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Qhwzrun Vwuxfwxuh dqg wkh Gl�xvlrq

ri Nqrzohgjh�

Urelq Frzdq dqg Qlfrodv Mrqdug

PHULW
SR Er{ 949/ 9533 PG Pddvwulfkw/ Wkh Qhwkhuodqgv

Mxo| 5</ 4<<<

Devwudfw

Wklv sdshu prghov nqrzohgjh gl�xvlrq dv d eduwhu surfhvv lq zklfk
djhqwv wudgh gl�huhqw w|shv ri nqrzohgjh1 Lw fdswxuhv wkh revhuyhg
sudfwlfh ri lqirupdo nqrzohgjh h{fkdqjh dprqj djhqwv zlwk uhodwhg/
wkrxjk gl�huhqw nqrzohgjh1 Djhqwv duh orfdwhg rq d odwwlfh dqg duh gl0
uhfwo| frqqhfwhg zlwk d vpdoo qxpehu ri rwkhu djhqwv1 Djhqwv uhshdw0
hgo| phhw wkrvh zlwk zkrp wkh| kdyh gluhfw frqqhfwlrqv dqg wudgh
li pxwxdoo| sur�wdeoh wudghv h{lvw1 Lq wklv zd| nqrzohgjh gl�xvhv
wkurxjkrxw wkh hfrqrp|1 Zh h{dplqh wkh uhodwlrqvkls ehwzhhq odw0
wlfh vwuxfwxuh dqg gl�xvlrq shuirupdqfh1 D rqh glphqvlrqdo/ shulrglf
odwwlfh kdv dv rqh h{wuhph d frpsohwho| uhjxodu vwuxfwxuh�hyhu| djhqw
lv frqqhfwhg wr q qhduhvw qhljkerxuv1 Dw wkh rwkhu h{wuhph hyhu| djhqw
lv frqqhfwhg wr/ rq dyhudjh/ q djhqwv orfdwhg dw udqgrp rq wkh odwwlfh1
Zh xvh d uh0zlulqj surfhgxuh wr h{dplqh wkh vsdfh ri odwwlfh vwuxfwxuhv
wkdw idoo ehwzhhq wkhvh h{wuhphv1 Zh �qg wkdw wkh shuirupdqfh ri wkh
v|vwhp h{klelwv fohdu cvpdoo zruog* surshuwlhv/ lq wkdw wkh vwhdg| vwdwh
ohyho ri dyhudjh nqrzohgjh lv pd{lpdo zkhq wkh odwwlfh vwuxfwxuh lv
wkdw ri d vpdoo zruog +wkdw lv/ zkhq prvw frqqhfwlrqv duh orfdo/ exw
urxjko| 8 shufhqw ri wkh frqqhfwlrqv duh orqj glvwdqfh,1 D vxusulvlqj
uhvxow lv wkdw wkh yduldqfh ri nqrzohgjh ohyhov dprqj djhqwv lv dovr
pd{lpdo lq wkh vpdoo zruog uhjlrq1 Zh h{sodlq erwk wkhvh uhvxowv dv
uh hfwlqj wkh g|qdplfv ri nqrzohgjh wudqvplvvlrq dv d�hfwhg e| wkh
qdwxuh ri frqqhfwlrqv dprqj djhqwv1

�Zh wkdqn sduwlflsdqwv ri vhplqduv dqg frqihuhqfhv lq Pduvhlooh +JUHTDP,/
Pddvwulfkw/ Pxqlfk dqg Jhqryd/ dv zhoo dv W1 ]lhvhphu/ M10E1 ]lpphupdqq/
V1 Oxfklql dqg D1 Nlupdq iru khosixo frpphqwv1 Dxwkruv H0pdlo dguhvvhv duh
udfrzdqCpxg1fjo1xzdwhuorr1fd dqg q1mrqdugCphulw1xqlpddv1qo1



4 Lqwurgxfwlrq

Rqh ri wkh uhpdundeoh ihdwxuhv ri d pdunhw lv lwv delolw| wr surfhvv lqiru0
pdwlrq1 Hyhq zlwk doo ri wkh p|uldg idfwruv wkdw fdq lq xhqfh hfrqrplf
skhqrphqd/ lq sulqflsoh/ lq d zhoo0ixqfwlrqlqj pdunhw hfrqrp|/ djhqwv qhhg
rqo| sd| dwwhqwlrq wr rqh slhfh ri lqirupdwlrq iru hdfk jrrg/ qdpho| lwv
sulfh1 Dq lpsolfdwlrq ri wklv ihdwxuh ri pdunhwv lv wkdw/ wr wkh h{whqw wkdw
djhqwv lqwhudfw zlwk hdfk rwkhu/ lqwhudfwlrqv duh dqrq|prxv1 Dq| lqwhudf0
wlrq ehwzhhq wzr djhqwv lv phgldwhg e| wkh pdunhw/ dqg L qhhg nqrz qrwklqj
derxw |rx h{fhsw wkh sulfh |rx duh fkdujlqj ru dvnlqj/ zklfk/ lq htxloleulxp/
zloo eh wkh vdph dv wkdw fkdujhg ru dvnhg e| hyhu| rwkhu djhqw14 Uhfhqwo|
krzhyhu/ vrph hfrqrplvwv kdyh ehhq h{dplqlqj skhqrphqd lq zklfk lqwhudf0
wlrqv duh qrw dqrq|prxv1 Djhqwv gl�hu iurp hdfk rwkhu lq vljql�fdqw zd|v1
Lq sduwlfxodu/ dq| djhqw rqo| lqwhudfwv zlwk d vpdoo vxevhw ri wkh vhw ri doo
djhqwv1 Wklv vhw pd| kdyh gl�huhqw jhqhudo fkdudfwhulvwlfv iurp wkh srsx0
odwlrq dyhudjh�gl�huhqw orfdwlrqv/ hqgrzphqwv/ whfkqrorjlhv ru wdvwhv1 Wkh
sduwlfxodu fkdudfwhulvwlfv ri dq djhqw*v cqhljkerxuv* zloo fohduo| lq xhqfh wkh
ehkdylrxu dqg zhoiduh ri wkh djhqw1 Qrq0dqrq|plw| ehfrphv lpsruwdqw1

Zkloh hfrqrplvwv xqghuvwdqg wkdw/ dqg lq dq devwudfw vhqvh krz/ dpdunhw
surfhvvhv lqirupdwlrq/ wkhuh lv olwwoh h{solflw h{dplqdwlrq ri lw1 Lq sduwlfx0
odu/ lq wklv wudglwlrq wkhuh lv qr phqwlrq ri wkh qhwzrun ru frppxqlfdwlrq
vwuxfwxuhv xqghu zklfk djhqwv rshudwh dqg wudqvplw ru h{fkdqjh nqrzohgjh
dqg lqirupdwlrq1 E| frqwudvw/ lq wkh olwhudwxuh rq lqwhudfwlqj djhqwv/ frp0
pxqlfdwlrq vwuxfwxuhv sod| d fhqwudo uroh1 Wkh ghwdlov ri zkr lv frqqhfwhg
wr zkrp d�hfwv zkdw w|sh ri lqirupdwlrq lv sdvvhg/ krz pxfk/ dqg krz
h!flhqwo|1 Doo ri wkhvh fdq kdyh dq h�hfw rq wkh djjuhjdwh shuirupdqfh ri
wkh v|vwhp ehlqj prghoohg1

Revhuylqj erwk wkh hpslulfdo lpsruwdqfh ri frppxqlfdwlrq qhwzrun vwuxf0
wxuhv/ dqg wkh wkhruhwlfdo uhvxow wkdw nh| wr wkh ehkdylru ri wkh prghov kdyh
ehhq wkh lqirupdwlrq wudqvplvvlrq vwuxfwxuhv lpsrvhg rq wkhp/ wzr txhvwlrqv
lpphgldwho| dulvh= �uvw/ li wkh qhwzrun vwuxfwxuh lv h{rjhqrxv/ suhflvho| krz
gr wkh vwuxfwxudo surshuwlhv ri wkh qhwzrun d�hfw djjuhjdwh rxwfrphv B dqg
vhfrqg/ li qhwzrun irupdwlrq lv hqgrjhqrxv/ zkdw vwuxfwxuhv duh olnho| wr
hphujh B Wkh fxuuhqw sdshu pdnhv vrph surjuhvv lq dqvzhulqj wkh �uvw ri
wkhvh txhvwlrqv/ qdpho| krz wkh frppxqlfdwlrq qhwzrun vwuxfwxuh d�hfwv
wkh djjuhjdwh shuirupdqfh ri wkh v|vwhp15

Wklv sdshu dgguhvvhv h{solflwo| wkh qdwxuh ri wkh vrfldo frppxqlfdwlrq
qhwzrun dqg lwv h�hfw rq wkh djjuhjdwh shuirupdqfh ri wkh v|vwhp1 Zh

4Wklv lv ri frxuvh dq h{wuhph fkdudfwhul}dwlrq ri vwdqgdug hfrqrplf prghov/ exw
qrqhwkhohvv uhsuhvhqwv d vljql�fdqw sduw ri wkh hfrqrplfv olwhudwxuh1

5Vhh Edod dqg Jr|do +4<<;, ru Sorxuderxh hw do1 +4<<;, h1j1 rq wkh vhfrqg txhvwlrq1

4



wdnh dv wkh prwlydwlqj dssolfdwlrq d v|vwhp ri nqrzohgjh gl�xvlrq1 Lq rxu
prgho nqrzohgjh gl�xvhv wkurxjk eduwhu h{fkdqjh dprqj sdluv ri djhqwv1
Djjuhjdwh shuirupdqfh lv phdvxuhg dv wkh phdq nqrzohgjh ohyho ryhu doo
djhqwv1 Wkh sdudphwhu zh ydu| lv wkh ghjuhh ri vsdwldo udqgrpqhvv lq wkh
olqnv ehwzhhq djhqwv wkurxjk zklfk nqrzohgjh fdq sdvv1 Dw rqh h{wuhph
zh kdyh dq hqwluho| orfdo qhwzrun�hyhu| djhqw lv frqqhfwhg wr klv ? qhduhvw
qhljkerxuv1 Dw wkh rwkhu h{wuhph djhqwv duh frqqhfwhg udqgrpo| wr/ rq
dyhudjh/ ? rwkhu djhqwv/ orfdwhg dq|zkhuh1 Zh h{dplqh wkh vsdfh ri qhwzrun
vwuxfwxuhv ehwzhhq wkhvh h{wuhphv1 Lq whupv ri wkh djjuhjdwh shuirupdqfh ri
wkh v|vwhp/ rqh uhjlrq ri wkh vsdfh vwdqgv rxw1 Wklv uhjlrq fruuhvsrqgv wr wkh
�vpdoo zruog� qhwzrun vwuxfwxuh dv gh�qhg irupdoo| e| Zdwwv dqg Vwurjdw}
+4<<;,/ dqg lqirupdoo| e| Judqryhwwhu +4<:6,1 Zh glvfxvv wklv ehorz1

Zkloh wkh erg| ri olwhudwxuh rq lqwhudfwlqj djhqwv xvhv gl�huhqw lqwhu0
dfwlrq vwuxfwxuhv wr prgho wkh qhwzrun wkurxjk zklfk djhqwv frppxqlfdwh/
dwwhqwlrq wr wkhlu h�hfwv kdv ehhq olplwhg1 Wzr h{wuhph vwuxfwxuhv duh frp0
prq1 Dw rqh h{wuhph/ lq jhqhudol}hg Lvlqj prghov doo lqwhudfwlrqv duh or0
fdo dqg wkh vwuxfwxuh ri wkh lqwhudfwlrqv frpsohwho| uhjxodu1 Hyhu| djhqw
lv gluhfwo| frqqhfwhg wr wkh vdph vpdoo qxpehu ri klv qhduhvw qhljkerxuv1
Qhljkerukrrgv whqg wr eh vpdoo exw wkh lqwhuvhfwlrq ri wkh qhljkerukrrg ri
wzr qhdue| djhqwv lv uhodwlyho| odujh1 Sxw lq rwkhu zrugv/ wkh vwuxfwxuh lv
yhu| cfoltxlvk* lq wkh vhqvh wkdw prvw ri p| qhljkerxuv duh qhljkerxuv ri
hdfk rwkhu1 Rq wkh rwkhu kdqg/ wkrxjk/ wkh dyhudjh sdwk ohqjwk ehwzhhq wzr
djhqwv lv uhodwlyho| odujh1 Wklv vwuxfwxuh kdv ehhq xvhg wr h{dplqh pdfur0
hfrqrplf g|qdplfv +Gxuodxi/ 4<<4 dqg 4<<6,> whfkqrorj| gl�xvlrq +Doohq/
4<;5> Dq dqg Nlhihu/ 4<<6> Gdylg hw do1 4<<;,> wkh h�hfwlyhqhvv ri sulfhv
lq vwdelol}lqj dq hfrqrp| +Iùoophu/ 4<:7,> fulplqdo ehkdylrxu +Jodhvhu hw
do1/ 4<<9,1 Foxvwhulqj lq ehkdylrxu lv d frpprq uhvxow= lq vwhdg| vwdwhv
zh revhuyh qhljkerxukrrgv lq zklfk djhqwv* ehkdylrxu lv vlplodu wr wkdw ri
rwkhu djhqwv lq wkh qhljkerxukrrg/ exw gl�huhqw iurp wkdw ri djhqwv lq rwkhu
qhljkerxukrrgv16

Dw wkh rwkhu h{wuhph ri lqwhudfwlrq ru qhwzrun vwuxfwxuhv duh prghov
edvhg rq udqgrp judsk wkhru|1 Khuh/ lq sulqflsoh hyhu| djhqw frxog eh
frqqhfwhg wr hyhu| rwkhu/ dqg wkhuh lv qr vsdwldo vwuxfwxuh lpsrvhg rq wkh
frqqhfwlrqv1 Wkxv lqwhudfwlrqv duh joredo lq rqh ri wzr vhqvhv1 Lq vrph
prghov d phdq �hog dssur{lpdwlrq lv xvhg/ lq zklfk djhqwv duh dvvxphg wr
eh d�hfwhg e| wkh dyhudjh ehkdylrxu ri wkh srsxodwlrq1 Dowhuqdwlyho|/ lq
vrph prghov frqqhfwlrqv duh udqgrp/ h{klelwlqj qr vsdwldo rughu/ dqg olqnv
duh wkxv joredo lq wkh vhqvh wkdw dq| djhqw frxog lq sulqflsoh eh frqqhfwhg wr
dq| rwkhu/ uhjdugohvv ri orfdwlrq1 Khuh/ wkh vwuxfwxuh lv qrw dw doo foltxlvk/ rq

6D uhfhqw vxuyh| rq wkhvh dqg uhodwhg wrslfv fdq eh irxqg lq Nlupdq +4<<;,1
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dyhudjh p| cqhljkerxuv*�wkrvh djhqwv wr zkrp L dp gluhfwo| frqqhfwhg�
kdyh qrwklqj wr gr zlwk hdfk rwkhu exw dyhudjh sdwk ohqjwkv duh vkruw ehfdxvh
dq| orqj0glvwdqfh olqn fdq vhuyh dv d cvkruw0fxw* ehwzhhq djhqwv1 Wklv jhqhudo
vwuxfwxuh ri joredo ru qrq0rughuhg frqqhfwlrqv kdv ehhq xvhg wr h{dplqh
frdolwlrq irupdwlrq +Nlupdq/ 4<;6> Lrdqqlghv/ 4<<3,> lqqrydwlrq gl�xvlrq
+Sorxuderxh hw do1/ 4<<;,1

D frpprq zd| wr dgguhvv vwuxfwxudo lq xhqfh lv wr ydu| wkh qhwzrun
e| fkdqjlqj wkh qxpehu ri frqqhfwlrqv shu djhqw1 Uhvxowv lq shufrodwlrq
wkhru| fdq eh lqwhusuhwhg wklv zd|= lqfuhdvlqj hlwkhu wkh olqn suredelolw| ru
wkh qrgh suredelolw| h�hfwlyho| lqfuhdvhv wkh qxpehu ri olqnv/ rq dyhudjh/
wkdw duh dfwlydwhg1 Lw lv qrz zhoo0nqrzq wkdw djjuhjdwh shuirupdqfh +iru
h{dpsoh h{whqw ri gl�xvlrq ri dq lqqrydwlrq, xqghujrhv d skdvh fkdqjh dv wkh
vwuxfwxuh fkdqjhv dorqj wklv glphqvlrq1 +Vhh iru h{dpsoh Gdylg hw do1/ 4<<;,1
Lq yluwxdoo| doo ri wkh zrun wkdw h{solflwo| dgguhvvhv wkh uhodwlrqvkls ehwzhhq
qhwzrun vwuxfwxuh dqg djjuhjdwh shuirupdqfh/ wkrxjk/ wkh hpskdvlv kdv ehhq
rq wkh ghqvlw| ri wkh frqqhfwlrqv/ udwkhu wkdq rq wkhlu vsdwldo vwuxfwxuh17 Wkh
irfxv lq wklv sdshu/ e| frqwudvw/ lv vshfl�fdoo| rq wkh vsdwldo vwuxfwxuh ri wkh
frqqhfwlrqv/ dqg zh gholehudwho| krog wkh qxpehu ri frqqhfwlrqv frqvwdqw
wkurxjkrxw rxu dqdo|vlv1

5 Nqrzohgjh

Wkh surgxfwlrq dqg gl�xvlrq ri nqrzohgjh kdv orqj ehhq ylhzhg dv d ylwdo
frpsrqhqw ri hfrqrplf jurzwk1 Hpslulfdo jurzwk dffrxqwlqj vwxglhv/ zrun
rq qdwlrqdo v|vwhpv ri lqqrydwlrq/ dqg hqgrjhqrxv jurzwk prghov doo pdnh
wklv srlqw lq gl�huhqw zd|v1 Lq wklv olqh/ wdnlqj nqrzohgjh dffxpxodwlrq
dv ehlqj dvvrfldwhg zlwk whfkqrorjlfdo fkdqjh/ wkhuh kdv ehhq d vljql�fdqw
dprxqw ri hpslulfdo/ hfrqrphwulf uhvhdufk rq wkh gl�xvlrq ri vshfl�f whfk0
qrorjlfdo lqqrydwlrqv1 Exw zh nqrz wkdw wklv lv qrw wkh rqo| irup wkdw
nqrzohgjh dffxpxodwlrq wdnhv1 Ohduqlqj e| grlqj +Duurz/ 4<95, dqg ohduq0
lqj e| xvlqj +Urvhqehuj/ 4<;5, duh shukdsv wkh ehvw h{dpsohv ri nqrzohgjh
dffxpxodwlrq wkdw lv qrw dvvrfldwhg zlwk qhz whfkqrorjlhv1 Wkh h{lvwhqfh ri
ohduqlqj fxuyhv/ zklfk ghvfuleh surjuhvv zlwklq d whfkqrorj|/ lqglfdwhv vrph
vruw ri nqrzohgjh dffxpxodwlrq wkdw grhv qrw �w wkh �qhz whfkqrorj|� gh0
vfulswlrq1 Wkh nlqg ri ohduqlqj dvvrfldwhg zlwk ohduqlqj fxuyhv lv riwhq qrw

7Rqh h{fhswlrq lv Plgjoh| hw do1 +4<<5, zkr kdyh d prgho zlwk vsdwldo fkdudfwhulvwlfv�
djhqwv duh orfdwhg lq foltxhv/ zlwklq dq lqgxvwu|/ ru rxwvlgh wkh lqgxvwu|1 Djdlq wkh| �qg
wkdw lqfuhdvlqj wkh qxpehu ri frqqhfwlrqv lq wkh prgho lqfuhdvhv gl�xvlrq vshhgv/ wkrxjk
gl�huhqw w|shv ri frqqhfwlrqv +lqwud0foltxh> lqwhu0foltxh> rxwvlgh wkh lqgxvwu|, kdyh gl�huhqw
h�hfwv1

6



frgl�hg +Frzdq dqg Irud|/ 4<<:,/ dqg wkxv lv rqo| wudqvplwwhg lq idfh wr
idfh lqwhudfwlrqv1 Li nqrzohgjh jhqhudwhg e| ohduqlqj e| xvlqj dqg grlqj lv
gl�xvhg/ wkhuhiruh/ prghov ri lwv gl�xvlrq pxvw wdnh h{solflw dffrxqw ri wkh
vwuxfwxuh ri frqqhfwlrqv ehwzhhq djhqwv1 Wkh srvlwlrq wkdw vrph nqrzohgjh
lv gl�xvhg rqo| wkurxjk idfh0wr0idfh lqwhudfwlrqv lv frqvlvwhqw zlwk wkh zrun
ri Md�h hw do1 +4<<6, rq sdwhqw flwdwlrq/ lq zklfk sdwhqw flwdwlrq lv vkrzq
wr eh d jhrjudsklfdoo| orfdol}hg skhqrphqrq18 Wkhuh duh vhyhudo srvvleoh
h{sodqdwlrqv iru wklv/ exw rqh lv wkdw wkhuh lv vrph nqrzohgjh wkdw lv qrw
ehlqj joredoo| gl�xvhg1

Zkloh qrw ghq|lqj wkh lpsruwdqfh ri rwkhu nlqgv ri nqrzohgjh dqg prghv
ri gl�xvlrq/ lq wklv sdshu zh irfxv rq wklv sduwlfxodu nlqg ri nqrzohgjh�
nqrzohgjh wkdw lv h{fkdqjhg lq idfh0wr0idfh frppxqlfdwlrqv1 Lq0ghswk hpslu0
lfdo vwxglhv lqglfdwh wkdw wkhuh lv d zhoo0hvwdeolvkhg lqirupdo qhwzrun wkurxjk
zklfk nqrzohgjh lv wudghg +yrq Klssho/ 4<;:> Klfnv/ 4<<8> Vfkudghu/ 4<<4,1
Hyhq dprqj frpshwlwruv nqrzohgjh lv h{fkdqjhg/ exw lq d eduwhu duudqjh0
phqw1 Frqihuhqfhv/ sxeolfdwlrqv dqg frqyhuvdwlrqv lq wkh edu duh doo vlwxd0
wlrqv lq zklfk djhqwv jlyh xs lqirupdwlrq wkh| kdyh jhqhudwhg1 Lw lv wklv nlqg
ri nqrzohgjh wudglqj dqg wkh qhwzrun vwuxfwxuh lq zklfk lw wdnhv sodfh wkdw
zh prgho lq wkh qh{w vhfwlrq1

6 Wkh prgho

Wkh prgho zh ghvljq h{soruhv krz wkh wrsrorj| ri djhqw lqwhudfwlrqv lq0
 xhqfhv djjuhjdwh uhjxodulwlhv1 Lw lv rqh lq zklfk djhqwv duh fkdudfwhul}hg
e| nqrzohgjh hqgrzphqwv wkdw hyroyh ryhu wlph wkurxjk d vlpsoh surfhvv
ri eduwhu h{fkdqjh1 Wklv prgho lv sduwlfxoduo| zhoo0vxlwhg iru uhsuhvhqwlqj
nqrzohgjh cwudglqj* dqg gl�xvlrq dprqj khwhurjhqrxv djhqwv1 Qrwh wkdw
vlqfh djhqwv wudgh nqrzohgjh/ prghov lq zklfk nqrzohgjh lv wuhdwhg dv d
vfdodu fdqqrw fdswxuh dq lpsruwdqw dvshfw ri nqrzohgjh gl�xvlrq1 Lq frq0
wudvw wr prvw rwkhu prghov khuh nqrzohgjh lv uhsuhvhqwhg dv d yhfwru +zh fdq
wklqn ri wklv dv dffrxqwlqj iru vhyhudo glvwlqfw w|shv ri nqrzohgjh,1

Djhqwv h{lvw rq d judsk/ frqqhfwhg zlwk d uhodwlyho| vpdoo qxpehu ri rwkhu
djhqwv1 Zkhqhyhu wzr djhqwv +� dqg �, phhw/ wkdw lv li d frqqhfwlrq ehwzhhq
wkhp lv dfwlydwhg/ wkh| wudgh nqrzohgjh1 Wudghv duh rqo| srvvleoh/ wkrxjk/
li � kdv vxshulru nqrzohgjh ri rqh w|sh zkloh � kdv vxshulru nqrzohgjh ri
dqrwkhu w|sh1 Lq wkh prgho olqnv duh dfwlydwhg vhtxhqwldoo| dqg udqgrpo|/ vr
wkdw djhqwv duh dfwlqj lq d fkdqjlqj zruog1 Djhqwv � dqg � phhw dqg pdnh doo
srvvleoh wudghv/ exw ehiruh wkh| phhw djdlq/ � pd| kdyh phw &/ wudghg/ dqg

8Iru vlplodu hylghqfh vhh iru h{dpsoh Suhyh}hu dqg Vzdqq/ 4<<9> Ihogpdq/ 4<<71
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lq grlqj vr kdyh fuhdwhg pruh srvvleoh wudghv zlwk �1 Lw vkrxog eh fohdu wkdw
zh duh qrw frqfhuqhg zlwk udglfdo lqqrydwlrqv/ dqg sduwlfxoduo| qrw surgxfw
lqqrydwlrqv> wkh prgho fdswxuhv h�hfwv ri lqfuhphqwdo lqqrydwlrqv1

614 Wkh lqwhudfwlrq vwuxfwxuh dqg wkh uhzlulqj ri frq0

qhfwlrqv

Zh frqvlghu d srsxodwlrq ri djhqwv hqgrzhg zlwk d qhwzrun vwuxfwxuh1 Wkh
xqgluhfwhg judsk dvvrfldwhg zlwk wklv qhwzrun lv zulwwhq J EUcK�/ zkhuh U '
i�c � � � c�j lv wkh vhw ri djhqwv dqg wkh fruuhvsrqghqfh K ' iK E�� c � 5 Uj
jlyhv wkh olvw ri yhuwlfhv wr zklfk hdfk yhuwh{ lv frqqhfwhg1 Irupdoo| K E�� '
i� 5 U q i�j m _ E�c �� ' �j c zkhuh _ E�c �� lv wkh ohqjwk ri wkh vkruwhvw sdwk
iurp yhuwh{ � wr yhuwh{ �� Rqo| djhqwv vhsdudwhg e| rqh hgjh fdq lqwhudfw1

61414 Udqgrpo| cuhzluhg* judskv

D udqgrp judsk lv xvxdoo| d judsk lq zklfk wkhuh lv hlwkhu E�� d jlyhq sure0
delolw| +xvxdoo| xqlirup, dvvrfldwhg wr wkh h{lvwhqfh ri dq hgjh ehwzhhq dq|
sdlu ri yhuwlfhv +fi1 Nlupdq/ 4<;6, ru E��� d jlyhq qxpehu ri frqqhfwlrqv wr eh
doorfdwhg dffruglqj wr d sduwlfxodu surfhgxuh dprqj udqgrpo| fkrvhq sdluv ri
yhuwlfhv +Lrdqqlghv/ 4<<3,1 Lq hlwkhu fdvh/ wkh fruuhvsrqghqfh K lv udqgrpo|
frqvwuxfwhg/ wkh wxqlqj sdudphwhu ehlqj E�� wkh suredelolw| ri revhuylqj dq
hgjh ehwzhhq wzr udqgrpo| fkrvhq yhuwlfhv ru E��� wkh wrwdo qxpehu ri hgjhv1
Wkh idplo| ri judskv zh frqvlghu khuh ehorqjv wr wklv vhfrqg fdwhjru|/ exw
h{klelwv ulfkhu ihdwxuhv1 Lw frqwdlqv d frqvwdqw qxpehu ? ��*2 ri hgjhv/ exw
lq jhqhudo wkhvh hgjhv duh qrw xqlirupo| doorfdwhg dprqj udqgrp sdluv ri
yhuwlfhv1 Zh vwduw zlwk yhuwlfhv duud|hg rq d flufoh zlwk hdfk yhuwh{ ehlqj
rqo| frqqhfwhg wr lwv ? qhduhvw qhljkeruv +? lv hyhq,/ dqg surjuhvvlyho| glv0
uxsw wklv orfdo rughu e| udqgrpo| uhzlulqj wkh hgjhv1 Wkh wxqlqj sdudphwhu
lv wkh suredelolw| R 5 dfc �o ri dq| olqn ehlqj uhzluhg1 Judskv wkdw ehorqj wr
wklv idplo| duh odehoohg J EUc ?c R� � Iljxuh 4 ghslfwv wkuhh h{dpsoh judskv iru
� ' �S dqg ? ' e�

D uh0zlulqj dojrulwkp doorzv xv wr h{dplqh qhwzrunv wkdw duh lqwhuphgldwh
ehwzhhq uhjxodu/ orfdoo| rughuhg/ dqg wrwdoo| udqgrp19 Zh ehjlq zlwk d
frpsohwho| uhjxodu judsk= d flufxodu odwwlfh zlwk � yhuwlfhv/ hdfk yhuwh{
kdylqj hgjhv rqo| wr lwv ? qhduhvw qhljkerxuv +? lv hyhq,1 Zh rshudwh rq hdfk
hgjh ri wkh yhuwh{ vhtxhqwldoo|/ exw lq d sduwlfxodu rughu1 Ehjlq zlwk yhuwh{
rqh/ dqg wkh hgjh frqqhfwlqj lw wr lwv qhduhvw qhljkerxu forfnzlvh1 Zlwk

9Wklv lv wkh surfhgxuh xvhg lq Zdwwv dqg Vwurjdw} +4<<;,/ exw rxu uhvxowv zrxog krog
iru d eurdghu fodvv ri uhzlulqj surfhgxuhv1
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Iljxuh 4= Wkh wudqvlwlrq iurp d orfdoo| rughuhg vwuxfwxuh wr d udqgrp rqh
dqg wkh vpdoo zruog skhqrphqrq iru JEUc ?c R� judskv1

suredelolw| R euhdn wkh frqqhfwlrq wr wkh qhljkerxu dqg uh0frqqhfw wkdw hgjh
wr d yhuwh{ fkrvhq xqlirup udqgrpo| ryhu wkh hqwluh odwwlfh1 Zlwk suredelolw|
� � R/ ohdyh wkh hgjh xqfkdqjhg1 Surjuhvv durxqg wkh odwwlfh forfnzlvh/
frqvlghulqj rqh hgjh shu yhuwh{/ dqg glv0doorzlqj gxsolfdwh hgjhv1 Diwhu
rqh frpsohwh urxqg/ uhshdw wkh surfhgxuh/ frqvlghulqj wkh vhfrqg qhduhvw
forfnzlvh qhljkerxu1 Vlpso| uhshdw wkh surfhvv/ frqvlghulqj surjuhvvlyho|
pruh glvwdqw qhljkerxuv/ xqwlo hyhu| hgjh kdv ehhq frqvlghuhg rqfh1 E|
wxqlqj wkh sdudphwhu R/ zh fdq ydu| wkh judsk vwuxfwxuh iurp frpsohwho|
uhjxodu +R ' f,/ wkurxjk lqwhuphgldwh vwdwhv/ +f 	 R 	 �,/ wr frpsohwho|
udqgrp +R ' �,1 Wklv surfhgxuh fuhdwhv yduldwlrq lq wkh qxpehu ri hgjhv shu
djhqw/ exw pdlqwdlqv dq dyhudjh ri ? frqqhfwlrqv shu djhqw1

Iljxuh 4 ghslfwv wkuhh looxvwudwlyh frq�jxudwlrqv zlwk lqfuhdvlqj glvrughu
dv R lv lqfuhdvhg/ iru � ' �S dqg ? ' e� Iru vpdoo exw qrq0}hur ydoxhv ri Rc
wkh judsk lv kljko| foxvwhuhg olnh d uhjxodu judsk exw kdv wkh orz dyhudjh sdwk
ohqjwk ri dq doprvw0udqgrp judsk1 Khqfh/ ghvslwh wkh idfw wkdw wkh qxpehu
ri hgjhv lv nhsw frqvwdqw wkurxjkrxw wkh h{shulphqw +wkhuh duh h{dfwo| ?��*2
hgjhv zkdwhyhu R,/ wxqlqj R h{huwv d fuxfldo lq xhqfh rq wkh uhodwlrqdo ghqvlw|
ri wkh lqwhudfwlrq vwuxfwxuh dv zhoo dv wkh ohqjwk ri wkh sdwk ehwzhhq dq| sdlu
ri yhuwlfhv1
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61415 Vwuxfwxudo surshuwlhv

Zdwwv dqg Vwurjdw} +4<<;, srlqw rxw wkdw wkh vwuxfwxudo surshuwlhv ri J EUc ?c R�
judskv duh lqwxlwlyho| fdswxuhg e| wkh frqfhswv ri dyhudjh sdwk ohqjwk dqg
dyhudjh foltxlvkqhvv1 Li rqh wklqnv ri vrfldo qhwzrunv uhsuhvhqwlqj iulhqgvkls/
erwk kdyh lqwxlwlyh lqwhusuhwdwlrqv1 Wkh sdwk ohqjwk lv wkh qxpehu ri iulhqg0
vklsv lq wkh vkruwhvw fkdlq frqqhfwlqj wzr djhqwv1 Foltxlvkqhvv uh hfwv wkh
h{whqw wr zklfk iulhqgv ri rqh djhqw duh dovr iulhqgv ri hdfk rwkhu1 Irupdoo|/
gh�qlqj _ E�c �� dv wkh ohqjwk ri wkh vkruwhvw sdwk ehwzhhq � dqg �c wkh dyhudjh
sdwk ohqjwk O ER� lv

O ER� '
�

�

[

�MU

[

� �'�

_ E�c ��

� � �
+4,

dqg vlpso| phdvxuhv krz glvwdqw yhuwlfhv duh rq dyhudjh/ zklfk lv d joredo
surshuw| ri wkh judsk1: E| frqwudvw/ dyhudjh foltxlvkqhvv F ER� lv d phdvxuh
ri orfdo frqqhfwlylw| lq wkdw lw fdswxuhv wkh vkduh ri dfwlyh olqnv ehwzhhq d
jlyhq yhuwh{*v qhljkeruv1; Lw lv zulwwhq

F ER� '
�

�

[

�MU

[

�c,MKE��

f E�c ,�

mK E��m EmK E��m � �� *2
c +5,

zkhuh f E�c ,� ' � li � 5 K E,� dqg f E�c ,� ' f rwkhuzlvh1 Zkhq R ' f
dqg � lv odujh hqrxjk/ F Ef� ' �*e � E?� 2� * E?� �� dqg O Ef� � �*E2?�
Frqyhuvho|/ O E�� � *?�* *?? dqg F E�� � ?*� iru odujh � 1 Rqh pljkw
frqmhfwxuh wkdw odujh foltxlvkqhvv lv dozd|v dvvrfldwhg zlwk odujh sdwk ohqjwk
dqg orz foltxlvkqhvv zlwk orz sdwk ohqjwk1 Dfwxdoo|/ dv hpskdvl}hg e| Zdwwv
dqg Vwurjdw} +4<<;,/ wkhuh lv d qrq0qhjoljleoh lqwhuydo iru R ryhu zklfk O ER� *
O E�� |hw F ER�  F E�� � Wklv lqwhuydo frqvwlwxwhv wkh cvpdoo zruog* uhjlrq
+vhh �jxuhv 4 dqg 5,1 Lw iroorzv iurp wkh idfw wkdw lqwurgxflqj d orqj udqjh
hgjh surylghv d vkruwfxw qrw rqo| ehwzhhq wkh wzr yhuwlfhv wkdw wklv olqn
frqqhfwv/ exw dovr iru wkhlu lpphgldwh qhljkerxuv/ wkh qhljkerxuv ri wkrvh
qhljkerxuv dqg vr rq1 Wkxv zkhq wkh qxpehu ri orqj glvwdqfh olqnv lv vpdoo
wkhlu pdujlqdo h�hfw rq dyhudjh sdwk ohqjwk lv odujh1 Wkh h{lvwhqfh ri wkh
vpdoo zruog uhjlrq lv d jhqhulf surshuw| ri odujh vsduvh frqqhfwhg qhwzrunv/
Zdwwv dqg Vwurjdw} fodlp1 Wkh hyroxwlrq ri sdwk ohqjwk dqg foltxh vl}h zlwk
R lv ghslfwhg rq �jxuh 5/ iru d judsk ri � ' Dff yhuwlfhv/ hdfk yhuwh{ kdylqj
rq dyhudjh ? ' �f qhduhvw qhljkerxuv� Iru wkh vdnh ri fodulw|/ zh sorw wkh
qrupdol}hg ydoxhv O ER� *O Ef� dqg F ER� *F Ef� �

:Qrwh wkdw dq dowhuqdwlyh phdvxuh zrxog kdyh ehhq wkh gldphwhu ri wkh judsk/ l1h1 wkh

pd{lpdo sdwk ohqjwk ryhu wkh judsk1
;Lq judsk wkhru|/ d foltxh lv d vhw ri yhuwlfhv/ dq| wzr ri zklfk duh dgmdfhqw1

:
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Iljxuh 5= Dyhudjh foltxlvkqhvv dqg dyhudjh sdwk ohqjwk dv ixqfwlrqv ri R

Wkh xsshu fxuyh +wklq eodfn, rq �jxuh 5 lv wkh qrupdol}hg dyhudjh foltxlvk0
qhvv lqgh{ F ER� *F Ef� iru R 5 dfc �o � Lw uhpdlqv doprvw frqvwdqw zkhq R lv uhd0
vrqdeo| vpdoo dqg idoov vorzo| iru odujh ydoxhv ri R� E| frqwudvw/ dyhudjh sdwk
ohqjwk +wklfn juh|, dv phdvxuhg e| O ER� *O Ef� idoov txlfno| iru yhu| vpdoo
R ydoxhv dqg  dwwhqv rxw qhdu 31341 Khqfh zh vhh wkdw iru R 5 df�ffDc f��o c
foltxh vl}h dqg sdwk ohqjwk glyhujh/ fuhdwlqj d vpdoo zruog uhjlrq lq wkh vsdfh
ri qhwzrun vwuxfwxuhv1

615 Nqrzohgjh lqwhudfwlrq

Hdfk djhqw lv fkdudfwhul}hg e| d nqrzohgjh yhfwru wkdw hyroyhv ryhu wlph
wkurxjk d eduwhu h{fkdqjh1 Irupdoo|/ ohw T� E|� ' ET�c& E|� ( & ' �c ���cg� gh0
qrwh djhqw �*v nqrzohgjh hqgrzphqw dw wlph |� Djhqwv � dqg � pljkw lqwhudfw
surylghg � 5 K E�� +htxlydohqwo| � 5 KE�� vlqfh wkh judsk lv qrq0gluhfwhg, dqg
li wudglqj lv pxwxdoo| dgydqwdjhrxv1 Ohw ? E�c �� ' mi& m T�c& E|� : T�c& E|�jm eh
wkh qxpehu ri nqrzohgjh fdwhjrulhv lq zklfk � vwulfwo| grplqdwhv �/ iru dq|
E�c �� 5 U2� Wkhq fohduo| wudgh fdq wdnh sodfh li dqg rqo| li

? E�c �� � ? E�c �� 9' f� +6,

Frqglwlrq 6 vwdwhv wkdw wkhuh vkrxog eh vrph grxeoh frlqflghqfh ri zdqwv1
Dq djhqw zkrvh nqrzohgjh hqgrzphqw wrwdoo| grplqdwhv klv frxqwhusduw*v
hqgrzphqw kdv olwwoh wr ohduq iurp wkh odwwhu/ khqfh olwwoh wr jdlq iurp wkh

;



lqwhudfwlrq1 Lq wkdw fdvh eduwhu vlpso| grhv qrw wdnh sodfh1 E| frqwudvw/
dv vrrq dv htxdwlrq 6 krogv/ wudgh lv hqjdjhg dqg doo srvvleoh wudghv duh
h{kdxvwhg1 Hdfk djhqw jlyhv dqg uhfhlyhv vrph nqrzohgjh lq d qxpehu ri
nqrzohgjh fdwhjrulhv htxdo wr 4�?i? E�c �� c ? E�c ��j1 Zh kdyh dvvxphg wkdw
nqrzohgjh lv rqo| sduwo| dvvlplodeoh/< khqfh wudglqj/ zkhq lw rffxuv/ uh0
vxowv lq d jdlq htxdo wr d vkduh k ri wkh nqrzohgjh gl�huhqwldo1 Irupdoo|/
fdwhjru| & nqrzohgjh vsloov ryhu iurp wkh pruh zhdowk| djhqw dffruglqj wr
T�c& E|n �� ' T�c& E|�nk �ET�c& E|�� T�c& E|�� � Qrwh wkdw cwudgh* khuh lv d eduwhu
�rqh djhqw wudqvihuv sduw ri klv nqrzohgjh wr dqrwkhu rqh dqg lv sdlg edfn
zlwk nqrzohgjh ri d gl�huhqw fdwhjru|1 Dv orqj dv wkhuh lv rqh fdwhjru| lq
zklfk djhqw � grplqdwhv djhqw � dqg rqh lq zklfk � grplqdwhv �/ erwk djhqwv
shufhlyh wudgh dv pxwxdoo| dgydqwdjhrxv/ hyhq li revhuydwlrq iurp dq devroxwh
srlqw ri ylhz zrxog vxjjhvw wkdw rqh kdv ohvv wr jdlq wkdw wkh rwkhu1 D uxoh
lv qhfhvvdu| wr vroyh fdvhv lq zklfk htxdwlrq +6, krogv exw ? E�c �� 9' ? E�c ��1
Lq wkdw sduwlfxodu fdvh/ lw lv vlpso| dvvxphg wkdw wkh fdwhjrulhv lqyroyhg lq
wudglqj duh udqgrpo| fkrvhq/ zlwk xqlirup suredelolw|143

Zh dgg rqh pruh ihdwxuh wr wkh v|vwhp zh kdyh mxvw ghvfulehg/ qdpho|
wkh suhvhqfh ri ch{shuwv*1 Wkhuh duh d vpdoo qxpehu ri djhqwv zkr/ lqlwldoo|/
kdyh pxfk ehwwhu lqirupdwlrq ru nqrzohgjh wkdq wkh srsxodwlrq dyhudjh1
Iru hdfk fdwhjru| ri nqrzohgjh/ wkhuh lv d vpdoo qxpehu ri h{shuwv/ dqg wkh
gl�xvlrq dqg devruswlrq ri wkdw h{shuwlvh lv vxemhfw ri wkh h{shulphqwv lq
wkh qh{w vhfwlrq1

7 Vlpxodwlrq uhvxowv

Zh duh lqwhuhvwhg lq hydoxdwlqj wkh h!flhqf|/ dovr vrphwlphv uhihuuhg wr dv
cglvwulexwlrq srzhu*/ ri wkh v|vwhp +Gdylg dqg Irud|/ 4<<8, dv lw uhvsrqgv wr
wkh vwuxfwxudo surshuwlhv ri wkh judsk1 Zh orrn/ wkhuhiruh/ dw nqrzohgjh ohyho1
Djhqw �*v dyhudjh nqrzohgjh ohyho lv >� E|� '

S
& T�c& E|� *g� Wkh dyhudjh ohyho

<Wkh vwulfwo| sduwldo dvvlplodwlrq dulvhv iurp wkh idfw wkdw wdflw nqrzohgjh lv qhhghg wr
dvvlplodwh dqg xvh ixoo| dq| slhfh ri lqirupdwlrq +fi1 Frzdq dqg Irud|/ 4<<:,1 Ixuwkhu/ wkh
ydoxh ri d slhfh ri lqirupdwlrq olhv lq juhdw sduw lq lwv lqwhjudwlrq zlwk rwkhu lqirupdwlrq/ vr
w|slfdoo| lw lv qrw srvvleoh vlpso| wr cdgg* d slhfh ri lqirupdwlrq wr dq h{lvwlqj lqirupdwlrq
vwuxfwxuh1 Sxw dqrwkhu zd|/ devruswlyh fdsdflw| lv qhyhu shuihfw +Frkhq dqg Ohylqwkdo/
4<<3,1 Qrwh dovr wkdw zlwk � ? 4 wkh prgho kdv wkh surshuw| wkdw nqrzohgjh cghjudghv* dv
lw lv wudqvplwwhg1 Wkxv/ wkh orqjhu wkh sdwk d slhfh ri lqirupdwlrq wudyhov/ wkh ohvv ydoxh
lw lv wr wkh uhflslhqw1

43Dv d sduwlfxodu h{dpsoh/ li Yl +w, @ +8> 9> 6> 8> 5, dqg Ym +w, @ +;> 5> 5> <> 5, > irxu w|shv ri
nqrzohgjh duh h{fkdqjhg +q +l> m, @ q +m> l, @ 5 , dqg dvvxplqj � @ 3=8 |lhogv Yl +w. 4, @
+9=8> 9> 6> :> 5, dqg Ym +w. 4, @ +;> 7> 5=8> <> 5, =

<



ri nqrzohgjh lq wkh hfrqrp| dw wlph | lv

> E|� '
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�MU
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E|�

dqg wkh vwdqgdug ghyldwlrq lq nqrzohgjh doorfdwlrq lv

j E|� '
�

�

[

�MU

>
�

2 E|�� >2 E|� �

Lq rughu wr froohfw gdwd rq glvwulexwlrq srzhu/ zh frqvlghu khuh d nqrzohgjh
h{fkdqjh hfrqrp| zlwk d srsxodwlrq ri � ' Dff djhqwv dqg ? ' �f olqnv shu
djhqwv +khqfh d wrwdo qxpehu ri 5833 hgjhv,1 Hdfk djhqw lv hqgrzhg zlwk
d 80fdwhjru| nqrzohgjh yhfwru wkdw lv udqgrpo| lqlwldol}hg e| jlylqj hdfk
fdwhjru| d xqlirupo| gudzq ydoxh ehwzhhq 3 dqg 431 Sdudphwhu kc zklfk
dffrxqwv iru wkh hdvh zlwk zklfk qhz nqrzohgjh lv dvvlplodwhg dqg lqwhjudwhg
wr wkh h{lvwlqj nqrzohgjh vwrfn ri dq djhqw +dqg frxog zhoo uhsuhvhqw wkh
h{whqw wr zklfk nqrzohgjh lv frgl�hg lq wkh sduwlfxodu hfrqrp| zh frqvlghu,
lv vhw wr 3181 Khqfh/ dq djhqw lv rqo| deoh vxffhvvixoo| wr lqwhjudwh �iw| shufhqw
ri wkh nqrzohgjh gl�huhqwldo wkdw h{lvwv ehwzhhq klp dqg klv frxqwhusduw hdfk
wlph wklv sdlu phhwv144 D odujh qxpehu ri phhwlqjv lv frqvlghuhg +A ' Dffff,
vr dv wr hqvxuh wkdw hdfk olqn +hdfk hgjh ri wkh judsk, lv dfwlydwhg iuhtxhqwo|
hqrxjk +wklv jlyhv dq dyhudjh ri 53 dfwlydwlrqv shu olqn,1 Wkh vkduh ri dfwxdo
h{shuwv lq wkh srsxodwlrq lv nhsw orz +58 h{shuwv khqfh 8( ri wkh zkroh
srsxodwlrq, dqg wkhvh duh hqgrzhg/ lq rqh nqrzohgjh fdwhjru| iru hdfk/ zlwk
d frpsrqhqw htxdo wr 631

Hdfk phhwlqj frqvlvwv lq slfnlqj dw udqgrp dq djhqw lq U dqg +udqgrpo|,
dfwlydwlqj rqh ri klv olqnv +fkrrvlqj dq hgjh hpdqdwlqj iurp klp,/ ohwwlqj
wkhq doo srvvleoh wudghv wdnh sodfh145

Wr lvrodwh wkh vpdoo zruog skhqrphqrq/ wkh uhzlulqj suredelolw| R lv ydu0
lhg iurp 31334 wr 4 e| dgglqj lqfuhphqwv wkdw doorz xv wr uhsuhvhqw uhvxowv rq
d orjdulwkplf d{lv1 Iru hdfk R ydoxh/ iruw| uhsolfdwlrqv duh uxq dqg dyhudjhg
wr surylgh vwdwlvwlfdoo| vljql�fdqw hylghqfh rq wkh djjuhjdwh ehkdylru ri wkh
v|vwhp1

714 Vpdoo zruogv dqg nqrzohgjh glvwulexwlrq

Wkh h{suhvvlrq cvwuhqjwk ri zhdn wlhv* frlqhg e| Judqryhwwhu wr pdun wkh
fuxfldo lpsruwdqfh ri lqgluhfw uhodwlrqvklsv lq froohfwlyh skhqrphqd ohg wr wkh

44Lqfuhdvlqj � fkdqjhv wkh vshhg ri wkh surfhvv exw ohdyhv wkh txdolwdwlyh uhvxowv xq0
fkdqjhg +surylghg lw uhpdlqv vwulfwo| ohvv wkdq rqh,1

45Qrw hyhu| phhwlqj zloo uhvxow lq wudghv�rqh phpehu ri wkh phhwlqj sdlu pd| grplqdwh
wkh rwkhu lq doo nqrzohgjh fdwhjrulhv1
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dfnqrzohgjphqw ri wkh idfw wkdw cwkh zruog lv dfwxdoo| d vpdoo zruog*1 Wklv
surshuw|/ wkdwZdwwv dqg Vwurjdw} +4<<;, irupdoo| lghqwli| dv wkh frqmxqfwlrq
ri d vkruw dyhudjh sdwk ohqjwk dqg d kljk ghjuhh ri foltxlvkqhvv/ lv fohduo| d
surshuw| ri wkh vwuxfwxuh dqg qrw ri djhqwv* sduwlfxodu prghv ri lqwhudfwlrq1
Wkxv lw pd| qrw uhvlvw fhuwdlq prghv ri lqwhudfwlrq ru/ sxw dqrwkhu zd|/ wkhuh
pd| eh qr clvrprusklvp* ehwzhhq wkh surshuwlhv ri wkh vwuxfwxuh dqg wkdw ri
wkh lqwhudfwlrqv lw frqyh|v1 Rqh pljkw uhdvrqdeo| frqmhfwxuh wkdw ghfuhdvlqj
sdwk ohqjwk lv lqyduldeo| dvvrfldwhg zlwk idvwhu dqg zlghu gl�xvlrq1 Wklv lv
fhuwdlqo| wuxh/ exw lw vkrxog eh nhsw lq plqg wkdw wkh sduwlfxodu vwuxfwxuh zh
hpsor| khuh lv rqh lq zklfk wkh qxpehu ri olqnv wr eh doorfdwhg dprqj djhqwv
lv nhsw frqvwdqw1 Khqfh d yhuwh{ wkdw lv cplvvlqj* ehwzhhq wzr dgmdfhqw qrghv/
ru htxlydohqwo| d frppxqlfdwlrq olqn wkdw lv eurnhq ehwzhhq dgmdfhqw djhqwv/
kdupv wkh orfdo h!flhqf| ri gl�xvlrq/ wkhuhe| uhgxflqj wkh suredelolw| ri
vhhlqj jhrjudsklfdo foxvwhuv ri ckljk0nqrzohgjh* djhqwv hphujh1 Wklv vxjjhvwv
wkdw sdwk ohqjwk dqg foltxh vl}h dfw lq rssrvlwh gluhfwlrqv/ foltxlvkqhvv ehlqj
d vrxufh ri kljk uhgxqgdqf| dqg idvw gl�xvlrq dw wkh orfdo ohyho/ zkloh sdwk
ohqjwk lqglfdwhv krz hdvlo| qryhow| fdq eh rewdlqhg iurp glvwdqw sduwv ri wkh
hfrqrp|1 Zkloh wklv pd| eh ohvv lpsruwdqw iru wkh vkruw uxq surshuwlhv ri
wkh gl�xvlrq surfhvv/ lw pdnhv d vljql�fdqw gl�huhqfh lq wkh orqj uxq1
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Iljxuh 6= Wkh hfrqrp|0zlgh dyhudjh nqrzohgjh ohyho dv d ixqfwlrq ri wkh
uhzlulqj suredelolw| R

Iljxuh 6 ghslfwv krz ydu|lqj R d�hfwv wkh orqj0uxq shuirupdqfh ri wkh
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hfrqrp| lq whupv ri nqrzohgjh gl�xvlrq1 Wkh orqj0uxq dyhudjh ohyho ri
nqrzohgjh > EA� lv fohduo| d qrq0prqrwrqlf ixqfwlrq ri Rc zlwk d vkdus h!0
flhqf| shdn lq wkh vpdoo zruog uhjlrq1 Dv vhhq lq �jxuh 5/ wkh vpdoo zruog
uhjlrq +zkhuhlq foltxh vl}h lv uhodwlyho| odujh exw sdwk ohqjwk lv uhodwlyho|
vkruw, olhv urxjko| ehwzhhq R ' f�ffD dqg R ' f��� Dv phdvxuhg e| dyhudjh
nqrzohgjh ohyhov/ wklv v|vwhp shuirupv ehvw dw R ' f�fS1 Khqfh wkh vpdoo
zruog vwuxfwxudo surshuw| kdv d g|qdplf frxqwhusduw lq wkh nqrzohgjh h{0
fkdqjh hfrqrp| wkdw zh frqvlghu1 D fohdu lpsolfdwlrq ri wklv lv wkdw wkh
dyhudjh sdwk ohqjwk ru wkh gldphwhu ri d qhwzrun ri uhodwlrqvklsv lv qrw dq
xqhtxlyrfdo phdvxuh ri wkh cglvwulexwlrq srzhu* ri wklv vwuxfwxuh1 Glplq0
lvklqj wkh glvwdqfh ehwzhhq phpehuv ri dq rujdql}dwlrq e| uhdoorfdwlqj wkh
olqnv lv idu iurp ehlqj d vx!flhqw phdvxuh/ vlqfh krz wkhvh olqnv duh doorfdwhg
dovr pdwwhuv1

715 Vpdoo zruogv dqg khwhurjhqhlw|

H{dplqlqj lqwhu0djhqw khwhurjhqhlw| lq wkh vwhdg| vwdwh surylghv ixuwkhu lq0
vljkwv lqwr wkh zrunlqjv ri rxu hfrqrp|1
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Iljxuh 7= Djhqw khwhurjhqhlw|

Iljxuh 7 vkrzv wkh hyroxwlrq ri wkh orqj0uxq yduldqfh j EA� ri nqrzohgjh
zlwklq wkh v|vwhp dv d ixqfwlrq ri wkh uhzlulqj suredelolw| R� Vxusulvlqjo|
khwhurjhqhlw| dqg h!flhqf| uhvsrqg lq d vlplodu pdqqhu wr fkdqjhv lq R�
Djdlq d vlqjoh0shdnhg fxuyh rewdlqv/ wkh vpdoo zruog uhjlrq fruuhvsrqglqj
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wr wkh kljkhvw ohyho ri glvsdulwlhv lq whupv ri nqrzohgjh doorfdwlrq1 Khqfh
wkhuh lv d uhjlrq lq zklfk wkh vwuxfwxudo surshuwlhv ri wkh qhwzrun ri djhqwv*
uhodwlrqvklsv lv dw wkh vdph wlph surgxflqj wkh ehvw ryhudoo shuirupdqfh lq
whupv ri krz pxfk nqrzohgjh gl�xvhv wkurxjk wkh v|vwhp/ dqg wkh zruvh
ryhudoo shuirupdqfh zkhq krprjhqhlw| ri wkh doorfdwlrq lv frqvlghuhg1 Wkh
frqfoxvlrqv rqh gudzv iurp wklv zloo ghshqg/ ri frxuvh/ rq zkhwkhu h!flhqf|
ru htxlw| ri nqrzohgjh gl�xvlrq lv frqvlghuhg pruh lpsruwdqw1

D whqwdwlyh h{sodqdwlrq wr wklv dssduhqw sdudgr{ pljkw eh dgydqfhg khuh1
Zlwk }hur ru yhu| vpdoo Rc wkh qhwzrun lv h{wuhpho| ghqvh dw wkh orfdo ohyho/
zlwk vwurqj uhgxqgdqf| lpso|lqj idvw dffhvv wr orfdoo| dydlodeoh nqrzohgjh/
exw vorz dffhvv wr pruh glvwdqw rqh1 Wkhuh zloo eh wzr w|shv ri uhjlrqv rq wkh
judsk= wkrvh zlwkrxw orfdo h{shuwv/ zkhuh nqrzohgjh gl�xvhv krprjhqhrxvo|
exw uhpdlqv dw d uhodwlyho| orz ohyho> wkrvh zlwk orfdo h{shuwv/ zkhuh h{shuwlvh
fuhdwhv d nqrzohgjh foxvwhu1 Wkhuh zloo eh d uhodwlyho| vpdoo qxpehu ri wkh
odwwhu exw wkh| zloo dfklhyh/ zlwklq wkh foxvwhu/ kljkhu ohyhov ri nqrzohgjh1
Lq d vpdoo zruog/ wkrxjk/ djhqwv zlwk gluhfw frqqhfwlrqv wr h{shuwv uhodwlyho|
udslgo| ehfrph h{shuwv wkhpvhoyhv/ wkxv iruplqj qhz +srvvleo| glvwdqw, kljk0
nqrzohgjh foxvwhuv1 Wkh kljk foltxlvkqhvv ri wkh vpdoo zruog hqvxuhv wkdw
djhqwv qhdu h{shuwv uhlqirufh wkhlu nqrzohgjh ohyhov1 Wklv nhhsv wkhp glv0
wlqfw iurp uhjlrqv wkdw duh qrw forvho| frqqhfwhg wr h{shuwv1 Wkh vpdoo zruog
frqglwlrqv duh vxfk wkdw wkhuh lv dw wkh vdph wlph dq +doprvw, lqwdfw orfdo
uhgxqgdqf| exw dq lqfuhdvhg qxpehu ri duhdv lq wkh hfrqrp| zkhuh h{shuw
nqrzohgjh ehfrphv dydlodeoh1 Wklv h�hfw frqwlqxhv wr wkh srlqw zkhq ixu0
wkhu lqfuhdvlqj wkh vkduh ri orqj glvwdqfh olqnv lpsolhv wkdw dffhvvlqj h{shuw
nqrzohgjh kdv doprvw qr orfdo h�hfwv vlqfh qr orfdo rughu h{lvwv dq|pruh1
Wkh shdn lq wkh yduldqfh ri nqrzohgjh hqgrzphqwv wkhuhiruh uhvxowv iurp
wkh pxowlsolfdwlrq ri dffhvv srlqwv wr h{shuw nqrzohgjh/ zkloh dw wkh vdph
wlph nhhslqj orfdo lqwhuuhodwhg foxvwhuv zlwk krprjhqrxv ohyhov ri nqrzohgjh1

716 Vpdoo zruogv dqg gl�xvlrq g|qdplfv

Wr wklv srlqw/ rxu dqdo|vlv kdv irfxvvhg rq orqj0uxq surshuwlhv1 Zh qrz
wxuq dwwhqwlrq wr wkh wudqvlwru| surshuwlhv ri wkh prgho1 Wkh vshhg dw zklfk
nqrzohgjh gl�xvhv lv dovr d pdmru srolf| frqfhuq dqg zh fdq xvh wkh prgho
wr h{dplqh krz wklv lv d�hfwhg e| qhwzrun dufklwhfwxuh1 Iljxuh 8 ghslfwv wkh
wlph vhulhv ri wkh dyhudjh nqrzohgjh ohyho iru wkuhh fkdudfwhulvwlf ydoxhv ri
wkh uhzlulqj suredelolw| R1

Wkh orzhvw R0ydoxh +3133:, lv orfdwhg lq wkh uhjxodu +orfdoo| rughuhg, qhw0
zrun }rqh/ lq zklfk gl�xvlrq lv orfdoo| h!flhqw wkrxjk wkhuh duh rqo| d vpdoo
qxpehu ri dffhvv srlqwv wr h{shuw nqrzohgjh1 Reylrxvo| wkh hfrqrp|0zlgh
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Iljxuh 8= Gl�xvlrq wlph sdwk

gl�xvlrq ri lqirupdwlrq lv voxjjlvk dqg rqo| gzlqgolqj slhfhv ri nqrzohgjh
duh h{fkdqjhg dv wlph sdvvhv1 Wkh kljkhvw R0ydoxh +31:,/ e| frqwudvw/ ehorqjv
wr dq duhd zkhuh pdq| orqj0glvwdqfh yhuwlfhv frh{lvw zlwk d vpdoo qxpehu
ri vkruw0udqjh olqnv1 Lq wklv uhjlrq/ vl}deoh lqirupdwlrqdo cmxpsv* duh dffrp0
solvkhg gxulqj d odujh qxpehu ri phhwlqjv ehiruh wudglqj srvvlelolwlhv ehfrph
h{kdxvwhg1 Ilqdoo|/ wkh vpdoo zruog uhjlrq vkrzv lwv glvwulexwlrqdo vxshulru
vwuhqjwk exw �jxuh 8 dovr uhyhdov wkdw lwv grplqdqfh wdnhv wlph wr hphujh1
Li vkruw0uxq glvwulexwlrq surshuwlhv duh frqvlghuhg lpsruwdqw/ vwuxfwxuhv lq
zklfk wkh dyhudjh sdwk ohqjwk lv dv vkruw dv srvvleoh gh�qlwho| grplqdwh1

717 Rq Foltxh Vl}h

Wkh uhvxowv suhvhqwhg lqglfdwh wkdw wkh ehkdylrxu ri rxu nqrzohgjh gl�x0
vlrq v|vwhp fkdqjh dv wkh ghjuhh ri udqgrpqhvv ri wkh qhwzrun dufklwhfwxuh
fkdqjhv1 Wkh dufklwhfwxudo fkdqjhv ri wkh qhwzrun kdyh ehhq hqfdsvxodwhg
lq wzr vwuxfwxudo sdudphwhuv/ qdpho| dyhudjh sdwk ohqjwk dqg foltxlvkqhvv1
Wkh h�hfw ri dyhudjh sdwk ohqjwkv lv uhodwlyho| reylrxv/ lqwxlwlyho|�d vkruw
sdwk fdq rqo| lqfuhdvh wkh gl�xvlrq srzhu ri wkh v|vwhp> nqrzohgjh zloo
pryh wr gl�huhqw sduwv ri wkh judsk pruh txlfno|1 Exw zkdw h�hfw grhv
foltxh vl}h kdyhB D foltxlvk judsk kdv wkh surshuw| ri orfdo uhgxqgdqf|146

46\rxqj +4<<;/ fkdswhu 9,/ lq d prgho ri jdphv sod|hg rq judskv/ h{soruhv wkh lpsru0
wdqfh ri qhwzrun vwuxfwxuh lq wkh gl�xvlrq ri sduwlfxodu vwudwhjlhv1 Kh xvhv wkh frqfhswv
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Zkdw wklv lpsolhv lv wkdw li djhqwv � dqg � duh lq wkh vdph foltxh/ wkhuh duh
pdq| sdwkv e| zklfk nqrzohgjh fdq sdvv ehwzhhq wkhp1 Wklv wxuqv rxw wr
eh lpsruwdqw lq wklv prgho gxh wr wkh lpshudwlyh ri wkh grxeoh frlqflghqfh
ri zdqwv1 Li � kdv nqrzohgjh wkdw zrxog ehqh�w � exw wkhuh lv d idloxuh ri
wkh grxeoh frlqflghqfh ri zdqwv ehwzhhq � dqg �/ wkhuh duh pdq| rwkhu srv0
vleoh sdwkv dorqj zklfk wkh nqrzohgjh fdq eh wudqvplwwhg1 Wklv lpsolhv d
fhuwdlq uroh iru wkh foltxh vwuxfwxuh1 Lq d uhodwlyho| foltxlvk judsk/ dq djhqw
vkrxog kdyh nqrzohgjh wkdw lv yhu| vlplodu wr wkdw ri wkh djhqwv zlwk zkrp
kh lv frqqhfwhg1 Lq d qrq0foltxlvk judsk/ dq djhqw zloo/ lq jhqhudo/ kdyh
nqrzohgjh wkdw lv uhodwlyho| glv0vlplodu wr wkdw khog e| wkrvh wr zkrp kh lv
gluhfwo| frqqhfwhg1 Lq wkh odwwhu fdvh/ wkhuh zloo eh nqrzohgjh khog e| rqh
djhqw zklfk zrxog eh ri ydoxh wr dq djhqw gluhfwo| frqqhfwhg wr klp zklfk
fdqqrw eh wudqvplwwhg1 Vshdnlqj orrvho|/ �srwhqwldoo| ehqh�fldo wudqvihuv�
duh qrw pdgh1 Vlqfh wudqvihuv rqo| lqfuhdvh dyhudjh nqrzohgjh/ wkh h�hfw ri
uhgxfhg foltxlvkqhvv lv wr uhgxfh dyhudjh nqrzohgjh ohyhov1 Wklv lv looxvwudwhg
lq Iljxuh 9 zklfk vkrzv dyhudjh nqrzohgjh glv0vlplodulw| dv d ixqfwlrq ri wkh
uhzlulqj suredelolw| R�
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Iljxuh 9= Djhqwv glv0vlplodulw|

Khuh/ nqrzohgjh glv0vlplodulw| uhihuv wr d joredo phdvxuh ri krz glvwdqw
dq| djhqw dqg klv qhljkerxuv duh1 Lw lv gh�qhg dv wkh dyhudjh ryhu qhljk0
erxulqj djhqwv ri sdluzlvh glvwdqfhv lq wkh nqrzohgjh vsdfh1 Lq sduwlfxodu/

ri cfrkhvlyhqhvv* dqg cforvh0nqlwwhgqhvv* wr fkdudfwhul}h wkh jhrphwu| ri wkh qhwzrun1

48



�*v glv0vlplodulw| lqgh{ lv

G E�� '
�

mK E��m

[

�MKE��

�

g

[

&

mT�c& � T�c&m c

zkhuh T�c& lv wkh ohyho ri nqrzohgjh ri w|sh & khog e| djhqw �1 Lqgh{ G E��
htxdov 3 zkhqhyhu � dqg doo klv qhljkerxuv duh lghqwlfdo dqg lqfuhdvhv dv wkh|
ehfrph lqfuhdvlqjo| glvvhpeolqj1 Zh sorw wkh dyhudjh ryhu djhqwv147

8 Glvfxvvlrq dqg Frqfoxvlrqv

Lq wklv sdshu zh kdyh prghoohg rqh ri wkh surfhvvhv e| zklfk nqrzohgjh lv
gl�xvhg1 Dv pruh dqg pruh srolf| pdnhuv frph wr eh frqfhuqhg zlwk wkh vr0
fdoohg nqrzohgjh hfrqrp|/ wklv gl�xvlrq ehfrphv d fhqwudo srolf| lvvxh1 Zh
kdyh vkrzq wkdw wkh h{whqw ri gl�xvlrq lv fohduo| d�hfwhg e| wkh vwuxfwxuh
ri wkh qhwzrun ryhu zklfk wkh gl�xvlrq wdnhv sodfh/ dqg wkdw wkhuh lv dq
lghqwl�deoh uhjlrq ri wkh vsdfh ri vwuxfwxuhv lq zklfk wkh gl�xvlrq lv pxfk
pruh frpsohwh wkdq hovhzkhuh lq wkh vsdfh1 Wklv �vpdoo zruog� uhjlrq h{lvwv
zkhuh wkh sursruwlrq ri orqj glvwdqfh/ dv rssrvhg wr vkruw glvwdqfh olqnv lv
ehwzhhq 8 dqg 43 shufhqw ri doo gluhfw olqnv ehwzhhq djhqw sdluv1

Whfkqrorj| dqg nqrzohgjh srolf|/ hvshfldoo| lq Hxursh/ lv fxuuhqwo| jrlqj
wkurxjk d skdvh +rqh pljkw eh whpswhg wr vd| fud}h, lq zklfk foxvwhulqj dqg
orfdol}dwlrq lv vhhq dv dq h{wuhpho| lpsruwdqw skhqrphqrq1 Srolf| pdnhuv
duh yhu| nhhq wr �qg srolflhv zklfk zloo hqfrxudjh foxvwhulqj/ dqg fuhdwh qhz
�Vlolfrq Ydooh|v� lq qhz sodfhv dqg gl�huhqw lqgxvwulhv1 Wklv fud}h lv edvhg
rq wkh eholhi wkdw wkh nqrzohgjh wudqvplvvlrq phfkdqlvpv prghoohg khuh duh
h{wuhpho| lpsruwdqw lq dq| lqqrydwlrq v|vwhp1 Rxu uhvxowv lqglfdwh/ wkrxjk/
wkdw wklv srolf| jrdo pxvw eh wuhdwhg zlwk vrph flufxpvshfwlrq> lw lv srvvleoh
wr kdyh wrr pxfk foxvwhulqj1 Lw lv yhu| lpsruwdqw wr pdlqwdlq ru hyhq exlog
vwurqj olqnv rxwvlgh wkh foxvwhu1

Rxu uhvxowv dovr udlvh d sureohp iru dq| srolf| pdnhu lqyroyhg lq uhjlrqdo
whfkqrorj| ru nqrzohgjh srolf|1 Wklv lv wkh yhu| rog h!flhqf|2htxlw| wudgh0
r�1 Lq wkh uhjlrq ri wkh vsdfh ri qhwzrun vwuxfwxuhv lq zklfk gl�xvlrq uhvxowv
lq d kljk dyhudjh nqrzohgjh ohyho/ lw dovr uhvxowv lq d kljk yduldqfh dprqj
djhqwv1 Wkdw lv/ wkh glvwulexwlrq ri nqrzohgjh ohyhov lv uhodwlyho| xqhtxdo1
Wr wkh h{whqw wkdw glvwulexwlrq uhpdlqv d srolf| frqfhuq/ li nqrzohgjh lv

47Wklv uhvxow lv urexvw wr wkh gh�qlwlrq ri glv0vlplodulw|1 Iru h{dpsoh/ gh�qlqj glv0
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frqvlghuhg d nh| lqsxw wr zhdowk ru lqfrph/ srolflhv dlphg dw lqgxflqj h!0
flhqw nqrzohgjh gl�xvlrq zloo kdyh wr dgguhvv wkh frqvhtxhqw glvwulexwlrq ri
lqfrph1

Wkh prgho frxog eh h{whqghg lq vhyhudo reylrxv zd|v1 Zh kdyh wdnhq
wkh qhwzrun vwuxfwxuh dv jlyhq/ dqg kdyh h{dplqhg lwv h�hfw rq wkh nqrzo0
hgjh gl�xvlrq surfhvv1 Exw fohduo|/ qhwzrunv hyroyh lq uhvsrqvh wr djhqwv*
h{shulhqfhv1 Wkxv dq djhqw zkr kdv kdg d yhu| vxffhvvixo h{fkdqjh zlwk rqh
sduwlfxodu djhqw lv olnho| wr wu| wr uhwxuq wr wkdw djhqw lq wkh ixwxuh1 E| wklv
vruw ri phfkdqlvp wkh vwuhqjwkv ri olqnv ehwzhhq djhqwv zloo fkdqjh dv wkh|
jdlq h{shulhqfh zlwk wkh qhwzrun1 Srolf| zrxog eh yhu| lqwhuhvwhg lq wkh
flufxpvwdqfhv lq zklfk d qhwzrun hyroyhv lqwr d vpdoo zruog qhwzrun/ zlwk
wkh dvvrfldwhg cqlfh* surshuwlhv1

Lq wkh prgho lq wklv sdshu/ wkhuh lv lq h�hfw qr lqqrydwlrq/ rqo| gl�xvlrq/
zklfk zh fdq lqwhusuhw dv wkh frqvhtxhqfh ri d vlqjoh lqqrydwlyh hslvrgh1 Lq
jhqhudo/ wkrxjk/ lqqrydwlrqv kdsshq frqwlqxdoo|1 Lqfoxglqj lqqrydwlrq lqwur0
gxfhv d srwhqwldoo| frpsoh{ ihhgedfn1 Sduw ri wkh udwlrqdoh iru whfkqrorj|
srolf| irfxvvlqj rq vsdwldo foxvwhuv lv wkdw lw lv eholhyhg wkdw zlwklq d foxvwhu/
lghdv phhw dqg lqwhudfw/ surgxflqj dq hqylurqphqw frqgxflyh wr udslg fuh0
dwlrq ri qhz lghdv1 Wkxv lqwurgxflqj rqjrlqj lqqrydwlrq lqwurgxfhv dqrwkhu
wudgh0r��lq d yhu| foltxlvk judsk/ wklv vruw ri orfdo lqwhudfwlrq frqgxflyh wr
lghd fuhdwlrq zloo eh vljql�fdqw1 Exw rxu uhvxowv vkrz wkdw kljko| foltxlvk
qhwzrunv kdyh srru gl�xvlrq surshuwlhv1 Wkhuh lv/ wkhuhiruh d qhz irup ri
wkh wudgh0r� ehwzhhq surgxfwlrq ri lqqrydwlrqv/ zklfk lq jhqhudo lv d jrrg
wklqj iru zhdowk fuhdwlrq/ dqg wkh gl�xvlrq ri wkrvh lghdv/ zklfk lv d vlploduo|
jrrg wklqj1

Wkh prgho dv frqvwuxfwhg lv yhu| jhqhudo lq lwv irup dqg fdq eh h{whqghg
dqg dssolhg lq d ydulhw| ri zd|v1 Lw vkrzv djdlq wkh ydoxh ri ehlqj zhoo0
frqqhfwhg/ exw dovr wkh ydoxh ri kdylqj vkruwfxwv dydlodeoh1 Dsso|lqj wkh
phvvdjh wr wkh vflhqwl�f hqwhusulvh/ zh vkrxog vshfldol}h/ exw qrw eh forvhg
wr lghdv wkdw vhhp wr frph iurp yhu| idu d�hog1
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