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] 1
C) o (7t ,Tv) o (M,ILC

hence 3(Cv) = (TT : )(0 1

AN

=((aT5C) o Moy + T, C ) 0 (TV) 03 C =

¥
2 ™ 2 2

=(- s 0 u(TZBC) 0 Ty ¥ 1dTT M) o (Tv) o u

= -5 0af(fu)yov+ Tvou

Let us remark that both tensors in (%) are on the same affine fiber on

h T%r,s)M'

5 Connection on a bundle.

Let n = (E,p,M) be a bundle.
| DEFINITION.

A PSEUDO-CONNECTION on n 1is an affine bundle morphismon h T L

r+TE > v T TE
whose fiber derivatives are 1.

A PSEUDO-HORIZONTAL SECTION is a section

H:hTE - Tt

Hence the following diagram is commutative

E r

\<;;:hhhﬂ h T E ¢*ﬁ”ﬂr
Let us remark that T : TE > v T E is characterized by the map

' TE > v TE givenby TE S35 76 L5, TE.
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2 PROPOSITION.
The maps o and 8 between the set of pseudo connections and the set

of pseudo-horizontal sections, given by
o : ' = H ,
where H 1is the unique horizontal section such that I' o H = 0, and

;o > I = 1 - H h
B : H [ 1dTE 0

are inverse bijection .

Henceforth we will consider T and H as mutually related . Hence giving
a pseudo-connection is the choice of a point for each affine fiber of TL,
getting in this way an identification of the affine fibers with their vector

spaces.

3 PROPOSITION.
Let ¢ : R+ E be a map. The following condition are equivalect :
a) Hohodc
b) ~0d ¢
4 DEFINITION.

Ho (c,d(poc)l=dc

1
(-

A curve ¢ : R > E 1is HORIZONTAL if the previous conditions are satisfied.

5. PROPOSITION.

The set J of all pseudo-connections is the affine space of the sections

of the affine bundle rhE, whose vector space 1is the space of the sections

of the vector bundle %hE .

6. PROPOSITION.

The following conditions are equivalent

a) T : TE~ Vv TE is a linear morphism on E

b) H : hTE - TE is a linear morphism on E.
Moreover, 1f such conditions are verified, then we get

TE=hTEL &E vIE
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PROOF .

a)< - b trivial.

For the splitting it suffices to take into account the two exact sequences

on t
n
0 - vIE«-= TE - = nTE > (0
0 - hTE : H+ TE - r+ w1k > 0

7 DEFINITION.

A CONNECTION (HORIZONTAL SECTION) is a pseudo connection(pseudo-horizontal
section) satisfyng the condition(a)(b)

Hence giving a connections allows us to make a comparison between "close"
fibers of E.

8 PROPOSITION.

Let n Dbe a vector bundle. Let T be a connection.

The following conditions are equivalent

a) © : TE » v TE is a vector bundle morphism on TM

b) H : hTE - TE 1is a vector bundle morphism on M

9 DEFINITION.
A connection (horizontal section) is LINEAR if the previous conditicns hold .

Hence giving a linear connection allows us to make a comparison between "close"

fibers of E by means of isomorphisms.

i i

10 The set.Ja of all Tinear connections is an affine subspace ofJ ,whose vector

space 1s the space of bilinear sections of rhE(this vector space is naturally

. ‘ _ *
isomorphic to the space of sections M - T'MafE g E)

11 PROPOSITION.

Let r' and be two linear connections on n' and n"

?

respectively.
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The map H = t o(H' & H") : hT(E' g, E") » t(E' & E"
|

is a linear connections on n' & n"

o=

Hence the following diagram is commutative:

1.

i 1] = o T EII‘I,I
TE ETM TE 7 ﬁM ,
H'@H" f/ﬂ/#
t " A
(E ﬁME ) X M T F
12 DEFINITION.
The TENSOR PRODUCT of r ! and m" 15 the conpection associated

with the horizontal section H previously defined .

[

13 PROPOSITION.

Let T be a linear connection on n

. , . . . * * | - .
‘here 1S a unique linear connection ' on =n  such that the following

diagram is commutative

* b
TE o TE ? R
’TcH,H*) }h
Ex B )% TM — > 0
(ExyE DXy
where D : E xME*—-f R 1s the inner product and b =1 o T b.

14 DEFINITION.

The DUAL connection of o 1is the connection associated with the horizontal

. * . .
section H previously defined

15 DEFINITION,

Let ' be a linear connection on n = 7 M.

The TORSION of T 1is the bilinear map

O = iiTM o(H-s o Ho ex) : T Mx, T M -~ T M.

The connection I is SYMMETRICAL if o = (



16 DEFINITION.
A QUADRATIC SPRAY is a second order diffzrential equation

X - T W - 7 1M

which is factorizable by a symmetr-cal! iiredr horizonial section as follows

17 PROPOSITION.

The previous diagram determines a bijection betweer quadratic sprays and

symmetrical linear connections

m— e

The quadratic sprays are homoceneous with decree two

18 DEFINITION.

Let T be a linear connection on n

1]
tll
—
L
Lo

dar =g
g,

Let v : M -tbe a sec*ticor and et u : M - T M be a vector field.

The COVARIANT DERIVATIVE cf v with respect u 1S the section

T vy T
T M > T F e, T E
Vs
| R
.; [ 1
u | .
l L
M ST e F

where C:RxM >M -s the group of leocal diifeomorphisms generated by u.
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19 PROPOSITION.

Let -~ be a linear connection on n = (E,p,M).
We have

7 =f vV v

fu u

v V=YV + 7V

u+u u u

7 (vtv') =V v + 9 Vv
U u u

v - f
’ (fv) = f vu v + (u,f) v

[f UcM 1s open , then

Tu/u V/v = (?uv}/u .

*

[f 1S the dual connection of © , we have
CoewVy = <V ow,Vrt<w,V vV -
U u U
[f 1s the tensor product of the linear connection T©' and " ,
we have T(vieav'y =9 viagv'i+v gv v"' .
u u u -
20 PROPOSITION.
Let - Dbe a linear connection on n 1 M.
We have 7 v =7u+LvVv+ 0 o0o(u,v)
u v u
PROOF .
V - 7 =.TT - - S + © My = t € oV )
N Mgy 0o (Tvou=-s0Tvou)+6eo0 (u,v) Luv O 0(u,V)
PROPOSITION.

Let g : TM X T™M - R be a non degenerate symmetrical linear map. Let us

denote by the same notation the associated maps

g : TM - R g : M +T(0 21?’1 and Q:TM-%T*M.
. ; ,2)

tach one of the following conditions characterize the same symmetrical Tinear

connection T on ™.

a) The following diagram is commutative



,.a-""’--‘
T T Mff”g'

b) The following diagram is commutative

TTMxTMTTMg R
(H,H)
:
( MxMTM)xM T M 0
C ) We have g=0 |, Y u:M->-TM.

d' The following diagram is commutative

TMKMTM T T M
-]

1dTng T q

TMXTM - T TM .



