [1] it was generalized to Ufin(Onc

XY ,ΩXY ).

4 Theorem. For a space X with the diagonalization basis property and a
subspace Y of X:
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(1) Sfin(OX ,OXY ) if, and only if, X has the OXY -basis property.

(2) Ufin(Onc
XY ,ΩXY ) if, and only if, X has the Owgp

XY -basis property.

(3) Ufin(Onc
XY ,ΓXY ) if, and only if, X has the Ogp

XY -basis property.

Proof. ⇒: Let (Bn : n ∈ N) be a sequence of bases of X such that for each
n we have Bn ⊃ Bn+1, and ∩n∈NBn = ∅.

1. Apply Sfin(OX ,OXY ) to the sequence (Bn : n ∈ N) of open covers of X:
For each n choose a finite set Fn ⊂ Bn such that ∪n∈NFn ∈ OXY . Then we have
for each k that for all but finitely many n, Fn ⊂ Bk.

2. We may assume that for infinitely many n Bn ∈ Onc
XY . We get from

Ufin(Onc
XY ,ΩXY ) a sequence (Vn : n ∈ N) of finite sets such that for each n we

have Vn ⊂ Bn, and ∪n∈NVn is in Owgp
XY . Choose n1 < n2 < · · · < nk < · · · so that

for i 6= j we have Vni
∩ Vnj

= ∅. Let (Bn : n ∈ N) be a bijective enumeration of
∪j∈NVnj

. Then this sequence witnesses the Owgp
XY -basis property for X.

3. We may assume that for infinitely many n Bn ∈ Onc
XY . We get from

Ufin(Onc
XY ,ΓXY ) a sequence (Vn : n ∈ N) of finite sets such that for each n we

have Vn ⊂ Bn, and ∪n∈NVn is in Ogp
XY . Choose n1 < n2 < · · · < nk < · · · so that

for i 6= j we have Vni
∩ Vnj

= ∅. Let (Bn : n ∈ N) be a bijective enumeration of
∪j∈NVnj

. Then this sequence witnesses the Ogp
XY -basis property for X.

⇐: Let (Un : n ∈ N) be a sequence of large covers of X. For each n put
Hn = {U1 ∩ · · · ∩ Un : (∀i ≤ n)(Ui ∈ Ui) and |{Ui : i ≤ n}| = n}. Let
(Bn : n < ∞) be a sequence of bases as in the Basis Diagonalization Prop-
erty for (Hn : n ∈ N). Apply the A-basis property to (Bn : n ∈ N) and choose
a sequence (Bn : n ∈ N) such that for each k, for almost every n, Bn ∈ Bk and
{Bn : n ∈ N} ∈ A.

1. A = OXY : For each n choose a kn > n and Un, Vn ∈ Hkn
such that

Bn ⊂ Un ∪ Vn. For each k put Sk = {Un : kn = k} ∪ {Vn : kn = k}. Then for
each k, Sk ⊂ Hk is finite. Since {Bn : n ∈ N} is a cover of Y , so is ∪k∈NSk. This
confirms Sfin(OX ,OXY ).

2. A = OXY : We may assume that we have m1 < m2 < · · · < mk < · · ·
such that for each finite F ⊂ Y there is a k with F ⊂ ∪mk≤j<mk+1

Bj .
For each k, choose for each j with mk ≤ j < mk+1 a Uj , Vj ∈ Uk with

Bj ⊂ Uj ∪ Vj and put Vk = {Uj : mk ≤ j < mk+1} ∪ {Vj : mk ≤ j < mk+1}.
Then for each k we have a finite Vk ⊂ Uk and for each finite F ⊂ Y there is a k
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with F ⊂ ∪Vk. This implies Ufin(Onc
X ,ΩXY ).

3. A = OXY : We may assume that we have m1 < m2 < · · · < mk < · · ·
such that for each x ∈ Y , for all but finitely many k, x ∈ ∪mk≤j<mk+1

Bj .
Put R1 = {Bj : j < m1} and for all k, Rk+1 = {Bj : mk ≤ j < mk+1}.

Then for each j define

ξ(j) = max{m : (∀B ∈ Rj)(B ∈ Bm)}.

Then choose i1 = 1 < i2 < · · · < it < · · · so that ξ(i1) < ξ(i2) < · · · .
For each j, for each B ∈ Rij there is an n > ξ(ij) (> j) and sets C, D ∈ Hn

with B ⊆ C ∪D. By the construction of the sets Hn we can choose for each j,
for each B ∈ Rij , sets C(B), D(B) ∈ Uj with B ⊆ C(B) ∪ D(B). For such j
put Vj = {C(B) : B ∈ Rij}∪ {D(B) : B ∈ Rij}. Then each Vj is a finite subset
of Uj , and for each x ∈ Y , for all but finitely many j, x ∈ ∪Vj . QED

The strong A-basis and strong diagonalization basis
properties.

5 Definition. For X a space and A ⊆ P(P(X)): X has the strong A-basis
property if there is for each sequence (Bn : n ∈ N) of bases of X such that for
each n Bn ⊃ Bn+1 and ∩n∈NBn = ∅, a sequence (Bn : n ∈ N) such that for each
n, Bn ∈ Bn and {Bn : n ∈ N} ∈ A.

6 Definition. A space X has the strong diagonalization basis property if
there is for each sequence (Un : n <∞) of open covers a sequence (Wn : n <∞)
of finite sets such that:

(1) For each n, Wn refines Un;

(2) B = ∪n<∞Wn is a basis for X.

7 Theorem. Let X be a T3-space with no isolated points, and which has
the strong diagonalization basis property. Let Y be a subspace of X. For A ∈
{OXY , Owgp

XY , O
gp
XY }

S1(ΛX ,A) holds if, and only if, X has the strong A-basis property.

Proof. Since a basis for X is a large cover of X, it is evident that for
each A the A-basis property of X is implied by S1(ΛX ,A). We must prove the
converse implications. For all three parts the beginning of the proof that the
basis property implies the selection property is the same. Let (Un : n ∈ N)
be a sequence of large open covers of X. For each n define Vn to be the set



172 L. Babinkostova, M. Scheepers

{V ⊂ X : V nonempty open and |{U ∈ Un : V ⊆ U}| > n}. Then each Vn is
still a large cover of X. For each n define

Hn = {V1 ∩ · · · ∩ Vn : Vi ∈ Vi, 1 ≤ i ≤ n · (n+ 1)

2
} \ {∅}.

For each element of Hn choose a representation as an intersection of n sets as
above, and let this representation be fixed for the duration of this proof.

By the strong diagonalization basis property choose a sequence (Wn : n ∈ N)
of finite sets such that for each n, Wn refines Hn, and B = ∪n∈NWn is a basis for
X. For each n define Bn = B\∪j≤nWj . Since X is T3 and has no isolated points,
each Bn is a basis, and for each n we have Bn+1 ⊂ Bn, and ∩n∈NBn = ∅. Now
apply the fact that X has the strong A-basis property, and choose a sequence
(Bn : n ∈ N) from Bn such that {Bn : n <∞} ∈ A.

Observe that if Bn is a member of Wm then we have n < m. Thus, for each
m we have {n : Bn ∈ Wm} ⊆ {1, · · · ,m− 1}. For each n choose φ(n) > n with
Bn ∈ Wφ(n). For each k, put Sk = {n : φ(n) = k}. Thus, for each k, |Sk| ≤ k.

For each n consider Bn. Since it is an element of Wφ(n) choose an element Vn

of Vφ(n) with Bn ⊆ Vn. Then choose an element Un ∈ Un \ {U1, · · · , Un−1} with
Vn ⊆ Un (this is possible since each Vn is contained in more than n elements of
Un). This describes how to choose for each k a Uk ∈ Uk.

(1) A = OXY : Since B refines {Uk : k ∈ N} it follows that {Uk : k ∈ N} is a
cover of Y and we have verified S1(ΛX ,OXY ).

(2) A = Owgp
XY : Choose a sequence z1 < z2 < · · · < zn < · · · such that for

each finite F ⊂ Y there is an n with F ⊂ ∪zn≤i<zn+1Bi. Thus for each
finite F ⊂ Y there is an n with F ⊂ ∪zn≤i<zn+1Ui. Thus, we verified
S1(ΛX ,Owgp

XY ).

(3) A = Ogp
XY : Choose a sequence z1 < z2 < · · · < zn < · · · such that for each

y ∈ Y , for all but finitely many n, we have y ∈ ∪zn≤i<zn+1Bi. Thus for
each y ∈ Y , for all but finitely many n, we have y ∈ ∪zn≤i<zn+1Ui, and we
derived S1(ΛX ,Ogp

XY ).

QED

Examples

Metrizable spaces.

The following lemma appearing in a proof of a result in [4] is an impor-
tant tool in establishing the relationship between basis properties and selection
properties.
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8 Lemma. If (X, d) is a metric space with no isolated points then it has
the diagonalization basis property.

Proof. Let (Un : n < ∞) be a sequence of open covers of X. For each n
put Hn = {U ⊂ X : U open and (∃V ∈ Un)(U ⊆ V )} \ {∅}. Define

B = {U ∪ V : (∃n)(U, V ∈ Hn and diamd(U ∪ V ) >
1

n
)}

Then B is a basis for X (this uses that X has no isolated points). For n ∈ N put
Bn = {B ∈ B : diam(B) < 1

n}. For B ∈ Bn choose a k and U, V ∈ Hk such that
1
k < diamd(U ∪ V ) and B = U ∪ V . Then evidently k > n. Moreover, from the
construction of Hk, we find sets C and D in Uk with U ⊆ C and V ⊆ D. QED

Thus Theorem 4 holds for metrizable spaces. Indeed, for metrizable spaces
one gets the following results:

9 Theorem. Let X be a metric space with no isolated points and let Y be
a subspace of X. The following are equivalent:

(1) X has property Sfin(OX ,OXY ).

(2) X has the OXY -basis property.

(3) For each basis B of X there is a sequence (Bn : n ∈ N) in B such that
lim diam(Bn) = 0 and {Bn : n ∈ N} ∈ OXY .

In the case when X = Y , the equivalence 1 ⇔ 3 is Hurewicz’s classical
characterization of Menger’s basis property.

10 Theorem. Let X be a metric space with no isolated points and let Y be
a subspace of X. The following are equivalent:

(1) X has property Ufin(Onc
X ,ΓXY ).

(2) X has the Ogp
XY -basis property.

(3) For each basis B of X there is a sequence (Bn : n ∈ N) in B such that
lim diam(Bn) = 0 and {Bn : n ∈ N} ∈ Ogp

XY .

This gives a characterization in terms of basis properties of the covering
property introduced by Hurewicz in [6].

11 Theorem. Let X be a metric space with no isolated points and let Y be
a subspace of X. The following are equivalent:

(1) X has property Ufin(Onc
X ,ΩXY ).

(2) X has the Owgp
XY -basis property.
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(3) For each basis B of X there is a sequence (Bn : n ∈ N) in B such that
lim diam(Bn) = 0 and {Bn : n ∈ N} ∈ Owgp

XY .

For metrizable spaces with property Sfin(OX ,OX) stronger versions of these
basis properties hold.

12 Lemma. Let (X, d) be a metric space with property Sfin(O,O). Then
X has the strong diagonalization basis property.

Proof. Let (Un : n < ∞) be a sequence of open covers of X. For each n
define: Vn = {U open : (∃V ∈ Un)(U ⊆ V and diamd(U) < 1

n)}. Then each Vn

is a large cover of X. Since X has property Sfin(O,O), choose for each n a finite
set Wn ⊂ Vn such that B = ∪n∈NWn is a large cover of X. QED

Thus, Theorem 7 holds for metrizable spaces which have property Sfin(O,O).
Specifically, one has the following theorems:

13 Theorem. Let X be a metric space with no isolated points and with
property Sfin(OX ,OX). Let Y be a subspace of X. The following are equivalent:

(1) X has property S1(ΛX ,OXY ).

(2) X has the strong OXY -basis property.

(3) For each basis B of X and for each sequence (εn : n ∈ N) of positive reals,
there is a sequence (Bn : n ∈ N) in B such that for each n, diam(Bn) < εn
and {Bn : n ∈ N} ∈ OXY .

And also, one has the following two theorems:

14 Theorem. Let X be a metric space with no isolated points and with
property Sfin(OX ,OX). Let Y be a subspace of X. The following are equivalent:

(1) X has property S1(ΛX ,Owgp
XY ).

(2) X has the strong Owgp
XY -basis property.

(3) For each basis B of X and for each sequence (εn : n ∈ N) of positive reals,
there is a sequence (Bn : n ∈ N) in B such that for each n, diam(Bn) < εn
and {Bn : n ∈ N} ∈ Owgp

XY .

15 Theorem. Let X be a metric space with no isolated points and with
property Sfin(OX ,OX). Let Y be a subspace of X. The following are equivalent:

(1) X has property S1(ΛX ,Ogp
XY ).

(2) X has the strong Ogp
XY -basis property.

(3) For each basis B of X and for each sequence (εn : n ∈ N) of positive reals,
there is a sequence (Bn : n ∈ N) in B such that for each n, diam(Bn) < εn
and {Bn : n ∈ N} ∈ Ogp

XY .
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The Sorgenfrey line.

Consider the topology on the real line generated by the basis {[a, b) : a <
b ∈ R}. This is the well-known Sorgenfrey topology on the real line. Let R now
denote the space of real numbers with the usual Euclidean topology and let S
denote the space of real numbers with the Sorgenfrey topology. S is also known
as the Sorgenfrey line.

We now discuss selection properties of some subspaces of S. Observe that if
a subset of the real line satisfies some selection principle as subspace of S, then
it has that property also as subspace of R. Also, every subspace of S is a first
countable T3 Lindelöf space and thus paracompact and T4.

16 Proposition. If a subspace X of S has property Sfin(ΩX ,ΩX) then X
is countable.

Proof. Recall that Sfin(ΩX ,ΩX) holds if and only if Sfin(O,O) holds in
all finite powers of X. Now: If X ⊂ S is uncountable then X ×X contains an
uncountable closed, discrete, subspace and thus is not Lindelöf. Since a space
with property Sfin(O,O) is a Lindelöf space, for no uncountable subspace X of
S could X ×X have the property Sfin(O,O). QED

17 Lemma. S does not have the property Sfin(OS,OS).

Proof. Define for each finite sequence n1, · · · , nk of elements of ω a point
xn1,··· ,nk

in [0,1) as follows:

• For each n < ω, xn = 2n−1
2n ;

• xn1,··· ,nk,0 = xn1,··· ,nk
and

• xn1,··· ,nk,j+1 = xn1,··· ,nk,j + (1
2)n1+···+nk+(j+1)+1.

Then, for each m ∈ Z and n1, · · · , nk < ω put

S(m,n1, · · · , nk) = [m+ xn1,··· ,nk
,m+ xn1,··· ,nk−1,nk+1).

For each k < ω define:

Uk = {S(m,n1, · · · , nk) : n1, · · · , nk < ω and m ∈ Z}.

Then each Uk is an open cover of S.

Consider any sequence (Fn : n < ω) of finite sets where for each n we have
Fn ⊂ Un. To show that ∪n<ωFn is not an open cover of S, argue as follows:

Since F0 is finite, choose an integer m0 > 0 so large that ∪F0∩[m0,m0+1) =
∅. Put C1 = [m0,m0 + 1].
Since F1 is finite, choose an n1 > 0 so large that ∪F1∩[m0+xn1 ,m0+xn1+1) = ∅.
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Put C2 = [m0 + xn1 ,m0 + xn1+1].
Since F2 is finite, choose an n2 > 0 so large that ∪F2 ∩ [m0 + xn1,n2 ,m0 +
xn1,n2+1) = ∅ and put C3 = [m0 + xn1,n2 ,m0 + xn1,n2+1], and so on.
With m0, n1, · · · , nk > 0 chosen choose by the finiteness of Fk+1 an nk+1 > 0
so large that ∪Fk+1 ∩ [m0 + xn1,··· ,nk+1

,m0 + xn1,··· ,nk+1+1) = ∅. Define Ck+2 =
[m0 + xn1,··· ,nk+1

,m0 + xn1,··· ,nk+1+1].
Then we have:

C1 ⊃ [m0,m0 + 1) ⊃ C2 ⊃ · · · ⊃ [m0 + xn1,··· ,nk
,m0 + xn1,··· ,nk+1) ⊃ Ck+2 · · ·

and each Ck is compact and for each k, ∪Fk ∩Ck+2 = ∅. By the Cantor intere-
section theorem, choose an x ∈ ∩k<∞Ck. Then x is an element of S, but not
covered by any Fk. QED

18 Lemma. S has the diagonalization basis property.

Proof. The proof is identical to that of Lemma 8, but now we use the
metric d generating the usual Euclidean topology to define the bases. QED

It follows that the Sorgenfrey line, though not metrizable, has the following
properties:

19 Corollary. Let Y be a subspace of S.

(1) Sfin(OS,OSY ) if, and only if, S has the OSY -basis property.

(2) Ufin(Onc
SY ,ΩSY ) if, and only if, S has the Owgp

SY -basis property.

(3) Ufin(Onc
SY ,ΓSY ) if, and only if, X has the Ogp

SY -basis property.

Observe that a space with the strong basis diagonalization property must
be second countable. Since no dense subspace of the Sorgenfrey line is second
countable, no dense subspace of the Sorgenfrey line has the strong basis diago-
nalization property. But using Proposition 16 and the methods of Section 4 of
[7] one can prove

20 Proposition. For X a subspace of the Sorgenfrey line:

(1) non(Sfin(ΩX ,ΩX)) = ℵ1

(2) non(Sfin(OX ,OX)) = d

(3) non(Ufin(Onc
X ,ΓX)) = b

(4) non(S1(OX ,OX)) = cov(M)

(5) non(S1(ΓX ,ΓX)) = b

(6) non(S1(ΓX ,ΩX)) = d
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Each of b, d and cov(M) is uncountable, and for each it is consistent that the
cardinal number is larger than ℵ1. Though the selection properties considered
here implies for topological spaces the Lindelöf property, we see now that they
do not imply second countability: For example, consider a model of Set Theory
in which d > ℵ1, and consider a dense subspace X of S of cardinality ℵ1. Then
in the relative topology X is not second countable, yet has the Menger property.

Absence of the strong basis diagonalization property also does not preclude
subspaces from satisfying strong selection properties. For consider special sub-
sets of the real line for these two topological spaces R and S. Observe that open
sets in the Sorgenfrey topology are Borel sets in the usual topology. Let B de-
note the collection of countable covers consisting of Borel sets. In [12], Theorem
1.6, the following was proved:

21 Theorem ([12], Theorem 1.6). For a set X of real numbers the fol-
lowing are equivalent:

(1) X has property S1(B,B).

(2) For each meager set M ⊂ R, X ∩M has property S1(B,B).

A subset L of the real line is a Lusin set if it is uncountable and for each
meager set M of real numbers, L ∩M is countable.

22 Proposition. Let L be a Lusin set of real numbers. Then in the Sor-
genfrey topology L satisfies S1(OL,OL).

Proof. If L is a Lusin set in R, then for each meager set M we have L∩M
is countable. But countable sets satisfy S1(B,B), and so by Theorem 21 Lusin
sets satisfy S1(B,B). But sets open in the Sorgenfrey topology, are Borel sets
in the usual topology. Moreover, subspaces of the Sorgenfrey line are Lindelof
in the Sorgenfrey topology. Thus in the Sorgenfrey topology each Lusin set L
satisfies S1(OL,OL). QED

A subset of the real line is a Sierpinski set if it is uncountable but its in-
tersection with each Lebesgue measure zero set is countable. Let BΓ denote
the collection of γ-covers consisting of Borel sets. In [12], Theorem 1.15, the
following was proved:

23 Theorem ([12], Theorem 1.15). For a set X of real numbers the
following are equivalent:

(1) X has property S1(BΓ,BΓ).

(2) For each Lebesgue measure zero set N ⊂ R, X∩N has property S1(BΓ,BΓ).

24 Proposition. Let S be a Sierpinski set of real numbers. Then in the
Sorgenfrey topology S satisfies S1(ΓS ,ΓS).
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Proof. If S is a Sierpinski set in R, then for each Lebesgue measure zero
set N we have S ∩N is countable. But countable sets satisfy S1(BΓ,BΓ), and so
by Theorem 23 Sierpinski sets satisfy S1(BΓ,BΓ). But sets open in the Sorgen-
frey topology, are Borel sets in the usual topology. Moreover, subspaces of the
Sorgenfrey line are Lindelof in the Sorgenfrey topology. Thus in the Sorgenfrey
topology each Sierpinski set S satisfies S1(ΓS ,ΓS). QED
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