
Dartmouth College
Dartmouth Digital Commons

Open Dartmouth: Faculty Open Access Articles

5-23-2013

Discontinuities and Alfvenic Fluctuations in the
Solar Wind
G. Paschmann
Max Planck Institute for Extraterrestrial Physics

S. Haaland
Max Planck Institute for Extraterrestrial Physics

B. Sonnerup
Dartmouth College

T. Knetter
Auguste-Viktoria-Schule

Follow this and additional works at: https://digitalcommons.dartmouth.edu/facoa

Part of the Atmospheric Sciences Commons, Earth Sciences Commons, Instrumentation
Commons, and the Physics Commons

This Article is brought to you for free and open access by Dartmouth Digital Commons. It has been accepted for inclusion in Open Dartmouth: Faculty
Open Access Articles by an authorized administrator of Dartmouth Digital Commons. For more information, please contact
dartmouthdigitalcommons@groups.dartmouth.edu.

Recommended Citation
Paschmann, G.; Haaland, S.; Sonnerup, B.; and Knetter, T., "Discontinuities and Alfvenic Fluctuations in the Solar Wind" (2013).
Open Dartmouth: Faculty Open Access Articles. 430.
https://digitalcommons.dartmouth.edu/facoa/430

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Dartmouth Digital Commons (Dartmouth College)

https://core.ac.uk/display/231113602?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://digitalcommons.dartmouth.edu?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.dartmouth.edu/facoa?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.dartmouth.edu/facoa?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/187?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/153?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/125?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/125?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.dartmouth.edu/facoa/430?utm_source=digitalcommons.dartmouth.edu%2Ffacoa%2F430&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:dartmouthdigitalcommons@groups.dartmouth.edu


Ann. Geophys., 31, 871–887, 2013
www.ann-geophys.net/31/871/2013/
doi:10.5194/angeo-31-871-2013
© Author(s) 2013. CC Attribution 3.0 License.

EGU Journal Logos (RGB)

Advances in 
Geosciences

O
pen A

ccess

Natural Hazards 
and Earth System 

Sciences

O
pen A

ccess

Annales  
Geophysicae

O
pen A

ccess

Nonlinear Processes 
in Geophysics

O
pen A

ccess

Atmospheric 
Chemistry

and Physics

O
pen A

ccess

Atmospheric 
Chemistry

and Physics

O
pen A

ccess

Discussions

Atmospheric 
Measurement

Techniques
O

pen A
ccess

Atmospheric 
Measurement

Techniques

O
pen A

ccess

Discussions

Biogeosciences

O
pen A

ccess

O
pen A

ccess

Biogeosciences
Discussions

Climate 
of the Past

O
pen A

ccess

O
pen A

ccess

Climate 
of the Past

Discussions

Earth System 
Dynamics

O
pen A

ccess

O
pen A

ccess

Earth System 
Dynamics

Discussions

Geoscientific
Instrumentation 

Methods and
Data Systems

O
pen A

ccess

Geoscientific
Instrumentation 

Methods and
Data Systems

O
pen A

ccess

Discussions

Geoscientific
Model Development

O
pen A

ccess

O
pen A

ccess

Geoscientific
Model Development

Discussions

Hydrology and 
Earth System

Sciences

O
pen A

ccess

Hydrology and 
Earth System

Sciences

O
pen A

ccess

Discussions

Ocean Science

O
pen A

ccess

O
pen A

ccess

Ocean Science
Discussions

Solid Earth

O
pen A

ccess

O
pen A

ccess

Solid Earth
Discussions

The Cryosphere

O
pen A

ccess

O
pen A

ccess

The Cryosphere
Discussions

Natural Hazards 
and Earth System 

Sciences

O
pen A

ccess

DiscussionsDiscontinuities and Alfvénic fluctuations in the solar wind
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Abstract. We examine the Alfv́enicity of a set of 188 so-
lar wind directional discontinuities (DDs) identified in the
Cluster data from 2003 by Knetter (2005), with the objective
of separating rotational discontinuities (RDs) from tangen-
tial ones (TDs). The DDs occurred over the full range of so-
lar wind velocities and magnetic shear angles. By perform-
ing the Waĺen test in the de Hoffmann–Teller (HT) frame,
we show that 77 of the 127 crossings for which a good HT
frame was found had plasma flow speeds exceeding 80 % of
the Alfvén speed at an average angular deviation of 7.7◦; 33
cases had speeds exceeding 90 % of the Alfvén speed at an
average angle of 6.4◦. We show that the angular deviation
between flow velocity (in the HT frame) and the Alfvén ve-
locity can be obtained from a reduced form of the Walén
correlation coefficient. The corresponding results from the
Walén test expressed in terms of jumps in flow speed and
corresponding jumps in Alfv́en speed are similar: 66 of the
same 127 cases had velocity jumps exceeding 80 % with av-
erage angular deviation of 5.8◦, and 22 exceeding 90 % of the
jump in Alfvén speed, with average angular deviation 6.2◦.
We conclude that a substantial fraction of the 127 events can
be identified as RDs. We present further evidence for cou-
pling across the DDs by showing that, for most of the 127
crossings, the HT frame velocities, evaluated separately on
the two sides of the DD, are nearly the same – a result re-
quired for RDs but not for TDs. We also show that the de-
gree of Alfvénicity is nearly the same for the DDs and fluc-
tuations in which the DDs are embedded. Whatever process
causes deviations from ideal Alfvénicity appears to operate
equally for the DDs as for the surrounding fluctuations. Fi-
nally, our study has established a unique relation between the
strahl electron pitch angle and the sign of the Walén slope,

implying antisunward propagation in the plasma frame for
all 127 cases.

Keywords. Interplanetary Physics (Solar wind plasma, Dis-
continuities, Instruments and techniques)

1 Introduction

As critically reviewed byNeugebauer(2006), attempts to
classify solar wind directional discontinuities (DDs) as either
tangential or rotational discontinuities (TDs or RDs) have a
long history in solar wind research, but have met with lim-
ited success. The property that was expected to tell the differ-
ence most directly was the magnitude of the magnetic field
component normal to the DD surface,Bn = B · n (wheren

is the DD normal), which for RDs is finite, while for TDs
it is strictly zero. Using minimum-variance analysis (MVA)
of the magnetic field measurements across the DDs to de-
termine their normal directions, and from those theBn val-
ues, it was found that a large number met the requirements
for RDs, even though the hurdle was set very high: typically
theBn values were required to exceed 20 % or even 40 % of
the total field (e.g.,Smith, 1973). This was the situation un-
til the advent of multi-spacecraft observations. After a study
with three widely spaced spacecraft (Horbury et al., 2001)
had already thrown doubt on theBn results from MVA, it
was the four-point measurements by Cluster that changed the
story dramatically. In a paper on 129 DDs observed by Clus-
ter in 2001,Knetter et al.(2004) demonstrated that none of
the DDs met the requirement forBn/B > 0.2 when the nor-
mal directions were “triangulated” from the crossing times
recorded by the four spacecraft, which were separated by the
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872 G. Paschmann et al.: Discontinuities and Alfv́enic fluctuations in the solar wind

order of 1000 km.Knetter(2005) extended the study to more
than 200 DDs in 2003, and concluded that, within experi-
mental errors, the number of RDs might actually have been
zero. The upshot of this is that there either are no RDs at all
in the solar wind, or there are RDs, albeit with very smallBn

values.
There are many reasons for the apparent failure of the

MVA technique, the most obvious being that in most studies
the required intermediate-to-minimum eigenvalue ratio was
only 2, which is usually quite inadequate, as demonstrated
by Sonnerup and Scheible(1998). Knetter et al.(2004) ac-
tually showed that the angle between the MVA and trian-
gulation normals decrease with increasing eigenvalue ratio,
reducing the angle to about 10◦ if only cases with eigen-
value ratios> 10 were accepted. Moreover, a recent study
has demonstrated that if MVA is applied carefully, and only
large (> 20) eigenvalue ratios are accepted, small but signif-
icantly nonzero values ofBn can be identified for a class of
DDs referred to as arc polarized (Haaland et al., 2012).

When plasma data were available, another method to dis-
tinguish RDs from TDs has been to check the Walén relation,
which states that the change in velocity across an RD must
equal the change in Alfv́en velocity, as a consequence of the
Alfv énic nature of RDs. As reviewed byNeugebauer(2006),
many DDs were found to obey this relationship, particularly
regarding the angular alignment of velocity and magnetic
field changes, although the magnitude of the observed ve-
locity change commonly fell short of the change in Alfvén
velocity. Neugebauer et al.(1984) report average ratios,R,
of the changes in plasma and Alfvén velocities near 0.6. This
led Neugebauer(2006) to state the following: “One of the
unresolved puzzles of space plasma physics is whyR is con-
sistently< 1”.

When considering the problem with the mismatch between
plasma and Alfv́en velocities, it is important to recall that
such a deficiency also applies to Alfvénic fluctuations, as al-
ready noted byBelcher and Davis Jr.(1971) in their paper re-
porting the discovery of Alfv́en waves in the solar wind. They
thought that proper consideration of the pressure anisotropy
correction to the Alfv́en speed would take care of this dis-
crepancy, but as pointed out byGoldstein et al.(1995) andTu
and Marsch(1995), the measured anisotropies are not nearly
enough to close the gap. The Alfvén ratio,rA = δv2/δV 2

A ,
which is commonly used to measure the Alfvénicity of the
waves, is known to systematically decrease with increasing
distance from the Sun to reach about 0.5 at 1 AU (e.g.,Bruno
et al., 1985; Tu and Marsch, 1995). As rA is the square of the
quantity,R, used to quantify the result of the Walén rela-
tion tests across DDs,rA = 0.5 translates intoR = 0.7. The
above-citedR value of 0.6 for DDs is thus quite consis-
tent with the corresponding measure for the Alfvénic fluc-
tuations.

In this paper we will revisit the issue of identifying RDs
from application of the Walén relation to both the DDs iden-
tified by Knetter, as well as to the Alfvénic fluctuations in

which most of these DDs are embedded. We will also use
the electron strahl to infer the propagation directions of the
discontinuities and the Alfv́enic fluctuations.

2 Data set

We used the set of DDs identified byKnetter(2005) in the
high-resolution magnetic field measurements (Balogh et al.,
1997) on the Cluster 1 (C1) spacecraft obtained in 2003. As
described inKnetter et al.(2004), events were selected when
either the criteria introduced byBurlaga(1969) or those in-
troduced byTsurutani and Smith(1979) were met, which
both essentially require magnetic field rotations> 30◦ within
a 1 or 3 min interval. From the large set of events meeting
these criteria, all cases (nearly 90 %) were removed for which
model calculations suggested a bow shock connection, leav-
ing a total of 204 cases. Given that the Cluster apogee is not
much beyond the Earth’s bow shock, the avoidance of bow
shock connection biases the data set toward cases where the
DD normals have large GSEx components. Our requirement
for availability of plasma moments from the CIS/HIA instru-
ments on C1 (Rème et al., 1997) reduced this number to 188.
The 4 s time resolution of HIA means that the DDs could
usually not be resolved in the plasma data.

3 Analysis and results

3.1 Procedure

The Cluster magnetic field and plasma flow velocity data are
provided in GSE coordinates. We transformed the flow mea-
surements into the de Hoffmann–Teller (HT) frame, after first
having subtracted the average plasma velocity, a step taken
because the HT frame velocities would otherwise be domi-
nated by the very large GSEx component of the solar wind
velocity. If a perfect HT frame exists, the motional electric
field vanishes,E′

= E + V HT × B = 0, or equivalently, the
plasma velocity in this frame,v′

= (v−V HT), is field aligned
on both sides of the discontinuity, and the sampled struc-
tures are stationary. The procedure for determining the HT
frame consists of finding the transformation velocity,V HT
that minimizes the residual electric field in the least-squares
sense (Sonnerup et al., 1987; Khrabrov and Sonnerup, 1998;
for details see also Appendix B). Note that the existence of a
good HT frame does not by itself imply that the DD must be
an RD because a perfect HT frame can be found also for an
unresolved TD (Paschmann, 1985).

In the de Hoffmann–Teller frame, the Walén relation for an
RD (and for any Alfv́enic structure) is exceedingly simple:

v′
= ±V A, (1)

whereV A is the local Alfv́en velocity, ideally corrected for
the effect of pressure anisotropy:V A = B[(1− α)/µ0ρ]

0.5,

Ann. Geophys., 31, 871–887, 2013 www.ann-geophys.net/31/871/2013/
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Fig. 1.Histograms of solar wind velocity and magnetic shear for the 127 DDs with good HT frames (HTcc,1 ≥ 0.9).

with α = (p‖ − p⊥)µ0/B
2. The positive (negative) sign in

the relation applies if the normal components of the mag-
netic field and plasma velocity,Bn and vn, have the same
(opposite) signs.

In the HT frame, the Walén relation is tested by gener-
ating a component-by-component scatterplot of the plasma
velocities in the HT frame,v′, and the Alfv́en velocities,V A ,
measured at points along the spacecraft trajectory across the
discontinuity. When applied to an ideal RD, the Walén scat-
terplot should have a correlation coefficient,Wcc, and a slope,
Wslope, with magnitudes equal to 1. As a scatterplot destroys
the time order of the measurements, we will also show time
series ofv′ overplotted on the time series ofV A . The proce-
dure followsPaschmann and Sonnerup(2008) and has pre-
viously been applied byGosling et al.(2011) in a study of
pulsed Alfv́enic fluctuations in the solar wind.

As discussed in Appendix A, the modified Walén correla-
tion coefficientW ∗

cc, calculated without average subtraction,
can be interpreted as an angle,2∗

cc = arccos(W ∗
cc), which is

a weighted average of the angle betweenv′ andV A (see Ap-
pendix A).

Traditionally, Waĺen relation tests of DDs in the solar wind
have been performed in the spacecraft frame, where the rela-
tion becomes

1v = ±1V A . (2)

Here the symbol1 refers to changes occurring across the
DD. To evaluate those changes requires selection of the times
between which the jumps inv andV A are to be computed.
Such choice is not necessary when performing the test in the
HT frame.

For the test in the spacecraft frame, the quality of the
agreement is expressed as the ratioR = |1v|/ |1V A | and
the angle,2, between1v and1V A . For an ideal RD,R =

±1 and2 = 0◦. Those two quantities are directly related
to the two parameters gauging the quality of the agreement
when the test is performed in the HT frame:R corresponds
to the Waĺen slope,Wslope, and2 to 2∗

cc = arccos(W ∗
cc) (see

Appendix A).
The HIA ion measurements do not resolve ion species. As-

suming a 5 % alpha-to-proton ratio, and taking into account
the HIA instrument response, we have multiplied the mass
density by 1.16, which reducesVA by a factor∼ 0.93 and in-
creases the Walén slopes by a factor of∼ 1.08. Similar cor-
rections have been used in earlier work (e.g.,Marsch et al.,
1982b; Roberts et al., 1987), but note that such simple correc-
tions do not take account of alpha particle motion relative to
the protons (e.g.,Asbridge et al., 1976; Marsch et al., 1982a).

No pressure-anisotropy correction toV A could be ap-
plied because the HIA instrument does not provide accurate
anisotropies in the solar wind.Burlaga(1971) arrived at val-
ues for(1−α) in the range between 0.8 and 1.0 from consid-
eration of published temperature anisotropies of protons and
electrons. Noting that it is

√
(1− α) that enters the expres-

sion forV A , it follows that the anisotropy-corrected Alfvén
speed could be between 0 and 10 % smaller, and the Walén
slope therefore higher by the same amount. Corrections be-
tween 4 and 7 % follow from the total anisotropies measured
on Helios near 1 AU (Marsch and Richter, 1984). While not
negligible, these factors are not enough to make much differ-
ence to the Walén slope statistics discussed below.

3.2 Examples

To demonstrate the nature and range of the investigated DDs,
this section presents six examples, in order of decreasing
agreement betweenv′ and V A . Since a good HT frame is
a prerequisite for the Walén analysis, only cases with high
1 min HT correlation coefficient, HTcc,1 ≥ 0.9, were chosen

www.ann-geophys.net/31/871/2013/ Ann. Geophys., 31, 871–887, 2013
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Table 1.Key properties for the six sample cases, plus the means and medians for all 127 cases with good HT frames (HTcc,1 ≥ 0.9). The ID
gives the year, day, and UT of the events;|Wslope,10| and|Wslope,1| are the Waĺen regression line slope magnitudes for the centered 10 and
1 min intervals;2∗

cc is the characteristic angle based on the correlation coefficientW∗
cc (see Appendix A);R is the ratio between|1v| and

|1V A |, and2 is the angle between these vectors, computed from 1 min averages on the two sides of the DD; theV HT ratio andV HT angle
are the magnitude ratio (defined so it is≤ 1) and angle between the HT velocities, computed for 5 min intervals on the two sides of the DDs;
the last two columns are the magnetic shear angle across the DDs and the solar wind speed, respectively.

Case ID |Wslope,10| |Wslope,1| 2∗
cc R 2 V HT ratio V HT angle Shear Vsw

1 2003-018-131208 1.015 1.078 5.5◦ 1.08 3.5◦ 0.99 1.9◦ 79.9◦ 386.3
2 2003-065-195516 0.968 0.931 7.6◦ 0.94 5.4◦ 0.98 1.7◦ 51.0◦ 516.1
3 2003-070-094213 0.878 0.842 6.0◦ 0.86 3.6◦ 0.96 4.3◦ 78.7◦ 418.0
4 2003-092-012439 0.790 0.788 8.6◦ 0.77 2.1◦ 0.74 3.0◦ 70.5◦ 518.9
5 2003-022-181349 0.516 0.890 11.2◦ 0.71 6.2◦ 0.79 42.0◦ 79.1◦ 577.8
6 2003-089-043343 0.385 0.475 11.8◦ 0.48 18.1◦ 0.19 15.5◦ 47.7◦ 450.1
Mean 127 cases 0.773 0.814 9.3◦ 0.79 8.1◦ 0.87 5.7◦ 63.9◦ 527.7
Median 127 cases 0.804 0.841 8.3◦ 0.81 5.7◦ 0.92 3.3◦ 56.9◦ 535.0

(see Appendix B). Table1 lists their key properties, with
the bottom two lines providing the means and medians for
all 127 cases that meet this criterion. Figure1 presents his-
tograms that illustrate that the 127 events occur over a large
range of solar wind velocities and magnetic shear angles.
The magnetic shear angles are those determined byKnetter
(2005).

3.2.1 Case 1 (2003-018-131208)

Figure2 presents, at the top left, a near-perfect case. Hav-
ing obtainedV HT for the entire plot interval, the time se-
ries of v′

= (v − V HT) was constructed and overlaid on the
−V A time series. As the figure shows, the two are in excel-
lent agreement over the entire interval, including the jump
across the DD itself, which is located near the center time of
the plot. This agreement can be quantified by the correlation
coefficient between the two quantities,Wcc,10 = −0.997, and
the slope,Wslope,10 = −1.015, of the 10 min Walén scatter-
plot shown at the bottom center. The negative regression line
slope implies propagation parallel to the magnetic field. The
quality of the underlying HT-frame determination is quan-
tified by the correlation coefficient, HTcc,10 = 0.985, of the
scatterplot at the bottom left.

The scatterplot at the bottom right is for the 1 min inter-
val centered on the DD, and hasWcc,1 =−0.995 andWslope,1
=−1.078. For the 1 min interval theV HT was separately de-
termined and had a correlation coefficient of HTcc,1 = 0.974.
Note that, while not expected theoretically, Walén slope mag-
nitudes> 1 can occur in practice for a number of reasons,
among them errors in the measured velocities and/or densi-
ties.

If the DD were an RD and the fluctuations were pure
Alfv én waves, there would be perfect agreement between
the v′ andV A time series and the regression line slope in
the Waĺen scatterplot would have magnitude 1. At 1.015
and 1.078 their magnitude appears close enough to 1 that it

seems justified to conclude that the entire structure is indeed
Alfv énic, with an RD at the center, the latter distinguished
only by having a larger amplitude than the surrounding fluc-
tuations.

Since the DD is not resolved in the 4 s data, the 1 min
Walén scatterplot shows, for each component, two “clouds”
of points separated by the DD jump. If one were to test
the Waĺen relation in the form of a jump relation (Eq.2),
this would amount to taking averages over each of the two
clouds and comparing the differences inv andV A . Taking
1 min averages on either side of the DD, we obtainR =

|1v|/ |1V A | = 1.08, very close to the 1 min Walén slope
(Wslope,1= 1.08), and an angle2 between1v and1V A of
3.5◦, close to2∗

cc = 5.5◦, the angle calculated from the mod-
ified correlation coefficientW ∗

cc (see Appendix A).
If the DD were not embedded in Alfvénic fluctuations, but

the conditions on either side were constant, the 10 min scat-
terplot (bottom center) would look like the one at the bottom
right, only having more points in the clouds that surround the
gap produced by the DD. In reality, the Alfvénic fluctuations
on the two sides fill the gaps that exist in the 1 min plot.

In Sect.3.1 we noted that a unique HT frame can be de-
fined also for a TD, as long as it is unresolved (and conditions
on either side are constant). As implied by the HT concept,
the flows would be field aligned on both sides of the TD. The
presence of Alfv́enic fluctuations on the two sides allows us
to construct HT frames separately from the data on the two
sides of the DD. If it were a TD, the two HT frames could be
different. But in fact they are very similar. Taking intervals
of 5 min length on the two sides of the DD, we have obtained
HT frames with aV HT magnitude ratio of 0.99 and an an-
gle between the two HT velocities of 1.9◦ (see Table1). This
nearly perfect agreement is additional evidence that there is
coupling across the DD.

Ann. Geophys., 31, 871–887, 2013 www.ann-geophys.net/31/871/2013/
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Fig. 2.Overview plots for DD crossings 1 through 4 from Table1. For each case, the five panels at the top show the magnetic field magnitude,
the plasma density, followed by a comparison between the three components ofv′

= (v −V HT) (in black) and (in red) the three components
of -V A or V A (depending on the sign of the Walén slope), all from Cluster C1, with the DD at the center of the time series. The panels along
the bottom show the HT scatterplot for the 10 min interval, and the Walén scatterplots for the full 10 min and for the 1 min interval centered
on the DD. In these scatterplots the vector components are distinguished by their color (black forx, red fory, and green forz). For details
on the HT scatterplot, see Appendix B.
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3.2.2 Case 2 (2003-065-195516)

The DD crossing on the top right of Fig.2 is another case
with very good agreement betweenv′ andV A , with Walén
slopes for the 1 and 10 min intervals of 0.93 and 0.97, re-
spectively. The Walén slope is positive in this case, implying
propagation antiparallel to the magnetic field. Like in the pre-
vious example, the results in the spacecraft and HT frames
are very close (R = 0.94, compared withWslope,1 = 0.93, and
an angle2 of 5.4◦, close to2∗

cc = 7.6◦), and the HT frames
on the two sides are almost identical (HT-velocity ratio =
0.98 and angle = 1.7◦).

3.2.3 Case 3 (2003-070-094213)

Case 3, shown at the bottom left of Fig.2, is one of only a few
cases where the DD is actually resolved in the 4 s data. The
Walén slopes of 0.84 and 0.88 for the 1 and 10 min intervals,
respectively, and the ratioR = |1v|/|1V A | = 0.86 are, we
believe, indicative of an RD. The HT frames on the two sides
also agree well (magnitude ratio = 0.96; angle = 4.3◦).

3.2.4 Case 4 (2003-092-012439)

In this example, shown on the bottom right of Fig.2, there are
actually two sharp transitions right next to each other, rem-
iniscent of what have been termed “pulsed” Alfvénic fluc-
tuations byGosling et al.(2011). Here the transition at the
center of the figure was picked as a DD in the automated
search performed by Knetter following standard procedures,
while the later transition was not picked because it occurs too
close to the first. But as the time series panels show, the two
transitions show a similarly good match.

3.2.5 Case 5 (2003-022-181349)

Example 5, shown on the left of Fig.3, represents one of
only four cases that have a good match betweenv′ andV A
for the DD itself (Wslope,1 =−0.89), but only a poor match
for the 10 min interval (Wslope,10 = −0.52). It is one of only
two examples where there is even a reversal of the sign of the
Walén slope on the leading side of the DD, clearly evident in
the 10 min scatterplot. Yet the 1 min and 10 min HT frames
are both good, with HTcc,1= 0.940 and HTcc,10= 0.899. Note
that there is only a single case (not shown) where the relation
between the 1 and 10 min results is the other way around – a
fairly good Alfvénic match for the fluctuations on either side
((Wslope,10 = 0.803), but only a poor match for the DD itself
(Wslope,1 = 0.489).

3.2.6 Case 6 (2003-089-043343)

Example 6, shown on the right in Fig.3, is one of only four
cases that have a good 1 min HT frame (HTcc,1= 0.971 in
this case), i.e., the flow is field aligned, but its magnitude
is less than half the Alfv́en speed. This is evident from the

mismatch betweenv′ andV Aacross the DD in the time se-
ries panels and the poor slope (Wslope,1 = 0.475) of the 1 min
Walén scatterplot at the bottom right. The case also has a
very poor 10 min HT frame, as shown by the scatterplot at
the bottom left, with HTcc,10 = 0.754, and a poorV HT ratio
(see Table1).

3.3 Statistics

The analysis described for the sample cases was applied to
all 188 cases. Here we present the statistics for those cases.

3.3.1 HT-frame Walén tests for the DDs

Figure4 shows scatterplots of the Walén correlation coeffi-
cientsWcc,1 (left) and slopesWslope,1 (right) versus the HT
correlation coefficients, HTcc,1, for the centered 1 min inter-
val, i.e., the interval where the changes across the DD dom-
inate. Most of the Walén correlation coefficients are signif-
icantly larger than the HT correlation coefficients. The plot
on the right show that even the cases with low Walén slope
magnitudes (< 0.7) usually have high HTcc values, i.e., good
HT frames.

Figure 5 shows, on the left, the histogram of the 1 min
Walén slopes for 187 cases, i.e., all cases except one “out-
lier” that is off-scale. As stated earlier, a good HT frame is a
prerequisite for a meaningful Walén analysis. The plot on the
right includes just the 127 cases with HTcc,1 ≥ 0.9. The latter
distribution is much narrower, showing fewer cases at slopes
below 0.75. In numbers: of the 127 cases with HTcc,1 ≥ 0.9,
77 (or 60.6 %) have slopes above 0.8, and 33 cases (26 %)
have slopes with magnitudes above 0.9. The average slope
magnitude of these 127 cases is 0.81. Because the distribu-
tion is rather skewed, it is more appropriate to use the median
instead, which is 0.84. For these 127 cases, the average and
median values for the characteristic quantities discussed in
this and the subsequent sections are listed at the bottom of
Table1.

For “pulsed” Alfvénic events, which could be interpreted
as pairs of back-to-back DDs,Gosling et al.(2011) report an
average slope magnitude of 0.59. In the 6 events that look
like “pulsed” events in our data, 5 have slopes near 0.7, and
1 has a negligible slope (0.16).

Figure6 shows, for the 127 cases with good HT frames,
a scatterplot of the Walén slopesWslope,1 and the angles
2cc∗ , illustrating that the angle betweenv′ andV A becomes
smaller the larger the Walén slope. The average and median
angles for the 127 cases are 9.3 and 8.3◦, respectively. Con-
sidering only the 77 cases withWslope,1 ≥ 0.8, the average
2∗

cc is 7.7◦, for the 33 cases withWslope,1 ≥ 0.9 the average
2∗

cc is 6.4◦.
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Fig. 3.Overview plots for DD crossings 5 and 6 from Table1, in the same format as Fig.2.

Fig. 4.Scatterplots of the Walén correlation coefficientsWcc,1 (left) and Waĺen slopesWslope,1 (right) versus the HT correlation coefficients
HTcc,1 for the centered 1 min intervals of all 188 cases. In the plot on the right a single point is off-scale.

3.3.2 HT-frame Walén tests for the surrounding
fluctuations

As for the examples in Sect.3.2, we apply the HT/Waĺen
analysis over a centered 10 min interval to characterize the
fluctuations on the two sides of the DDs and how they are
related to the results for the DDs themselves. The results are
illustrated in Fig.7, where the 1 and 10 min Walén slopes are

plotted against each other, for all cases (left) and for the cases
with HTcc,1 ≥ 0.9 (right). The latter plot has fewer cases with
slopes< 0.5, and fewer “outliers”. The fact that the 1 and
10 min slopes are very similar provides strong evidence that
the DDs and the fluctuations in which they are embedded
are closely related. In numbers: of the 77 cases withWslope,1
≥ 0.8, 56 (72.7 %) haveWslope,10 ≥ 0.8 as well.
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Fig. 5. Histograms of the 1 min Walén slope magnitudes for all 188 cases (left), except for one case that is slightly off-scale, with median
0.80, and for the 127 cases with HTcc,1 ≥ 0.9 (right), with median 0.84.

Fig. 6.Scatterplot of the Walén slopes and angles2∗
cc for the cases

with HTcc,1 ≥ 0.9, for the 1 min center interval.

3.3.3 HT frames on the two sides of the DDs

As already mentioned in Sect.3.2.1, an HT frame that min-
imizes the electric field on both sides of the DD can always
be found for TDs as well as RDs. But the HT frames deter-
mined separately on the two sides could in general be differ-
ent for a TD. We have used 5 min intervals on both sides of
the DDs (but excluding the DDs themselves) to calculate the
HT frame velocity for each side. Figure8 shows a scatterplot
of the magnitude ratio and the angles between theV HT ve-
locities on the two sides for the cases with HTcc,1 ≥ 0.9. Of
the 127 cases in this set, 87 (73.7 %) have magnitude ratios

≥ 0.9 and angles≤ 10◦, meaning that the HT frames on the
two sides are in very good agreement. In a large fraction of
the cases the two approximately agree, which provides per-
suasive evidence for coupling across these DDs.

3.3.4 Waĺen tests for the DDs in the spacecraft frame

For direct comparison with earlier published results, we have
also performed the Walén relation tests in the spacecraft
frame (see Eq.2). Figure9 shows a scatterplot of the ratios
R = |1v|/ |1V A | and the angles2 between1v and1V A ,
based on 1 min averages taken on either side of the DDs. This
can be compared with the corresponding quantities for the
Walén test in the HT frame, namely the Walén slope and the
angle2∗

cc (Fig. 6). Note the pronounced negative correlation
in both plots, with the angles being smaller for larger ratios
R or largerWslope,1magnitudes. This correlation is stronger
in Fig. 6.

The statistics are as follows: 66 (52.0 %) of the 127 cases
with HTcc,1 ≥ 0.9 have magnitude ratiosR ≥ 0.8, with av-
erage2 of 5.8◦; 24 (19 %) haveR ≥ 0.9, with average
2 = 6.2◦. For all 127 cases, the averageR is 0.79, and the
average2 is 8.1◦. As theR and2 distributions are skewed,
the medians (0.81 and 5.6◦, respectively) are more appropri-
ate measures.

3.3.5 Direct comparison of HT frame and
spacecraft frame results

Figure10 shows, for the cases with HTcc,1 ≥ 0.9, the close
correspondence between the|1v|/ |1V A | ratios and the
Walén slope magnitudes, with the Walén slopes on average
slightly larger than the velocity ratios. The angles2 and
2∗

cc have similar means (8.1◦ and 9.3◦, respectively), with
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Fig. 7.Scatterplots of the 1 min and 10 min Walén slopes for all cases (left) and for cases with HTcc,1 ≥ 0.9 (right).

Fig. 8. Scatterplots of the magnitude ratio and the angles between
the left and rightV HT vectors, for the cases with HTcc,1 ≥ 0.9.

2 having a somewhat broader distribution but a lower me-
dian (5.6◦ versus 8.3◦). The lack of angles2∗

cc <3◦ implies
the absence of extremely large correlation coefficients, i.e.,
W ∗

cc > 0.9986.

3.4 Strahl and Walén slope

The sign of the Waĺen slopes determines whether the
structures are moving parallel (slope< 0) or antiparallel
(slope> 0) to the magnetic field. To turn this into the sense
of propagation (outward away from the Sun or inward to-
wards the Sun), we have used the electron strahl. The strahl

Fig. 9. Scatterplot of theR = |1v/1V A | ratios and angles2 be-
tween1v and1V A for the cases with HTcc,1 ≥ 0.9, based on the
1 min intervals to the left and right of the DDs.

is the relatively intense electron beam at energies above about
60 eV (Rosenbauer et al., 1977) that is directed outward from
the Sun alongB and that carries the solar wind electron heat
flux. The strahl electrons will therefore peak at 0◦ pitch an-
gle for an outward directed magnetic field and at 180◦ for an
inward directed field.

The strahl pitch angle was obtained from visual inspec-
tions of the pitch-angle distributions of∼ 200 eV electrons,
or alternatively from the comparison of energy-time spectro-
grams at 0 and 180◦, as measured by the PEACE instrument
(Johnstone et al., 1997). An example is shown on the left in
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Fig. 10.Scatterplot of theR = |1v|/ |1V A | ratios and the angles,2, between1v and1V A , obtained from Waĺen tests in the spacecraft
frame, versus the corresponding quantities from the tests in the HT frame, (the slopeWslope,1 and the angle2∗

cc), obtained from the 1 min
Walén scatterplots, for the cases with HTcc,1 ≥ 0.9.

Fig. 11. In only 15 of the 188 cases could no clear peak be
determined. In cases where the information was not available
from Cluster C1 we used C3 instead.

An important finding is that in no case did the strahl switch
pitch angle across the DD, meaning that if the pitch angle
was, e.g., 0◦, then moving along−B would connect you with
the Sun on both sides, regardless of how large the magnetic
shear across the DD was. This is contrary to the situation
that would occur across the heliospheric current sheet (e.g.,
Gosling et al., 2005), where the pitch angle would switch
from 0◦ to 180◦, or vice versa.

In Fig. 12 we have plotted, for all 188 cases, the strahl
pitch angle against the (signed) 1 min Walén slopes. As the
plot shows, negative slopes go together with 0◦ pitch angle,
and positive slopes with 180◦. There is only a single excep-
tion to this rule, but this case disappears when requiring good
HT frames. This strong correlation implies that, as viewed
in the plasma rest frame, the Alfvénic fluctuations and the
DDs all propagate outward away from the Sun. The fact that
this correlation also holds for small Walén slope magnitudes
(< 0.5) shows the robustness of the Walén relation results.

The finding that the strahl pitch angle did not change
across the DDs is particularly interesting for cases where
Bx switches sign across the DD. An example is the case in
Fig. 11. It has the strahl at 180◦, so that moving parallel to
B will lead to the Sun on both sides. But on the side where
Bx is negative, this means that to connect with the Sun one
has to follow the field in the antisunward direction. This im-
plies that the initially antisunward-directed field lines must
fold back on themselves somewhere, as shown by Sketch (a)
on the right of Fig.11.

With the fields on the two sides nearly parallel, it is not a
priori clear how to connect the field on the two sides. One
might therefore try a connection with opposite sign ofBn, as
shown in Sketch (b). But then one ends up with an impossi-
ble situation, including having the strahl directed sunward. In
addition, we know fromSonnerup et al.(2010) thatBn > 0
for this case, consistent with Sketch (a).

Note that in the cases where the sign ofBx changes across
the DD, the propagation direction inferred from the sign of
Bx for one of the sides would have been sunward – contrary
to the inference from the strahl pitch angle.

3.5 Other dependencies

3.5.1 Density and magnetic field magnitude ratios

We have computed the density andB magnitude ratios (de-
fined so that they are always≤ 1), based on 1 min averages on
either side of the DDs. For the 127 cases with HTcc,1 ≥ 0.9,
the medians of the density andB ratios were 0.973 and 0.975,
respectively. For theN ratio there were no points with ratios
less than 0.8 and only 3 points with ratios less than 0.9. For
the B ratios, only 5 points had values less than 0.8 and 16
had values less than 0.9. We have not found any significant
dependencies of the density andB ratios on the Waĺen slopes.

3.5.2 Dependence on solar wind velocity and shear

We have also looked for any dependence of the Walén slopes
on solar wind velocity or magnetic shear, but have not found
any. Neither is there any correlation between solar wind ve-
locity and magnetic shear.
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Fig. 11.Left: Color-coded Cluster C1 electron pitch-angle distribution and high-resolution magnetic field components across the 2003-034-
1911 DD. The strahl peaks at 180◦ pitch angle on both sides. The white pixel right at the DD crossing time indicates even higher fluxes than
those in the adjacent red ones. Right: Sketch (a), connecting the fields on the two sides such thatBn > 0, shows an overall configuration
that is consistent with all we know about the case; if one connects the fields such thatBn < 0, as shown by Sketch (b), one ends up with
a configuration that is totally inconsistent with the facts; in particular it has the strahl directed sunward. The Sun is in the direction of the
x-arrow.

Fig. 12. Scatterplot of the strahl pitch angle and the 1 min Walén
slope for the 173 cases where the strahl pitch angle could be iden-
tified. Note the strong correlation, with negative slopes going to-
gether with 0◦ pitch angles, and positive slopes with 180◦(with one
exception).

4 Summary and conclusions

We have applied Walén relation tests to 188 solar wind DDs
and their surrounding fluctuations. These events cover a wide
range of magnetic shear angles and occurred over a wide
range of solar wind velocities. Here are our key results:

– From the analysis of the 1 min intervals centered on the
DDs, we have found that a large fraction of the 127
cases with good HT frames is characterized by veloci-
ties (in the HT frame) that are close to the Alfvén ve-
locity: in 77 cases (61 %), the velocity is more than
80 % of the Alfv́en velocity, and in 32 cases (25 %) it
is more than 90 %. The median Walén slope magnitude
of the 127 cases is 0.84. The quality of the statistics
is slightly worse when performing the Walén relation
tests in the spacecraft frame, i.e., taking the jumps,R,
of |1v|/ |1V A | across the DDs, based on 1 min aver-
ages on either side of the DDs: 66 (52.5 %) of the 127
cases have ratios> 0.8, and 24 (19 %) have ratios> 0.9.
The median ratio is 0.81.

– The possible effect of any pressure anisotropies on these
results can be estimated based on published values.
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From the total anisotropies measured on Helios near
1 AU (Marsch and Richter, 1984), which included pro-
tons, electrons and alpha particles, reductions of the
Alfv én velocity between 4 and 7 % would follow. Such
corrections would further strengthen our conclusion
about the Alfv́enic nature of many of the DDs.

– Excellent agreement also exists for the angles,2, be-
tween1v and1V A : for the 127 cases with good HT
frames, the median angle is 5.6◦. A similar situation
is observed if the correlation coefficients of the Walén
scatterplots are interpreted as angles. Based on the cor-
relation coefficientsW ∗

cc (see Appendix A), the median
angle is 8.3◦.

– Earlier DD studies, based on ISEE 3 data obtained
in 1978, have found averageR values of ∼ 0.6
(Neugebauer et al., 1984; Neugebauer, 2006). Söding
et al. (2001) reportedR histograms from Helios 2 data
obtained in 1976, peaking atR = 0.7. These values are
all significantly lower than our averages, even if we had
not applied an alpha-particle correction to the mass den-
sity, which increased our values by a factor of∼ 1.08.
Regarding the angular alignment, the above authors
have not provided quantitative measures, but visual in-
spection of their results indicates much larger spreads in
angles.

– In most of our cases the DDs are embedded in Alfvénic
fluctuations. The association of the Cluster DDs re-
ported byKnetter et al.(2004) with Alfv énic fluctua-
tions was already pointed out byTsurutani et al.(2007).
The remarkable new result is that the DDs and their sur-
rounding fluctuations share the same measure of agree-
ment with the Waĺen relation: if the jump across the DD
meets the Walén relation rather closely, so do the fluc-
tuations on either side, and if the jump across the DD
matches the Walén relation poorly, so do the fluctua-
tions. This is immediately evident from inspection of
the time series plots ofv′ andV A , shown in Sect.3.2,
and, more quantitatively, by the closeness of the regres-
sion line slopes in the 1 min Walén scatterplots, which
are dominated by the jumps across the DDs, and the
10 min Waĺen slopes, which are dominated by the fluc-
tuations on either side (see Fig. 7).

– In no case did the Walén slope change sign across the
DD, which it might do across a TD.

– There is also the fact that the HT frames for the Alfvénic
fluctuations on the two sides of the DDs agree well in
most cases. This is not required for TDs, and implies
that there is coupling across the DDs.

In view of all these findings, we conclude that a large fraction
of the events with good HT frames are consistent with RDs.
What fraction depends on the limits of agreement with the

Walén relation one considers adequate. Setting the limits for
RDs arbitrarily at Waĺen slopes≥ 0.8, 61 % of the 127 cases
with good HT frames would be RDs; for slopes≥ 0.9, the
number decreases to 25 %. Ideally, the histograms of Walén
slopes or velocity jumps would be bimodal, corresponding to
well-separated RD and TD categories, but our statistics show
that this is not the case. Perhaps ideal TDs do not exist, and
some coupling across the DDs always occurs.

The observed alignment between1v and 1V A is also
consistent with an RD categorization. However, such align-
ment has also been reported byNeugebauer(1985) for cases
that were considered TD candidates by virtue of their sub-
stantial jumps in magnetic field magnitudes. Neugebauer
has argued that the reason for the alignment would be that
the Kelvin–Helmholtz instability would “destroy” TDs for
which those vectors were not aligned. But, as far as we can
see, this argument would not explain why the|1v|/ |1V A |

ratios would be constrained to values≤ 1 at the same time.
The proximity of DDs and Alfv́enic fluctuations in the so-

lar wind has long been recognized.Belcher and Davis Jr.
(1971) noted that DDs are distinguished from Alfvénic fluc-
tuations only by the abruptness of their changes: “When suf-
ficiently sharp-crested, an Alfvén wave can be termed a ro-
tational discontinuity”.Tsurutani et al.(1994) andTsurutani
and Ho(1999) have shown that DDs often occur at the edges
of Alfv én waves and have argued that RDs are the phase-
steepened edges of Alfvén waves, with the magnetic field
rotations in the wave and the RD together forming a dual
arc. Such arc-polarized cases occur in our data set and have
been the focus of two earlier papers (Sonnerup et al., 2010;
Haaland et al., 2012). They are clear cases of RDs by virtue
of their finite normal magnetic fields.

As pointed out byNeugebauer(2006), it has also long
been known that DDs and Alfvénic fluctuations share the
general property of often poorly meeting the ideal Walén re-
lation (|Wslope| = 1). Belcher and Davis Jr.(1971) presented
a long time series containing DDs and fluctuations, but they
did not quantify the level of agreement with the Walén re-
lation separately for the two. The close agreement between
the Waĺen slopes for the DDs and for the surrounding fluctu-
ations that we have identified goes beyond a general similar-
ity and suggests that whatever process happens to cause the
success or failure to meet the ideal Walén relation applies to
both.

As to the nature of the fluctuations, it has been suggested
that they might actually be Alfv́enic surface waves (e.g.,
Hollweg, 1982; Vasquez, 2005). If that were the case, then
for crossings where the magnetic field on the two sides of
the DDs points in opposite directions, the fluctuations asso-
ciated with the surface wave will propagate parallel to the
field on one side and opposite to the field on the other side.
This means that the Walén slope would be positive on one
side and negative on the other side. We do not have cases
with exactly antiparallel fields, but among the 127 cases with
HTcc,1 > 0.9, 14 have shear angles> 90◦, with the largest
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shear being 156◦. And in none of those cases does the Walén
slope reverse sign.

RDs and Alfv́enic fluctuations propagate relative to the
plasma. To identify their sense of propagation, we have used
the pitch angle (0◦or 180◦) at which the strahl electrons peak.
Here our key results are as follows:

– The pitch angle of the strahl electrons is always the
same on the two sides of the DDs, regardless of the mag-
nitude of the magnetic shear angle, meaning that none of
our DDs is like the heliospheric current sheet, where the
field on one side is directed towards the Sun, while that
on the other side is away from the Sun, and the strahl
pitch angle switches accordingly.

– There is a one-to-one relation between the sign of the
Walén slopes and the pitch angle of the strahl electrons
(positive slopes going together with 180◦and negative
slopes with 0◦), implying that the Alfv́enic fluctuations
and the associated RDs are all forward propagating, i.e.,
outward from the Sun in the plasma rest frame.

– An interesting class of events is that whereBx switches
sign across the DD. Together with the fact that the strahl
pitch angle is the same on the two sides, this implies that
on one side one has to move along the magnetic field
in the antisunward direction to connect with the Sun,
implying that the field must be folded back so that it
can point towards the Sun. Sign reversals ofBx without
changes in strahl pitch angle are already apparent in the
Alfv én waves reported byGosling et al.(2009) and are
also evident from observations of solar electron bursts
(e.g.,Kahler et al., 1996).

– The fact that the relation between strahl pitch angle and
Walén slope holds even for cases with very small Walén
slope magnitudes is evidence for the robustness of the
Walén relation test.

For DDs considered as RDs, a predominance of outward
propagation (in the plasma frame) has already been reported
by Neugebauer et al.(1984), and for the Alfv́enic fluctua-
tions, the predominantly outward propagation has also been
known right from the beginning (Belcher and Davis Jr.,
1971). These conclusions were, however, based on the mag-
netic field direction (Bx > 0 versusBx < 0), rather than the
electron strahl, which can cause false identifications in cases
where the field folds back on itself. Our result that propaga-
tion is exclusively outward is also an indication that Knetter’s
method for eliminating cases with bow shock connection was
successful.

Finally, one may ask the following question. Are our ob-
served DDs the direct result of MHD turbulence, acting ei-
ther in some localized region near the Sun, or during the en-
tire outward transport of the solar wind plasma and field? Or
are they produced by some other process, such as the gen-
eration of the interwoven flux tubes envisioned byBorovsky

(2008)? In his model the DDs form the boundaries between
such flux tubes, each of which maps to the granulation or
supergranulation on the solar surface. We do not think the re-
sults we have presented here can provide definite answers
to these questions. On the one hand, the moderately sub-
Alfv énic nature of the observed DDs and the similarly sub-
Alfv énic nature of the surrounding sea of fluctuations seems
consistent with strong MHD turbulence theory (Gogoberidze
et al., 2012). The generation of discontinuities and the ob-
served near constancy ofB across them is also part of a re-
cently proposed kinematic model (Roberts, 2012). But in the
solar wind setting, it remains unclear why spatially extended
DDs, across which large field rotations occur, would spon-
taneously develop, purely as a result of MHD turbulence.
On the other hand, the occurrence of large field rotations can
be readily understood in terms of the Borovsky model. But
Borovsky also finds that these DDs are TDs, across which
large changes in entropy and other plasma parameters occur.
DDs of this type were not excluded from our data set, but
most of its members, in particular the nearly Alfvénic ones,
have very similar plasma properties on the two sides. Overall,
our results seem more consistent with the turbulence model.
But we do not think those results can be used to negate the
Borovsky model, which is based on a much larger data set
and has many intuitively attractive features.

Appendix A

Walén correlation

In this appendix, we show how the correlation coefficient
used in the standard Walén test can be interpreted in terms of
a weighted average angular deviation of the measured Alfvén
velocity vectorsV A from the measured plasma velocity vec-
tors (v − V HT), evaluated in the de Hoffmann–Teller (HT)
frame.

The Pearson correlation coefficient between two measured
variables,x andy, is defined as

cc =
〈(x − x̄)(y − ȳ)〉√〈
(x − x̄)2

〉√〈
(y − ȳ)2

〉
=

〈xy〉 − x̄ȳ√
(
〈
x2

〉
− x̄2)

√
(
〈
y2

〉
− ȳ2)

(A1)

(e.g., Press et al., 1988). In this expression,̄x ≡ 〈x〉 and
ȳ ≡ 〈y〉 are averages over the set ofM data pairs(xi,yi), i =

1,2,3, . . .M; the angle brackets〈. . .〉 are used to denote
such averages. This correlation coefficient is obtained as a
byproduct of the process of fitting a straight regression line
Y = a + bx in thex − y plane to the data. This fitting is ac-
complished by minimizing an object function, chosen to be
the variance of the y-deviations from the regression line

D ≡

〈
(Y − y)2

〉
=

〈
(a + bx − y)2

〉
(A2)
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with respect to the coefficientsa andb, which represent the
y-axis intercept and slope of the regression line. The resulting
expressions fora andb are

a = ȳ − bx̄, (A3)

bvert = b =
〈(x − x̄)(y − ȳ)〉〈

(x − x̄)2
〉 . (A4)

In the application to the Walén scatterplot, we find thata is
always small but not precisely equal to zero. In other words,
the regression line does not pass precisely through the origin
of the plot. The Eqs. (A3) and (A4) can now be used to find
the residue, i.e., the minimum value ofD, as

Dmin =

〈
(y − ȳ)2

〉
−

〈(x − x̄)(y − ȳ)〉2〈
(x − x̄)2

〉 . (A5)

Since the value ofD for an assumed zero slope,b = 0, is
D0 =

〈
(y − ȳ)2

〉
, it follows that

Dmin

D0
= 1− (cc)2. (A6)

The equivalence of cc calculated from Eqs. (A1) and from
(A6) makes clear that the Pearson correlation coefficient is
the proper choice for the Walén scatterplot. In other words,
we giveWcc = cc values in the body of the paper.

The correlation coefficient is a measure of how well the
data fit the regression line. If the fit is perfect, thenDmin = 0
and cc= ±1, corresponding to perfect correlation(cc= +1)

or perfect anticorrelation(cc= −1). If x andy are uncorre-
lated, thenDmin = D0 and cc= 0.

The range of cc between−1 and +1 invites interpretation
in terms of an angle, namely2cc = arccos(cc). Formally, this
is the angle between twoM dimensional unit vectors,̂X and

Ŷ , with componentsX̂i = (xi − x̄)/

√
M

〈
(xi − x̄2

〉
andŶi =

(yi − ȳ)/

√
M

〈
(yi − ȳ2

〉
, wherei = 1,2,3, . . .,M. As before,

M is the number of data pairs(xi,yi) in the scatterplot. With
this notation, the Pearson cc is theM dimensional inner prod-
uct cc= X̂ · Ŷ = cos2cc. It shows that the angle2cc is near
0◦ for positive correlation and near 180◦ for negative corre-
lation whenever(cc)2 is close to 1. However, this angle in-
terpretation is abstract and difficult to visualize. To this end,
we now show how to express the cc in terms of a weighted
average of the cosine of the angles between pairs of ordinary
three-dimensional physical vectors.

Each group of three variablesx (or y) in the Waĺen scatter-
plot corresponds to the three Cartesian components of a cor-
responding physical vector̃xj = V Aj . There areN = M/3
such vectors,x̃j = V Aj , with j = 1,2, . . .,N , in the total
set of M x values andN = M/3 corresponding vectors,
ỹj = (vj −V HTj), in the set ofM y values. We first consider
a modified correlation coefficient, namely

cc∗
=

〈xy〉√〈
x2

〉√〈
y2

〉 . (A7)

Fig. A1. Scatterplot of the angles2cc and2∗
cc, based on the Walén

correlation coefficients with and without the averages subtracted,
respectively, for all 188 cases.

For use with the Walén relation tests we denote cc∗ by W ∗
cc.

Note that in Eq. (A7) the averagesx̄ andȳ that appear in
(A1) have not been subtracted from the individual valuesx

andy. We can therefore write

〈xy〉 =
1

N

j=N∑
j=1

(x̃j · ỹj ) =
1

N

j=N∑
j=1

|x̃j | |ỹj | cos2∗

j (A8)

and〈
x2

〉
=

1

N

j=N∑
j=1

|x̃j |
2
;

〈
y2

〉
=

1

N

j=N∑
j=1

|ỹj |
2. (A9)

The result is that cos2∗
cc can be expressed as a weighted av-

erage of theN individual cos2∗

j values, i.e.,

cos2∗
cc =

1

N

j=N∑
j=1

Wj cos2∗

j (A10)

with the weights

Wj =
|x̃j | |ỹj |√〈

|x̃j |
2
〉√〈

|ỹj |
2
〉 . (A11)

From Eq. (A11), we see that low weight is given to vector
pairs for which one or both vectors have small magnitude,
whereas large weight is given to long vector pairs. This fea-
ture is desirable since angles associated with shorter vectors
are subject to larger uncertainties.

Note that the angles2j entering in the corresponding de-
velopment for the cc expression in (A1) are between the vec-
torsx̃j = (V Aj −〈V A〉) andỹj = (vj −〈v〉) rather than be-
tweenV Aj and(vj −V HT); it is the components of the latter
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that appear along the axes of the Walén scatterplot. It is for
this reason we have chosen to give values of2∗

cc rather than
of 2cc in the body of the paper, while at the same time giv-
ing values of the proper Walén correlation coefficients from
Eq. (A1). In our applications, the resulting difference be-
tween the angle from Eq. (A7) and the angle from Eq. (A1) is
usually reasonably small, as illustrated in Fig. A1. The max-
imum angular deviation is 8.4◦ and the average deviation is
1.4◦, both with2∗

cc ≤ 2cc.

Appendix B

HT correlation

The correlation coefficient associated with the de Hoffmann–
Teller (HT) scatterplot is not given by the Pearson formula
(A1). In this appendix we will demonstrate that the relevant
cc is instead the modified version, cc∗, given in Eq. (A7), in
which the averages have not been subtracted, i.e.,

HTcc = cc∗
=

〈xy〉√〈
x2

〉√〈
y2

〉 , (B1)

where the variablesx andy now correspond to the compo-
nents of the electric fieldEHT = −V HT ×B and the convec-
tion electric fieldEc = −v × B, respectively; these are the
field components shown along the axes of the HT scatter-
plot. As described in the review byKhrabrov and Sonnerup
(1998), the HT frame velocityV HT is obtained by minimiz-
ing the object function

D(V ) =

〈
|(v − V ) × B|

2
〉

(B2)

with respect to the three components of the unknown frame
velocityV . The minimum occurs when

V = V HT = K−1
0 · 〈K · v〉 , (B3)

where, in dyadic notation, the matrixK is given by

K = B2I − BB, (B4)

I being the identity matrix, and

K0 ≡ 〈K 〉 . (B5)

In analogy with Eq. (A6),Khrabrov and Sonnerup(1998)
defined the correlation coefficient via the formula

HT2
cc = 1−

D(V HT)

D(0)
= 1−

〈
|(v − V HT) × B|

2
〉〈

|v × B|2
〉 . (B6)

Starting from Eq. (B6), we will now show that the resulting
expression for ccHT is in fact Eq. (B1) – a result that was
not mentioned byKhrabrov and Sonnerup(1998). From the
rightmost member of Eq. (B6), we find

HT2
cc =

−|V HT × B|
2
+ 2〈(v × B) · (V HT × B)〉〈

|v × B|2
〉 . (B7)

By use of the basic algebraic rules for scalar and vector prod-
ucts, along with the expressions (B4) and (B5) for the matri-
cesK andK0, the two terms in the numerator of Eq. (B7) can
be developed to give〈
|V HT × B|

2
〉
= 〈V HT · (B × (V HT × B))〉

= V HT ·

〈
B2V HT − B(B · V HT)

〉
= V HT · Ko · V HT (B8)

and

〈(v × B) · (V HT × B)〉 = 〈V HT · (B × (v × B))〉

= V HT ·

〈
B2v − B(B · v)

〉
= V HT · 〈K · v〉 . (B9)

From Eq. (B3) we haveK0 · V HT = 〈K · v〉, so that the ex-
pressions on the left in Eq. (B8) and Eq. (B9) are the same.
From Eq. (B7) we then find that

HT2
cc =

〈(v × B) · (V HT × B)〉〈
|v × B|2

〉
=

〈(v × B) · (V HT × B)〉2〈
|v × B|2

〉 〈
|V HT × B|2

〉 . (B10)

If we now denote the three components ofv × B by x and
the corresponding three components ofV HT × B by y, then
it is seen that the square of Eq. (B1) is exactly the same as
Eq. (B10).

From the discussion in Appendix A, it is also clear that
HTcc represents a weighted average of the cosine of the
angles between individual vector pairsEc = −v × B and
EHT = −V HT × B. This interpretation in terms of an angle
illustrates that HTcc is strongly frame dependent. Because of
the large solar wind speed, the value of HTcc, evaluated in
the spacecraft frame is extremely close to unity, making it
unsuitable as a quality measure. For this reason, we calculate
it in its proper frame of reference, which frame moves with
the average plasma velocity.

Note that the form of HTcc in Eq. (B1) does not result
from the calculation of regression line slope andy intercept,
described in Appendix A (Eqs. A2–A6). However, the HT
regression line slope, obtained as described there, is always
extremely close to one and they-intercept is very small.
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