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ABSTRACT

Cycles and Bases of Graphs and Matroids

Ping Li

The objective of this dissertation is to investigate the properties of cycles and bases in
matroids and in graphs. In [62], Tutte defined the circuit graph of a matroid and proved
that a matroid is connected if and only if its circuit graph is connected. Motivated by
Tutte’s result, we introduce the 2nd order circuit graph of a matroid, and prove that
for any connected matroid M other than U, the second order circuit graph of M has

diameter at most 2 if and only if M does not have a restricted minor isomorphic to Us .

Another research conducted in this dissertation is related to the eulerian subgraph
problem in graph theory. A graph G is eulerian if GG is connected without vertices of odd
degrees, and G is supereulerian if G has a spanning eulerian subgraph. In [3], Boesch,
Suffey and Tindel raised a problem to determine when a graph is supereulerian, and they
remarked that such a problem would be a difficult one. In [55], Pulleyblank confirmed
the remark by showing that the problem to determine if a graph is supereulerian, even
within planar graphs, is NP-complete. Catlin in [8] introduced a reduction method based
on the theory of collapsible graphs to search for spanning eulerian subgraphs in a given
graph G. In this dissertation, we introduce the supereulerian width of a graph G, which
generalizes the concept of supereulerian graphs, and extends the supereulerian problem
to the supereulerian width problem in graphs. Further, we also generalize the concept of
collapsible graphs to s-collapsible graphs and develop the reduction method based on the
theory of s-collapsible graphs. Our studies extend the collapsible graph theory of Catlin.
These are applied to show for any integer n > 2, the complete graph K, is (n — 3)-
collapsible, and so the supereulerian width of K, is n — 2. We also prove a best possible

degree condition for a simple graph to have supereulerian width at least 3.

The number of edge-disjoint spanning trees plays an important role in the design of

networks, as it is considered as a measure of the strength of the network. As disjoint



spanning trees are disjoint bases in graphic matroids, it is important to study the proper-
ties related to the number of disjoint bases in matroids. In this dissertation, we develop
a decomposition theory based on the density function of a matroid, and prove a decom-
position theorem that partitions the ground set of a matroid M into subsets based on
their densities. As applications of the decomposition theorem, we investigate problems
related to the properties of disjoint bases in a matroid. We showed that for a given integer
k > 0, any matroid M can be embedded into a matroid M’ with the same rank (that is,
r(M) = r(M')) such that M’ has k disjoint bases. Further we determine the minimum
value of |E(M')| — |E(M)| in terms of invariants of M. For a matroid M with at least
k disjoint bases, we characterize the set of elements in M such that removing any one of

them would still result in a matroid with at least k disjoint bases.
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Chapter 1

Preliminaries

1.1 Notation and Terminology

We consider finite graphs with possible multiple edges and loops, and follow the notation
of Bondy and Murty [4] for graphs, and Oxley [58] or Welsh [64] for matroids, except
otherwise defined. Thus for a connected graph G, w(G) denotes the number of components
of G. For a matroid M, we use r; (or r, when the matroid M is understood from the
context) denotes the rank function of M, and E(M), C(M) and B(M) denote the ground
set of M, and the collections of the circuits, and the bases of M, respectively. Furthermore,
if M is a matroid with £ = E(M), and if X C E, then M — X is the restricted matroid
of M obtained by deleting the elements in X from M, and M /X is the matroid obtained
by contracting elements in X from M. Asin [58] and [64], we use M —e for M — {e} and
M/e for M/{e}.

The spanning tree packing number of a connected graph G, denoted by 7(G), is
the maximum number of edge-disjoint spanning trees in G. A survey on spanning tree
packing number can be found in [59]. By definition, 7(K;) = oo. For a matroid M, we
similarly define 7(M) to be the maximum number of disjoint bases of M. Note that by
definition, if M is a matroid with (M) = 0, then for any integer k > 0, 7(M) > k.
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Let M be a matroid with rank function r. For any subset X C E(M) with r(X) > 0,
the density of X is
RY
ru(X)
When the matroid M is understood from the context, we often omit the subscript M.
We also use d(M) for d(E(M)). Following the terminology in [11], the strength n(M)
and the fractional arboricity (M) of M are respectively defined as

dy(X) =

n(M) =min{d(M/X) : r(X) <r(M)}, and y(M) = max{d(X) : r(X) > 0}.

For an integer &k > 0 and a matroid M with 7(M) > k, we define Ex (M) = {e €
E(M):7(M —e) > k}. Likewise, for a connected graph G with 7(G) > k, Ex(G) = {e €
EG):7(G—e) > k}.

Let M be a matroid and k € N. If there is a matroid M’ with 7(M’) > k such that
M’ has a restriction isomorphic to M (we then view M as a restriction of M’), then M’ is
a (1 > k)-extension of M. We shall show that any matroid has a (7 > k)-extension. We
then define F'(M, k) to be the minimum integer [ > 0 such that M has a (7 > k)-extension
M’ with |E(M")| — |E(M)| = 1.

For a graph G, §(G), A(G), k(G) and k'(G) represents the minimum degree, the
maximum degree, the connectivity and the edge connectivity of a graph G, respectively.
As in [4], G[X] denotes the subgraph induced by an edge subset X C E(G). When no
confusion arises, we shall often adopt the convention that for an edge subset X C E(G),
X denotes the edge subset as well as the subgraph G[X]| of G. For subgraphs H;, Hy of
G, Hy U Hy and H; N Hy denote the union and intersection of H; and Hs, respectively.
For vertices u,v € V(G), a trail with end vertices being u and v will be referred as a
(u,v)-trial. We use O(G) to denote the set of all odd degree vertices in G. A graph G
is Eulerian if O(G) = () and G is connected, and is supereulerian if G has a spanning

Eulerian subgraph.

Let G be a graph, and s > 0 be an integer. For any distinct u,v € V(G), an (s; u,v)-
trail-system of G is a subgraph H consisting of s edge-disjoint (u, v)-trails. A graph is
supereulerian with width s if Yu,v € V(G) with v # v, G has a spanning (s;u,v)-
trail-system. The supereulerian width p/(G) of a graph G is the largest integer s such
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that G is supereulerian with width k& for any integer k£ with 1 < k < s. Note that if for

some vertices u and v, G does not have a spanning (u, v)-trial, then p/(G) = 0.

A graph G is s-collapsible if for any subset R C V(G) with |R| =0 (mod 2), G has
a spanning subgraph 'z such that
(i) both O(T'g) = R and x'(I'g) > s — 1, and
(ii) G — E(I'g) is connected.

Let Cs denote the collection of s-collapsible graphs.

Let M be a matroid on a set E. The corank r*(M) of a matroid M is the rank of
M*, the dual of M. For a subset S C E, we abbreviate the expression r*(M|S) as r*S,
and the dimension dS of S is defined to be the number r*S — 1. Following Tutte [62], a
subset S of E is called a flat of M if it is a union of circuits of M. The null subset of £
is considered as a null union of circuits, and therefore a flat. Note that our definition of
a flat here is different from that in [58].

For any subset S of E there is an associated flat (S), defined as the union of all the
circuits of M contained in S. Thus (S) is the union of the circuits of M|S. Note that
d(Z) = dZ =r*Z — 1. A flat S is on a flat T if either S C T or T C S. A flat of
dimension k is called a k-flat. The 1-flats and 2-flats of M are the lines and the planes
of M, respectively. A flat S of M is called connected if M|S is a connected matroid.

Let M be a matroid, and let £ > 0 be an integer. The kth order circuit graph
Cr(M) of M has vertex set V(Cr(M)) = C(M), the set of all circuits of M. Two vertices
C,C" € C(M) are adjacent in Cy(M) if and only if |C' N C’| > k. For notational conve-
nience, for a circuit C' € C(M), we shall use C' to denote both a vertex in Ci(M) and a
circuit (also as a subset of E(M)) of M.

1.2 Main Results

In the coming several chapters, we will present the following main results.
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(1) Let M be a connected simple matroid with more than one circuit. Then M does

not have a restriction isomorphic to Us g if and only if diam(Cy(M)) < 2.

(2) Let M be a connected simple matroid with more than one circuit, but M is not

a line, then Cy(M) is 2-connected.

(3) Let M be a matroid and k > 0 be an integer. Each of the following holds.
(i) Suppose that 7(M) > k. Then Ei(M) = E(M) if and only if n(M) > k.
(ii) In general, Ey(M) equals to the maximal subset X C E(M) such that n(M|X) > k

(4) Let M be a matroid with (M) > 0. Then each of the following holds.
(i) There exist an integer m > 0, and an m-tuple (I1,ls, ..., l,,,) of positive rational numbers
such that
nM)=10 <ly<..<l,=~(M),

and a sequence of subsets

I C ... CJy C Jy = E(M);

such that for each ¢ with 1 < ¢ < m, M|J; is an n-maximal restriction of M with
(ii) The integer m and the sequences in (i) are uniquely determined by M.

(iii) For every i with 1 < i <m, J; is a closed set in M.

(5) For k € N, let M be a matroid with 7(M) < k and let i(k) denote the smallest
i; in (4) such that i(k) > k. Then
(i) F(M, k) =k(r(M) —r(Jiw)) — |[E(M) = Ty
(ii) F(M, k) = maxxcpon{kr(M/X) — |M/X]}.

(6) Let s > 1 be an integer. Then C, satisfies the following.
(Cl) K, eC,.
(C2) If G € Cs and if e € E(G), then G/e € Cs.
(C3) If H is a subgraph of G and if H,G/H € C,, then G € Cs.
(7) Let s > 1 be an integer. If a graph G € Cy, then p/(G) > s+ 1.

(8) Let s > 1 be an integer. If F'(G,s+1) < 1, then G € C, if and only if '(G) > s+1.
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(9) Let n,p, s be positive integers such that p > 2. Suppose that G is a simple graph
on n vertices. If

5(G) >~ 1,

n
p
then when n is sufficiently large (say n > p(1 + (1 +2(s +3) +2(p + 1)(s + 1)))), the
Cs-reduction of G has at most p vertices.

(10) Let n,p, s be positive integers such that p > 2. Suppose that G is a simple graph
on n vertices. If G is triangle free, and if
n
(G) > —
@25
then when n is sufficiently large (say n > 2p(1 4+ (1 +2(s +3) +2(p + 1)(s + 1)))), the
Cs-reduction of G has at most p vertices.

(11) Let n,p, s be positive integers such that p > 2. Suppose that G is a simple graph
on n vertices. If
IG)>——1

n
p ?
then when n is sufficiently large (say n > p(1 4+ (14 2(s +3) +2(p + 1)(s + 1)))), the

Cs-reduction of G has at most p vertices.



Chapter 2

Diameter of Second Order Circuit
Graph of Matroids

2.1 Introduction

Matroids and graphs considered in this paper are finite. For undefined notations and
terminology, see [4] for graphs and [58] for matroids. Let M be a matroid on a set FE.
The corank r*(M) of a matroid M is the rank of M*, the dual of M. For a subset S C E,
we abbreviate the expression r*(M|S) as r*S, and the dimension dS of S is defined to be
the number r*S — 1. Following Tutte [62], a subset S of E is called a flat of M if it is a
union of circuits of M. The null subset of F is considered as a null union of circuits, and
therefore a flat. Note that our definition of a flat here is different from that in [58].

For any subset S of E there is an associated flat (S), defined as the union of all the
circuits of M contained in S. Thus (S) is the union of the circuits of M|S. Note that
d(Z) =dZ =r*Z —1. A flat S is on a flat T if either S C T or T C S. A flat of
dimension k is called a k-flat. The 1-flats and 2-flats of M are the lines and the planes of
M, respectively. A flat S of M is called connected if M|S is a connected matroid.

There have been many studies on the properties of graphs arising from matroids. In
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[62], Tutte defined the circuit graph of a matroid M, denoted by C(M), whose vertices
are the circuits of M, where the two vertices in C'(M) are adjacent if and only if they
are distinct circuits of the same connected line. Tutte [62] showed that a matroid M is
connected if and only if C'(M) is a connected graph. In [48] and [49], Maurer defined the
base graph of a matroid. The vertices are the bases of M and two vertices are adjacent
if and only if the symmetric difference of these two bases is of cardinality 2. He also
discussed the graphical properties of the base graph of a matroid. Alspach and Liu [1]
studied the properties of paths and circuits in base graphs of matroids. The connectivity
of the base graph of matroids is investigated by Liu [44] and [45]. The graphical properties
of the matroid base graphs have also been investigated by many other researchers, see
23], 28], [39], [46], among others.

Recent studies by Li and Liu ([40], [41] and [42]) initiate the investigation of graphical
properties of matroid circuits graphs. Let M be a matroid, and let £ > 0 be an integer.
The kth order circuit graph Cy(M) of M has vertex set V(Cy(M)) = C(M), the set
of all circuits of M. Two vertices C,C" € C(M) are adjacent in Cy(M) if and only if
|C' N C’"| > k. For notational convenience, for a circuit C' € C(M), we shall use C to
denote both a vertex in Cy(M) and a circuit (also as a subset of E(M)) of M.

In their studies ([40], [41] and [42]), Li and Liu proved that Cy(M) possesses quite
good graphical connectivity properties. The purpose of this chapter is to investigate the
graphical properties possessed by Cy (M), a spanning subgraph of C (M), which represents
a relatively loose interrelationship among circuits in the matroid. We have proved in this
chapter that for a connected simple matroid M, the diameter of Cy(M) is at most 2 if
and only if M does not have a restriction isomorphic to Uy. Moreover, if a connected

simple matroid M is not a line, then Cy(M) is 2-connected.

In Section 2, we shall review some former results and develop certain useful lemmas
what will be needed in this paper. The last section will be devoted to the proofs of the

main results.
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2.2 Useful Results on Circuits and Flats

In this section, we summarize some of the useful former results, and developed a few
lemmas for our use. A matroid M is trivial if it has no circuits. In the following all

matroids will be nontrivial.

Theorem 2.2.1 (Tutte [62]) Let M be a matroid.

(i)(Theorem 4.21 [62]). Let L be a line of M and a € L, then (L —{a}) is the only circuit
on L which does not include a.

(i1)(Theorem 4.28 [62]). Let L be a disconnected line on a connected d-flat S of M, where
dS > 1. Then there exists a connected plane P of M such that L C P C S.

(7ii)( Theorem 4.281 [62]). Let L be a disconnected line on a plane P of M. Let X and
Y be its two circuits, and let Z be any other circuit on P. Then X U Z and Y U Z are
connected lines, the only lines of M which are on both Z and P.

(iv)(Theorem 4.56 [62]). A matroid M without coloops is connected if and only if its
circuit graph C(M) is a connected graph.

Also, throughout the rest of this section, M denotes a simple nontrivial matroid, and

C4 and (5 will denote two distinct circuits of M.

Lemma 2.2.2 [fC) and Cy are different circuits of a matroid M such that C1NCy = {e},
then:

(i) If C1 and Cy are on a line, then C1/ACy is a circuit of M and [(C1ACy) N Ci| > 2.
(ii) If Cy and Cy are not on a line, then there are circuits Cy and Cy of M such that
e € C3NCy, C, Cy, Cs, Cy are pairwise different and |C; N C;| > 2, for every i € {1,2}
and j € {3,4}.

Proof. First, we establish (i). Observe that C) — Cy and Cy — C are serious classes of
M|(CyUCy). But M|(Cy UCy) is connected and so for each element ¢’ € C;AC, there is
a circuit C' of M such that ¢ € C C C1ACy = (C; — Cy) U (Cy — C4). But by Theorem
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2.2.1 (i), C is the only circuit on (C1ACy). Therefore C1AC, = (C1UCy) —e C C. Then
C1ACy is a circuit of M.

Now, we show (ii). There is a connected line L of M such that C; C L C C; U Cs.
Choose a circuit C5 of M such that e € C3 C L and C3 # ;. There is a connected line
L’ of M such that Co C L' C C, UCy and (L' N C3) = (). We can choose a circuit Cy of
M such that e € Cy C L and Cy # Cs. O

Lemma 2.2.3 If C and Cs are on a disconnected line of a connected matroid M, then
there is a circuit Cy such that Cy U Cy and Co U Cy are connected lines with |Cy N Cy| > 2
and ’CQ N C()| Z 2.

Proof. By assumption, M|(C; U Cy) is a disconnected line. Since M is connected, by
Theorem 2.2.1(ii), there exists a connected plane P of M such that C; U Cy C P. By
Theorem 2.2.1(iii), let C' be any other circuit on P, then C, UC and C,UC' are connected
lines. Assume that there is not a circuit Cy on P such that |C1NCy| > 2 and |CoNCy| > 2.
By Lemma 2.2.2, we know that there is a circuit C with |C1NC3| > 2. Then |CoNCs| = 1.
By Lemma 2.2.2, CoAC} is a circuit and |(Co AC3)NCy| > 2. But also [(Co AC)NCY| > 2,

a contradiction. O

Lemma 2.2.4 Let Cy be a circuit of M. If e ¢ Cy, then there is a circuit Cy containing

e and Cy and Cy are on a connected line.

Proof. Since M is connected, there is a circuit C’ containing e and |C; NC’| # 0. Let Cy
be such a circuit and |C} U Cy| — r(Cy U Cy) is minimal. Since M is binary, C1;ACs is a
disjoint union of circuits of M. If C1ACs is a circuit, then C; and Cy are on a connected
line. If Ci;ACs is not a circuit, then there is C3 C C1ACy containing e. So we have
|Cy U Cs| — r(Cy U Cs) < |CyUCy| — r(Cy UCy) which is a contradiction. So € and Cy
are on a connected line. O

Lemma 2.2.5 If |C; N Cy| =0, and r(Cy) < r(Cy UCy) < |Cy U Cy| — 2, then there is a
circuit C'in M|(Cy U Cy) such that C' and Cy are on a connected line with |Cy N C| > 2,
|ConC > 2.
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Proof. There is e € Cy such that C; does not span e because, by hypothesis, r(C}) <
r(C1UCy). By Lemma 2.2.4, there is a connected line L such that C;Ue C L C Cy UCs.
If C is a circuit of M such that e € C C L and C # C;, then L — C; C C and so
|C' N Cy| > 2. Since |Cy| > 3, it is possible to choose C' such that |C' N Cy| > 2. O

2.3 Main Results

In this section, we shall prove our main results.

Theorem 2.3.1 . Let M be a connected simple matroid with more than one circuit. The
following statements are equivalent:

(i) M does not have a restriction isomorphic to Usg.

(i) diam(Cy(M)) < 2.

Proof. Assume that (i) holds. Let C; and Cy be two circuits of M. We shall show that
in Cy(M), either C} and Cy are adjacent, or there is a C5 which is adjacent to both C}
and Cy. Since if |C; N Cy| > 2, then C) and Cy are adjacent in Co(M ), we assume that
|C1 N Cy| < 1.

Case 1. (C;NCy ={e}. By Lemma 2.2.2, we know (ii) holds.
Case 2. |C; Ny = 0. In this case, we have 7(C; U Cy) < |C; U Co| — 2.

Subcase 2.1. If r(C1UCy) = |C1UCy| -2, then M|(CyUCy) is a disconnected line.
By Lemma 2.2.3, we can find a circuit Cj such that C; U Cy and Cs U Cy are connected
lines with |C; N Cy| > 2 and |Cy N Cp| > 2.

Subcase 2.2. If r(C; U Cy) < |Cy U Cy| — 2, then M|(Cy U Cy) is connected. If
r(Cy U Cy) > r(Ch) or r(Cy UCy) > r(Cy), without loss of generality, we assume that
r(Cy U Cy) > r(Cy). By Lemma 2.2.5, there is a circuit Cy in M|(Cy U Cy) such that Cj
and C; are on a connected line and |C; N Cy| > 2, |Cy N Cy| > 2.
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Subcase 2.3. If r(C1UCy) < |C1UC| —2 and r(CLUCy) = r(Ch) = r(Cy), assume
that in Co(M), Cy and Cy do not have a common adjacent vertex. Since M is a simple
matroid, then |C| > 3. Hence there are elements f1, fo, f3 € Cy and f; # f; for any i # j
(i,j =1,2,3).

Subcase 2.3.1. {fi, fo, f3} = C5. Then r(CyUCy) =r(Cy) = r(Cy) = 2. Therefore
M|(Cy U Cy) is isomorphic to Us g which is a contradiction.

Subcase 2.3.2. {f1, f2, f3} C Cs. Therefore in M|(Cy U {fi, f;}), any circuit
containing f; and f; has length 3 (i # j,4,j = 1,2,3). Hence we can find a circuit
Cs = {f1, fo, h} and Cy = {fa, f3,9} such that h,g € Cy. Since r({f1, f2, f3}) = 3, by
Lemma 2.2.2, {f1,h, f3, g} is a circuit of M. Then we can get a vertex adjacent to both

C, and C, which is also a contradiction.

Conversely, if M has a restriction X isomorphic to Us g, let C; and Cy be two different
circuits of X and C; N Cy = (), then the distance between C; and Cy in Co(M) is 3.
If not, then we have a circuit ¢’ of M with |C" N Cy| > 2 and |C"' N Cy| > 2. Let
Y =(C"NnCHU(C'"NCy). Then [Y| > 4and Y C X. Since M|X = Usg, and since

Y| > 4, Y must properly contain a circuit of M, contrary to the circuit axioms.

This completes the proof of the theorem. O

Theorem 2.3.2 . Let M be a connected simple matroid with more than one circuit, but
M is not a line, then Co(M) is 2-connected.

Proof. We argue by contradiction. Assume that C2(M) has a cut vertex Cy. Let C and
C be circuits of M such that they are in two different components of Cy(M) — Cjy and
|Cy N Cy] = 1. By Lemma 2.2.2(ii), we know that C; and Cy are on a connected line. By
Lemma 2.2.2(i), Cy = C1ACy. But M is not a line, then there is another circuit Cj5 in
different components of Cy(M) — Cy with C; and |[C3 N C;| =1 (i = lor2). Assume that
1 = 1. By Lemma 2.2.2, we know C and Cj are both adjacent to C1AC3 which is also a

circuit of M. We get a contradiction.

We prove the theorem. 0
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Theorem 2.3.3 . If M is a connected matroid with girth at least 2k — 1, then Cy(M) is

connected.

Proof. Let C'D be an edge of C(M). By definition, C' and D are different circuits of a
connected line of M. If |C' N D| > k, then CD is an edge of Cx(M). If |C'N D| < k, then
CAD C ', for some circuit C' of M. But |[CNC'|>|C—-D|>2k—-1)—(k—1)=k
and so CC" is an edge of Cy(M). Similarly, DC" is an edge of Cyx(M). Therefore Cy (M)

is connected because C' (M) is connected. O



Chapter 3

Removable Elements in Matroids

3.1 Introduction

The number of edge-disjoint spanning trees in a network, when modeled as a graph, often
represents certain strength of the network [18]. The well-known spanning tree packing
theorem of Nash-Williams [52] and Tutte [61] characterizes graphs with k edge-disjoint
spanning trees, for any integer £ > 0. For any graph G, the problem of determining which
edges should be added to G so that the resulting graph has k edge-disjoint spanning trees
has been studied, see Haas [21] and Liu et al [43], among others. However, it has not
been fully studied that for an integer k > 0, if a graph G has k edge-disjoint spanning
trees, what kind of edge e € E(G) has the property that G — e also has k-edge-disjoint
spanning trees. The research of this chapter is motivated by this problem. In fact, we
will consider the problem that, if a matroid M has k disjoint bases, what kind of element
e € F(M) has the property that M — e also has k disjoint bases.

We consider finite graphs with possible multiple edges and loops, and follow the
notation of Bondy and Murty [4] for graphs, and Oxley [58] or Welsh [64] for matroids,
except otherwise defined. Thus for a connected graph G, w(G) denotes the number of
components of G. For a matroid M, we use py; (or p, when the matroid M is understood
from the context) denotes the rank function of M, and E(M), C(M) and B(M) denote

13
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the ground set of M, and the collections of the circuits, and the bases of M, respectively.
Furthermore, if M is a matroid with £ = E(M), and if X C E, then M — X is the
restricted matroid of M obtained by deleting the elements in X from M, and M/X is
the matroid obtained by contracting elements in X from M. As in [58] and [64], we use
M — e for M — {e} and M/e for M/{e}.

The spanning tree packing number of a connected graph G, denoted by 7(G), is
the maximum number of edge-disjoint spanning trees in G. A survey on spanning tree
packing number can be found in [59]. By definition, 7(K;) = co. For a matroid M, we
similarly define 7(M) to be the maximum number of disjoint bases of M. Note that by
definition, if M is a matroid with p(AM) = 0, then for any integer k > 0, 7(M) > k. The

following theorems are well known.

Theorem 3.1.1 (Nash-Williams [52] and Tutte [61]) Let G be a connected graph with
E(G) # 0, and let k > 0 be an integer. Then 7(G) > k if and only if for any X C E(G),
|E(G — X)| > k(w(G - X) —1).

Theorem 3.1.2 (Edmonds [19]) Let M be a matroid with p(M) > 0. Then 7(M) > k if
and only if VX C E(M), |E(M) — X| > k(p(M) — r(X)).

Let M be a matroid with rank function r. For any subset X C E(M) with r(X) > 0,

the density of X is
RS

ru(X)

When the matroid M is understood from the context, we often omit the subscript M.
We also use d(M) for d(E(M)). Following the terminology in [11], the strength n(M)
and the fractional arboricity (M) of M are respectively defined as

dy(X) =

n(M) =min{d(M/X) : r(X) <r(M)}, and y(M) = max{d(X) : r(X) > 0}.
Thus Theorem 3.1.2 above indicates that

T(M) = [n(M)]. (3.1)
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For an integer &k > 0 and a matroid M with 7(M) > k, we define Ex(M) = {e €
E(M):7(M —e) > k}. Likewise, for a connected graph G with 7(G) > k, Ex(G) = {e €
E(G): 7(G —e) > k}. Using Theorem 3.1.1, Gusfield proved that high edge-connectivity
of a graph would imply high spanning tree packing number.

Theorem 3.1.3 (Gusfield [20]) Let k > 0 be an integer, and let k'(G) denote the edge-
connectwity of a graph G. If K'(G) > 2k, then 7(G) > k.

The next result strengthens Gusfield’s theorem, and indicates a sufficient condition
for a graph G to satisfy Fx(G) = E(G).

Theorem 3.1.4 (Theorem 1.1 of [13]) Let k > 0 be an integer, and let k'(G) denote the
edge-connectiwity of a graph G. Then k'(G) > 2k if and only if VX C E(G) with | X| < k,
7(G — X) > k. In particular, if K'(G) > 2k, then Ei(G) = E(G).

A natural question is to characterize all graphs G with the property Ex(G) = E(G).
More generally, for any graph G with 7(G) > k, we are to determine the edge subset
Ei(G). These questions can be presented in terms of matroids in a natural way. The
main purpose of this chapter is to characterize Ey(M), for any matroid with 7(M) > k.

The next theorem is our main result.

Theorem 3.1.5 Let M be a matroid and k > 0 be an integer. FEach of the following
holds.

(i) Suppose that (M) > k. Then Ex(M) = E(M) if and only if n(M) > k.

(i1) In general, Ex(M) equals to the mazimal subset X C E(M) such that n(M|X) > k.

For a connected graph G with M (G) denoting its cycle matroid, let n(G) = n(M(G))
and v(G) = v(M(G)). Then Theorem 3.1.5, when applied to cycle matroids, yields the
corresponding theorem for graphs.
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Corollary 3.1.6 Let G be a connected graph and k > 0 be an integer. FEach of the
following holds.

(i) If 7(G) > k, Ex(G) = E(G) if and only if n(G) > k.

(ii) In general, Ex(G) equals to the maximal subset X C E(G) such that every component
of n(G[X]) > k.

In the next section, we shall discuss properties of the strength and the fractional
arboricity of a matroid M, which will be useful in the proofs of our main results. We will
prove a decomposition theorem in Section 3, which will be applied in the characterizations
of Ex(M) and Ei(G) in Section 4. In the last section, we shall develop polynomial
algorithms to locate the sets Ej(M) and Ei(G).

3.2 Strength and Fractional Arboricity of a Matroid

Both parameters n(M) and (M), and the problems related to uniformly dense graphs
and matroids (defined below) have been studied by many, see [11, 9, 10, 14, 17, 26, 25, 27,
27, 54, 60], among others. From the definitions of d(M), n(M) and (M), we immediately
have, for any matroid M with »(M) > 0,

n(M) < d(M) < ~(M). (3:2)

As in [11], a matroid M satisfying n(M) = (M) is called a uniformly dense
matroid. Both n(M) and v(M) can also be described by their behavior in some parallel
extension of the matroid. For an integer ¢ > 0, let M; denote matroid obtained from M by
replacing each element e € F(M) by a parallel class of ¢ elements. (See Page 252 of [33]).
This matroid M; is usually referred as the t-parallel extension of M. For X C E(M),
we use X; to denote both the matroid (M|X); and the set E((M|X);).

Theorem 3.2.1 (Theorem 4 of [11], and Lemma 1 of [33]) Let M be a matroid and let
s >t >0 be integers. Then
(i) n(M) > ¢ if and only if n(M,) > 5.

t
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(ii) 7(G) < 2 if and only if 1(M;) < s.
(ii) tn(M) = n(My).
(i) ty(M) = ~y(My).

Theorem 3.2.2 (Theorem 6 of [11]) Let M be a matroid. The following are equivalent.
(i) (M) = d(M).

(i) ~(M) = d(M).

(i) (M) = ~(M).

(iv) n(M) = 2, for some integers s >t > 0, and M,, the t-parallel extension of M, is a
disjoint union of s bases of M.

(v) (M) = %, for some integers s >t > 0, and My, the t-parallel extension of M, is a

disjoint union of s bases of M.

For each integer k > 0, define
Te={M:7(M) > k}.
Proposition 3.2.3 The matroid family T satisfies the following properties.
(C1) If r(M) =0, then M € Ty.

(C2) If M € Ty and if e € E(M), then M/e € T.
(C3) Let X C E(M) and let N = M|X. If M/X € Ty and if N € Ty, then M € Ty.

Proof: Recall that the bases of the contraction M /X has the following form (see, for
example, Corollary (3.1.9) of by [58]).

B(M/X)={B'CE—X:B UBx € B(M)}, where By € B(M|X). (3.3)

Since when r(M) = 0, n(M) = oo, (C1) follows from the definition of 7 immediately.

If e is a loop of M, then e is not in any basis of M and so by (3.3), M/e = M — e.
Thus 7(M/e) = 7(M — e) = 7(M) > k. Therefore M/e € T},

Suppose e is not a loop. Let Bj,..., B, be disjoint bases of M. We assume that
Vie{1,2,--- ,k}, if e ¢ B;, then C; = Cy(e, B;) is the unique circuit of B; Ue. Since e
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is not a loop, Je; € C; —e. Define B, = B;Ue —¢;, if e ¢ B;; and B, = B;, if e € B;.
It follows that Bi, B), ..., Bj, are bases of M such that for any i # j, B, N B; = e. Note
that if X = {e}, then By = {e} € B(M|X). It follows by (3.3) that B] — e is a basis of
M /e, and all { B} — e} are disjoint. Hence M /e € T. This proves (C2).

Let BY,BY,..., B} be disjoint bases of N and B, B),..., B} be disjoint bases of
M/N. By (3.3), B{UB{,ByUBY, ..., B, U B are disjoint bases of M, and so M € T.
(]

Lemma 3.2.4 Let M be a matroid with r(M) > 0, and let | > 1 be fractional number.
Each of the following holds.

(i) (Lemma 10 of [11]) If X C E(M) and if n(M|X) > n(M), then n(M/X) = n(M).
(i1) (Theorem 17 of [11]) If X C E(M) and if d(X) = v(M), then n(M|X) = v(M|X) =
A(X) = A(M).

(1ii) A matroid M is uniformly dense if and only if VX C E(M), d(X) < n(M).

(iv) A matroid M is uniformly dense if and only if for any restriction N of M, n(N) <
n(M).

(v) If d(M) > 1, then there exists a subset X C E(M) with r(X) > 0 such that n(M|X) >
l.

Proof: (iii). If VX C E(M), d(X) < n(M), then in particular, d(M) < n(M). It
follows by (3.2) that d(M) = n(M), and so by Theorem 3.2.2, M is uniformly dense.
Conversely, suppose that there exists an X C E(M) with d(X) > n(M). Then by (3.2),
v(M) > d(X) > n(M), contrary to the assumption that M is uniformly dense.

(iv). By (iii) of this lemma, if M is uniformly dense, then for any restriction N, n(N) <
d(E(N)) < n(M). On the other hand, if M is not uniformly dense, then v(M) > n(M).
By the definition of v(M), there exists an X C E(M) such that d(X) = vy(M). It follows
by (ii) of this lemma that n(M|X) = d(X) = (M) > n(M), contrary to the assumption.

Hence M must be uniformly dense.

(v). By (3.2), v(M) > d(M) > I. By definition of v(M), there exists a subset X C E(M)
with r(X) > 0, such that d(X) = v(M). Let N = M|X. By (ii) of this lemma,
N(N) =~(N) = d(N) = y(M) = d(M) > 1. []
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For each rational number [ > 1, define

Sy = {M :n(M) > 1}. (3.4)

Corollary 3.2.5 Let p > q > 0 be integers. The matroid family S; satisfies the following
properties.

(C1) If r(M) =0, then M € S;.

(C2) If M € S; and if e € E(M), then M/e € S,.

(C3) Let X C E(M) and let N = M|X. If M/X € S; and if N € S, then M € S,.

Proof: As (C1) follows from the definition of  and (C2) follows from Lemma 3.2.4(i),
it suffices to prove (C3) only. Since [ = 2, and since both n(M/X) > £ and n(M|X) > £,
it follows by Theorem 3.2.1 that M,/(X,) = (M/X), € T, and M,|X, = (M|X), € T).
By Proposition 3.2.3(C3), M, € T,, and so by Theorem 3.2.1, M € §; = S = {M :
7(M,) > p}. This verifies (C3). [] '

Lemma 3.2.6 Let M be a matroid with (M) > k. Suppose that X C E(M) satisfies
n(M|X) > k. Then E(M|X) C En(M).

Proof: Let N = M|X. It is trivial if E,(N) = 0. Assume Ex(N) # 0. Let e € E(N).
Then 7(N —e) > k. By definition of contraction, (M —e)/(N—e) = M/N. Since M € Ty,
by Proposition 3.2.3(C2), M/N € T}. Since N —e € T and (M —e¢)/(N —e€) € Ty, by
Proposition 3.2.3(C3), M — e € Tj. Therefore e € E,(M). []

Lemma 3.2.7 Let M be a matroid, and N be a restriction of M. If M/N,N € Ty, and
if both Ex(N) = E(N) and Ex(M/N) = Ex(M/N), Then Ey(M) = E(M).

Proof: Let e € E(M). There are two cases to be considered.

Case 1: e€ E(M)—E(N)= E(M/N). Since Ex(M/N)= E(M/N), 7(M/N —e¢) > k.
But (M —e)/N = M/N —e € Ty, and N € Ty, by Proposition 3.2.3(C3), M —e € Ty.
Hence e € E(M) C E(M).
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e}

Case 2: e € E(N). Since Ex(N) = E(N), 7(N —e) > k. Note that (M —e)/(N —e) =
M/N € Ty. By Proposition 3.2.3(C3), M —e € Ty, and so e € Ex(M) C E(M).

As for any e € E(M), e € Ex(M), we have Ex(M) = E(M). []

3.3 A Decomposition Theorem

Throughout this section, we assume that M is a matroid with r(M) > 0. A subset
X C E(M) is an n-maximal subset and M|X is an n-maximal restriction if for any
subset Y C E(M), Y properly contains X, we have n(M|Y) < n(M|X).

Lemma 3.3.1 If X C E(M) is an n-mazimal subset, then X is a closed set in M.

Proof: Let n(M|X) = $ for some integers s > t > 0. It follows by Theorem 3.2.1(i)
that M|X has s bases By, Ba, -+, By such that every elements of X lies in at most ¢ of
these bases. Suppose that X is not closed. Then there exists an e € cly;(X) — X, and so
r(XUe) =r(X). Thus By, By, -, By are also bases of M|(X Ue), and every element in
X Ue lies in at most t of these bases. By Theorem 3.2.1(i), n(M|(X Ue)) > 3 = n(M|X),

contrary to the assumption that X is an n-maximal subset. []

Lemma 3.3.2 Let W, W' C E(M) be subsets of E(M), and let | > 1 be an integer. If
n(M|W) > 1 and n(M|W') > 1, then n(M|(W UW’)) > L.

Proof: Let N = M|(W UW’). Since N/W = (M|W")/(W n W), it follows by
Corollary 3.2.5 (C2) that n(N/W) =n((M|W')/(W NW")) > n(M|W') > [. Hence both
N/W € § and M|W € §;. It then follows by Corollary 3.2.5 (C3) that N € S;. Thus

n(N) =1 [

If Ny and N, are two restrictions of M, we denote by Ny U Ny = M|(E(Ny)U E(N2)),
the restriction of M to the union of the ground sets of N; and N,. This notation can be

extended to any finite union of restrictions.
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Lemma 3.3.3 Let N be a restriction of M. Then M must have an n-maximal restriction
L such that both E(N) C E(L) and n(L) > n(N).

Proof: Suppose that n(N) = [ for some rational number [ > 1. Let Fy be the collection
of all restrictions N' of M such that n(N') > I. Define L = {J,,.r, N As N € Fy,
E(N) C E(L). By Lemma 3.3.2, n(L) > [. By the definition of L, L must be n-maximal.

[]

Lemma 3.3.4 For any restriction N of M, n(N) < ~(M).

Proof: By (3.2), n(N) < d(N) < (M), and so it follows from the definition of v(M).
]

Theorem 3.3.5 Let M be a matroid with r(M) > 0. Then each of the following holds.
(i) There exist an integer m > 0, and an m-tuple (11, ls, ..., 1) of positive rational numbers
such that

and a sequence of subsets
IJn C...C Iy C J1 = E(M), (36)
such that for each i with 1 < i < m, M|J; is an n-maximal restriction of M with

n(M|J;) = 1;.
(ii) The integer m and the sequences (3.5) and (3.6) are uniquely determined by M.
(iii) For every i with 1 <1 <m, J; is a closed set in M.

Proof:  Let R(M) denote the collection of all n-maximal restrictions of M. By
Lemma 3.3.3, R(M) is not empty. Since E(M) is finite,
|R(M)] is a finite number. (3.7)

Define
spa(M) = {n(N) : N € RHO(M)}.
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By (3.7), |sp,(M)| is finite. Since M €
RHO(M), |sp, (M) 2 1.

Let m = |sp,(M)|. Denote
spp(M) ={l,ls, ..., 1}, such that [} <ly < ... <y,
By Corollary 3.2.5(C3), and by the definition of (M), we have
n(M) =1y, and y(M) = L. (3.8)

For each j € {1,2,...,m}, let N; denote the n-maximal restriction of M with n(N;) = ;,
and define

By the definition of S,
Sll B 812 D...D Slm- (310)
Hence by (3.8), (3.9) and (3.10),
EM)=J,2J2 .2 Jn. (3.11)

Since
RHO(M) and sp, (M) are uniquely determined by M, the integer m, the m-tuple (I3, s, ..., l;y)
and the sequence (3.6) are all uniquely determined by M.

(iii). This follows from Lemma 3.3.1. ]

For a matroid M, the m-tuple (I, s, ..., 1,,) and the sequence in (3.6) will be referred

as the n-spectrum and the n-decomposition of M, respectively.

Corollary 3.3.6 Let M be a matroid with n-spectrum (3.5) and n-decomposition (5.6)
such that m > 1. Then each of the following holds.

(i) M/Js is a uniformly dense matroid with n(M/Jy) = v(M/Jy) = n(M).

(ii) For any integer k with Iy < k < l,,,, E(M) has a unique subset Zy, such that Zj is
n-mazximal and such that n(M|Zy) > k.
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Proof: (i) Since m > 1, n(M|.Js) = Iy > I = n(M). It follows by Lemma 3.2.4
that n(M/Jy) = n(M). To see that M/J, is uniformly dense, we argue by contradic-
tion. Suppose that M/Jy is not uniformly dense, and that v(M/Jy) > n(M/J2). It
follows by the definition of  that there is a subset J" C E(M/X5) such that dy s, (J') =
v(M/Js). By Lemma 3.3.3, M/.Jy has an n-maximal subset J” (containing J’) such that
n((M/J)|J") =1 > n(M) = 1. Ifl' > I, then by Lemma 3.3.2, n(M|(Jo U J")) > o,
and so Jy is not p-maximal, contrary to the conclusion of Theorem 3.3.5. Thus we may
assume that Iy > " > [;. Since J” is p-maximal in M/.Jy, by Lemma 3.2.4((i), Jo U J"
is also n-maximal, and so by Theorem 3.3.5, the n-spectrum of M much contain [’. It
follows that (,ls, ..., 1) cannot be the n-spectrum of M, contrary to the assumption of

the corollary. This proves (i).

(ii) Let j < m be the smallest integer such that [; > k, and let Z; = J;;. Then (ii) of
this corollary follows from Theorem 3.3.5. []

The unique subset Zj, stated in Part (ii) of Corollary 3.3.6 will be called the 7-

maximal subset at level £k of M.

Corollary 3.3.7 Let M be a matroid with with n-spectrum (3.5). Then M is uniformly
dense if and only if m = 1.

Proof: By definition, M is uniformly dense if and only if (M) = n(M). Since [ = n(M)
and [, = y(M), it follows that M is uniformly dense if and only if m = 1. []

3.4 Characterization of the Removable Elements with

Respect to Having k£ Disjoint Bases

The main purpose of this section is to investigate the behavior of the set Fy(M). We first
observe that matroids M with Ej(M) = ) can be characterized in terms of the density of
M.
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Proposition 3.4.1 Let k > 0 be an integer, and M be a matroid with 7(M) > k. Then
Ep(M) =0 if and only if d(M) = k.

Proof: Since 7(M) > k, M has disjoint spanning bases By, Bs, - - -, B, and so
k
kr(M) = |B)| < |E(M)| = d(M)r(M),
i=1

where equality holds if and only if & = d(M). It follows by Theorem 3.2.2 (iv) (with
s =k and t = 1) that k = d(M) if and only if E(M) = Ule B;, and so if and only if

Accordingly, when 7(M) > k, E,(M) # 0 if and only if d(M) > k. We have the

following characterization.

Theorem 3.4.2 Let k > 2 be an integer. Let M be a graph with 7(M) > k. Then each
of the following holds.

(i) Ex(M) = E(M) if and only if n(M) > k.

(i1) In general, if n(M) =k and if m > 1, then Eyx(M) = Jy equals the n-mazimal subset
at level k of M.

Proof: Since 7(M) > k, it follows by (1) that n(M) > k.

(i). If n(M) = k, then by Theorem 3.3.5 or by Corollary 3.3.6, there exists an unique
subset J C E(M) (say, J = Jy in the n-decomposition of M) such that M/J is uni-
formly dense with n(M/J) = v(M/J) = n(M) = k. It follows by Theorem 3.2.2 that
d(E(M/J)) = k, and so by Proposition 3.4.1, for any e € E(M) — J = E(M/J),
(M —e)/J) = 7(M/J —e) < k. Thus by 7(M —e)|J) = 7(M|J) > k and by
Proposition 3.2.3(C3), 7(M — e) < k. This proves the necessity of (i).

We shall argue by contradiction to prove the sufficiency. Assume that the sufficiency
of (i) fails, and that

M is a counterexample with (M) minimized. (3.12)
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Then
n(M) > k but E,(M) # E(M). (3.13)

Claim 1: M does not have a restriction N with r(N) < (M) and n(N) > k.

Suppose not, and that M has a restriction N with n(N) > k. As r(N) < r(M), it
follows by (3.12) that Fx(N) = E(N). By Lemma 3.2.4, n(M/N ) n(M) > k. Since
n(N) >k, r(N) >0, and so r(M/N) < r(M). By (3.12), Ex(M/N) = E(M/N). By (1),
both M/N,N € Tk, and so by Lemma 3.2.7 that E(M) = E(M), contrary to (3.13).
This proves Claim 1.

The next claim follows from Claim 1 and Lemma 3.2.4 (iv).
Claim 2: M is uniformly dense.

By (3.12) and by (3.13), we may assume that
T(M) >k and n(M) > k, but e € E(M), 7 (M —e) <k —1. (3.14)
Fix e € E(M) so that 7(M —e) < k —1 as in (3.14). It follows by (3.2) and by

T(M —e) < k — 1 that n(M — e) < k. On the other hand, by Claim 2, M is uniformly
dense, and so by Theorem 3.2.2,

k< (M) = d(M) =

This implies |[E(M)| > kr(M)+1. Since M has k > 2 disjoint bases, e cannot be a coloop
of M, and so r(M —e) = r(M). Hence

d(E —e)=

By Lemma 3.2.4(v), E(M) has a subset X C E(M) with r(X) > 0 such that n(M|X) > k.
Hence 7(M|X) = |[n(M|X)| > k. By Corollary 3.2.5 (C2), n(M/X) > n(M) > k. Since
r(X)>0,r(M/X)<r(M).

By e € E(M/X), and by (3.12), 7((M —e)/N) =7(M/N —e) > k. As 7(N) > k, it
follows by Proposition 3.2.3(C3) that 7(M — e) > k, contrary to (3.14). This proves the
sufficiency of (i).
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(ii). We assume that n(M) = k. If d(M) = k, then by Proposition 3.4.1, Ex(M) = 0.
On the other hand, by Theorem 3.2.2, M is uniformly dense and so by Lemma 3.3.7, the
n-maximal subset of level k of M is an empty set. Thus if d(M) = k, then (ii) holds with
Eu(M) = 0.

Now assume that d(M) > k. By Lemma 3.2.4(v), v(M) > d(M) > k = n(M),
and so M is not uniformly dense. By Lemma 3.3.7, if M has (3.5) as its n-spectrum
and sequence (3.6) as its n-decomposition, then m > 1. Hence by Lemma 3.3.6(ii), the
n-maximal subset of level k of M equals Jy. It follows by Part (i) of this theorem that
Ex(M|Jy) = Jo. By Lemma 3.2.6,

Jo = Ep(M|J2) C Ep(M). (3.15)

On the other hand, by Lemma 3.3.6(i), M/Js is uniformly dense with n(M/Jy) = n(M) =
k, and so by Proposition 3.4.1, Ex(M/Js) = 0. By Theorem 3.3.5(iii), J5 is closed in M,
and so

En(M) C E(M) — E(M/J5) = Ja. (3.16)
Combining (3.15) and (3.16), we have E(M) = J,, which proves Part (ii) of the theorem.
[]

Applying Theorem 3.4.2 to cycle matroids of connected graphs, we obtain the corre-

sponding theorem for graphs.

Corollary 3.4.3 Let k > 2 be an integer, and G be a connected graph with 7(G) > k. Let
(3.5) and (3.6) denote the n-spectrum and n-decomposition of M(G), respectively. Then
each of the following holds.

(i) Ex(G) = E(G) if and only if n(G) > k.

(i) In general, if n(G) =k and if m > 1, then E(G) = Jo equals the n-maximal subset
at level k of M(G).



CHAPTER 3. REMOVABLE ELEMENTS IN MATROIDS 27

3.5 Polynomial Algorithms Identifying the Excessive

Elements

We remark that there exists a polynomial algorithm which can identify the excessive

element subset Ey (M) for any given integer k > 0 and any matroid M.

Modifying an algorithm of Kruth (see Page 368 of [64]), Hobbs in [24] obtained an
algorithm in O(|E(M)[3(r(M)*) time (referred as Hobbs’ Algorithm below) such that
for any matroid M, it computes n(M) and (M), and finds the n-maximal subset J of M
such that n(M|J) = v(M). By Theorem 3.3.5, this n-maximal subset J of M equals J,,
in (3.6).

For any matroid M, Hobbs’ Algorithm outputs i,, = v(M) and J,, in (3.6). If
E(M) # J, (which means m > 1), then by Lemma 3.2.4 (i), we replace M by M/ J,,,
and run Hobbs’ Algorithm to get v(M) = i,,_1 and the n-maximal subset J' of M/ J,,,
and so J,,_; = J' U J,,. This process can be repeated m times to generate all subsets
Ji, Jo, -+ I in (3.6). In particular, by Theorem 3.4.2; it also computes Ej(M).



Chapter 4

Reinforcing a matroid to have k£

disjoint bases

4.1 Introduction

In this chapter, we use N and Q_, to denote the set of all natural numbers and the set
of all positive fractional numbers, respectively, and consider finite matroids and graphs.
Undefined notations and terminology can be found in [58] or [64] for matroids, and [4] for
graphs. Thus for a connected graph G, w(G) denotes the number of components of G.
For a matroid M, rys (or r, when the matroid M is understood from the context) denotes
the rank function of M, and E(M), Z(M), C(M) and B(M) denote the ground set of
M, and the collections of independent sets, the circuits, and the bases of M, respectively.
Furthermore, if M is a matroid with £ = E(M), and if X C E, then M — X is the
restricted matroid of M obtained by deleting the elements in X from M, and M/X is the
matroid obtained by contracting elements in X from M. As in [58] or [64], we use M —e
for M — {e} and M /e for M /{e}.

For a matroid M, let 7(M) denote the maximum number of disjoint bases of M. For
a graph G, define 7(G) = 7(M(G)), where M(G) denotes the cycle matroid of G. Thus
if G is a connected graph, then 7(G) is the spanning tree packing number of G.

28
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Readers are refereed to [59] for a survey on 7(G). The well-known spanning tree packing
theorem of Nash-Williams [52] and Tutte [61] characterizes graphs with k& edge-disjoint
spanning trees, for any integer k > 0. Edmonds [19] proved the corresponding theorem

for matroids.

Let k > 0 be an integer. For any matroid M with 7(M) > k, which element e € E(M)
has the property that 7(M — e) > k? Characterizations of all such elements have been
found in [36] and [35]. For a graph G, the problem of determining which edges should
be added to G so that the resulting graph has k edge-disjoint spanning trees has been
studied, see Haas [21] and Liu et al [43], among others. As the arguments in these papers
are involved vertices, it is natural to consider the possibility of extending these results to
matroids. Since matroids in general do not have a concept corresponding to vertices, one
can no longer add an element to a matroid as adding an edge in graphs. Therefore, we
need to reformulate the problem so that it would fit the matroid setting while generalizing

the graph theory results.

Let M be a matroid and k € N. If there is a matroid M’ with 7(M’) > k such that
M’ has a restriction isomorphic to M (we then view M as a restriction of M’), then M’ is
a (17 > k)-extension of M. We shall show that any matroid has a (7 > k)-extension. We
then define F'(M, k) to be the minimum integer [ > 0 such that M has a (7 > k)-extension
M’ with |[E(M")|—|E(M)| = I. The main purpose of this chapter is to determine F'(M, k)

in terms of other invariants of M.

By definition, if M is a matroid with (M) = 0, then Vk € N, 7(M) > k. Accordingly,
for a connected graph G, if |V (G)| = 1, then 7(G) > k for any k € N. For a graph G, then
edge arboricity of GG, denoted by a;(G), is the minimum number of spanning trees of G
whose union equals E(G). For a matroid, we define the similar concept ~; (M), which is
the minimum number of bases of M whose union equals E(M). The following theorems

are well known.

Theorem 4.1.1 (Nash-Williams [53]) Let G be a connected graph with |V (G)| > 1, and
let k > 0 be an integer. Then ai(G) < k if and only if VX C E(G), |X| < kr(G[X]).
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Theorem 4.1.2 (Edmonds [19]) Let M be a matroid with r(M) > 0. Then v1(M) < k
if and only if VX C E(M), | X| < kr(X).

Thus Theorem 4.1.2 above indicates that

Nn(M) = [y(M)]. (4.1)
Our main result of this chapter can now be stated as follows.

Theorem 4.1.3 For k € N, let M be a matroid with T(M) < k and let i(k) denote the
smallest i; in (3.5) such that i(k) > k. Then

(i) F(M, ) = K(r(M) = r(Jiay)) — [EQM) = T,

(it) F (M, k) = maxxcpon{kr(M/X) = [M/X]}.

In the next section, we shall present some of the useful properties related to strength
and fractional arboricity of a matroid M, and to the decomposition of M. Section 3 will
be devoted to the proofs of the main results. In the last section, we shall show some

applications of our main results.

4.2 Preliminaries

Both n(M) and v(M) have been studied by many, see [11], [25] and [27], among others.

A matroid M satisfying n(M) = (M) is called a uniformly dense matroid. The
both n(M) and (M) can also be described by their behavior in some parallel extension
of the matroid.

Definition 4.2.1 Let M be a matroid and let ¢ : E(M) — N be a function. For each
e € BE(M), let X, = {e*,e?,--- e} be a set such that X, N Xo = 0, Ve, e’ € E(M)
with e # €. The ¢-parallel extension of M, denoted by My, is obtained from M
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by replacing each element e € E(M) by a class of ¢(e) parallel elements X.. Thus
E(My) = U.epon Xe such that a subset Y C E(My) is independent in My if and only if
both {e € E(M) : X, NY # 0} is independent in M and Ve € E(M), |X.NY| < 1. For
teN, if Ve € E(M), ¢(e) =t is a constant function, we write M, for My, and call M,

the t-parallel extension of M.

Let B/ = {e' : e € E(M)} C E(M,). Then the bijection e > e* between E(M) and
E' yields a matroid isomorphism between M and My|E'. Under this bijection, we shall
view M = My|E" as a restriction of M.

4.3 Characterization of the Must-Added Elements
with Respect to Having k£ Disjoint Bases

The main purpose of this section is to prove Theorems 4.1.3. We will start with a lemma.

Lemma 4.3.1 Let M be a matroid and let k > 0 be an integer. Each of the following
holds.
(i) n(M) > k if and only if F(M,k) = 0.
(ii) If v(M) < k, then
F(M, k) = kr(M) — |E(M)|.

and for some ¢ : E(M) — N, M, is a matroid that contains M as a restriction such that
n(My) = v(My) =k, and such that |[E(My)| — |E(M)| = F(M, k).

Proof: (i) By (4.1), n(M) > k if and only if 7(M) > k. By the definition of F(M, k),
T(M) > k if and only if F(M, k) = 0. This proves (i).

(ii) Since y(M) < k, it follows by (4.1) that M has disjoint bases By, --- By such
that E(M) = U, Bi. Define ¢(e) = [{B; : ¢ € B;}|. Then ¢ : E(M) — N. Let
L = My be the ¢-parallel extension of M. Then by Definition 4.2.1, M is contained
in L as a restriction. Moreover, both |E(L)| = Y2F | |Bi| = kr(M) and 7(L) = k. Tt
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follows by Theorem 3.2.2 that n(L) = v(L) = k. Hence F(M,k) = |E(L)| — |[E(M)| =
kr(M) — |E(M)]. ]

When k = 2, the cycle matroid version of Lemma 4.3.1 has been frequently applied
in the study of supereulerian graphs, see Theorem 7 of [7] and Lemma 2.3 of [12], among

others. (For a literature review on supereulerian graphs, see [6] and [16].)

Proof of Theorem 4.1.3(i): Let M be a matroid with (M) > 0. If 7(M) > k, then
by (4.1) and by Theorem 3.3.5, i(k) = i1, and so

E(M) = Jy, and F(M, k) =0.

Thus Theorem 4.1.3(i) follows trivially with (M) > k. Hence we assume that 7(M) < k.
By Theorem 3.3.5, we must have m > 1. Let i(k) be the smallest 4; in n-spectrum (3.6)
of M such that i; > k. By Theorem 3.3.5, n(M|J;x)) > k. Let M" = M/J;y). By the
assumption that n(M) < k and by Lemma 3.2.4(i), n(M') = n(M). By the choice of i(k),
v(M') < k, and so by Lemma 4.3.1,

F(M' k) = kr(M') — |E(M")|, (4.2)

and there must be a function ¢’ : E(M’) — N such that M}, satisfies n(M,) = (M) =
k. Define ¢ : E(M) +— N as follows:

. (b'(e) if e € Ji(k)
#le) = { 1 if e € Ji

Then M, is a matroid that contains M as a restriction, such that Jy(M) C E(M,). By
the definition of ¢, My|Jiwy = M|Jyw)y € Sk. Since My/Jywy = M, €, it follows by
Proposition 3.2.5(C3) that M, €. Thus by (4.2) and by Lemma 3.3.1,
F(M,k) = F(M' k)=kr(M)—|EM")
= k(r(M) = r(Jiw)) = [EM) = Jig),
and so Theorem 4.1.3(i) is established. []
To continue our proof for Theorem 4.1.3, we introduce the following function: for any

X C E(M), define
fk(M, X) =kr(M/X)—|M/X|, and Fp(M) = max {fx(M,X))}. (4.3)

XCE(M)
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The function f(M, X) was introduced by Bruno and Weinberg [5] to investigate the
principal partition of matroids. They are closely related to the strength and fractional

arboricity of matroids, as to be shown in Lemma 4.3.2 below.

Lemma 4.3.2 Let M be a matroid with r(M) > 0, and let k > 0 be an integer. Each of
the following holds.

(i) Fr,(M) = 0 if and only if n(M) > k.

(i1) F.(M) = fi.(M,0) if and only if v(M) < k.

(iii) Let i(k) denote the smallest i; in (8.5) such that i(k) > k, and J;y, the corresponding
set in the n-decomposition (5.6) of M. Then Fi,(M/Jyy)) = F(M, k).

(iv) For any e € E(M), Fp(M) > Fp(M/e). In particular, Fp(M) > F(M, k).

(v) If Xo C E(M) satisfies F,(M) = fi.(M, Xy), then F,(M) = fi,(M/Xo) = F.(M/Xo) =
(M) Xo,0) and v(M/Xo) < k.

Proof: (i) By definition (4.3), Fx(M) = 0 if and only if VX C E(M), fi(M,X) =
kr(M/X) — |[E(M/X)| < 0. By the definition of n(M), VX C E(M), kr(M/X) —
|E(M/X)| <0 if and only if (M) > k.

(ii) By the definition of Fy (M), Fp(M) = fe(M, 0 if and only if VX C E(M),
k(r(M) —r(X)) — |E = X[ < kr(M) — |E];

and so if and only if VX C E(M) with »(X) > 0, % < k. By the definition of v(M),
this happens if and only if v(M) < k.

(iii) By Theorem 3.3.5, v(M/Jy)) < k. By (ii) of this lemma, by Lemma 3.3.1, and
by Theorem 4.1.3,

Fo(M/ Jiwy) = fo(M]Jiwy, 0) = r(M/Jigy) — | M/ Jiwy|
= r(M) —r(Jiw) — |E] = |Jig| = F(M, k).

(iv) For any e € E(M), by the definition of Fj(M) in (4.3), Fp(M) > Fp(M/e). It
follows by (iii) of this lemma that Fy(M) > fi.(M,X) = F(M, k).
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(v) By (iv), and by the choice of X, we have
Fi (M) 2 Fi(M/Xo) = fi(M/X0,0) = fiu(M, Xo) = Fi(M).
Thus we must have both Fi(M) = fi(M/Xo) and F,(M/Xy) = fe(M/Xo,0). It follows

by (ii) that v(M/X,) < k. This proves (v). []

Lemma 4.3.3 Suppose that Xo C E(M) satisfies fr(M, Xo) = F.(M). Thenn(M|X,) >

k.

Proof: By Lemma 4.3.1(i), it suffices to show that Fy(M|Xy) = 0. For any Y C X, as
Se(M| X0, Y) = k(r(Xo)—r(Y))=[Xo|+|Y], and fi(M, Xo) = kr(r(M)—(Xo))—|E(M)|+|Xol.

It follows that fip(M|Xo,Y) + fu(M, Xo) = fu(M,Y) < Fi(M) = fi(M, Xo). Thus by
definition, fj(M|Xo,Y) < 0. This implies that F},(M|X,) = 0, and so n(M|Xo) > k. []

Proof of Theorem 4.1.3(ii): By Lemma 4.3.2(iv), it suffices to show that Fj (M) <
F(M, k). We shall argue by induction on |E(M)| to proceed the proof.

Suppose first that Fj,(M) = 0. Then by Lemma 4.3.2(i), F(M) = 0 if and only if
n(M) > k. By Lemma 4.3.1(i), we have F(M,k) = 0 = Fy(M) in this case. Thus we
assume that Fi(M) > 0.

By Lemma 4.3.1(i), Fi(M) > 0 if and only if n(M) < k. If v(M) < k, then by
Lemma 4.3.1(ii), and by Lemma 4.3.1(ii),

Fy(M) = fi,(M,0) = kr(M) — |[E(M)| = F(M, k).
Hence we may assume that Theorem 4.1.3(ii) holds for smaller values of |E(M)|, and that
n(M) <k <~y(M). (4.4)

By induction, we may assume that M does not have loops. By Theorem 3.3.5, and by
(4.4), both i(k), the smallest 7; in (3.5) such that i; > k, and J;(), the corresponding set
in (3.6), exist.
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Let Xo C E(M) be such that Fp(M) = f.(M,Xo). By (4.4), Xo # 0. Since M is
loopless, r(Xy) > 0, and so |E(M/X,)| < |E(M)|. By Lemma 4.3.2(v) and by induction,

we have

Fp(M) = fo(M/Xo) = Fp(M/Xo) = F(M/Xo, k), and v(M/Xo) < k. (4.5)

Suppose that F(M,k) = . Then there exists a matroid M’ with M’ € Sy, which
contains M as a restriction and satisfies |E(M') — E(M)| = I. Note that Xy C E(M) C
E(M'). Let W =E(M')— E(M), and Wy =W — clpp(Xo). Then |[Wy| < |W].

Since M’ € Sy, it follows by Proposition 3.2.5(C2) that M'/X, € Si. Since M
is a restriction of M’, M/X, is a restriction of M’/ X,. It follows by the definition of
F(M/Xy,k) and by (4.5) that

FL(M) = F(M/Xo, k) < |E(M'/Xo) — E(M/Xo)| < [Wo| < W] = F(M. k.

This, together with Lemma 4.3.2(iv), implies Theorem 4.1.3(ii). []

4.4 Applications

Let G be a graph, and M = M(G) is the cycle matroid of G. Let F'(G,k) = F(M(G), k),
and fy(G,X) = fr(M(G),X), for any edge subset X C FE(G). Let w(G) denote the
number of connected components of G. The next theorem follows immediately from
Theorem 4.1.3.

Theorem 4.4.1 (Theorems 3.4 and 3.10 of [43]) For k € N, let G be a connected graph
with T(M(G)) < k and let i(k) denote the smallest i; in (3.5) such that i(k) > k. Then
(i) F(G,k) = k(V(G)| — IV(GligD] + w(Glh]) — 1) — [E(G) — T,

(i) F(G, k) = maxxcp){fe(G, X)}.

The problem of reinforcing graphs to have k edge-disjoint spanning trees has also been

investigated by others. In [21], the following is proved.
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Theorem 4.4.2 (Haas, Theorem 1 of [21]) The following are equivalent for a graph G,
and integers k > 0 and | > 0.

(i) E(G)| = k(|V(G)| —1) =1 and for subgraphs H of G with at least 2 vertices, |E(H)| <
K(V(H)| - 1).

(ii) There exists some | edges which when added to G result in a graph that can be decom-

posed into k spanning trees.

Proof: Assume that (i) holds. Then by (3.1), v(M(G)) < k. It follows by the assump-
tion that F(G)| = k(|V(G)| — 1) — [ and by Lemma 4.3.1(ii) that F(G, k) = [, and so (i)

is obtained.

Assume (ii) holds. Since adding [ edges to G can result in a graph in Sy, by (3.1) and
by (4.1), v(M(G)) < k. By Lemma 4.3.1(ii),

VG = 1) - [E(G)] = F(G k) =1,

and so (i) must hold. []



Chapter 5

Supereulerian Width of Graphs

5.1 Introduction

Graphs in this paper are finite and may have multiple edges but no loops. Terminology
and notations not defined here are referred to [4]. In particular, for a graph G, §(G), A(G),
k(@) and K'(G) represents the minimum degree, the maximum degree, the connectivity
and the edge connectivity of a graph G, respectively. For subgraphs H;, Hy of G, Hy U H,
and H; N Hy denote the union and intersection of H; and H,, respectively, as defined in
[4]. For vertices u,v € V(G), a trail with end vertices being u and v will be referred as
a (u,v)-trial. We use O(G) to denote the set of all odd degree vertices in G. A graph G
is Eulerian if O(G) = () and G is connected, and is supereulerian if G has a spanning

Eulerian subgraph.

Let G be a graph, and s > 0 be an integer. For any distinct u,v € V(G), an (s;u,v)-
trail-system of G is a subgraph H consisting of s edge-disjoint (u,v)-trails. A graph is
supereulerian with width s if Vu,v € V(G) with v # v, G has a spanning (s;u,v)-
trail-system. The supereulerian width ;/(G) of a graph G is the largest integer s such
that G is supereulerian with width & for any integer k£ with 1 < k < s. Luo et al in [47]
defined graphs with mu/(G) > 2 as Eulerian-connected graphs and investigated, given

an integer r > 0, the minimum value ¢ (r) such that if G is a ¢ (r)-edge-connected graph,

37
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then VX C E(G) with | X| <r, ¢/(G—X) > 2. Note that if for some vertices u and v, G
does not have a spanning (u,v)-trial, then y/(G) = 0. The vertex counter-part of 1/(G),

called the spanning connectivity of a graph, has been intensively studied, as can be seen
in Chapters 14 and 15 of [29].

Throughout this paper, as in [4], G[X] denotes the subgraph induced by an edge
subset X C FE(G). When no confusion arises, we shall often adopt the convention that
for an edge subset X C F(G), X denotes the edge subset as well as the subgraph G[X]
of G.

In [3], Boesch et al first raised a problem to determine when a graph is supereulerian.
They remarked that such a problem would be a difficult one. In [55], Pulleyblank con-
firmed the remark by showing that the problem to determine if a graph is supereulerian,

even within planar graphs, is NP-complete.

In [8], Catlin introduced collapsible graphs as a tool to study supereulerian graphs.
Catlin (Theorem of [8]) and Lai et al (Theorem 2.3(iii) of [37]) showed that if G is
collapsible, then p/(G) > 2. Most of the studies on supereulerian graphs with width at
most 2 can be found in Catlin’s survey [6] and its update [16]. By definition, we have the

obvious inequality
p'(G) < K'(G), for any connected graph G. (5.1)

Knowing when the equality in (5.1) will hold is one of the most natural questions. One
purpose of this paper is an effort to investigate graphs G such that for a given integer
k, 1/(G) > k if and only if £'(G) > k. Motivated by Catlin’s work in [8], we extend the
concept of collapsible graphs to s-collapsible graphs, and use it to develop an associate
reduction method using s-collapsible graphs in Section 2. In Section 3, we study the
s-collapsibility of complete graphs and some other dense graphs, and verify that for any
graph G with at most 6 vertices and not isomorphic to K33, ¢/(G) > 3 if and only if
k' (G) > 3. In the last section, we apply the reduction method associate with s-collapsible
graphs to study the structure of reduced graphs under a degree condition. These allow us

to obtain a best possible degree condition for supereulerian graphs with width at least 3.
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5.2 Reductions with s-Collapsible Graphs

Throughout this paper, we adopt the convention that any graph G is 0 edge-connected,
and let s > 1 denote an integer. For sets X and Y, the symmetric difference of X and
Y is

XAY =(XUY)—(XnNY).

Definition 5.2.1 A graph G is s-collapsible if for any subset R C V(G) with |R| =0
(mod 2), G has a spanning subgraph I'r such that

(i) both O(T'r) = R and k' (I'g) > s — 1, and

(ii)) G — E(I'g) is connected.

A spanning subgraph I'g of G with both properties in Definition 5.2.1 is an (s, R)-
subgraph of G. Let C, denote the collection of s-collapsible graphs. Then C; is the
collection of all collapsible graphs, defined in [8]. By definition, for s > 1, any (s + 1, R)-
subgraph of G is also an (s, R)-subgraph of G. This implies that

Csi1 C C4, for any positive integer s. (5.2)

Proposition 5.2.2 Let G be a graph, and let s > 1 be an integer. Then the following
are equivalent.

(i) G € Cs.

(ii) For any X C V(G) with | X| =0 (mod 2), G has a spanning connected subgraph Lx
such that O(Lx) = X and such that v'(G — E(Lx)) > s — 1.

Proof. (i) = (ii). Given X C V(G) with |X| = 0 (mod 2), let R = O(G)AX.
Since G € C,, G has a spanning subgraph I'g such that O(I'g) = R, '(I'g) > s — 1, and
G—E(T'g) is connected. Let Lx = G—E(I'g). Then Ly is a spanning connected subgraph
such that O(Lx) = RAO(G) = XAO(G)AO(G) = X. Moreover k(G — E(Lx)) =
K'(Tgr) >s—1.

(ii) = (i). Given R C V(G) with |R| = 0 (mod 2), let X = RAO(G). By (ii), G has
a spanning connected subgraph Ly such that O(Lx) = X and such that x'(G — E(L)) >
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s—1. Let 'r = G — E(Lx). Then both «'(I'g) > s — 1 and O(T'g) = O(G)AX = R. As
G — E(I'g) = Lx is connected, G € Cs. []

For a graph G, and for X C F(G), the contraction G/X is obtained from G by
identifying the two ends of each edge in X and then by deleting the resulting loops. If H
is a subgraph of G, then we write G/H for G/E(H). When H is connected, we use vy

to denote the vertex in G/H onto which H is contracted.

Lemma 5.2.3 Suppose that H is a connected subgraph of G, and R C V(G) with |R| =0
(mod 2). Define

R R—-V(H) if [ RNV (H)| =0 (mod 2)
(R—=V(H))U{vg} if | RNV(H)| =1 (mod 2).

If G/H has an (s, R')-subgraph I'r/, and if H € Cs, then G has an (s, R)-subgraph I'g.

Proof. Let ' be an (s, R')-subgraph of G/H. Define R* = V(H) N O(G[E(I'r)]).
Thus R* consists of vertices in H that are incident with an odd number of edges in E(I'x/).
By the definition of R', |R*| = |RNV(H)| (mod 2). Define R” = R*A(RNV(H)). Then
|IR'| = |R*|+ |RNV(H)| =0 (mod 2). Since H € C4, H has an (s, R”)-subgraph I'g.
Define

Tp = G[E(Cp)UE(p)).

Since K'(Cr/) > s — 1 and K'(I'rr) > s — 1, we conclude that '(I'g) > s — 1. By the
definition of R’ and R”,
O(Tr) =O(GIE(Tr)]))AO(T'rr = (R—V(H))U(RNV(H)) = R.

Moreover, G — E(I'g) = G[E(G/H — E(I'r))) UE(H — E((I'gr))]. Since I'g is an (s, R')-
subgraph of G/H, and since I'gs is an (s, R”)-subgraph of H, I'g contains a spanning
tree of G/H and I'gs contains a spanning tree of H. It follows that G — E(I'g) has a
spanning tree of G, and so by definition, I'g is an (s, R)-subgraph of G. []

Corollary 5.2.4 Let s > 1 be an integer. Then C, satisfies the following.
(C1) K; € Cs.
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(C2) If G € Cs and if e € E(G), then G/e € Cs.
(C3) If H is a subgraph of G and if H,G/H € Cy, then G € Cs.

Proof.  (Cl) and (C2) follow immediately from definitions, and (C3) follows from
Lemma 5.2.3. []

Corollary 5.2.5 Let s > 1 be an integer. If a graph G € Cg, then (/(G) > s+ 1.

Proof. Let u and v be two distinct vertices of G. Let X = (. Since G € C,,
by Proposition 5.2.2, G has a spanning connected subgraph Ly with O(Ly) = () and
K'(G—F(Lx)) > s—1. Since Lx is a spanning eulerian subgraph, Lx can be partitioned
into two edge-disjoint (u, v)-trails 77, T5. By Menger’s theorem, G— E(Lx) has s—1 edge-
disjoint (u,v)-trials, T3, Ty, -+ ,Tsyq. Since Ty UTy = Ly is spanning, {71, T, -, Tsy1}

is spanning (s + 1;u, v)-trail-system. []

A subgraph H of G is C,-maximal if H € C; and if G has no subgraph in C, that

properly contains H.

Lemma 5.2.6 Let G be a graph and let s > 0 be an integer. Each of the following holds.
(i) Let Ly, Ly be vertex induced subgraphs of G. If V(L) NV (Ls) # 0 and if Ly, Ly € Cy,
then L1 U Ly € Cq.

(i) The graph G has a unique set of Cs-mazximal subgraphs Hy, Hs, -+, H., and if G' =
G/(US_ E(H;)), then G" contains no nontrivial subgraph in Cs.

Proof. (i) Let L = Ly U Ly, and L' = L/Ls. Let v" denote the vertex of L’ onto which

L, is contracted. Since L1, Lo are vertex induced subgraphs of G,
L'=L/Ly=(L1ULy)/Ly=Ly/(LiN Ly),

is a contraction of Lq, it follows by Corollary 5.2.4(C2) that L' € Cs. As Ly € C4 and by
Corollary 5.2.4(C3), L € Cs.

(ii) The existence and the uniqueness of this set Cs-maximal subgraphs Hy, Hs,- -+ , H,
follow from Corollary 5.2.4(C1) and from (i). Let V(G’) = {u1,u, -, u.}, where u; is
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the vertex onto which the subgraph H; is contracted, (1 < i < ¢). Suppose that G’ has a
nontrivial subgraph H' € C;. We may assume that V(H') = {uy, ug, -+ ,u:} with ¢ > 2.
Then by repeat applications of Corollary 5.2.4(C3),

H = GE(H') U (U E(Hn)] cC.,

contrary to the assumption that these H;’s are Cs-maximal. []

A graph is Cs-reduced if it contains no nontrivial subgraph in Cs. By Lemma 5.2.6,
the graph G' = G/(US_, E(H;)) is Cs-reduced, called the Cs-reduction of G.

Corollary 5.2.7 Let s > 1 be an integer. Let T be a spanning tree of a graph G. If
Ve € E(T), e lies in a subgraph H, € Cs, then G € Cs.

Proof. The hypothesis implies that G has a nontrivial subgraph in Cs. Let H be a
subgraph of G such that H € Cs with |V (H)| maximized. If G = H, then done. Assume
that |V(H)| < |V(G)|. Since T is a spanning tree, there must be an edge e € E(T)—E(H)
but e is incident with a vertex in H. By assumption, G has a subgraph H, € C, such that
e € E(H,). Since V(H)NV(H,) # 0, by Lemma 5.2.6(i), H U H, € Cj, contrary to the

maximality of H. Hence we must have G = H. []

Lemma 5.2.8 Let s > 1 be an integer. Suppose that H is a connected subgraph of G.
For any x € V(G), define 2’ =z ifx € V(G) —V(H) and 2’ = vy if v € V(H). If
H € Cy, then for any u,v € V(G) with u # v, the following are equivalent.

(i) G has a spanning (s + 1;u, v)-trail-system.

(ii) If v # o', then G/H has a spanning (s + 1;u/,v")-trail-system; and if v’ = v' = vy,

then G/H is supereulerian.

Proof. (i) = (ii). Let 71, Ty, --Tsy1 be edge-disjoint (u,v)-trials in G such that
Ut T is spanning in G. For i € {1,2,---,s+ 1}, let Z; = V(G) — V(T}), and define

T! = (T;UH)/H — Z;, fori € {1,2,--- s+ 1},
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Then in G/H, if u' # o', T}, T, T.., are edge-disjoint (u/,v’)-trails. Since US| T; is
spanning in G, {17,73,---T.,} is a spanning (s+1;«', v’)-trail-system of G/H. If v’ =/,
then since u # v in G, we must have v’ = v' = vy, and so 17, T3, - - - T, | are edge-disjoint
closed trails in G/H. Since UST!T; is spanning in G, Ui*!T! is a spanning closed trail in
G/H, and so G/H is supereulerian.

(ii) = (i). Suppose first that v’ = v = vy, and G/H is supereulerian. Let 7" denote
a spanning closed trial in G/H. Let X' = O(G[E(T"))).

Since 7" is an Eulerian subgraph of G/H, X' C V(H) with |X’| = 0 (mod 2). Since
H € C,, by Proposition 5.2.2, H has a spanning connected subgraph Ly with O(Lx/) = X’
such that x'(H — E(Lx:)) > s — 1. Thus H — E(Lx/) has s — 1 edge-disjoint (u,v)-paths
Ty, Ts,--- ,Ts_1. Let I' = T"U L x: be an edge-induced subgraph of GG. Since T” is spanning
and connected in G/H, and since Ly is spanning and connected in H, I' is a spanning
connected subgraph of G with O(T') = O(T")AO(Lx/) = O(T")AO(T") = 0. Thus I is
a spanning Eulerian subgraph of GG, and so I' can be partitioned into two edge-disjoint
(u,v)-trails Ts and Ty, such that Ty U Tsy; = T is spanning in G. It follows that
{11, T3, ,Tss1} is a spanning (s + 1; u, v)-trail-system.

Therefore we assume that v’ # . Let {T7,T;,---T.,,} be a spanning (s + 1;u/,v')-
trail-system of G/H. Let L' = US| T/, Let GIE(T))], (1 < i < s+ 1), and G[E(L")]
denote the edge induced subgraphs of G. Let

Y;=O(GE(T)))NV(H), 1<i<s+1.
Since for each i, T7 is a (u, v)-trail in G/H,
O(G|E(T!)]) CV(H)U{u,v}, 1<i<s+1. (5.3)
To complete the proof of the lemma, we consider the following cases to show that a
spanning (s + 1; u, v)-trail-system always exists.
Case 1 u,v ¢ V(H).

Then v’ = u and v = v. Since u,v & V(H), by (5.3), |Y;| =0 (mod 2). Without loss
of generality, we assume that Y; # () when 1 <4 < ¢, and Y; = (), for all 7 > ¢. Since each
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T! is an (u, v)-trail containing vy, for each ¢ with 1 < ¢ <'¢, there must be u;, v; € Y; such
that 7} contains a (u, u;)-trail J; and a (v;, v)-trail J! such that J; and J! are edge-disjoint.
Define sets W; and W as follows:

Hvit i u # v .

W, = {u vi} it w #_U where 1 <i <t, and W = Al_,W,.
0 otherwise

Note that if ¢ = 1, then W = (), and that it is possible that for i # j, u; = u; or v; = v;.

As each |[W;| =0 (mod 2), we also have |IW| =0 (mod 2). Define

X = (U§:1Y2)AW

Since both |Ul_; ;| =0 (mod 2) and [W| =0 (mod 2), |X| =0 (mod 2). Since H € Cj,
and since X C V/(H), by Proposition 5.2.2, H has a spanning connected connected
subgraph Lx with O(Lx) = X, such that x'(H — E(Lx)) > s — 1.

Since k'(H — E(Lx)) > s—1, relabelling the u;’s and the J;’s if necessary, H — E(Lx)
has edge-disjoint (u;, v;)-trials J!, (2 < i <t). Define edge induced subgraphs as follows:

T_{Luﬂuﬂ’ﬁ2§ng

T/ ift4+1<i<s+1.

Thus for all 2 <17 < s+ 1, these T;’s are edge-disjoint (u,v)-trials. For i = 1, define

s+2
ﬂ:ﬁuﬂumU<U—UEm0.
=2
Since each T; is a (u, v)-trail, every vertex in Ly U (Uf;l T; — Ui—, T;) — {u1,v1} has an
even degree. By the definition of W, either u; = vy or uy,v; € X, and so T} is also a
(u, v)-trial, edge-disjoint from Uf;l T;. Since Ly is spanning in H and L' spans G/H,
Ut Ty is spanning in G. Thus {11, Ty, - -+ , Tsy1} is a spanning (s + 1; u, v)-trail-system.

Case 2 u ¢ V(H) and v € V(H). (The case when v € V(H) and v ¢ V(H) is similar
and will be omitted).

Then v = u and v/ = vy. Since u ¢ V(H), by (5.3), Vi with 1 <i <, |Y;| =1 (mod
2). Since T} is a (u,vy)-trial in G/H, Ju; € Y;, such that 7] contains a (u,u;)-trail J; in
G. Without loss of generality, assume that u; # v if 1 <i <t, and v =u; if j > t.
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Let W; =Y, —{u;}, 1 <i<t;and W; =Y; —{v},t <j<s+1. Then |[W;| =0
(mod 2), 1 <i < s+ 1. Define

Then | X| = 0 (mod 2). Since H € Cs, by Proposition 5.2.2, H has a spanning connected
subgraph Ly with O(Lx) = X, such that x'(H — E(Lx)) > s—1>t. Thus H — E(Lx)
has edge-disjoint (u;, v)-paths J/, 2 <1i <t. Define edge induced subgraphs as follows:

s+1

JiULx U (L’—UE(JJ) if i =1
=2

JiUJ! if2<i<t

T, =

Note that O(Ty) = O(J1)AO(Lx)AO(L' — Ui_, J;) = {u,v}. As Lx is connected,
Ty, Ty, T3, -+, Tsyq are edge-disjoint (u,v)-trails in G. Since L' is spanning in G/H and
Lx is spanning in H, {1, Ty, - ,Ts41} is a spanning (s + 1;u, v)-trail-system of G. []

Corollary 5.2.9 Let s > 1 be an integer, G be a graph and let H be a subgraph of G
such that H € Cs. Each of the following holds.

(i) G € Cs if and only if G/H € Cs.

(i) ' (G) > s+ 1 if and only if ' (G/H) > s+ 1.

Proof. (i) follows from Corollary 5.2.4. Since p/(G/H) > s+ 1 > 2 implies that G/H

is supereulerian, (ii) follows by Lemma 5.2.8. ]

Let s > 1 be an integer. For a graph G, let 7(G) denote the maximum number of
edge-disjoint spanning trees of G. By the well known spanning tree packing theorem
of Nash-Williams [52] and Tutte [61], every 2k-edge-connected graph must have k edge-
disjoint spanning trees. (For a direct proof of this fact, see [20], or Theorems 1.1 and 1.3
of [13]). By Corollary 5.2.5 that a relationship between Cs membership and the value of
7(G) is observed:

if G € C,, then 7(G) > |22 ]. (5.4)

2
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Let F(G,s) denote the minimum number of additional edges that must be added to G
to result in a graph G’ with 7(G’) > s. The value of F(G,s) has been studied and

determined in [43], whose matroidal versions are proved in [36].
Theorem 5.2.10 (Catlin, [8]) If F(G,2) < 1, then G € Cy if and only if K'(G) > 2.
We extend this Catlin’s Theorem to other values of s.

Theorem 5.2.11 Let s > 1 be an integer. If F(G,s+1) <1, then G € C; if and only if
K(G) > s+ 1.

Proof. Suppose first that G € C;. By Corollary 5.2.5, we have x'(G) > (/(G) > s + 1.
Hence we assume that £'(G) > s + 1 to prove that G € C;. By Theorem 5.2.10, we may
assume that s > 1. Let n = |V(G)|.

Since F(G,s + 1) < 1, G has spanning trees T}, T5,--- , T and a spanning forest F'
with |E(F)| = n — 2. Let F' and F” denote the two components of F. For each i with
1 <i<s, let H; =T;UF. By definition, F(H;,2) = 1. If ¥'(H;) = 1, then there must be
an edge e; € F(T;) such that if T}, T/ are two components of T; — e;, then V(F') = V(T))
and V(F") = V(T/). Tt follows that if for every i, x'(H;) = 1, then {ey,eq,- -+ ,e5} is an
edge cut of G separating V' (F’) and V (F"), contrary to the assumption that «'(G) > s+1.
Hence we may assume that x'(H;) > 2. By Theorem 5.2.10, H; € C;. Let X C V(G) be
a subset with |X| = 0 (mod 2). Since H; € Cy, by Proposition 5.2.2, H; has a spanning
connected subgraph Ly with O(Lx) = X. Since G — E(Lx) contains spanning trees
Ty,---,Ts, we have k(G — E(Lx)) > s — 1. By Proposition 5.2.2 again, G € Cs. []

We need a theorem of Nash-Willaims in deriving a corollary of the theorem above.

For an explicit proof of this theorem, see Theorem 2.4 of [65].

Theorem 5.2.12 (Nash-Willaims [53]) Let G be a graph. If

|E(G)]
W > s+ 1.

then G has a nontrivial subgraph L with 7(L) > s + 1.
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Corollary 5.2.13 Let G be a connected graph, and s > 1 be an integer.

(i) If 7(G) > s + 1, then G € C,.

(ii) If G is Cs-reduced, then for any nontrivial subgraph H of G, | )] T <s+ 1L
(i5i) If K'(G) > s+ 1 and G is Cs-reduced, then

F(G,s+1) = (s + DV(G)| - |B(G)| — (s +1) > 2.

Proof. (i) If 7(G) > s+ 1, then F(G,s+ 1) = 0 and x'(G) > 7(G) > s+ 1. By
Theorem 5.2.11, G € C,.

(ii) If for some connected subgraph H of G, IV H 7 ‘1 > s+ 1, then by Theorem 5.2.12,
H (and so G) has a nontrivial subgraph L with 7(L) > s+ 1. By Theorem 5.2.11, L € Cg,

contrary to the assumption that G is Cs-reduced.

(iii) The formula F(G,s+1) = (s+ 1)|V(G)| — |E(G)| — (s + 1) follows from Lemma
3.1 of [36] (or indirectly, Theorem 3.4 of [43]). The inequity follows from Theorem 5.2.11.

[]

The following theorem of Chen is useful when dealing with graphs with small order.

Theorem 5.2.14 (Chen [15]) If G satisfies k'(G) > 3 and |V (G)| < 11, then G € Cy if
and only if G cannot be contracted to the Petersen graph.

5.3 Complete Graphs and Other Examples

In this section, we shall study the C, membership and the p/ values of certain graphs,
which will be useful in our arguments in the other sections. We start with a simple
example. For an integer [ > 1, and a graph H, [H denote the graph obtained from H by
replacing each edge of H by a set of [ parallel edges joining the same pair of vertices. For
example, [ K5 is the loopless connected graph with two vertices and [ edges. By Corollaries
5.2.5 and 5.2.13 and as p/(G) < K/(G) for any graph G, we have

Corollary 5.3.1 Let [ > 2,5 > 1 be integers. Then IKy € C, if and only if [ > s+ 1.
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We next consider the problem that for a give integer s > 1, determine the value of n
such that K, € C,.

Lemma 5.3.2 Let s > 2,n > 2 be positive integers.
(i) If both s =n =1 (mod 2), and if n*> < (3 + s)n — 3, then K,, &€ Cs.
(ii) If s+n =1 (mod 2) orif s=n =0 (mod 2), and if n> < (3+s)n—2, then K, & Cs.

Proof. In the proofs below, for each n satisfying the inequalities, we will choose a
particular R C V(K,), and argue by contradiction to show that K, cannot have an
(s, R)-subgraph.

(i) Take R C V(G) with |R| =n—1=0 (mod 2). Since #'(I') > s—1, s—1 =0 (mod 2)
and O(T") = R, Vv € R, we must have dr(v) > s. It follows that 2| E(T")| > s(n—1)+(s—1).
Asn? < (3+s)n—3,
nn—1 sitn—=1)+(s—1
B(K,) ~ E()| = |E(K,) - B < "0 o0 m DD
and so K,, — E(I") cannot be connected, contrary to the assumption that I" is an (s, R)-

subgraph of K.

(i) We first present the proof for the case when s = 1 and n = 0 (mod 2). Let R = V(K,,).

As s =1 (mod 2), 6(T") > s, and so 2|E(T')| > sn. Since n? < (3 + s)n — 2,
nin—1) sn
B(K,) ~ B(0)] = B~ 1B < "Dy
and so K,, — E(I") cannot be connected, contrary to the assumption that I" is an (s, R)-

subgraph of G.
The case when s = 0 and n =1 (mod 2) is similar.

What is left is to show that case when n = s =0 (mod 2). Let R = 0. As s =0 (mod
2), 6(T") > s, and so 2|E(T')| > sn. Since n® < (3 + s)n — 2,

nin—1) sn
|B(Kn) — ED)] = |E(Kx)| - [ED)| = ——F— - <n-1,
and so K,, — E(I") cannot be connected, contrary to the assumption that I" is an (s, R)-

subgraph of G. []
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Theorem 5.3.3 Let s > 2 and n > 2 be integers. Then K,, € Cy if and only if n > s+ 3.

Proof. Suppose that G € Cs. By Corollary 5.2.5, £'(G) > p/(G) > s + 1. Thus if
n < s+ 1, then #'(G) < s and so K,, € Cs. By Lemma 5.3.2 with n = s + 2, K5 & C,.

This completes the proof for necessity.

To prove the sufficiency, we note that if we can prove K, 3 € Cg, then for any n > s+3,
K, /K3 contains a spanning tree isomorphic to K ,_(s43) with the contraction image
of K, sbeing a vertex of degree n — (s + 3), such that every edge of this spanning tree
lies in a (s + 1)K,. By Corollary 5.3.1 and by Corollary 5.2.7, K, /K,.3 € Cs. Thus by
Corollary 5.2.4(C3), K,, € C,. Hence it suffices to show that K, 3 € Cs. For any integer
n >0, let V(K,) = {v,ve, -+ ,v,}, where the subscript are taken mod n.

Let R C V(K,) be a subset with |R| = 0 (mod 2). It suffices to show that for any
possible values of |R|, K,, always has an (s, R)-subgraph I'g.

Case 1 n =2k + 1, for some integer k > 2.

Let C,, = v1v3...v,v1 be a Hamilton cycle of K,,. Asn >7and s =n—3, K, — E(C},)
is an s-edge-connected, s-regular graph. Let M = {vug_; : with i = 1,2,--- [k —1} U
{vks1v9r}. Then M is a perfect matching of K,, — E(C,,) — vy. Since n > 7, it is routine
to check that «'(K,, — E(C,) — M) >n—4=s—1.

By symmetry and since n is odd, we may assume that v; € R. Again by symmetry,
we may assume that if |R| > 0, then |R| = {v;, vop_jz3 : 1 = 2,3,4,--- [+ 1} if |R| = 21
with [ < k.

If |R| = 0, then let 'y = K,, — E(C,); if |R| = 2l for some 0 < [ < k, then let
I'r =K, — E(C,) — {vivag_it3 : 2 < i <I}. Then O(I'g) = R with #'(I'r) > s — 1, and
G — E(I'g) is connected. Therefore by definition, K, € Cs.

Case 2 n = 2k, for some integer k > 4.

Let M1 = {Uivk+i 1= 1,2, ce ,k}, Mg = {UikariJrl 1= 2,3, s ,k — 1} @) {vkkar]_},
and M3 = {Uivk+i+2 = 2, 3, cee ,k—Z}U{vk_lka,vkka}. Let L = G[M1UM2UM3)}.
As n =2k > 10, it is routine to verify that «'(K,, — E(L)) >n—4=s— 1.
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By symmetry and since n is even, we may assume that if |[R| > 0, then R =
{U17Uk+17 s 7Ulavk+l} if 0 < |R‘ =21 < 2k.

If |[R| =0, then let T'p = K,, — E(L); if |R| = 2l for some 0 < [ < k, then let ' =
K, — E(L — {vjvugy; : 1 <i <1}). In any case, we have O(I'g) = R with #'(I'g) > s — 1,
and G — E(I'g), containing a Hamilton cycle vy 190Uk Uk 11Uk —1 U2k Uk —2U2k 1 * * * VoUk 4301, 1S
connected. Therefore by definition, K,, € Cj.

Case 3 n € {4,5,6,8}.

Note that when n =4 and s =4 -3 =1, K; € C; by Corollary 5.2.13. Hence we

assume that n > 5.

For n = 5, let C5 = vjvgvsvavgvy. If |R| = 0, then let ' = C; if R = {vs, vy},
then let I'r = C5 + vsvya}; if R = {vq, v3,v4,v5}, then let I'r = Cs 4 v3v4 — vov5. In any
case, O(I'g) = R and both I'r and G — E(I'g) are connected. By symmetry and by the
definition C,, K5 € C,.

Suppose that n = 6, and let Cs = vv9v3040506v1, and H = C' + vqvs. If |R| = 0, then
Tr = H 4 {v1vs,v406}; if R = {v1,v3}, then T'r = H + vyvg; if R = {v1,v3,v4, 06}, then
I'r=H;if R=V(Kg), then I'r = C4. In any case, we have O(I'g) = R with '(I'r) > 2,
and G — E(I'g) connected. By symmetry and by the definition C,, K5 € Cs.

Suppose that n = 8, and let K44 denote the complete bipartite graph with vertex
bipartition {vy,vs,vs,v7} and {vy, vy, ve,vs}. Let M = {vjvg, v3v6, U508, V702 }. Let L =
Kyy— M. If |R| = 0, then let ' = Kg — E(L); if R = {vy,v2}, then let I'y =
Ks — E(L — v1v9); if R = {v1,v9,v3,04}, then let I'p = Kg — E(L — {v1v2,v304}); if
R = {v1,v9,v3, 04, 05,06}, then let I'p = Ky — E(L —{v1v9, v304, 506 }); and if R = V (Kjy),
then let I'p = Kg — E(L — {v1vq, v3v4, U506, U708 }). In any case, we have O(I'g) = R with
k'(I'r) > 4, and G — E(I'g) connected. By symmetry and by the definition Cy, Kg € Cs.

[]

Example 5.3.1 We present some examples G with «'(G) = p/'(G) = 3. Let C,, =
V1V -+ - VU1 denote a cycle on n vertices and let vg & {vi,va, -+ ,v,} be a vertex. The

wheel on n + 1 vertices, denoted by W,, is obtained from C,, and vy by adding n new
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edges vov;, (1 <i <n). These new edges vov;, (1 < i < n), are referred as the spoke edges
of Wy,. The graph W/ is obtained from W,, by contracting a spoke edge. Isomorphically,
we can write W) = W, /{vov,}. The following can be routinely verified.

(1) W(Kn) = K'(Ky) =n— 1.

(ii) if G € {W,,, W]} forn >3, then (/(G) = r'(G) = 3.

It suffices to verify (ii). Since both properties (/(G) > 3 and k'(G) are preserved
under taking contractions, and since W) is a contraction of W, it suffices to show that
W (Wy) > 3. Let u,v € V(W, be two distinct vertices. If {u,v} = {v;,v;} for some
0 < i< j <mn, then v;UgVj, ViVis1 -+ - Vj, VjVj1 - - U1 -+ - V; 0 a spanning (3;u, v)-trail-
system. If u = vy and v = vy, then Vv, VU2V, VoUs * + - VU1 1S a spanning (3;u, v)-trail-
system.

5.4 Smallest Graph G with 1/(G) < k'(G) =3

The main result of this section will determine the smallest graph G with ¢/(G) < £'(G) =
3. For a vertex v € V(G),

Eq(v) ={e € E(G) : e is incident with v in G}.

We start with a conditional reduction lemma.

Lemma 5.4.1 Let G be a graph and let H = 2K, be a subgraph of G. Denote V(H) =
{z1, 22} and E(H) = {ey,e2}. Suppose that

|Eq(zi) — E(H)| <2, foreachi=1,2. (5.5)

Let vy denote the vertez in G/H onto which H is contracted. For each vertex v € V(G),
define v =v if v e V(G) = V(H) and v' = vy ifv e V(H).

(i) For any u,v € V(G), if {u',v'} —{vp} # 0, and if G/H has a spanning (3; u'v")-trail-
system, then G has a spanning (3;u,v)-trail-system.

(i1) If {u,v} = V(H) and if G — E(H) has a spanning (u,v)-trail, then G has a spanning

(3; u, v)-trail-system.
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Proof. (i) Let 77,7y, T} be a spanning (3; v/, v’)-trail-system in G/H.

Case 1 vy & {u,v'}. Then vy has even degrees in each 7. By (5.5), at most two of
T7,T3,T5 can contain vy, and so we may assume that vy € V(T7) — V(T3). Hence we
may assume that z, € V(G[E(T7)]).

If 2y & O(G[E(T})]), then by (5.5), Eg(z1)—E(H) C E(T7). It follows that (G[E(T])U
E(H)|,GIE(Ty)], G[E(T})]) is a spanning (3; u/v')-trail-system in G. By symmetry, we
assume that By (5.5),

z1 € O(G[E(Tj)]) if and only if z, € O(G[E(Tj)]), for each j € {1,2}. (5.6)

J

Define T = G[E(T]) U {e1}] and T35 = G[E(T})]. For Ty, let

. { GIE(T}) U{ea}]  if 2 € O(GIE(TY))
GlE(Ty) if 21 € O(GLE(T3))

Since vy € V(T{ — V(T})), Th, T and Tj are (u,v)-trials in G. Since U}, T} is a spanning
in G/H, and since V(H) C V(11), {T1,T», T3} is a spanning (3, u, v)-trail-system of G.

Case 2 vy € {u/,v'}. We shall assume that v # vy and v = vg. Without loss of
generality, we assume that v = z;. By the definition of (3; v, v')-trail-system, vy € O(T}),
for each j € {1,2,3}. By (5.5), |E(T}) N (Eg(z1) U Eg(22))| = 1, and so v is in at most
two of the O(G[E(T7)])’s. We then assume that v ¢ O(G[E(T3)]). For each j € {1,2,3},
define
) GIE(T))] if 21 € O(G[E(T3)))
’ { G[E(T)) U{e;}] if z1 € O(GIE(T))]).
It is routine to verify that {77, T,, T3} is a spanning (3, u, v)-trail-system of G.

(ii) Let T; = G[{e;}], for i = 1,2. If G — E(H) has a spanning (u,v)-trail T3, then
{T,T,, T35} is a spanning (3, u, v)-trail-system of G. []

Example 5.4.1 Let n > 2 be an integer, and let C, = v1v5...v,v1 denote a cycle on n
vertices. Fori=1,2,...n — 1, let e; denote the edge of C,, with end vertices v; and v; 1.
The graph 2C,, — e is obtained from C,, by adding a new edge €;, parallel to e;, for each
i=1,2,...,n—1. It is routine to show that 1/'(2C,, — e) = 3.
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Lemma 5.4.2 Let G = K33. Then (/(G) = 2.

Proof. By Theorem 5.2.10, K33 € Cy, and so by Corollary 5.2.5, 1/(K33) > 2. It suffices

to show that for some u,v € V(K33), K33 does not have a spanning (3; u, v)-trail-system.

We shall adopt the notation in Figure 1 for K33. Suppose that K33 has a spanning
(3; v1, v3)-trail-system { Py, Py, P3}. Let e; = 0109, €2 = v104, and e3 = v1vg; and fi = v3va,

fo = v3vy and f3 = v3vg. Since Py, Py, P3 are edge-disjoint, we must have
‘{617 €2, 63} N E(Pl)‘ =1= ’{fla f27 f3} N E(Pl)‘,VZ € {17 27 3} (57>

By (5.7), we may assume that e; € E(F;), (1 <i<3). If fi ¢ E(F,), then since K33 is 3-
regular, P; must use vyvs, which will force f; lying in no P,’s, contrary to (5.7). Therefore,
we must have f; € E(P;). Similarly, we must have fy € E(FP2). As K33 — {ve,v4} has
cannot have a spanning (v, vs)-trail. This proves that K33 does not have a spanning

(3; v1, v3)-trail-system. ).

Figure 1. The graph Kj3

Theorem 5.4.3 Let G be a graph on n vertices.
(i) (Lemma 5 of [8]) If n < 4, and if k' (G) > 2, then (/(G) > 2 if and only if G # Ks».
(i1) If n < 6, and if K'(G) > 3, then (/(G) > 3 if and only if G # K.

Proof of (ii). We argue by contradiction and assume that
G is a counterexample with |F(G)| + |V(G)| minimised. (5.8)

If 1 <n <3, then £'(G) > 3 implies that F(G,3) < 1, and so (ii) follows by Theorem
5.2.11 and Corollary 5.2.5. By the definition of i/(G), ¢/(G) > 3 if and only if every block
H of G satistying p/(H) > 3. Therefore, by (5.8), we assume that

k(G) > 2,4 <n <6 and G is minimally 3-edge-connected, and Cy-reduced. (5.9)
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Note that by Theorem 5.2.14, every such graph has a spanning eulerian subgraph. By
(5.9) and by n < 6, we further conclude that

every such graph G has a Hamilton cycle C' = vyvy - - - v,01. (5.10)

Let G denote the simplification of G, and let f(G,C) = |E(G)| —n denote the number of
chords of C' in G.. We choose C' so that f(G,C) is minimized. If f(G,C) =0, then G is
spanned by a 2C,, — e, and so by Example 5.4.1, ¢/(G) > 3, contrary to (5.8). Hence we
have

Claim 1 f(G,C) > 1.

A subgraph 2K, of G satistying (5.5) and Lemma 5.4.1(ii) in G will be referred as a
contractible 2K, of G. Claim 2 below follows from (5.8) and Lemma 5.4.1, and from
the fact that when n > 5, that f(G,C) <1 forces G to have a contractible 2K5.

Claim 2 There will be no contractible 2K, of GG, and when n > 5, F(G,C) > 2.

Claim 3 Theorem 5.4.3(ii) holds if 4 <n < 5.

By Claim 2, G' cannot have a contractible 2K5. Therefore, if n = 4, G must be either
L(4,1,1) or K as depicted in Figure 2. By inspection, p/(L(4,1,1)) = t/(K4) = 3.

Assume n = 5. By Claim 2, f(G,C) > 2. To avoid a contractible 2K5 in G, when
f(G,C) =2, G must be L(5,2,1) (see Figure 2). When f(G,C) > 3, we may assume,
by (5.9), that G = L(5,3,1) (see Figure 2). Direct verification shows that p/(G) > 3 for
G e {L(5,2,1),L(5,3,1)} (see Appendix for details).

Claim 4 If e ¢ F(K33) is an edge whose ends are in V(K3 3), and if G = K33 + e, then
W(G) = 3.

We again use the notation of Figure 1 for K33. By symmetry, we may assume that
e = vyv;. By Claim 2, G does not have a contractible 2K5, and so i ¢ {2,4,6}. Therefore,
we may assume that e = vjv3. Then it is routine to show that p/(G) > 3. (See Table 6 in

Appendix for details).
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v
v v, v
% "7 VS
Vs vy Yy v, vy vy

vy
L(4,1,1) K, L(52,1) L(5,3,1)

Figure 2 Graphs in Claim 3

v, v, v,

4 4
16,3, 1) 1(6,3,2) L(6,3,3)

Vi Vi il

«
=

v v v,

L(6,3,4) L(6,3,5) L(6,3,6)

Figure 3 G has 6 vertices with 3 chords of C

We are now ready to prove Theorem 5.4.3(ii). By Claims 3 and 4, we assume that
n = 6 and G is not spanned by a K33. Note that when n = 6, if f(G,C) < 2, then by

(5.9), G must have a contractible 2K5. Hence f(G,C) > 3. Let d = A(G).

Suppose that f(G,C) = 3. If d = 5, then as G is simple and by (5.9), G = L(6,3,1)
(depicted in Figure 3). If d = 3, then G € {K33,L(6,3,6)} (depicted in Figure 3).
Assume that d = 4 and v; has degree 4 in G. If vy is adjacent to vy, v3,vs, vg, then to
avoid a contractible 2Ky, either vyvy or vyvs € E(G). Hence by symmetry, we assume
that G = L(6,3,2) (depicted in Figure 3). Therefore by symmetry, we may assume
that v, is adjacent to vo, vy, v5,v6. To avoid a contractible 2K5, v3 must have degree 3.
Hence G € {L(6,3,3),L(6,3,4), L(6,3,5)} (depicted in Figure 3). In any of these cases,
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L(6,4,1) L(6,4,2)

Figure 4 G has at least 4 chords of C

W' (G) > 3. (See Appendix for details).
Now suppose that F(G,C) > 4, n = 6, and that
G is not spanned by a K33 or any L(6,3,17). (5.11)

If G has a vertex v of degree 2, then at least 4 edges in E(G) — E(C) will be joining the
vertices of V(C') — {v}, and so G must have at least one edge e, such that (G —e) > 3.

Thus G is not minimally 3-edge-connected, contrary to (5.9). Hence we assume that

d(G) > 3. Since F(G,C) >4, d > 4.

Case 1 d = 5. We assume that v, is adjacent to all other 5 vertices of G. Since §(G) > 3,
and by (5.9), we must have G = L(6,4,1) (depicted in Figure 4). It is routine to show
that p/(L(6,4,1)) = 3. (See Appendix for details).

Case 2 d =4, We assume that v; is a vertex of degree 4 in G.

If vy is adjacent to all but vy. Since 6(G) > 3, we may assume, by symmetry, that
vovy € E(G). Ifvguy € E(G), then s'(G—vyv5) > 3, contrary to (5.9). Hence vyvs € E(G)
and so G = L(6,4,2) (depicted in Figure 4). It is routine to show that u/(L(6,4,2)) = 3.

(See Appendix for details).
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Thus by symmetry, we may assume that v; is adjacent to all but v3. Then either vsvs

or v3vs € E(G), and either vavs or vavs € E(G). But any of such combination will either
violate (5.11) or violate (5.9).

This completes the proof of the theorem. [

5.5 Degree Condition for Supereulerian Graphs with
Larger Width

Settling three open problems of Bauer in [2], Catlin and Lai proved the following.

Theorem 5.5.1 Let G be a 2-edge-connected simple graph G on n vertices.

(i) (Catlin, Theorem 9 of [8]) If 0(G) > ¥ — 1, then when n is sufficiently large, G is
supereulerian.

(i1) (Lai, Theorem 5 of [32]) If G is bipartite, or G is triangle free, and if 6(G) > 1%, then

10’
when n s sufficiently large, G is supereulerian.

Both bounds in Theorem 5.5.1 are best possible in the sense that there exist an infinite
family of non-supereulerian 2-edge-connected graphs G on n vertices with 0(G) = § — 1
(for Theorem 5.5.1(i)) and an infinite family of non-supereulerian bipartite graphs on n
vertices with §(G) = {5 (for Theorem 5.5.1(ii)). The main purpose of this section is to
extend the theorem above, with a more general argument than the proofs in both [8] and
[32]. We start with some preparation before presenting our main arguments. If G is a
graph and G’ is the Cs-reduction of G, then for any vertex v € V(G’), G has a maximal
Cs-subgraph H, such that u the the vertex onto which H, is contracted. The subgraph
H, is called the preimage of u in G. It is possible that H,, consists of a single vertex, in

which case u is a trivial vertex of the contraction.

Lemma 5.5.2 Let n,p,c be positive integers, and f(n,p) be a function of n and p such
that 9
for every fized p > 0, both 8_f >0 and lim f(n,p) = oco.
n n—o0
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Suppose that G is a simple graph on n vertices. If one of the following holds:

(1) 0(G) = f(n,p) = 1,

(i) G is triangle free and 0(G) > f(;z,p)’

then when n s sufficiently large, any vertex v in the Cs-reduction of G whose degree is at

most ¢ must be the contraction image of a connected subgraph N, with |V (N,)| > f(n,p).

Proof. Let G’ be the Cs-reduction of G. Define W = {u € V(G’) : dg/(u) < ¢} and pick
v € W. Let Ng(v) denote the vertices of G adjacent to v in G. Then V(N,) contains all
vertices in Ng(v) except at most ¢ vertices in V(G) — V(N,). Hence |V (N,)| > dg(v) —c.

By assumption, we can choose n so large that f(n,p) > 2(c+1). (If for Part (i) only,
we can choose n large so that f(n,p) > ¢+ 1.) Then |V(N,)| > dg(v) — ¢ > 0. Since
V(N,) has at most ¢ vertices that are adjacent to vertices not in N,,, Iz € V(NV,), such
that z is adjacent only to vertices in N,. As V(IV,) must contain all vertices adjacent to
z, if (i) holds, then |V (N,)| > da(z) +1 > f(n,p).

Suppose that G is triangle free and §(G) > @. Find a vertex z € V(N,) such that
z is adjacent only to vertices in N, as above. Since |V(N, —z)| > |Ng(z)| > ¢, Ng(z) has
a vertex 2’ such that Ng(2') is not adjacent to any vertex in V(G) — V(N,). Since G is
triangle free, Ng(z) N Ng(2') = 0. Thus |V (N,)| > |Ng(2)| + |Na(Z')| > 20(G) > f(n,p).
Hence in any case,

Yo € W, |[V(N,)| > f(n,p). (5.12)

This completes the proof of the lemma. []

Theorem 5.5.3 Let n,p,s be positive integers such that p > 2. Suppose that G is a

simple graph on n vertices.

oL )
0(G) = o 1, (5.13)

then when n is sufficiently large (say n > p(1 4+ (1 +2(s+3) +2(p+ 1)(s + 1)))), the

Cs-reduction of G has at most p vertices.

(i) If G is triangle free, and if

n

(G = o

(5.14)
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then when n is sufficiently large (say n > 2p(1+ (1 +2(s+3) +2(p+ 1)(s + 1)))), the

Cs-reduction of G has at most p vertices.

Proof. As the argument to prove both conclusions are similar, we shall prove them
simultaneously. For given p > 0 and s > 0, choose an integer ¢ = 1+2(s+3)+2(p+1)(s+1).

Let G’ be the Cs-reduction of G, and assume that n’ = |V (G’)| > 1. Define
W={veV(GF):ds(v) <c}
Pick any v € W and any z € V(N,). By Lemma 5.5.2 with f(n,p) = %, (5.12) must
hold. By Corollary 5.2.13, we have
|E(G")] < (s+1)n' — (s +3). (5.15)
It follows by combining (5.12) and (5.15) that,
en' —ep < cV(G') = W| <2|1E(G)] < 2(s+ 1)n' — (25 + 3). (5.16)

Asc>2(s+3)+2(p+1)(s+1), (5.16) implies

> 2(s+3)+cp

< 1.
~ c—2(s+1) P

Hence n’ < p, and so the theorem follows. []

The theorem above can be applied to study the supereulerian width of some dense
graphs, as shown in Corollary 5.5.4 below. When s = 1 and p = 5, Corollary 5.5.4 gives

the same results stated in Theorem 5.5.1.

Corollary 5.5.4 Let n,s be positive integers such that 1 < s < 2. Suppose that G is a
simple graph on n vertices with x'(G) > s+ 1. Let p(s) = 2s + 3.
(i) If

I(G) > —, (5.17)
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then when n is sufficiently large, 1/ (G) > s+ 1 if and only if the Cs-reduction of G is not

a Ks+1,s+1 .

(ii) If G is triangle free, and if
n
0(G) > —, 5.18
(@) > 5 (519)
then when n is sufficiently large, (/' (G) > s+ 1 if and only if the Cs-reduction of G is not

a Kerl,erl .

Proof. Let p = p(s). Let G’ denote the Cs-reduction of G. By Corollary 5.2.5, we may
assume that |[V(G’)| > 1. By Theorem 5.4.3, the conclusions hold if |[V(G")| < p — 1.
Hence we assume that |V(G’')| > p. By Theorem 5.5.3, when n is sufficiently large, G’
has at most p vertices, and so we must have |V (G’)| = p. Apply Lemma 5.5.2 with ¢ = p
and f(n,p) = "Tfl. Thus when n is sufficiently large, by Lemma 5.5.2, every vertex in G’

has a nontrivial preimage with at least [ f(n,p)] vertices. It follows that

n> Y V(N >pf(np) =n+1.
VeV (G’

This contradiction established the corollary. []
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Appendix: Checking the supereulerian width of certain graphs in the proof

of Theorem 5.4.3

In the tables below, notations in Figures 2, 3 and 4 will be used. For each of these

graphs, and for the given vertices u and v, a spanning (3;u, v)-trail-system in the given

graph is presented, and the missing cases can be obtained by symmetry.

Graphs | {u,v} | Spanning (3;u,v)-trail-systems

L(5,2,1) | {v1, v} | G[{vive}], G[{viva}], G[{v1vs, v504, V403, V302 }]
{v1,v3} | G[{v1v2, vav3}], G[{v1v3}], G[{v1v5, V5V4, V4V3 }]
{vg,v3} | Gl{vavy, v103}], G[{vavs}], G[{vav1, V15, V5V4, V4V3}
{vg,v4} | Gl{vavs, v3v4}], G[{vavy, v1v4}], G[{vovr, V105, V5V4}
{vy,v5} | Gl{vavr, v105}], G[{vavy, v1vs}], G[{vovs, v3v4, V4V }
{vs,v4} | G[{vsva}], G[{vsvi, v104}], G[{v3va, vovy, V105, V54 }

L(5,3,1) | {v,v9} | G[{vive}], G[{vivs, v3va}], G[{viv4, V405, v5V2}

{v1,v3}

{v2, 3}

Q

{U201, U1U3}] ) G[{Uﬂ/g}] ) G[{Uﬂ)s, VsV4, U403}

{2, va}

Q

{U2> U5}

G

{vaus}], G[{vavy, v1v5}], G[{vavs, V3v4, V405 }

{v3, v4}

G

{7131)4}]7 G[{USUh U1U4}]7 G[{U:ﬂ)z, UVaUs, U5U4}

{vs, v}

[
[
[
[
[
[
G[{v1v3}], G[{v1ve, vovs}], G[{vivs, v5v4, V4V3}
[
[
[
[
G|

]
]
]
{vavs, v304}], G[{vavs, v5v4}], Gl{vav1, v104}]
]
]
]

{U3U4, U4U5}]7 G[{U?)Uh U1U5}], G[{U?ﬂ&, U2U5}

Table 1. Spanning (3;u, v)-trail-systems when n = 5
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Graphs | {u,v} | Spanning (3;u,v)-trail-systems

L(6,3,1) | {v,v2} | G[{vive}], G[{vive}], G[{v1ve, veus, V504, V4V3, V3V2 }]
{v1,v3} | G{vvs}], G{v1va, vav3}], G[{v1ve, VeUs, V5V, V4U3 }]
{v1,v4} | G[{v1va}], G[{v1v2, vovs, v304}], G[{v1vV6, VeV, V5V4}]
{v9,v3} | G{vaus}], Gl{vavy,v1v3}], G[{vav1, V16, VeVs, VsV, V4V3 }]
{v9,v4} | Gl{vavs, v304}], G[{vavy, v1va}], G[{vavy, V106, VeV, V5V }]
{v9,v5} | Gl{vavy, v105}], G[{vevy, v1Us, VeVs }], G[{vavs3, V3V4, V4Vs5 }]
{va,v6} | G[{vavy, v106}], G[{vav1, v1v6}], G[{vovs, V3V4, V4V, V5V }]
{vs,v4} | G[{vzva}], G[{vsv1, v104}], G[{v3va, VoV, V106, VS, V5V }]

L(6,3,6) | {v1,v} | G
{v1,v3} | G{v1v2, v203}], G[{v1v4, v4v3}], G[{v1V6, VeV5, U5V3}

{Ub U4}

Q

{711’04}], G[{U1027@21}3,U3U4}], G[{U1U67U67}57U5U4}

{v2, v3}

Q

{v2,v4}

Q

{U2U37 U3U4}]7 G[{UQUIa U1U4}], G[{Uﬂ)ﬁ, VeUs, U5U4}

{2, v5}

Q

{UQU& UGU5}] ) G[{Uzvh V14, U4U5}] ) G[{Uzv?,, U3U5}

{2, v6}

G {UZU6}]7 G[{U2U1701U6}]7 G[{Uzva, U31147U4U5,U5U6}

{v3, v4}

[
[
[
[
[
[
[
[{vive}], G[{vive, veva}], G[{vivs, v4v5, v5V3, V3V }
[
[
[
[
[
[
[

]
]
]
{vaus}], Gl{vav1, v1v4, v4v3}], Gl{vavs, VeUs, UsU3 }]
]
]
]
]

G {v3v4}], G[{U3057U5U4}]7 G[{U3U2,U2U67U601701U4}
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Table 2. Spanning (3; u, v)-trail-systems when n = 6 and F(G,C) = 3: L(6,3,1) and

L(6,3,6).
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{U47 U6}

Q

{U4U5, U5U6}] ) G[{U4U3, U3U6}] ) G[{U4U17 V1V2, Va1, U1U6}]

{vs, v}

Graphs | {u,v} | Spanning (3;u,v)-trail-systems

L(6,3,2) | {v,v2} | G[{vive}], G[{vivs, v3va}], G[{v1vs, v6vs, Usvs, V4V2 }]
{v1,v3} | G{vvs}], G{v1va, vav3}], G[{v1ve, VeUs, V5V, V4U3 }]
{v1,v4} | G[{v1v2, va04}], G[{v1v3, v304}], G[{v1V6, VeV, V5V4}]
{v1,v5} | G{vvs}], Gl{v1vs, v6vs}], G[{v1v2, Vov3, V304, V4U5 }]
{v1,v6} | G{v1vs}], Gl{v1vs}], Gl{v1v2, Vov3, V304, V4V5, V5UG }]
{v9,v3} | G{vavs}], Gl{vavy, vavs}], G[{vev1, v1Us5, V5V6, VUL, V1V3 }]
{va,v4} | G[{vaus}], G[{vavs, v3v4}], G[{vav1, V16, VeV, V5V4}]
{vg,v5} | G[{vavs, vavs}], G[{vevy, v1v5}], G[{vavs, V3V1, V1V, VeV }]
{v9,v6} | Gl{vav1,v106}], G[{vavs, v3v1, V106 }], G[{vovy, V4v5, V5V6 }]
{vs,v4} | G{vsvsa}], G{vsva, vavs}], G[{vsv1, v1V6, V6Us, UsU4}]
{vs,v5} | G[{vsvy, v105}], G[{vsvy, vavs}], G[{vsve, vov1, V1V, VeV }]
{vs,v6} | G[{vsvy,v106}], G[{v3va, vovy, V106 }], G[{v3V4, V4V, V5V6 }]
{vg,v5} | G{vavs}], Gl{vavs, v3v1, v105}], G[{v4ve, Vov1, V1V, VeUS }]
{vg,v6} | Gl{vavs, vsv6}], G[{v4va, vov1, V106 }], G[{v4vs, V301, V106 }]
{vs,v6} | G{vsvs}], Gl{vsv1,v106}], G[{vsv4, V4V3, V3Va, VoV, V1 V6 }]

L(6,3,3) | {v,va} | G[{vive}], G[{vive}], G[{vive, veus, U504, V4v3, V3V4 }]
{v1,v3} | G[{v1v2, vav3}], G[{v1vs, v4v3}], G[{v1V5, V506, VU3 }]
{v1,v4} | G{v1v4}], Gl{v1v2, Vo203, v304}], Gl{v1V6, V6Us, UsV4 }]
{v1,v5} | G{vvs}], G{v1vs, v6vs}], G[{v1vV2, V2V3, V34, V4V }]
{v1,v6} | G[{v1ve}], G[{v1v4, V403, v306}], G[{v1V2, Vov1, V1V, V5V }]
{vg,v3} | G[{vaus}], G[{vav1, V104, v4v3}], G[{vov1, V105, V5V, VeVS3 }]
{vo,v4} | Gl{vavs, v3v4}], G[{vavy, v1va}], G[{vav1, V106, VeUs, V5V }]
{v9,v5} | Gl{vavy, v105}], G[{vev1, v1Us, VeVs }], G[{vavs, V3V4, V4Vs5 }]
{v9,v6} | Gl{vavy,v106}], G[{vevs, v3ug}], G[{vavy, V104, V4V, V5V6 }]
{vs,v4} | G[{vsva}], G[{v3ve, vov1, v104}], G[{v3V6, VeVs, V5V4}]
{vs,v5} | Gl{vsvy, v4v5}], G[{vsve, vevs}], Gl{v3va, vVav1, v1U5}]
{vs,v6} | Gl{vsvs}], Gl{vsvy, v4v5, v506}], Gl{v3V2, Vov1, V1U6}]
{vg,v5} | G{vavs}], Gl{vavy, v1v5}], G[{vavs, v3V2, Vov1, V1VG, VeUS }]

[
[

G {U5U6}]; G[{U5U17U17Jﬁ}], G[{U5U4,U4U1,U1U27U27J3703U6}]
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Table 3. Spanning (3;u, v)-trail-systems when n = 6 and F(G,C) = 3: L(6,3,2) and
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L(6,3,3).

64

The examining the spanning (3;u, v)-trail-systems for graphs L(6,3,4) and L(6,3,5)

below, the edge v,v5 is not used in both cases.

Graphs | {u,v}

Spanning (3; u, v)-trail-systems

L(6,3,4) | {vi, v}

G{viv2}], G{v1va}], G[{v1v6, UUs, VsV4, V4U3, U3V }]

{v1,v3}

Gl{vivg, vavs}], G{v1ve, vavs}], G[{v1v6, VeVs, V5V4, V4V3 }]

{v1,v4}

]
G {01114}]7 G[{U1U2,U2U3, U3U4}]7 G {U1U6, U6U57U5U4}]
]

{vs, v6}

[

[ [
{vg,v3} | Gl{vaus}], Gl{vavy, v1vy, v4v3}], G[{vov1, V106, VS, V5V3}]
{va,v4} | Gl{vavs, v304}], G[{vev1, v1v4}], G[{vovy1, V106, VU5, V5V4}]
{vg,v5} | Gl{vavy, v1v4, v405}], G[{vav1, V106, Vs }], G[{v2v3, V3V5}]
{va,v6} | G[{vav1, v106}], G[{vav1, v1v6}], G[{vovs, V3V4, V4V, V5V }]
{vs,v4} | Gl{vsvs}], Gl{v3va, vov1, v1v4}], G[{v3Vs, V501, V1V, VeUS, V44 }]
{vs,v5} | G{vsvs}], Gl{vsvy, va4v5}], G[{vsve, vov1, V106, VeUs }]
{vs,v6} | Gl{v3va, vov1, v1U6}], G[{v3va, V401, V106}], G[{v3V5, V506 }]

L(6,3,5) | {v,v2} | G[{vive}], G[{vivs, v3va}], G[{v1vs, V6Us, Usv4, V4V3, V3V2}]

{v1,v3} | G{v1v4, v403}], G[{v10V2, vo03}], G[{v1V6, V6V5, UsU3 }]
{v1,v4} | G{v1v4}], Gl{v1v2, 0903, v304}], G[{v1V6, V6Us, UsU4}]
{v1,v5} | G{v1v4, v405}], G[{v1v6, veUs }], G[{v1V2, Vov3, V3U5}]
{v1,v6} | Gl{v1vs}], Gl{v1v4, V405, V506 }], G[{v1V2, Vov3, V3V, V5V6 }]
{vg,v3} | Gl{vaus}], Gl{vavy, v1v4, v4v3}], G[{vov1, V106, VeUS, V5V3}]
{vo,v4} | Gl{vavy, v104}], G[{vavs, v3vs}], G[{vavy, V106, Vs, V5V4}]
{ve,v5} | Gl{vavs, v3v5}], G[{vav1, v1Us, VU5 }], G[{vav1, V1vy, V4V5 }]
{vg,v6} | Gl{vavy,v106}], G[{vavs, v3Us, V5V6 }], G[{vav1, V14, V4Vs5, V5V }]
{vs,v4} | Gl{vsvs}], Gl{vsvs, v5v1, v104}], G[{V3V2, Vov1, V1V, VeUS, V54 }]
{vs,v5} | G{vsvs}], Gl{vsvy, vav5}], G[{vsve, vov1, V106, UsUs }]
{vs,v6} | Gl{v3vs,v506}], G[{vsve, vov1, V106 }], G[{v3v4, V4V, V5V6}]
{vg,v5} | G{vavs}], Gl{vavs, v3v5}], G[{vav1, V1V2, VoV1, V1V, VeUS }]
{vg,v6} | Gl{v4vs, v506}], G[{vav1, V102, Vov1, V1V6}], G[{v4v3, V3V5, V5V }]

[

G {U5U6}]7 G[{USUG}]a G[{U5U4,U4U3,U3U2,Uzvl,vlvﬁ}]

Table 4. Spanning (3; u, v)-trail-systems when n = 6 and F(G,C) = 3: L(6,3,4) and
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L(6,3,5).

Graphs | {u,v} | Spanning (3;u,v)-trail-systems

L(6,4, 1) {U17U2} G[{U1U2}], G[{Ulv?»av?)v?}]; G[{U1U47U4U57U5U67U6U2}]

{U1>U3} G {Ule}]v G[{U102702U3}]7 G[{U1U6,U6U57U5U4,U4U3}]

{U1,U4} G {U1U4}]7 G[{U1U27U2U37U3U4}], G[{U1U67U6U57U5U4}]

{v9,v3} | G{vavs}], Gl{vavy, v1vvs}], G[{vavs, vevs, V5V, V4V3 }]

{vo,v4} | Gl{vavs, v3vy}], G[{vavy, vivs}], G[{vave, VeUs, V54 }

{vo,v5} | Gl{vavs, v6us}], G[{vav1, v1vs}], G[{vavs, v3vy, v4v5}

{vg,v6} | G[{vaus}], G[{vav1, v106}], G[{vavs, V34, V4Vs5, V5V }

{vs,v4} | G[{vsva}], G[{vsv1, v105, v504}], G[{v3V6, VeV1, V1V }
L(6,4,2) | {v1,v} | G

Q

{U17U3}

{vivs}], G[{v1ve, vous}], G[{v1ve, vUs, UsVs, Vav3 }

Q

{U1>v4}

{U1’02, U2U4}], G[{Ulv?n U3U4}], G[{UIU& VgUs, ’05114}

Q

{v2, v3}

{U2U3}], G[{Uzvh 111@3}]7 G[{U2U4, V4Vg, VgUs, UsV4, U4U3}]

Q

{2, v4}

{U2U4}], G[{U2U37 U3U4}]> G[{UQUh V1Vs¢, VgUs, U5U4}]

@Q

{2, v5}

{U2U4, U4U5}], G[{U2U1a V1Vs, U6U5}]7 G[{Uzv?,, U3Vq, 1211?5}]

{Uz, U6} G

{vovy, vav6}], Gl{vov1, v1v6}], G[{vovs, vsv4, V4vs, UsUG }]

[
[
[
[
[
[
[
[{vive}], G[{vivs, v3va}], G[{v1ve, vevs, VsVL, V4V }
[
[
[
[
[
[
[

{U37U4} G {0304}]7 G[{U?)U%Uzm}]’ G[{U3U17UIUG7UGU57U5U4}]

Table 5. Spanning (3; u, v)-trail-systems when n = 6 and F(G,C) > 4.

65

The following Table 6 verifies that p/(K53 + viv3) = 3 (with the notation in Figure

1). Missing cases can be obtained by symmetry.
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Graphs {u,v} | Spanning (3;u, v)-trail-systems
K33+ vvu3 {va, v3} G[{Uws}], G[{U201,01U6,U6U3}], G[{U2U5,U5U4,U4U1,U1U3}]

{va,v4} | Gl{vavy, v1v3, v304}], G[{vovs, V5v4}], Gl{vavs, V3G, VeUT, V14 }]
{vg,v5} | Gl{vaus}], G[{vavs, v3vy, v4vs}], G[{vovy, v1V6, VU5 }
{vs,v4} | Gl{vsvs}], G[{v3va, vov1, v104}], G[{v3V6, VeVs, V5V4}

[
[
[
{vs,v5} [{vzvyg, vav5}], Gl{vsve, v6us}], G[{vsvy, v1ve, Vovs }
[
[
[

Q

{U37U6} G {113116}], G[{U3U4,U4v5>U5U6}]7 G[{U302,U21}1,U1U6}
{’Ul, 'Ug} G {Ulvg}], G
{vg,v5} | G{vsvs}], G

{711112, Uzvs}], G[{Uﬂ)e? Vg Us, UsUy, U4713}

{114037 V3Vg, U6U5}]7 G[{U4U17 V102, U2U5}

]
]
]
]
[ ]
[ ]

Table 6. Spanning (3;u, v)-trail-systems of K33 + viv;

Proof of claim (5.9) If G has an edge e such that x'(G — e) > 3, then by (5.8) either
W(G —e) > 3, whence p/(G) > p/(G —e) > 3; or G — e = K33, whence it is routine to
verify that p/(K33 +e) > 3 (See Claim 4 within the proof of Theorem 5.4.3).

Now suppose that G is not Co-reduced, and so GG has a nontrivial subgraph H € Cs.
Then by (5.8), ¢/(G/H) > 3, and so by Corollary 5.2.9, ¢/(G) > 3 also.

Hence we may assume that (5.9) must hold. []

Proof of claim (5.10) Let C' denote a spanning eulerian subgrah of G' such that
A(C) + |E(C)| is minimized. (5.19)

By (5.9) and by Corollary 5.3.1, no edge in G is parallel to 2 other edges. Let m(C)
denote the the number of pairs of multiple edges in C. If m(C') > 2, then since n < 6 and
since C' is eulerian, we must have n = 6 and m(C) = 3. It follows by x(G) > 2 in (5.9)
that G must have an edge e not in C' joining two two vertices not adjacent in C, and so
C U e has a cycle C, containing e, But then C'AC, is a spanning eulerian subgraph of G
violating he choice of C' stated in (5.19). Hence we must have m(C) < 1.

When m(C') < 1, since 5 < n < 6, C' must be an edge-disjoint union of two cycles Cj,
and C, where (k,1) € {(2,3),(2,4),(3,3),(3,4)}, such that V(Cy) NV (C;) = {v} for some
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v. By (5.9), k(G) > 2, and so G must have an edge e ¢ FE(C') such that G[C' Ue] contains
a 3-cycle C. that contains v. Therefore CAC, violates (5.19), and so the contradiction

establishes (5.10). []
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