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Abstract

This thesis is concerned with finite semifields. The objective of this thesis is to
give a full description of Knuth orbits of known commutative semifields. We also
describe planar functions corresponding to commutative semifields. Results are pre-
sented by tables. Nuclei of semifields are studied. Finally we consider applications of

semifields, planar functions and spreads to construction of mutually unbiased bases.

Keywords: Finite semifields, isotopism, Knuth orbit, planar functions, spreads, mutu-
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Chapter 1: Introduction

Finite semifields satisfy all the axioms for finite fields except that their multiplication is
not assumed to be associative or commutative. In this thesis, we review terminologies
essential for the understanding of finite semifields. We include a brief description of
the geometric motivations for the concepts of isotopism, cubical array, the dual and

transpose of a semifield.

The structure of the thesis is as follows. Chapter 2 contains a review of the basic
definitions and theory of finite fields. In Chapter 3, we provide the formal definition
of finite semifield. Furthermore, we introduce the concept of an isotopism between
semifields, and show that the multiplication in a semifield defines an n X n X n array
of scalars known as a cubical array. We also concentrate on the links between Knuth
orbit and each of nuclei, commutative and sympletic semifields. In Chapter 4, we cal-
culate the Knuth orbit of known commutative semifields. To show an example, we
also calculate Knuth derivatives of noncommutative Hughes-Kleinfeld semifields. In
Chapter 5, we describe the connection between commutative semifields and planar
functions in odd and even characteristics. We also find planar functions of known
commutative semifields of odd order. In Chapter 6, we compute the middle nucleus
and the center for Dickson semifields, Penttila-Williams semifields, Ganley semifields,
and Cohen-Ganley semifields. In Chapter 7, we consider applications of planar func-
tions, symplectic spreads, commutative and symplectic semifields to constructions of

mutually unbiased bases. Results of our calculations are collected in Tables 7.1 - 7.5.



Chapter 2: Finite Fields

This chapter provides an introduction to abstract algebraic structures, called fields [24,
26]. Our primary interest is in finite fields, i.e., fields with a finite number of elements

(also called Galois fields).

A field is a set of elements with two operations, called addition and multiplication,

along with a set of properties governing these operations.

2.1 Fields

A field is a set I with two binary operations + and * such that:
1. (F, +) is a commutative group with identity element 0.
2. (F*, %) is a commutative group with identity element 1 (where F* =F \ {0}).
3. The distributive laws holds, Vx,y,z € FF.

Examples: R, Q, C, Z,, for p a prime, are fields.

e A field containing only finitely many elements is called a finite field or a Galois

field.

A subfield of a field F is a subset of ¥, which is itself a field with respect to

operations of [F.

The smallest subfield of a field [ is called the prime subfield.

If K is a subfield of L, then we say that L is an extension of K.

The order of a finite field is the number of elements in that field.



2.2 Characteristic of a Field

Definition 2.2.1. The smallest positive integer number n, such that nx =0 forany x € F
is called the characteristic of the field I, and IF is called a field of characteristic n. If
nx # 0 for any positive integer n, then [F is called a field of characteristic 0.

Theorem 2.2.1. Let F be a field. Then the characteristic of F is either O or a prime

number p.

Proof. Let F be a field and char F = n, n # 0. Then Vx € F, we have nx = 0. In
particular ne = 0 (e is the multiplicative identity). If n is prime, we are done. Other-

2 — ¢, we have

wise, n = pypy with 1 < p1, p» < n. Hence, 0 = ne = (pps)e. Since e
0=ne= (p1p2)e = (p1e)(pae). Thus, pje=0or prpe=0.But 1 < py, pr» < n, which

contradicts to the fact that » is the smallest. O]

Note that R, Q and C are fields of characteristic 0, and Z,, is a field of characteristic p.
Theorem 2.2.2. Let F be a field of characteristic p, p # 0, a and b be any two elements

of F and n be any positive integer. Then

(a+b)" =a” +b"". 2.1)

Proof. By induction. For n = 1 the equation (2.1) becomes (a+ b)” = a” + bP. By the

binomial theorem, we have

where (7) = ﬁ If i =0, then (9)a?'b' = a”, and if i = p, then (¥)aP~'b' = bP.

For0 <i< pwehave pfiland pt(p—i)!. Butp|p(p—1)(p—2)---1=p!, hence



(’i’ ) = (pi. - = 0, since char IF = p. So all the coefficients except for the first and for
(p—i)!
the last are zero. Therefore,

(a+b)? =aP +bP.

Assume that the equation (2.1) is correct for some n. We will show that the statement

(2.1) is correct for n+ 1. Indeed,
(a+b)pn+l _ ((a+b>pn)p _ (apn +bpn)p _ apn+1 —|—bpn+l_

Therefore,

(a+Db)P" =a” +b"

for any positive integer n. O

Definition 2.2.2. Given a polynomial with coefficients in a field F, the smallest ex-
tension of F' in which the polynomial can be completely factored into linear factors is
called a splitting field for the polynomial.

Theorem 2.2.3. (Existence and uniqueness of splitting fields). Let f(x) be a poly-
nomial over a field F. There is a splitting field for f(x) over F, and it is unique in
the following sense. If E and E' are splitting fields for f(x) over F, then there is an
isomorphism between E and E' which is the identity on F.

Theorem 2.2.4. (Existence and uniqueness of finite fields). For every prime p and
positive integer n > 1, there is a finite field with p" elements. Any finite field with p"

elements is isomorphic to the splitting field of x*" — x over Fp.

Proof. First we prove the existence part. Let f(x) =x”" —x € F,[x], and F be a splitting

field of f(x) over F,. Then f'(x) = p"x*"~! —1 = —1. Therefore, (f,f’) =1 and f



has p” distinct roots. Now, Let S = {a € F : f(a) =0}. Then S is a subfield of F since:
e S contains 0.
e a,b € Simplies that (a —b)"" =a” —b" =a—b,soa—b € S.
e Fora,b € Sandb# 0, we have (ab~" )" =a”" b~ " =ab™',soab™' €.

On the other hand, x”" — x must splitin S, since S contains all its roots, i.e. the splitting
field F is a subfield of S. Thus F = §, and since S has p" elements, F is a finite field

with p" elements.

To prove the uniqueness, let F be a finite field and |F| = p”. Then F), is a prime field of
F. Since F is a field, we get that (F*,-) is a multiplicative group with p” — 1 elements.
Then, for any a € F* we have a1 =1if and only if a’ = a. Thus, for all a € F*,
we obtain a” —a = 0. Therefore, F is a splitting field of x*" —x. Hence, F is the
smallest field in which x”" — x splits completely in linear terms. Since the splitting

field of x*" — x is unique, this implies that there exist a finite field of p" elements. [

The previous theorem shows that a finite field of a given order is unique up to a field
isomorphism. We shall denote this field by I, where g denotes a power of the prime

characteristic p of [F,.

2.3 Automorphisms

Definition 2.3.1. Let g be a prime power and »n a positive integer. The map ¢ : o0 —
o from Fyn to itself is an automorphism of Fn.
e IfaacF,=0(a)=0f=a.

e An automorphism of F,» which leaves every element of I, fixed is called an

automorphism of Fy» over .



e The automorphism ¢ : Fyn — Fyn , a — o is called the Frobenuis Automor-

phism of Fy» over ;.

2.4 Characteristic Polynomials and Minimal Polynomials

Let @ € F» and let o be the Frobenius automorphism of [F,» over IF,. Then the poly-

nomial

g(x) = (x—a)(x—o(a))(x— 0*(a))...x ~ 0" ()

is called the characteristic polynomial of o € F» over IF,,.

Related to the characteristic polynomial is the minimal polynomial of ¢, which is the

least degree monic polynomial f over I, for which f(a) = 0.

Theorem 2.4.1. Let o be an arbitrary element of Fyn. Then

1. The minimal polynomial of o over I, exists and it is unique, moreover, it is

irreducible over I .

2. Let m(x) be the minimal polynomial of o over Fy. If f(x) € Fy[x] and f(a) =0,

then m(x)|f(x).

3. Let d be the least positive integer such that 6% (a) = o. Then d|n.

Proof. 1. Since the characteristic polynomial g(x) = (x— o) (x — 6(«))...(x — 6" (at))
of o is monic and g(a) = 0, there exists a monic polynomial m(x) with least degree
such that m(a) = 0, which implies that the minimal polynomial of o exists. Assume
that m;(x) is another minimal polynomial of a. Then, deg m(x) = deg m;(x). As-
sume that m(x) # mj(x). Then, deg (m(x) —m;(x)) < deg m(x) , deg m;(x). Let ¢

be the leading coefficient of m(x) — m(x), then ¢~ !(m(x) —mj(x)) is a monic poly-



nomial over F, having & as a root and deg ¢! (m(x) —m; (x)) < deg m(x). This is a

contradiction. Therefore, m(x) = m;(x), and m(x) is unique.

Assume that m(x) is not irreducible. Then we have m(x) = fi(x) f2(x), deg f1(x), f2(x) <
degm(x) and m(a) = fi(e) fo() = 0. Since fi(@), fr(@) € Fp and Fp is field (i.e.
[F» has no zero divisors), fi(a)f2(o) = 0 implies that f(a) =0 or f>(a) = 0. Thus,
m(x) doesn’t have the lowest degree. Therefore, m(x) is not the minimal polynomial.

This is a contradiction. Hence, m(x) # fi(x) f2(x) and m(x) is irreducible.

2. Given m(x) and f(x), then there exist a unique g(x) and r(x) such that f(x) =
q(x)m(x) +r(x), deg r < deg m. Thus, r(x) = f(x) —g(x)m(x). And r(ct) = f(o) —
g(a)m(a) =0—0=0. Therefore, r(a) = 0, with deg r < deg m. But since m has the

lowest degree, we obtain r = 0 and f(x) = g(x)m(x). Hence, m divides f.

3. Assume n = gd +r where 0 < r < d. We know ¢” = 1, thus ¢"(a) = a. Then
a=o"(a) =0"(c%(a)) = 6"(a). Therefore, 6" (o) = a. Since d is the lowest
integer such that 6¢(a) = a, and since r < d, 6" (&) = «, we obtain r = 0 and n = gd.

Thus, d divides n. ]

2.5 Trace and Norm

Definition 2.5.1. Let g be a prime power and 7 be a positive integer. Assume F, is a

subfield of [F,». We define the trace and norm of « as:

Trg,r, (@) = 0+ 0(@) + (@) +...+ 6" (@)

—a+al+to? +. +al



Nr .5, (0) = ao(a)o*(a)...c" ! (@)
—qala? . .aqd"

— qd' /a1

where o € Fn and o is the Frobenius Automorphism.

Theorem 2.5.1. For o, € Fyn , and a € F, we have:
1. Tr(a) € Fy,.
2. Tr(a+B) =Tr(a)+Tr(B).
3. Tr(aa) = aTr(), and in particular, Tr(a) = na.
4. Tr(a?) =Tr(a).
5. N(a) € F,.
6. N(af) = N(a)N(B).
7. N(aat) = d"N(«t), and in particular, N(a) = a".
8. N(a?) =N(a).

2.6 Bases

Let F;» be an extension of I, ¢ = p®, p a prime. We can look at F» as a vector space
over [F, (the field elements are the vectors and the subfield elements are the scalars).
Assume {0, 00,...,0,} is a basis of Fy» over F,. Then any element 8 € Fy» can be
expressed uniquely as a linear combination of a, @, ..., o, with coefficients in F:

,3 =byoyg+bron+ ...+ b,q,, where b; € IFq fori=1,2,...,n.



Definition 2.6.1. Let oy, 0, ..., o, € Fyn. We define the discriminant A]Fqn /F, as:

Trg . m,(0non) Trg, p(10n) -+ Trp, /5, (000)

Trg . /r,(0200) Trg,/r,(0000) - Trg, /5, (00200)
A]F‘qn/Fq(al ,00,..., OCn) =

Trg, 5, (0n01) Trg,/r,(0002) - Trp,/m,(000)

The next two results use the discriminant to provide tests that determine whether a

given set of vectors forms a basis.
Theorem 2.6.1. {a, 02, ..., 0, } is a basis of Fyn over Fy if and only if the discriminant
AFqn/Fq(Otl , 00, ..., 0 IS nonzero.

Corollary 1. {a;,0,..., 04, } is a basis of Fgn over F, if and only if

(04] o oy
af o o!
D= £0
n—1 n—1 n—1
alf o o

Proof. Computing D?, we obtain D> = A(a, 0, ..., @;). And by the previous theorem,

{ag, 0, ..., 04, } is a basis if and only if D? # 0 if and only if D # 0. O

2.7 Bilinear Forms

Definition 2.7.1. Let V be an n-dimensional vector space over a field F. A bilinear

form is a map H: VXV —=F such that:
1. Hu+v,w)=H(u,w) +H(v,w);

2. H(u,v+w) =H(u,v) + H(u,w);
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3. H(Au,v) =H(u,Av) = AH(u,v)

for any u,v,w € V,and VA € F.

e A bilinear form H is called symmetric if H(v,w) = H(w,v) for all v,w € V.

A bilinear form H is called skew-symmetric if H(v,w) = —H(w,v) for all v,w €

V.

A bilinear form H is called non-degenerate if for all v € V, there exists w € V,

such that H(w,v) # 0.
e If H(v,v) =0 for v € V, then v is called isotropic.

If S is a non-empty set of V, then S* = {u € V : H(u,v) = 0,Vv € V} is called

H-orthogonal of V (i.e. the set of vectors that are H-orthogonal to all vectors of

S).

It is well known that bilinear form are related to matrices in the following way: Let
{e1,...,e,} be an F-basis for V. Let u and v be elements of V, and suppose u =" | u;e;
,v=Y1 vie; for u;,v; € F. Then by the above defining properties of bilinear forms,

we have

n
H(u,v) = ) wuvH(ej e;))
17]:1

n
= Z uivjh,-j

i,j=1

where h;; = H(e;,e;) for each i, j.

Consider the matrix H = (h;;); j € M,(F). Then

Vi

V2
H(u,v) = llTHV = (ul,uz...un)H

Vn
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Note that the entries of the matrix H depends on the choice of basis. Hence we refer

to H as the matrix representing H with respect to the basis {ey,...,e, }.



12

Chapter 3: Semifields

3.1 Semifields

In this section we recall basic definitions and facts on finite semifields [10, 21, 22].
The study of non-associative division rings were first considered by L.E.Dickson in
1905, and were depply studied by A.A.Albert in 1942, who introduced isotopy of
these algebras. The term semifields were introduced by Knuth in 1965 in his PhD
thesis. It was his first work in mathematics. Semifields have become an attracting
topic in many different areas of mathematics, such as coding theory, finite geometry

and cryptography.
Definition 3.1.1. A finite semifield is a finite set S with at least two distinct elements,
and two binary operations + and o , satisfying the following axioms:
(S1) (S,+) is a group with identity element 0.
(S2) The distributive laws holds, for all x,y,z € S.
(S3) xoy =0 impliesx =0ory=0.
(§4) 31 € Ssuch that lox=xo01 =x, forall x € S.
e A semifield (S,+,0) is called commutative if xoy = yox for all x,y € S.

e If S does not have a multiplicative identity, then it is called a presemifield.

e Any finite semifield can be represented by S = (F,»,+,0), where p is prime, n
is a positive integer.The prime p is called the characteristic of S. A semifield

which is not a field is called proper.

e The additive group of a semifield S is elementary abelian.
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Let’s prove the last statement. Using the distributive laws we find

(a+b)o(c+d)=(aoct+aod)+ (boc+bod)

= (aoc+boc)+(aod+bod).

Since (S,+) is a group, we obtain aod +boc =boc+aod. Since any two elements
X,y € S can be written as a product x =aod and y = bo ¢ for some a,b,c,d € S, the
additive group is abelian.

To show the elementary abelian part, let a # 0 and p be the additive order of a. Then

p must be a prime number. Hence, (S, +) is elementary abelian.

Theorem 3.1.1. A two-dimensional finite semifield is a field.

Proof. Let S be two dimensional over I, and has a basis of the form {1,x}. Then
S| = p?. The multiplication in S is therefore determined by x*x =ax+b, Va,b€F,.
Consider x> —ax —b = 0. This cannot be factored otherwise S would contain zero

divisors. Thus it is irreducible and S = IE‘pz. O]

Lemma 3.1.2. (Knuth, [19]). If S is a proper semifield of order p", then n > 3.

Knuth also proves in [19] that if |S| = 8, then § = Fg. Thus, the smallest proper semi-

fields are of order 16.

Let S = (Fyn,+,0) be a semifield. The subsets:

N(S)={aeS:(aox)oy=ao(xoy),Vx,y € S},

Nm(S) = {a €S: (xoa)oy:xo(aoy),‘v’x,y < 8}7

N (S)={a€S:(xoy)oa=xo(yoa),Vx,y € S}
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are called the left, middle and right nucleus of S respectively and the set
N(S) = Ni(S) NN (S)NN.(S)
is called a (associative) nucleus. The set
C(S)={aeN(S):aocb=boa,VbcS}

is called the center of S. All these sets are finite fields, and if S is commutative then

Ni(8) = Nr(S) € Nin(S).
Some further properties of finite semifield:
1. Sis a vector space V over its centre.
2. Sis a left vector space V; over its left nucleus.
3. Sis aright vector space V. over its right nucleus.
4. Sis aleft and right vector space over its middle nucleus.

Let F; denote the finite field of ¢ = p®, p an odd prime, F; denote the set of nonzero
elements of F,, and IF,[x] be the ring of polynomials in indeterminate x over F,. A
polynomial f € F,[x] is called a permutation polynomial of F, if it induces a bijective

mapping on F.

A polynomial of the form L(x) = Zf;ol aixpi =apx+aix’ +...+ ae,l)cl"e_l e Fylx] is
called a p-polynomial. Such polynomials are also known as linearised polynomials,

whose name stems from the properties:
1. L(x+y) =L(x)+L(y) forallx,ye[F,.

2. L(ax)=ox foralla €F,andx e[,
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A Dembowski-Ostrom(DO) polynomial f € [F,[x] is a polynomial with the shape

e—1 S
fo) =Y a7
i,j=0
A function from a finite field I, to itself is affine, if it is defined by the sum of a

constant and a linearized polynomial over IF,,.

LetS = (S,+,*) and §' = (S, +,0) be semifields. A semifield homomorphism from S

to S’ is a function ¢ : S — S’ such that ¢ satisfies :
1. ¢(a+b)=o(a)+o(b) Va,b e,
2. ¢(axb)=¢(a)od(b) Va,b €S.

A homomorphism from a semifield to itself is called endomorphism. Any semi-
field homomorphism ¢ : S — S’ which is bijective is an isomorphism. If S = S/, we

say that the isomorphism ¢ is an automorphism.

Let Sy = (Fpn,+,%) and S; = (Fn,+,0) be two (pre-)semifields. They are called
isotopic if there exist three linear permutations M,N,L of F,» such that L(xx*y) =
M(x) oN(y) for any x,y € Fn. The triple (M,N,L) is called the isotopism between
Sy and S,. If M = N, then S| and S, are called strongly isotopic. The set of (pre-
)semifields isotopic to a (pre-)semifield S is called the isotopism class of S and is

denoted by [Sy].
e An isotopism from a semifield to itself is called an autotopism.
e In the case where M = N = L, the autotopism is clearly an automorphism.

Every commutative presemifield can be transformed into a commutative semifield. In-
deed, let S = (F,»,+,*) be a commutative presemifield which does not contain an
identity. To create a semifield from S choose any a € ), and define a new multiplica-
tion o by (x*a)o(axy) =xx*yforallx,y € Fy,. Then§’ = (F»,+,0) is a commutative
semifield isotopic to S with identity a x a. We say S’ is a commutative semifield cor-

responding to the commutative presemifield S. An isotopism between S and S’ is a
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strong isotopism (L,(x),L,(x),x) with a linear permutation L, (x) = a *x.

3.2 The Knuth Orbit

If S = (S,+, %) is a semifield n-dimensional over IF,, and {ey, ...,e, } is an I ,-basis for
S, then the multiplication can be written in terms of the multiplication of the vectors
ej, i.e, if x =x1e; +... +x,e, and y = yje; + ... + y,e, with x;,y; € F),, then xxy =
X j=1 Xiy ileixe)) = X j=1 Xiy i(Xh_, aijkex) for certain a;j; € I, called the structure
constants of S with respect to the basis {ey,...,e,}. The set {a;j} is also called a

cubical array. We will use this process to define the dual and transpose of a semifield.

The semifield S (the dual of S) can be obtained by reversing the multiplication (i.e.,
xoy=yx*x). The dualization process in terms of cubical arrays is a?jk = ajjx. Similarly,
the semifield S’ (the transpose of S) can be obtained via exchanging i and k (i.e. ! =
akji)-

These processes, dualization and transposition, may be iterated producing six possible
semifields, which is equivalent to the action of the symmetric group S3 on the indices
of the cubical array, (i.e., s(12) = sd s(13) — §f §(23) = gdrd — srdr §(123) — gdr
s(132) — grd ). These six semifields are called Knuth orbit [19] or Knuth derivatives of

a semifeld S.

Taking the transpose of a semifield can also be interpreted geometrically as dualising
the semifield spread. The resulting action on the set of nuclei of the isotopism class S
is as follows. The dual of S fixes the middle nucleus and interchanges the left and right
nuclei; while the transpose of S fixes the left nucleus and interchanges the middle and
right nuclei. Summarising, the action of the dual and transpose generate a series of at

most six isotopism classes of semifields, with nuclei according to Figure 1.



17

']

[Sdtd ] — [Stdt]

Figure 1: The Knuth orbit K(S) of a semifield S with nuclei £mr

Let S be an n-dimensional semifield over I, i.e. a semifield of order p" and character-

n—1
i,j=0

istic p. Define: xxy = F(x,y) =Y c,-]-xpiypi, where c;j € F,». Each y € S defines
an [F-endomorphism of S denote by Ry (x) = F(x,y). We call this the endomorphism
of right multiplication by y. Since S has no zero divisors, R, is invertible Vy # 0, and
the set C = {R, : y € S} is an F-subspace of F,-endomorphisms of S, where each
nonzero element is invertible. We call C the spread set of S. The spread set for S is

C?={L,:xcS}.

Define non-degenerate symmetric bilinear form (x,y) = tr(xy). For a F,-linear map

¢ : Fyn — I, the adjoint map @ is defined by

(@(x),y) = (x,0(y)).

i n—i

If @(x) = Y7} Bix? then g(x) = Y1) B x"

Define r;(y) =Y ci jyl"i, then Ry(x) = Y;(¥ci jyl’j)xl’i =Yiri (y)xpi. The adjoint Ry (x)
of Ry(x) with respect to (-,-) is Ry (x) = Z,-(r,l_,-(y))pixpi. This implies that the dual and

the transpose of S are defined, respectively, by the following multiplications:

xxly=F(yx)
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and

xx'y = Ry(x) = Y (rai ()

i

Knuth showed that these operations are well defined up to isotopism. Suppose S is
isotopic to §', i.e. there exist three linear permutations M, N, L such that L(xxy) =
M(x)oN(y) for any x,y € S. Then L(x*?y) = L(y*x) = M(y) oN(x) = N(x) o? M(y).

Therefore, S¢ is isotopic to S’ 4 with corresponding isotopism (N, M, L).

We have L(Ry(x)) = L(x*y) = M(x) oN(y) = Ry, yM(x) , Vx,y € S. This implies

L(R,) =R'y(,M , ¥y € S. Taking the adjoint of both sides, we get R(L) = (M)R'yy).

Hence, M~ (x«' y) = M~'Ry(x) = Ry )L~ (x) = L~ ! (x) o' N(y). Therefore, §' is

isotopic to S, with corresponding isotopism (L', N, M~1).

Theorem 3.2.1 ([22]). IfS is a semifield, then

1. No(S) = N;(S%) = N, (S);

2. Np(S) = No(S) 22 Niu(S7);

3. Ni(S) = Ni(S) = Ny(S").
Proposition 1. Let S| = (S1,+,0) and S, = (Sa,+,*) be two presemifields and let C,
and Cy be the two corresponding spread sets. Then S| and S, are isotopic under the

isotopism (M,N,L) if and only if C, = LCiM ' = {LoR,oM~!,y € S, }.

Proof. LetCy = {Ry,y € S1} and C; = {R},y € S»}. And let (M, N, L) be an isotopism
between S; and Sp. Then M(x) *N(y) = L(xoy),Vx,y € S;. It follows that L(R,(x)) =
R;V(y) (M(x)),Vx,y € S;. Therefore, L(Ry,(M~'(x))) = R;V(y) (x). Hence, Rj\,(y) =Lo
RyoM~!,Vy € S;. Since C, = {R},y € $,} = {R;V(Wy € 51}, we obtain C; = {LoRy o

Mﬁl,y S Sl}.

Conversely, assume that C; = {Lo RyoM _1,y € S1}, where M and L are invertible

[F,-linear maps from §; to S>. Then the map N sending each element y € S| to unique
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element z € S5 such that R, =LoRy,oM -1 (R, € C;) is an invertible F ,-linear map from
S| to Sy. Therefore, Vx,y € S|, we have R},(y) (x) = L(Ry(M~!(x)). Thus, x*N(y) =
L(M~!(x)oy). Hence, M(x') x N(y) = L(x' oy). O
Lemma 3.2.2. Let R = (Fy,+, %) be a commutative presemifield and suppose Ry =
(Fy,+,0) is any presemifield isotopic to R. Any isotopism (M,N,L) from R to R\ must
satisfy M(x)oN(y) =M(y)oN(x), Vx,yecF,

Theorem 3.2.3. Let Ry = (F,,+,0) and R, = (Fy,+, *) be isotopic commutative pre-

semifields. Then there exists an isotopism (M,N,L) between R, and R\ such that either
I. M =N, or
2. M(x) #N(ax) Va e€F),andxelF,
Proof. Let (M,N,L) be an isotopism from R to R;. Suppose M # N, and that there
exist xo € Iy and a € ), such that M(xp) = N(axo). As @ € F),, we have (ox)oy =
a(xoy) =xo(ay), for all x,y € F,. Using the previous lemma, we have M(x) o
N(ay) = M(y) oN(ox), for all x,y € F,. Set y = xo, then we get M(x) o N(oxg) =
M(x) o M(x9) = M(xg) o N(ax) = N(ax) o M(xp). Since M(xg) = N(otxp), we have
M(x) = N(owx), for all x € F,. Therefore, M (x) = oN(x). Since (M, N, L) are isotopism

from R; to R, we have

M(x)oN(y) =L(xx*y),Vx,y € F,

aN(x)oN(y) = L(x*y),Vx,y € Fq
N(x)oN(y) = & 'L(x*y),¥x,y € F,

Hence, (N,N, o~ 'L) is an isotopism between R, and Rj. O
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Theorem 3.2.4. Let R = (Fy,+,0) and Ry = (IFy, +, %) be isotopic commutative semi-

fields. Then there exists an isotpism (M,N,L) between R and R such that either
1. M =N, or

2. M(x) =aoN(x) wherea € Ny(Ry).

Proof. Suppose M # N. Let o« = M(b) and N(b) = e, where e is the identity of R;.
Then M(x) oN(b) = M(x)oe = M(x) and M(b) o N(x) = ato N(x). By the previous
lemma, we have M(x) oN(b) = M(b) o N(x). Therefore, M(x) = c¢oN(x) VxecF,.
Now we have to show that o € Ny,(Ry) i.e. (N(x)oa)oN(y) =N(x)o(aoN(y)).

Using the previous lemma, we have M (x) oN(y) = M(y) oN(x) for all x,y € F,. Then

(0oN(x))oN(y) = (N(x) o) oN(y)
= (N(y)oa)oN(x)

= N(x)o (@oN(y)).

Hence, (N(x)oa)oN(y) =N(x)o(aoN(y)) forall x,y € F,. Since N is a permutation,

we obtain & € N, (R)). O

3.3 Symplectic Semifields and Commutative Semifields

A symplectic semifield is a semifield whose associated semifield spread is symplectic.
A spread C of V is called symplectic if there is a nondegenerate alternating bilinear

form (,) on V such that (X,X) =0, for each X € C.

Starting from a semifield S, we can construct a family of semifield spreads by an it-
eration of the construction processes of transpose and dualization [16]. A semifield
1s commutative if applying dualization to the semifield the original semifield is ob-

tained. That is, if {a;x} — {aji} = {aijx}. Therefore, the Knuth orbit K(S) of a
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commutative semifield consists of the following isotopism classes {[S] = [SY], [S'] =

[Sdt], [Szd] — [Sdtd]}'

[S] = [8] S = [s%] [S"] = [s*]

Imr lrm mrt

Figure 3.1: The Knuth orbit K(S) of commutative semifield S with nuclei ¢mr

Similarly, the semifield is symplectic if applying transposition to the semifield, the
original semifield is obtained. That is, if {a;jx} — {ax;i} = {aijx}. Therefore, the
Knuth orbit K(S) of a symplectic semifield consists of the following isotopism classes

{181 =8, [s] = [s"],[s"] = [s"]}.

[Std ] [Sdt] [Stdt]

Imr lrm mrl

S]=] Sl .

Figure 3.2: The Knuth orbit K(S) of symplectic semifield S with nuclei {mr
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Chapter 4: The Knuth Orbit of Semifields

4.1 The Knuth Orbit of Commutative Semifields

4.1.1 Dickson Semifields

Dickson semifields [11] are semifields (]Fqk X IF i, +, ) of order g**, g odd and k > 1

odd, with multiplication defined by
(a,b) % (c,d) = (ac+ jb°d® ,ad + bc)

where j is a nonsquare in F « , 0 is an Fy—automorphism of F « , 0 # id.

In order to obtain the multiplication for S’ we will use the alternating bilinear form:

(((a,b),(c,d)),((u,v),(s,t))) = trlas+ bt — cu— dv] 4.1)

to find all ((u,v), (s,¢)) such that :

0=(((a,b),(a,b) *(c,d)), ((u,v),(s,1)))
= (((a,b),(ac+ jb°d° ,ad +bc)), ((u,v), (s,1)))

= trlas+ bt —u(ac + jb°d°) —v(ad + bc)]

=trla(s —uc —vd) + bt —u® j° 'bd - vbc]

=trla(s—uc—vd)+b(t — qule d—vc)]

Putting @ = 0 we get the condition t[b(t —u® ' j° 'd —vc)] =0, for all b. This implies

o

t=u jofld +vc. Similarly, after putting b = 0 we get s = uc +vd. Hence after some
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coordinate transformations, we get the multiplication for S':
(a,b)e(c,d) = (ac—i—bd,acfljcfld—i—bc).

Reversing this muliplication we get the semifield S’ by:
(a,b)o(c,d) = (ac+bd,c®  j° b+ad).

We can confirm that (S'¢, 4, 0) is symplectic. Indeed,

(((a,b),(a;b) o (c,d)), ((u,v), (u,v) 0 (¢,d)))
= {((a,b),(ac+bd,c® ' j° 'b+ad)),((u,v), (uc+vd, j° ve® ' +ud)))
= trla(uc+vd) —l—b(ja_lvc(’_1 +ud) —u(ac+bd) — v(cG_]jG_lb—l—ad)]
= trlauc+avd + bj® 've® '+ bud —uac — ubd —vc®  j° ' b— vad|
= tr[0]

= 0.

4.1.2 Ganley Semifields

These semifields (F3r x F3r,+, %) are defined in [13] with

(a,b) x (c,d) = (ac —b°d — bd’ ,ad + bc + b>d?),
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where r > 3 odd. We will apply the equation (4.1) :

0={((a,b),(a,b)*(c,d)),((u,v),(s,1)))
= (((a,b), (ac —b°d — bd® ;ad + bc + b>d?)), (u,v), (s,1)))
= trlas + bt —u(ac — b°d — bd’) —v(ad + bc + b>d?))
= trla(s —uc—vd) + bt +u> bd> " +ubd® —vbe —v3  bd]

=trla(s —uc—vd) +b(t +uSdd + ud® —vc—v%d]

Putting a = 0 we get the condition ¢r[b(t + wSdd + ud® —ve — v%d] =0, for all b. This
implies t = ve + vid —ud® —udds. Similarly, after putting b = 0 we get s = uc +vd.

Hence after some coordinate transformations, we get the multiplication for S':
(a,b) e (c,d) = (ac+bd,bc+b3d — ad® — addd).

Reversing this muliplication we get the multiplication for S¢ :

1

a,b) o (c,d) = (ac+bd,ad + bd3 —b%c —bd¢d).
(

We have that (S'¢, 4, 0) is symplectic since:

(((a,b), (a,b) o (¢,d)), ((u,v), (u,v) o (¢, d)))

= (((a,b), (ac+bd,ad +bd> —b%c —b5c9)), ((u,v),
(uc+vd,ud—|—vd%—v9c—vécé))>

= tr[a(uc—l—vd)—i—b(ud—i—vd%—v9c—v$cé)
—u(ac+bd) —v(ad +bd’ —bc — b9 ¢9)]

= trlauc+avd + bud + bvd3 —bv’c — bydcd
— uac — ubd — vad — vbd’ —|—vb90+vb%c$]

= tr[0]

= 0.
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4.1.3 The Penttila-Williams Semifield
This semifield [25] is given by (F3s x Fy5,+, %), with
(a,b) x (c,d) = (ac+ (bd)’ ,ad + bc + (bd)?").
Using equation(4.1), we will find all ((«,v), (s,¢)) such that :

0=(((a,b),(a,b) *(c,d)), ((u,v),(s,1)))
= (((a,b), (ac+ (bd)° ,ad + be + (bd)*")), ((u,v), (5,1)))
= trlas + bt —u(ac + (bd)®) — v(ad + be + (bd)?"))
= trla(s — uc — vd) + bt — u® bd — vbe — v bd)]

= trla(s — uc —vd) + b(t —u*’d —ve —v2d)]

If we put b = 0 then tr[a(s — uc — vd)| = 0, for all a and hence s = uc + vd. If we put
a =0 then tr[b(t —u*’d —vc —v?d)] = 0, for all b and hence t = ve +vd + u*’d.
By a straightforward change of coordinates we get the multiplication for S':

(a,b) e (c,d) = (ac+bd,bc+b°d +a*’d).

Swap a with ¢ and b with d in the product formula for ' to get the product for S :

(a,b) o (c,d) = (ac+bd,ad + bd® + bc*).
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Note that (S'?, 4, 0) is symplectic since:

(((a,b), (a,b) o (¢,d)), ((u,v), (u,v) o (¢, d)))
= (((a,b),(ac+bd,ad + bd® +bc*")), ((u,v), (uc +vd,ud +vd® +vc*")))
= trla(uc+vd) +b(ud +vd® +vc*) — u(ac + bd) —v(ad + bd® + bc*")]
= trlauc + avd + bud + bvd® + bve*’ — uac — ubd — vad — vbd® — vbc?']
= tr[0]

= 0.

4.1.4 Cohen-Ganley Semifields

Assume that s > 3 and j is a nonsquare in F3s. The Cohen-Ganley [6] semifields

(F3s x F3s,+,%) are defined by

(a,b) * (c,d) = (ac + jbd + j* (bd)° ,ad + bc + j(bd)?).

To determine the product formula for S’, we will use equation (4.1) :

0={((a,b),(a,b)*(c,d)),((u,v),(s,1)))
= (((a,b), (ac+ jbd + j*(bd)® ,ad + be + j(bd)*)), ((u,v), (s,1)))
= trlas+ bt —u(ac + jbd + j*(bd)’) —v(ad + be + j(bd)?)]
= trla(s—uc—vd)+ bt —ujbd —u® " j> 'bd —vbc—v* ' j 'bd]

=trla(s —uc—vd)+b(t —ujd — u%j%d —vec— v%j%d)].

This implies that s = uc +vd and t = ujd + uéj%d +ve+ v%j%d. Therefore, S' is
defined by
1.1 1.1
(a,b)e(c,d) = (ac+bd,ajd +ad j3d + bc+ b3 j3d).
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Reversing this muliplication we get the semifield S/ :
(a,b) o (c,d) = (ac+bd,cjb+cd j3b+ad +d3 j3b).

Note that (S'¢, 4+, 0) is symplectic since:

(((a,5), (a,b) o (¢,d)), (1, V), (1) o (c,))

= (((a,b),(ac+bd,cjb+c5j3ib+ad+d3 j3b)),
((u,v),(uc+vd,cjv+c%j%v—i-ud-l—d%j%v)))

= tl’[a(uC-l-vd)+b(cjv+céj%v+ud+d%j%v)
—u(ac+bd)—v(cjb+c$j%b+ad+d%j%b)]

= [auc—}—avd—}—bcjv—kbcéj%vﬁ-bud+bd%j%v
—uac—ubd—vcjb—vcéj%b—vad—vd%j%b]

= tr[0]

= 0.

4.1.5 Coulter-Henderson-Kosick Presemifield
This presemifield S = (IF3s, +, *) is defined in [8, 9] by

243 .3 3,243 9

x*y:xy+L(xy9—|—x9y—xy—x9y9)+x y —|—x81y—x9y—|—xy —|—xy81—xy :

where L(x) = 2

In order to obtain the multiplication for S' we will use the alternating bilinear form:

(), (u,v)) = trfoev — yu] (4.2)



to find all (u,v) such that:

0 = (((x,x*y), (u7v))>

5 27 7 25 5 25 7 27 2
= tr[xv—uxy—ux3 y3 —ux® y3 + ux® y3 + ux® y3 —ux3y

28

4 4 2
¥ty

+ ux32y32 + ux34y34 — ux35y3 — ux34y + ux32y — ux3y35 — uxy34 + uxy32]

3
= trfxv—uxy —u’

3 4

6 4 3 4 4 4 6 6 7
+u3 xy—Ht3 xy—u3 xy3 —u’ xy3 —|—u3 xy3 —u xy3

= trix(v—uy— Lt33)13’2 — u3y36 + u33y +uly— u36y32 — 1/t3’4y36

4 3 24 4 4 6 26 7 24 4 2
Y 3 Y S8 ).

3332

34 36

xy32 — 143xy36 + u33xy + u3xy — u36xy32 —u Xy

- uxy34 + uxy32]

6
+u3y

This implies that v =uy+u” y° + u3y36 — u33y —wdy+ u36y32 + u34y36 — u36y — u34y—|—

> y34 + u34y34 — u3’6y36 +u¥ y34 + uy34 — uy32. By a straightforward change of coordi-

nates we get the multiplication for S’ :
3 22 6 3 6 22 4 26 6
xoy = x4+ 455 — By =By +5557 +55° 5%

4 3 24 4 24 6 26 7 24 4 2
S VI SNV ATV A L IO N TN AN

Swap x with y in the product formula S’ to get the product for S'¢ :

3 22 6 3 6 22 4 26 6
xoy = xy+y3 x +y3x3 —y3x—y3x+y3 X +y3 X —y3x

3 14 4 a4 6 26 7 24 4 2
+y3 X +y3 X3 —y3 x +y3 X +yx3 —yx3.

4.1.6 Generalized Twisted Fields

4

A semifield (IF, +, *) of order F s, g odd and ¢ > 1 odd, with multiplication [3] defined

by

xky =x% 4+ xy%,
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where a : x — x7" is automorphism of Fy. Then

xxy=x7y+x7.

Using the alternating bilinear form (4.2), we will find all (u,v) such that:

0= (((x,x*y),(u,v)))

= trpwv —u(x?y +xy?))

—n n

—uy)).

t—n !
= [xv—u? xy?
t—n

= trlx(v—u? Y7

n

Therefore, v = ud” yqtfn + uyqn. After some coordinate transformations, we get the

multiplication for S’ :

n

xey=x? "y 4y,

Reversing this multiplication, we have multiplication for S¢:

n

xoy=x1 "y 4 x4y,

4.1.7 Coulter-Matthews/Ding-Yuan Presemifields

These presemifields [7, 12] are given by S = (F3¢, +, x) with

X*xy = x9y+xy9 $x3y3 -+ Xy,

where e > 3 odd.
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Using equation (4.2), we have

0= (((x,xxy),(u,v)))
= trfov —u(Xy+x” Ty’ +x)]
32 372

=[w—u’ xy —uxy9:|:u371xy—uxy]

ufr2 32 31

=trx(v—i’ Yy —w’ i’ y—uy)].

Therefore, v = u372y372 + uy9 + u371y +uy.

By a straightforward change of coordinates, we get the multiplication for S':

-2 22 -1
xoy:x3 y3 +xy9$x3 y =+ Xxy.
Interchanging x and y, we get the multiplication for S'?:

-2 a-2 -1
xoy:x3 y3 —|—x9yqixy3 +Xxy.

4.1.8 Budaghyan-Helleseth Presemifields

Assume that p is odd prime, m > 1 and 0 < s < 2m. The Budaghyan-Helleseth pre-

semifields [S] (F om, +,*) are defined by

xxy=xy" 2Py [By” +x7y) + B (yF +xPy) o,

where @ is an element of F ,on \ Fpm with 0" = —o.
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We will apply the equation (4.2), to find the product formula for S':

0 = (((x,x*y), (u7v))>

= trfw—uxy” —ux”"y — Bouxy” — Boux”'y

s+m m

W

= trlx(v—wy?”" ="y —Bouwy” — P 0P Py

s+m

— B wux?" yP" " — BP" oux?

s

m—s —S

mn m S —S mn—s
—Bo!"u"y? — P " w7

Therefore,

—S

m v m S -5 —S —S —S m m S —S m—s m—s
v=uy”" +u”"y" + Bouy” + BP0l uP "y + Bt Py + BP P u?" P

So the multiplication for § is

—S

xey = xy” + X"y 4 Boxy” +BP 0P xPyP

—S

+ ﬁa)l)mxpmyps + Bpfs wPM*Sxpm*Syp
Swap x with y in the product formula S’ to get the product for S/¢:

m—s

xoy _ xpmy+xpmypm _'_ﬁa)xpsy_i_ﬁpis wpfopfsyp*S +B a)plﬂxpSyp'n +Bp75 a)pI‘H*Sxp*Syp

In a similar way, we calculate the Knuth orbit of other known semifields.

4.1.9 Zha-Kyureghyan-Wang Presemifields

Let u be a primitive element of F s and let 0 <7 < 3s. The Zha-Kyureghyan-Wang

presemifields [27] (F 3, +, ) are defined by

t s S_q S+t 2s 2s 5+t
xxy=yPx4yx —ul T (Y x4y X ).



Then for S' we have

3s—t s

3 35—t S(nS_ 25+t
xeoy =yl x4y WPy Dy e

and for S’ we have

35—t s 25+t

S( S __
-0y l)yp P

xoy _ yxpt +yp3x7txp

4.1.10 Bierbrawer Presemifields

These presemifields (IF ., +, ) are defined [4] with

t t S __ S+1 3s 3s 5+t
xxy =Yty —ul (P A,

25—t (.5 _ 25—
—uP” P yp

where u is a primitive element of I ,4;. Then for S’ we have

4s—t 25+t 8

X .y _ yptx + yp4x—zxp

and for ' we have

t 25+t

xoy = yx —|—yp437

4.1.11 Kbnuth’s Binary Semifields

S (S __
P l)yp P —

t

25—t (5 _ s—t 25—t
—ul” Py e

s—t
xP

X

b

4s—t S( 1S __ s 35—t (5 __ 35—t 25—t
P A UiV Y S A A e
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Knuth’s binary semifields [20] consist of elements of the field Fy» for g even, n > 1

odd and trace map T : F,» — IF, with multiplication defined by

xxy=xy+(T(xX)y+T(y)x)

=xy+T(x)*y> +T(y)*x>.



Then

0= ((((x,x*y),(u,v)))
= ((xv—u(xy+T(x)*y* + T (y)*x?))

n—1 n—1
= trxv+uxy++uy Y x4 4+ \/ux ) ¥
i=0 i=0

n—1 . n—1
= trpov+uxy+x ) (Vuy)? +ux Yy y7]
i=0

i=0

n—1 . n—1 .
=trlx(v+uy+ Y (Vuy)? +vu Yy,
i=0 i=0

n—1 n—1
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Therefore, v=uy+ ) (Vay)? " +u ) y¢ and the multiplication for §' = (S, +, )

i=0 i=0
is given by:

n—1 ) n—1 .
xey=xy+ Y (Vo) +vx) .
i=0 i=0
Furthermore, the multiplication of §'¢ = (S'¢, +,0) is

Xoy=yex
n—1 . n—1
=xy+ Z (ﬁx)q_l + Z x4
i=0 i=0
=xy+T(x/y) + T (x).

4.1.12 The Kantor-Williams Presemifields

Assume that we have a chainof fields F =Fy D F1 D ... DF, 2 K=F,,n> 1 with F =

Fom ,m>10dd, { € F and T; : F — F; are the trace functions. Then the multiplication

n n

xxy=xy+ (x) TH(Gy) +y ) Ti(6))
T T

= xy + 22 Y TGy + 32 Y TG
1

1



34

defines the Kantor commutative presemifields [16]. We calculate now corresponding

symplectic presemifield (which are called Kantor-Williams presemifields [17]).

0

(rxey), (1))
= (v uly R Y T ) + 92 Y THE))
1 1

=trjxv+ uxy—i—xzuiﬂ'(giy)z +y2uiTi(CiX)2]
1 1
= tr[xv+uxy+xu% ZT:Ti(Ciy) +yu% iE(Cix)]
= trfxv +xuy+xu% Zn:Ti(Ciy) +xzn: CiTi(“%)’)]
1 1

= tr[x(v+ uy -+ u? X’:"T}(Ciy) +iCz‘Ti(ué)’))]-

Therefore, v = uy+u? YIT:(&y)+X] Zj,-Ti(u%y) and the multiplication of S' = (§', +, e)
is
Iv < 1
xey=xy+x2 Y T(Gy)+ Y GTi(x2y),
1 1
and the multiplication of S'¢ = (S'¢, +,0) is
& |

1 1
xoy=yex=xy+y2 ) T({x)+ ) GTi(y2x).
1 1

4.2 The Knuth Orbit of Noncommutative Semifields

Suppose a = x' 9 ++ xb has no solution for x € [F,. Then Hughes-Kleinfeld Semifields

[15] are semifields (F, x F,,+, %) of order ¢*, ¢ odd, with multiplication defined by

(x,) * (z,1) = (xz+aty®, yz+x°¢ +y%br).



35

In order to obtain the multiplication for S, we have to find all ((u,v), (¢,d)) for which:

0= (((x,y), (x,y) % (z,2)), (u,v), (c,d)))
= (((0,y), (2 +ary®), vz + 21 +5%01))), (u,v), (¢,d)))
= trjxc 4 yd — u(xz + ary®) —v(yz+ x4+ y%br))

=trx(c—uz—v0 10 ) py(d—u® a® 1 —vz— 0 B0 0

Puiting x = 0 we get the condition rr[y(d —u® 'a® 19 —vz—v® 'H0'107")], for all
y € F,. This implies d = vz + W '@ 10 40 p0 107 Similarly, after putting
efltefl

y=0wegetc=uz+v . Hence, after some coordinate transformations, we get

the multiplication for S" = (S', +,e):
() e (z0) = (xz4+y° 10 yz+x® a® 0 )0 00T,
Reversing this multiplication we get the multiplication for S/ = (S, +,0):
(x,y) o (z,t) = (xz—Hefly('rl,xt—kzeflaeflyefl —I—teflbeflyefl).

To find the product formula for S/, we will use the alternating bilinear form (4.1) such

that:

0= {((x,), (5,3) % (1)), (), (c,d)))
— (), (241950 2% a0 00O (), (e,d)))
= trixc+yd —u(xz+ teflyefl) —v(xt + Z(rlcl(rlyer1 + teflbeflyefl)]

= trx(c —uz —vt) +y(d — tu® — zav® —1v?)].
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This implies that ¢ = uz +vt, d = tu® + zav® +tbv®. Therefore, multiplication for

Stdt — (Stdt,—h X) is

(x,) % (z,1) = (xz+yt,tx° +zay® +1by?).

Swap x with z and y with ¢ in the product formula for S to get the product for S¢ =

(S9,+,0) :

(x,y) 0 (2,1) = (z,1) # (x,y) = (xz+ayt® . xt + 20y +1%by).

Using equation(4.1), we will find all ((«,v), (c¢,d)) such that:

0=(((x,y),(x,y) 0 (z,1)),((u,v),(c,d)))
= (((x,y),(xz+ayt9,xt+zey+t9by)), ((uav)v(c7d))>
:tr[xc+yd—u(xz+ayf9)—V(XI+ZGY+’9by)]

= trx(c — uz —vt) + y(d — uar® —vz® —v1%b)).

This implies that ¢ = uz + vt, d = uat® +vz® +vt%b. Therefore, S¥ = (S¥ 4, %) is
given by:

(x,) % (z,8) = (xz+yt,xat® +yz° + yt®b).
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Chapter 5: Planar Function

5.1 Planar Functions In Odd Characteristic

Let g = p", where p is an odd prime and 7 is a positive integer. A function f : [, — I,
is called a planar function if for each nonzero a € IF,, f(x+a)— f(x) is a bijection
on IF,. There is a one to one correspondence between commutative semifields of odd
orders and planar functions. Given a commutative semifields S = (IF,,+,*) of odd
order, the function given by F(x) = x*x is a planar function [10]. Conversely, given
a planar function f(x) € Fy[x] , ¢ is odd, then S = (Fy,+, %) withxxy = J(f(x+y) —

f(x)— f(y)) for any x,y € F, , is a commutative semifield.
We calculated the planar functions of known commutative semifields.

Generalized twisted fields: Assume that ¢ odd and ¢ > 1 odd. The Generalized twisted

fields (IF, +, *) are defined by

xxy =x%y+xy%,
where a : x — x¢" is automorphism of Fy,. Then, f(x) = xxx is expressed as the
following :

Fx)=x7 x+x-x7 =2x7 T,

Coulter-Matthews/Ding-Yuan presemifields: Consider presdemifield (F3e,+,*), where

e > 3 odd. A multiplication is defined as

xxy=xy+xy FOy +xy
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Then, we have

Flx) =2x10F 2% 442

— 106442

Coulter-Henderson-Kosick presemifield: This presemifield (IF5s,+,*) is defined by

233 L 81y Oy L 3 4 o819

xxy=xy+L(xy’ + Xy —xy—x’y°) +x

where L(x) = x> +x3. Then we have

Fx) = x>+ L(2x"0 — x? — x18) 4 24246 4 2482 — 210
:x2+(2x10_x2_x18)35+(2x10_x2_x18)32+2x246+2x82_2x10

— 2 (2 20 (210 2 y18) x40 9,82 910,

Zha-Kyureghyan-Wang presemifields: Consider (szs, +,%). A multiplication is de-
fined by

t t S _ S+t 2s 2s 5+t
xxy=yPxyxl —ul TP P P al

where u be a primitive element of I 3 and 0 <7 < 3s.
Then we have
flx) =20+ = ups_l(2xpzs+ps+t).
Bierbrawer presemifields: These presemifields (F 4, +, ) are defined with

t f S_q S+t 3s 3s S+t
xxy =yl x+yxl —ul T (Y xP 4y Al ),

where u is a primitive element of I s
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Then we have

flx)= 2P ups_1(2xp3s+l7”’

).

For the other known commutative semifields, we follow the method described in [23].

Cohen-Ganley semifields. A multiplication in (]qu ,+, %) is defined as

(a4 Ab) x (c+ Ad) = (ac + abd + o (bd)®) + A(ad + be + ot (bd)?)

with ¢ = 3" (n > 2) and & is nonsquare in F, and {1,1} is a basis of F > over F,,

where 12 = a.

Let X =x+AyeTF 22+ We consider planar functions of quadratic polynomials and

express them in the finite field.
Lo f:X = XX =(x+Ay)*(x+Ay) = (P +ay> +o’y'®) + 1 (2xy + ay®)
2. g1: X = X?=x>+ay*+2Axy
3. g0 X = X = x4+ Ap)H = (x+ Ay) (x — Ay) = 2% — ay?
4. g3: X - X2 = (x+ 2% = (x—Ay)2 =x*+ ay® —2Axy

We use the expression (g1 + g3 —2g2)(X) to find y*:

(g1 +g3—28)(X) = X2+ x> —2x' " = 4ay?,

X2+ x2 4 X1 — .
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Therefore, y> = o~ (X2 +x23 +X1+3"). On the other hand,

(f = &1)(X) =X *X - X?

= (P +ay? + &y + 1 (2xy + ay®) — x* — ay* — 2Axy

=’y 4 day®

= 3 (X X2 X f haa B (xO +x 2 3

_ 06_6(X18 +X2.3n+2 +X9+3n+2) -|-A,(X_2(X6 +X2.3n+1 +X3+3n+1>

We find f(X) using the equation (f —g1)(X) = f(X) — g1(X):

fX)=a1(X)+(f —g1)(X)

:X2+a76(X18+X2v3”+2 +X9+3n+2)+/Ia*2(X6+X2'3"+1 +X3+3"+1),

The Penttila-Williams semifield. A multiplication in (F 2, +,*) is defined as

(a+Ab)* (c+Ad) = (ac + (bd)®) + A(ad + be + (bd)*")

with ¢ = 3° and « is nonsquare in Fys and {1, &} is a basis over F3s where A = «.

We find the equations of the following functions:

fx) =X*X = (x+Ay)«(x+1y) = (2 +y®) + 1 (2xy+y>),

g1(X) —X?= (x+7ty)2 :x2+27txy—|—ocy2,
5 5
2X)=X" = (x+ )" =2 - ay?,

g3(X) = X237 = (x+ ly)z'35 = x? 4 oy? — 2Axy.
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Then, we find y? using the expression (g1 + g3 —2g2)(X):

35 5
(g1 +g3—28)(X) = X2+ X*¥ —2x'% —4ay?,

X2+X2'35 +X'+35 _ ayz'
Therefore, y* = ot~ (X 24X 2.3 +X 1+35). Furthermore,

(f—g)(X) = XxX-X°
= () A2y +y) — 2% —ay* —2Axy
— YAy gy

= o d(x'® 4+ x2% +X9+37) +/"toc’27(X54+X2'38 +X27+38)

— (X2 JrX2.35 +X1+35).

fX) = a1X)+(f-8)X)
_ X2+a*9(X18+X2‘37+X9+37)+),a*27(X54+X2‘38+X27+38)

. (X2 JrX2-3»5 +X1+3S)
Ganley semifields. A multiplication in (qu,+, *) is defined as
(a4 Ab) * (¢ +Ad) = (ac — b°d — bd®) + A(ad + be + b*d°?)

with ¢ = 3" (n > 3) and « is nonsquare in F, and {1,4} is a basis of F > over Iy,

where 12 = a.

We first consider planar functions of quadratic polynomials and express them in the

finite field:
L f:iX 5 XX = (x+Ay) = (x+2Ay) = (x2 = 2919) + 1 (2xy+5).

2. g1: X = X2 =x>+oy* +2Axy.
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3. g0 X 5 X = (x4 A0) Y =22 — 2.

4. g3:X = X2 = (x+Ay)?¥ =22 + ay? — 2Axy.

Accordingly,
(g1+8—282)(X) =X>+X*¥ —2x1" = 4ay?,
X2 4 x¥¥ 4 x1H = g,
Therefore,
V= o (x2 4 x23 JrX1+3")
On the other hand,

(f—g)(X) = X*xX—-X°
= (=20 + 22y +)°%) —x* — ay* — 2Axy
— le +7Ly6 . OCyZ
— ATIO[x10 x93 1493 4 x103
F A (X2 XY X — e (P XY 4 x )
— ATIO[x10 x93 1493 4 x 103

4 Aa73(x6 JrX2-3"+1 +X3+3"+1) . (X2 4+ x2¥ +X1+3").

fX) = a1iX)+(f—s)X)
— X2+A«_1O[X10—X9+3n—X1+9.3H+X10.3n]

3n+1

_|_la—3(X6+X2‘ +X3+3”+1)—(X2+X2‘3"+X1+3").

In similar way, we find the planar function of Dickson semifields.

Dickson semifields. Assume that g = p”, where p is an odd prime, n > 1 and let o be
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any element of I, which is not square. A multiplication is defined as
(a+Ab)* (c+Ad) = ac+ abd®, A(ad + bc)

with {1,A} is a basis of F > over F, A% = o and o is an automorphism of F,, given

by x® =x”" |1 <r < n. Then, f(X) = X +X is expressed as the following:

n+r n—+r

FX)=X>4+4" o P (X2 4 x2PTT ox PPy 4 (x4 x 2P —ox Y.

5.2 Pseudo-Planar Functions

In this section, we introduce an analog of planar functions in even characteristic. Let
F =T, be a finite field of even order g. Planar functions cannot exist in characteristic
two since, if ¢ is even and x is a solution to f(x+a) — f(x) = b, then so x + a. This
implies that x and x + a are both mapped to b. Therefore, f is not a bijection on [F,.
Recently, a new notion of planar functions in even characteristic was proposed by Zhou

[29]. However, the term "pseudo-planar" was first used by Abdukhalikov [1].
Definition 5.2.1. A function f : Fon — [Fpn is called a pseudo-planar if for each nonzero
a € Fon, f(x+a)— f(x)+ax is a bijection on Fy»

The following theorem illustrates the relationship between pseudo-planar functions

and commutative presemifields.

Theorem 5.2.1. If (F,+,*) is a commutative presemifield with multiplication given by

XKy =Xy + Zaij(xziyzj —I—xzjyzi)
i<j

then f(x) = Yi; aiszi”j is a pseudo-planar function and xxy = xy+ f(x+y) +
FE)+ ).

Example. The Kantor presemifields. Assume that we have a chain of fields F' = Fy D
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FiFD>...OF, DK=Fyn>1with F =F ,m>1o0dd and T; : F — F; is the trace
function. The multiplication is defined as:
xxy=xy+ 2 LIT(0)? + 32 T T(x)%.

Then f(x) = (xY" T;(x))? is pseudo-planar [29].

Note that this semifield is a generalization of Knuth’s binary semifields, on which the

multiplication is defined as:
xxy=xy+x°T(y)? +y*T(x)>.
The pseudo-planar function derived from Knuth’s semifields is

f(x) =T (x)?
m—1 .
:x2 x2’ 2
,;’)( )

m—1

2 3 m
=247 x4+ )

m—1 i
— Z x2+2 )
j=0
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Chapter 6: The Nuclei of Commutative Semifields

In this chapter, we compute the middle nucleus and the center for some known com-

mutative semifields.

6.1 Dickson Semifields

Consider (Iﬁ‘qk X F o, +, ) where g odd and k£ > 1 odd. A multiplication is defined as

(a,b)* (c,d) = (ac+ jb°d°,ad + bc),

where j is a nonsquare in Fqk , 0 is an F,—automorphism of ]Fqk , 0 # id. We have

(a,b)*(1,0) = (1,0) % (a,b) = (a,b).

This implies that the identity of S is (1,0). Assume (x,0) € N,,(S). Then we have

[(@,0) * (x,0)] * (¢,d) = (a,b) * [(x,0) * (¢,d)],

[(a,b) * (x,0)] * (¢,d) = (xa,xb) * (c,d) = (xac+ j(xb)°d°,xad + xbc),
(a,b) *[(x,0) * (¢,d)] = (a,b) * (xc,xd) = (axc + jb°® (xd)° ,xad + xbc).

Since [(a,b) * (x,0)] x (c,d) = (a,b) *[(x,0) * (c,d)] forall a,b,c,d € F , we have that
the middle nucleus contains all the elements of the form (x,0), x € F . Furthermore,
S can be viewed as a vector space over its middle nucleus N, (S). Let N = {(x,0) :
xE€ Fqk}, N = Fqk. Since N C N,,,(S) and S is a vector space over N of dimension 2,
we obtain that N,,(S) = N or N,,,(S) = S. But S is a semifield in which multiplication
is not associative, and N,,(S) is a field. Therefore, N,,(S) # S. We conclude that the

middle nucleus of S is Ny (S) = {(x,0) : x € F i}
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To show that the left nucleus of S is Ny(S) = {(x,0) : x € F,}, we need to have

[(x,0) % (a,b)] * (¢,d) = (x,0) ¥ [(a, b) ¥ (c,d)],

[(x,0) * (a,b)] % (¢,d) = (xa,xb) * (c,d) = (xac+ j(xb)°d®,xad + xbc),
(x,0) % [(a,b) * (c,d)] = (x,0) x (ac + jb°d® ,ad + bc) = (xac + jxb°d° ,xad + xbc).

Then [(x,0) % (a,b)] * (¢,d) = (x,0) * [(a,b) * (c,d)] if and only if xac + j(xb)°d° =

xac + jxb°d®, which means x° = x. Thus,

N(S) = Ny(S) = Ny(S) = {(x,0) : x € T, }.

It is clear that

6.2 Penttila-Williams Semifield

This semifield [25] is given by (IF5s x F3s,+, %), with

(a,b) % (c,d) = (ac+ (bd)° ,ad + bc + (bd)?).

The identity of S is (1,0), since (a,b)*(1,0) = (1,0) * (a,b) = (a,b). Assume (x,0) €

Ny (S). Then we have

[(Cl,b) * (x7 O)] * (Cad) = (Cl,b) * [(x7 0) * (Cad)]v

[(a,b) % (x,0)] % (c,d) = (xa,xb) * (c,d) = (xac+ (xbd)® ,xad + xbc + (xbd)*"),

(a,b) x[(x,0) * (c,d)] = (a,b) * (xc,xd) = (xac + (xbd)®, xad + xbc + (xbd)*).
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This implies that [(a,b) * (x,0)] % (c,d) = (a,b) x [(x,0) * (c,d)] for all a,b,c,d &€ Fs

We derive that the middle nucleus contains all the elements of the form (x,0), x € F5s.
On the other hand, S can be viewed as a vector space over its middle nucleus N,,(S).
Let N = {(x,0) :x € F3s} , N=F3s5. Since N C N,,(S) and S is a vector space over
N of dimension 2, we obtain N,,(S) = N or N, (S) = S. But S is a semifield in which
multiplication is not associative, and N, (S) is a field. Therefore, N,,(S) # S. Thus, the

middle nucleus of S is N, (S) = {(x,0) : x € F55}.

We show the nucleus and center of S is N(S) = {(x,0) : x € F3}. Indeed,

[(x,0) * (a, )] * (¢,d) = (x,0) [(a, b) x (¢,d)],

[(x,0) % (a,b)] * (c,d) = (xa,xb) x (c,d)

= (xac+ (xbd)° ,xad + xbc + (xbd)*"),

(x,0) % [(a,b) * (c,d)] = (x,0) x (ac + (bd)®,ad + bc + (bd)*")

= (xac+ x(bd)° ,xad + xbc + x(bd)*").

Then [(x,0) * (a,b)] * (¢,d) = (x,0) % [(a,b) x (¢,d)] if and only if

(xbd)° = x(bd)’ (6.1)

and

(xbd)*" = x(bd)?*". (6.2)

From (6.1) and (6.2) we get N(S) = Fs.
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6.3 Ganley Semifields

Assume r > 3 odd. The Ganley [13] semifields (F3- x [F3-,+, %) are defined by

(a,b) * (c,d) = (ac — b°d — bd® ,ad + bc + b*d>).

We have (a,b) *(1,0) = (1,0) % (a,b) = (a,b). Therefore, the identity of S is (1,0).

Let (x,y) € Ny (S). Then we have,

[(07b) * (xay)] * (07 1) = (Ovb) * [(xay) * (07 1)]7

[(0,0) % (x,)] % (0,1) = (=b’y—by”,bx+b°)%(0,1)

— (_b9x9_b27y27_bx_b3 3,—b9y—by9—|—b3x3 _I_b9y9)’

(0,6) % [(x,3) % (0,1)] = (0,b)* (=" —y,x+y?)

— (—ng—b9y3—bxg—by27,—by9—by—|—b3x3 +b3y9)

Comparing the second components, we have

—b9y+b9y9 = —by+b3 %

( —y)p’ —y’b* +yb=0

for any b € F3-. This means that the polynomial f(X) = (y° —y)X® —y’X> 4+ yX has

3" zeroes unless it is equal to 0. Therefore, y = 0.

Assume (x,0) € Ny, (S). Then we have

[(avb) * (x,O)] * (Cad) = (avb) * [(x,O) * (Cad)L
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[(a,b) * (x,0)] % (c,d) = (xa,xb) * (¢,d) = (xac — (bx)°d — bxd® ,xad + xbc + (xbd)?),
(a,b) * [(x,0) % (c,d)] = (a,b)  (xc,xd) = (xac — b’xd — b(xd)° , xad + xbc + (xbd)?).

Then [(a,b) * (x,0)] % (¢,d) = (a,b) *[(x,0) x (¢,d)] if and only if

xac — (bx)°d — bxd® = xac — b’xd — b(xd)°,
X (bd’ —bd) = x(bd® — bd),

X =X.

Since r is odd, we have x € [F3. Thus, the middle nucleus of S is N,;(S) = {(x,0) : x €

F3}. Since [F3 is a prime field, we have

N(S) = Ny(S) = Ni(S) = Nu(S) = C(S) = { (x,0) : x € F}.

6.4 Cohen-Ganley Semifields

Let s > 3 and let j be a nonsquare in F3s. The Cohen-Ganley [6] semifields (F3s x

F3s,+4,%) are defined by

(a,b) * (¢,d) = (ac+ jbd + j*(bd)’ ,ad + bc + j(bd)?).

We have (a,b) x (1,0) = (1,0) x (a,b) = (a,b). Therefore, the identity of S is (1,0).

Assume (x,0) € N,,(S). Then we have,

[(@,0) * (x,0)] * (¢,d) = (a,b) % [(x,0) ¥ (¢,d)],

[(a,b)*(x,0)]* (c,d) = (xa,xb) x(c,d) = (xac+ jbxd+ j*(bxd)®,xad +xbc + j(xbd)?),

(a,b) x[(x,0) % (c,d)] = (a,b) * (xc,xd) = (xac+ jbxd + j* (bxd)® , xad + xbc + j(xbd)?).
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Therefore, [(a,b) * (x,0)]* (¢,d) = (a,b) *[(x,0) * (¢,d)] for all a,b,c,d,x € Fss. Thus,
the middle nucleus contains all the elements of the form (x,0), x € F3s. Furthermore,
S can be viewed as a vector space over its middle nucleus N,,(S) . Let N = {(x,0) :
x €Fs}, N=TF3s. Since N C N, (S) and S is a vector space over N of dimension 2,
we obtain N,,(S) = N or N,,(S) = S. But S is a semifield in which multiplication is not
associative , and N,,(S) is a field. Therefore, N,,(S) # S. Hence, the middle nucleus of
S is Np(S) = {(x,0) : x € F3s}.

The nucleus of S is N(S) = {(x,0) : x € F3} since

[(x,0) * (a, )] * (¢,d) = (x,0) x [(a, b) x (¢,d)],

[(x,0) % (a,b)] * (c,d) = (xa,xb) * (c,d) = (xac+ jxbd + j> (xbd)° , xad + xbc + j(xbd)?),

(x,0) % [(a,b) * (c,d)] = (x,0)% (ac+ jbd+ j>(bd)’,ad + bc+ j(bd)*)

= (xac+ jxbd + jx(bd)° , xad + xbc + jxb>d>).

Then [(x,0) * (a,b)] * (¢,d) = (x,0) % [(a,b) * (¢,d)] if and only if

xac+ jxbd + j*(xbd)® = xac + jxbd + j*x(bd)°,

X =x (6.3)

and

xad + xbc + j(xbd)? = xad + xbc + jxb>d®
X =x (6.4)

From (6.3) and (6.4) we get N(S) = F3. Therefore, C(S) = F;.

Nuclei for remaining known commutative semifields can be found in [22].
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Chapter 7: Mutually Unbiased Bases

7.1 Definitions

Mutually unbiased bases (MUBs) are a structure first defined in a quantum physics con-
text in 1960 by Schwinger. Then in 1981 Ivanovic provided a construction of MUBs
in odd prime power dimensions. In 1989 Wootters and Fields extended the Ivanovic
construction to all odd prime powers and provided a construction for even prime pow-
ers. In 2003 Klappenecker and Rotteler published a summary of known constructions
which included the sets of MUBs and descirbed by Wootters and Fields and Ivanovic.
Recently it was discovered that MUBs are very closely related or even equivalent to
other problems in various parts of mathematics, such as algebraic combinatorics, fi-
nite geometry, discrete mathematics, coding theory, metric geometry, sequences, and

spherical codes [1, 2].

Let C" be a vector space of dimension n over the field C of complex numbers. A basis
for C" is orthonormal if all basis vectors are orthogonal and of unit length. A pair
of orthonormal bases {ej,...,e,} and {f1,..., fn} are said to be mutually unbiased if
the square of the absolute value of the inner product of any two vectors from distinct
bases is equal to 1/n. (i.e ‘(e,-,fj>|2 = % for 1 <i,j <n). A set{By,Bi,...,B,} of
orthonormal bases in C” is said to be mutually unbiased bases (MUBs) if each pair of

orthonormal bases is mutually unbiased.

The maximum number of mutually unbiased bases in C"*isn+ 1. A setof n+ 1 MUBs
is called complete. While constructions of complete sets of MUBs in C" are known
when 7 is a prime power, it is unknown if such complete sets exist in non-prime power

dimensions.
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7.2 Constructions

We introduce several constructions of MUBs. The first construction is based on planar
Junctions over fields of odd characteristic. Let g = p", F =, and let € € C be a

primitive pth root of unity. Let {e,,,w € F} be the standard basis of C4.
Theorem 7.2.1. Let F be a finite field of odd order q and f be a planar function on F.

Then the following forms a complete set of MUBs:

Bw ={ew,w€F}, By={bny,,vEF}, meF,

_ Z 8 mf +vw
= ew
WEF

Let S = (F,+,*) be a commutative semifield of odd order. Then f(x) = x#*x is a
planar function. Therefore, from the previous Theorem we get the construction of
MUBs based on finite commutative semifields of odd order.

Theorem 7.2.2. Let S = (F,+,%) be a commutative semifield of odd order. Then the

following forms a complete set of MUBs:

B ={ew,weF}, By={bu,,vEF}, mcF,

1
_ Z r(zm(wxw +VW)€W.

Let f(x) = Yi<jai jxpiﬂ’j be a quadratic planar polynomial. Then, S = (F,+,x*) with
Xxy= %(f(x—f—y) —fx)=fly) = %Zigj a,-j(xp[ypj +xpjypi) is a commutative pre-
semifield. We follow the method described in chapter 4 to find the product formula for

corresponding symplectic semifield 5/

Jj—i r—i i—j r—j
Xoy=— Zau £ w4+ Zau " v
l<] z<]
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Then we have

1 1 T | _ . .
[r(iw(wom)) :tr(_ZWd?j IWPJ lmp’ l—|——ZWalI.} ]Wpr+z Jmpr J)

i<j i<j

=tr(= prlaijwp]m+ - prjaijwplm)
i<j i<j

= tr(%m(w*w)).

Therefore, we get the construction of MUBs based on finite symplectic semifields of

odd order:
Theorem 7.2.3. Let (F,+,0) be a finite symplectic presemifield of odd characteristic.

Then the following set forms a complete set of MUBs:
Bw ={ew,weF}, By={bn,,veEF}, meF,

1 |
bm,v - gtr(jw(wom)Jrvw)ew.
ik

Where g = p’, and € € C is a primitive pth root of unity.

This construction can be generalized to any symplectic spreads [1].

Theorem 7.2.4. Let F be a finite field of odd characteristic. Consider symplectic
spread of F? whose elements are subspaces of the form {(x,hu(x)) | x € F}, where
for every m € F the functions hy, is linear, and the subspace {(0,y | y € F}. Then the

following set forms a complete set of MUBs:

Bw ={ew,w€F}, By={bny,,vEF}, meF,

bm y = L Z 8tr(%w'hm(W)+VW)e

7 \/Z] weF

we
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The previous constructions can be generalized for even characteristic cases, using com-
mutative and symplectic semifields, symplectic spreads and pseudo-planar functions,

see for details [1]. They use special technique called the Teichmiiller lift.



Table 7.1: The Knuth orbit of a commutative semifields
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Type Knuth orbit
(5.+.%) | (@b)*(c.d) = (ac+ jb°d°, ad+bc)
D (S',+,8) | (a,b)e(c,d) = (ac+bd,a° Id—I—bc)
(S, +,0) | (a,b)o(c,d) = (ac+bd,cC j‘f b+ad)
(S,+,%) | (a,b) *(c,d) = (ac+ (bd)’,ad + bc + (bd)*")
PW | (S',+,e) | (a,b)e(c,d) = (ac+bd,bc+b’d+a*'d)
(S, +,0) | (a,b)o(c,d) = (ac+bd,ad + bd® + bc*")
(S,+,*) | (a,b)*(c,d) = (ac —b°d — bd’ ad+bc+b3d3)
G (S',4+,0) | (a,b)e(c,d) = (ac+bd, bc—l—b%d ad9—a9d%)
(S, +,0) | (a,b)o(c,d) = (ac+bd, ad + bd3 — bgc—b9c1)
(S,+,%) | (@,b)x(c,d) = (ac+ jbd+ j*(bd)’,ad +be + j(bd)’)
CG | (S',+,e) | (a,b)e(c,d) = (ac+bd, a]d+a9]3d—|—bc+b3]3d)
(S, +,0) | (a,b)o(c,d) = (ac+bd C]b+C9‘]3b—|—ad—|—d3]%b)
(S,+,%) | xxy=xy+L(xy’ +0y —xy—xy?) + 7Py  + 281y — Oy +
By L8l 9
CHK (S, +,) x3.6y — )g—kx 3%,3;_|_ x3y36 —x33y —x3y+x36y32 —|—x34y36 _
Xy—xy+xy
td 3¥ 373,30 3 3 337, \3%,3°
S R SR TR St it e i Sl
Py 93 0 Tt B
(S,+,%) | xxy=x%+xy*
GT (St,+,.) x.y :xqtfnyqt*n +xyqn
(Sld’—F’O) xoy:xqf*nyqtfn +any
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Table 7.2: The Knuth orbit of a commutative semifields, cont.
] Type \ \ Knuth orbit
(S, 4+, *) x*y:x9y+xy9—2x3y3 —2xy
CM | (S',+,0) |xey=x> " "+x0°+x> y+xy
(S, +,0) | xoy :x372y372 +x% —i—xyy1 +xy
(S,4,%) [rry=xy” +x”y+[Bloy” +x7y)+ B (" +x7 )" [0
BH (S 5e) [xey = o 0V Bant BT @l 7
(S, +,0) | xoy = Xy + 27y + BoxPy + BP of x Ty +
Ba)pmprypm + ﬁp7€ a)pm75xpfsypm73‘
(S,+,%) | xxy= yptx—i—yx/’t — Pl (ypmeZS +y”2‘vxps+t) where u is
ZKW a primitive element of [F3s
(Sl’ +’ .> X e y _ ypfx + yp3.r—txp3s—t _ ups(pxil)yphﬂxps —
up2s7t (ps_ 1 )ypsftxplvft
(Std, +, O) X 20 ty _ 2yx[pt _'t_ ypjsftxpjsff _ ups(ps_])ypsxp25+t _
ub” (P )yt
(S,+,%) | xxy= VW x4yt — P! (yf”mx‘”&y —l—yl’3sxps+[) where u is
B a primitive element of Fys
(St, +, .) X ey = yptx + yp4sftxp4sft _ ups(ps_])yp25+txps _
up3s7t(ps_l)yp2sftxp3x7t
(Std7 +, o) X go t(y :) %yx[pt 2+t yp4x—zxp4s—z — ups(pxil)ypsxpzwz —
up,sf Ps_l yp,sf xp S—
(S,+,%) | xxy=xy+(T(x)y+T(y)x)> F = GF(q") , with q even and
K n>1lodd,T:F — GF(q)
n—1 . n—1
(S',+,0) | xoy=xy+ Y (Vxy)? +vx ) )
i=0 : i=0 :
n— . n— .
(S, +,0) | xoy=yex=uxy+ Z(ﬁx)q +\/§qu
i=0 i=0
(S,+,%) X*yny+(JfZ’fTi(Ciy)erZ'fY?(Cif))z
KW | (S, 4,0) | xey=xy+x2 Y1 Ti(Cy) + X} GTi(x2y)
T )|
(8, 4,0) | xoy =yox=xy+y2 Y| T;({x) + X1 &Ti(y2x)




Table 7.3: The Knuth orbit of Hughes-Kleinfeld semifields

Type | Knuth orbit
S | (x,y) *(z,t) = (xz+ary®,yz+x9 +y%br)
’ S* ‘ (x,y) @ (z,1) = (xz+y0 10 yz4+x0 @b 10 40 0 07T ‘
’ St ‘ (x,y)0(z,8) = (xz+19 30 " xt 420 a® y0 440 p0 0Ty ‘
| ST (x,y) % (2,1) = (xz+yt,0x% +zay® +1by°) |
] s4 \ (x,y) 0 (z,1) = (z,1) * (x,y) = (xz +ayt?, xt + 2%y +1%by) \
’ S ‘ (x,y)x(z,t) = (xz + yt,xat® +yz° —|—yt9b) ‘
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Table 7.4: Planar functions of commutative semifields

Type

Planar Function

GTF

f(x) :an .x+x.an — 2an+1

| CMP | f(x) = —x10—x0 47 |

CHP

) = 2+ (B 020 — 2 118 22236 1
2x82 — 2x10

2P =2 ) |

’ BP ‘ flx)= 2P 1 ups_l(pr&ijp‘

s+t )

|

CG | fX) = X2 + a 5(x8 + x237 JrX9+3"+2) +
Aa—z(XﬁJers"“ +X3+3"+1)

PW f(X) — X2 + a—9(xl8 + X2.37 + X9+37) +
la_27(X54+X2'38+X27+38)—(X2+X2-35+X1+35)

G f(X) = X2 4+ a—6(X18 +X2'3"+2 JrX9+3"+2) +
la—z(XﬁJers"“ +X3+3"+1)

D f(X) — X2 + 4—1a1—pr(X2p’ + XZp(n-H')
X7y 4 (x2 4 x2 ox 1+
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Table 7.5: The nuclei of commutative semifields

he nucleus of S \ The middle nucleus of S ‘
(S) =Ni(S) = {(x,0) : x € Fy} \ Npu(S) ={(x,0) :x € F} ‘
(S) =Ni(S) ={(x,0) : x € F3} | Nu(S) = {(x,0) : x € F3s} |
(S) =Ny(S) ={(x,0) : x € F3} \ Niu(S) ={(x,0) : x € F3} ‘
(S) =Ny(S) = {(x,0) : x € F3} \ Np(S) ={(x,0) : x € F3s} \

59



[1]

[2]

[3]

[4]

[7]

60

Bibliography

K. Abdukhalikov, Symplectic spreads, planar functions and mutually unbiased

bases, Journal of Algebraic Combinatorics 41 (2015), 1055-1077.

K. Abdukhalikov, E. Bannai and S. Suda, Association schemes related to uni-
versally optimal configurations, Kerdock codes and extremal Euclidean line-sets,

Journal of Combinatorial Theory Ser. A 116 (2009), 434—-448.

A. A. Albert, Generalized twisted fields, Pacific Journal of Mathematics 11

(1961), 1-8.

J. Bierbrauer, New semifields, PN and APN functions, Designs, Codes and Cryp-
tography 54(3) (2010), 189-200.

L. Budaghyan and T. Helleseth, New perfect nonlinear multinomials over Fx for
any odd prime p. In: SETA 4AZ08: Proceedings of the 5th International Confer-
ence on Sequences and their Applications, 403—414. Springer, Berlin, Heidelberg
(2008).

S. D. Cohen, M. J. Ganley, Commutative semifields, two-dimensional over their

middle nuclei, Journal of Algebra 75 (1982), 373-385.

R. S. Coulter and R. W. Matthews, Planar functions and planes of Lenz-Barlotti
class II. Commutative presemifields and semifields, Designs, Codes and Cryp-

tography 10 (1997), 167-184.

R. S. Coulter and M. Henderson, Commutative presemifields and semifields, Ad-

vances in Mathematics 217 (2008), 282-304.

R. S. Coulter and P. Kosick, Commutative semifields of order 243 and 3125, in:
Finite Fields: Theory and Applications, in: Contemp. Math., vol. 518, Amer.
Math. Soc., Providence, RI, 129-136 (2010).



61

[10] P. Dembowski, Finite geometries, Springer, Berlin (1968).

[11] L. E. Dickson, On commutative linear algebras in which division is always
uniquely possible. Transactions of the American Mathematical Society 7 (1906),

514-522.

[12] C. Ding and J. Yuan, A family of skew Hadamard difference sets. Journal of
Combinatorial Theory Ser. A 113 (2006), 1526—1535.

[13] M. J. Ganley, Central weak nucleus semifields, European Journal of Combina-

torics 2 (1981), 339-347.

[14] N. L. Johnson, V. Jha and M. Biliotti, Handbook of finite translation planes. Pure
and Applied Mathematics (Boca Raton), 289. Chapman & Hall/CRC, Boca Ra-
ton, FL, 2007.

[15] D. R. Hughes and E. Kleinfeld, Seminuclear extensions of Galois fields, Ameri-

can Journal of Mathematics 82 (1960), 389-392.

[16] W. M. Kantor, Commutative semifields and symplectic spreads, Journal of Alge-

bra 270 (2003), 96-114.

[17] W. M. Kantor and M. E. Williams, Symplectic semifield planes and Z,-linear

codes, Transactions of the American Mathematical Society 356 (2004), 895-938.

[18] W. M. Kantor, Finite semifields. Finite geometries, groups, and computation,

103-114, Walter de Gruyter, Berlin, 2006.

[19] D.E. Knuth, Finite semifields and projective planes, Journal of Algebra 2 (1965),
182-217.

[20] D. E. Knuth, A class of projective planes, Transactions of the American Mathe-

matical Society 115 (1965), 541-549.

[21] M. Lavrauw and O. Polverino, Finite semifields and Galois geometry, Current

Research Topics in Galois Geometry, 129-157, Nova Science Publishers, 2011.



62

[22] G. Marino and O. Polverino, On the nuclei of a finite semifield. Theory and appli-
cations of finite fields, 123—141, Contemp. Math., 579, Amer. Math. Soc., 2012.

[23] K. Minami and N. Nakagawa, On planar functions of elementary abelian p-group

type, Hokkaido Mathematical Journal 37 (2008), 531-544 .
[24] G. L. Mullen and C Mummert, Finite Fields and Applications, 2007.

[25] T. Penttila and B. Williams, Ovoids of parabolic spaces. Geometriae Dedicata 82

(2000), 1-19.

[26] Z.-X. Wan, Lectures on finite fields and Galois rings, World Scientific, Singapore,
2003.

[27] Z. Zha, G. M. Kyureghyan and X. Wang, Perfect nonlinear binomials and their

semifields, Finite Fields and Their Applications 15 (2009), 125-133.

[28] Z. Zha and X. Wang, New families of perfect nonlinear polynomial functions,

Journal of Algebra 322 (2009), 3912-3918.

[29] Y. Zhou, (2",2",2" 1)-relative difference sets and their representations, Journal

of Combininatorial Designs 21 (12) (2013), 563-584.



	United Arab Emirates University
	Scholarworks@UAEU
	4-2016

	Finite semifields and their applications
	Shamsa Ali Rashed Al Saedi
	Recommended Citation


	tmp.1474964421.pdf.3XL6b

