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Abstract

Asymptotic Solutions of Almost Diagonal Differential and
Difference Systems

Fei Xue

New methods for both asymptotic integration of the linear differential systems Y’ (t) =
[D(t) + R(t)]Y (t) and asymptotic summation of the linear difference systems Y (¢t + 1) =
[D(t)+ R(t)]Y (t) are derived. The fundamental solution Y (¢) = ®(t)[I + P(t)] for differential
and difference systems is constructed in terms of a product. The first matrix function ®(¢) is
decided by the diagonal matrix D(t) and the second matrix I + P(t) is a perturbation of the
identity matrix I. Another fundamental solution Y'(t) = [I + Q(¢)]®(¢) is also constructed
for difference systems. Conditions are given on the matrix [D(t) + R(¢)] that allow us to
represent [ + P(t) or Q(t) + I as an absolutely convergent resolvent series without imposing
stringent conditions on R(t). In particular the analogs, in the setting of difference equations,
of fundamental theorems of Levison and Hartman-Wintner are shown to follow from one and
same theorem in this work.
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CHAPTER 1

Introduction

1.1. Almost diagonal differential equations

Consider, the linear matrix differential system
(1.1.1) Y'(t) = A@t)Y(t).

with A(t), Y'(t) be nxn matrix functions. The basic problem is that the solution vectors Y ()
cannot normally be written as explicit expressions involving the entries of the given matrix
A(t). This difficulty brings the interest of asymptotic theory with the goal to approximate
the solutions explicitly as t approaches oo . Its importance can hardly be overestimated for
more reasons than one. Firstly for its own sake. Secondly for the reason that the asymptotic
behavior of solutions of nonlinear problems require quite often asymptotic integration of a
linearized problem. Throughout the rest of our work, we assume that (1.1.1) is defined on
some interval [a, 00).

Let A(t) = D(t) + R(t), in which D(t) is the diagonal part of A(t) and R(t) is the
off-diagonal part of A(t). Thus we rewrite (1.1.1) as
)

(1.1.2) Y'(t) = (D(t) + R(1))Y (1),

with
(1.1.3) D(t) = diag{ i (t), Aa(t), ..., Au(t) },
(1.1.4) R(t) = <Tjk(t))?,k:1’ where 7. (t) = 0.

Since a fundamental solution of the unperturbed equation Y'(t) = D(t)Y (¢) is given as

(1.1.5) O(t) = exp (/t:D(s)ds>

where ty € [a,00) is a constant, one may hope that an asymptotic representation of (1.1.2)
be given by

(1.1.6) Y1) = (I +Q(t)) exp (/t:ms)ds),

with Q(t) — 0 as t — co. Another option is to look for a solution Y'(¢) of (1.1.2) that is
represented in the form

(1.1.7) Y(t) = exp (/t:D(s)dS) (I + P(1)),

with another unknown perturbation P(t) such that P(t) — 0 as t — 0.
The above two asymptotic expressions are called the solutions of “Almost Diagonal Dif-
ferential Systems” which is defined in [12, 13, 14].

1



1.1. ALMOST DIAGONAL DIFFERENTIAL EQUATIONS 2

DEFINITION 1.1.1. Let D(t) € Cfa,o0) be a diagonal matrix and let R(t) € Cla, )
be such that its diagonal elements are all zero. We say that the system (1.1.2) is right
almost diagonal if it possesses an asymptotic representation (1.1.7) with P(t) € C[a, o]
and P(t) — 0 as t — oo. Similarly, if representation (1.1.6) holds, the system (1.1.2) will be
called left almost diagonal.

The asymptotic integration of (1.1.2) shall mean in our context the representation of a
fundamental solution of (1.1.2) as a left or right almost diagonal system.

We will also study on a special type of differential systems in our work that is called
“potentially oscillatory" differential equations. The meaning of “potentially oscillatory"
is as follows,

DEFINITION 1.1.2. A differential system (1.1.2) is called potentially oscillatory if

(1.1.8) ‘Re/t2<Aj(s> ~ als))ds| < M

t1
for all a < t1,t9 < 0o where M is a fixed positive number.

The time dependent Schrodinger equation, and in particular the adiabatic approximation
theorem in quantum mechanics due to [10], provide an important motivation for our study
for potentially oscillatory differential systems. When A(¢) is an anti-Hermitian operator, the
eigenvalues of A(t) are pure imaginary and of course (1.1.1) is potentially oscillatory. See [1],
for an extensive list of references dealing with this important theorem in quantum mechanics.
The study of a partially discretized wave equation with a certain varying potential is just
one additional instance to which right almost diagonal systems can be beneficial.

An useful proposition for potentially oscillatory differential systems is the following.

PROPOSITION 1.1.3. Assume that (1.1.2) is potentially oscillatory and ® is the function

defined in (1.1.5), then for any n x n matriz C(t) = (Cjk(t))?,kzl’
(1.1.9) (i) ') Ct)P(t) — 0 ast — oo, if O(t) — 0 ast — oo
(1.1.10) (i) @ H(t)C(t)®(t) € L'[a,00), if O(t) € L'[a, o).

Indeed, since ‘Re T () = Ai(o)lds| < M, we get |efoP OO < 4T for some

positive constant M. Notice that
(1111) (@—l(t)c(t)¢(t))]k _ Cjk(t)eftto [/\Ic(S)*)\j(S)]ds7
and the conclusions (1.1.9) and (1.1.10) follow.

By the Proposition 1.1.3, we are able to point out a relation between left almost diagonal
systems and right almost diagonal systems.

THEOREM 1.1.4. Assume the system (1.1.2) is potentially oscillatory. Then, it is left
almost diagonal if and only if it is also right almost diagonal.

PROOF. If (1.1.2) is left almost diagonal, it has a fundamental solution
(1.1.12) Y(t) = (I+Q())P(t),
in which ®(t) is defined in (1.1.5) and Q(t) — 0 as t — co. We let
(1.1.13) P(t) = o1 (1)Q(t)d(t),
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and from the property of potentially oscillatory differential systems in (1.1.9), we have that
P(t) — 0 as t — 0.
Adding identity matrix I to both sides of (1.1.13) to get

(1.1.14) I+ Pt)=T+d'®)QM)P(1) =21 ()[I + Q1)]®(t).
Multiplying ®(¢) from the left side to the above equation, we can conclude that
()L + P(t) = (I + Q1) 2(1),

which means that the differential system (1.1.2) also has a fundamental solution in the form
O(t)(I + P(t)) with this P(t) — 0 as t — 0.

We can show that a right almost diagonal system is also left almost diagonal, if it is
potentially oscillatory, in a similar way. O

The asymptotic representation of (1.1.2) is widely discussed in the literature. Its main
goal is to determine conditions on D(t) and R(t) that will guarantee that a fundamental
solution of (1.1.2) is left almost diagonal system. (Right almost diagonal systems are more
prevalent in the context of quantum mechanics.) An important theorem among them is
given by Levinson in 1948 [29].

THEOREM 1.1.5. (Levinson’s Theorem) For the differential system (1.1.2), if R(t) €
L'[a,00) and D(t) fits the dichotomy conditions: for each pair of integers j and k in [1, n]
with j # k and for for all s and t such that a < s <t < 00,

(1.1.15)  either /t Re(A\;(1) — Ap(7))dT — —00 and /t Re(\j(1) — A\p(7))dT < Kj,

(1.1.16) or /t Re(Nj (1) — A\p(7))dT > Ko,

where Ky and Ky are some constants, then (1.1.2) is left almost diagonal, i.e., it has solutions
with the asymptotic form Y (t) = (I + Q(t)) exp (ftto D(s)ds) with Q(t) — 0 as t — oo.

One of the reasons that his theorem enjoyed wide acceptance, was that it provided
relatively simple yet powerful criteria that would lead to the asymptotic integration of (1.1.2)
for potentially oscillatory systems as well as for non-potentially oscillatory systems. So much
so that it became the cornerstone of the monograph [9].

Levinson also utilized an extra similarity transformation which rediagonalizes D(t) +
R(t). His approach was further enhanced by Harris and Lutz [22, 23], who showed how to
transform (1.1.2) into a system

(1.1.17) Y = (Dn(t) + Bn(t)) Yy
via repeated diagonalizations

(1.1.18) Yo=Y, Y= (I+Q)Y;, j=1--
so that @);(c0) = 0 and so that

N

? Y

N

(1.1.19) v(t) = (T + Q1)) exp ( /t: DN(s)ds).

j=1
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Hartman and Wintner (1955) [24] derived another result about the asymptotic solutions
of (1.1.2) which differ from the previous conditions in important respects. Their lengthy
original proof was simplified also due to Harris and Lutz.

THEOREM 1.1.6. (The Hartman-Wintner theorem) Let D(t) be an n x n diagonal matrix
as defined in (1.1.3) and let there be a constant c¢(> 0) such that

(1.1.20) |Re (A\;j(t) — M\(8)]| > e>0, j#k
in some interval [a,00). Also, let the n x n matriz R(t) satisfy
(1.1.21) R(t) e I¥

for some p such that 1 < p < 2. Then the equation (1.1.2) has the solution in the form
(1.1.6).

It became fashionable in the field of asymptotic integration to transform a system (1.1.2)
to which Levinson’s theorem does not apply, into a new system of differential equations that
satisfies the conditions of the Levinson’s theorem above. For example, in [32]

THEOREM 1.1.7. (Medina and Pinto) For the differential system
(1.1.22) Y'(t) = (D(t) + V(t) + R(1)) Y ()

with D(t), V() and R(t) be nxn continuous matrices fort > a. D(t) = diag{\1(t), A\2(t), ..., \u(t)}
fits the dichotomy conditions of Levinson’s theorem in (1.1.15) and (1.1.16). Let Q(t) =

— [°V(s)ds exists for t > a. Moreover, VQ, DQ, QD, and R € L'[a,0). Then (1.1.22)

has a fundamental matriz solution Y (t) such that for t — oo

Y(t) = [ + o(1)] exp (/tt D(s)ds) |

U. Elias and H. Gingold, [13], found a new method for asymptotic integration of (1.1.2)
that based on the introduction of a certain integral equation that pinpoints sufficient condi-
tions.

THEOREM 1.1.8. (Elias and Gingold) If there exists constants l,g < 0o such that for all
a7ﬁ7/y7yw7/tha%/87ﬂ#y7

t t
(1.1.23) / Pag(ty)eln P2 q )

lap

(1.1.24) /lt

ay

dt1—>0

t1 . t
[/ Taﬁ(t2)€ﬁ2l ()\a/\ﬂ)dsdt2] Tﬁy<t1>€ft1 (Aa—Ay)ds
la/g

ast — 00, then the equation (1.1.2) has an asymptotic representation (1.1.6) where Q(t) — 0
as t — 0.

This theorem leads to an explicit criteria which will enable us to verify that the assump-
tions in Theorem 1.1.8 really hold.
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THEOREM 1.1.9. If the diagonal elements in D(t) fit the dichotomy conditions in (1.1.15)
and (1.1.16), and for every a # 3, v

Tap

Ao — g
!
Tap 1
1.1.2 L

(1.1.27) rov(t) /t : ‘ (Aﬁﬁ&f)l

and for (o, B) such that ft'; Re(Aa(s) — Ag(s))ds — —o0 (i.e., (o, B) € (1.1.15) ) also

(1.1.25) —0 ast— oo,

dt, € L

(1.1.28) g (t)elio BERa—r)ds & p1
t r

(1.1.29) Tgl,(t)/ (7’(1—,6) ol 11?6(/\a—/\5)dsdt2 c L
to )\OC - A/6

then the conditions of Theorem 1.1.8 hold.

Elias and Gingold’s theorem is the most recent and advanced result about the left almost
diagonal linear differential systems. The theorems of Levinson and Hartman-Wintner could
be shown to follow from this theorem.

Compare to the large body of literature in left almost diagonal differential systems, the
amount of work on right almost diagonal differential systems is relatively small. However,
it has been shown in several mathematical physical problems, see, e.g., [15, 17, 18], that a
representation of a fundamental solution in the form ®(/ + P) , where the diagonal matrix
® is on the left rather than on the right in the given product, has a merit of its own.

Medina and Pinto, [32], had a result about right almost diagonal systems for the differ-
ential systems given in the form (1.1.22).

THEOREM 1.1.10. For the differential system
Y'(t) = (D) + V() + R(t))Y(t),

let ® be a fundamental matriz of Y' = D(t)Y such that Q(t) = — [~ @~ (s)V (s)®(s)ds
exists for t > a and Q'Q, ®'RP are integrable functions. Then there exists a fundamental
matrix Y such that for t — ocowe have

Y (t) = @[ + o(1)].

Elias and Gingold, [12], got a result about right almost diagonal differential systems by
using a new method in 2002.

THEOREM 1.1.11. Define K (t) = ®~'(t)R(t)®(t), Mo = I and My(t) = [ My_1(s)K (s)ds
with | =1,2,.... If there exists some m > 2 such that
M(t) -0 ast—o00, l=1,2,...m—1,
M, ()K(t) € L',
then the differential system (1.1.2) is right almost diagonal.

They also obtained an explicit criteria about the potentially oscillatory differential sys-
tems.
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THEOREM 1.1.12. If the differential system (1.1.2) is potentially oscillatory, which means
that for all « # 3, a, 3 =1,2,....,n

SC) CLStO,t<OO,

‘Re/t (a(s) = Ag(s)) ds

to

where C' is a nonnegative constant, and

rag(t)

NOESYD
Taﬁ(t) / 4 00
(Aam—Aﬁ@)) € Lla,c0),

G )

Then a fundamental solution of (1.1.2) is given by Y = ®(t)[I + P(t)] with P(t) — 0 as

t — oo.

— 0 ast — o0,

and for all k # 3,

dt1> 1ra(t)| € L'a, o).

1.2. Almost diagonal difference equations

Consider the difference system, for ¢t > a

(1.2.1) Y(t+1) = (D(t) + R#)Y (1),
where

(1.2.2) D(t) = diag{ A (t), \a(t), ..., \n(t)},
(1.2.3) R(t) = (rju(t)) s with 7p(t) = 0.

Similar to the case in the differential systems, since a fundamental solution of the unper-
turbed equation Y (t +1) = D(t)Y (¢) is

(1.2.4) o(t) = ﬁD(Z)

we want to seek an asymptotic representation of a fundamental solution of the perturbed
system (1.2.1) be given by

(1.2.5) Y(t)=[I+Q(t) HD

with Q(t) — 0 as t — oo. Or, an alternative form

(1.2.6) <HD ) [ + P(t)]

with another unknown perturbation P(t) such that P(t) — 0 as t — oc.
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DEFINITION 1.2.1. Let D(t) be a diagonal matrix and let R(t) be such that its diagonal
elements are all zero. We say that the difference system (1.2.1) is right almost diagonal
if it possesses an asymptotic representation (1.2.6) with P(¢) — 0 as t — oo. Similarly, if
representation (1.2.5) holds and Q(¢) — 0 as t — oo, the system (1.2.1) will be called left
almost diagonal.

The asymptotic summation of (1.2.1) shall mean in our context the representation of a
fundamental solution of (1.2.1) as a left or right almost diagonal system.
We also have the definition of potentially oscillatory difference equations.

DEFINITION 1.2.2. The difference system (1.2.1) is potentially oscillatory on [a,00) if
there exists some positive number M; and Ms such that

{
(127) 0<M2§ k( SMla j,k::1,2,---n, ]7&1@

—
> >
=

S— | ——

for all a < t; <ty < 0.

Similar to differential equations, we can obtain an useful proposition of potentially oscil-
latory difference systems.

PROPOSITION 1.2.3. Assume that (1.2.1) is potentially oscillatory, then for any n x n
matriz G(t) := (g;r(t))] ,_,, we have

(1.2.8) (i) @ 'H)GH)P(t) = 0ast — oo, if G(t) — 0ast — oo,
(1.2.9) (i) )G ()P(t) € I'[a,00), if G(t) € I']a, o).
This time, notice that
= T ()
(12.10) (@ 6we), =) [T 3G

and then the conclusions (1.2.8) and (1.2.9) are easily verified by (1.2.7).

There exists a large body of literature on the asymptotic integration of systems of dif-
ferential equations. In contrast the amount of works on asymptotic summation of difference
systems is relatively small.

Benzaid and Lutz, 3], set up a theorem which is the analog, in the setting of difference
equations, to Levinson’s theorem using the dichotomy conditions in the setting of differential
systems.

THEOREM 1.2.4. (Benzaid and Lutz) For the difference system (1.2.1) with D(t) and
R(t) defined in (1.2.2) and (1.2.3), assume on [a,o0)
(1) we have
Ai(t)#0 foralll <j<nandt>a;

(2) R(t) satisfies

1
—— | |IR®)|| € I*[a,00), forallj=1,2...,n;
Aj(t)‘
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(8) D(t) satisfies the following “Dichotomy Conditions”: for each pair of integers j # k
and for all t; and ty such that a < t; <ty < 00, either

t t2
Aj(l)'—ﬂ] ast — oo, and H Ai(l)

(1.2.11) 1T 0

l=a /\k(l)

’SKl

or
t2

(1.2.12) 11

=t

Ai(1)
A_a)‘ =

where Kiand Ko are some constants.
Then the difference system (1.2.1) has a fundamental matriz satisfying, ast — oo,

Y (t) = [I +o(1 HD

S. Bodine and D. Lutz, [4] recently got a result when the perturbation R(¢) belongs to
P with 1 <p <2.
THEOREM 1.2.5. For the system (1.2.1) on [a,o0), assume that
MO 2650 forl<j<n.

Assume that D(t) satisfies the following conditions: There exist constants K > 0 and q €
(0,1) such that for each index pair (j, k), j # k,
to—1

either H

I=t1

< K¢* ™", forVa<t <ty

T80
Ll < K¢ h <t <t
or H )\ka)‘ g ", forVa<t; <ty
Let ||R(t)|| € Pla,00) for some 1 < p < 2. Then the system (1.2.1) has a fundamental
solution Y (t) = [I + o()] T]'=} D(1).

l=a




CHAPTER 2

Left almost diagonal difference equations

2.1. Introduction

In this chapter, we consider the matrix difference equation

(2.1.1) Y(t+1) = ADY (), t>a

with A(t), Y (t) be n x n matrix functions. We let A(t) = D(t) + R(t) such that D(t) is the
diagonal part of A(t) and R(t) is the off-diagonal part. Throughout this chapter we adopt
the following notation,

(2.1.2) Y(t+1) = [D(t)+ R(@)]Y(t),

with

(2.1.3) D(t) = diag{\(t), -, M(t)}, R(t) = (rn(t)] -y -
Also,

(2.1.4) o) = [[Dpw),

is the fundamental solution of the unperturbed equation Y (¢ + 1) = D(¢)Y ().
We will derive some new settings of sufficient conditions under which (2.1.2) is left almost
diagonal, i.e., (2.1.2) has a fundamental solution given in the form

(2.1.5) Y(t)=[I+Q(t) HD

with Q(t) — 0 as t — o0.

The order of events in this chapter is as follows. In Section 2.2 we derive a summation
equation for the perturbation matrix Q(¢). In Section 2.3 we formulate Theorem 2.3.1 that is
the point of departure from which new and old theorems follow. We also show in Section 2.3
how the analog of Levinson’s theorem as well as the analog of Hartman-Wintner theorem in
the setting of difference equations follow from one and same formulas in our Theorem 2.3.1
albeit by using different estimates. In Section 2.4 we apply summation by parts that bring

out an explicit criteria and show the important fact that quotients of the type #&ﬂm

play an important role in asymptotic summation. Section 2.5 is devoted to examples and
comparisons.
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2.2. Some Formal Calculations

Let ®(¢) be the solution (2.1.4) of the unperturbed equation Y (t + 1) = D(¢)Y (¢), i.e.,
O(t+ 1) = D(t)P(t). With this ®(¢) we put Y (t) = ®(¢)[L + P(t)] into (2.1.2) to get

O(t+ 1[I+ P(t+1)] =[D(t)+ R(t)|P(t)[I + P(t)],

(2.2.1) AP(t) = 7 (t+ 1)R()D(t) + ' (t + 1)R(t)D() P(1).
Let
(2.2.2) R(t) = D7'(t)R(1),
(2.2.3) K(t) = o Y)R(t)D(t) = <HD1(Z)> R(t) (HD(Z)).
l=a l=a
Here
sy (@) _ (7, T
(2.2.4) R(t) = < y <t>)j,k1’ K(t) <j (t)g y (”)M{

From now on Hf i i ((l; will be written in an abbreviated form Ht ! )‘l.

Since ®(t + 1) = D(t)®(t), we can obtain ®~!(t + 1) = ®~1(¢)D(t). By the notation
(2.2.2) and (2.2.3), @'(¢t + 1) R(¢)®(t) could be written as

Ot + DR()(1) = 27 () D(ORH)D(t) = 27 () R(H)D(t) = K(1)
Thus, Eq. (2.2.1) becomes
(2.2.5) AP(t) = K(t) + K(t)P(1),

or, component-wise,

(2.2.6) Apji(t) =Tt + Z ((Tjh )\h> phk(t)> , Lk=1--n

Instead of this difference equation, we consider a summed version. The limits of summa-
tion of individual terms may be different, so at present we denote them formally as l;. The
exact value of each [;; will be determined in the sequel. Since the sum (anti-difference) of a
function has two forms that depend on the limit, we define

¢ — Sl ft), if 1>t
(2.2.7) P rt) = ,
b=l Shft),  if i<t

and accordingly,

(228) p]k(t) = @ T]k tl H )\— -+ @ Z ((T]h tl f[ %) phk(h)) .
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The summed version obviously implies the original difference equation (2.2.6). Formally
(2.2.8) will be written as

(2.2.9) P(t) = é K(t) + é K(t)P(t

By Abel’s summation formula, we can easily get a version of the summation by parts
method for the operator @: for any matrix function A(t) and B(t), we have that in their
domain,

(2.2.10) é A(t)B(t) = (é A(tl)) @ (é Alty ) A B(ty).

t1=

We then use summation by parts on the last term of (2.2.9) to get

P(t) = @PKt)+ (@ K(t1)> @ (@K t ) A P(ty)

(22.11) = éK(tl) + (E{tg K(t1)> @ (éK t ) (t) + K (t)P(t1)].

Denote

M(t) = @K(tl)

My(t) = @M1t1+ @(5[(@)

t1=L

With this notation (2.2.11) may be rewritten as
(2.2.12) [I — My(1)] P(t) = My(t @ My (t, + 1)K (t,) P(ty).

We now introduce a matrix Q(t) = (g;x(t)) related to P(t) via
(2.2.13) O(I+P)=(1+Q)P

and proceed to find an asymptotic representation of the form Y = (I + Q)® rather than
Y = ®(I + P). The relation (2.2.13) is equivalent to

(2.2.14) Pt) =o' (t)Q@)®(t).
After the substitution of (2.2.14) into Eq. (2.2.12), it becomes
[1 = Mi()] 2~ (1) Q1) (1)

(2.2.15) = Myt @Ml ty + 1)K (t) D () Q(t1) (L ).
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Multiplication by ®(¢) from the left-hand side and by ®~!(¢) from the right-hand side leads
to

[ =@M ()2 ()] Q1) = Dt)M(t)P ' (t) — P(t) Ma(t)D ' (2)
(2.2.16) — P () [Mi(ts + DK (t) (1) Q1) D (t1)] 7 (8),

This is our basic equation for the unknown Q(t). Note that a direct substitution of ¥ =
(I + Q)® into the difference equation (2.1.2) leads to a difference equation

Q(t+1) = [D(t) + R()]Q(®)D'(t) + R(t) D™ (t),

which is far less convenient than the difference equation (2.2.5). Consequently, the derivation
of the equation (2.2.16) for () is simpler.
Consider the term ®(¢)M;(t)®~*(¢) which appears on both sides of (2.2.16).

CHM()E(t) = () (@ K(t1)> ¢ ()

t1=L

= D(t) (@ c1>—1(t1)}%(t1)<1>(t1)> >1(t)

t1=L
t A
(2.2.17) = P e (t)Rt)D(t)D (1)
ti=L

The term ®(1)®~1(¢;) in (2.2.17) is diagonal and a typical diagonal entry of ®(£)®~1(¢;) is

t—1 nolo ;;tll Aall) ifty <t

_ t1—1 .

(2.2.18) (@B~ (), = [0 ]] 5 =1 i ifn>t

l=a k=a =% 1 Zf tl =1

We define for any function f(t)

¢ f;;lf(z) if t <t
(2:2.19) [Hro=95 L5 5 ifti>t
=t 1 if ty =t
then (2.2.18) can be written as
t
(2.2.20) (@) (1), = [] A
=t
Similarly, a typical diagonal entry of ®(¢;)® (), say (3, 3) is
t
1
2. )2 ') .= || —-
(2.2.21) (@27 0)y = [ 575
Therefore, a typical entry of ®(¢)M;(t)®(¢) is
t t
A
-1 _ ~ «
(2.2.22) (@M (), 5 = & rag(tl)H)\—ﬁ.

tlzla@ t1
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a(l)
As (D)

From now on, we also write [ ];_ "
to the last term in (2.2.16),

. . t
in an abbreviated form [, :\\—;. Next we return

(2.2.23) EB (L) [Mi(ty + 1)K ()7 (1) Q1) ()] 71(1).

By substitution of the proper expressions for M;(¢; + 1) and K(¢;) and reorganizing the
functions ®, ®~!, it becomes

t t1+1
P o) (GB <1>1<t2>1%<t2><1><t2>> (@1 Rt @(1)) & (1) Q) B(1) 2 (1)

t1+1
(@ B(t1) 0" (t2) R(t2) (¢ )<I>1(t1)) f?(h)Q(tl)] ()27 (1).

to=L

The internal summation is similar to (2.2.17) whose elements had been calculated in (2.2.22).
Consequently the (a, ) term of (2.2.24) is

n t1+1 t

(2.2.25) @ S| B Fuslta) Hi—; [}?(tl)Q(tl)]mHi—j.

t1= la»yﬁ 1 | ta= laﬁ t1

A typical term (8,7) of R(t)Q(t1) is S_F_, 74, (t1)qu(t1). We substitute it in (2.2.25) and
obtain

t n n t1+1 /\ R t )\a
(2226) @ ZZ @ Tapg t2 H Tgy(tl)H)\— ql,,y(tl).
t1=loy v=1 =1 to=lop tn Y

Consider an individual term in the double summation (2.2.26) that contains the sole element
¢u~(t1) of the matrix Q(¢1). It is given by

t n t1+1 )\ t )\
(2.2.27) P D || P Faslta) H ?ﬁu(h)]:[)\_a G ().
t1=lo~ B=1 ta=logs tr 7

The term ®(t) My (t)®1(¢) on the right-hand side of (2.2.16) is calculated similarly.
() Ms(t)2' (1)

[@ (@@ (ta) R(ty)D(t )) (cIrl(tl)}?(tl)cb(tl))

ti=L

(2.2.28) @ ()P (ty) [(é <1>(t1>c1>—1(tQ)R(t2)<1>(t2)q>—1(tl)) R(ty)

Compare to (2.2.24), the (a, ) term of (2.2.28) is

¢ ()

O(t)D(t).

t1+1 t1 t )\

(2.2.29) B> (P ?aﬂ(@)]_[i—; ?ﬁy(tl)]_[A—‘:

t1=lay B=1 ta=lop to t1
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2.3. A framework for asymptotic approximation

The existence of the asymptotic representation (2.1.5) depends on the availability of a
solution Q(t) of (2.2.16) such that Q(t) — 0 as t — oo. This will be provided in the following
general principle. Our later tasks will be to show that (i) it may be reduced to practical
criteria and (ii) it includes some known results about asymptotic summation.

THEOREM 2.3.1. If there exists constants l,g < oo such that for all o, 3, v, v, with

a#ﬁ?ﬁ#VJ

(2.3.1) EB Tos(t1) ]_[ A— — 0,

t1= laﬁ
t t1+1 t1 A t A
(232) D || D rot 15 | Tt [T =0
tlila'y tzilag to s t1 gl

ast — oo, then Eq. (2.1.2) has an asymptotic representation (2.1.5) where Q(t) is a solution
of Eq. (2.2.16) such that Q(t) — 0 as t — oc.

PROOF. Recall that R(t) is an off-diagonal matrix, so 75, = 0.

Notice that conditions (2.3.1) and (2.3.2) ensure that the elements of ®(¢)M(t)®~1(t)
and ®(¢) My (t)®~1(t) of the equation (2.2.16) tends to 0 as t — oco. Consequently we multiply
(2.2.16) from the left-hand side by the inverse matrix S(t) = (I — ®(t)M;(t)®~1(¢))”" and
get

(2.3.3) Qt) = V(1) + L[QJ(®),

where

(2.3.4) L]Q)] GB O(t) [Mi(tr + 1)K (1)@ (1) Q1) 2 (t)] 7H(1)
and

(2.3.5) V(t) = S(t) [®()Mi () (t) — ©(¢) Mo ()P (¢)] .

Since S(t) — I, ®(t)My(t)®1(t) and P(¢)Mo(t)P1(t) — 0, we have that V(¢) — 0 as
t — o0.

we suppose that () is indeed a bounded solution of (2.2.16) on some interval [a, 00).
For a bounded matrix valued function A(t) let ||A(t)|| = >_, [a;x(?)] and let

(2.3.6) HA[[l = sup [JA@®)]-

tela,00)

In the equation (2.3.3) the term ¢, of ) appear inside summation of the type (2.2.27). We
bound (2.2.27) from above by

n t t1+1

2| D GBTMHA leA < QI

B=1 tlzla'y to= laB

Denote
t t1+1

R t1 )\a R t Aa
N(t) = max @ @ Tas(t2) | | )\—ﬁ 75, (t1) | | )\—’Y )
to t1

a?ﬁ:’Y!”
t1 :la»y to :laﬁ
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and we get from (2.3.3) that
(2.3.7) lRMII < V@)l +n* IS - N (@) - [[1QII]-

Now, by (2.3.2) N(t) may be made as small as we want for sufficiently large values of ¢. Take
a large enough so that n?|||S|||N(t) < p < 1 on [a,00). Then, under the present assumptions
we get by (2.3.7) that
V]

2.3.8 <
(238) i < 1=

With these values of a and p we complete the proof of the existence of Q(t) by a standard
iteration. Define the sequence

Qo(t) =V (1),
Q;(t) = V(1) + LIQj-](t), j=12,....
Then
1Qj41(8) = Q; (D = I1£[Q; — Qilll < plllQ; — Qj-lll,
and also

@41 = Q5llI < plllQ; — Qi lll-
Hence, the sequence Q;(t) converges uniformly on [a,00) to a limit function Q(¢). It is
evident that Q(t) is the unique solution of the equation (2.3.3). Also, since V(t) — 0 as
t — oo, we get by (2.3.8) that Q(t) — 0 as t — oc. O

What is a reasonable choice of the limits of summation [,7 If the diagonal part D(¢)
fits the dichotomy condition, we shall always choose the limits of summation of each term in
(2.2.8), (2.2.22) and (2.2.26) so that the kernel ]_[il :\\—; will be bounded by the corresponding
dichotomy condition.

If (o, B) satisfies the dichotomy condition (1.2.11), the limit of summation of the corre-
sponding term will be l,g = a. If (o, B) satisfies the dichotomy condition (1.2.12), we choose
lag = 0.

The relations (2.3.1) (and (2.3.2)) demonstrate the lack of symmetry that is inherently
built into Theorem 2.3.1, namely, that various perturbation terms are required to satisfy

different smallness conditions. If (a, 3) satisfies the dichotomy condition (1.2.11), ((o, 3) €
(1.2.11), for short) then l,3 = a and

t t

(2.3.9) I(t) = Pras(t) [ N Tap(t1) s

t1=a t1 t1=a t1

has the kernel Hi:l :\\—Z which is bounded from above by

;_1 :\\—;‘ < K, for t; < t (and tends

to 0 as t — o0). If (o, 3) satisfies the dichotomy condition (1.2.12), then the summation in
(2.3.1) is
t t

(2.3.10) I(t) = @B Fas(t) ]_[i—; == ) Tas(tr) ]:[ i—i — Tup(?)

t1=00 t1 t1=t+1
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and for ¢; > t, the kernel is Htl 1A 2 which is bounded by ’ t1-1 ;i < K%

We wish to show that some known results follow, naturally, from our general work.

2.3.1. Comparison with the analog of Levinson’s theorem. There is an analog
in difference equations (Theorem 1.2.4) of Levinson’s theorem in differential equations as
presented by [3, 4]. It claims that if the dichotomy conditions (1.2.11) and (1.2.12) hold and
R € 1! then (2.1.2) has the asymptotic solution (2.1.5).

Note that in that analog of Levinson’s theorem it is not assumed that R is off-diagonal,
as we do. However, even if the diagonal terms of R are moved into D and J; is replaced by
Ai + ;i it makes no essential difference in the asymptotic solution (2.1.5) since r; = 7;\# et

We show that this basic result can be deduced from our work. For this one must verify
that (2.3.1) and (2.3.2) hold. Let us start with (2.3.1).

If (a, B) € (1.2.12) then l,3 = oo and the summation in (2.3.1) which is also discussed
n (2.3.10) can be bounded as

As -
‘ Z Tap(t1) H N —Tq

t1=t+1

( D [Fas(t)] | + [Fas(t)]

t1=t+1

(2.3.11) %t 1) > [Fas(ty)]

t1=t

t—1 A
since ‘Hl £

to

< KLQ for t < t;. When R € I, >ty [Tap(ti)| — 0 as t — oo, which leads

tll

(2.3.12) — Z Tap(t1) H —Tap(t) = 0 as t— oo.

tr=t+1
If (o, B) € (1.2.11), we formulate the calculation of (2.3.1) as a lemma for further appli-
cations.

LEMMA 2.3.2. If (o, B) € (1.2.11) and T,p(t) € I' then
-1

(2.3.13) >

t1=a

t—1

Pap(t) [ | i

t1

o
— 0ast— oo.

< K;. We split the summation into two

PROOF. Here a < t; < t < oo and ‘H /\—“
parts
t—1

2.

t1=T+1

(2.3.14) L+ 1= Z

ti=a

Taps tl H)\

For any given € > 0 we choose a fixed 7" such that

=1y
Tas(t1) H )\—Z
t1

t—1

. €
I, < Z [Tap(t1)| K1 < =

2
t1=T+1
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for all ¢ > T + 2. With this fixed T’
T A
L)

(2.3.15) I = Z Fas(th) H)‘ﬁ Fas(t) [T 5
t1

ti=a
According to (1.2.11) the first factor in (2.3.15) converges to 0 as ¢ — oo while the second
one is bounded by K Y " [Tas(t1)]. O

(>

t1=a

1

T+1

The summation in (2.3.2) may have four different forms:

oo 0o to—1 t1—1
U SR B SRR | £ VRN g
t1=t+1 to=t1+1
[e%¢] to—1 )\
N 8| ~
(2.3.16) — [— Z Tas(t2) H )\—a] 750 (t)
to=t+1 t

if (o, 8) € (1.2.12), and (o, 7) € (1.2.12)
Z [Zraﬁ tg H)\——i-Tag tll’l“gl,(tl)H;

t1=t+1 to=a
t—1 t—1 )\
[Z Fas(t2) | | )\—; + ?aﬁ(t)] Ty (t)

to=a to

(2.3.17) -

if (o, 8) € (1.2.11), and (o, ) € (1.2.12)

t—1 [e%s) to—1 t—1
_ Mg |~ Ao

(2.3.18) (iii) > [— > Fast) [] A—f*] () ] T

ti=a to=t1+1 t1 o t1 g
if (o, 8) € (1.2.12), and (o, 7) € (1.2.11)

t—1 t1—1 t1—1 )\ t—1 )\
(2.3.19) (i) Y [Z Fas(t2) [ | A—; + ?ag(tl)] Pau(t) | | A—“

t1=a to=a to tq v

if (a, B) € (1.2.11), and (e, 7) € (1.2.11).
For (2.3.16) and (2.3.17), t < t; < o0, so t; — o0 as t — oo. Consequently the
internal summations( th 41 Tap(t2) t2 ! :\\i> — ( th 111 Tap(t2) tQ ! ;2) — 0,
o Tas(t2) T 22 + Fap(t)) — 0, and (02, Fas(ta) TT 32 + m(t)) —0ast—
oo either as in (2.3. 11) (for (2.3.16)) or by (2.3.13) (for (2.3.17)). Then the out summation

follows easily.
For (2.3.18), to > t; + 1 and («, ) € (1.2.12), so the internal summation is bounded by

[ele] to— 1 fe')
- Z Taﬂ t2 H )\ Z |Taﬁ(t2 K > K Z ‘Toz,é’ t2
to=t1+1 to=t1+1 to=a

Since (a,7) € (1.2.11), 320 — 0 as in the Lemma 2.3.2.

A t 1
a(t) I, 5
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For (2.3.19), to <t; — 1 and (a, 3) € (1.2.11), so the internal summation is bounded by

t1—1 t11

Z'I“ag ng H /\—+7°a5 tl

to=a
t1—1
< Y [Paplta)| Ky + [Fap(th))]
to=a
< Y [Paplta) (14 K1)
to=a

and the double summation is completed as above.

2.3.2. A similar result of Hartman-Wintner and Behncke-Remling. In differ-
ential equations, Hartman and Wintner [24] proved that if
(@) [Re(Aa = Ag)| =2 ¢>0, a#p,
(b) R()el’, 1<p<2,
then the differential system Y’ = (D(t) + R(t))Y has the asymptotic solution Y (t) = (I +
Q1)) exp(ft ds) with Q(t) — 0 as t — oo.
Behncke and Remling [2] proved that if

(@) |Re(Aa —Ag)| > ct™ @, ¢>0, anp <1, a # [,
(b) rap(t)tter € LP, p>1,

1 1
c) Pbag > o, o =max{ags}t <1, —+-=1,
(¢) P'bap > 5{ s} P
then

t
(2.3.20) Ya(t) = (eq + 0(1)) exp/ (Aa(8) + Taals) + o(s™)) ds.
to
Since o(s™%) is not necessarily in L', the approximation in (2.3.20) is not necessarily an
asymptotic solution in the sense of left almost diagonal differential system. Nevertheless, we
could get a similar result in difference equations with a strict estimate, without the o(s™%)
term, under a small variation of the conditions.
First of all, we introduce the expression ¢, with § be any real number. It is called “falling
factorial power”, see [28], which is defined as

T(t+ 1)

é: —_—m
(2.3.21) = 5T 1)

where I'(¢) is the Gamma function.
We can Verlfy that if § = 1, 2 3+, then 2 = t(t — 1)t —2)---(t =0+ 1).If 6 =
1 2 3 then t = W
2 in the setting of difference equations is similar to t° in differential equations. There
are some useful propositions such as

(2.3.22) At =221
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see [28], and
(2.3.23) 2~ 1) (t — 00).

Indeed, we can use the definition of #* and Stirling’s formula, see [33|, which is

2
(2.3.24) T(t) ~ e_ttt(%)lm,

to verify (2.3.23) as follows.

lim ﬁ = lim L = lim it +1)
toootd  tmoo (t— 04+ 1) i [(E—8+1)-(t—85+1)°

e_t_l(t + 1>t+1(2_71')1/2

{00 6—t+5—1(t — 0+ 1)t_6+1(t—25%)1/2 . (t — &+ 1)6
t+1 t—0+1

- -5 t+1 1/2 — =8 Jim (1 t+1

00 <t—5+1> ( t+1 ) ¢ lim ( +t—5+1)

1) 1)
8- t—0+1 g

= | 1+ —— 1+ ——

e”" lim ( +t—5+1) ( +t—5+1)
= e%.e0=1

We can now establish our theorem as in the following.

THEOREM 2.3.3. If

In

(2.3.25)

M(t)‘
As(t)
(2.3.26)  Pap(t)t’ € 1P, and Ta5(t) — 0,

>t >0, anp < 1, a # [,

and forp > 1,

(2.3.27) Phog > s, — 4+ 2 =1
- af a3y p, D )

(2.3.28) p' min{bg, } > max{an,},

or forp =1,

(2.3.29) bas > 0,

then the difference equation (2.1.2) has an asymptotic solution (2.1.5).

19
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Aa(

Aa(t ~%b which means that ’ ol

x50 ) (o, 0) € (1.2.12)
and we take la@ = 0. When t > 0, the summation in (2.3.1) is bounded from above by

) > e

o0 t1—1

. As| =
S Fastt) [T 32| + st
t1=t+1 ¢ o
< Y sl T )
ty=t+1
0 N B c tm,tm /(—aqp+1 ~
= > m@(h)tiaﬁtlb“"e( ' ) (Feast) + [Tap(t)]
t=t+1
> b |P b pC( ﬁ_tm)/(_a 5+1) "
< < ?aﬁ(tl)tlag‘ > < Z P 1 + [Tas(t)]
t1=t+1 t1=t+1
(2.3.30) = A1 Ay + |?a5(t)| )
with
o ) 1/p
~ bo
A = ( Z ‘Taﬁ<t1)t1 ’ ) )
t1=t+1
“Captl  “astl 1/pf
( Z P pc(ﬁtl)/(aaﬁl)) .
t1=t+1

A1 — 0 because of the first part of (2.3.26). For Ay, we need the asymptotic approxima-
tion

(2.3.31) / ste =N/ g o 1Y st — o0,
t

which is equivalent to

[ st s
}Lfg fu—vp—tF /(o1 1) =1,

an easy result by using I.’Hopital’s rule. Observe that
(tueft”+1/(v+1))/ il ) _ putu L (04+1)
_ (u . tu+1)tu—1€—tv+1/(v+1)
< 0
when ¢ > max{0,u"/®*D} and v > —1. Therefore, when ¢t — oo,

/ 8u6—3v+1/(v+1)d8§ Z SuefslH—l/(erl) S/ Suefsv+1/(u+1)ds,
+1

s=t+1 t

which leads to

(2.3.32) / T g = k) gy Y et ) / ST =) () g o
+1

s=t+1 t
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According to (2.3.31), (2.3.32) and (2.3.27) with u = —p'bag, v = —aap (v > —1 because
of (2.3.25)), we get that Ay — 0 as t — oo.
Thus, together with the second part of condition (2.3. 26) (2.3.30) goes to 0 as t — oo.

If In "\“(t) < —ct=%=2 which means that ”\ZE?) < e ", then (a, ) € (1.2.11) and we
take l,3 = a. Then the summation in (2.3.1) is bounded from above by
t—1 t—1
~ Aa
5 [ 13
t1=a
as
< Z ’raﬂ tl L= tl
t1=a
t—1 1/p —agptl —aa5+1 1/p'
P —plef t—2eBT" —aqap+1
< |5 (usten) ) ] [z e >]
t1=a ti1=a
(2.3.33) = BB,
when a > 0, with
-1 » 1/p
~ ba
5 = |5 (o]
Lt1=a

lt1=a

B, = Zt*pbaﬁ *pc(t Gaptl  TteBT BH)/(%BH)] 1/p’.

Now By is bounded because of the first part of (2.3.26) and By — 0 due to the estimate

t
(2.3.34) / st =T/ g L Y gs t— 00,
and
t—1 -1 t
(2.3.35) / st (T =S/ g < 3 st (=) < / st (T =" ) g
a s—a a

which is similarly verified as in (2.3.32).
For p = 1, (2.3.30) is replaced by

a t1—1 A
T B ~
Z Taﬁ(tl) H )\— —+ ‘Taﬁ(t”
t1:t+1 t «
[e's) N b —b c t*ﬂaﬁ+1,t;%"7ﬁ+l>/(iaaﬁ+l) ~
< [ t1)t B t afp ( : .
= tl;rl ‘T ,8( 1)t tg?fl{ 1 e R )
s (1Bt () =tast .
e ( > [Fratwrs ) (14 1) torec (DT (a0 t) ey
ty=t+1

because —ang + 1 > 0. Hence, when b,3 > 0, (2.3.36) approaches to 0.
The replacement of (2.3.33) also approaches 0 that could be showed similarly in this case.
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The summation (2.3.2) may again have the four forms (2.3.16) — (2.3.19) and it is treated
as in our proof of comparison of the analog of Levinson’s theorem. First we show that the
internal summations either tend to 0 or are, at least, bounded. At the second step we see
that the double summation tend to 0 if p'bg, > an., i.e., if

p' min{bg, } > max{a,, },
or bg, > 0 in the case p = 1. O
The following corollary is easy to be formalized whose proof is now superfluous.

COROLLARY 2.3.4. If

Ao (t) _
(a) |In Hzct“,c>0,a<1,a7«éﬁ,
As(t)
(b) FagO)t® € 1P, p>1, and 7up(t) — 0,
1 1
/
c) pb>a, —+-=1
© A
or if
Aa(t) _
(a) |In Htha,c>O,a<1,a7éﬂ,
As(t)

(b) Fasg®)t? €', b >0,
then the difference equation (2.1.2) has an asymptotic solution (2.1.5).

2.4. An explicit criteria

Theorem 2.3.1 formulates a general principle for asymptotic summation. In this section
we obtain an explicit, simple criteria which will enable us to verify that the assumptions
(2.3.1) and (2.3.2) really hold. This is done through systematic summation by parts.

THEOREM 2.4.1. The conditions of Theorem 3.1 hold under the following assumptions:
for a difference system (2.1.2) that satisfies the dichotomy condition and for every o # (3, v

Tap(t ap(l ~
(2.4.1) Fap(t) = rap(t) — 0, and To5(t) = 0 ast — oo,

L) —1  Aslt) = Aalt)
(2.4.2) JAN <M> el

(2.4.3) ( i

to=t—1

and for (a, B) satisfies (1.2.11), also

t—1
_ Aa . _ PP
(2.4.4) Tgl,(t)HA—B ell, Tog(t —1DTs,(t) €, and Tus(t)Ts,(t) € I,

(2.4.5) P (1) ti [(AQM> ﬁ %] -

ta=a Ao (t2) -1 ta+1 s
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PROOF. We begin to show that (2.4.1) and (2.4.2) imply (2.3.1).
If (o, B) € (1.2.11) then l,5 = a, the summation in (2.3.1) is

t—1 1y t—2 1y A\
(2.4.6) D Fapt) []55 =D Faslt) [ [ 5= + Fas(t = D=t — 1)
— As o As As
t1=a t1 t1=a t1
as showed in (2.3.9).
When t;, <t —1,
t—1 t—1 t—1 i—1
Ao Ao Ao g Ao
(2.4.7) Ny — = ——1|—= (—(tl) — 1) —.
! 1;[ g }:[1 g . g Ao . g
Therefore, using summation by parts, (2.4.6) becomes
=2 t—1
ra,@(tl) )\a ~ «
> Ay []55 A+ Faslt — )2 - 1)
B\ t1 af
oo e (f) — 1 il As
~ t—1 =1 49 ~ t—1
Taﬂ(tl) /\a Ta,B<t1) )\a ~ «
- =y (a, sl — D52 - 1)
j—j(tl)—lg an t; i—jtl—l }:[1 3 A8
Faglt—1) A 7 A
_ /\Tocﬁ( ) ot 1) — )\Taﬁ(a) I12e
LE—1)—1 As “(a) =17, A
t—2 A t—1
Taﬂ(tl) )\Oé -~ )\Oz
(2.4.8) — (At —> — + Tt —1)—(t—1).
2\ e -1 1 i

The first term of (2.4.8) goes to 0 by the first part of (2.4.1), the second by (1.2.11), the
third by (2.4.2) and Lemma 2.3.2, and the forth by the second part of (2.4.1).
If (o, B) € (1.2.12), then l,3 = 00, the summation in (2.3.1) is

t1—1

(2.4.9) - Z Tap(t1) H ;—j — Tap(t)

t1=t+1

as showed in (2.3.10). Since

A A S
(2.4.10) Ay, A—j - (}\—Z(tl) - 1) 115
t
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using summation by parts, (2.4.9) turns to

t1—1
Tap(t1) A ~
Sy el ﬁ ) (Atl f) — Tag()
ti=t+1 Aa a
t1—1
ras(t1) As Taﬁ As o
S e | bl IESD SPNETCLLS § S NG
A VN
[ﬁ(tl)_l t Aa tr1 ti=t+1 () =17 Aa
_ Tap() 1 ﬁ+ Tap(t +1) .ﬁ@)
L(oo) =17 Aa 2(t+1)—1 Ao

Toaﬁ Z51 - >\ﬂ ~
(2.4.11) + Z B xy S~ Tas(t).
ty=t+1 (t) — 1 @

As ’ o A—B‘ is bounded by = ¥ , the first term is 0 by the first part of (2.4.1), the second

term tends to 0 also by the ﬁrst part of (2.4.1), the third one tents to 0 by (2.4.2) and the
last term by the second part of (2.4.1).

Next we show that (2.3.2) is implied by (2.4.3)-(2.4.5). The discussion of (2.3.2) is divided
again into four cases as in (2.3.16)-(2.3.19).

Case L. (o, 8) € (1.2.12), and (a, ) € (1.2.12). In this case, the summation in (2.3.2) is

Si(t)
[e%¢} B [e%¢} to—1 )\ t1—1 )\ 0 to—1 )\
3 |l s a1 i T3 |- 3 moe T2 ot
ti=t+1| L to=t1+1 t, ¢ t o to=t+1 t o

N Fus(ti+1) A > Pas(t S| A
S Aﬁ(;)-yﬁ(tlH > (At2#> A_ﬁ] .rﬁy(tl)HA—7
t1 « t @

t1=t+1 _f(tl + 1) - 1 @ to=t1+1 E(tZ - ]‘

[ rLt+1) A > gt s |
(24.12)  — —AB(—)~A—ﬂ(t)+ > (At“ﬁﬁ—(z)l) A—B] Tau(t)] -
- - t N

ﬁ(t +1)—1 Aa b E(tg)
Here, ‘i—z(tl) , Z f\‘—z , i—z(t) , Hi /\—‘3 and ‘Htl ! )‘Z are all bounded by Kiz

Thanks to (2.4.1),

Tap(ti + 1 - Tap(t - Tap(t
(2.4.13) Aﬂﬂ(# - Amﬁﬁﬁ < > |y s(t)
E(tl + 1) -1 to=t1+1 Z(tQ) —1 to=t1+1 b <t2) -1
Therefore, |S1(t)| in (2.4.12) can be bounded by
> [ & Faslts) | 1 > Faslts) | 1 ] R 1
Dol X Pem w2 [P g | et
t1=t+1 Lto=t1+1 f(t2) —-1| K to=t1+1 f(@) —1| I K.
= Tl | 1S | Rl | 1]
T I S VI B sl VNI G S 01
to=t+1 f(h) -1 K2 to=t+1 ﬁ(tﬂ -1 K2
|2 Tag(ta) || ~
<3 [2 5 ol ]
t1=t 2 to=t1+1 E(t2) -
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where M; = max{1, KLQ} Assumption (2.4.3) guarantees that Si(t) tends to 0 since

- Tap(t2) = Tap(t2)
2. P v > |[Puy "
to=t1+1 E(tz) - to=t1—1 E(tQ) -

Case II. (a, ) € (1.2.12), and (o, ) € (1.2.11). In this case, (2.3.2) is

t—1 o] to—1 A t—1 )\
> || 37 e T3t T3
t1=a to=t1+1 t1 « t1 i

Since (o, 7) € (1.2.11), it is sufficient according to Lemma 2.3.2 to require that the summa-
tion (considered as a function of ¢;) satisfies

(2.4.14) [— > ?aﬂ(tQ)l:[i—i] Pa(t) € 11,

to=t1+1 t1

Similar to Case I, using summation by parts (2.4.14) can be bounded by

[ttt oy 5 (o V[

A
ﬁ(tl + 1) - 1 Aa to=t1+1

- Fas(t2) ) g ) 1] _
< JRNLLU:ICE N I AT " — | Fan(t1)],
[<t2§+1 :\\_z(tQ) -1 Aa tzztzl—i-l :\\_i(t2) 1] Ko

which is belong to ! by the assumption (2.4.3). Here we also use (2.4.13) in our estimation.
Case III. («, ) € (1.2.11), and («,v) € (1.2.12). In this case (2.3.2) is

[o.¢]
t1=t+1

(2.4.15) — [i Tap(t2) 1:[ i—;‘ + ?aﬁ(t)] (b)) -

to=a

[t1—1 t1—1 )\ t1—1 A
> Faslta) [] /\—; +?aﬁ(t1)] P (t1) [ T
to o

Lio=a t
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Similar to the summation by parts to (2.4.6), it is bounded by

| st —1) A o T
| R LRI el | £
t1=t+1 f(tl B 1) —1 /\ﬁ - 1 A
t1—2 ~ t1—1 t1—1
Pug(ts) ) AN Ao R R A,
D | ] 55+ Faslts = DSt — 1)+ Fap(ty) | - Pau(t) [[ 2
ta=a < f(@) -1/, Ag Ag t Aa
- t-2 -1
Tag(t — 1) >\a T’ag Tag t2
o 1) - LNV
‘ Tt-1)-1 As H tgza 32 (t2 H
- Ao A ~
+Tap(t — 1))\_ﬁ(t -1+ Tag(tl):| T (t)
[ee] ~ t1— 1
’I“ag(tl — 1) )\a
< M (i —1) =
tlzt [A—ﬁ(fl—l)—l s 2 H As
t1—2 t1—1
rozﬁ t2) >\a ~ >\a ~ ~
—; ( t2 % (1) - 1) tg I + Tap(ts — 1))\—[5(151 — 1) +7ap(t1) | Tau(tr)] -
Similar to (2.4.13), we have
?a (tl - 1) - ?oz (t2)
As . Z t273g . '
Lt -1 -1 L5 2(t2) — 1

As ‘ () — 1))15 bounded by K7, the assumptions (2.4.3), (2.4.4) and (2.4.5) guarantee that
(2.3. 2) tends to 0.
Case IV. (o, 3) € (1.2.11), and (o, ) € (1.2.11). Now the summation in (2.3.2) is

t—1 | [t1—1 t1— 1 t— 1

ZTa@tQ H ‘f‘?"a/gtl]?”ﬁl,tl H}\

ti=a | Lta=a

t—1) A, T
= # s 22t _1)_%1_[)\_
ti=a (tl_l)_l B E(a)_l a B
t1 ’[" t t1—1 A t— 1
_Z< mﬁaﬁ 2) >H_ Tup tl—l))\ (t1—1)+ra5(t1)] o (t1) H)\
to=a to+1

By Lemma 2.3.2 and the same process in Case III, we get that the summation in (2.3.2)
tends to 0. U

REMARK. (i) If TO‘(’) . is monotone then (2.4.1) implies (2.4.2) and (2.4.3) may be written
t
Tap(t—1) = a1
as % 1)1 Tau(t) € 1M
(ii) If Ao = A the theorem holds provided that 7,5 = 0. In this case (2.4.4) and (2.4.5)
are irrelevant.

(iii) Conditions (2.4.3)-(2.4.5) are not too severe requirements since in each of them 75, (¢)
is multiplied by a factor which tends to zero.
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2.5. Some examples and comparisons

The following examples are designed to bring out some manners that Theorem 2.4.1 could
be applied. Consider Eq. (2.1.2) with

(2.5.1) D(t) = diag{c;t?}, R(t) = {a;t*%}, a; =0, 4, =1,2,...,n.

Now let us check when do the assumption (2.4.1)-(2.4.5) hold. The first part of (2.4.1)
means
Taﬁ(t)

?aﬂ(t) Aa Taﬂ(t) aaﬁtqai wg—max(pa,
(2.5.2) p =% = SWONBWT — PE—Ts =0 (tq 3 (p Pﬁ)) ]
L)—1 ) -1 Aslt) = Aalt) st —cq

Therefore, the first part of (2.4.1) holds when

(2.5.3) Qop < max(py, p3)-
Since Tp(t) = T“)\La(t) = O (t9s~P)  the second part of (2.4.1) holds when
(2.5.4) Gap < Pa-

The relation (2.4.2) leads to the same condition (2.5.3). Therefore, condition (2.4.1) and
(2.4.2) hold when (2.5.4) is valid.

Since 73, (t) = Tﬁ/\”—:) = O (t%v~Ps), condition (2.4.3) becomes

(2.5.5) Gap + qsv — Ps — max(pa, pg) < —1.
/\a(tl)

(2.4.4) and (2.4.5) are assumed only when (v, ) satisfies (1.2.11), which means [] o)

0. At this time

t t Pa t
Aa(t1) Ca b Ca Pa—P
S I (A I U R i R e N
L5l =] ez ~ 1L 1
as t — oo may happen when
(2.5.6) Pa < Pg
or
(2.5.7) Do = Ds and |co| < |cgl.
(i) If po < pg, let K be the number in {a, a + 1, a +2,...} such that
Sl |KPes) > 1 and || - |(K 4 1) < 1
Cs Cs
Then, there exists some § € (0,1) such that when ¢ > K,
p “ e p
2.5.8 N = R A TP ] < Mo(a)dt
ess) TI|2[- o] (T1[%] ) - (T[] ) < v
where My(s) = (Hf el e ) 6~ with the proposition My(a) > My(a + 1) > M(a +

Therefore, the first part of (2.4.4), 75,(t) [[, 3= € !, is obviously by the fast decay of §".
s
The last two terms of (2.4.4), T,5(t —1)75,(t) € I* and 7,5(¢)75,(¢) € I', lead to the condition
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(2.5.9) Gap — Pa + qav — pp < —1L.

We can verify that the conditions (2.5.5) and (2.5.9) with p, < ps is equivalent to (2.5.9)
for any p, and pg.

Since A\ To‘(i—t;) € ' and ‘H;H ol < Mo (ty + 1)0" < My(a)d', (2.4.5) is bounded by

t2 xg
2)—1

t—1 t—1 A
- Ty t Tag(t
78 (1) Z [(Atz Ny 5(t2) > H ] < |7, ()] (Z Atz)\ﬂﬂﬁ ) My(a)s' € 1!
to=a )\a t2+1 to=a E(t2> -1
because the fast decay of 5t.
(ii) If po = ps and |ca| < |csl, then
t—a
2.5.10 —
(2.5.10) =
t—a
7o (O T, :\\—; € ! is valid because of the fast decay of )z—;) . Similarly as in (i), The

second and third terms of (2.4.4) lead to the same condition of (2.5.9).
We now consider the condition (2.4.5). By Lemma 2.3.2, (2.4.2) and (2.5.10), we get that

t—1 ~ t
o t )\a
5 [(A4) Hr] S0 st

ts—a S(t2) = 1) ;57

Hence, if 73, (t) € !, which is guaranteed by gz, — ps < —1, condition (2.4.5) is valid.

In conclusion, when (1) gus < Pa » (2) ¢ap — Pa + @30 —ps < —1, and (3) ¢z, — psg < —1
in case p, = pg and |c,| < |cg|, the difference system (2.1.2) with D(¢) and R(t) defined in
(2.5.1) is left almost diagonal.

Consider, for example, the system

(2.5.11) Y(t+1) = Ktol g)+(g t(())'g )]Y(t), | <1< oo,

The analog of Levinson’s Theorem (Theorem 1.2.4) cannot be applied to system (2.5.11)

because 715 = §2 = ’flg = O(t7%1) that is not belong to {!. Neither can Proposition 2.2 in

[16] be applied because of the same reason. However, we can get the conclusion that (2.5.11)
is left almost diagonal by our method easily since it fits (2.5.4) and (2.5.9).



CHAPTER 3

Right almost diagonal differential equations

3.1. Introduction
We consider the differential system
(3.1.1) Y'(t) = [D(t) + R(t)]Y (t)
with
(3.1.2) D(t) = diag{Alth), Ao(t), ..., An(t)},
R(t) = (rjk(t))j’kzl, where 74 (t) = 0.

The main goal of this chapter is to present a new technique and a new set of conditions
on “potentially oscillatory" differential equations that will render (3.1.1) a right almost
diagonal system, i.e., (3.1.1) has a fundamental solution in the form

(3.1.3) Y(t) = exp (/tt D(s)ds) (I+ P(t)), to € [a,00),

where P(t) — 0 as t — oo. Here, a “potentially oscillatory" differential system, which is also
defined in Definition 1.1.2, means that

Re / "y () = Mels))ds

t1

(3.1.4) <M

for all a < t1,t; < oo where M is a fixed positive number.

Our technique involves the conversion of a differential equation for P(¢) into a family of
integral equations in a manner to be detailed in Section 3.2. Each member of this family
points to a different theorem of asymptotic integration. Conditions will be given which will
guarantee that the system (3.1.1) is right almost diagonal. Examples will be discussed in
Section 3.3, that are amenable to our theorem and to which the results of |9, 12, 22, 23, 32|
do not apply.

3.2. Asymptotic integration
It can be easily verified that a fundamental solution Y'(¢) of (3.1.1) can be written as
(3.2.1) Y(t) = ®(t)Z(1),

where,

(3.2.2) O(t) = exp (/t:D(s)ds)

is a fundamental solution of

(3.2.3) O'(t) = D()D(t),
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and Z(t) is a fundamental solution of

(3.2.4) Z'(t) = R(t)Z(t)
with
(3.2.5) R(t) = 7L (t)R(t)D(1).

Let Z(t) € Cla,b), a < b < 0o, be an n x n matrix function. Define a linear operator £ by

(3.2.6) (L2)(t) = /b CR(s)2(5)ds

provided that the integral exists for ¢ € [a,b). It is evident that Z(t) is a fundamental
solution of Z'(t) = R(t)Z(t) if Z(t) satisfies the integral equation

(3.2.7) Z(t) = I+ LZ(1).

Define for m an integer and m > 2, the matrix function C(s,t) by

s t t t
(3.2.8) Ci(s,t) = / / / / Rty 1) -+ B(t2)dty 1ty s~ dbadts.
b t1 tm—3 Jtm—2

A main result of this chapter is the following.

THEOREM 3.2.1. Assume that for some m > 2 we have uniformly for b € (a,o0] that in
(3.2.6) and (3.2.8)

(3.2.9) (1) LFI, k=1,2,---,m — 1, are convergent integrals for t € [a,b),
(but not necessary absolutely convergent integrals)
(3.2.10)  (4) L‘,’“I —0ast—b k=1,2,- —1, and
2. zzz 1 s t s—0ast—
3.2.11) Cy( )||d 0 b.

Then, there exists a constant a large enough such that for t € |a,b), the resolvent series
Z?; LT is absolutely and uniformly convergent. Moreover, the system (3.1.1) is right
almost diagonal. Namely, a fundamental solution Y (t) of (3.1.1) is given by

(3.2.12) — exp (/ D(s ) (I+ P(t)),
with P(t) = 3372, LT — 0 ast — b.

We need first some preparatory lemmas. The first lemma below, which is an extension
of Fubini’s Theorem, is about changing the order of integration in certain expressions.

LEMMA 3.2.2. Suppose f : R™+— R with m > 2, is an integrable function, then

t tm—1 tm—2 to t1
/ / / . / / (5ot s tmr)dsdty - by sty odtm
b b b b b
t t t t t
:/ / / .o / f(S, tl, s ,tm_l)dtm_ldtm_g ce dtgdtlds.
b S t1 tm—3 Jtm—2

(3.2.13)
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PROOF. By induction, when m = 2, we observe that

// fStldeh—//fStldtlds

Assume that (3.2.13) is valid for 2 < m < k. When m =k + 1, let J(¢) be the left hand
side of (3.2.13) that is

(3.2.14) // </ //fstl, tk)dsdtl---dtk_g)dtk_ldtk.

Let g(tp—1,tx) = f(s ti, -+ tg)ds - - dty_o, then

J(t) = // (th—1, t)dtp— 1dtk—// g(tg—1,ty)dtpdty_y
(32.15) _ /( / / / Fortu e t)ds -t d) i

Since t;_; is temporarily fixed for ft t'“ T btl f(s,t1, -+ tg)ds - - dtp_odty in (3.2.15),
we have

t te_1 t t_o t1
i) = / / / / . / Fls b, te)ds - dtp_sdtpdty sdiy
b b tp_1Jb b
t th—1 ti_o t t1
/ / / / s / f(S, tl, cee ,tk)ds e dtkdtk_gdtk_thk_l
b b b th—1 b
t pte—1 pte—o 1 pt
/ / / oo / / f(S, tl, s ,tk)dtkds e dtk_gdtk_thk_l
b Jb b b te—1
t ptp_1 ple—2 t
/ / / e / h(s,ty, - tg_1)ds - - - dtp_sdt,_odty_4
b b b b

in which A(s,t1, -+ te) = [ fs, b, te)dty.
By the assumption, (3.2.13) is valid for m = k, thus we get

/ / / / S tl, s tk 1)d8 te dtk_gdtk_zdtk_l
= / / / / h(s,ty, -+ teo1)dtp_y - - - dtadt,ds
= / / / / f S tl, tk)dtkdtk_l cee dtgdtlds.
lg—2 Jtp—1

Therefore, we conclude that (2.3.1) is valid for any m € N with m > 2. O

We then need to embed the differential system (3.1.1) in a wider family of differential
equations. Consider the differential system

0
(3.2.16) EY(t €)= (D(t) +€R(t)) Y(t e
in which € € D, where D, = {¢| |¢] < p}, and p is a constant satisfying p > 1. Equation

(3.1.1) is then a special case of (3.2.16) with € = 1.
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Consider the corresponding integral equation
(3.2.17) Z(t,e) =1+ /b t €R(s)Z(s,€)ds = I + eLZ(t,€),
where we extend the definition of £ in (3.2.6) as
(3.2.18) LZ(t€) = /b t R(s)Z(s, €)ds.

If Z(t,e€) is a solution of Z = I 4+ e£Z, then
(3.2.19) Z=I+eLZ=T+eLI+eLZ) =T+ eLl+-- + "L+ LMT,

where m € N and m > 2.
It can be easily verified that for any m € N and m > 2,

t tm—1 to t1 _ _ .
LM €) = / / / / Rlto 1) - ROWVR(3) 2 (s, €)dsdty - - - dbyy sty 1.
b b b b
By Lemma 3.2.2 we have
LmZ(t,€)

t ot gt ¢ '
_ / / / . / / Rt 1) -~ R R(5)Z (5, )dtmrdtp s - - - disdirds
b § tl tm73 tm72
t t t t t ~ 3 ) A
- / (/ / o / / R(tm—1> T R(tl)dtm—ldtm_g e dthtl) R(S)Z(S, €)d8
b S t1 tm—3 J tm_2
t t t t t R .
- / (/ / h / / R(tm-1) -+ R(t1)dty_1dtm s - - - dbsdty
b b t1 tm—3 Jtm_2

s t t t
_ / / / / R(tm1)~~~R(t1)dtm1dtm2~~~dt2dt1> R()2(s, €)ds
b t1 tm—3 Jtm—2
t

(3.2.20) = /b [C1(t,t) — Cy(s, t)] R(s)Z(s, €)ds,

where C(s,t) is defined in (3.2.8).
We can see that

t t t
(3.2.21) Ci(t,t) = / / / R(tm-1) - R(t)dt,y 1dty,_o---dt; = L7

b tm—3 Jtm—2
Therefore, (3.2.20) implies

t
(3.2.22) LMZ(te) =L - LZ(t,e€) —/ Ci(s,t)R(s)Z(s, €)ds.
b

Here we get a useful identity for a later discussion,

(3.2.23) — /t Ci(s,t)R(s)Z(s,€)ds = LT Z(t,€) — L - LZ(t,€).
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From (3.2.17), (3.2.19) and (3.2.22), we get

t

Z=IT4ell+ -+ 1L+ em (ﬁm_ll L7 —/ C’l(s,t)R(s)Z(s,e)ds>
b

Z-1

€

t
=T+ ell+ - +™ILm 4 em ((ﬁm_ll) - / Cy(s,t)R(s)Z(s, e)ds)
b

t
=T+ ell+ - 2L MmN Lm N2 — em/ Ci(s,t)R(s)Z(s, €)ds,
b
which leads to

t
(I —€em L N Z =1+ €Ll + -4 em2Lm2] — em/ Cy(s,t)R(s)Z(s, €)ds.
b

Thus we obtain a new equation

m—2

> oeLr—en / cl(s,t)é<s)2(s,e)ds] :

v=0 b

(3.2.24) ZA(t, €)= (I —emtem it [

provided that (I —e™ L™ 1)~ exists.
Equation (3.2.24) can be rewritten as

(3.2.25) Z=H+LZ,
where
~ m—2
(3.2.26) He=(—e" 'L D)) eLhl,
v=0
t
(3.2.27) LZ(t €)= —(I — em—lﬁm—lf)—lem/ Ci(s,t)R(s)Z(s,€)ds.
b
For the convenience of the later discussion, we define
(3.2.28) £LrT=1, L°T=H.
For any bounded valued matrix function A(t, €), we define
(3.2.29) 1A )l = D lai(t,€)l
ij=1

which leads of course to the useful relation
(3.2.30) [|A(t, ) B(t,€)|| < |[A(t, €)]| - || B(t, €)]l-
Then we have the following lemma.

LEMMA 3.2.3. Assume that we have uniformly for b € (a, 0],

(3.2.31) (1) L™ I is a convergent integral on [a,b)
(3.2.32) (i) L™ —0ast—b, and
b
(3.2.33) (i4d) / 1Cy (s, 8) B(s)|ds — 0 as ¢ — b
¢

Then, for e € D, with p > 1,
(a) X (t,€) = po o LXH converges absolutely and uniformly when t belongs to some interval
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la,b) and a is large enough. X(t, €) is the unique solution of (3.2.25) fort € [a,b). Moreover,
(b)%X(t, €) = eR(t) X (t,¢).

PROOF. (a) Since L™ ' — 0, ftb||C'1(s,t)R(s)||d3 — 0 ast — b, and € € D,, there
exists some a € R and § € (0,1) such that for any ¢ € [a,b), (I — ™ L™ 1)~ exists and

b
(7 —em L=t~ |€|m/ 1C1(s,1)R(s)||ds < 6.
t

For each fixed € € D,, define when t € [a, ),
(3.2.34) [At, eIl = sup [[A(t, )]l

tefa,b)
Define a series {Zn}n:07172... by
Zo=H, Zjyw=H+LZ;, forj=0,1,2,---.
For any ¢ € [a,b), € € D,, we have

< [ —emiemipyien /b Cols, DR($)Z(5,0) = Zy 15, )| ds
< (I =ememtn g [ic s relds) 112 - 2

< Oll1Z; = Zlll.

Therefore, |||Z; 11 — Z;||| < 6]||Z; — Z;_1|||. Thus {Z,} converges uniformly for ¢ € D, and
t € la,b).
At the same time, notice

Jo=H+LZy ,=H+LH+L*2, y=H+LH+ -+ L"H,

so that
lim Z, = 3" £
k=0

We conclude that "7 LFH converges absolutely and uniformly for e € D, and t € [a, D).

As SS° JLFH = H + L2 LFH), we get that X(t,¢) = Y52 LFH is a solution of
(3.2.25).

Since [|£]| < ||(I — €™ 1L 1) 7Y| - [e|™ ftb ||Cy(s,t)R(s)||ds < § < 1, we also have that
X (t,€) is the unique solution of (3.2.25).

(b) Put

m—2

Zo=H=(I—e"'Lm D)7 " eLhI.

v=0

Then, Zg(t, €) is an analytical matrix function of € for € € D,, uniformly for b € (a, o0].
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By induction, put
m—

2
Zj+1 == .E[—FENZA] == (I - Gm_lﬁm_ll)_ [ VL:V - / Cl S t ( )d
=0

Then, each Zj(t, €) is an analytical matrix function of € for € € D,, uniformly for b € (a, oc].

Now, since Z;(t,e) — X (t,€), uniformly for t € [a,b), b € (a,00] and € € D,, as j — o0,
we conclude that X (¢, €) is an analytical matrix function of € for € € D,. Therefore, we may
express X as an absolutely convergence power series of € in D, with p > 1. Namely,
(3.2.35) X(tye) =Y A;t)é

7=0

Let us find the coefficients Aj(t). Since X(t, €) is a solution of equation (3.2.25), it is also a
solution of

m—2 t
(I =€ 'L D Z(te) =) LT —e" / Cy(s,t)R(s)Z(s,€)ds.
v=0 b

Therefore, together with the identity (3.2.23), we get,

m—2

(I—em L DX (te) = 3 LT+ (WX@, €)= LU LX(t, e)) .
v=0
So that
X(t,e) = mzze”ﬁ”l + (me((t,e) — LM LX(t, e)) + €™ X (L e)
-
(3.2.36) = Y LT+ L (X(t, €) — eLX(t, e)> + €mLTX (t,€)
v=0

Notice that

eLX(t,€) =eL (i AJ (t)ﬁj> — i (L'A](t)) pAS!
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At the same time,

LXK (t ) = emLm (i A (t)ej> - f: (mfij (t)> et

Hence, (3.2.36) becomes

00 m—2
DAt = D LT+ (L) Ag(t)em !
k=0 v=0
+3° () (Ajﬂ(t) .cAj(w) e 43 (EmAj(t)) e+
Jj=0 7=0
m—2
= LV - € + (Em_ll) Ag(t)e™t
v=0
(3.2.37) +3 [cmAj (t) + (L) (Aj+1(t> — LA, (t))} e,
=0
By comparing the coefficients of €°, ¢!, -+ ¢™~2 in both sides of (3.2.37), we get
Aoty =1, Ai(t) = LI, A o(t) = L2
Moreover, by comparing the coefficient of €™ ' in (3.2.37), we get
A (t) = (L™ 11) AO( ) =Lm

Consider A,,,;(t), j =0,1,---. We have from (3.2.37) that
Ay = LA (1) + (£7711) (Aj+1(t) — LA, (t)> .
By induction, it is easy to conclude that
A (t) = L™, j=0,1,---

Thus, we have that R .
A;(t)=L1 for j=0,1,---.

which means that

(3.2.38) => (LI)e

7=0
Since 322 (L)€ = I+eL <Zj°0(£jf) , we get that X (¢, €) is also a solution of Z(¢,¢) =
I+ eLZ(t,e). Therefore, th(t €) = eR(t)X (t,€), which is the desired conclusion. O

We can now conclude the proof of Theorem 3.2.1.

PROOF. When € = 1, we have in (3.2.26) and (3.2.27)

H=(I—L£"1)" ch

F2(t) = — (I - £m ') / (s, ) R(s) 7 (s)ds.

b
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~From Lemma 3.2.3, we know that X (t) => 7, LYH converges uniformly and abso-
lutely, and X'(t) = R(t)X (t). Therefore,

(3.2.39) ) = exp (/ D(s ds> (t)

is a fundamental solution of equation (3.1.1).

Also, we know that X (¢) is a solution of Z=H+LZ. So that

m—2 t
X=H+LX=(I-L"'D)"Y £1T—(1-Lm'1)"! / Cy(s,t)R(s)X (s)ds.
v=0 b

Hence,

1X —1]]

=||(I =™ '1)! Z_: LT —1—(I—Lm )t / Cy(s,t)R(s)X (s)dsl|

b

<
[en]

(3240)< I(I = £ D)7 y LT = I +[|(I = £~ /HClst) (s)llds - [1IX1]]

=0

3
N

N

Since L™ — 0, we get (I — L™ 'I)™! — I ast — b. Also, by the condition (3.2.10) of
Theorem 3.2.1, we have Z::(f LY] — I ast — b. Therefore,

m—2

(3.2.41) (=L ' D)™ LT =1 =0 ast— b,

v=0

||| X ]| is finite because 35 L¥H converges uniformly on [a,b). [|(I — L")~ — n
ast —b. ft ||C(s,t)R(s)||ds — 0 as t — b from the condition (3.2.11). Thus, we have

(3.242)  ||(I — L™ )Y /HC’lst) (9)|lds - |[|X|I| — 0 as ¢ — b.

From (3.2.40), (3.2.41) and (3.2.42), we get that || X — I|| — 0 as t — b.
Let P(t) = X — I, we get from (3.2.38) that

P(t) = iﬁﬁ
j=1

and from (3.2.39),

—exp(/D ) I—l—X()—I)—eXp(/D )(I+P(t))

is a fundamental solution of equation (3.1.1) with P(t) — 0 as t — b. O

Theorem 3.2.1 with m = 2 and b = +oo leads to a simple criterion for asymptotic
integration that will be used frequently in the sequel. Therefore, we have the following.
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THEOREM 3.2.4. Let m = 2, b = +00 and assume,

¢
(3.2.43) (i) R(t) is integrable on|a,c0) and Cy(t) == / R(ty)dt; — 0 ast — +oo, and

o

(3.2.44) (i) Cy(s / R(t))dt, R(s) € L'[a, o0),

then (3.1.1) is right almost diagonal.

PROOF. When m = 2 and b = oo, we have that £I = C4(t) and C(s,t) f R (t1)dt; =
Ci(s). It is then easy to verify that all conditions of Theorem 3.2.1 hold and the result
follows. 0

Our next result uses integration by parts to render the asymptotic integration of (3.1.1).
For the sake of abbreviation we will suppress the explicit mention of the independent variable
in R(s) and put R(s) = R.

THEOREM 3.2.5. Assume (3.1.1) is potentially oscillatory and the following hold,

t

(3.2.45) (a) R is integrable on [a,c0) and / Rds — 0 as t — oo,

[e.9]

(3246)  (b) D(/ths)—(/ths)DELl[a,oo),

o0 o0

(3.2.47) () (/t Rds)R € L'[a, 00),

[e.9]

(3.2.48) (d) Uo:q)_l (D(/O:Rdn)—(/o:Rdn)D> (I)ds} O 'R® € L'[a, ).

Then (3.1.1) is right almost diagonal.

PROOF. We need the Proposition 1.1.3 in our proof. Note the following identities. For
any differentiable matrix A(t), B(t) and C(t),

ADBOC) ~ Al Blt)Clo) = [ (ABCYds

t t t
_ / A'BCds + / AB'Cds + / ABC'ds.

to to to
Therefore,

(3.2.49) /t AB'Cds = A(t)B(t)C(t) — A(to)B(to)C(to) — /t A'B(s)Cds — /t ABC'ds.

to to to

Let ty = 0o, A = ®7'(t), B = [_ R(s)ds and C' = &(t). Moreover, by (1.1.9) in
Proposition 1.1.3 and condition (3.2.45), we get that ' [ Rds® — 0 as t — co. Hence,
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(3.2.49) implies that

t
/ O 'RDds

:'m

= <1>-1(/th3) /t( (I)‘lD)(/SRdn)(I)ds—/O:(ID‘l(/.:Rdn)D@ds
< |®7! Rds ‘ ‘ / ( Rdn) ( /OO Rdn)D) dds| .

Then, (1.1.9), (1.1.10), condition (3.2.45) and (3.2.46) infer that C1(t) — 0 as t — oc.
Next we need the following identity.

Ci(s)R(s) = {@1( /OO Rdt)® + /OO ! (D( /O: " Rdn) — ( /O: 1 Rdn)D) @dtll o1 RO

—op( /Oo Rdt)) R + [ /Oo o1 (D( /o: " Rn) — ( /O: 1 Rdn)D) q)dtl] (D-'R®).

(1.1.10) and condition (3.2.47) and (3.2.48) imply that Cy(s)R(s) € L'[a, o0).
Therefore, by Theorem 3.2.4, (3.1.1) is right almost diagonal. O

Oy ()] = /t Rds

o

REMARK 3.2.6. (a) Evidently, if R(t) € L'[a, c0), then with the help of (1.1.10), condi-
tions (3.2.43) and (3.2.44) of Theorem 3.2.4 hold. Thus, we obtain Levinson’s theorem for
potentlally oscﬂlatory systems as a special case of Theorem 3.2.4.

) If ‘Reft ds‘ < M, with M a positive fixed constant, then (3.1.1) is a po-

tentlally oscﬂlatory system. This includes the special case that the matrix D(t) + R(t) is
anti-Hermitian which is of great interest in quantum mechanics.

(c) Although the conditions of Theorem 3.2.4 lead to a theorem that coincides with a
result of [12], Theorem 3.2.1 with m > 2 is new and is not inferred by [12] .

(d) In our Definition 1.1.1 of almost diagonal systems we assume that rg(t) = 0, k =
1,2,--- ,n. However, all of our Theorem 3.2.1, Theorem3.2.4 and Theorem 3.2.5 apply to the
situation where 74 (t) are not necessarily zero. The assumption that 7y (¢) is not necessarily
zero is prevalent in the literature on asymptotic integration. See, e.g. |9].

3.3. Examples

In this section we consider some examples of potentially oscillatory systems where R(t)
possesses elements of the form %ﬁ We know that when § < 1, Smt does not belong to
L'[a, 00), so that Levison’s theorem does not apply. Neither are the examples below included
in the analysis of 9, 12, 32]|. However, our Theorem 3.2.4 and Theorem 3.2.5 will show that
the differential systems in the following examples are all right almost diagonal.

EXAMPLE 3.3.1. Consider the system below on the interval [a, c0) with a > 0.

)\1 (t) 0 e 0 0 Cla -+ Cin

0 /\2 (t) cee 0 4 Co1 0 e Cop sin t#
Ce t(S

0 0 cee /\n(t) Cn1 Cp2 - 0

(3.3.1) Y'(t)=
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If the following conditions hold.

(3.3.2) (1) The system is potentially oscillatory,
(3.3.3) (2) 6,u>0,20+pu—2>0andd+2u—2>0,

(3) /\k(s);)‘j(s) c Ll[a,oo), )‘;C(S?Su__f\;(s) c Ll[a, OO),
Me(s) = Ai(s)? [A(t) — A (1)

(3.3.4)

€ L'[a, o), and is bounded on [a, c0).

sh—1

Then (3.3.1) is right almost diagonal.

th1

PROOF. Notice that the conditions 26 + 4 —2 > 0 and § + 2u — 2 > 0 imply

(3.3.5) S4+pu—1>0.
In this example,
~ 1 tu + Ly n
(3.3.6) R(t) = (%Sl?é ook (s) A](s)}d5>
7,k=1

Therefore, in Theorem 3.2.4,

Oy = [ Tl

e}

t .
— / SIS a2 g
S

o

t -
= K / Smf“ dx) oo (=2 ()]
o T

t S o3 o s
B / ( / sin z dx) (M) — A () o rm=Asmldn g

é
o I

(3.3.7) = (AL — Ay),

where

(3.3.8) A = (
t S o n .
(3.3.9) A = / ( / SR dx) (Ma(5) = Ay () P =Xs(ldn g

t .
/ sin :L'“dx) eij[Ak(n)—Aj(n)]dn’

e

20

We now estimate A;. Observe that

t o3 m t 1
/ MY dx:/ (—pa”tsin 2#) ————dx

1) —yrotp—1
(3.3.10) o ¥ 00 pe
cos t* 0+pu—1 1
= ——= — (cosz") dz,
ut +p—1 U - rot+u

which leads to

t 2 "
SIn T
/ = dr| <
o I

- /Lt6+“_1 + 1

(3.3.11)

X —_— .
o+ ’uté—i-u—l

1 5+u—1/°° 1 2
t
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Since the system is potentially oscillatory, there exists M; > 0 such that

< pMy

3.3.12 ‘ T D (m) =X (n))dn
(3.3.12) e <

for t € [a,00). Therefore,

t o3 12 t 2 M M
_ Sin Jo P (m) =5 (m)]dn it S 1
(3.3.13) |4, = ‘/OO — dx’ . ‘e k)= ‘ < Ty = e

Then we consider A,. First observe that by integration by parts we have

t t
1 1
/ (COS m#)xé"'ﬂ de = / ,U/Z"u_l COS l‘”mdl‘

sin t# S+2u—1 ["sinz*
(3.3.14) ] [ /Oo ro+2p dr.

Therefore, insert (3.3.14) into (3.3.10) to get

" sin x” cos t* 0+ pu—1 sintt
. - [t tr—1 o 112 $o+2p—1
(64+pu—1)(6+2u—1) [Psina”
(3.3.15) — e =T x.
Insert (3.3.15) into (3.3.9) and we get
1 [* cosst S, P (n) = ()
|A2| < ; W(Ak(s) - )\j(s))e 50 ds
t (5"—/,6—1 sin s* S Y d
ﬂ/{ 2 'wwlha@—M@m%“WfW”@
t ((5"‘/,6—1)(5—'—2,&—1)  ¢in ¥ S M (0)d
(3.3.16) + ‘/OO [ e /Oo 5o d$:| (Ae(s) — )\j(s))efm[ k(=X (m)]dn g |
Since w € L', there exists some My > 0 such that ftoo w ds < My when

t € [a,00). Therefore,

t 5+M—1 sin s* S s d
‘/OO [ 2 ' 35+2u—1] (Ae(s) — )‘j(s))efso[ L= g

"
- 5+p,2— 1 /°° : L e(s) = ()] e PR =5 (mldn) g
d+p—1 1 /°° Aels) = Ai(s)l o 1L
< - o S -
/’L t M SH 2
M;
(3.3.17) < R

whereMgzl—lb((S—l—,u—l)-MQ-%.
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Similar to the estimation in (3.3.17) we have

/t {(M“_l)(éw“_l) / Sinxudas] (Ai(s) = Aj(s))elsoPrm =2 tltn g

G o a2
o+p—1 [~ S| P
T ] (0+2n—1) : mdm '|>‘k(3)_)\j(8)|~ el ‘ ds
eyl ! s (m) =X (m)]d
G /t et MR(s) = Ai(s)] i
M
(3.3.18) < T

Using integration by parts yields

t " )
/ Cfff (M) — Ay(s))elol MmN =Aatldn g g
" cosazt , N
B ( / o 1dl’) (Ak(E) = A (£))elzoPrm =2 (nldn

(3.3.19) —/ (/ ;?ﬁxidx) [((s) = Ap(5)) + Ouls) — Ay (s))?] elolPetm=ds(aling

and
b cos ot sin t# §4+2u—2 (" sinzt
—dx| = x
- pd+u—1 - Mt5+2u—2 L - o+2u—1
1 S+2u—2 [ 1
< [i1o+2n=2 T 1 / porc L
2
Combine now the estimations in (3.3.19) and (3.3.20) to get
" cos s* S g () — s (m)]d
/oo St kl(s) = Ay ()l =g
< 2 INe(t) = X (2)] - ‘efﬁo[kk(n)fkj(n)]dn‘
= o2 k J
2 . “x(m)d
+/t s (A) = (@) + Au(s) = (9)f7) [elo O ds
A(t) = A (0] My L[ ) = A1+ IAe(s) = M)
- th—1 to+p—1 $o+p—1 1 gh—1 s
MM4
where M, is a positive constant. We applied the conditions that M’“()—’l\(t)' is bounded on
tH
la, +00), M(SS)H—_/}(S € L' and l’\’“— € L'in (3.3.21).
>From (3.3.16), (3.3.17), (3.3. 18) and (3.3.21), we get
2M35 + M.
(3.3.22) 14, < 23 M

$6+p—1
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The identity (3.3.7) and the estimates on A; and A, in (3.3.13) and (3.3.22) help us
conclude that,

M 2Ms3 + M. M
(3:3.23) ’(Cl<t>>a’k‘ < lejel - (11l + [Az]) < [ejul ( : ° 4) <

$o+p—1 $0+u—1 — $otp-17

where M = max{|cj;|}(M; + 2M5 + M) is a positive number.
By (3.3.5) and (3.3.23), we get that condition (3.2.43) of Theorem 3.2.4 holds, namely R
is integrable on [a,0) and C;(t) — 0 as t — oc.
Let us show that condition (3.2.44) of Theorem 3.2.4 also holds. We have
<)

i(ggmwym@> hlimmW1

1=1
cnpuM My

— 9g20+p—1 7

[T ()]

sin s*

+pu—1 2 56

M My
S Z o "
=
where ¢ = Max{|cjx|}. Since 26 4y — 1 > 1, we have that Cy(s)R(s) € L.
Therefore, the system (3.3.1) is right almost diagonal. O

>From Example 3.3.1, we can see that the differential system

o (Tti+E 0 0 ¢ ]sint®

with ¢ = /—1, is right almost diagonal. However, Levison’s Theorem and other theorems in
[9] do not apply. Neither does Theorem 2.1 in [32]| because D(t) f; R(s)ds does not belong
to L.

At the same time, from Example 3.3.1 we can get that

ww:(“_ﬂ}é+ﬁl%}%ﬁY@

is right almost diagonal. Theorem 1 in [12] (Theorem 1.1.12 of our work) does not apply
because

sint
ra(t) CF

() — Xo(t) lz

t

3
4

Co . 5
= —sint-t4
2
which does not goes to 0 as t — oo.

We can obtain stronger results if we narrow our discussion to the case n = 2.

ExXAMPLE 3.3.2. Consider the differential system

(3.3.24) Y'(t) = ([ Alét) A;zt) } + { TQIO@) “20@) D Y ()
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sin t#1 sin t#2
where r15(t) = c12¥5—, T21(t) = ca1 %5, - Let,

(3.3.25) (1) the system is potentially oscillatory on [a,c0) with a > 0;
(2) forjg=1,2, 5j7/~Lj > 0, 6j+ﬂj—1>0, 6j+2ﬂj—2 >0

(3326) and (51 + 52 + i — 2> O;
g M) = Aals) oy Ai(s) = As(s) _ o
(3) fOTJ—LQ,TGL[a,OO)aTGL[%O@),
— 2 —
(3.3.27) Aals) = da(s) € L'[a,c0),and Ault) = Aa(0)] is bounded on [a, +00),

ghi—1 tri—1

Then (3.3.24) is right almost diagonal.
PROOF. In this example,

S Do) o)l St Do) -daolds
{01 {02
Similar to the analysis of Example 3.3.1, conditions (3.3.25), the first three inequalities
of (3.3.26) and conditions of (3.3.27) leads to that C;(t) — 0 as ¢t — +oo.
At the same time, notice that,

T12(t) = c12 . Tor(t) = ¢

~ . ‘le(S) foso flz(tl)dtl‘ 0 :|
ICi(s)R(s)| = { 0 |F12(8) [ Far (1) dty |
|: K |021 Sm;:2 ‘ ’ |551%1—1 | 0 :|
= 0 K ‘C SIHSNI | . ‘552%271 ’

0 561+52+u271

‘CQllM 0
51+02+pu1—1
s%1 1
S K ‘ClglM )

where K > 0 is a constant such that |e t Pals)=A2(s)]

With the help of 6; 4 dy 4+ p; — 1 > 1, j = 1,2, we get that Cy(s)R(s) € L'. O

< K when t € [a, ).

Now we want to apply Theorem 3.2.5 to the differential system in Example 3.3.2.
EXAMPLE 3.3.3. Consider the same differential system (3.3.24) in Example 3.3.2, if
(1) the systemis potentially oscillatory on |a, 0o) witha > 0,
(3.3.28) and | A1 (t) — Ao ()] < %, where C' > 0is a constant;
(3.3.29)  (2) 05,5 >0,0;+p;—1>0,and 6; + 9+ p; —2>0,5j=1,2,
then (3.3.24) is right almost diagonal.
PROOF. First, from (3.3.11) in the proof of Example 3.3.1, we know that

’ / sin x“] 2

= e
Therefore, f; Rds — 0 as t — o0.
Second, we have

D /OO Rds) — ( /OO Rds)D — [ N _Algf; i (M —Azz) JL riads

1,2.
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Also we know that

t t
‘()\1—>\2)/ 7’12(18 = |)\1—)\2|' / TlgdS
C 2w
- ¢ Iult51+/$1*1
2C|612|
M1t51+ul ’

and similarly,
< 20’621|
- Iu2t52+u2'

‘(AQ — ) /t rords

o0

Since 0; + f1; — 1 > 0, j = 1,2, we conclude that D([_ Rds) — ([. Rds)D € L'[a, c0).
Third,

[ raon = |0 0

00 foto ro1ds 0 |’I“21| 0
‘foto Tlgds‘ . |7“21| 0
0 ’f; ro1ds| - [ria|
< ergean] | MY ﬁug e 2 o1
i “2t52+u2—1 t‘sl

[ 2 0
o t51+52+‘u171
= |ciacn| | ™ 0 2 .

potd1Ho2+ue—1

Since 0y + 82 + p; —2 >0, j =1,2, we have (f; Rds)R € L'[a, o).
At last, as the system is potentially oscillatory, with the help of (1.1.9) and (1.1.10), we

get
t s s
' [/ ot (D(/ Rdn) — (/ Rdn)D) q)ds] q)lR@‘

< M [ - 0 . ftoo }()\1 - )\2) foso ledt1|d8 :| |: 0 |T12| :|

N ° L ft |()\2 - /\1> foo T21dt1| ds 0 |T21| 0
0 7 2 ds ] { 0 A }

< M, 0o t  s%1tm1 01

< Mg ) —36229“2618 0 té%
r__ 1t 0

< M7 $01+02+u1—1 1 :| 7

a L0 BT

where My, Mg and M; are some positive numbers.
Therefore, [f; &~ (D(J2 Rdn) — ([2 Rdn)D) @ds] P~ 'R® € L'[a, ).
By Theorem 3.2.5, we know that (3.3.24) is right almost diagonal. O



CHAPTER 4

Right almost diagonal difference equations

4.1. Introduction

We will study the matrix difference equation

(4.1.1) Yit+1)=(Dt)+R(1)Y(t), t>a
in which

(4.1.2) D(t) = diag{\(t), 2(t),..., (D)},
(4.1.3) R(t) = {rja(t)} oy withr(t) = 0.

This chapter is devoted to set up a new set of conditions on linear difference equations,
especially “potentially oscillatory”” difference equations, under which (4.1.1) is a right almost
diagonal system, i.e. it possesses an asymptotic representation

(4.1.4) Y(t) = (H D(l)) (I+ P(1)),

with P(t) — 0 as t — oc.
The meaning of potentially oscillatory for a difference system (4.1.1) on [a,00) is

(4.1.5) 0< M, < 1_2[ M)

i Ail)

for all a <t} <ty < oo and M; and M, are fixed positive numbers.

In Section 4.2, we employ a technique to convert a difference system for P(t) into a
family of summable equations. Each member of this family points to a different theorem
of asymptotic summation. Conditions will be given which will guarantee that the system
(4.1.1) is right almost diagonal. Examples and comparisons will be discussed in Section 4.3.

SMla j7k:1727"'n7 ]#lﬁ

4.2. Asymptotic Summation

It can be verified that a fundamental solution Y(¢) of (4.1.1) can be written as

(4.2.1) Y(t) = o(t)Z(t),

where ®(t) is a fundamental matrix solution of

(4.2.2) Bt +1) = DH)D(t),
46
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and Z(t) is a fundamental matrix solution of

(4.2.3) AZ(t) = R(t)Z(t)
with
(4.2.4) R(t) = 71 (t + 1)R(t)®(¢).

(t
Indeed, by (4.2.3), we have Z(t + 1) = (1 +R(t )) Z(t). Therefore, if Y () = ®(£)Z (1),

we can obtain

Y(it+1) = ¢(t+1)Z(t+1)

= D)B()Z(t) + RE)D()Z(t)
= (D) + R(t)Y(t).

When a <t < b, with a < b < oo, assume A;j(¢) # 0 for j =1,2,--- ,n. Then, it is easy
to find an invertible matrix solution of (4.2.2) that is

(4.2.5) o(t) = 1:[ D(l) = Diag {H (D), ﬁ Ao(l), - f[ An(l)} .

In order to find a fundamental matrix solution of (4.2.3), for any n x n matrix Z(t), we
define a linear operator £ by

(4.2.6) (LZ)(t) ==Y R(t1)Z(t)

provided that the summation exists for a < ¢ < b. It is then evident that Z(¢) is a funda-
mental solution of (4.2.3) if Z(t) satisfies the equation

(4.2.7) Z(t)=1+LZ(t).
Define for an integer m with m > 2, the matrix function C(t¢y,t) by

to t3

(4.2.8) C(t1,t) Z Sy - ZR - R(t).

to=t1+1 t3=t t4=t tm=t

An important result of this chapter is the following.

THEOREM 4.2.1. Assume that for some integer m > 2 we have uniformly for b < oo that
in (4.2.6) and (4.2.8)

(42.9) (i) L£FI, k=1,2,---,m — 1, are convergent summations fort € [a,b),
(4.2.10)  (i4) Ekl —0 as t—0b, for k=1,2,---,m—1, and

(4.2.11) (i) ZHC tL,)R(t)|] — 0 as t —b.

t1=t
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Then, there exists an integer a large enough such that fort > a, the resolvent series Z;’il L1
is absolutely and uniformly convergent. Moreover, the difference system (4.1.1) is right
almost diagonal. Namely, a fundamental solution Y (t) is given by

with P(t) =332, L/T— 0 ast — b.
We need first some preparatory lemmas. The first lemma below is about changing the order
of summation in certain expression.

LEMMA 4.2.2. Suppose f : R™ — R with m > 2, is a summable function, when t < b <
oo, we have

b b b b
Z Z Z "'Zf(tlut%"'atm)

tm

lL
SN
L
s
)
b
I

to tm—1

(4.2.12) ZZZ Yttt

1=t to=t t3=t tm=t

PROOF. By induction, when m = 2, we observe that

DD fltta) =D > flt,ta).

to=t t1=t2 t1=t to=t
Assume that (4.2.12) is valid for 2 < m < k — 1. When m = k,

b

(4.2.13) ST Y fltte e ) Z Z (th_1, tr),

to=t ty_1=tg tp—o=tp_1 =t tp 1=tk

where g(tg_1,tx) = Zi’k%:tkil e ZZ:Q f(t1,ta, -+ ,t;). Changing the order of summation
n (4.2.13), we get

b b lg—1
Z Z g(te—1,tk) = Z thk 1, k)
tp=ttp 1=tk tp_1=t tp=t
l—1
S5 DD YIRS Sy AN
lg1=ttp=t1lg_o=tK_1 t1=t2
th—1
SD D SR oY ) SRR
lg—1=t tp_o=lg—1 ti=tz \tp=t
b b b
(4.2.14) = Z Z Z h(ty,ta, -+ k1),
tp—1=ttp—2=tr—1 t1=t2

in which h(ty,ta, - tee1) = g 2y flta,ta, - ).
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By the assumption, we change the order of summation in the last term of (4.2.14) to get

b b tg—2
YD VIRED SRR I o) SRS 3 RIS
te_1=ttp_o=tp_1 t1=to t1=t ta=t tr_1=t
tg—2 lp—1

S5 D 3 W URNENSI

t1=t ta=t t_1=ttr=t

Therefore, we conclude that (4.2.12) is valid for any m € N with m > 2. O

We now need to embed the difference system (4.1.1) in a wider family of difference
equations. Consider the difference system

(4.2.15) Y(t+1,€) = [D(t) + eR1)]Y (L, €),

in which € € D, with D, = {z| |z| < p}, and p is a constant satisfying p > 1. Equation
(4.1.1) is then a special case of (4.2.15) with € = 1.
The highlights of our method, as shown in the sequel, is based on the following.
a) Repeated iterations of (4.2.16) as manifested in (4.2.17).
b) Change order of summations in multi-sums as manifested in (4.2.18).
¢) Combine a) and b) to obtain a new equation for the unknown Z(t, ).

d) Show that the unique solution of the equation in ¢) is also a solution of the original
equation (4.2.16).

Consider the corresponding difference system
b
(4.2.16) Z Z(ty,€) = I+ eLZ(t,e€).

If Z(t,e€) is a solution of Z = I 4+ e£Z, then

~

Z = I+eLZ
= T+ eL(l+eL2)
= [ +ell+ L%
(4.2.17) = T+ eLl+---m L 4 emLm 7,

where m € N and m > 2.
It can be easily verified that for any m € N and m > 2,

LrZ(te)= (=" > Y R(tw)R(tmor) - R(t1) Z(t1, €).
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By Lemma 4.2.2, we have

t1 to tm—1

L"Z(t€) = Z SN > R(tw)R(tmer) -+ R(t1) Z(t1, )

t1=t to=t tzg=t tm=t

b bt
= (D)"Y NN D Rlbm) Rltnn) - R(t) Z (s €)

ti=t to=t t3=t tim=t
b b t2 tm—l

t1=t to=t1+1 tz=t tm=t

= [ ZRtl (t1,€)

tm—1

IS S A Rt ) i

t1=t to=t t3=t tm=t
b
—(=1)™> C(tr, ) R(t1) Z(tr, €)
t1=t
A b ~ A
(4.2.18) = LZ-L7'T— (1)) C(t, H)R(t)Z(t, e),
t1=t

where C(t1,t) is defined in (4.2.8).
Here we get a useful identity for a later discussion,

(4.2.19) —(=1)™ > Ct1, ) R(t1)Z(t1,€) = L™ Z(t,€) — LZ(t,€) - L™

t1=t

This identity holds for any Z(t,€) and is not limited to solutions of (4.2.16) or (4.2.17).
>From (4.2.17) and (4.2.18), we get

Z=IT+ell+ - imif L empmy

b
= T4 ell+---miLm 4 em (EZ-EW‘II—(—1)’”ZC(tl,t)}N%(tl)Z(tl,e))

t1=t
Z -1 b -
= I+ eL] + - e lﬁm 1]+ e < p (,Cm_1]> - (—1)mZO(tl,t>R(t1)Z(t1,€)>
t1=t
= T+ ell+--- 2L 2[4 e (LM 2 ZC tL Rt Z (1, ),
t1=t
which leads to
b
(I— e 'L ) Z=T+eLl+ - 2Lm 2L —(—=1)™ > Clty, 1) R(t1) Z(t, €).
t1=t

Thus, we get a new equation
m—2 b

(4.2.20)  Z(t,e) = (I — L) 7 | el — (=)™ > C(t, )R(t) Z(t,0) | |

v=0 t1=t
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provided that (I — ™1™ 1) exists.
Equation (4.2.20) can be rewritten as

(4.2.21) Z=H+PZ,
where
. m—2
(4.2.22) H o= (I-em'em ')y er,
v=0
A b ~ A
(4.2.23)  PZ(t,e) = —(I—e L) (1) > Cltr, ) R(t) Z (1, o).

t1=t
For the convenience of the later discussion, we define
(4.2.24) L7T=1, PI=H

For any bounded valued matrix function A(¢,€), we choose the norm

n

1A Ol = D laglt,e)l,

k=1
which leads of course to the useful relation

[A(t, €)B(t, e)|| < |[At, e)|] - [| B(t, €)ll-
Then we have the following lemma.

LEMMA 4.2.3. Assume that we have uniformly for b < oo,

(4.2.25) (i) L™ 'Iis a convergent summation when t € [a,b),
(4.2.26) (44) ﬁm—lf — 0 as t — b, and
(4.2.27) (131) Z |IC(t,t)R(t)]| — 0 as t — b.

t1=t

Then, for e € D, with p > 1, we have the following conclusions.

(a) X(t,€) =00 P*H converges absolutely and uniformly when t belongs to some interval
[a,b) and a is large enough. X(t, €) is a unique solution of (4.2.21). Moreover,

(b) X(t,€) = Y 2o(LT)e, and AX(t€) = eR(t)X (t,e€).

PROOF. (a) By the conditions (4.2.25), (4.2.27), and € € D, there exists some a € R with
a < b, and § € (0,1) such that for any ¢ € [a,b), (I — €™ L™ 1) exists and

(4.2.28) (T =€ )7 |- e |mZ||c t, R(t)]] < 6.

t1=t

For each € € D,, we define when t € [a,b),
I[A, €)l[| = sup [[A(t, €)]].
te(a,b)

We also define a series {ZAn}n:Q,LQ... by
ZAQ:}AI, ZA]’+1:}AI+7DZAJ’, fO’I“j:O,].,Q,"'
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For any ¢ € [a,b), € € D,, we have
121 = Z|| = ||(H + PZ;) - (ﬁ+PZj D =1IPZ; = PZ;||

= |- (I —emtem) e (-1 Zcm Z;(t1,€) — Z; 1 (t, )|
t1=t
b

< NI =emem ) ] ™ Y (IO HRM)I - 125k, €) = Zima (b €)l])

t1=t
m—1 pm— 1 m 7 5
= ((I— L) ] el ZHC (t1, 1) R(ts ||) 1Z;(¢,€) = Z;j—1 (¢, €[]
t1=t

< OllZ; = Zjlll.

Therefore, |[|Z;41 — Z;||| < 0|/|Z; — Z;_1]||, which leads to the conclusion that {Z,}
converges uniformly for e € D, and ¢ € [a, D).
At the same time, notice

Gy [+ Pl = B+ PH+ P o= [+ PH 4+ P,

so that
lim 7, = Z P*H

Thus, we conclude that Y .2 P*H converges absolutely and uniformly for e € D, and
t € [a,b). Observe that S3° P*H = H +P(35°, PFH), we get that X (t,¢) = S o2 P*H
is a solution of (4.2.21).

Since ||P|| < || (I — e L™ 1) || - |e|™ Z?lzt |C(t1, 1) R(t,)|| < 6 < 1, we also have
that X (t,€) is the unique solution of (4.2.21).

(b) Since Zy(t,€) = H = (I — e™ 1L 1) S2™ 2" L¥], we get that Zy(t, €) is an analytical
matrix function of e for e € D,, uniformly for b € (a, 00].
By induction, as

b
Zipn=H+PZ;=(I—emtLm ) Ze”ﬁ” —1)™Y Ot R(0) Zs(t ) |

t1=t

cach Z;(t,€) is an analytical matrix function of € for € € D, uniformly for b € (a, c0).

Now, since Zj(t,e) — X(t,e), uniformly for ¢ € (a,b], b € (a,00] and € € D, as j — oo,
we conclude that X (t,€) is an analytical matrix function of € for € € D,. Therefore, we can
express X (t,€) as an absolutely convergence power series of € in D, with p > 1. Namely,

(4.2.29) X(t,e) = i,@j(t)ef.

J=0
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Let us find the coefficients A, (). Since X (¢, €) is a solution of equation (4.2.21), it is also
a solution of
m—2 b
(4.2.30) (I—emtLm ) Z(te) =Y L] —em(—=1)™ > Clt, ) R(t:) Z(t, €).

v=0 t1=t

Use the identity (4.2.19) in (4.2.30) to get that X (¢, €) solves the equation

(I — emflﬁmflf) X(t, €) = mZ_ZGZ’E”I + €™ (EmX(t, €) — EX(t, €) - Em*1[> ,
v=0
which leads to
X(te) = mfevm tem (cmf((t, €) — LX(t,€) - [,"HI> FemTILmel L R (4 e)
-
(4231) = S LT+ e (X(t, €) — eLX (¢, e>) L emLmX (te).
v=0

Observe that, by (4.2.29),

eLX(te) = L (i Aj(t)ej) - i (ﬁA](t)ej+1>
Therefore,

eniemr (X(t, €) — eLX(t, 6)>

em-lpm-1y (Ao(t) + i A (t)e* — i (cAj (t)ej“))
(4.2.32) = (LD A ()™t + i(ﬁmlf) (Aj+1(t) — LA (t)> ety

At the same time,

(4.2.33) LM X (L, €) = €mLm (Z /L-(t)ej) -y (cmﬁj@)) e
j=0 J=0
Hence, by (4.2.29), (4.2.31), (4.2.32) and (4.2.33), we get that
o m—2
A(t)d = LYT - € + (L") Ag(t)em
=0 V=0

(4.2.34) + i [(L’”’HI) ( L (t) — LA, (t)) + LA, (t)] e
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By comparing the coefficients of €°, ¢!, - -€™~2 on both sides of (4.2.34), we get that
Agt) =1, Ay(t)=LI, - Ay o(t)=L"21.
Also, comparing the coefficient of €™~ in (4.2.34), we get
A1 (t) = (L™ Ag(t) = L™
At last, compare the coefficients of €7 j =0,1,2---, in (4.2.34) to get

~

A1) = (£7711) (Agialt) = £A;(1)) + L7 Ag(2).
Then, by induction, it is easy to verify that
Amij () = L™V, j=0,1,2---.
Therefore, we get that 121]- (t)=L71,j=0,1,2---, which means that
(4.2.35) X(te)=> (LD)e.
=0

Notice that since Y °°((L/T)e/ = I +eL (Z;’;O(ﬁj])ej>, we get that X (¢, €) is a solution
of Z = I+ eLZ. Therefore,
AX(te) = eR(t)X(t,€),

which is the desired conclusion. O

We can now conclude the proof of Theorem 4.2.1.

PROOF. When ¢ = 1, we have in (4.2.22) and (4.2.23)

H = (I—,C””‘1I)_1m_2£”l,
PZ(t) = —(I—L£m ) (=1)™ Y Ot ) R(t) Z(t).

t1=t

~From Lemma 4.2.3 we know that X (t) = >0, PYH converges absolutely and uni-
formly, and AX () = R(t)X (t). Therefore,

(4.2.36) S(t) = (ﬁ D(l)) X(t)

is a fundamental solution of equation (4.1.1).
Also, in the proof of Lemma 4.2.3, we know that X(¢) is a solution of Z = H + PZ.
Therefore,

m—2 b
X=(I-cm ) r— (-t [(—1)m20(t1,t)1§(t1))2(t1)

v=0 t1=t
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We can estimate || X — I|| as following,

1X — 1]
m—2
= |[(I—-L£m ) ZE"[ I—(I—-LCm') 1-[ ZCtl, X(t) ]|
v=0 t1=t
< (I —£m)” Zm I+ (I —Lm )™ Z||0t1, X(t)]|
=0 t1=t
-2
< [[(I—cmn)7 -1
v=0

(4237) (1 -£m) 7| <Z!|Ct1, t1\|)|r|Xm.

t1=t

By the condition (4.2.9), we have £ ' — 0 and Y72 £"] — I as t — b. Hence, we
get that

-2

(4.2.38) | (I —L£m )" Zm* Il = 0ast —b.

v=0

Moreover, ||| X||| is finite because S PF H converges absolutely and uniformly on [a, b).
I|(I —£m )" | —nast — b. Zflzt ||C(t1,t)R(t1)|| — 0 ast — b because of the condition
(4.2.11). Thus, we know that

(4.2.39) | (I —L£m') - (ZHCtl, t1||>|HXy|\—>0ast—>b.

t1=t

~From (4.2.37), (4.2.38) and (4.2.39), we get that || X — I|| — 0 as t — b. Let P(t) :=
X — I, then P(t) — 0 as t — b. From (4.2.35), we also have that

o0

(4.2.40) P(t)=) LI

j=1

Hence, by (4.2.36),

- (ﬂ D(l)) (1 + P()

is a fundamental solution of equation (4.1.1) with P(t) — 0 as t — b. O

Theorem 4.2.1 with m = 2 and b = oo leads to a simple criterion for asymptotic summa-
tion that will be used frequently in the sequel. Therefore, we have the following.
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THEOREM 4.2.4. Let m = 2, b = oo and assume,

Zé(tl) —0ast — oo, and

(ii) Z”( > }N‘Z(tg)) R(t1)|| — 0 as t — oco.

Then (4.1.1) is right almost diagonal.

PROOF. Whenm = 2 and b = oo, we have LI = — "~ R(t1) and C(t1,t) = D toti 41 R(t,).
It is then easy to verify that all conditions of Theorem 4.2.1 hold and the result follows. [

REMARK 4.2.5. Theorem 4.2.1 and Theorem 4.2.4 could apply to systems of difference

equations that are not necessarily potentially oscillatory.

Our next result uses summation by parts to render the asymptotic summation of (4.1.1).
For potentially oscillatory systems, it is more convenient to apply than Theorem 4.2.4 because
it imposed directly on R(t) rather than on R(t).

THEOREM 4.2.6. Assume that (4.1.1) is potentially oscillatory and the following hold,

(4.2.41) (a) i R(t1) = 0ast — oo,

t1=t

(4.2.42) [ (ZR t ) ( i R(t2)> (D(t) —1)] e I'a, ),

t1=t to=t+1

(4.2.43) (f: R(t > R(t) € I']a, c0),

(4.2.44) + i R(t3)(D(t) — 1)) @(tl)] } SOt + 1)R()D(t) € I'a, ).

ta=t1+1
Then (4.1.1) is right almost diagonal.

PROOF. We first point out an identity of difference system that is useful for our discus-
sion. For any matrix functions A(t), B(t) and C(t), when t < b, we have

A(b + 1B+ 1)C(b+1) — A B()C(1)

= Z AlA )C(t1)]

= Y [(AA(t)) B(t)C(t1) + At + 1) (AB(t1)) C(t1) + Aty + 1)B(t; + 1) (AC(11))]

t1=t
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which leads to
ZA t1 4+ 1) (AB(t)) C(ty)
— A(b +1)B(b+ 1)C(b+ 1) — A(t)B(t)C(t)
(4.2.45) — Z [(AA(t)) B(t)C(t) + Aty + 1)B(t; + 1) (AC(H))] .
We let b = o0, A(t) = &7N(t), B(t) = —>_;°_, R(t1), and C(t) = ®(t).

We now need the Proposition 1.2.3. By (1.2.8) and the condition (4.2.41) of this theorem,
we get that

(4.2.46) Jim @ ( ZRu) = 0.

Hence, (4.2.45) implies that

D 7t + 1)R(t)D(t)

1) [SR(0)

(4.2.47) +®7 Mt + 1) i R(t3) A(I)(tl)] :

t3=t1+1

b

JOESY

t1=t

AOHt) i R(t2)®(t1)

to=t1

>From (4.2.2), we obtain that

(42.48) A9 = [D0) - 19
Also, (4.2.2) infer that ®~'(¢) = ®~(¢ + 1) D(t). Therefore,

(4.2.49) APTHE) = o7t + 1) O Ht) =@ 1t + 1)[I — D(1)].
Put (4.2.48) and (4.2.49) into (4.2.47) and get that

[es) b
STR(t) =Y 7Nty + D) R(4) (1)

= 7)) _R(t)2()

t1=t
b

3

t1=t

= ()Y _R(t)2()
b

(4.250) +>

t1=t

Ot + 1) ((1 —D(t)) > R(t) + Y R(ts)(D(tr) — f)) O(t1)

to=t1 tz=t1+1

(1) D7 (1) <(1 —D(t1)) Y R(t)+ Y Rlts)(D(t:) — ])> ‘1’(751)] :

to=t1 tz=t1+1
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Then, the conditions (4.2.41), (4.2.42) and the conclusions (1.2.8), (1.2.9) imply that ", R(t;) —
0ast— oo.

At last, the following identity that comes from (4.2.50) holds. Namely,

(z ﬁw) At

= <I>‘11:(t +1) ilR(tl)CD(t +1)- @7t + 1)R(t)D(2)
+Z [¢-1<tl>D—1<t1> ((1 -D(t) Y i)
+ i R(t3)(D(t) — I)> @(tl)] Ot + 1)R(t)D(¢)
= & t)D (1) (ti;R(tl)> R(t)®(t)

b

+ 2 [@‘1<t1)D‘1(t1> ((1 — D(1)) ) Rlt2)

t1=t+1 to=t1

+ i R(t3)(D(t1) — —7)) O(tr) | ©(t+ 1)R(1)P(1).

tz=t1+1

Thus, conditions (4.2.43), (4.2.44) and the conclusion (1.2.9) imply that

( > E(m) R(t) € '[a, 0).

t1=t+1

Hence, by Theorem 4.2.4, (4.1.1) is right almost diagonal. O

4.3. Examples

We will consider some examples of potentially oscillatory systems where R(t) possesses
elements of the form (sint) - t2. Here, t2, with § be any real number, is the “falling factorial
power”, which has the definition as in (2.3.21) of Chapter 2. Here we list some of its useful
propositions as in the following.

First,

(4.3.1) At = 5oL,
Second,
(4.3.2) 2~ 1 (t— 00),

that is already proved in Chapter 2.
Third,

1
(4.3.3) 1)
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which can be verified from the definition of # in (2.3.21).
Forth, when § < 0 and ¢ € [1, 00),
(4.3.4) (t+1)2 < 2.

Indeed, t* and (¢t + 1)2 are both positive numbers that can be verified from the definition
(2.3.21). Thus,

t+1)2  TEt+2) TE-6+1)
T T(t—06+42) I(t+1)
(t+ DI+ 1) Ft—90+1)
t—0+1)I(t—6+1) T(t+1)
o (t+1)
(t—0+1)
< 1

which leads to (4.3.4).
Also, the following identity of summation by parts will be useful in our estimation. For
any a(t), c(t), with ¢ <b,

b b

(4.3.5) > la(t) A c(ty)] = a(b + De(d + 1) — a(t)e(t) = > [e(ts + 1) Aa(ty)).

t1=t t1=t

Indeed, we know that, see, e.g. [28],
(4.3.6) Z[a(t) A ce(t)] = a(t)e(t) — Z[c(t + 1) A a(t)],

in which > means the indefinite sum or antidifference operator. For any Z(t), — Zflzt Z(t)
is an indefinite sum. Hence, from (4.3.6), we can get

b b

(4.3.7) = la(t) Ac(t)] = a(t)e(t) + Y [e(t+1) Aa(t)] + C,

t1=t t1=t

for some constant C. When ¢ = b, we obtain C' = —a(b+ 1)c(b+ 1). Insert C' into (4.3.7),
then (4.3.5) follows.

For any matrix function A(t), the notation [A(t)]

to

+; means
1

(4.3.8) [A(D)]2 = Ata) — Aty).

EXAMPLE 4.3.1. Consider a difference system on the interval [1, c0),

(4.3.9)
)\1(25) 0 cee 0 0 Cig - Cip
0 )\2(75) tee 0 + C21 0 o Cop

0 0 tee )\n(t) Cn1 Cp2 - 0

Y(it+1)= (sint) - 2 | Y(2).
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If the following conditions hold,

(1) The system is potentially oscillatory and |\;(t)| > u > 0, where p is

(4.3.10) some positive constant;
1| A(t) 1 Ak(t) 1
2)0< —=, |—————1|< M —1 1
@0<-3 |%e+1 ’< ’t—6+1()\»(t+1) € UL, 00),

(<o, (H ) () e
2,

(4.3.11) where M > 01is some constant, j, k=1,2,---n, and j # k.

Then (4.3.9) is right almost diagonal.

PrROOF. We want to apply Theorem 4.2.4. In this example,

(4.3.12) R(t) = ((cjk (sint) - %) %) .
=17 k=1

Therefore,
t1—1
k(!
(ZRtl ) < Slntl )tl—k()
t1=t jk ti=t 21 A5 (D)

— { [( Sln t2) t(;) t1 1 )\k(l)] b
to=t1 ’ ;:1:1 >\ (l) ¢
ZOO ZOO s i Ae()
~ ( Sln tz) t2> A W }

to=t1+1 =174

_ > (ain o1 ()
{(Z ) )HH A (0)

ti=t \to=t;+1 I=1
(4.3.13) = cip{A + Aq},
where
) t—1
(4.3.14) A = (Z sinty) - ) 1h—1 Aell) 1>\k(l)
- Hz 1 (l)

00 ©© ) Ak (ty -
(43.15) Ay = Z( > <Smt2>'t3> (Aj(§1(+)1) )HZ“ )\((l))’

ti1=t \to=t;+1 =1

i (ty "
+Z< Z (sinty) - tg) (% ) Hztl > ((l))

}

60
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Now we estimate A;. Observe that, using summation by parts,

> cos(t; — 1) 517 & cos(t; + 1) 5
sine o = |- oy (<) o
; 2sin 5 . tlz:t 2sin 5
cos(t — 1) 2. [cos(t; + 3) 51
4.3.16 = v 27 46 25—
( ) 2sin 3 tlzt 2sin 1 !
Therefore,
- 1 1
> (sinty) - #] < ——— 24 (5 T
= 2sin 5 251n =
1 s
= A 5=t
QSin% 2sin 1 ( tlzt ! )
2sm% 2sm%
(4.3.17) = M,
where M, =

Since the system (4.3.9) is potentially oscillatory and |\;(¢)| > p > 0, we can get that
for all ¢ € [1, 00),

(4.3.18) I1o (D) < M,,

[T A ()
for some M, > 0. Hence, by (4.3.17) and (4.3.18), we have

i)
T A0

Now consider As, we use summation by parts again in the right hand side of (4.3.16) to
get

> cos(t — 2 J - 1 _
Z(sintl)nf% = (‘—f)-té—i- - 12{005@1—1—5)]-15?1

o

Z (sinty) -t

t1=t

(4.3.19) |Ay| = < M, Myt®.

= 2sin 3 2sin 31
cos(t — 2) 5 sint;  5.1]% = sin(t; + 1) 51
R N L S
Sin ) Sin ) Sin ) + - Sin 3
cos(t — = )
2sin 5 4(Sln 3)?
6—2
4.3.20 sin(t; + 1 O — Dt—.
(4.3.20) f{Etesd Z Y RO

By (4.3.15) and (4.3.20), we get that
(4.3.21) [ Ao| < [Fy| + [F2| + | Fy
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where
Ao S e (s )
P = i:t Ty [sin(t +1)] - (1 +1)°= ( Aj?;(ti)l) - 1) %_111 jj f“((ll)),
Fy = tit {m <t2§+l [sin(ta + 1)] - (6 — 1)t§‘2>
(4.3.22) ( Aj?fl(ilr) 5 1) %11 j]k((zl)) }
For Fj in (4.3.21), we get that using summation by parts
(4.3.23) (2 sin %) ¥
_ é {cos t+ = } (t +1)° ( Aj?:l(t‘fl‘)1> - 1) %:_1: :;(ll))
T e
5 o)) )
= (3 oot ] ) (sl - ) Heoed
+t§ ( §+1 [cos(tg + %)] (b + 1)5> {A <)"/(\f1(t‘|1—)1) _ 1)} %
B (2 ] o) (i) Gt ) Beai

Similar to the estimation in (4.3.17), we can verify that

o0

> [cos(t1 + %)} (t +1)2

t1=t

(4.3.24) < My(t+1)%,
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By (4.3.23) and (4.3.24), we can get

oo 1 F] Ak(tl) . M
Z {cos(h + 5)} (i + 1) ()\~(t1 +1) 1) %11 Ai(l)

t1=t
t—1
< Mi(t+ 5( )Hll)\kl
t+1 Hz1 l
Ak o >\k
T M (t; + 2 —1 =L
;{ 1 1 ) ( t1+1 >‘ }
t1—|—1 )\ktl 1;11 >\k
M (t 2
*Z{ it < (6 +2) )(wﬁl )’
t—1
< Ml(t+1)6( Ai(t) 1) Hz 1>‘k(l)
)‘j(t+1) Hll (l)
o )\ktl b )\k
+My(t+2)8 {A( 1)‘ TS
tlzt (ty+1) I
> )\kt1+1 )\ktl 1)‘k
My (t+2)°
i 1(”;{ <A3t1+2 )(Aatwl )’ }

(4.3.25) < Mst®,

for some M3 > 0.
For Fy in (4.3.21), using the identity (4.3.3) we have

[e.9]

J . o () M)
X_:t 4(sin 1)2 inty + 1) - (b + 1= (/\j(tl +1) 1) Hl;lzl )‘jk(l)

t1 2

[y =

- .|5|1 i =1 ( Ai(t1) 1> 2—_11 Ai(l)

4(sm 5)2 = Aj (tl + 1) l1:1 /\](l)
) i (el )] Mt
- sm i1 — 5 + 1\ Nt + 1) ;1:1 Ai(D)

(4.3.26) < M4t5,

for some M, > 0.
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For F3 in (4.3.21), similar to the estimation in (4.3.26) above, we have

o o it > = ()
Z_W( Z [sin(ty +1)] - (6 — ) >( At +1) 1>tl—)\(l)

to=t1+1 1=1"%

s [ 5 o) (55 - s

_ !5I o1 [ An(ty) H‘t Ak (1)
~ A(sin5)? Z (6 15 (Aj(tl +1) > o0 (1

t1=t )

(4.3.27) < Myto.
>From (4.3.21), (4.3.25), (4.3.26) and (4.3.27), we get that
(4.3.28) | Ay| < Mst?,
where My = M3 + 2M, > 0 is a positive constant.
By (4.3.13), (4.3.19) and (4.3.28), we get the estimation of ) ;> , R(t) as

(4.3.29) (ZR t ) < leju] (M My + M)t2,
ik

t1=t

which leads to the conclusion that )", R(t;) — 0 as t — oo,

Now, consider (Ztl:tH R(tl)) R(t). In this example,

[( i E(u)) R(t) i [( i ?ju(tl)> m(w”

t1=t+1 v=1 t1=t+1

jk

n

D

v=1

o0

Z Tju(t1)

t1=t+1

IN

[P (2)]

> Jejol (Mi My + M)t
v=1
(4330) S n- C2<M1M2 + M5)M2 (té . té) >
where ¢ = max{|c;jx|}.

Since § < —3, we have that (Z;o:tﬂ E(tl)) R(t) € I[1,00). Therefore, the system
(4.3.9) is right almost diagonal. U

1 ()
[Ty (D)

IN

. (cvk sint - té)

We can obtain stronger results if we narrow our discussion to the case n = 2.

EXAMPLE 4.3.2. Consider a difference system on the interval [1, c0),

(4.3.31) Y(t+1) = ({ Alo(t) AQO(t) } + { o (Sil?t)_t& 12 <Sir6t) . D Y (t).

Let,
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(1) the system is potentially oscillatory and |\;(t)] > p > 0 for some positive s,

Ak (1) Ak (t)
(2) ;< 02685 = 1) < M, =y (2685~ 1) € P1,00), & (258 —1) € 141, 00),
(Reley - 1) (52685 — 1) € 1'[1,00) for j,k = 1,2, and j £,
(3) 01+ 02 <

Then (4.3.31) is right almost diagonal.
PROOF. In this example,
t—1 m
~ Ax (1
(4.3.32) R(t) = <cjk (sint) .tﬁ) iz M) .
Hz:1 /\j(l) k=1

Similar to the analysis of Example 4.3.1, conditions (1) and (2) of this example lead to
that

(Z é(u)) < Mgt
t1=t ik

for some Mg > 0. Hence, we conclude that »*_, R(t) — 0 as t — oo.
At the same time, notice that

& 7 > i1 T12(t)) T2 (f) 0
<t§+lR(“>> | = [ GO e et

|i Mﬁté—l . M2 ‘021 (sin t) : t5—2| 0 :|
0

Mgt®2 - M, |012 (sint) - t‘il‘
L.z
< My { 0 192 . 9L } ’

for some M, > 0.
Since t% ~ % and &; + 6, < —1, we get that (fo:tﬂ R(tl)) R(t) € I*[1,00). Therefore,
the system (4.3.31) is right almost diagonal. O

It may be possible to extend the analysis in here to the more general and interesting
setting of time scales, see e.g. [5]. However, we cannot see how to give such concrete
examples as the Example 4.3.1, 4.3.2 in the setting of time scales.

Theorem 4.2.6 is a more convenient tool, (than Theorem 4.2.4), to apply in order to
show that a potentially oscillatory difference system is right almost diagonal. This is due
to the conditions of Theorem 4.2.6 imposed directly on R(¢) rather than on R(t). We will
demonstrate this in the following example.

EXAMPLE 4.3.3. Consider a difference system on the interval [1, c0),

(4.3.33) Y({t+1)= ({ 13% HO_ } + { 0 0(1)2 } %) Y (t).

1 C21

We show that it is a right almost diagonal difference system.
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PROOF. In this example, we can see that for any 1 < t; < t5 < oo,

() t2 t2 L1 fatl 1 1
e e R (Y,
l to+2 )

=t )‘ () l_t[ 1+l+_1 Hl t zﬁ tf+1 t to +2

which leads to ’Hl “t )\

system. Now we want to apply Theorem 4.2.6 to show that (4.3.33) is right almost diagonal.

First, consider 3, R(t;). We will estimate »_*_, s‘?—tl as follows,

, (4.3.33) is a potentially oscillatory difference

isin_tl B [_cos(tl—l/Q) 'l]oo_i_icos(thLl/Q)Al

t1 2sin % t1 2sin % t1

t1=t t t1=t

cos(t—1/2) 1 = cos(ty +1/2 1
( /)-;—Z ( /2)

2sin% = 2sin% ti(t1+1)

Therefore, we get

= sint ] — 1
4.3.34 il P Bl BT < -,
(4:3.34) > _\ ' 32N 1T e
and then

- X[ 0 ¢ |sint| 20
4.3.35 R(t)| = <~
(4.3.35) tlzt<1>| Z[ o] <

where C' = max{|cia], [c21|}. It is obvious that » 7, R(t1) — 0 as t — oo.

Second, we see that
11 0
D7) = [ 16? 1 ] ;

I+ 57

which implies that ||D~(¢)|| < 2 on [1,00). We now obtain

HD‘I(t) [(1 - D(1)) (Z R(h)) + ( > R(h)) (D(t) - 1)] ‘

t1=t to=t+1

. 0 00 oo 1 0 -
(|13 ISl [Eme 15 310
1 t1=t to=t+1 b1
< 92 l_i_L E_Fﬁ l_i_L
- t o t+1 t t+1 |t t+1
16C
<
iy t27

Therefore,

D7 Yt) [(I— D(t)) (Z R(t1)> + ( Z R(t2)> (D(t) — I)] € 11, 00).

t1=t to=t+1
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Third,

8C?
T tt+1)

2C
t+1

sint
t

<2 20

D7Y(t) ( > R(t1)> R(t)

t1=t+1

which implies that D=!(t) (377, R(t1)) R(t) € I'[1, 00).
Fourth, since (4.3.33) is potentially oscillatory and |[|[D~1(¢)|| < 2, there exists some
Mg > 0 such that

{ > [cb‘l(tl)D—l(tl) ((I —D(t1)) > Rts)

t1=t+1 to=t1

+ i R(t3)(D(t) — U) q)(tl)] } @7 (t+ DR(t)2(t)

ta=t1+1
< a3 o (- o) 3 e 3 w0 n) -
t1=t+1 to=t1 t3=t1+1
— 16C sint| _ 32C%Ms = 1 _ 32C°Ms 1
< M, — | - 2C < . — < . - -
= 8<Z t%) t |-t Zt%‘ t Ztl(tl—l)
t1=t+1 t1=t+1 t1=t+1
32C? My
= t2 .
Hence, the condition (4.2.44) also holds in this example. We conclude that (4.3.33) is right
almost diagonal. 0

In all the examples of this paper, |R(t1)| ¢ I*[1,00), therefore, Proposition 2.2 in [16]
and Lemma 2.1 in [3] do not apply.
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