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Abstract. This paper is an attempt to stress the usefulness of multi-variable special functions
by expressing them in terms of the corresponding Lie algebra or Lie group. The problem of
framing the 2-index 4-variable 1-parameter Hermite polynomials (2I4V1PHP) into the context

of the irreducible representations ↑ω,µ of G(0, 1) and ↑
′
ω,µ of K5 is considered. Certain relations

involving 2I4V1PHP Hm,n(x, y, z, u; ρ) are obtained using the approach adopted by Miller.
Certain examples involving other forms of Hermite polynomials are derived as special cases.
Further, some properties of the 2I4V1PHP Hm,n(x, y, z, u; ρ) are obtained by using a quadratic
combination of four operators defined on a Lie algebra of endomorphisms of a vector space.

Keywords: 2-index 4-variable 1-parameter Hermite polynomials, Lie group, Lie algebra,
representation theory, implicit formulae.
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1 Introduction

The representations of the Lie algebras generate in a natural way all known
classical special polynomials. This allows one to extremely simplify the theory
of orthogonal polynomials by expressing them in terms of the corresponding
Lie algebra or Lie group. The interplay between special functions, Lie theory
and differential equations provides a sturdy tool for the development of mathe-
matical physics. One of the numerous consequences of the relationship between
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special functions and Lie theory is to study and investigate the properties of
special functions (see [19, 20]).

Special functions are matrix elements of basis vectors for unitary irreducible
representations of low-dimensional Lie groups. A detailed study of these groups
and their Lie algebras leads to a unified treatment of an important proportion
of special function theory, especially that part of the theory which is most useful
in mathematical physics.

Orthogonal polynomials and special functions play an important role in
developing numerical and analytical methods in mathematics, physics and engi-
neering. Over the past decades, this area of research has received ever-increasing
attention and has gained a growing momentum in modern topics such as com-
putational probability, numerical analysis, computational fluid dynamics, data
assimilation, image and signal processing etc.

The theory of generalized and multi-variable special functions serves as
an analytical foundation for the majority of several problems in mathemati-
cal physics. The use of generalized functions often facilitates the analysis by
permitting complex expression to be represented more simply in terms of some
generalized functions. Hermite polynomials play a fundamental role in the ex-
tension of the classical special functions to the generalized and multi-variable
case (see [6, 7, 17, 18]).

The Hermite polynomials appear in probability, such as the Edgeworth se-
ries, in numerical analysis as Gaussian quadrature, in combinatorics as an ex-
ample of an Appell sequence, obeying the umbral calculus, in finite element
methods as shape functions for beams, in physics, where they give rise to the
eigenstates of the quantum harmonic oscillator and in systems theory in con-
nection with nonlinear operations on Gaussian noise. Recently, an increasing in-
terest has grown related to the Lie-theoretical representations of multi-variable
Hermite polynomials (see [8, 14, 13, 21, 22]).

We consider the 2- index 4-variable 1-parameter Hermite polynomials
(2I4V1PHP) defined by means of the generating function [3]:

exp(xs+ ys2 + zt+ ut2 + ρst) =

∞∑
m=0

∞∑
n=0

Hm,n(x, y, z, u; ρ)
sm tn

m! n!
. (1.1)

On differentiating equation (1.1) w.r.t. x, y, z, u, s, t, ρ the following pure
and differential recurrence relations for the 2I4V1PHP Hm,n(x, y, z, u; ρ) are
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obtained:

∂

∂x
Hm,n(x, y, z, u; ρ) = mHm−1,n(x, y, z, u; ρ),

∂

∂y
Hm,n(x, y, z, u; ρ) = m(m− 1)Hm−2,n(x, y, z, u; ρ),

∂

∂z
Hm,n(x, y, z, u; ρ) = nHm,n−1(x, y, z, u; ρ),

∂

∂u
Hm,n(x, y, z, u; ρ) = n(n− 1)Hm,n−2(x, y, z, u; ρ),

∂

∂ρ
= mnHm−1,n−1(x, y, z, u; ρ)

(1.2)

and

Hm,n(x, y, z, u; ρ) = xHm,n(x, y, z, u; ρ) + 2ymHm−1,n(x, y, z, u; ρ)

+ρnHm,n−1(x, y, z, u; ρ), (1.3)

Hm,n(x, y, z, u; ρ) = zHm,n(x, y, z, u; ρ) + 2unHm,n−1(x, y, z, u; ρ)

+ρmHm−1,n(x, y, z, u; ρ). (1.4)

For suitable values of the variables and parameters, the 2I4V1PHP
Hm,n(x, y, z, u; ρ) reduce to other Hermite polynomials, we note the following
relations as special cases of 2I4V1PHP Hm,n(x, y, z, u; ρ)

(1) Hm,n(x, 0, z, 0; ρ) = hm,n(x, z|ρ), (1.5)

where hm,n(x, z|ρ) denotes the incomplete 2-index 2-variable 1-parameter Her-
mite polynomials (i2I2V1PHP) defined by the generating function [4] (see also
[10]):

exp(xs+ zt+ ρst) =
∞∑
m=0

∞∑
n=0

hm,n(x, z|ρ)
sm tn

m! n!
. (1.6)

(2) Hm,n(x, y, 0, 0; 0) = Hm(x, y), (1.7)

where Hm(x, y) denotes the 2-variable Hermite Kampé de Fériet polynomials
(2VHKdFP) defined by the generating function [2]:

exp(xs+ ys2) =
∞∑
m=0

Hm(x, y)
sm

m!
. (1.8)
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(3) Hm,n(2x,−y, 0, 0; 0) = Hm(x, y),
(1.9)

whereHm(x, y) denotes the 2-variable generalized Hermite polynomials (2VGHP)
defined by the generating function [5]:

exp(2xs− ys2) =

∞∑
m=0

Hm(x, y)
sm

m!
. (1.10)

(4) Hm,n(2x,−1, 0, 0; 0) = Hm(x), (1.11)

where Hm(x) denotes the Hermite polynomials (HP) defined by the generating
function [1, 11]:

exp(2xs− s2) =
∞∑
m=0

Hm(x)
sm

m!
. (1.12)

In view of the recurrence relations, the 2I4V1PHP Hm,n(x, y, z, u; ρ) are
suitable to be framed within the context of the representations of the harmonic
oscillator Lie algebras G(0, 1) and K5 [12]. The theory of group representations
and its connection to special functions give a powerful tool to the development
of mathematical physics. Special functions arise as basis vectors and matrix
elements corresponding to local multiplier representations of Lie group.

The harmonic oscillator Lie group G(0, 1) [12] (see also[15, chapter 8]) is the
set of all 4× 4 matrices of the form

g(a, b, c, τ) =


1 ceτ a τ
0 eτ b 0
0 0 1 0
0 0 0 1

 , a, b, c, τ ∈ C, (1.13)

where the group operation is matrix multiplication. The Lie algebra G(0, 1) of
G(0, 1) can be identified with the space of 4× 4 matrices of the form

α =


1 x2 x4 x3

0 x3 x1 0
0 0 0 0
0 0 0 0

 , x1, x2, x3, x4 ∈ C, (1.14)

with Lie product [α, β] = αβ − βα, α, β ∈ G(0, 1).



Lie algebra representations and 2-index 4-variable 1-parameter Hermite polynomials 69

The matrices

J+ =


0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

 , J− =


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

J3 =


0 0 0 1
0 1 0 0
0 0 0 0
0 0 0 0

 , E =


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

(1.15)

with commutation relations

[J3, J±] = ±J±, [J+, J−] = −E , [E , J±] = [E , J3] = Θ, (1.16)

where Θ is the 4× 4 zero matrix, form a basis for G(0, 1).
The 5-dimensional complex Lie group K5 [12] is the set of all 5× 5 matrices

of the form

g(q, a, b, c, τ) =


1 ceτ be−τ 2a− bc τ
0 eτ 2qe−τ b− 2qc 0
0 0 e−τ −c 0
0 0 0 1 0
0 0 0 0 1

 , q, a, b, c, τ ∈ C, (1.17)

where the group operation is matrix multiplication. The Lie algebra K5 of K5

is 5-dimensional complex Lie algebra with basis J±, J3, E ,Q and commutation
relations [12, p.299]:

[J3, J±] = ±J±, [J3,Q] = 2Q,
[J−, J+] = E , [J−,Q] = 2J+, [J+,Q] = Θ,

[J±, E ] = [J3, E ] = [Q, E ] = Θ.

(1.18)

It is clear that the set of group elements with q = 0 forms a subgroup of K5

isomorphic to G(0, 1) [12, p.9].

In this article, certain formulae involving the 2I4V1PHP Hm,n(x, y, z, u; ρ)
are established using the representation theory of the Lie groups G(0, 1) and K5.
In Section 2, certain implicit formulae involving 2I4V1PHP Hm,n(x, y, z, u; ρ)
are derived by making use of the irreducible representations ↑ω,µ of the Lie
algebra G(0, 1). In Section 3, certain implicit formulae involving 2I4V1PHP
Hm,n(x, y, z, u; ρ) are derived by making use of the irreducible representations
↑′ω,µ of K5. In Section 4, certain examples involving various forms of Hermite
polynomials are obtained. In concluding section, differential and pure recur-
rence relations and differential equations for the 2I4V1PHP Hm,n(x, y, z, u; ρ)
are derived through a formalism of double index sequences.
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2 Lie algebra G(0,1) and implicit formulae

First, we derive certain formulae involving 2I4V1PHP Hm,n(x, y, z, u; ρ) by
framing them into the context of the representation ↑ω,µ of the Lie algebra
G(0, 1). The irreducible representation ↑ω,µ of the Lie algebra G(0, 1) is defined
for each ω, µ ∈ C such that µ 6= 0. The spectrum S of this representation is

S = {−ω + r : r a non-negative integer }

and there is a basis { fm,n : m,n ∈ S } for the representation space V with the
properties

J3fm,n = mfm,n, Efm,n = µfm,n,

J+fm,n = µfm+1,n, J−fm,n = (m+ ω)fm−1,n,

C0,1fm,n = (J+J− − EJ3)fm,n = µωfm,n.

(2.1)

The complex constant ω is clearly irrelevant as far as the study of special
functions is concerned. Hence without loss of generality, we can assume ω = 0.
Also, there is no loss of generality for special function theory if we set µ = 1.

The operators J+, J−, J3, E satisfy the following commutation relations

[J3, J±] = ±J±, [J−, J+] = E, [E, J±] = [E, J3] = 0. (2.2)

In order to derive the implicit formulae involving the 2I4V1PHP
Hm,n(x, y, z, u; ρ), it is convenient to find the differential operators, whose eigen
functions are of the form

fm,n(x, y, z, u, s, t; ρ) = Ψm,n(x, y, z, u; ρ)smtn. (2.3)

There are a number of possible solutions of equation (2.2). In view of the
recurrence relations (1.2) and (1.3), the operators take the form

J3 = x
∂

∂x
+ 2y

∂

∂y
+ ρ

∂

∂ρ
,

J+ = 2ys
∂

∂x
+ ρs

∂

∂z
+ xs,

J− =
1

s

∂

∂x
,

E = 1.

(2.4)

The operators J+, J−, J3, E satisfy commutation relations (2.2) and are de-
fined on F , the space of all functions analytic in a neighborhood of the point
(x0, y0, z0, u0, t0, s0, ρ0) = (1, 1, 1, 1, 1, 1, 1). In order to obtain a realization of
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the representation ↑0,1 of G(0, 1) by operators (2.4) acting on F , the non- zero
functions fm,n(x, y, z, u, s, t; ρ) = Ψm,n(x, y, z, u; ρ)smtn are obtained such that

J3fm,n = mfm,n, Efm,n = fm,n,

J+fm = fm+1,n, J−fm,n = mfm−1,n,

C0,1fm,n = (J+J− − EJ3)fm,n = 0,

(2.5)

for all m ≥ 0.

Again, we take the function fm,n(x, y, z, u, s, t; ρ) = Ψm,n(x, y, z, u; ρ)smtn

such that

J3
′
fm,n = nfm,n, E′fm,n = fm,n,

J+′fm = fm,n+1, J−
′
fm,n = nfm,n−1,

C
′
0,1fm,n = (J+J− − E′J3)fm,n = 0,

(2.6)

for all n ≥ 0.

Also, in view of the recurrence relations (1.2) and (1.3), the operators J+′ , J−
′
, J3

′
, E′

take the form

J3
′

= z
∂

∂z
+ 2u

∂

∂u
+ ρ

∂

∂ρ
,

J+′ = 2ut
∂

∂z
+ ρt

∂

∂x
+ zt,

J−
′

=
1

t

∂

∂z
,

E′ = 1

(2.7)

and note that these operators satisfy the commutation relations identical to
(2.2).

In term of the conditions (2.5) and (2.6), the function Ψm,n(x, y, z, u; ρ),
m, n ≥ 0 satisfies the following equations:

(
2y

∂

∂x
+ ρ

∂

∂z
+ x

)
Ψm,n(x, y, z, u; ρ) = Ψm+1,n(x, y, z, u; ρ),

∂

∂x
Ψm,n(x, y, z, u; ρ) = Ψm−1,n(x, y, z, u; ρ),(
2y

∂2

∂x2
+ ρ

∂2

∂x∂z
− 2y

∂

∂y
− ρ ∂

∂ρ

)
Ψm,n(x, y, z, u; ρ) = 0, m = 0, 1, 2, ...

(2.8)
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and(
2u

∂

∂z
+ ρ

∂

∂x
+ z

)
Ψm,n(x, y, z, u; ρ) = Ψm,n+1(x, y, z, u; ρ),

∂

∂z
Ψm,n(x, y, z, u; ρ) = Ψm,n−1(x, y, z, u; ρ),(
2u

∂2

∂z2
+ ρ

∂2

∂x∂z
− 2u

∂

∂u
− ρ ∂

∂ρ

)
Ψm,n(x, y, z, u; ρ) = 0, n = 0, 1, 2, ...

(2.9)
respectively.

Further, it is observed that the polynomials Hm,n(x, y, z, u; ρ) are the solu-
tions of equations (2.8) and (2.9). In fact, the choice

Ψm,n(x, y, z, u; ρ) = Hm,n(x, y, z, u; ρ)

satisfies equations (2.8) and (2.9), for all m,n ∈ S. Thus, we conclude that the
functions fm,n(x, y, z, u, s, t; ρ) = Hm,n(x, y, z, u; ρ)smtn form a basis for a real-
ization of the representation ↑0,1 of the Lie algebra G(0, 1). This representation
of G(0, 1) can be extended to a local multiplier representation T (g), g ∈ G(0, 1)
defined on F .

According to the result [12, Theorem 1.10], the differential operators given
by (2.4) generate a Lie algebra which is the algebra of generalized Lie deriva-
tives of a multiplier representation T (g) of G(0, 1). A simple computation using
equations (2.4) gives

[T (exp bJ+)f ](x, y, z, u, s, t; ρ)

= exp
(
xsb+ ys2b2

)
f

(
x

(
1 +

2ysb

x

)
, y, z

(
1 +

ρsb

z

)
, u, s, t; ρ

)
,

[T (exp cJ−)f ](x, y, z, u, s, t; ρ) = f

(
x

(
1 +

c

sx

)
, y, z, u, s, t; ρ

)
, (2.10)

[T (exp τJ3)f ](x, y, z, u, s, t; ρ) = f(x exp(τ), y exp(2τ), z, u, s, t; ρ exp(τ)),

[T (exp aE)f ](x, y, z, u, s, t; ρ) = exp(a)f(x, y, z, u, s, t; ρ),

for f ∈ F . If g ∈ G(0, 1) has the parameters (a, b, c, τ), then

g = exp(bJ+) exp(cJ−) exp(τJ3) exp(aE)

and consequently

T (g)f = T (exp(bJ+))T (exp(cJ−))T (exp(τJ3))T (exp(aE))f. (2.11)
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An explicit computations gives

[T (g)f ](x, y, z, u, s, t; ρ) = exp
(
a+ xsb+ ys2b2

)
f

(
x

(
1 +

2ysb

x
+

c

sx

)
exp(τ), y exp(2τ), z

(
1 +

ρsb

z

)
, u, s, t; ρ exp(ρ)

)
.(2.12)

The implicit formula involving the polynomials Hm,n(x, y, z, u; ρ) is estab-
lished by proving the following result:

Theorem 1. For all b, c, x, y, z, u, ρ, s ∈ C, the following implicit sum-
mation formula involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
xsb+ ys2b2 − kτ

)
Hk,n

(
x

(
1 +

2ysb

x
+

c

sx

)
exp(τ), y exp(2τ), z

(
1 +

ρsb

z

)
, u; ρ exp(ρ)

)
=
∞∑
l=0

ck−lL
(k−l)
l (−bc)Hl,n(x, y, z, u; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, ....(2.13)

Proof. Every function f in F has a unique power series expansion, which is con-
vergent for all x, y, z, u ∈ C. Thus, for fixed n the function fm,n(x, y, z, u, s, t; ρ) =
Hm,n(x, y, z, u; ρ)smtn, m ≥ 0 form an analytic basis for F . With respect to this
analytic basis, the matrix element are defined by

[T (g)fk,n](x, y, z, u, s, t; ρ) =
∞∑
l=0

βlk(g)fl,n(x, y, z, u, s, t; ρ), g ∈ G(0, 1);

k, n = 0, 1, 2, ... (2.14)

which in view of equation (2.12) gives

exp
(
a+ xsb+ ys2b2

)
Hk,n

(
x

(
1 +

2ysb

x
+

c

sx

)
exp(τ), y exp(2τ), z

(
1 +

ρsb

z

)
, u; ρ exp(ρ)

)
=
∞∑
l=0

βlk(g)Hl,n(x, y, z, u; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, .... (2.15)

The matrix elements βlk(g) [12, p. 87 (4.26)] can be written as:

βlk(g) = exp(a+ kτ)ck−lL
(k−l)
l (−bc), k, l > 0, (2.16)

where the functions Lnl are the associated Laguerre polynomials [1].
Finally, substitution of βlk(g) given by equation (2.16) in equation (2.15)

yields the assertion (2.13) of Theorem 1. QED
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Remark 1. Taking b = 0 in equation (2.13) and making use of the limit
[12, p.88]:

cnL
(n)
l (bc)|b=0 =

{(
n+l
n

)
cn ; n > 0,

0 ; n < 0,
(2.17)

we obtain the following consequence of Theorem 1

Corollary 1. For all c, x, y, z, u, ρ, s ∈ C, the following generating relation
involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
− kτ

)
Hk,n

(
x

(
1 +

c

sx

)
exp(τ), y exp(2τ), z, u; ρ exp(ρ)

)
=

k∑
l=0

(−c)k−l
(

k

k − l

)
Hl,n(x, y, z, u; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, .... (2.18)

Remark 2. Taking c = 0 in equation (2.13) and making use of the limit
[12, p.88]:

cnL
(n)
l (bc)|c=0 =

{
0 ; n > 0,

(−b)−n
(−n)! ; n ≤ 0,

(2.19)

we obtain the following consequence of Theorem 1

Corollary 2. For all b, x, y, z, u, ρ, s ∈ C, the following generating relation
involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
xsb+ ys2b2 − kτ

)
Hk,n

(
x

(
1 +

2ysb

x

)
exp(τ), y exp(2τ), z

(
1 +

ρsb

z

)
, u; ρ exp(ρ)

)
=
∞∑
l=0

bl−k

(l − k)!
Hl,n(x, y, z, u; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, .... (2.20)

Similarly, we can establish the following result corresponding to the opera-
tors (2.7).

Theorem 2. For all b′, c′, x, y, z, u, ρ, t ∈ C, the following implicit
summation formula involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
ztb′ + ut2b′2 − kτ

)
Hm,k

(
x

(
1 +

ρtb′

x

)
, y, z

(
1 +

2utb′

z
+
c′

tz

)
exp(τ), u exp(2τ); ρ exp(ρ)

)
=
∞∑
l=0

c′k−lL
(k−l)
l (−b′c′)Hm,l(x, y, z, u; ρ) tl−k,

k, l ≥ m; k,m = 0, 1, 2, .... (2.21)
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Corollary 3. For all c′, x, y, z, u, ρ, t ∈ C, the following generating
relation involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
− kτ

)
Hm,k

(
x, y, z

(
1 +

c′

tz

)
exp(τ), u exp(2τ); ρ exp(ρ)

)
=

k∑
l=0

(−c′)k−l
(

k

k − l

)
Hm,l(x, y, z, u; ρ) tl−k, k, l ≥ m; k,m = 0, 1, 2, ....(2.22)

Corollary 4. For all b′, x, y, z, u, ρ, t ∈ C, the following generating
relation involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
ztb′ + ut2b′2 − kτ

)
Hm,k

(
x

(
1 +

ρtb′

x

)
, y, z

(
1 +

2utb′

z

)
exp(τ), u exp(2τ); ρ exp(ρ)

)
=
∞∑
l=0

b′l−k

(l − k)!
Hm,l(x, y, z, u; ρ) tl−k, k, l ≥ m; k,m = 0, 1, 2, .... (2.23)

3 Lie algebra K5 and implicit formulae

In this section, we derive the implicit formulae involving 2I4V1PHP
Hm,n(x, y, z, u; ρ) by using the representation ↑′ω,µ of the Lie algebra K5. The
irreducible representation ↑′ω,µ of the Lie algebra K5 is defined for each ω, µ ∈ C
such that µ 6= 0. The spectrum S of this representation is

S = {−ω + r : r a non-negative integer }

and there is a basis { fm,n : m,n ∈ S } for the representation space V with the
properties

J3fm,n = mfm,n, Efm,n = µfm,n,

J+fm,n = µfm+1,n, J−fm,n = (m+ ω)fm−1,n,

Qfm,n = µfm+2,n.

(3.1)

Here, we set ω = 0 and µ = 1.

The operators J+, J−, J3, E, Q satisfy the following commutation relations

[J3, J±] = ±J±, [J−, J+] = E,

[J±, E] = [Q , E] = [J3, E] = [J+,Q ] = 0,

[J3,Q ] = 2Q , [J−,Q ] = 2J+.

(3.2)
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In order to derive the implicit formulae involving the 2I4V1PHP
Hm,n(x, y, z, u; ρ), it is convenient to find the differential operators, whose eigen
functions are of the form

fm,n(x, y, z, u, s, t; ρ) = Φm,n(x, y, z, u; ρ)smtn. (3.3)

Using the recurrence relations (1.2) and (1.3), the operators J+, J−, J3, E,
Q are obtained as follows:

J3 = x
∂

∂x
+ 2y

∂

∂y
+ ρ

∂

∂ρ
,

J+ = 2ys
∂

∂x
+ ρs

∂

∂z
+ xs,

J− =
1

s

∂

∂x
,

E = 1,

Q = 2xys2 ∂

∂x
+ 2xρs2 ∂

∂z
+ ρ2s2 ∂

∂u
+ 2yρs2 ∂

∂ρ
+ 2ys3 ∂

∂s
+ (x2 + 2y)s2.

(3.4)

The operators J+, J−, J3, E, Q satisfy commutation relations (3.2) and are
defined on F . Further, to obtain a realization of the representation ↑′0,1 of K5

by operators (3.4) acting on F , the non- zero functions fm,n(x, y, z, u, s, t; ρ) =
Φm,n(x, y, z, u; ρ)smtn are obtained such that

J3fm,n = mfm,n, Efm,n = fm,n,

J+fm,n = fm+1,n, J−fm,n = mfm−1,n,

Qfm,n = fm+2,n.

(3.5)

for all m ≥ 0.

Again, we take the function fm,n(x, y, z, u, s, t; ρ) = Φm,n(x, y, z, u; ρ)smtn

such that

J′3fm,n = nfm,n, E′fm,n = fm,n,

J′+fm,n = fm,n+1, J′−fm,n = nfm,n−1,

Qfm,n = fm,n+2.

(3.6)

for all n ≥ 0.

Also, using the recurrence relations (1.2) and (1.3), the operators J+′ , J−
′
, J3

′
, E′,Q
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can be obtained as

J3
′

= z
∂

∂z
+ 2u

∂

∂u
+ ρ

∂

∂ρ
,

J+′ = 2ut
∂

∂z
+ ρt

∂

∂x
+ zt,

J−
′

=
1

t

∂

∂z
,

E′ = 1,

Q = 2zut2
∂

∂z
+ 2zρt2

∂

∂x
+ ρ2s2 ∂

∂y
+ 2uρt2

∂

∂ρ
+ 2ut3

∂

∂t
+ (z2 + 2u)t2

(3.7)

and note that these operators satisfy the commutation relations identical to
(3.2).

In term of the conditions (3.5) and (3.6), the function Φm,n(x, y, z, u; ρ),
m,n ≥ 0 satisfies the following equations(

2y
∂

∂x
+ ρ

∂

∂z
+ x

)
Φm,n(x, y, z, u; ρ) = Φm+1,n(x, y, z, u; ρ),

∂

∂x
Φm,n(x, y, z, u; ρ) = Φm−1,n(x, y, z, u; ρ),(

2xy
∂

∂x
+ 2xρ

∂

∂z
+ ρ2 ∂

∂u
+ 2yρ

∂

∂ρ
+ x2 + 2y(m+ 1)

)
Φm,n(x, y, z, u; ρ)

= Φm+2,n(x, y, z, u; ρ), m = 0, 1, 2, ...
(3.8)

and(
2u

∂

∂z
+ ρ

∂

∂x
+ z

)
Φm,n(x, y, z, u; ρ) = Φm,n+1(x, y, z, u; ρ),

∂

∂z
Φm,n(x, y, z, u; ρ) = Φm,n−1(x, y, z, u; ρ),(

2 zu
∂

∂z
+ 2zρ

∂

∂x
+ ρ2 ∂

∂y
+ 2uρ

∂

∂ρ
+ z2 + 2u(n+ 1)

)
Φm,n(x, y, z, u; ρ)

= Φm,n+2(x, y, z, u; ρ), n = 0, 1, 2, ...,
(3.9)

respectively.
The solutions of equations (3.8) and (3.9) are the polynomialsHm,n(x, y, z, u; ρ).

In fact, the choice Φm,n(x, y, z, u; ρ) = Hm,n(x, y, z, u; ρ) satisfies equations (3.8)
and (3.9), for all m,n ∈ S.

Thus, we conclude that the functions

fm,n(x, y, z, u, s, t; ρ) = Hm,n(x, y, z, u; ρ)smtn
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form a basis for a realization of the representation ↑′0,1 of the Lie algebra K5. This
infinitesimal representation can be extended to a local multiplier representation
T ′(g), g ∈ K5 defined on the space F .

Proceeding on the same argument as in the case of the representation ↑0,1,
the extended forms of the groups generated by the operators (3.4) are derived
as follows:

[T ′(exp bJ+)f ](x, y, z, u, s, t; ρ)

= exp
(
xsb+ ys2b2

)
f

(
x

(
1 +

2ysb

x

)
, y, z

(
1 +

ρsb

z

)
, u, s, t; ρ

)
,

[T ′(exp cJ−)f ](x, y, z, u, s, t; ρ) = f

(
x

(
1 +

c

sx

)
, y, z, u, s, t; ρ

)
,

[T ′(exp τJ3)f ](x, y, z, u, s, t; ρ) = f(x exp(τ), y exp(2τ), z, u, s, t; ρ exp(τ)), (3.10)

[T ′(exp aE)f ](x, y, z, u, s, t; ρ) = exp(a)f(x, y, z, u, s, t; ρ),

[T ′(exp qQ)f ](x, y, z, u, s, t; ρ) = γ−
1
2 exp

(
x2

4y

(
1

γ
− 1

))
f

(
xγ−

1
2 , y,

(
z +

xρ/2y

γ

)
, u exp

(
ρ2

4y

(
1

γ
− 1

))
, sγ−

1
2 , t; ργ−

1
2

)
,

where γ = 1−4ys2q and f ∈ F . If g ∈ K5 has the parameters (q, a, b, c, τ), then

g = exp(qQ) exp(bJ+) exp(cJ−) exp(τJ3) exp(aE)

and consequently

T ′(g)f = T ′(exp(qQ))T ′(exp(bJ+))T ′(exp(cJ−))T ′(exp(τJ3))T ′(exp(aE))f.
(3.11)

An explicit computations gives

[T ′(g)f ](x, y, z, u, s, t; ρ) = γ−
1
2 exp

(
γ−

1
2ϕ+ a

)
f

(
xγ−

1
2

(
1 +

2ysb

x
+
cγ

sx

)
exp(τ),

y exp(2τ),

(
z +

ρx/4y

γ
+ ρsbγ−

1
2

)
, u exp

(
ρ2

4y

(
1

γ
− 1

))
, sγ−

1
2 , t; ργ−

1
2 exp(τ)

)
.(3.12)

where ϕ = x2s2q + xsb+ ys2b2.
The matrix elements Clk(g) of T ′(g) with respect to the analytic basis

{ fm,n : m,n ∈ S } are uniquely determined by ↑′0,1 of K5 and are defined by

[T (g)fk,n](x, y, z, u, s, t; ρ) =
∞∑
l=0

Clk(g)fl,n(x, y, z, u, s, t; ρ), g ∈ K5;

k, n = 0, 1, 2, .... (3.13)

The implicit formula involving the polynomials Hm,n(x, y, z, u; ρ) is estab-
lished by proving the following result
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Theorem 3. For all a, b, c, q, x, y, z, u, ρ, s ∈ C, the following implicit
summation formula involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

γ−
(k+1)

2 exp
(
γ−

1
2ϕ+ a

)
Hk,n

(
xγ−

1
2

(
1 +

2ysb

x
+
cγ

sx

)
exp(τ), y exp(2τ),(

z +
ρx/4y

γ
+ ρsbγ−

1
2

)
, u exp

(
ρ2

4y

(
1

γ
− 1

))
; ργ−

1
2 exp(τ)

)
=
∞∑
l=0

Clk(g)Hl,n(x, y, z, u; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, .... (3.14)

Proof. In view of equation (3.12), the proof of (3.14) is direct use of relation
(3.13). QED

Remark 3. Taking q = 0 in equation (3.14) and making use of the corre-
sponding matrix element [12, p. 309(9.29)]:

Clk(g) = exp(a+ kτ)c(k−l)Lk−ll (−bc), l, k ≥ 0, (3.15)

the following consequence of Theorem 3 is deduced

Corollary 5. For all b, c, x, y, z, u, ρ, s ∈ C, the following generating
relation involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
xsb+ ys2b2 − kτ

)
Hk,n

(
x

(
1 +

2ysb

x
+

c

sx

)
exp(τ), y exp(2τ),

(
z +

ρx

4y
+ ρsb

)
, u; ρ exp(τ)

)
=

k∑
l=0

c(k−l)Lk−ll (−bc)Hl,n(x, y, z, u; ρ) sl−k,

k, l ≥ n; k, n = 0, 1, 2, .... (3.16)

Remark 4. Taking a = c = τ = 0 in equation (3.14) and making use of the
corresponding matrix element [12, p. 309]:

Clk(g) =


0 ; 0 ≤ l ≤ k,

(−q)
(
l−k
2

)
(l−k)! Hl−k

(
b

2(−q)
1
2

)
; l ≥ k ≥ 0,

(3.17)

the following consequence of Theorem 3 is deduced
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Corollary 6. For all q, b, x, y, z, u, ρ, s ∈ C, the following generating
relation involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

γ
−(k+1)

2 exp

(
x2s2q + xsb+ ys2b2

γ

)
Hk,n

(
xγ−

1
2

(
1 +

2ysb

x

)
, y,

(
z +

ρx

4yγ

)
, u exp

(
ρ2

4y

(
1

γ
− 1

))
; ργ

1
2

)

=

∞∑
l=0

(−q)
(

l−k
2

)
(l − k)!

Hl−k

(
b

2(−q) 1
2

)
Hl,n(x, y, z, u; ρ) sl−k,

l ≥ k ≥ 0; k, n = 0, 1, 2, .... (3.18)

Similarly, we can establish the following results corresponding to the opera-
tors (3.7).

Theorem 4. For all a′, b′, c′, q′, x, y, z, u, ρ, t ∈ C, the following implicit
summation formula involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

γ′−
(k+1)

2 exp
(
γ′−

1
2ϕ+ a

)
Hm,k

((
x+

ρz/4u

γ′
+ ρtb′γ′−

1
2

)
, y exp

(
ρ2

4u

(
1

γ′
− 1

))
,

zγ′−
1
2

(
1 +

2utb′

z
+
c′γ′

tz

)
exp(τ), u exp(2τ); ργ′−

1
2 exp(τ)

)
=

∞∑
l=0

C′lk(g)Hm,l(x, y, z, u; ρ) tl−k, k, l ≥ m; k,m = 0, 1, 2, ..., (3.19)

where γ′ = 1− 4ut2q′.

Corollary 7. For all b′, c′, x, y, z, u, ρ, t ∈ C, the following generating
relation involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

exp
(
ztb′ + ut2b′2 − kτ

)
Hm,k

((
x+

ρz

4u
+ ρtb′

)
, y, z

(
1 +

2utb′

z
+
c′

tz

)
exp(τ), u exp(2τ); ρ exp(τ)

)
=

k∑
l=0

c′(k−l)Lk−l
l (−b′c′)Hm,l(x, y, z, u; ρ) tl−k, k, l ≥ m; k,m = 0, 1, 2, .... (3.20)

Corollary 8. For all q′, b′, x, y, z, u, ρ, t ∈ C, the following generating
relation involving the polynomials Hm,n(x, y, z, u; ρ) holds true:

γ′
−(k+1)

2 exp

(
z2t2q′ + ztb′ + ut2b′2

γ′

)
Hm,k

((
x+

ρz

4uγ′

)
, y exp

(
ρ2

4u

(
1

γ′
− 1

))
, zγ′−

1
2

(
1 +

2utb′

z

)
, u; ργ′

1
2

)
)

=

∞∑
l=0

(−q′)
(

l−k
2

)
(l − k)!

Hl−k

(
b′

2(−q′) 1
2

)
Hl,m(x, y, z, u; ρ) tl−k,



Lie algebra representations and 2-index 4-variable 1-parameter Hermite polynomials 81

l ≥ k ≥ 0; k,m = 0, 1, 2, ... (3.21)

In the next section, the summation formulae for the i2I2V1PHP hm,n(x, z|ρ),
2VHKdFP Hm(x, y) and 2VHP Hm(x, y) are obtained as special cases of the
results derived in this section.

4 Examples

We consider the following examples

Example 1. Taking y = u = 0 in equations (2.13), (2.18) and (2.20) and
using relation (1.5) in the resultant equations, the following implicit summation
formulae involving i2I2V1PHP hm,n(x, z|ρ) are obtained

exp
(
xsb− kτ

)
hk,n

(
x

(
1 +

c

sx

)
exp(τ), z

(
1 +

ρsb

z

)
; ρ exp(ρ)

)
=

∞∑
l=0

ck−lL
(k−l)
l (−bc)hl,n(x, z; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, ..., (4.1)

exp
(
− kτ

)
hk,n

(
x

(
1 +

c

sx

)
exp(τ), z; ρ exp(ρ)

)
=

k∑
l=0

(−c)k−l
(

k

k − l

)
hl,n(x, z; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, ..., (4.2)

exp
(
xsb− kτ

)
hk,n

(
x exp(τ), z

(
1 +

ρsb

z

)
; ρ exp(ρ)

)
=
∞∑
l=0

bl−k

(l − k)!
hl,n(x, z; ρ) sl−k, k, l ≥ n; k, n = 0, 1, 2, .... (4.3)

Example 2. Taking z = u = ρ = 0 in equations (2.13), (2.18), (2.20), (3.14)
and (3.18) and using relation (1.7) in the resultant equations, the following
implicit summation formulae involving 2VHKdFP Hm(x, y) are obtained

exp
(
xsb+ ys2b2 − kτ

)
Hk

(
x

(
1 +

2ysb

x
+

c

sx

)
exp(τ), y exp(2τ)

)
=

∞∑
l=0

ck−lL
(k−l)
l (−bc)Hl(x, y) sl−k, k,= 0, 1, 2, ..., (4.4)

exp
(
− kτ

)
Hk

(
x

(
1 +

c

sx

)
exp(τ), y exp(2τ)

)
=

k∑
l=0

(−c)k−l
(

k

k − l

)
Hl(x, y) sl−k, k = 0, 1, 2, ..., (4.5)
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exp
(
xsb+ ys2b2 − kτ

)
Hk

(
x

(
1 +

2ysb

x

)
exp(τ), y exp(2τ)

)
=

∞∑
l=0

bl−k

(l − k)!
Hl(x, y) sl−k, k = 0, 1, 2, ..., (4.6)

γ−
(k+1)

2 exp
(
γ−

1
2ϕ+ a

)
Hk

(
xγ−

1
2

(
1 +

2ysb

x
+
cγ

sx

)
exp(τ), y exp(2τ)

)
=

∞∑
l=0

Clk(g)Hl(x, y) sl−k, k = 0, 1, 2, ..., (4.7)

γ
−(k+1)

2 exp

(
x2s2q + xsb+ ys2b2

γ

)
Hk

(
xγ−

1
2

(
1 +

2ysb

x

)
, y

)

=

∞∑
l=0

(−q)
(
l−k
2

)
(l − k)!

Hl−k

(
b

2(−q)
1
2

)
Hl(x, y) sl−k, l ≥ k ≥ 0; k = 0, 1, 2, .... (4.8)

Further, replacing x by 2x and y by −y in equations (4.4) and (4.8), reduce to
known result [14, p. 133(3.3,3.4)].

Example 3. Taking z = u = ρ = 0; y = −1 and replacing x by 2x, in
equations (2.13), (2.18), (2.20), (3.14) and (3.18) and using relation (1.9) in the
resultant equations, the following implicit summation formulae involving 2VHP
Hm(x, y) are obtained

exp
(
2xsb− s2b2 − kτ

)
Hk

(
2x

(
1− ysb

x
+

c

2sx

)
exp(τ)

)
=
∞∑
l=0

ck−lL
(k−l)
l (−bc)Hl(x) sl−k, k,= 0, 1, 2, ..., (4.9)

exp
(
− kτ

)
Hk

(
2x

(
1 +

c

2sx

)
exp(τ)

)
=

k∑
l=0

(−c)k−l
(

k

k − l

)
Hl(x) sl−k, k = 0, 1, 2, ..., (4.10)

exp
(
2xsb− s2b2 − kτ

)
Hk

(
2x

(
1− sb

x

)
exp(τ)

)
=

∞∑
l=0

bl−k

(l − k)!
Hl(x) sl−k, k = 0, 1, 2, ..., (4.11)

(
1 + 4qs2

)− (k+1)
2 exp

((
1 + 4qs2

)− 1
2ϕ+ a

)
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Hk

(
2x
(
1 + 4qs2

)− 1
2

(
1− sb

x
+
c
(
1 + 4qs2

)
2sx

)
exp(τ)

)
=

∞∑
l=0

Clk(g)Hl(x) sl−k, k = 0, 1, 2, ...,

(4.12)(
1 + 4qs2

)−(k+1)
2 exp

(
4x2s2q + 2xsb− s2b2

1 + 4qs2

)
Hk

(
2x
(
1 + 4qs2

)− 1
2

(
1− sb

x

))

=

∞∑
l=0

(−q)
(
l−k
2

)
(l − k)!

Hl−k

(
b

2(−q)
1
2

)
Hl(x) sl−k, l ≥ k ≥ 0; k = 0, 1, 2, ....

(4.13)

In the next section, we use another approach to derive some properties of
the 2I4V1PHP Hm,n(x, y, z, u; ρ).

5 Concluding remarks

In the previous sections, we have established certain results for the 2I4V1PHP
Hm,n(x, y, z, u; ρ) using Lie algebraic technique. The Lie algebraic aspect of spe-
cial functions is limited to the Lie algebras generated by raising, lowering and
maintaining operators.

Radulescu [16] established some other important properties of special func-
tions using operators defined on Lie algebras. Recently, this formalism has been
extended to double index sequences [9]. In this concluding section, we show how
the Lie algebraic technique can be used to derive the differential and pure recur-
rence relations and differential equations for the 2I4V1PHP Hm,n(x, y, z, u; ρ)
through a formalism of double index sequences. In this section, we establish
some properties of the 2I4V1PHP Hm,n(x, y, z, u; ρ) by using a quadratic com-
bination of four operators defined on a Lie algebra of endomorphisms of a vector
space.

Let End V be the Lie algebra of endomorphism of a vector space V. Let
V = C∞(R× R× R× R× R× R× R) and A,B, C,D ∈ End V such that

Af(x, y, z, u, s, t; ρ) =
1

s

∂f

∂x
, (5.1)

Bf(x, y, z, u, s, t; ρ) = 2ys
∂f

∂x
+ ρs

∂f

∂z
+ xsf, (5.2)

Cf(x, y, z, u, s, t; ρ) =
1

t

∂f

∂z
, (5.3)

Df(x, y, z, u, s, t; ρ) = 2ut
∂f

∂z
+ ρt

∂f

∂x
+ ztf, (5.4)
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for every (x, y, z, u, s, t; ρ) ∈ R× R× R× R× R× R× R.

Now, according to the result [9, Corollary 2.3] and in view of equation (2.3),
we have

B{Ψm,n(x, y, z, u; ρ)smtn} = Ψm+1,n(x, y, z, u; ρ)sm+1tn (5.5)

and
D{Ψm,n(x, y, z, u; ρ)smtn} = Ψm,n+1(x, y, z, u; ρ)smtn+1. (5.6)

Consequently, we get

A{Ψm,n(x, y, z, u; ρ)smtn} = mΨm−1,n(x, y, z, u; ρ)sm−1tn (5.7)

and
C{Ψm,n(x, y, z, u; ρ)smtn} = nΨm,n−1(x, y, z, u; ρ)smtn−1, (5.8)

respectively.
Next, on using equations (5.2) and (5.4) in equations (5.5) and (5.6), respec-

tively, we get the differential recurrence relations(
2y

∂

∂x
+ ρ

∂

∂z
+ x

)
Ψm,n(x, y, z, u; ρ) = Ψm+1,n(x, y, z, u; ρ) (5.9)

and (
2u

∂

∂z
+ ρ

∂

∂x
+ z

)
Ψm,n(x, y, z, u; ρ) = Ψm,n+1(x, y, z, u; ρ), (5.10)

respectively.
Again, on using equations (5.1) and (5.3) in equations (5.7) and (5.8), re-

spectively, we get the differential recurrence relations

∂

∂x
Ψm,n(x, y, z, u; ρ) = mΨm−1,n(x, y, z, u; ρ) (5.11)

and
∂

∂z
Ψm,n(x, y, z, u; ρ) = nΨm,n−1(x, y, z, u; ρ), (5.12)

respectively.
Further, using equations (5.11) and (5.12) in equations (5.9) and (5.10),

respectively, we get the following differential recurrence relations

∂

∂x
Ψm,n(x, y, z, u; ρ)

=
1

ρ
{−2myΨm−1,n(x, y, z, u; ρ)− xΨm,n(x, y, z, u; ρ) + Ψm+1,n(x, y, z, u; ρ)} (5.13)
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and

∂

∂z
Ψm,n(x, y, z, u; ρ)

=
1

ρ
{−2nuΨm,n−1(x, y, z, u; ρ)− zΨm,n(x, y, z, u; ρ) + Ψm,n+1(x, y, z, u; ρ)}, (5.14)

respectively.

Also, in view of equations (5.11) and (5.12), equations (5.9) and (5.10),
become

2myΨm−1,n(x, y, z, u; ρ) + nρΨm,n−1(x, y, z, u; ρ)+xΨm,n(x, y, z, u; ρ)

= Ψm+1,n(x, y, z, u; ρ)
(5.15)

and

2nuΨm,n−1(x, y, z, u; ρ) +mρΨm−1,n(x, y, z, u; ρ)+zΨm,n(x, y, z, u; ρ)

= Ψm,n+1(x, y, z, u; ρ),
(5.16)

respectively.
Now, in view the identity [9]:

(BA)Ym,n = mYm,n (5.17)

and equations (5.1) and (5.2), we get the following differential equation(
2y

∂2

∂x2
+ ρ

∂2

∂x∂z
+ x

∂

∂x
−m

)
Ψm,n(x, y, z, u; ρ) = 0. (5.18)

Similarly, using equations (5.3) and (5.4) and in view of the identity [9]:

(DC)Ym,n = nYm,n, (5.19)

we get (
2u

∂2

∂z2
+ ρ

∂2

∂x∂z
+ z

∂

∂z
− n

)
Ψm,n(x, y, z, u; ρ) = 0. (5.20)

Finally, it is observed that equations (5.18) and (5.20) are the differential
equations satisfied by the 2I4V1PHP Hm,n(x, y, z, u; ρ). Also, note that equa-
tions (5.11)-(5.16) are differential and pure recurrence relations satisfied by the
2I4V1PHP Hm,n(x, y, z, u; ρ).

The established results in this paper show that the use of multi-variable poly-
nomials with their associated formalism offers wide possibilities in the applica-
tions of pure and applied mathematics. This approach can be further extended
to derive the properties of other generalized special functions of mathematical
physics and is an interesting problem for further research.
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