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The Effects of Gravitational Slip on the Higher-order Moments of the Matter
Distribution

Scott F. Daniel*!

! Department of Physics and Astronomy, Dartmouth College, Hanover, NH 03755 USA
(Dated: July 17, 2017)

Cosmological departures from general relativity offer a possible explanation for the cosmic ac-
celeration. To linear order, these departures (quantified by the model-independent parameter w,
referred to as a ‘gravitational slip’) amplify or suppress the growth of structure in the universe
relative to what we would expect to see from a general relativistic universe lately dominated by a
cosmological constant. As structures collapse and become more dense, linear perturbation theory
is an inadequate descriptor of their behavior, and one must extend calculations to non-linear order.
If the effects of gravitational slip extend to these higher orders, we might expect to see a signature
of o in the bispectrum of galaxies distributed on the sky. We solve the equations of motion for
non-linear perturbations in the presence of gravitational slip and find that, while there is an effect
on the bispectrum, it is too weak to be detected with present galaxy surveys. We also develop a
formalism for incorporating scale dependence into our description of gravitational slip.

I. INTRODUCTION

A universe in which gravity obeys the laws of general relativity and is filled with baryons and cold dark matter
ought to decelerate. If we write the spatially-flat Robertson Walker metric

ds* = a(1)*[—dT* + dr* + r?dQ?). (1)

deceleration means that @ = da/dr decreases with time. This is not the case in the Universe in which we live.
Observations of distant supernovae indicate that our universe is, in fact, accelerating (& is growing with time) [1, [2].
To date, there are many theories vying to explain this acceleration. These theories can be generally divided into two
categories: theories of dark energy and alternative theories of gravity. If we write Einstein’s equations as

R, — %gwR =8r1GT,,,
dark energy attempts to explain the acceleration by modifying the right hand side (i.e., by positing that the universe
is filled with an exotic new material). Alternative theories of gravity attempt to explain the acceleration by modifying
the left hand side (i.e., by supposing that the laws of gravity obey different equations of motion on cosmological scales
than they would under general relativity). Great diversity exists within both categories.

Dark energy can be Einstein’s cosmological constant B], a uniform energy density associated with the vacuum.
Although this is the explanation currently favored by the data, there is no theoretical calculation justifying the
observed value of the constant. Dark energy may also be a cosmological scalar field @] evolving slowly through its
potential V' such that the equation of state w = p/p < 0 at late times. If this were the case, we would expect to see
w evolve with redshift at early times, which we do not. Dark energy could also be a vector field ﬂa], though these
theories often introduce preferred reference frames or couplings between scalar and vector perturbation modes which
we have yet to observe.

Alternative gravity can be a scalar-tensor theory ﬂa] in which the dark energy scalar field is non-minimally coupled
to the curvature terms in the Einstein-Hilbert action. These theories tend to predict departures from Newton’s law of
gravitation, though the simplest of them merely manifest themselves as a rescaling of Newton’s constant G. There are
also theories which modify gravity by introducing an arbitrary function of the Ricci scalar f(R) into the gravitational
Lagrangian ﬂj, g, @] These theories tend to introduce new scale-dependent effects into the evolution of large scale
structure. Tensor-vector-scalar (TeVeS) theory ﬂE, ] adds tensor and vector fields to the mix of scalar-tensor theory.
These theories require precise couplings to avoid the pit-falls of vector dark energy noted above. Multi-dimensional
braneworld theories (like the Dvali-Gabadadze-Porrati — DGP — model) ﬂﬂ, @,%] attempt to account for cosmic
acceleration by allowing gravity to act in dimensions outside of our 3+ 1 Universe, imposing a scale beyond which the
expected gravitational attraction is damped. Theories inspired by quantum mechanics, such as a Lorentz-violating
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massive graviton ﬂﬂ], reproduce solar system tests of gravity but introduce new classes of cosmological perturbations
which may or may not show up in our measurements of large scale structure, depending on initial conditions.

All of these theories have solutions that can provide late-time cosmic acceleration. Successfully navigating this
labyrinth of viable theories requires a set of observations complementary to the expansion of the universe for which
different theories of gravity or dark energy predict different effects. The growth of cosmic structure provides one such
set of observations. We model that growth using cosmic perturbation theory. If we consider only perturbations that
transform like scalars, the first-order perturbed form of equation () is

ds® = a?[—(1 + 2¢)dr? + (1 — 2¢)dz?]. (2)

Neglecting the cosmic scale factor a, the potentials ¢ and ¢ — known respectively as the Newtonian and longitudinal
potentials — supply the right hand sides of Newton’s law of gravitation & = —61/) and the Poisson equation 4mGa?dp =
V2¢. Consistent with Newtonian dynamics, general relativity in the presence of non-relativistic stress-energy predicts
that ¢ = ¢. Alternative theories of gravity make no such guarantee. Each of the gravity theories cited above implies
its own unique relationship between ¢ and v ﬂa, I}, 19, 11, 12, [13, 14, ]

Lacking theoretical justification to prefer one alternative gravity theory over another, we will content ourselves
searching for evidence of gravitational slip (our word for the difference between ¢ and ) in general. Following
Caldwell et al. HE], we parametrize the relationship between ¢ and ¢ as

v = (1+wm)¢ 3)

w = woad. (4)
Obviously, the scale independence and redshift dependence of equation () are assumptions on our part. Because we
are interested in gravity theories which might explain the late time cosmic acceleration, we suppose that ¢ ~ 1 at
high redshift and that gravitational slip should grow as the inverse of the matter density. For the purposes of our
calculations, we will assume that the expansion history of the Universe exactly matches that of a ACDM universe,
that is a universe which obeys general relativity (co=0) and in which the acceleration is caused by a cosmological
constant contributing a fraction 24 < 1 to the current density of the Universe.

Equation (8] is obviously not the only possible parametrization of modified gravity. References ﬂﬂ, 14,19, [2d, [21,
, é, ] all explore different model-independent expressions of ¢ # 1. Reference m] discusses the consistency of
our choice [B]) with these other parametrizations. In the end, it is simply a question of nomenclature.

References m, @], derived the linear-order equations of motion by perturbing a Robertson Walker metric () in
the presence of a homogeneous, isotropic stress energy tensor

T# = diag(_ﬁvﬁvﬁuﬁ) (5)

and constrained wy against CMB, supernova, and weak lensing (of galaxies) data sets. Specifically, reference m]
found the constraint wy = 0.097378 (20). Reference [27] also tested equation (), but against CMB and weak lensing
(of the CMB) data sets. They also promoted the redshift dependence of equation () to a new free parameter. They
found wy = 1.671“91’:(;; (20). Both results are consistent with a ACDM universe obeying the laws of general relativity,
but with significant room for departure (¢ = ¢ within a factor of a few). In this paper, we will attempt to complement
those explorations by calculating the effect of non-zero w on the growth of structure in the Universe beyond linear
order.

As gravitational collapse of structures progresses, the gravitational fields within overdense regions of the universe
grow so that effects beyond linear order become important. Even in a @ = 0 universe, this causes the distribution
of overdensities to evolve away from their initial Gaussian distribution m] These departures from Gaussianity are
evidenced in the bispectrum, the Fourier transform of the three-point correlation function of galaxies. By altering
the growth of structure HE], w ought also to alter these departures from gaussianity, an effect which we hope will
be detectable in modern galaxy surveys. Section [[I] will derive the equations of motion for cosmic overdensities in
the case of @ # 0 to “quasi-linear” order. Section [Tl will translate these results into Fourier space. Section [V]
will calculate the resulting effects on the bispectrum. Section [VAl includes the effects of galaxy bias and redshift
distortions. Section [V] will consider the effect of adding scale dependence to w. Section [V1] will discuss our results.
Appendix [A] compares the results of our equations of motion (derived in Section [ using Eulerian Perturbation
Theory) to previous results derived in Lagrangian Perturbation Theory. Appendix [Bl discusses the averaged second
order moment of the overdensity distribution (the skewness). Appendix [C] extends our results to the next higher
quasi-linear order, calculating the effect of scale-independent w on the kurtosis of the overdensity distribution.



II. EQUATIONS OF MOTION

This paper will work in the convention of Eulerian Perturbation Theory (see Appendix [A] for a discussion of
Lagrangian Perturbation Theory). We will directly evolve the perturbed quantities ¢, 6 = (p — p)/p and ¥, the
perturbed velocity field in the cold dark matter fluid. References ﬂE, , ] discuss how to modify the linear-order
equations of motion for these perturbed quantities in the case of w # 0. For the sake of brevity, we will merely
summarize that discussion here. Of the linear-order perturbed Einstein equations presented in reference @], the
time-time and diagonal space-space are discarded. The time-space Einstein equation is preserved as a consequence of
the assumption that the cold dark matter fluid remains, on average, at rest in our reference frame. A term is added
to the off-diagonal space-space Einstein equation so to provide for w as a new source of cosmic shear. Because we
have discarded the time-time and diagonal space-space Einstein equations, we can no longer assume that the Poisson
equation is valid. This will be important when deriving the quasi-linear equations of motion below.

At quasi-linear order, gravitational collapse has advanced such that

S,v/c> ¢/ 1/, (6)

i.e. the dynamics of the local fluid dominate the dynamics of the spacetime. The metric is still Robertson Walker,
but now, the stress energy tensor (&) is replaced by that of a perfect fluid

T = (p+ put'u’ + g"p

where u# are the components of the fluid’s four-velocity @] To consistently determine the smallness of perturbed
quantities, we explicitly include factors of ¢ in the perturbed metric (2]), giving

ds? 9 P , a? 10) 9

We derive our equations of motion by solving for the dynamics of this reformulated system to zeroth order in 1/c.

This is equivalent to assumption (@).
1 Y\ U ¢
neyl=o(1-2), 2 (142 8
woo i 0-5) 1 0+5) ®

Requiring u*u,, = —1, we find that
where v = 1/4/1 — 9% /c2?, as usual. Thus, to the required order (because we are considering perturbations in the
matter distribution, we set p = 0),

A g (5 +o,(1+ 5)Ui) =0 9)

VI = 2L (6 + Ho' + 07 00" + 0) = 0 (10)
1

Ro; — 5901'R = 8wGTy;

1
== (200;0 + 2H ;)

= —81Ga*v'p(1 + 5)%2 (11)
where H is the conformal time Hubble parameter # = a/a. Note that, to lowest order, 8* = a=2§% 9;. Equations (@)
and ([0) also correspond to equations (2) and (3) of Catelan and Moscardini’s paper deriving the quasi-linear fluid
equations of motion in unmodified general relativity ﬂﬂ] Their third equation of motion derives from the Poisson
equation, which we discard in favor of our equation (). (Note that Catelan and Moscardini use the coordinate time
t where we use the conformal time 7). Following Catelan and Moscardini’s lead, we substitute equation (@) into the
divergence of equation ([I0) to get

S+ MO = (1+w)d;00:0 (12)
+045[(1 4 0)v'v?] + (1 4+ 0)(1 + =) V¢

where we have used equation (@) to rewrite ¢ in terms of ¢ and w. In our notation V? = 9;9;. Using equation (@),
we can rewrite equation (1) as

3 . .
SHQb = V2 (¢+H(1 +w)¢) (13)



the time derivative of which is

gﬂm'HQ (5' — HS) v? (03 +H(1+ @)

PR+ w)e(l — ng) + Hz'mb) .

Using equation ([I3]), we find

ggmw (5478 = v2(¢+m3+w>¢ (14)

+HA(1+ @)p(3 — ng) + Hz'mb) .

Equations (I2)) and (@) provide an algorithm by which we can solve for ¢ and § to arbitrary order. Once we have
solved for ¢ and 4, it is a simple matter to use equation (@) to find .

Assume that ¢, § and @ can be expanded as ¢ = Y, ¢ etc., where ¢(*) > ¢(>9 (ie., “¢() is the ith order part
of ¢”). In that case, we can expand equations (I2) and ([I4) to a given order n, then use the proportionality between
their left hand sides to get a single equation of the form

v? (gz%") + UGB+ @) + o™ [H23(1+ @) (1 — Up) + H] ) - ggmqﬁsw (15)
smo= 3 {(1 + @)3i6 9,6 + 8;5[(1 + 6@)p®iy(@] 4 5@ (1 4 w)V2¢(b)} (16)
a+b+c=n

where the source terms S come from the non-linear part of equation ([IZ). After solving equation ([IF) for V2™,
one can use equation (I2)

0™+ H™ = 50 4 (14 @) V2™ (17)
to solve for §(").

Comparing equations (I3)) and (I7), we see that, even though the Poisson equation no longer holds, ¢ and § are
still separable at first order (¢ = f(7)p(Z) and 6 = D(7)£(Z)) and related such that the spatial parts of § are the
Laplacians of the spatial parts of ¢ (i.e., £ = V2yp). Indeed, to first order

oD = f(7)p(E) (18)

5V = D(r)V%p(Z) (19)

7V = —DVy (20)
FofHO+=) = ng#D
D+HD = (1+@)f.

At higher orders, the expressions are less compact

¢ = a(r)A@) + B(r)B(Z)

6@ = DV2A+D'V2B (21)
#? = VA(-D" + DD) — VBD", (22)
where
V2A = 61' (V2QD(9190) (23)
VQB = 61" (&go@]cp) (24)
& = —adHB+w) + ng#a +@)Df —a [3H*(1+ @) (1 — Q) + oH] (25)
B = —BHB+w)+ ng#D? — B[BH* (1 + @) (1 — Q) + wH] (26)
D = —HD" + (1 +w)a+ (1+=)Df (27)

PP = —HD' + (1 + )8 + D2 (28)



In the w = 0 limit, these expressions agree with the GR results of @] There are seven different spatial functions
comprising ¢(3). We present them in Appendix

We now only lack initial conditions on the relevant growth terms in our attempt to solve for § in the quasi-linear
regime. Since the power spectrum Ps is initially Gaussian, non-linear growth terms (i.e., @ and /5 from equation (21))
are integrated from the early-time initial conditions «; = 0, &; = 0. To find the initial conditions for the linear growth
terms f and D, we combine the first order equations of motion (I2)) and (I3]), giving

D+DH = (1+w)f
FrfHO+m) = ngWD

to get
f = ng”HQD —H?D —HD
= —HD —HD
- L (wn)
f=-HD+C (29)

where C' is a constant. Since we assume that lim, o = 0, we use the ACDM equations of motion combined with
the Poisson-equation result f = (3/2)Q,,H?D to find the correct value for C for a given ,,. This value changes
depending on the initial conditions assumed for D and D. However, the normalization of the measured statistic (E6)
means that our final results are resilient to such choices. Figure [l plots the effect of gravitational slip on the first

order growth function D and its derivative. Figure 2] plots the same effects on the second order growth functions D¢
and DP.
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FIG. 1: We plot the change in the first order growth functions D and f; = %% resulting from varying wo. Note that fi
is a different parameter from the f used in equation ([I8). All other parameters are set to be the WMAP 5-year maximum
likelihood values [33]. The change is calculated relative to a @ = 0 (GR) model so that AD/Dgr = (D — Dgr)/Dar. As

found in ], wo > 0 amplifies the growth of 5(1), while wy < 0 suppresses it.

III. FOURIER TRANSFORM OF (")

In Section [[V] we will derive an expression for the bispectrum of the matter distribution in the case of @ # 0. This
calculation will require taking the Fourier transform of terms like (6" (Z)) for n > 1, which we illustrate below.
If we expand (%) = >, 6¢) (&), then

(87 = () +nE OO 40 @)+ ()P PEV) ) (30)

(note: superscripts in parentheses are orders of expansion; superscripts outside parentheses are exponents). Therefore,
in order to get the Fourier tranform of (6™), we first need the Fourier transform of (§()). From the form of equation
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FIG. 2: We plot the change in the second order growth functions D® and D resulting from varying wo. All other parameters
are set to be the WMAP 5-year maximum likelihood values Iﬁ] In the case of solid lines, AD* = D' — DL . In the case of
dashed lines, the second order growth functions are normalized by a factor of D? (D is the first order growth function) so that
AD! = D'(Dgr/D)* — Dip. The normalization greatly diminishes the effect of varying wo, indicating that most of the effect
of wp on the higher order growth functions enters as a normalization.

(@), we can see that

5@ (7) = D(i)(T)A(%,SD% e Pi) (31)

where D) stands for some combination of ith order growth functions and A is some combination of spatial derivatives
acting on the i powers of ¢(Z) (see, for example, equation 2II). Taking the Fourier transform of this qualitative §(*,

we find (here we will introduce the notation 5 = 5 (kq))

NOYIA d’x —ik% (i
5()(/€)=/W€ M DOA(pr, .., i) (32)
Brd3k1. i rs R ) T -
- [ G et 0K I @ (3)
m=1

B i .
:/ﬁ[)k ZkJD(’CHSDm (34)

Bkii 5 . D(l :
_/W5D(k—2kj) X D<1 H (35)
=1 =1
(note d®ky. ; = H;Zl d3kj) where, in going from equation [B2) to (33)), we have taken the Fourier transform of each

individual factor of ¢(Z) in equation (@&I). K represents the combination of wave vectors {ky, ks, ... k;} deriving from
the differential operator A. 6% is a Dirac delta function. We used equation (IJ) to go from equation [B4) to (BH).

From equation (B5), we can see that a term of the form §) (Z)(6™) (Z))™ can be written in terms of Fourier transforms
as

3 3 o o n
50 (@) (60 (@) = /%emmzyilkn % 50 T 55

(27‘-)%(71-{-1) 2L m
dgkdgkl___n d?’k/ r ii’fé 7 noo . B . D(l i 1),
_ /(%)g(m)( )1(1 e T R TT 80 x oy (k= 7 ) e D(l , ICH b (50)
m=1 =1

where, to be explicit, the k; wave vectors come from the Fourier transform §(9. Integrating the right hand side of

equation (B8) over the wave vector k, we see that

) R i i+n
@y = [ D ey, DK T
(2m)2tm (DO Ty k7 3



whence
D@ (5D = / ézﬁézﬁiﬁ) i (SR o (z;)(zlz)))iﬂ H?f o (660, (37)
At this point, it is useful to recall that, for a Gaussian field (like 5(1)),
(M5 5y = o n odd (38)
— GORNEE.. G50)
-+ permutations n even (39)

so that, for example
(31"85755) = 0
S(1) F(1) (1) g(1 S(1) 3(1 <(1) z(1
(61765765765) = (517857) (85 85)
<(1) z(1 <(1) z(1
+(51857) (057 83)
+(3135) (857 857).

From this, we see that the right hand side of equation 1) involves (i +n —1)(i + n —3)...(1) terms if (i + n) is
even. If (i + n) is odd, equation [B7) is identically zero. Finally, we recall that

<5~§1)S§1)> = 63, (k1 + ko) Ps(ky) (40)

Combining these results with equation ([B0) gives us an algorithm for evaluating the higher order correlation functions
of the § distribution. We illustrate this by considering the bispectrum.

IV. THE BISPECTRUM

The bispectrum is the three point equivalent of the power spectrum, i.e. it is the Fourier transform of the three-point
correlation function. In the expression

B is the bispectrum. From equations ([B0) and (38)), we see that the three-point correlation function will, to leading
order, be made up of three terms like

<5(2)5(1)5(1)>,
We write §(2), using equations 1)), @3) and @4), as
6% = D (9,00,V% + V2pV2s ) + D (0500150 + V26V + 20100,V ).

From equation (B3]), we see that this means

5 . S(E/)S(E//) L. . kg P (E/ . E//)2
2 3 3 3 a b
5( )(k) - /d k/d k”T(SD(k - k/ - k”) X |:D (1 + 7) + D (1 + 2 k/2 + k/Qk//Q ):|
B Sk —K)T ., K- (k—Fk) ) E-(k—Fk) (K-(k—-Fk))?
_ / B [ (14 =)+ D (142 T ) @



We can now average equation (@) with two factors of 6(k) to find the form of the bispectrum.

3 . 7 7 7 7 7 7 . . 2
i@y [ PR )z 50 71 a ka - (ks — ka) b ky- (ks —ka) | (ks (k3 —ka))
@GP = / o (0150052,50) x [P (”71@3 )+ (1+2 A )l

d>ky
= /ﬁ{P(kl)P(k2)5%(1+3—4)5%(2+4) + P(k1)P(k2)0p144)0D(213-1) +P(k1)P(k4)63D(1+2)63D(3)}
ks - (ks — ka) n (Ka - (ks — /24))2)}
ki k3 (ks — ka)?

Fa - (kg — k1)
ki

<[ (1+ )+ (142 (42)

(note 6315(1'4-]‘—1) = 6%(1%} + Ej — k;)) where we have used equation (@) to get the power spectra and 82, factors.
Note that, by the coefficients of the growth terms, the 6%, (ks) term will vanish upon integration. Once that term is

discarded, we see that the bispectrum is proportional to 6%, (El + ko + Eg) Specifically

— —

ko - Ky
k3

L . P(k)P(k
B(ky, ko, k) = %[@a(u

by b (ks h)?
K3kt
P(kl)P(kQ) |: EQ . kl b EQ . k?l (EQ . El)2
————=2 D1 D°(1+2
D2 I+ =)+ DA+ 2=+ =
+permutations. (43)

)+ DY(1+2 %+ B+ Ks)

}6?,5(151 + ko + k3)

It is straightforward to integrate the equations in Section [l and determine how wy affects equation [@3)). It is less
straightforward to turn this calculation into a real-world constraint on wy.

A. Galaxy bias and redshift distortions

It is presently impossible to measure the dark matter density at all points in space. As its name suggests, we
cannot see dark matter. We can only see the galaxies that form in dark matter haloes. Going from astronomical
observations to a determination of the bispectrum (@3] requires assumptions about how the galaxy distribution tracks
the dark matter distribution (the “galaxy bias”) for which we have little theoretical motivation. As if that were not
hard enough, we only actually see the galaxies in two dimensions (altitude and azimuth relative to our telescope).
We infer the radial distance to galaxies by measuring their redshift and assuming that Hubble’s law is valid. This is
a decent assumption for redshifts of a few. Unfortunately, it means that galactic peculiar motions interfere with our
determination of galaxies’ positions, giving rise to “redshift distortions” in the observed distribution of galaxies. It is
known how to correct for these effects in calculating equation [@3]). We will do so below. Our derivation relies heavily
on the w = 0 calculations presented by Bernardeau in Section 7 of reference M]

The correction for scale- and time-independent galaxy bias is simple. Assume that the excess number density of
galaxies §, = (ny — ng)/ng relates to the matter overdensity § by

b5
5 =2 il

%

where b; are (constant) coefficients of the expansion. If we then write the overdensity § as we did in the discussion
leading up to equation ([B0), we have, to second order

b
8y = b6 +5,6? + 52(5@)2 . (44)

To first order, the expansion is simply ¢4 = b1 4.

To account for redshift space distortions, we follow Section 7 of reference [34] or Section 9.4 of reference [35]. We
denote redshift space (in which radial distance is reckoned from Hubble’s law) by #s. Physical space will remain Z.
Because observations are made in redshift space, we want to calculate the bispectrum of the redshift space distribution
using the physical space evolution equations we derived in Section[[Il We will work in the plane-parallel approximation
in which the sky is flat and the radial direction is 2. By Hubble’s law, the redshift space z coordinate of a given
galaxy will be

Zs = Zp + —. (45)



We use the conformal time Hubble parameter because, throughout this work, ¢ has also been calculated as the
conformal time velocity. It is also true that Ho = Hy as long as ag = 1. From equation (&), we have

B, drgsdysdzg 1
= =14+ —0.v..
d3x dzrdydz + Ho !

Because we do not want our change in coordinates to change the mass of a given region, we set

(14 8)d’z, = (1 +6)d’z (46)
from which we find
B>z
s = (1 — -1
) (+®ﬁ%
Brs\ dPx
o <1+6_ d3x> A3z,

1 >z
(5 — H—Oaz’l)z) —dgajs .

Now, we can write

T 7 dgxs 7Z'ﬁ.j‘ —
ds(k) = /We FT64(T)
BPrs ik /Ho 1 d*x
a /(27T)3/26 "~ 74,9 ) @, (47)

Q

A3z i ik,v, 1
—ik-T 1 _ 6 _ az . 48
/(27T)3/26 ( Ho ) ( Ho U) (48)

where the &~ comes from expanding equation [#7) to first order in perturbed quantities. If we want the Fourier
transform of the galaxy overdensity in redshift space, equation ([48)) must be rewritten

- Pz T ik,v, b 1
whﬁzi/agﬁﬁgmm<l____>(myn+bﬁmx%§gn;_ﬁgz%)' (19)

S

To proceed further, we will require expressions for the first and second order parts of the peculiar velocity field, 7!
and ¥, in terms of the Fourier transform ¢.
Recalling equations ([20) and (22), we write

Bk e
(1) _ ik-T7, ~
U i /(27T)3/2 ko(k)
H = —iDRp = i) 50 (50)
. [ BhidPhy i ey
7@ = Z/(;T)g?ew (Fi+ka) 5K 3 (3) x [(D —DD)(kkaHDb([kl.k21k2+k5k2)}
- _ BE . o Y i o o o o
7?® = 1/7(%)3/#@(1@—1@’) X [(D —DD)(k’(k—k’)Q)+Db(k’[k’-(k—k’)]+k’(k_k')2)] (51)

Hoping to find a redshift space expression equivalent to equation ([@2)) we separate equation ([@9) into first and second
order parts. For the first order part, we find

2 .

(1) 7 Pad®k vk - Bad¥k oo (k) .
(1) k - / i (k' —k) _k/2 D& k/ _/ iZ- (k' —k) \"Vz D k/
d ( )975 1 (271’)3 € ( ) <P( ) (271’)3 € Ho <P( )
2 D 2\ ~ (v
= (=k*01D — k)5 (k) (52)
Ho

where the factors of k2 come from 0,v, (recall that @, o k. by equation [0).



10

The second order part gives

ba
2

~ . ~ . dgk/ . . . . .
5(2)(k>g75 — b15(2)(k) + / — D2k12(k _ k/)ng(k/)@(k _ k/)

3L/ — — — — — . . . — — — — —
+ / %Z—Zﬂk’)@(k — ) x [KL(E = F)2(D" — DD) + DP(R' - (K = KK, + (F — F')*K)
0

D BE .. - - D
—— | — 5"k — K — kK (k=KD — —k, k. (k, — k')? 53
i | PP = ) x | = biko k(R = D = ke (ks = ) (53)

where 62 (k) on the right hand side of the first line is given by equation [@I)). Combining equations (2) and (G3) we
can now write, by analogy with equation (42)

<S§1)g§1)5§2)>g)5 = /d3k4{P(k1)P(k2)6%(El + Eg - E4)6%(E2 + E4)

P () P2 )35 (Fy -+ Fa) 63 (Fa + i — Fa) + P () P(ka) 55 (1 + B2) 6% (Fs) }
k- (ks — ka) by

-

by b ka- (k3 —ka)  (Ka- (k3 — k1))
L peq 2ph(142 I
X[D2 (1+ k3 >+D2 (+ k3 + k2 (ks — kq)2 )
ba k3. (kaz .- . b Fy - (123 —124)/€4z k4
+2 4 D — DD) + Db (22 “UME | e
2 DZHo(ki( A AT 2
D ksskay D kaskas(ksy — kas)?
e T ]
0 4 0 k4(1€3—k4)
D klz D k2z
by + —— by + —— . 54
x 1+DH0(1€%>]>< 1+DHO(k§)] (54)

The galaxy bispectrum in redshift space B, s has the same form as equation ([@3)) with the appropriate substitution
from equation (B4). Note that, though the bQ(S%(Eg) term is not identically zero (as the §%,(k3) terms in previous

expressions are), we are still justified in discarding it, as we will not be interested in values of B, s for which Eg = 0.
The introduction of redshift distortions into equation (B4]) breaks the isotropy of the B. Peculiar velocities only

affect our measurement in the Z direction, so it matters which way our {El, EQ, k;,} triangles are oriented. We can
average over this orientation-dependence by integrating

™ sin 64

27
Bavg(k1, k2, k3, 012) =/ d91/ doBg s (k1, ko, k3) (55)
0

0 I
where 67 is the angle that El makes with the z axis, ¢ is the angle that the plane defined by Eg and E3 makes with
the plane defined by k; and the z axis, and 65 is the angle between k; and ko. Appendix [A] checks the consistency
of our expression with prior results derived in Lagrangian perturbation theory.

To eliminate effects due to initial conditions, it is typical to talk about the normalized bispectrum ) defined so
that

Bavg(klv k?; k37 912)
b‘llag(Png + P1P3 + P2P3)

Q(k1, ko, kis) (56)

Pi = P(;(kz)
2 1
=1+ —fi
ap +3f1+5f1
a dD
h=Dpa

Figure Bl plots (Q — Qcr)/Qcr for different values of wy and Q,,. Qar is the value of the normalized bispectrum (56
in a w = 0 universe with the WMAP 5-year maximum likelihood cosmology @] We use a Monte Carlo integrator
based on the sobol sequence generator sobseq() presented in reference [37] to evaluate integral (B3). The WMAP
5-year team [33] reports €, = 0.26 + 0.03 (1o'). Reference [26] finds that CMB data alone gives @y = 1.773°9 (20).
We find that the variation in the bispectrum due to a lo change in 2, is comparable to the variation due to a



11

k,=0.05h (Mpc)™; k,=0.05 h (Mpc)™

0.1
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m
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FIG. 3: We plot the effect of varying wo and €2,, on the unbiased normalized bispectrum with redshift distortions, ), defined
in equation (B6). The vertical axis is the relative deviation from the result in the WMAP 5-year maximum likelihood GR

cosmology. The horizontal axis is the angle between k1 and k2 in units of 7. Linear power spectra were calculated using the
code CMBfast [40] modified as in reference [25]. We find that @ is much more sensitive to small changes in 2, than it is to
large changes in wy. This rules out the possibility of constraining wo from the three-point correlation function.

20 change in wy. Thus we conclude that the three-point function will be of little help in constraining the value of
wp. Even if future experiments improve our constraint on €2,,, the fact that measurements of the galaxy three-point
correlation function are only precise to > 10% (see Tables A1-A3 of reference [3§]) means that we are a long way off
from being able to constrain wy from the distribution of galaxies in the Universe.

V. SCALE DEPENDENCE

As was discussed in reference Hﬁ], our scale-independent model of gravitational slip (@) does not affect the shape of
the power spectrum Ps. Any effect on the bispectrum observed in FigureBlmust therefore be due to the renormalization
of second order perturbations relative to first order perturbations in the presence of w # 0. Clearly, this effect is
weaker than that of actually changing the shape of Py, as varying €, does. Figure[2 plots the effect of varying @y on
both the unnormalized second order growth functions D¢ and DY (solid lines) and the normalized second order growth
functions D?/D? and D?/D? (dashed lines). The normalization greatly reduces the effect of @y, lending credence to
our hypothesis that the principal effect of scale-independent gravitational slip on the bispectrum is through the same
renormalization previously found for the first order growth function m] Fortunately, the most popular alternative
gravity models all predict scale-dependent effects HE] It is therefore incumbent upon us to consider the effect of
including scale dependence in parametrization ([B). In this section, we find that scale-dependent @ does amplify
non-GR modifications to the bispectrum, provided one considers the right combination of {ky, k2, k3}.

A. Scale-dependent equations of motion

Because we want solar system tests to remain consistent with general relativity @], we will work in Fourier space
and impose the constraint that w — 0 as £k — oo. In this case, it is an easy matter to calculate the effect of
scale-dependent w on our first order results, provided that we rewrite parametrizations @) and (@) as

¢ = (1+w)p (57)
w = woK(k)a® (58)

with the restriction that limy_, .o Iz'(k) =0.

To first order, the equations of motion for {¢,d, 0} remain unchanged under this reparametrization. The only
difference in our results is that, under (B8] the growth functions D and f are dependent on the modulus of the
wave vector k as well as on redshift. To higher orders, the presence of the non-linear source term (I6l) forces us to
reformulate our approach towards calculating the bispectrum.
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Our ability to write equations of motion ([28)-([28) depended on the separability of equation (] into scale- and
redshift-dependent parts. Using the first order solutions for {¢,d, ¥} we were able to write the second order source

term (I0) as
S@ = D(1 + @) f0;(pV2p) + D?0;5(ip8;p).
Under reparametrization (&7]), we have
A3k dk -
s — /ﬁ m(k1+kz){D(kl)(1 4 w(kg))f(kg)(kfkl ko + k%k%)
™

+ D(ky) D (ko) [k3K3 + (K1 - k2)? + k3ky - ko + kK1 - ko] }@(h)@(/@)- (59)
The integration over wave vectors (stemming from the fact that reparametrization (57)) is defined in Fourier space)
makes it impossible for us to find a separable solution for {¢(2), 5(2),17(2)}. This does not, however, mean that we
need be stymied in our attempt to calculate the bispectrum under (57]).

Upon inspection of equation (B4]), we see that the bispectrum accounting for redshift space distortions and galaxy
bias is made up of terms of the following types

(6 5@ 51 5¢ 1)> (60)

(6@5Ma, 5y (61)

(6@ a.5M0.5) (62)

(8.0 ~(2 5(1 (1)> (63)

(0.5 2)5(1 L 5(D) (64)
(0.520.5M0,5V) (65)

(6 (1) ¢ 1)5(1 (1)> (66)
(6MsMa, 50,51y (67)
<azf}§”azv§”azvz”azfé”» (68)

As noted above, we can calculate the terms built totally out of first order pieces (GAGTIGY]) exactly as we did in Section
VAl allowing for the new scale dependence of the relevant growth functions. We can calculate the terms with second
order parts by modifying the equations of motion (I5) and (7)) so as to calculate the ensemble averages (55§},
etc. directly (rather than calculating the second order part, multiplying by the first order parts, and then taking the
ensemble average). We explain this modification below.

Consider equation (7). If we multiply both sides by two extra factors of § (1) take the Fourier transform and take
the ensemble average, we have

/d{Foumer}{( 2)5(1 5(1 >+’H<5(2)6 1)5(1 >} /d{Four1er}{<S(2 1)5(1 Y —k2(1 —i—w)(é(?)gél)gél))} (69)

where the integral over d{Fourier} stands for an integral over

%ew(i{fz?:l k5)

(2m)°
which reduces to
d°kq1. 3 - o - -
(27_03 5%(k — K1 — R2 — k3) (7())

upon integration over d3z. Simple differential calculus allows us to write the integrand of equation (6J) as a second
order differential equation for

(655
which is exactly the form of terms like ([G0) in equation (B4]). For example,
200y ~(1Y) ~ d  ~(o)~(1) ~ (o) (1Y ~ ~(0) ~(1) ~
(017851557) = — (01787 85") — (5776,7557) — (617857 55")
Dy D

d ~(o)~(1) ~ 1) ~
= G OPEVEY) — (52 + DM 8 EY) (1)
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where we have used 5 —k2D(k;)@(k;). We can use equation (IH]) to write a similar differential equation, which
1)

we can evolve to calculate the (¢(26(§(1)) term on the right hand side of equation (BJ). As for the source term in
[©9), we can use equation ([B9) to write

(MY Z /deBkl LT b LY

(2m)15/2
<¢71¢725(1)5(1)>
dBZEd kl 4 - - 1
_ / g 0b(F = 3o (-} 55 bR i (51 0b ey + s 0brs)
7j=1
k1 ks PP B
S Y Jniili.-D U GV R N 72
/ (2m)o7? {- ) DrDgizig P M) (72)

where {...} represents the combination of k vectors and growth functions in the integrand of equation (BJ)) sym-
metrized in terms of k; and ka. The 6% (k) in equation (T2) means that the right hand side of equation (E3) will
be zero unless k = 0, which, from the form [0) of the integral measure in equation (G9), implies that the left hand

side will be zero unless k1 + kg + kg = 0. This is simply the familiar result that the bispectrum is defined only for
triangular configurations of k vectors. Noting that

Ds k3,

525 g 50
EPR 0.0 = 5o

(6185755 (73)
we are now able to solve for the terms (GI) and (62) in equation (G4I).
To calculate the terms in (B4]) which involve 89.9t% | we use equation (@) to find

- - + d’k1d°k - ﬂ 7313
7 = (V)" 15®@ —/ﬁﬁ (k — k1 — ka)at V. (74)

We can treat the first term on the right hand side of (4] the same way that we treated (5(2)5(1)5(1)> terms in equation
[©9). Note that

=13\ 5(2) 7(1) (1 d D, | Ds =13\ 5(2) 7(1) (1
(VHsP80a) = [ - (D—2 + D—3> | x (@3 aDaY). (75)
The term ((V—1)8{5§755)) can be found by using the same evolution equations we used to find (55151} except
eliminating the leading factor of 2 from the source term (72)) and rewriting the {...} as

{ -} = D) f(hs)(1 + (k) ks + Dl Dl(ks) (ks + Ko - Fsks). (76)

The factor of 2 is eliminated because ((6_1)5?)%1)5&1)) is not symmetric in its wave vector arguments. We will
need to account for this by summing over all possible arrangements of {/21, Eg, /23} when we calculate the bispectrum.
The new scale dependence ([7G]) is to account for the inverse V operator. Once the equations of motion have been
integrated, we must also multiply by a factor of —k1,ks,/ks to account for the fact that we are interested in the 9,
derivative of the z-component of (%)

The second term on the right hand side of (7)) is found (relatively) simply from the first order solutions for ¢ and

d. Again, we ultimately want to find a term that looks like (0, 012)5(1 (5 > Our first order solutions give
dkydk - o ~
1) . 4d° K5 1)-(1
FTo. (o) = i / a7 O (R — Fa = Fs) s + ks )55) 5L

Ds ks,

s Rz 5(1) 5(1)
Ds k% P

Blydks 4 -~ o -
- _/Wé%(k—k4—k5)(k4z+k5z)

where FT denotes a Fourier transform. From here we see that FT(0, (5(1)1)(1)) 5(1)5(1)> will contribute terms like

k3z klz &
12 Ds

—Py P
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to the bispectrum. This contribution can be added to the contribution (78 to find that, the <6z17§2)5(1)5(1)> term in
the redshift distortion-corrected bispectrum will be

T N P
3 T 2 3

where the sum is over the 6 permutations of {El, EQ, Eg} This is the term (63]) in equation (54]). Using equation (73)),
we can also evaluate terms (64) and (65]). Thus, we are able to calculate the redshift distortion-corrected bispectrum
in the case of scale-dependent gravitational slip.

Because our source term (B9) depends on the power spectrum at specific length scales we cannot, as in Section [l
evolve our equations of motion (G9) from arbitrarily early times without regards to the shape of {qz(l), ) (1)} and then
add the scale-dependence later. We must, instead, begin with realistic initial conditions for the perturbation modes.
Since the form of (B8) is such that lim,—,0 @ = 0, we take these initial conditions from the Boltzmann code CMBfast

[40] with the appropriate background parameters and modified it to output {¢™) gb(l 6 5 (M} at a = 0.1 (chosen
as an epoch early enough that @ ~ 0 and late enough that quasi-linear structure growth can be expected to set in).
We still assume that ¢ = ¢2) = § = §(2) = ( at this initial epoch. With these initial conditions, we can calculate
the redshift distortion-corrected bispectrum (B4]) in the case of scale-dependent w. All that remains is to explore the
effect of parametrization (&1)) on obsevable statisitics.

= ~ ~ ~ D
(V1M + ?;3132133} (77)

B. Effects on observables

To compare the effects of scale-dependent gravitational slip to a w = 0 universe, we perform the same average over
orientation as in equation (BH) and use the same @ statistic as defined in equation (B6). The denominator of @ in the
case of scale-dependent gravitational slip is written

b%(Pngalag + P1P3a1a3 —+ P2P3a2a3)

with
2 1
i = 1+ S fui+ o
a + 3f1, + 5f1,z
a dD(k;)
fl,i = .

Figure [ plots the effect of scale-dependent w on the @ statistic. For the purposes of this plot, we choose @ to have
a scale dependence given by (recall equation [G8])

K(k) = L (78)

2
1+001( )

In Figure @ we choose keip = 0. Ol(Mpc)_ and wy = 5. This is an illustrative model only and is not meant to
represent any specific theory of grawty Includmg the scale dependence ([[8)) amplifies the effect of grawtatlonal slip

on @, but only for configurations {kl, kg, kg} in which the length scales correspond to the peak of K (k). Tt therefore
seems reasonable to conclude that, while the bispectrum may be able to tell us something about scale-dependent
gravitational slip, it will only do so if we choose to examine a particularly sensitive range of k.

VI. CONCLUSION

Contrary to expectations, we have found that quasi-linear order structure growth is ineffective at constraining
scale-independent gravitational slip {l). However, with judicious triangle choice, we may be able to say something
about a scale-dependent gravitational slip (B8) by measuring the bispectrum. To date, there has been no attempt
to constrain scale-dependent gravitational slip with even linear-order cosmological data. Conventional wisdom has
been that the data is still too imprecise to say anything meaningful about so detailed an effect as scale-dependence.
The next generation of cosmological experiments will hopefully remedy this oversight m Given the prevalence of
scale-dependent effects in alternative gravity theories ﬂE it may behoove us to find a useful, model-independent
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FIG. 4: The same as Figure Blexcept for scale-dependent w of the form (B¥) with wo = 5 and K (k) given by equation (7). All
length scales are in units of Mpc. All triangles considered are isosceles (i.e., k2 = k1). As in Figure[Bl 6 is the angle between ks

and k. Figure [i(a)| plots K (k). Figure plots the change in the bispectrum relative to the WMAPS5 maximum likelihood
GR cosmology ] for different triangles. The case of kerit = 10 is shown to illustrate what the curve would look like for
scale-independent w (@)). The effect of w is much more pronounced for triangles whose sides correspond to length scales at

which K (k) peaks.

parametrization of the scale dependence K (k) (8) and subject these future datasets to the same analysis given
in reference @] Depending on what such investigations say, the results of Section [V] may be able to extend our
knowledge by bringing to bear measurements of the three-point correlation function on the question of gravitational
slip.
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APPENDIX A: COMPARISON TO LAGRANGIAN PERTURBATION THEORY

Hivon et al. | perform the same calculation using the Lagrangian perturbation theory formalism laid out in
references m, 43, [44, @] Rather than evolving the perturbed density and velocity fields, Lagrangian perturbation
theory evolves the displacement field \17(7, q) defined as the displacement of a fluid element whose initial position in
space was ¢. Put another way, at some time 7, the position of a fluid element originating at spatial position ¢ and
initial time 7; is

Equation was derived using Eulerian perturbation theory (i.e., we evolved the perturbed fields {¢, §, v} directly).
41

F=q+T(r—7.q). (A1)
From this, we find that the perturbed velocity field of Section [l is just
dx AN I
T = =)+ (- V)
— 3O 4 (O T £ TO 1 0(3) (A2)

where we have set 7, = 0. Note that in our notation (as in Section [I)), an overdot denotes partial differentiation with

respect to conformal time 7. In Hivon et al's notation, an overdot denotes the Lagrangian derivative (0, + 0 6) The
same conservation of mass considerations that prompted us to write equation ([6]), now imply

p(1 4 8)d>x = pdq.
There is no d on the right hand side because we assume that the fluid starts from a homogeneous state. Algebra and

equation (AJl) give

—

43 | . Lo -
5 = |de| —1= <1 +V-T 4 5 {(v Sg)2 81-\1151)@\1/1(-1)} +V-T? 4 0(3)>

— =

T I 11 o -
= V.- (V.02 _v.g® _ 3 [(v Sp)2 61'\1’;1)(%\1’1(’1)} +0(3) (A3)

where we have expanded ¥ in the same way that we expanded ¢, § and ¥ in Section [l With equations (A2) and
(A3), we can find the same physical quantities in Lagrangian perturbation theory (LPT) as we calculated directly in



17

Eulerian perturbation theory (EPT) in Section[[ll The advantage is that, in LPT, the transition to redshift space is
merely a coordinate transformation. In this section, we show that our EPT results are consistent with LPT results
to second order. In reference @], Bernardeau claims that this is not the case, that LPT and EPT do not agree and
that LPT is more consistent with the results of N-body simulations (see the discussion following his Figure 48). This
is merely a confusion of terminology. What Bernardeau meant to claim is that second order LPT and EPT results
differ substantially from third order LPT results (the difference between “tree-level” and “one-loop level” perturbation
theory in reference ]) and that N-body simulations are more consistent with the third order results. In Section [V]
we found that the effect of wy on the second order results is not strong enough to justify extending our calculations
out to higher order.

Before we begin, there is a subtlety which bears discussion. All of the U functions and their spatial derivatives in
equations [A2)) and (A3]) are expressed in terms of ¢ coordinates, that is, in terms of the spatial positions of fluid
elements at initial time 7 = 0. When we go to derive field equations for ¢ and \17, we will be expressing ¢ and its
spatial derivatives in terms of ¥ coordinates (spatial positions now). Assume that ¥; < ¢;. Because we will only
be interested in quantities up to second order, the transformation between ¢ and ¥ coordinates is a straightforward

Taylor expansion. If we use W(F) to represent the displacement field as a function of the present position ' (see
reference [41]), then

— U(F) — 0,0, (&) + O(T?) (A4)

T+ O(F%) (A5)

where we have used the zeroth order equation ¢ = Z. Now

- = = o5 o = - = 1 - — _ _ - =
§ = V0D 4 (T- V)V U+ (V- TD)2 - (V- T2 = 9,0 M, 00) — V. 0@ 1+ 0(3) (A6)
5= T $Wa 50— §Mau0 4 $Ma 50 4 §O) 1 o(3)
= 0O —gWMa0M £ T 4 03). (A7)

From here on, we will deal only in W(&) and derivatives with respect to Z. Let us now consider the LPT equations of
motion.
LPT proceeds from the geodesic equation

uVou' =0

(7 is a spatial index) and the Poisson equation. We once again replace the Poisson equation with the space-time
Einstein equation in the form (3]

. 3 .
V2 (¢ FHA w)gb) = SH
with ¢ taken from equation ([Af]) so that, to first order,
3 . .
SH20 (V- 30) = =2 (64 H(1 +w)0) (A8)

Using metric (@) and four-velocity (), the geodesic equation taken out to zeroth order in 1/c? merely returns equation

T+ HT+ (T-V)T+ Vo(l 4+ @) = 0.
To first order in {¢, d, U}, this equation gives
T+ HY T
W 4T T (A9)

<l

_v21/, —

Il
<
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where we have used equation (A7)). The time derivative of equation (AS]) gives

gHQQm(ﬁ-qﬂ” —Hﬁ\f/(l)) = —VQ(&+H(1+w)¢+H(1+w)q5+Hw¢)

g}mm (6 RN v \i7<1>) — 313Q,,V - T
3 .
M (~V26(1 + ) + 2HV? (6+H(1+=)0) = (A10)

where, in the last line, we substitute from equations (A8]) and (A9). Equation (AI0Q) can be rearranged to give the
first order EPT equation (IH)). Clearly, the first order result for ¢ is identical in either LPT or EPT formalism. The

same is true of § and 7, given that equations (&G) and (AT) give § = —V - 7, which is the first order part of the EPT
equation of motion ([@). To second order, we illustrate the consistency between LPT and EPT by observing that the
second order parts of equations (A6) and (A7) are such that

: () q &(1) , = = = (1 < (1 (1) g 7(1 = (2
52 — 81-\111(- )3j\1;§ ) 4 ;0,0 + \I/Z( )8ij\11§ ) —|—3i‘I/; )8j\111(- ) 81"1JE )
2 () g &(1) |, #(1) g (1
= —31'1)1( ) + 81"111(» )33-‘1/; ) + ‘IJE )&'J“IJ; )
= -9 — WM — vMa,sM (A11)
which is the second order part of equation (). Note that we have used the assumption that the fluid flow is irrotational
so that 8;¥; = 9; ;. Using result (AII)) as motivation, we will now write the growth functions from reference [41] in
terms of our own and show that our second order solutions are, indeed, equivalent to those of LPT.

Results in reference M] are presented in terms of the growth factors g; and g and their dimensionless derivatives
fi = (a/gi)(dgi/da). These growth factors are defined such that

U = gl\ij(l) + gz\ij(?)
where ¥ denotes the spatial part of U. From the first order part of equation ([A3J)), it is easy to see that g; is just our

growth factor D from equation (I8). To find go as a function of our second order growth functions D% and D°, we
compare our equation I} to equation (A19) of reference [41], which finds that § goes as

d’k1d’k2 ~(1) 7(1) S N A k1 (1 — cos? 012)
5@ = /7 K2E2W (k1 + kg )e® (Ritka) (1 10— — (1 — =)
91 @) 1 by s W (|k1 + kal)e ( +costha g ( +gl) 5 )

The comparison with our equation ([@Il) proceeds more directly if we write

(A12)

3

D = —2D§+§D2
3 3

Db = §Df—ZD2

where D7 is just the first order growth function D from equation ([I9), and D> is defined in equation (39a) of reference
M] (this equivalence can be seen by comparing that work’s equation 48 with our equation dIl). Now, we can rewrite
our equation as

5(2) — / ds(kld) k2 ¢11)¢(1 k2k2 T (k:1+k:2)

3 k SN k
X ((_2D‘;’ + 5D2)(1+ 7 cos015) + (5DF = TD2) (1 + cos? b1z + 27 cos 912)). (A13)

ko 4 ko
Comparing equations (A12) and (AT3), we find that D; = g1 (as promised) and
3
g = 2D% — §D2
or

g2 = —3D" — 4D + 2D? (A14)
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FIG. 5: We plot the relative disagreement in Baye between Eulerian and Lagrangian (reference , ]) perturbation theories.
The horizontal axes are the angle of separation between the vectors El and Eg in units of . The vertical axes are (Bavg, EPT —
Bave, 1pT)/Bave,Lpr. We compare (BB) with by = 1 and b2 = 0 to the results presented in equations (33)-(35) of reference [41)].
We use equation (AI4) to express g2 and fo = (a/g2)(dgz2/da) in terms of our growth functions. For all curves, @y = 0 and the
background cosmology is the WMAP 5-year maximum likelihood universe m, @]

or
D* = —g (A15)
1
D’ = §(D2+92)- (A16)

Using these results and equation (22)), we find for EPT
V720 = (G2 4+ DD)(V2eV20 + 0,00:V20) — (G2/2 + DD)(V2V20 + 8;;00;;0 + 20,00,V 0)
g .
= S (V2V2p = 0ij0ij0) = DD(0ij00i50 + 0190V ).

For LPT, we note that §() = —8i\TJEl) means that \Tlgl) = —Dd;p. This, combined with the result from reference [41]
that

7@ _ 210 sy 5 sg s
0.9 =3 S [@)2 - 0.0V, 0] (A17)
gives
. g .. _ - , i - o
Vi3, = 5(%—291%)[(@-@1))2—aixlf;”aj\yg”} +glz—§[(ai\1/<1>)2—az-xy;”ajxyg” —9,(T Mo, bY)
1 1 1

= g—;(V2SDV2<P — 0350ijp) — DD(0ijpdijp + 800V p).
From this we see that equation (A14), which guarantees 6£2FZT = 5(E2P),T also provides 17§213T = 17(E2P),T. Figure [6l compares
the results of Section [V] with the results of LPT in the case of @ = 0. LPT results are evaluated from Hivon et al’s
equations (33)-(35) using our equation (AT4)). We find that our EPT results agree with Hivon et al's LPT results at
the sub-percent level.

All of the discussion in this Appendix has assumed w = 0. As shown above, our results are perfectly consistent with
LPT in this limit. One can move between the two formalisms using the algebraic relationships (ATH) and (AT6]). This
is not the case once wy # 0. Equations (AI5) and (AIG) imply a relationship between D*, D, and D. Specifically,
they imply

D* = —2D" + D2, (A18)

Figure [@ plots the departure from this relationship as a function of wy for cosmologies with different values of ,,.
All of the curves are evaluated at redshift z = 0. While we see that equation (AIf)) is identically true for wy = 0,
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FIG. 6: We plot the departure of D* from the predictions of equation (AIg) as a function of wy for different €2, cosmologies.
While equation ([(AIS) holds exactly when wg = 0, the relationship breaks down as |wwo| grows.

it becomes less and less true as |wp| grows. Recall that equations (ATH) and (AI6) were derived by assuming that
5£2P2T = 6}(321:)>T and comparing the growth functions of the different spatially dependent terms. If we assume that LPT
and EPT remain in agreement for wq # 0, it seems likely that the spatial dependence of §(2) must change for wq # 0.
Specifically the spatial relationship (A17) may break down, spoiling the relationship between our EPT growth factors
and the LPT growth factor go. Given our success at reproducing the wy = 0 solutions of LPT, the main body of this
paper analyzed the wy # 0 bispectrum using our EPT solutions. It may be worth solving the exact wy # 0 LPT
equations of motion in some future work.

APPENDIX B: THE SKEWNESS

The third order moment (the skewness) is a measure of the asymmetry of the § distribution function once non-linear
growth has set in. Mathematically, it is defined as
3 (z
5= @) (B1)
(0%(7))?
Kamionkowski and Buchalter derive an exact expression for the skewness of the matter distribution in a general
relativistic universe under different assumptions of flatness and acceleration or deceleration HE] In this section, we

follow their lead and derive a similar expression in the case of wy # 0.
As with the bispectrum, the numerator of the skewness (BI) reduces to 3(6®)(6())?). Equation @Il gives us

Bhy . By o T Foa T E (01020304)
@) (5Wy2y — [ LR iz (Ry ko tRatka) 191020304)
(00T)7) / 2mn ¢ D2k?

X [Eg - kak2(D® 4 2D°) + k2k2(D® 4+ D°) + (ks - /24)229571 : (B2)

Using the following results

/ dQ(k;Wd)gﬁk2 Pg(k%?(kz) ( — 2k3ky - kp — 1) - _ / dQ(k;Wd;kQ Pé(klgfjé(lm) (B3)
/d2(];1:)36k2 Pé(k%?(kz) (1 N 2(/22%]/5222)2) _ /dz(,;17:l)36k2 Pg(k%?;(k?) (1 e 912)
/1 d(cos 0) cos® § = 2
1 3
/ dz(,; 17Td)36k2 Ps(kll))lja(kz) (1 490082 912) _ g / dz(;; 17Td)36k2 Pg(kll))z?(kz) -
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FIG. 7: We plot the change in the skewness S3 (IEI) resulting from varying €2, and wy. When €, is varied, g = 0. When
wp is varied, Q,, = 0.256. ASj is assessed relative to a wo = 0,2, = 0.256 universe. All other parameters are set to be
the WMAP 5-year maximum likelihood values Iﬁ] Over regions of interest, the effect of varying wo is much stronger than
the effect of varying €2,,. Unfortunately, this will not hold when the calculation is altered to take into account a realistic
observational window function (see Figure []).

we find that the normalized skewness may be written

_ 3?3 (., 8
S = GOEE ~ I <2D + gpb) . (B5)

Note that the denominator of the left hand side of equation (BE) is effectively

3. 13
/%%Uﬁ)&(/@)

hence the simplicity of the right hand side.

Figures and plot the effect of the parameters ,, and @y on the skewness as determined by equation (BH]).
When €, is varied, g = 0. When oy is varied, €2, = 0.256. All other parameters are set to be the WMAP 5-year
maximum likelihood values [33]. As in Figure 3} the vertical axis is

AS3 53— 5310=0,9,,=0.256 (B6)
S3,aR 53] c0=0,0yn=0.256

Varying o within the WMAP 5-year 20 limit (wo = 1.4753 (20) [24]) results in a few percent variation in Sz, while,
for wy = 0, variations of €2, within the WMAP 5-year 20 range result in only a few tenths of a percent change in
S3. The 1o constraint reported by the WMAP 5-year team is 2, = 0.26 +£0.03 @] Though a few percent is still far
too fine a variation to expect to detect in the data, the fact that the change due to wy is so much more pronounced
than the change due to €2, leaves open the hope that we may one day be able to distinguish between an alternative
gravity and a dark-energy dominated universe on the basis of the matter overdensity distribution. Unfortunately, as
we will see below, even this hope evaporates in the face of considerations associated with the mechanics of making an
observation.

1. The smoothed skewness

As with the bispectrum, we cannot achieve perfect knowledge of the skewness at any scale. The birdshot distribution
of our mass gauges (galaxy dynamics, lensing of background galaxies, etc.) forces us to accept that our measurement
of §(#) will have to be averaged over some scale Ry (e.g. og is the rms average mass fluctuation within an 8h~*Mpc
sphere). Bernardeau derives expressions for both the skewness and the kurtosis smoothed over some scale Ry in
reference HQ] In this section, we will follow his calculation, convolving our results from Section [Bl with a top-hat
window function. We find that whatever hope Figures and give us for constraining wq vanishes behind the
limitations of actual measurement.



22

For the purposes of this section, we will work with a simple top-hat window function © g, (r) which is zero if r > Ry
and unity otherwise. The smoothed first order overdensity is therefore

@) = [ @50 (7 - 1) (®7)

BBl o
= /Wek 3 (k)Or, (|& — &)

By B~
_ /%eik-(w —®) k35 (F)O R, (|17 — 7))
™
d*k NN ik-Z
= | Gt VB (sRo)e (%)
__ [sin(kRy)  cos(kRp)
W (kR,) = 3< R0 (hR?

W (kRp) is the Fourier transform of ©p,. The second order smoothed overdensity is

. Blyd3ky 6O (k)0 (k) o = o
B () = / (217r)32 1D2 e BV (Ro Ry + Kol

ky - k. k1-k)? k-
x| D@ 1+ 252 | +D® 1+(12 22) y2 22 (B9)
k K2 k2 2

which is what we would expect from equation ([#I]) written in a slightly different form and subjected to the same

convolution explicitly shown going from equation (B7) to equation (BS]).
By analogy with equation (BIl), the smoothed skewness is defined as

B} 2\3
S3(Ro) = % (B10)
(s5)@) )2
From equations (BR) and (BJ), we can write (note that, as in Bernardeau, W; = W (k;Ro) and Wi, ; = W (|k;+k;|Ro))
3 3
L2:(2)y _ d°ky ... d°ky 1
3(0p, 0p)) = 3/WW1W2W3+4E
ks -k ks-ks o (K3-ka)?\1 % = =

x {D“ <1+ £ 4) + Db <1+2 3-ky | (ks Ka) >}<51525354>. (B11)

k3 k3 k3ki

Remembering our power spectrum convention [A0), it is useful to note that the coefficients of both the D® and the
DY terms will vanish if k3 = —k4. Therefore, the (0102)(d304) term does not contribute to the integral and we have

&Pri .. Ak 1
1)2 (2 1 4
300205 = 6/WW1W2W3+4E

Eg : E4 b E3 ) Eﬁl (EB ) E4)2
D1 D’ 1+2
<{ (+k§>+ (+ TR ]
X P(;(kl)Pg(kg)(S%(k_i + Eg)&%(ﬁz + E4)

By d®k
= G/lewzwm—

x P(k1)P(ks). (B12)
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FIG. 8: We plot the smoothed skewness (BIQ) as a function of scale Ry for different values of o and 2,,. Results are presented
(as in Figure [7)) as a change in skewness relative to the WMAP 5-year maximum likelihood GR cosmology. While wy retains
the strong influence on S; observed in Figure the effect of 2, on the shape of the power spectrum amplifies its influence,
so thtat it is now very difficult to distinguish between a significant departure from general relativity and a minor shift in ,,.
The 1o confidence interval reported by the WMAP 5-year team is €2, = 0.26 4+ 0.03.

It is tempting to proceed as in Section [Bland analytically evaluate equation (BI2) to find the same result as equation
(BR) with an added factor of

ABkid3k
/Wpé(kl)PJ(kl)WIWQWPrQ-

Unfortunately, the compound window function W7o depends on the angle between El and Eg, and thus spoils the
straightforward angular integrations leading to equations (B3) and (BZ4)). Furthermore, the denominator of equation
(BIO) has a completely different dependence on the window functions and power spectra. To wit

3 2
(6077 = ([ ootk (k) ) B13)

The smoothed skewness (BIO) cannot be written as a simple function of growth factors. It must be integrated over
the 6 dimensional parameter space {/21, Eg}, which can be reduced to a 4 dimensional parameter space upon noting
that the integrand in equation (BI2)) does not explicitly depend on the azimuthal angles ¢y, or ¢y, so that we can
replace those two integrations with a factor of 472. We use the same Monte Carlo integrator we used in Section [Vl
We present our results in Figure (8) as a change in skewness (relative to a WMAP 5-year maximum likelihood GR
universe; see equation [BG). While w( retains the strong influence on S3 observed in Figure the effect of Q,,
on the shape of the power spectrum amplifies its influence, so that it is now very difficult to distinguish between a

significant departure from general relativity and a minor shift in €,,. We perform a similar calculation for S4(Rg) in
Section

APPENDIX C: FOURTH ORDER MOMENTS

The smoothed kurtosis S4(Rp) of the overdensity distribution is the fourth order moment of the distribution averaged
over a radius Ry, i.e.

<5R0 (f)4> — 3<6R0 (f)2>2
(0r,(%)%)° '

In this section, we will show the effect of @ # 0 on S4(Rp). While the effect is stronger than that found on the
skewness in Section [B] this is of little comfort because, as a higher order moment, the kurtosis is much harder to
measure than the (already difficult) skewness. Also, we find that the effect of varying Q,, is similarly amplified so
that it would still be difficult to discern a large change in wq from a small change in §2,,.

34(30) = (Cl)



1. Third order equations of motion

Calculating the kurtosis requires first that we find the evolution of the third order perturbations {¢(3), 63

We do so in this section. For easy reference, we recall the first and second order solutions
o = f(7)p(E)
50 = D(1)V?p
7V = —DVp(@)
¢ = a(r)A(@) + B(r)B()
§® = P (r)V?A+ D" (r)V?B
#? = (=D 4+ DD)VA—-D'VB
VZA = 0; (Vp0ip)
The third-order part of equation ([I2)) is
53 + 1B = (1+w) (ai5<2>ai¢<1> + ai5<1>ai¢<2>) + 8y [2vi<2>vﬂ‘<1> + 5<1>Ui<1>uﬂ‘<1>]
+(1+ @) (8WV2p3 + §BV2pM) 4 v2p3)),

Using the recipe outlined in Section [T, we find

7

o3 = ZF(i)(T)Q(i)(f)
i=1
7

0& = 3" FO(r)v2gW ()
i=1

where
VigW = 9; [0:pV2A]
Vg2 = g
vg® = g
VigW = 9; [V*p0;B|
V2g(5) = 8Z-j [(%QD(?ZA]
V26O = 9y [0;00:B]
VG = 8, [VZdidie] .

The equations of motion for F(9) and F*) are

FO = —FOUB+ @) — FO [H?3(1 + @) (1 - Q) + Heo] + ngHQS(B’i)
FO = HFO 4 (1 +w)F® 4 6D,
The right hand side of equation (C2]) gives
SGY — (14 w)fp@
532 = (14 w)fp®
§3:3) = (1+ w)Da
SGY = 1+ w)DB
§35) — _2D(-D* + DD)
5§36 — 9ppb

§B7 = p2.
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T,

(C3)

(C4)
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2. The kurtosis

The numerator of equation (CIJ) is equivalent to
(0o (#)!) = 3(0R, ()%)? = 4(8126) + 6(52632).

Using equation (C3) and drawing an analogy with equation (BI2), we find that

7
WAWa W Wi ags »  FO >~ GOk, ks, k) (C5)

i=1 perm

(FW353)) = 4/d3k1d3k2d3k3 P(ky)P(k2)P(ks)
(2m)? D3
where 37 GO = GO(ky, ks, ks) + G@ (ky, ks, k2) + ... and the G are the Fourier transforms of equations (C4)
with all factors of ¢ artificially removed.
Similarly, the other part of the kurtosis reduces to
(6(1252y — WAW, > Wa 1 W_s_oD(ks, —k1)D(~ks, —k2)  (C6)

perm

6/ Bl dBhad3ks P(kr)P(ka) P(ks)
(2m)? D+

(C7)

g ki - k; ik (K- k)2
D(ki, k) k?k?lp(a) <1+ k23> +D® <1+2 kQJ + ( ka;) )
[ ]

i

In this case > W3,1W,3,225(E3, —151)@(—];3, —Eg) has 8 terms, permuting over both the content of the two pairs

of vectors

perm

D(ks, —k1)D(—ks, —ka) — D(ks, —k2)D(—ks, —k1), etc,
and permuting over the vectors’ orders within the pairs
ﬁ(/g& —/gl)ﬁ(—]g& —]gg) — 25(—%1, ]g3)'ﬁ(—/g2, —];3), etc.

Note also that Eg is always positive in the first pair and negative in the second. El and /22 are always negative. These
minus signs are acquired from the delta function in

(6D (k)0 D (k) = Pk:)o% (ki + k).

Figure @l recreates Figure ]l for the smoothed kurtosis. Again we find that it is nearly impossible to distinguish a large
change in wq from a small change in §2,,.
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FIG. 9: We plot the smoothed kurtosis (KEI) as a function of scale Ry for different values of wo and €2,,,. Results are presented
(as in Figure B)) as a change in kurtosis relative to the WMAP 5-year maximum likelihood GR cosmology. The lo confidence
interval reported by the WMAP 5-year team is €2, = 0.26 4+ 0.03.
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