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X-2 DENTON: RESONANCE WITH EMIC WAVES

Relativistic electrons have been thought to more easily resonate with elec-
tromagnetic ion cyclotron (EMIC) waves if the total density is large. We show
that, for a particular EMIC mode, this dependence is weak due to the de-
pendence of the wave frequency and wave vector on the density. A signifi-
cant increase in relativistic electron minimum resonant energy might occur
for the H band EMIC mode only for small density, but no changes in param-
eters significantly decrease the minimum resonant energy from a nominal value.
The minimum resonant energy depends most strongly on the thermal veloc-
ity associated with the field line motion of the hot ring current protons that
drive the instability. High density due to a plasmasphere or plasmaspheric
plume could possibly lead to lower minimum resonance energy by causing
the He band EMIC mode to be dominant. We demonstrate these points us-

ing parameters from a ring current simulation.
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DENTON: RESONANCE WITH EMIC WAVES X-3

1. Introduction
Relativistic electrons are commonly thought to strongly interact with magnetospheric
waves when they are in resonance [Kennel and Petschek, 1966; Shprits et al., 2008; Albert

and Bortnik, 2009]. The resonance condition is

0
w— ko = —n—=, 1
1) Y (1)

where w is the wave frequency; k| is the component of the wave vector parallel to the
background magnetic field; v is the parallel component of the relativistic electron velocity
v; n is the order of the resonance; Q. = eB/m, is the nonrelativistic electron cyclotron
frequency, where e is the absolute value of the electron charge, B is the background
magnetic field, and m, is the electron rest mass; and v = 1/1/1 — (v/c)? is the relativistic
factor for the electron.

Here we want to consider resonance with electromagnetic ion cyclotron (EMIC) waves
[Cornwall, 1965; Kennel and Petschek, 1966; Anderson et al., 1996; Meredith et al., 2003;
Denton et al., 2014; Li et al., 2014]. We want to find the lowest energy relativistic electron
that can resonate with the waves. EMIC waves are predominantly transverse, but as the
waves propagate away from the magnetic equator, they can become oblique and develop
a nonzero parallel electric field. In that case the so called Landau resonance with n = 0
might occur, but that interaction would be with low energy electrons with parallel velocity
comparable to the Alfvén speed. The lowest energy interaction with relativistic electrons
would occur for n = 1; for n = 1, v| has the same sign as k in (1), indicating that the
resonant electrons move in the same direction as the wave. Henceforth, we will consider

only this n = 1 resonance.
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X-4 DENTON: RESONANCE WITH EMIC WAVES

EMIC waves have real frequency below the proton gyrofrequency. Thus, unless 7 in (1)
is extremely large, w in (1) will be utterly negligible compared to €./v. This means that
the relativistic electrons are moving so fast that on the time scale of their motion through
the waves, the EMIC waves are essentially static.

The lowest energy particle satisfying (1) would be moving parallel to the background
magnetic field B, so that v = v = cm. Then, dropping the w term in (1), the

minimum energy particle having v = y,in would have

Umin . 1 1 ch

T)min = Ymin c — /min

(2)

Vem  chy’
The quantity p,;, is the minimum relativistic momentum of the electron py,;, normalized
t0 MeC; Prpin = Ymin 10T large Ymin, but pu, &~ v/c as ymin approaches unity. The value of
P, Monotonically increases with respect to the total energy of the electron, Ypmmec?, and
therefore also monotonically increases with respect to the kinetic energy of the electron

EX min = (Ymin — 1)mec?. So the larger the value of kj (shorter wavelength), the smaller

the value of p,,;, corresponding to smaller Ex min. Given Do, Ymin = \/1 + Doy, and

therefore

Bicanin (,/1 PR — 1) muc? 3)

[see also Silin et al., 2011].
For a multi-species plasma with singly charged ions of species s, the dispersion relation

for electromagnetic ion cyclotron waves is [Swanson, 2003; Denton et al., 2014]

kﬁ:w<zsjlm—1>. (4)

— W
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DENTON: RESONANCE WITH EMIC WAVES X-5

Here the overbars indicate normalized quantities, where we have normalized distances to
¢/wpp and inverse time to €2p; the proton plasma frequency is wpp, = y/nee?/mpéo; the
proton cyclotron frequency is ., = eB/m,; n. is the electron density; m,, is the proton
mass; €y is the vacuum permittivity; the ion species concentration 7y = ng/ne; and the

normalized ion mass T, = ms/m,,. Using the normalized k| = kjc/wpp, (2) can be written

Qe 1 Iy, Qee 1
Pmin = ==/ 7 (5)
wpp ]{?H Me wpe k”

where wpe = \/Ne€?/Meep is the electron plasma frequency.

as

If one assumes that the EMIC waves have a certain normalized frequency, W = w/Qp,
independent of the value of wp, o< \/ne, then (4) shows that & will also not depend on

wpp- Then (5) shows that p,;, will be proportional to n; /2

. This indicates that larger
total density will allow lower energy electrons to resonate with the EMIC waves, and this
is one reason that the outer plasmasphere and plasmaspheric plume are considered to be
good locations for interaction between EMIC waves and relativistic electrons.

But recently, Denton et al. [2014] showed that w decreases with respect to n. in a way
that can be described by a simple formula (their equation (6) and our equation (8) derived
in section 2). If @ decreases with respect to n., (4) shows that EH also generally decreases
with respect to ne (except very near resonances [Denton et al., 2014]). The kj dependence,
decreasing with respect to n., will thus tend to counteract the wye dependence, increasing
with respect to ne, in (5).

In this paper, we will examine the dependence of p,;, on n. as well as on the ion species

concentrations 7, in order to better understand the conditions under which relativistic
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X-6 DENTON: RESONANCE WITH EMIC WAVES

electrons most easily resonate with EMIC waves. We find that for a particular EMIC wave
mode, p,;, depends most strongly on the hot ring current thermal velocity associated
with parallel motion, v (defined below). In section 2 we will show our results, and in

section 3, we will discuss and summarize these results.

2. Dependence of p,;, on density and ion composition

Denton et al. [2014] assumed that EMIC waves are driven by a bi-Maxwellian dis-
tribution of hot ring current protons such that the wave is in Doppler resonance with
cp for the hot protons with a parallel velocity equal to their parallel thermal speed,
Vgh|h = \/W, moving in the direction opposite to that of the wave (k| and v in

(1) have opposite sign), so that
w + kHUthHh = Qcp. (6)

Here kp is the Boltzmann constant, and 7Tj;, is the hot proton temperature associated

with motion along the magnetic field. Equation (6) can be written as

kjy/Bine =1 - @, (7)

where Sjn,e = nekpTin/(B?/(240)) is the hybrid plasma beta calculated using the parallel
temperature of the hot protons with the total electron density n.; it could also be written
as fune/nn, where [y, is the plasma beta of the hot ring current protons defined using
the parallel temperature.

Combining (7) with (4), Denton et al. found

w s 1
(1-m) (Z 1-m@ 1)  Bme’ ®)
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DENTON: RESONANCE WITH EMIC WAVES X-7

and they showed that this equation well predicted the most unstable frequencies of EMIC
waves using plasma parameters from a ring current simulation of an event during which
EMIC waves were observed. For detailed information about this simulation, see the
description of Denton et al. [2014]; for our purposes here, the parameters shown in Figure 1
for Denton et al.’s “constant cold composition” simulation will be sufficient for a sample
case. For an H4/He+/O+ plasma, EMIC waves occur in three bands, the H band, the He
band, and the O band, where the frequency of the band approaches the gyrofrequency of
the named ion species (for a cold plasma) for large k. Figure 1d shows @ = w /), for the
H and He band EMIC modes (from Figure 10a of Denton et al. [2014]). The solid curves
in Figure 1d show the prediction of the simple model in (8), while the asterisks were found
from kinetic theory, and the “0” symbols were found from a hybrid code simulation. The
rough agreement of these different symbols validates the assumption of (6).

We can rearrange (5) to get

<mp Uth|/h

(o)
Me € K/ Biine

- () ()

where we used (7) to find (10). In (9) or (10), the terms in the left parentheses depend

Prin =

only on vy, or equivalently, on Tjy,. Only the terms in the second parentheses depend
on ne. Also, Bjpe o ne. Therefore, we can see the dependence of p,;, on ne by plotting
(EH\/M)_I, or equivalently, (1 — w)‘l, versus [jn,.. We will discuss the dependence on
Ugy|n 1N section 3.

The dependence of p,;, on @ in (10) is the opposite of many people’s expectation.

Larger w leads to larger p,;,. We emphasize that if @ could be varied independently of

DRAFT July 14, 2015, 12:13pm DRAFT
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X-8 DENTON: RESONANCE WITH EMIC WAVES

the plasma parameters, then larger @w would correspond to larger EH (from equation (4)).
But we are assuming that the ring current protons must be in resonance with the wave.
Then (6) shows that higher frequency corresponds to smaller wave number, given that
Uen(n is held constant.

The term (E”\/m)_l = (1- w)‘l can only be large if W approaches unity. This
means that the only mode for which (E”\/myl could possibly deviate greatly from
unity is the H band EMIC mode. Note that for the He band EMIC mode, the variation
of (1 —@)~" could only range between 16/15 for @ = 1/16 (He band cutoff frequency at
the O+ gyrofrequency) to 4/3 for @ = 1/4 at the He+ gyrofrequency resonance, a total
range of a factor of 1.25.

We now choose these nominal parameters, S = 10, nge+ = 0.1, and 1oy = 0.01 for
an H+/He+/O+ plasma. Keeping one or two of these parameters constant and varying
the other parameters, we will examine the resulting variation in p,;,. In each case,
Nt = 1 — et — No+; @ is found from (8) using a numerical root solver; and k| is found

from (4).

2.1. Density dependence

Keeping e = 0.1 and 704 = 0.01, we plot @, &y, and (1 — @)~ ' = (EHM)_1 Versus
Bin,e in Figure 2 for the H band EMIC mode (black solid curve), the He band EMIC mode
(blue curve), and the O band EMIC mode (red curve). Note that the cutoff frequencies
occur at the right side of the plot, where E” is small, and the resonance frequencies are

approached at the left side of the plot.
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DENTON: RESONANCE WITH EMIC WAVES X-9

As noted previously, @ decreases with respect to fjne o n. for each mode (Figure 2a).
Consequently, k| decreases with respect to S, for each mode (Figure 2b). The value of
k| is nearly proportional to ﬂ||_}3é5 (slope of diagonal dotted black line in Figure 2b). As
suggested by (7), large departures from this relationship only occur where @ approaches
unity.

Therefore, as noted above, the largest variation in (1 — w)‘l = (E“\/M)_l is for the
H band EMIC mode (black solid curve in Figure 2c), and particularly for S, < 1. In
that case, low values of 3y, . lead to large values of p,;, indicating that it is more difficult
for low energy relativistic electrons to resonate with the waves. But the EMIC mode may
not be unstable for such small values of By [Blum et al., 2009].

Note also that (1 — @)~ is lower for He band EMIC than for H band EMIC, indicating
that it is easier for low energy relativistic electrons to resonate with the He band waves.
This is because, given the same value of vy, a larger value of kj is required to Doppler
shift the wave frequency up to €, from the lower frequency (equation (6)). (It would
be even easier for low energy relativistic electrons to resonate with O band waves, but O

band waves are not as common as waves in the H and He bands.)

2.2. Composition dependence

Figure 3 shows the same quantities that were plotted in Figure 2, but plotted versus
Nies+ holding noy = 0.01 constant in column a, and versus 7o holding 1.+ = 0.1 constant
in column b. In both cases, fjne = 10 is constant. With fj . constant, (9) shows that

the concentration of ions species 7, affects the value of p,;, through the term (1 —w)~!.
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X-10 DENTON: RESONANCE WITH EMIC WAVES

The presence of heavy ions (heavier than the species name for the EMIC wave band)
leads to an increase in w [Denton et al., 2014]. From Figure 3Ca and Cb, we see that
(1 —w)~! is close to unity except for the H band EMIC mode at large values of heavy
ion concentration. In that case, large concentration of He4+ or O+ leads to large values
of Dy, indicating that it is more difficult for low energy relativistic electrons to resonate

with the waves.

3. Discussion

We have shown that the minimum resonant energy, characterized by D, =
Yminy/1 — ﬁ x (E”\/M)71 = (1 —w)™! (equations (2), (9), and (10)), is only weakly
dependent on B o< n. (Figure 2) and the heavy ion concentrations nme, (Figure 3Ca)
and 1oy (Figure 3Cb) for a particular wave mode. The only significant dependence on
these quantities is for the H band EMIC mode. For that mode, the strongest dependence
on B is for very low values, but at very low values of fj ., EMIC waves may not be
unstable [Blum et al., 2009]. The heavy ions only have a significant effect at large nye, or
Nos. For \/m or 7, strong dependence only occurs as w approaches unity. But in order
for EMIC waves to grow with large @, the temperature anisotropy of the hot ring current
protons, Ay = T'1n/Tjn — 1, must be large. From Equation 2.23 of Kennel and Petschek
[1966], A, > @/(1 —w). So, for instance, w = 0.8 would require Ay, =4 or T'y/Tjn = 5,
which is rare.

Large @ leads to large p,;, making resonance with relativistic electrons more difficult.
Variations in B)y.e, e+, and 1o do not cause large decreases in (EH \/m)_l =(1-w)™L

The maximum value of EH \/Bjn,e occurs with the lowest possible value of @, meaning that

DRAFT July 14, 2015, 12:13pm DRAFT
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DENTON: RESONANCE WITH EMIC WAVES X-11

the Doppler term must shift the wave frequency up by the maximum amount (equation
(6)). But the value of w will be at least zero, leading to (1 — @)™' = 1. For the He
band EMIC mode, often thought to be most important for relativistic electron pitch
angle scattering, (1 —w)~! is always close to unity since @ varies only between 1/16 (O+
gyrofrequency) and 1/4 (He+ gyrofrequency).

Based on these facts, the largest dependence of p,;, for a particular mode is not on
Bihe X N, Meq, OF Nog, but on vegym o \/m (equation (9) or (10)), since P, X
venn- That is, it is the parallel temperature of the hot ring current protons driving
the EMIC waves that has the greatest impact on the minimum resonant energy. If low
energy ring current protons drive the EMIC instability, it will be easier for low energy
relativistic electrons to resonate with the waves. A rough approximation to (9), v =
(mp/me)(Venn/c), follows directly from approximating the ion and electron resonance
conditions as kjvgm = Qep and kjc = /7, respectively; that is, @ in (10) is taken to
be zero.

Now consider again the parameters from the ring current simulation described by Denton
et al. [2014] and plotted in Figure 1. Figure le shows p,;, for the H band mode (black
curve) and He band mode (blue curve) calculated using (10) with the hot H+ parallel
temperature T}y, from Figure la and the normalized wave frequency @ in Figure 1d. The
lowest value of p,;,, is for the He band EMIC mode, which is also the largest mode growing
in the the hybrid code simulation [Denton et al., 2014]. Note from the densities plotted
in Figure 1b that the two gray vertical lines roughly delineate the plasmapause, with the

plasmasphere to the left of the leftmost gray vertical line, and the plasmatrough to the
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X-12 DENTON: RESONANCE WITH EMIC WAVES

right of the rightmost gray vertical line. Despite the fact that the total density is much
greater in the plasmasphere, p_;, is smallest in the plasmatrough (region to the right of
the rightmost gray vertical line in Figure 1b). This is evidently because of the decrease
in Tj, shown in Figure la.

Figure 1f shows the minimum resonant relativistic electron kinetic energy Fx min calcu-
lated using p,;, in (3) for the H band EMIC mode (black solid curve) and He band EMIC
mode (blue solid curve). Again, the minimum resonant energy is lower for the He band
mode and decreases at large L. To emphasize the functional dependence due to Tjy, and
w, the dotted blue curve is plotted using variation in 7jy,, but holding @ constant = 0.201,
while the large dashed blue curve is plotted using variation in @, but holding Tjy, constant
= 7.08 keV. While the @ dependence does lead to a small decrease in Ex yin at low L
(large dashed blue curve), the variation in Ek i due to variation in T, is much larger
(dotted blue curve).

Based on these results, if the plasmasphere or plasma plume is a preferred region for
resonance of relativistic electrons with EMIC waves, as suggested by Borouvsky et al. [2014],
it’s probably not because the cold density makes resonance easier, at least for a particular
mode. As mentioned in the Introduction, if the normalized frequency of the waves, @,
were independent of n,, then the minimum resonant energy would be significantly lower
at high n.. But Denton et al. [2014] showed that @ decreases with respect to n.; and we
have shown that this causes the minimum resonant energy to vary only very weakly with

respect to ne.

DRAFT July 14, 2015, 12:13pm DRAFT



224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

DENTON: RESONANCE WITH EMIC WAVES X-13

Values of Fx nin based on the finite temperature kinetic dispersion code Waves in Homo-
geneous Anisotropic Multicomponent Plasmas (WHAMP) [Ronnmark, 1982] are shown
in Figure 1f for the He mode at L = 5.5 and 6 (blue asterisks) and for the H mode at
L = 6.5 (black asterisk) at the wave number for which the growth rate normalized to Qp,

7, has its maximum value These results are generally in agreement with the simple

s Vmax-
model (solid curves in Figure 1f).

Two other recent papers have examined the relativistic electron resonance condition
using kinetic theory [Silin et al., 2011; Chen et al., 2011]. Both of these claim that high
density leads to a lower minimum resonant energy. Chen et al. evaluate the minimum
resonant energy for all wave frequencies for which 7 is greater than 0.01. The assumption
is that a range of frequencies can be excited, and that the entire spectrum needs to
be considered. While it’s certainly true that the full spectrum of waves can resonate
with relativistic electrons [Ukhorskiy et al., 2010], it’s not totally clear how to calculate
the nonlinear spectrum of waves based on linear theory. At the least, this will depend
sensitively on the initial noise level from which the waves grow.

Also, when parameters are varied independently, unrealistic combinations may result.
For instance, the majority of cases described by Silin et al. [2011] have unrealistically
high plasma beta. In their sweep of parameter space, Chen et al. [2011] do not mention
the range of any parameter indicating instability [like that of Blum et al., 2009], but

given the range of parameter space explored, some of the cases considered may have been

unrealistically unstable.

DRAFT July 14, 2015, 12:13pm DRAFT



245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

X-14 DENTON: RESONANCE WITH EMIC WAVES

Larger growth rate leads to a greater range of frequencies that are unstable, and the
higher frequencies, corresponding to larger wave number (not necessarily satisfying (6)),
will have lower minimum resonant energy. Chen et al. [2011] find a correlation between
increasing hot proton density ny, hot proton temperature anisotropy, A, = T /Tjn — 1,
and total density with lower minimum resonant energy. We find using WHAMP (not
shown) that there is only a small change in Ex min at 7 = . When the cold ion densities
are increased, and that there is almost no change in Fx i, at ¥ = ¥,,., When ny, or Ay, are
increased. These results are consistent with the simple theory we have presented. But an
increase in total density, ny, or Ay, does lead to a more unstable plasma, yielding lower
Ex min Within the range of unstable frequencies.

A more realistic way to vary the parameters might be to keep the instability condition
[Blum et al., 2009] roughly constant. The ring current parameters tend to be regulated
close to a marginal stability condition [Gary et al., 1994; Denton et al., 1994; Blum et al.,
2009]. For this reason, we have concentrated on the most unstable mode. We expect this
mode to be the most intense, and hence to do the majority of the scattering [Bortnik
et al., 2010].

Relativistic electron precipitation events observed by balloons tend to be clustered
around dusk local time. The relation p,;, oc vy, would suggest that low energy electrons
might more easily resonate with EMIC waves at dawn or pre-dawn local time, where
the ring current protons are typically of lower energy [Anderson et al., 1996; Lee and

Angelopoulos, 2014]. But there are other factors that come into play, such as higher con-
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DENTON: RESONANCE WITH EMIC WAVES X-15

centration of O+ at dawn [Denton et al., 2012; Lee and Angelopoulos, 2014] and better
conditions for growth of large amplitude waves at dusk [Denton et al., 2014].

Theoretically, enhanced resonance of relativistic electrons with EMIC waves in the plas-
masphere or plume could result from larger growth of EMIC waves when the bulk density
is large [Jordanova et al., 2008; Denton et al., 2014]. There is some support for a cor-
relation between plasma density and EMIC waves, though the result is not unequivocal
[Fraser et al., 2005; Halford et al., 2015; Usanova et al., 2013]. We are not aware of a study
showing that Ty is normally lower in the plasmasphere or plume, and such a correlation
is not supported by the ring current simulation results plotted in Figure 1a, for which T}y
is greater in the plasmasphere.

High density at dusk is particularly conducive to producing He mode EMIC waves
[Denton et al., 2014; Lee and Angelopoulos, 2014]. Figure 1f shows that Ex i, is lower
for He band EMIC than for H band EMIC. So if high density causes the He mode to be
dominant, that would lead to lower minimum resonance energies. In fact, the He band
EMIC mode is stable for the plasma parameters in Figure 1 outside the plasmapause at
L = 6.5. So considering the available wave modes, the minimum resonance energy is lower
at L = 5.5 than at L = 6.5 (comparing the blue asterisk at L = 5.5 in Figure 1f to the
black asterisk at L = 6.5).

It is also possible that non-resonant interactions could significantly affect the radiation
belt electrons. More work needs to be done to examine the pitch angle scattering of

relativistic electrons in realistic EMIC wave fields.
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RESONANCE WITH EMIC WAVES

Using parameters from the ring current simulation described by Denton et al.

[2014], (a) Ty, for hot H+, (b) density n, for different particle species s (solid curves for

hot populations and dotted curves for cold populations) in cm™3

, (¢) hybrid plasma beta

Bihe, (d) @ = w/€p, for H band EMIC (black solid curve) and He band EMIC (blue solid

curve), and (e) p

Pmin

12:

= Pmin/ (Mec) and (f) minimum resonant kinetic energy Ek min (solid

]%u%iveAS) fo;"r interaction of relativistic electrons with the Jaye frequencies that were plotted

in panel c¢; these are all plotted versus L. The other symbols in the plot are described in

the text.
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Bﬂhe

Figure 2. Holding ngey = 0.1 and 7o = 0.01 constant, (a) w, (b) k&, and (c)
(1-— w)fl = (E|‘\/m>_l versus ). Black, blue, and red color correspond respectively
to the H, He, and O band EMIC modes. In (b), the diagonal dotted black curve is
proportional to BH_h?f. The vertical dotted black line is at the nominal value of By, = 10

relevant for other plots.

DRAFT July 14, 2015, 12:13pm DRAFT



DENTON:

RESONANCE WITH EMIC WAVES

(1 - w/Q
\\N\ T

07 T
10 10

Figure 3. Same quantities as were plotted in Figure 2, but plotted versus 7.+ holding

No+ = 0.01 constant in column a, and versus 7o+ holding nye+ = 0.1 constant in column

b. In both cases, Bn = 10 is constant. The vertical dotted black lines are plotted at the

nominal values used in other plots, nge+ = 0.1 in column a, and at 9oy = 0.01 in column

b.
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