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ABSTRACT

On the Matroid Intersection Conjecture

Shadisadat Ghaderi

In this dissertation, we investigate the Matroid Intersection Conjecture for pairs of matroids
on the same ground set, proposed by Nash-Williams in 1990. Originally, the conjecture was
stated for finitary matroids only, but we consider it for general matroids and introduce new
approaches to attack the conjecture.

The first approach is to consider the situation when it is possible to make a finite modi-
fication to the matroids after which the pair satisfies the conjecture. In such a situation we
say that the pair has the Almost Intersection Property. We prove that any pair of matroids with
the Almost Intersection Property must satisfy the Matroid Intersection Conjecture. Using this
result we prove that the Matroid Intersection Conjecture is true in the case when one of the
matroids has finite rank and also in the case when one of the matroids is a patchwork matroid.

Our second new approach is inspired by the proof of the general version of Koénig’s Theorem
for bipartite graphs. That result implies that the Matroid Intersection Conjecture is true for
pairs of partition matroids. We develop some new techniques that generalize the critical set
approach used in the proof of the countable version of Konig’s Theorem. Our results enable us
to prove that the Matroid Intersection Conjecture is true for a pair of singular matroids on a
set that is infinitely countable. A matroid is singular when it is a direct sum of matroids such

that each term of the sum is a uniform matroid either of rank one or of co-rank one.
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Chapter 1

Introduction

1.1 History of Matroid Theory

The theory of general matroids originates from two sources. One is the theory of finite ma-
troids introduced by Whitney [38] in 1935, that was also independently discovered by Naka-
sawa, whose work was forgotten for many years (see [30]). The other source is the result by
Sierpinski [35] (see also [36]) in 1945, on duality in Fréchet V-spaces without isolated points
(unaware of Whitney’s work). General matroids were most often defined like finite matroids,

by adding the following axiom:
(I4) An infinite set is independent as soon as all its finite subsets are independent.

One of the destructive consequence of (I4) is that it destroys duality, which is one of the key
aspects of finite matroid theory. As a consequence, Rado asked for the expansion of a the-
ory of general matroids with duality in 1966 ([34], Problem P531). Rado’s challenge began
some serious research and activity in the late 1960s (see for example [31]), in which many
mathematicians proposed various possible approaches to general matroids. In 1969, Higgs
[27] combined the theory of finite matroids with Sierpinski’s result to build a theory of general
matroids, which he called B-matroids. Oxley [31] showed that B-matroids have the proper-

ties of a suitable extension and answered Rado’s problem. In 2008, Bruhn, Diestel, Kriesell,

1
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Pendavingh and Wollan [19] rediscovered the concept of a general matroid equivalent to B-
matroids of Higgs. They introduced five equivalent axiomatizations for general matroids, pro-
viding a foundation on which a theory of general matroids with duality can be built. They
proposed these equivalent sets of matroid axioms, in terms of independent sets, bases, cir-
cuits, closure, and rank, that make duality possible. In this dissertation, we follow the axioms

introduced in [19].

1.2 Matroid Intersection Conjecture

In the development of general matroid theory, there have been a number of conjectures about
how to possibly extend the standard and classical theorems of finite matroid theory to infinite
sets. These include the matroid intersection theorem which is a classical result in finite matroid
theory.

The well-known finite matroid intersection theorem of Edmonds [22] states that for any
two finite matroids M and N, the size of a biggest common independent set is equal to the
minimum of the rank sum ry, (E,;) + ry (Ey), where the minimum is taken over all partitions
E = E,;UEy. Here rank of a matroid refers to the number of elements of a base of the matroid.
In extending this statement to the infinite case, Nash-Williams [5] proposed the following in

1990.

Conjecture 1.2.1 (The Matroid Intersection Conjecture [5]). Any two matroids M and N on
a common set E have a common independent set I admitting a partition I = J,, Ll Jy such that
cly(Jy)Ucly(Jy) =E.

Here cl,;(X) denotes the closure of a set X, in a matroid M that consists of the set X and
the elements spanned by X in M.

When Nash-Williams first made this conjecture in 1990, he only had finitary matroids i.e.,
all of whose circuits are finite, in mind, because at that time general matroids were considered

as finitary matroids.
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This dissertation is focused on the Matroid Intersection Conjecture 1.2.1 one of important
open problem in the theory of general matroids. As a motivation for working on this conjecture,
we can point to the infinite Menger theorem. The infinite Menger theorem was conjectured
by Erdés in the 1960s and proved recently by Aharoni and Berger [7]. It states that if A and
B are sets of vertices in a (possibly infinite) graph G, then there exists a family P of disjoint
A—B—paths and a separating set which consists of exactly one vertex from each path in P. Due
to the complexity of the only known proof of this theorem, the investigation of a matroidal
proof of the infinite Menger theorem attracts attention among researchers. In [7] this is shown;
specifically, it is proved that the Matroid Intersection Conjecture 1.2.1 for finitary matroids

implies the infinite Menger theorem.

Remark 1.2.2. The Matroid Intersection Conjecture 1.2.1 is known to be true for the following

cases:

e When M is finitary and N is a countable direct sum of finite rank matroids ([5]). (We call
a matroid direct sum if the ground set can be partitioned so that each circuit is a subset

of one part, and we call a matroid finite rank if the cardinality of its bases is finite).

e When M is finitary and N is co-finitary ([7]). (We call a matroid finitary if all its circuits

are finite and co-finitary if its dual is finitary).

e When M is nearly finitary and N is the dual of a nearly finitary matroid ([7]). (We
call a matroid nearly finitary if by removing finitely many elements from any subset that

contains no finite circuit, we get an independent set).
e When M and the dual of N have only countably many circuits ([12]).

e When M and N are tame matroids which have a common decomposition by 2-separations
into finite parts ([11]). (We call a matroid tame if the intersection of any of its circuit

with any of its co-circuit is finite).
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e When M and N are partition matroids. We show in Section 4.2 that this case follows

from Theorem 4.1.2. (Theorem 4.1.2 was proved in [2] using a deep result from [3]).

1.3 Main Results

The content of this dissertation will be published in two papers: [14] and [23]. The content
of [14] is described in Chapter 3 and the content of [23] is described in Chapters 4 and 5.
For the rest of this section assume that M and N are matroids on a common ground set E.
In [12], Packing /Covering Property is introduced i.e. (M, N) has the Packing/Covering Property
if and only if there exists a partition E = P LI C such that (M, N) restricted to P has a packing
and (M, N) contracted to C has a covering. The pairwise Packing/Covering conjecture [12]
says that any pair of matroids has the Packing/Covering Property. It is shown in [12] that the
Matroid Intersection conjecture and the pairwise Packing/Covering conjecture are equivalent.

In the coming several chapters, we will present the following main results.

(1) In Chapter 3, we introduce Almost Intersection Property (see Definition 3.1.5), Almost
Packing /Covering Property (see Definition 3.1.6), and Packing/Covering Property modulo
a finite set (see Definition 3.1.7) for a pair of matroids (M, N). All of those concepts, each
in a different way, convey the idea that after a finite modification the pair of matroids

(M, N) satisfies the original property.
Then we prove the following main results.

Proposition. 3.1.8. (M, N) has the Almost Intersection Property if and only if (M, N*) has

the Packing/Covering Property modulo a finite set, where N* is the dual matroid of N.

Theorem. 3.1.9. If (M, N) has the Almost Intersection Property, then it satisfies the Ma-

troid Intersection Conjecture.

Theorem. 3.1.10. The following are equivalent.

(a) (M,N) has the Packing/Covering Property.
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(2)

(b) (M,N) has the Almost Packing/Covering Property.

(¢c) (M,N) has the Packing/Covering Property modulo a finite subset of E

Using these results, we prove that the Matroid Intersection Conjecture 1.2.1 is true for

the following cases:

Theorem. 3.1.12. If M has finite rank and N is arbitrary, then (M, N ) satisfies the Matroid

Intersection Conjecture.

Theorem. 3.1.14. If M is patchwork and N is arbitrary, then (M, N*) satisfies the Matroid

Intersection Conjecture.

Furthermore, we provide an alternative proof that the Matroid Intersection Conjecture

1.2.1 is true for the following case:

Theorem. 3.1.13. If M and N are nearly finitary, then (M,N*) satisfies the Matroid

Intersection Conjecture.

In Chapter 4, we develop new techniques and prove results about general matroids that
we plan to use as tools to attack the Matroid Intersection Conjecture 1.2.1. We will use
these techniques and results in Chapter 5 to prove the Matroid Intersection Conjecture
1.2.1 for a particular family of matroids. In Chapter 4, we introduce essential element.
We say a € E is essential for (M, N) if and only if (M, N) has a covering and (M,N) /{a}
has no covering. Then, we introduce the special covering (see Definition 4.4.2). Finally,
we introduce critical sets for pairs of matroids: We say A C E is critical for (M, N) if and
only if (M4, N [,) has a covering and each covering (I,J) for (M [,,N[,) is also a packing.

Then we prove the following main results.

Theorem. 4.1.9. Let (I,J) be a special covering and a € E essential for (M,N). Then there

exists a critical set A C E for (M, N) such that a € A.

Theorem. 4.1.10. If (M,N) has a covering, then there exists a maximal critical set.
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(3

Corollary. 4.1.11. Let (I1,J) be a special covering and E’ C E be such that every a € E' is

essential for (M,N). Then there exists a critical set K C E such that E' CK.

In Chapter 5, we introduce the concept blockage. We say that (M, N) has a blockage if

and only if

e there exists a critical set K C E for (M,N) and a € E \ K such that a € cl,;(K) and

a € cly(K).
Then we prove the following main result which concerns arbitrary matroids.

Theorem. 5.1.2. Suppose for matroids M and N on a common set E, the followings are
equivalent:
(a) (M,N) has a covering.

(b) (M,N) has no blockage.

Then (M, N) has the Packing/Covering Property.

Then we introduce singular matroids. We say that matroids M and N on a common set
are singular if and only if each one is a direct sum of matroids such that each term of
the sum is a uniform matroid either of rank one or of co-rank one (see Definition 5.3.1).

Then we prove the following main results which concern singular matroids.

Theorem. 5.1.3. If M and N are singular; then there exists a maximal critical set for M

and N.

Theorem. 5.1.4. Let M and N be singular matroids on an infinite countable set E. Then

the followings are equivalent:

(a) (M,N) has a covering.

(b) (M,N) has no blockage.
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Finally we show that Theorem 5.1.4 and Theorem 5.1.2 imply that the Matroid Intersec-

tion Conjecture is true for singular matroids.

Corollary. 5.1.5. If M and N are singular on an infinite countable set E, then M and N

satisfy the Matroid Intersection Conjecture.



Chapter 2

Foundations

In this chapter, we provide the essential background that is required for the coming chapters.
Any matroid terminology not explained below is taken from Oxley [32] and [19]. We also
follow these two notations N = {1, 2,...} and N, = NU{0}. In Section 1, we introduce general
matroids using topology related terminology and give connections with finite matroids and
Sierpinski result on the duality for in Fréchet V-spaces with no isolated points. In Section 2,
we give more standard definitions of general matroids following [19]. We state axiom systems
introduced in [19] for general matroids, and define general matroids as set systems satisfying
the independence axioms. In Section 3, we define the dual matroid and two important minor
matroids: restriction and contraction. In Section 4, we state the orthogonality axioms. Section
5 is devoted to examples of general matroids. In Section 6, we state the results and proof of

equicardinality of bases of tame matroids.

2.1 Origins of General Matroid

Definition 2.1.1. Let E be a set and & (E) the family of all subsets of E. A pre-closure operation

on E is a function cl : & (E) — & (E) such that satisfies the followings:

(CL1) For all X € E we have X C cl(X).
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(CL2) ForallX CY C E we have cl(X) Ccl(Y).

Definition 2.1.2. Let cl : & (E) — £ (E) be a pre-closure operation on E. We say that x € E is

a loop if and only if x € cl(#) and is a co-loop (isolated point) if and only if x & cl(E\ {x}).

Definition 2.1.3. Let cl : & (E) — £ (E) be a pre-closure operation on E. We say that the set

I C E is cl—independent if and only if x ¢ cl(I\ {x}) forallx €1 .

Definition 2.1.4. Let cl : & (E) — & (E) be a pre-closure operation on E, AC E, and a € E.
We define cl*: Z (E) —» £ (E) by

accl*(A) ifandonlyif a€Aor aecl(E\(AU{a})).

Observe that the function cl* also satisfies (CL1) and (CL2), and hence cl* is also a pre-

closure operation on E. We say that cl* is the pre-closure operation dual to cl.

Definition 2.1.5. Let E be a set. A closure operation on E is a pre-closure operation on E such

that it also satisfies the following:
(CL3) For all X € E we have cl(cl (X)) = cl(X).

Definition 2.1.6. A pair (E, .#) is called a finite matroid where E is a finite set and .# is the set
of all cl—independent sets for some pre-closure operation cl on E such that cl and cl* are both

closure operations.

Definition 2.1.7. A pair (E,cl) is called a Fréchet V-space where E is a set and cl is a closure

operation on E such that cl(#) = @ (see chapter 1 [36]).

Sierpinski proved the following result (apparently without knowing anything about Whit-

ney’s work on matroids).

Theorem 2.1.8 ([35]). If (E, cl) is a Fréchet V-space with no isolated points, then (E,cl) is also

a Fréchet V-space with no isolated points.
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To define matroids (general matroids) we need the followings:

e Let E be aset and .# C & (E). We say that [ € .# is maximal in .¢# if and only if for every

J € # the inclusion I € J implies that [ = J.
o Let £ C # (E). The following statement describes a possible property of .#.
(M) Whenever] CX CEandI € .#,theset{I' € .#; 1 CI' C X} hasamaximal element.

Definition 2.1.9. A pair (E,.#) is called a matroid where E is a set and .# is the set of all
cl—independent sets for a closure operation cl on E such that in addition to (CL1), (CL2), and

(CL3) it also satisfies the followings:
(CL4) ForallZCEand x,y €E,if y ecl(ZU{x})\cl(Z) then x €cl(ZU{y}).
(CLM) The set .# satisfies (M).

Note that if E is finite, then Definition 2.1.9 is equivalent to Definition 2.1.6 (since (CL4)
implies that cl* is a closure operation). Note also that if matroid (E,.#) has no loops and no
co-loops, then (E, cl) is a in Fréchet V-space with no isolated points (recall that cl is a closure

operation on E such that .# is the set of all cl-independent sets).

2.2 Axiom Systems for General Matroids

In this section, we state [19] five systems of axioms for general matroids. They are stated, re-
spectively, in terms of independent sets, bases, closure, circuits, and rank. Theses axioms allow
infinite circuits, which leads to a theory of matroids that is not necessary finitary matroids. On
the other side, in the case that circuits are finite, they default to finitary matroids. Therefore,
these axioms generate a theory of matroids which include the family of finitary matroids. Du-
ality will work as familiar from finite matroids: the co-bases are the complements of bases, and
there are well-defined and dual operations of contraction and deletion extending the familiar

finite operations. In developing these axioms, one objective was that every independent set
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to extend to a maximal one, and the other objective was that every dependent set to contain
a minimal one. Moreover, they wanted to have the property that every independent set ex-
tends to a maximal one, inside any restriction X C E. To state these axioms, we recall (M): Let

£ C @ (E). The following statement describes a possible property of .#.

(M) Whenever | CX CE and I € .#, theset {I' € .#; 1 CI' C X} has a maximal element.

2.2.1 Independence Axioms

Let E be a set and & (E) the family of all subsets of E. The following statements about a set

£ C @ (E) are independence axioms:
I1) ¢ €.4.
(I2) ForI € £ and I’ CI we have I’ € .4.

(I3) If I, J € .# with [ maximal and J not maximal, then there exists an x € I\J such that

JU{x}e.s.
(IM) .# satisfies (M).

Definition 2.2.1. When a set .¢ C & (E) satisfies the independence axioms, we call the pair
M = (E,.#) a matroid on E. We then call every element of .# an independent set, every ele-
ment of # (E)\.# a dependent set, the maximal independent sets bases, and and the minimal

dependent sets circuits. The function cl,, : Z (E) —» 2 (E)

cly (A) =AU {a € E : there exists a circuit C of M such thata € C CAU {a}}

will be called the closure operator on & (E) associated with .#.

2.2.2 Base Axioms

The following statements about a set 8 € & (E) are base axioms:
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(B1) B #0.
(B2) ForB,,B, € % and x € B,\B,, there is an element y € B,\B; such that B;U{y}\ {x} € 4.

(BM) The set .# of all subsets of elements of 98 satisfies (M).

Definition 2.2.2. Let M = (E,.#) be a matroid. A base of M is a maximal element of .#. The

family of all bases of M is denoted by 4.

Remark. Note that it follows from (I3) that any element of .# is contained in a base of M.

2.2.3 Closure Axioms

The following statements about a function cl : & (E) — & (E) are closure axioms:

(CL1) For all X € E we have X C cl(X).

(CL2) ForallX CY C E we have cl(X) Ccl(Y).

(CL3) For all X € E we have cl(cl(X)) = cl(X).

(CL4) Forall ZCEand x,y €E,if y ecl(ZU{x})\cl(Z) then x ecl(Z U {y}).

(CLM) The set .# of all cl—independent sets satisfies (M). These are the sets I C E such that
x ¢cl(I\{x}) forall x 1.

Sets of the form cl (X) are called closed sets. Thus by (CL3) a subset X of E is closed if and only

if X = cl(X). A subset X of E is said to be spanning if cl(X) =E.

Remark. Note that the the closure operator cl, : & (E) — & (E) defined in Definition 2.2.1

satisfies the closure axioms.

2.2.4 Circuit Axioms

Definition 2.2.3. Let € C & (E). Define cl, : Z (E) —» & (E) by

a€cly (A) ifandonlyif a €A orthereissome C € ¥ suchthatae C CAU{a}.
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We call cl., closure-like operation induced by a family 6.
The following statements about a set ¢ C & (E) are circuit axioms:
(C1) 0¢ <.
(C2) No element of % is a subset of another.
(C3) The operation cly, is transitive.

(CM) The set .# of all ¥—independent sets satisfies (M). These are the sets I C E such that
C¢IforallCe<%.

The axiom (C3) is called the circuit elimination axiom. If {e} is a circuit, then it is called a loop.

2.2.5 Rank Axioms

The set of all pairs (A,B) such that B € A C E will be denoted by (£ (E) x 2 (E))c. The

following statements about a function r : (# (E) x & (E))c — Ny U {00} are rank axioms:
(R1) For all BCACE we have r(A,B) < |A\B|.

(R2) For allA,B C E we have r (A,LANB) <r(AUB,B).

(R3) Foral CCBCACEwehaver(A,C)<r(AB)+r(B,C).

(R4) For all families (Ar) and B such that B C A, C E and r (Ay,B) = 0 for all y, we have
r(A,B)=0forA:=JA,.
Y

(RM) The set .# for all r—independent sets satisfies (M). These are the sets I C E such that

r(I,1\{x})>O0forall x 1.
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2.2.6 Conversions

Let .# be the family of independent sets of a matroid, then the family of maximal independent
sets is the set of bases of the same matroid, the family 4 of minimal dependent sets is the set

of circuits of the same matroid, the operator cl : & (E) — & (E)

cl(A)=AU{a ¢ A: there exists some I € £ withl CAand I U {a} ¢ .4}

is the closure operator of the same matroid.

In the other direction, if 9 is the family of bases of a matroid, then the family of subsets
of elements of £ is the family of independent sets of the same matroid. If ¥ is the family of
circuits of a matroid, then the subsets of E that include no element of ¥ form the family of
independent sets of the same matroid. If cl is the closure operator of a matroid, then those
subsets I C E that has no e € [ with e € cl(I\ {e}) form the family of independent sets of the
same matroid. The closure operator also can be defined in the terms of the circuits: if ¥ is the

family of circuits of a matroid, then cl,, : & (E) —» & (E)

cl, (A) =AU{a ¢ A: there exists some circuit C € ¢ such thata € C CAU {a}}

is the closure operator of the same matroid.

By these conversions, we can see that all of these axioms are in fact different descriptions
of the same sort of mathematical object. If M is a matroid, then we will refer to the set of
independent sets of M as .#, the set of bases of M as 43, the set of circuits of M as ¥, the

closure operator of M as cl;, and the rank function of M as ry,.

2.2.7 Spanning Sets

If M is a matroid on a ground set E, then a subset I C E is a spanning set for the matroid M

if and only if cly (I) = E. By this definition, it is clear that an independent set is a base if and
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only if it is a spanning set. Therefore any set that contains a base is a spanning set. Conversely,

if S is a spanning set and B is a base of M, then S C cl(B) and so
cl(B) 2 cl(cl(B)) 2 cl(S) =E.

This implies that B is both independent and spanning, and hence is a base. Therefore the

bases are precisely the minimal spanning sets.

2.2.8 The Circuit Elimination Axiom

The circuit elimination axiom (C3) (introduced in Section 2.2.4) is an extension of the usual

circuit elimination axiom for finite matroids (C3’):

(C3) Circuit elimination axiom. For any distinct C;,C, € ¢ and any ¢ € C, N C,, there exists
some C; € 6 such that

C; S (CLUCy)\ {c}.

Specially, axiom (C3) implies that adding an element to a base creates at most one circuit.

Lemma 2.2.4 ([19]). Let € be a set of subsets of E satisfying (C3’), x € E, and I a 6 —independent

set. Then there is at most one nonempty C € € with C CT1U{e}.

In particular, if B is a base and e ¢ B, then there exists a unique circuit C” with
e€C’ CBU{e}.

This circuit is called the fundamental circuit of e with respect to B.

2.3 Minors and duality

In this section we state just enough about general matroids M = (E,.#) to enable us in the

coming chapters to deduce the main results introduced in Section 1.3. On the way, we define
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duality, restriction, and contractions. For more properties of general matroids see for example

[20].

2.3.1 Restriction
The following is proved in [19].

Theorem 2.3.1 ([19]). If M = (E,.#) is a matroid, X C E, and .$' = # NP (X), then (X, #") is

also a matroid.

This matroid is called the restriction of M to X and denote it by M [y. Bases of M [, are
maximal independent subsets of X. For any set Q, the matroid M [}, is denoted by M\Q and

is said to be obtained from M by deleting Q. The following identities are easily verified:
e ¢(Mly)=¢(M)NnX.
e cly, (Y)=cly(Y)NX.

e M\Q;\Q, =M\Q,\Q; =M\ (Q;UQ,).

2.3.2 Duality
The following is proved in [19].

Theorem 2.3.2 ([19]). Let M = (E, .#) be a matroid and

S*={I*CE: thereisa B € % such that I* "B = @}.

Then M* = (E, #*) is also a matroid.

The matroid M* is called the dual matroid of M. Let

RB*:={B*CE:E\B"€ A}.
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Then %* is the set of bases of matroid M*. Clearly M** = M. Independent sets of M* are called
co-independent subsets of M. Similarly, bases, circuits, loops, the closure operator, closed sets,
spanning sets of M* are called respectively co-bases, co-circuits, co-loops, the co-closure operator,
co-closed sets, co-spanning sets of M.

Let B be a base of matroid M = (E,.#) and a € E\B. Then the set

C={beBuU{a}:Bu{a}\{b} e ¥}

is the unique circuit of M containing a and contained in B U {a}. It is called the fundamental
circuit of a with respect to B. If B is a base of M and e € B, then the fundamental circuit of
e with respect to the complement of B in M* is denoted by Df, and called the fundamental

co-circuit of e with respect to B.

Theorem 2.3.3 ([19]). A circuit and a co-circuit of a matroid never meet in exactly one element.

2.3.3 Contraction

Contraction is the dual operation to restriction: if M is a matroid with ground set E and X C E,
then the matroid (M*[y)" is called the contraction of M to X and is denoted by M .X. If P is
any set then the matroid M /P = M.(E\P) is said to be obtained from M by contracting P.
A matroid N is a minor of a matroid M if it is a matroid that can be obtained from M by a
sequence of contractions and restrictions.

The following characterization of the contraction are taken from [19]:

Lemma 2.3.4. Let M = (E,.#) be a matroid and X C E. Then for every I C X, the following

conditions are equivalent:

1. I is independent in M .X.
2. For every J that is independent in M\X we have IUJ € ¢ .

3. There is a base B of M\X such that [ UB € .#.
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Lemma 2.3.5. Let M = (E,.#) be a matroid, X C E, and B € E\X. Then the following are

equivalent:
1. Bis a base of M .X.
2. There is a base B’ of M\X such that BUB’ is a base of M.
3. For any base B’ of M\X, the set BUB’ is a base of M.
It is not easy to characterize the circuits of M.X, but we have the following.
Lemma 2.3.6. ¥ (M.X)C ¢ (M) .X.

Corollary 2.3.7. Let M = (E, .#) be a matroid, and P and Q be disjoint sets. Then

M/P\Q = M\Q/P.

2.4 The Orthogonality Axioms

The orthogonality axioms are as follows, where 6 and 2 are sets of subsets of a set E (intended

to be the sets of circuits of some matroid and of its dual, respectively).
(C1) ¢ 5.
(C2) No element of ¥ is a subset of another.
(C1%) B¢ 2.
(C2*) No element of 9 is a subset of another.
(O1) ICNnD|#1forallC € ¥ and D € 9.

(02) For all partitions E = P LIQ U {e} either P U {e} includes an element of % through e or

QU {e} includes an element of 2 through e.
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(0O3) Forevery C € 6, e € C, and X C E there is some C,,;, € 6 with e € C,;,, € X UC such

that C,,;,,\X is minimal.

(O3*) For every D € 9, e € D, and X C E there is some D,;, € 2 with e € D,;;, € X UD such

that D,,;,\X is minimal.

The axiom (IM) says that there are bases in all minors. Similarly, the axiom (O3) says that
there are circuits in all minors.

The main result of this section is the following proved in [19].

Theorem 2.4.1 ([19]). Let E be a countable set and 6,2 € & (E).
Then 6 is the set of circuits of a matroid and 9 is the set of co-circuits of the same matroid if

and only if € and 9 satisfy the orthogonality axioms.

2.5 Examples

In this section, we provide some natural examples of general matroids. More primal examples
can be found in the existing literature on Higgs’s B-matroids, see for example [8], [27], [29],

[31], and [39].

2.5.1 Uniform Matroids

Let E be any set and k be a non-negative integer. If
S ={ICE:|I|<k},
then M = (£, E) is a matroid. It will be called a uniform matroid of rank k. If

9 ={I CE:|E\I| >k},
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then M* = (#/,E) is a is also a matroid. It will be called a uniform matroid of co-rank k.

Matroids M and M*are the dual of each other.

2.5.2 Cycle and Bond Matroids in Graphs

There are two standard matroids related to a graph G that we state in this subsection. We say
that a finite circuit of a graph is the edge sets of a finite cycle of G. Let G = (V, E) be a graph
and

# ={I CE : I contains no finite circuits of G}

Then (£, E) is a matroid. It will be called finite-cycle matroid of G and denoted by M. (G).
Clearly, My (G) is a finitary matroid for any G. The other matroid is called the finite-bond
matroid of G denoted by My (G) whose circuits are the finite bonds of G. (A bond is a minimal
non-empty cut.)

When the graph G is finite, these two matroids are dual. If G is infinite, the dual of My (G)
is not My (G) but the full bond matroid Mg (G). This is the matroid whose circuits are all the
bonds of G, finite or infinite: these are the minimal edge sets meeting all the spanning trees
of G (connected), the bases of My (G). Similarly, the dual of My (G) is not My (G) but a

matroid M. (G) which its circuits can be infinite.

2.5.3 The Algebraic Cycle Matroid of a Graph

Another matroid associated to a graph G is its algebraic cycle matroid. In this subsection, we
state this matroid. We say that a set is the algebraic cycle of G if it is the edge set of a (finite)
cycle or a double ray of G, (a double ray of G is a 2-way infinite path of G).

Let G = (V,E) be a graph and

# ={I CE : I contains no algebraic circuits of G}
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Figure 2.5.1: The Bean graph

Then (.#,E) is not necessary a matroid in every infinite graph. For example [26], the pair
(#,E) is not a matroid when G is the Bean graph shown in Figure 2.5.1.

However, Higgs [26] showed that this is actually the only counterexample. In particular,
he proved in [26] that the algebraic cycles of an infinite graph G are the circuits of a matroid

on its edge set E (G) if and only if G contains no subdivision of the Bean graph.

2.5.4 Partition Matroids

Definition 2.5.1. Let {E; : i € I} be a partition of the set E, and
S ={ICE:|INE]|<1foreachiel}.

Then M = (E, .#) is a matroid and is called partition matroid on E corresponding to the partition
E=| |E.

i€l
Remark. Every bipartite graph induces two partition matroids. Let G be a bipartite graph with

sides of verticesAand B, E = | |E, and E = | | E,, the partitions of its edge set where each E, is
VEA

weB
the set of edges incident to the vertex v for v € A and each E,, is the set of edges incident to the

vertex w for w € B. We call the partition matroid on E corresponding to the partition E = | |E,
veEA

the partition matroid determined by side A, and the partition matroid on E corresponding to the

partition E = | | E,, the partition matroid determined by side B.
weB

Let (M;; i € I) be a family of matroids on the same ground set E. A packing for this family
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Figure 2.5.2: A packing for the partition matroids determined by sides of a bipartite graph.

of matroids consists of disjoint spanning sets S; for each M;. A covering for this family consists

of independent sets I; for each M; such that whose union is the set E.

Example 2.5.2. Let G be a bipartite graph with sides of vertices A and B and the edge set E.
Let M and N be the partition matroid determined by sides A and B respectfully. Then any base
B C E of M has exactly one edge incident to a vertex v for any v € A (Similarly, any base
D C E of N has exactly one edge incident to a vertex v for any v € B). For instance, consider
the complete bipartite graph G shown in Figure 2.5.2. Let M and N be the partition matroids
determined by each side of vertices. Then, the sets of blue and red edges form a packing for

the pair of matroids (M, N) and obviously it has no covering.

2.6 Equicardinality of Bases for Tame Matroids

If A and B are the sets, then we say that A and B have the same cardinality or that they are
equicardinal if and only if there exists a bijection f : A — B. Higgs [25] proved that assuming
the generalized continuum hypothesis, (GCH) any two bases of a general matroid have the
same cardinality. Bowler and Geschke [15] show that it is also consistent with ZFC that there
is a matroid with bases of two different cardinalities.

The followings are defined in [9]: A matroid M is tame if the intersection of any circuit of
M with any co-circuit of M is finite. Otherwise, it is called wild. Note that any finitary and any
co-finitary matroid is tame. The existance of a wild matroid is shown in [10].

The following theorem shows [13] that for a tame matroid any two bases have the same

cardinality without using any extra axioms beyond ZFC.
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Theorem 2.6.1 ([13]). Let M be a tame matroid and B and D bases of M. Then |B| = |D|.

Proof. Let E be the ground set of M. Suppose, for a contradiction, that |B| # |D|. Without loss
of generality, we can assume that BUD = E and B N D = {} since otherwise we can replace M
by the (tame) matroid

M = (MTgup)/ (BND)

for which the sets B\D and D\B are bases of different cardinality. Then both B and D are
also bases of the dual matroid M*.

For each b € B, let D, be the (finite) intersection of the fundamental circuit of b with respect
to D and he fundamental co-circuit of b with respect to D. Similarly, for each d € D, let B, be
the (finite) intersection of the fundamental circuit of d with respect to B and the fundamental
co-circuit of d with respect to B. Note that for every d € D and b € B we have d € D, if and

only if b € B,. Define an equivalence relation ~ on B by b ~ b’ if and only if

D\ {b} = D\ {v'}.

Then each equivalence class of ~ is finite. Consider 9 to be the set of all equivalence

classes of ~ and

9 = {D,\ {b}: b €B}.

Then || = |B| and |2| < |D|. The function assigning D, € 2 to the equivalence class
containing b is an injection so || < |2|, which implies that |B| < |D|. By symmetry, we also

have |D| < |B| so |B| = |D|, which is a contradiction. ]



Chapter 3

Almost Intersection

3.1 Introduction

Suppose we have a family of matroids (M, : k € K) on the same ground set E. A packing for
this family consists of a spanning set S, for each M, such that the S, are all disjoint. The well-
known finite base packing theorem states that if E is finite then the family has a packing if and

only if for every subset Y C E the following holds.

D ey (N 1Y)

kek

This theorem does not extend accurately to finitary matroids [4] (see also [21]). However, it
is shown in [ 6] that the base packing theorem extends to finite families of co-finitary matroids.
Bowler and Carmesin show [12] that the base packing theorem extends to arbitrary families
of co-finitary matroids.

Similar to packings are coverings: a covering for a family (M, : k € K) on the same ground
set E consists of an independent set I, for each M, such that the union of all I, covers E. And
analogously to the base packing theorem, there is a base covering theorem characterizing the
finite families of finite matroids admitting a covering.

Bowler and Carmesin [12] proposed this question: "Although not every family of matroids

24
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has a packing and not every family has a covering, is it always possible to divide the ground

set into a part, which has a packing, and a part, which has a covering?"

Definition 3.1.1. A family of matroids (M, : k € K) on the same ground set E, has the Pack-
ing/Covering property if E admits a partition E = P LI C such that (M, [, : k € K) has a packing

and (M,.C : k € K) has a covering.

Conjecture 3.1.2 (Bowler and Carmesin [12]). Any family of matroids on a common ground

set has the Packing/Covering property.

This conjecture is called the Packing/Covering conjecture. Here M, [, is the restriction of
M, to P and M,.C is the contraction of M, onto C. For finite matroids, the Packing/Covering
Conjecture 3.1.2 is true [ 12]. For infinite matroids, the Packing/Covering Conjecture 3.1.2 and
the Matroid Intersection Conjecture are equivalent, and that both are equivalent to Conjecture

3.1.2 for pairs of matroids. Specifically, Bowler and Carmesin proved the followings.

Theorem 3.1.3 (Bowler and Carmesin [12]). (M, N) satisfies the Matroid Intersection Conjec-

ture if and only if (M,N*) has the Packing/Covering Property.

Corollary 3.1.4 (Bowler and Carmesin [12]). If M and N are matroids on the same ground set,

then M and N satisfies the Matroid Intersection Conjecture if and only if M*and N*do.

The Packing/Covering Conjecture 3.1.2 is known to be true for the following cases: Here
we say a matroid M on E is nearly finitary if and only if for every A C E that contains no finite

circuits of M there exists a finite F C A such that A\ F is independent in M.

a family of co-finitary matroids.

a finite family of finitary matroids.

a finite family of nearly finitary matroids.

a family of finitary matroids on a countable ground set.
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For the rest of this section assume that M and N are matroids on a common ground set E.

Definition 3.1.5. We say that the pair (M, N) has the Almost Intersection Property when there
exist almost disjoint I,J C E such that cl,,(I) U cly(J) is almost equal to E and I UJ is almost
independent in both M and N. We mean here that the sets I NJ, E \ (cl,,(I) Ucly(J)) and

(I UJ)\K are all finite for some K C E that is independent in both M and N.

Definition 3.1.6. We say that (S, T) is an almost packing of (M,N) if and only if S and T
are spanning in M and N, respectively, and S N T is finite. Analogously, we say that (I,J)
is an almost covering of (M,N) when I and J are independent in M and N, respectively and
E N\ (IUJ) is finite. If there exists a partition E = P L Q of E such that (M\Q, N\Q) has an
almost packing and (M /P, N /P) has an almost covering, then we say that (M, N) has the Almost

Packing /Covering Property.

Definition 3.1.7. If F C E, then say that (M, N) has the Packing/Covering Property modulo F
if and only if there exists a partition E \ F = P U C such that (M,N) /F\C has a packing and

(M,N)\F/P has a covering.
The following proposition will be proved in Section 2.

Proposition 3.1.8. (M,N) has the Almost Intersection Property if and only if (M,N*) has the

Packing/Covering Property modulo a finite set.
The main result of this chapter is the following theorem and will be proved in Section 3.

Theorem 3.1.9. If (M,N) has the Almost Intersection Property, then it satisfies the Matroid

Intersection Conjecture.

Note that Theorem 3.1.9 immediately implies the Edmonds’ Intersection Theorem (the fi-
nite case of the Matroid Intersection Conjecture).

Theorem 3.1.9 follows from Theorem 3.1.3, Proposition 3.1.8 and the following result.

Theorem 3.1.10. The following are equivalent.



CHAPTER 3. ALMOST INTERSECTION 27

1. (M,N) has the Packing /Covering Property.
2. (M,N) has the Almost Packing/Covering Property.

3. (M,N) has the Packing /Covering Property modulo a finite subset of E

The following corollary follows.

Corollary 3.1.11. If (M,N) has the Packing/Covering Property and A,B C E are finite, then

(M,N) /A\B also has the Packing /Covering Property.
Using this new direction and our results we prove the following results in Section 4.

Theorem 3.1.12. If M has finite rank and N is arbitrary, then (M,N) satisfies the Matroid

Intersection Conjecture.

Theorem 3.1.13. If M and N are nearly finitary, then (M, N*) satisfies the Matroid Intersection

Conjecture.
For the definition of patchwork matroid see 3.4.3.

Theorem 3.1.14. If M is patchwork and N is arbitrary, then (M, N*) satisfies the Matroid Inter-

section Conjecture.

3.2 Proof of Proposition 3.1.8

We follow the notation and terminology of [32] and [19].
Let M and N be matroids on the same ground set E. A packing for (M,N) is a pair (S, T)
of disjoint subsets of E such that cl,,(S)Ucly(T) = E. A covering for (M,N) is a pair (A, B) of

subsets of E that are independent in M, N, respectively, and AUB =E.

Proof of Proposition 3.1.8. Assume first that there exists a partition E = P LIQ LU F such that F
is finite, (M, N*) /F\Q has a packing and (M,N*)\F /P has a covering. Then P and Q can be

partitioned as P =SUT and Q =AUB with T Ccl,(SUF), S Ccly.(TUF),AC cly(BUF)
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and B C cl,;.(AU F). Moreover, we can assume without loss of generality that S is independent

in M and B is independent in N (see Figure 3.2.1).

M* N

Figure 3.2.1: The sets F, S, T, A and B.

Since T UF is spanning in N*\Q, it follows that S is independent N /Q implying that S UB
is independent in N. Similarly S U B is independent in M. Let ] = SUF and J = BUF.
Then I, J are almost disjoint and I U J is almost independent in both M and N. Moreover,
cly(I)ucly(J) =E. It follows that (M, N) has the Almost Intersection Property.

Now assume that (M,N) has the Almost Intersection Property. Let I,J C E be almost
disjoint and such that cl,,(I) U cly(J) is almost equal to E and I UJ is almost independent in
both M and N. Without loss of generality, we can assume that I is independent in M and J
is independent in N. Let I’ € I\ J and J’ € J \ I be such that I UJ' is a basis of M [, ; and
JUI' is a basis of N[, ;. Note that (I UJ)~\ (I’ UJ’) is finite. Let P’,Q’ C E\ (I UJ) be disjoint
and such that E \ (I UJ UP'UQ’) is finite with P’ C cly,(I) and Q" € cly(J). Let P=T1T"UP’,

Q=J'UQ and F = E \ (PUQ) (see Figure 3.2.2).

17

I/
i

J’ Q

Figure 3.2.2: A packing for (M,N*) /F\Q and a covering for (M,N*)\F/P.
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Note that F is finite and P C cl,,(I’ UF). Moreover, since I’ UJ is independent in N and J
spans every element of Q, it follows that I’ is independent in N/Q and hence P’ UF is spanning
in (N/Q)* = N*\Q. It follows that (I’, P’) is a packing for (M, N*) /F\Q. Similarly, (J',Q’) is a

packing for (N, M*) /F\P and hence it is a covering for (M,N*)\F/P. ]

3.3 Proof of Theorems 3.1.9 and 3.1.10

Throughout this section we assume that M and N are matroids on a common ground set E.

A semi-packing for (M,N) is a pair (B, D) of subsets of E that are spanning in M and N,
respectively, with a minimal possible intersection. That is such that if (B, D) is another pair
of subsets of E that are spanning in M and N, respectively, and BN D’ C BN D then B N D’ =
BND. A semi-covering for (M, N) is defined analogously as a pair of independent subsets with a
maximal possible union. Note that if (M, N) has an almost packing, then it has a semi-packing
and if it has an almost covering, then it has a semi-covering.

Let B and D be independent in M and N, respectively. A (B, D)-exchange M-chain is a finite
sequence (eq, e,,...,e,) of elements of E such that for each i € {1,2,...,n— 1} the elements e;

and e, are distinct and:
e if i is odd, then there exists a circuit C of M with e;,e;.; € C CBU {e;};
e if i is even, then there exists a circuit C of N with e;,e;.; € C € D U {e;}.

We say that such a chain is from e, to e,.
A (B, D)-exchange N-chain is defined analogously with the words “even” and “odd” inter-
changed. A (B, D)-exchange chain refers to either of these notions.

The following lemmas are proved in [6].

Lemma 3.3.1. If there exists an (I, I,)-exchange chain from y to x with y ¢ I, U I,, then there

exists an (I{,I;)-exchange chain from y to x such that y € I, U L,.
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Remark. In the proof of Lemma 3.3.1 chains are used in order to alter the sets I; and I,; the
change is in a single element. Nevertheless, to accomplish this change, exchange chain of
arbitrary length may be required; for instance, a chain of length four is needed to handle the

configuration depicted in Figure 3.3.1.

I, €9 (M) I, U{eg,ex} N {eq,e3}

C

.4% C?’/eﬁ\ e‘to\ CZ/C;'\C%
RIEP\V/A\Y VANV
Yy LI

I, € #(N) I,U{ey,es} \{ey,e4}

(a) the initial representation (b) the obtained representation

Figure 3.3.1: An even exchange chain of length 4.

Lemma 3.3.2. Let B and D be independent in M and N, respectively. If there exists a (B, D)-
exchange M-chain from d € E\ (BUD) to e € BN D, then there exist B’ and D’ that are in-
dependent in M and N, respectively, such that B N D’ = (BN D) \ {e}, cly,(B) C cl,,(B") and

cly(D) C cly (D).

The following lemma is the key technical result that will be used in the proof of the main

result.
Lemma 3.3.3. If (M, N) has a semi-packing, then it has the Packing/Covering Property.

Proof. Let (B, D) be a semi-packing for (M, N). Without loss of generality, we can assume that
B and D are bases of M and N, respectively. Let B’ be the set of all e € B to which there exists
a (B, D)-exchange chain from an element of E \. (B U D). Similarly, let D’ consist of those e € D

to which there exists a (B, D)-exchange chain from E \ (B U D) (see Figure 3.3.2).
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B’ p

Figure 3.3.2: The sets B, D, B’ and D’.

Note that B'ND = @ and D' N B = @, since if e € BN D and there is a (B, D)-exchange
M-chain from d € E \ (BUD) to e, then Lemma 3.3.2 implies that there exist B” and D" that

are bases of M and N, respectively, such that
B"ND"=(BND)\ {e}.

Since B” N D" is a proper subset of BN D and (B, D) is a semi-packing we get a contradiction.
Similarly, the existence of a (B, D)-exchange N-chain would lead to a contradiction.
Let

P=B'UD'U(E~BUD),

(see Figure 3.3.2). We claim that (B, D’) is a packing for (M [,,N,). If e € E \ (B U D), then
the definition of exchange chains implies that e is spanned by B’ in M and by D’ in N. If e € B/,
then e is spanned by D in N so there exists a circuit C of N with {e} € C € D U {e}. Since
e € B, it follows that there exists a (B, D)-exchange chain from E \ (B U D) to each element of
C \ {e} implying that C \ {e} C D’. Thus e is spanned by D’ in N. Similarly, each element of
D’ is spanned by B’ in M completing the proof that (B, D’) is a packing for M [.

Let Q = E \ P (see Figure 3.3.2). B=BnQand D = DNQ. We claim that (I§,f)) is a
covering of (M.Q,N.Q). Clearly BubD =Q. Since B=B'UB is independent in M and B’ spans
P in M, it follows that B is independent in M.Q. Similarly, D is independent in N.Q completing

the proof of the lemma. ]
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Since (M, N) has the Packing/Covering Property if and only if (M*, N*) does so, the follow-

ing corollary follows.
Corollary 3.3.4. If (M, N) has a semi-covering, then it has the Packing/Covering Property.
The proof of the following lemma is routine.

Lemma 3.3.5. Let I be independent in M and F C E be finite. Then there exists I’ C I that is

independent in M /F with I \ I’ finite.
The following corollary follows.

Corollary 3.3.6. If (M,N) has an almost covering and F C E is finite, then (M /F,N/F) has an

almost covering.
Now we are ready to prove Theorem 3.1.10.

Proof of Theorem 3.1.10. It is clear that 1. implies 2., which implies 3. It suffices to show that
3. implies 1.

Assume that (M,N) has the Packing/Covering Property modulo finite F C E. Let P LU Q
be a partition of E \ F such that (M,N)/F\Q has a packing and (M,N)\F /P has a cover-
ing. Since F is finite, it follows that (M\Q, N\Q) has an almost packing and hence it has a
semi-packing. Consequently, Lemma 3.3.3 implies that (M \Q, N\Q) has the Packing/Covering
Property. Let EN\.Q = P’ LIQ’ be a partition of E \ Q such that (M [,,, N [,) has a packing (S, T)

and (M,N)\Q/P’ has a covering (A, B) (see Figure 3.3.3).

TS DY

A Bl p

| XF
\
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™
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Figure 3.3.3: A packing (S, T) for (M 1,,N[,/) and a covering (A, B) for (M,N)\Q/P’.
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A covering of (M,N)\F/P is an almost covering of (M/P,N/P) and P’ \ P is finite so
Corollary 3.3.6 implies that (M /(P UP’),N/(P U P’)) has an almost covering (I,J). Since F
is finite, it follows that ((AUI) \ F,(BUJ) \ F) is an almost covering of (M /P’,N/P’). Since
(M/P’,N/P’) has a semi-covering, Corollary 3.3.4 implies that it has the Packing/Covering
Property.

Let P” LU Q" be a partition of E \. P’ such that (M,N)/P’\Q” has a packing (S’, T’) and

(M,N)/P’/P” has a covering (A’, B") (see Figure 3.3.4).

SO |y
OS> |

A/ Q//

Figure 3.3.4: A packing (S’, T’) for (M,N) /P’\Q” and a covering (A’,B’) for (M,N)/P’/P".

Then (SUS’, TUT’) is a packing for (M\Q”,N\Q"”) implying that (M,N) has the Pack-

ing/Covering Property. O

3.4 Proof of Theorems 3.1.12, 3.1.13, and 3.1.14

Proof of Theorem 3.1.12. Let M be a matroid of finite rank, and N be an arbitrary matroid.
Observe that (M*,N) has an almost covering. Hence (M*,N) has a semi-covering and Corol-
lary 3.3.4 implies that (M*, N) has the Packing/Covering Property. By Theorem 3.1.3 the pair

(M, N) satisfies the Matroid Intersection Conjecture. O

A matroid M on E is nearly finitary if and only if for every A C E that contains no finite
circuits of M there exists a finite F € A such that AN F is independent in M. Assume that M and

N are matroids on the same ground set E. Let M VN be the set system MVN = (E, 4(M V N)),
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where

F(MVN)={IUJ:Ie#M),J<c.9(N)}.
The following result is proved in [6].
Theorem 3.4.1. If M and N are nearly finitary, then M V N is a nearly finitary matroid.

In [7] it is proved that if M V N* is a matroid, then (M, N) satisfies the Intersection Con-
jecture. In particular, the following result holds. We can use Corollary 3.3.4 to provide an

alternative proof.
Theorem 3.4.2. If M and N are nearly finitary, then (M, N) has the Packing /Covering Property.

Proof. By Theorem 3.4.1, M V N is a matroid. If I and J are independent in M and N, respec-
tively, with I UJ being a basis of M V N, then (I,J) is a semi-covering of (M, N). By Corollary

3.3.4, (M, N) has the Packing/Covering Property. O
Proof of Theorem 3.1.13. By Theorem 3.4.2 and Theorem 3.1.3 it follows. ]

In [16] patchwork matroids are introduced and proved to satisfy the following characteri-

zation. Here KAB = (K \B)U (B \K).

Theorem 3.4.3. The matroid M is patchwork if and only if for every K C E one of the following

conditions holds:

1. K is independent in M.

2. K is spanning in M.

3. There exists a basis B of M with finite K/AB.
Lemma 3.3.3 implies the following result.

Theorem 3.4.4. If M is patchwork and N is arbitrary, then (M,N) has the Packing/Covering

Property.
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Proof. Let D be a basis of N and K = E \ D. If K is independent in M, then (M,N) has a
covering. IfK is spanning in M, then (M, N) has a packing. Otherwise, by Theorem 3.4.3, there
exists a basis B of M with finite KAB. Then (B, D) is an almost packing for (M, N). Hence
(M,N) has a semi-packing and Lemma 3.3.3 implies that (M, N) has the Packing/Covering

Property. [

Proof of Theorem 3.1.14. By Theorem 3.4.4 and Theorem 3.1.3 it follows. O



Chapter 4

Critical Sets

4.1 Introduction

One of the main cases in which the Matroid Intersection Conjecture is proved to be true is the

case of a pair of partition matroids.

Theorem 4.1.1. The Matroid Intersection Conjecture is true when M and N are partition matroids

on set E.

This result follows from Theorem 4.1.2, as we will show in Section 2. Theorem 4.1.2 was
conjectured by Erdés (see for example [1]). Use [28] for terminology and notations not defined

here.

Theorem 4.1.2 (Aharoni [2]). Let G = (M, W, E) be a bipartite graph. Then there exists a

matching f and a cover C of G such that
1. every vertex in C is an endpoint of an edge of f.
2. no edge of f has both endpoints in C.

This implication inspired us to work on the the Matroid Intersection Conjecture in a new

direction. The countable case of Theorem 4.1.2 was proved by Podewski and Steffens in [33].

36
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The uncountable case was proved by Aharoni [2] in which its fundamental step was proved
by Aharoni, Nash-Williams, and Shelah in [3]. The main purpose of Chapter 4 is to generalize
the techniques used in that development (described in [28]) beyond partition matroids.

In this chapter we will introduce some new concepts and techniques in matroid theory and
develop some new results. In chapter 5 we will use these techniques to prove the Matroid
Intersection Conjecture is true for a particular family of matroids. We are convinced that the
results in this chapter can be used to prove the Matroid Intersection Conjecture in more general
cases as well.

Followings are the results (described in [28]) that motivated us to define and develop the
concepts, techniques, and results in this chapter.

Let & = (F,; : i €I) be a family of sets. A choice function for & is a function f : I — % (I)
such that f (i) € F; for each i € I. We say that a family & is matchable if and only if there is

an injective choice function f : I - % (I) .

Theorem 4.1.3 (P Hall [24]). Let & = (F,; : i €1) be a finite family of finite sets. Then  is
matchable if and only if
(X0) for every finite J C I we have |Z (J)| = |J|.

The condition (XO0) is sufficient for a more general family of sets to be matchable.

Theorem 4.1.4 (Brualdi[17]). Let & = (F; : i € I) be a family of finite sets. Then & is matchable
if and only if

(X0) for every finite J C I we have |Z (J)| = |J|.

The condition (XO0) is not sufficient for a family of arbitrary sets to be matchable (see for
example [28]). To find a sufficient condition for a family of sets & = (F; : i € I) to be matchable

the following is introduced (see [33] and [37]).

Definition 4.1.5. Let & = (F; : i € I) be a family of sets. A subset K C I is called critical for &

if and only if
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1. 1 ={F,: i € K}is matchable, and
2. the range of any matching for [ is & (K) = J F;.
iek
Observe that if & = (F; : i € I) is matchable, then we have the following:
(X1) there is no critical set K €[ and i € I\K with F; € % (K) .

It is shown in [33] that a countable family is matchable if and only if condition (X 1) holds.

Theorem 4.1.6 ([33]). Let & = (F;:i<€1I) be a family of sets and I countable. Then & is
matchable if and only if

(X1) there is no critical set K C I and i € I\K with F; € Z (K) .
Theorem 4.1.6 implies the following [33].

Theorem 4.1.7 ([33]). Let G = (M, W, E) be a bipartite graph with M countable and & =

{F,: ie M} with F;, = {w € W;(i,w) € E}. The followings are equivalent:
1. M is matchable.
2. (X1) there is no critical set K € M for & and i € M \ K such that F; € Z (K).
Theorem 4.1.7 is equivalent to the following (see for example [28]).

Theorem 4.1.8. Let G = (M, W, E) be a bipartite graph with M countable. Then there exist a

matching f and a cover C of G such that
1. every vertex in C is an endpoint of an edge of f.
2. No edge of f has both endpoints in C.

Finally, Theorem 4.1.8 implies the Matroid Intersection Conjecture is true for partition ma-
troids on a countable set.
This chapter is organized as follows: In Section 2, we show the proof of Theorem 4.1.1. In

Sections 3, we introduce critical sets for matroids and we show their connection with critical
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sets for family of sets. In section 4, we prove the main results of this chapter which are the
followings:

Here we say a € E is essential for (M, N) if and only if (M, N) has a covering and (M, N) /{a}
has no covering. We say A C E is critical for (M, N) if and only if (M [, N [,) has a covering and
each covering (I,J) for (M[,,NT,) is also a packing. For the definition of special covering see

Definition 4.4.2.

Theorem 4.1.9. Let (I,J) be a special covering and a € E essential for (M,N). Then there is a

critical set A C E for (M, N) such that a € A.
Theorem 4.1.10. If (M, N) has a covering, then there exists a maximal critical set.

Corollary 4.1.11. Let (I1,J) be a special covering and E’ C E be such that every a € E’ is essential

for (M,N). Then there exist a critical set K C E such that E' C K.

4.2 Proof of Theorem 4.1.1

In the following, we show that Theorem 4.1.2 implies the Matroid Intersection Conjecture is

true for a pair of partition matroids.

Proof. Let M be a partition matroid corresponding to partition E = |__|El- and N a partition
matroid corresponding to E = | E]’ We want to define a bipartite graph é}e Iwith sides of vertices
to be the sets I and J and the se]tijof edges to be the set E. Let e € E be arbitrary, i € I such that
e<€E; and j €J such thate € EJ’ . Then in the graph G, we let e to be an edge with endpoints i

and j. By the theorem 4.1.2, there is a a matching f and a cover C of G such that

1. every vertex in C is an endpoint of an edge of f.

2. No edge of f has both endpoints in C.

Observe that matroid M is the partition matroid determined by side I and matroid N is the
partition matroid determined by side B in the graph G. Observe that the set of edges in match-

ing f is an independent set in both matroids M and N. Let A C f be such that every edge in A
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has an end point in C NI and B C f be such that every edge in B has an endpoint in C N J. It
remain to show that cl,,(A)Ucly(B) = E. It s clear that cl,,(A)Ucly(B) € E. So, it is enough to
show that E C cl,(A)Ucly(B). Let e € E be arbitrary. If e € A, we have clearly e € cl,,(A) and if
e € B, we have e € cly(B). If e ¢ f, then e has an endpoint in either A or B. If e has an endpoint
v in A, then there is an edge in A with the same endpoint v. Thus e € cl,,(A). Similarly, if e has

an endpoint in B, it can be proved that e € cly(B). This implies that E C cl,,(A)Ucly(B). O

4.3 Critical Sets for Matroids

In this section we first introduce critical sets for matroids and then we show the equivalency
between critical sets for a family of sets and critical sets for matroids. Throughout this section

we assume that M and N are matroids on a common ground set E.

Definition 4.3.1. We say A C E is critical for (M,N) if and only if (M [,,N[,) has a covering

and each covering (I,J) for (M [,,N,) is also a packing.

Theorem 4.3.2. Let G = (I,J, E) be a bipartite graph and & = (F; : i € I) a family of sets with
F,={jeJ:(i,j)€E} foreveryiel. Let(M,N) be the partition matroids determined by sides

I and J respectfully,
A ={K C 1 :K is a critical set for the family F}
and
o = {E' C E : E'is a critical set for the matroids (M*,N)} .
Then there exists a bijection between X and .«f.

Proof. LetK € 2. Let G’ be the sub-graph of G induced by restriction to the vertices (K, & (K))
and E’ the set of edges of G’. We want show that E’ is a critical set for (M*,N). Since K is

critical for &, K is matchable. Let f be a matching for K. Then (E’ \ f, f) is a covering for
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(M*1g,NTg). To show that every covering for (M*[z, N[ ) is a also a packing, it is enough
to show that for every covering (A, B) for (M*[z,N[z) we have AN B = (). Suppose, for a
contradiction, that there exists a covering (A, B) for (M*z,N ) such that AN B # (. Let

e€ANBande=(i’,j") forsomei’ €l and j' €J . Let
Hi={jeF;:(i,j) €A}

for every i € K. Since A is independent in M*, for every vertex i € K, there is j € & (K) such

thate, =(i,j) ¢ Aand so {j € F, \ H;} # 0. Let

f:K—Z(K)
fO={jeF~\H;}

We show that for any two i,,i, € K, we have f (i;) N f (i,) = @ which implies that there
exists an injective choice function for K. Suppose, for a contradiction, that there are i;,i, € K
with j € f (i;) N f (i,). This means e; = (i;,j) ¢ Aand e; = (i, j) ¢ A. So, {eil,eiz} C B. But
{eil, eiz} is a circuit of matroid N which is a contradiction with B is independent in N. Thus,
there is an injective choice function f’ € f which is a matching for K and since K is critical we
have ran(f") = Z (K) . So, j' € ran(f’), which implies there is r € K such that e, = (1, j") ¢ A.
Since e = (i’,j') € A, r # i’, which implies e, and e are distinct edges. The set {e,,e} CBis a
circuit of N which is a contradiction with B is independent in N. This completes the proof that
E’ is a critical set for (M*,N).

Now let E’ € .o/. Since E’ is a critical set for matroids (M*,N), the pair (M*[5,N[z)
has a covering. Let (A, B) be a covering for (M*[,N I ). Consider the sub-graph G’obtained
by restricting the graph G to the edge sets E’ and let (V;,V,) be the sides of vertices of G'.
First observe that since E’is a critical set for matroids (M*,N), V, = % (V;). Suppose for a
contradiction, that & (V;) \V, # 0. Let (i,j;) € Z (V;) \ V,. There exists some j, € V, such

that (i, j,) € E’.Let (A’, B") be a covering for (M*[/,N [ /) such that (i, j,) € B’. Then (A’,B’) is
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not a packing for (M*[, N [) because (i, j;) ¢ E’.This is a contradiction with E’ is a critical
set for (M*,N). Therefore, V, = &% (V;). Let i € V;, then there exists some j € V, such that

(i,j) ¢ A because A is independent in M*. Let

g:Vi—=V,
gW={jeVy:(1,j) ¢A}

We want to show that V; is a critical set for the family &#. We first show that for any
i;,i, € V;, we have g(i;) N g(i,) = @. Suppose, for a contradiction, that there are some
i;,1, € V; such that g (i;) N g (i,) # 0. Let j € g (i;) N g (i,). This implies that (iy, j), (i, j) € A
and therefore (iy,j), (i5, j) € B. But {(i;,j),(i5, j)} is a circuit of N and {(i;,j),(i5,j)} S Bisa
contradiction with B is independent in N. So, for any i,,i, € V;, we have g (i;)Ng (i,) = 0 and
since g (i) # @ for any i € V; this implies that V; is matchable. It remains to show that for any
matching f for V;, ran(f) = & (V). Let f be a matching for V;, then (E’ \ f, f) is a covering
for (M*1z,N ). Since E’ is a critical set for (M*, N), every covering for (M*[,N [ is also a
packing. This implies that f is a base of N [,. This means for every j € V,, there exists some i

such that the edge (i, j) € f. This implies ran (f) = V,. ]

Definition 4.3.3. Let & = (F, : i € I) be a family of sets such that I N.Z (I) = 0. The bipartite

graph corresponding to & is the graph G, = (I, (I),E) where E = {{i,a}:i€I,a € F;}.

Definition 4.3.4. Let & = (F,:i €1) be a family of sets such that IN.Z (I) =@ and G, =
(I, Z (I),E) the bipartite graph corresponding to & . The corresponding partition matroids to

Z 1is the partition matroids determined by sides I and J respectfully.

Proposition 4.3.5. Let & = (F,; : i € I) be a family of sets and (M, N) the corresponding partition
matroids to%. Then failure of the condition (X1) for & induces a unique critical set for the

(M*,N).
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Proof. Let K C I be a critical set for & and i € I \ K such that F; € & (K). Consider
G=(,7(),E)

the corresponding bipartite graph to the family & = (F; :i € I) and (M, N) the partition ma-
troids determined by the sides I and & (I) respectfully. Let E’ be the edge set of G restricted

to the sides (K, Z (K)) and
E,={e€E:e=(i,j) for some j € F;}

and U, = E; \ {e} for some e € E;. We want to show that E” = E’ U U, is a critical set for

(M*,N). We first show that (M*[,, N [.) has a covering. Let f be a matching for K. Then

((E’\f)UUi,f)

is a covering for (M* [z, N [z+) . Now, we need to show that every covering for (M* [/, N /)
is also a packing. Let (A, B) be a covering for (M*[z/,N[z,) . Observe that (AN U;,B\ U;) is
a covering for (M*[,Nlz). In the proof of the lemma 4.3.2 it is shown that the set E’ is a
critical set for (M*,N). Thus, (AN U;,B \ U;) is also a packing for (M*[/,N[z). Since B \ U;
is a base of N[ and F; C & (K), this implies that B N U; = () because otherwise it contradict
with B is independent in N. Therefore U; C A. Since A\ U; is a base of M*[;, and U; is a base
of M*[;;, we have A is a base of M*[,. Thus, (A, B)is also a packing for (M* [/, N [g.) . This

complete the proof that E” is a critical set for (M*,N). O

4.4 Proof of Main Results

4.4.1 Infinite Exchange Chain

Throughout this section we assume that M and N are matroids on a common ground set E.
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Let I and J be independent in M and N, respectively. An (I,J)-exchange M-chain is a finite
sequence (e, e,,...,e,) of elements of E such that for each i € {1,2,...,n— 1} the elements e,

and e, are distinct and:

e if i is odd, then there exists a circuit C, of M with e;,e;,; € C, ST U {e;};

e if i is even, then there exists a circuit C, of N with e;,e;,; € C,, € J U {e;}.

L

We say that such a chain is from e, to e,. Note that such C,, is unique and we call it the (I,J)-
fundamental circuit of e; for each i € {1,2,...,n—1}. If (e;,e,,...) is an infinite sequence
of elements of E such that for each i € N the finite initial segment (e;, e,,...,e;) is an (I,J)-
exchange M-chain, then we call the sequence (e,,e,,...) an infinite (I,J)-exchange M-chain.
An (infinite) (I,J)-exchange N-chain is defined analogously with the words “even” and “odd”

interchanged. An (infinite) (I,J)-exchange chain refers to either of these notions.

Definition 4.4.1. Let I and J be independent in M and N, respectively. An (infinite) (I,J)-
exchange string is an (infinite) (I,J)-exchange chain (e;,e,,...) such that for each i € N, the
finite initial segment (e, e,,...,e;) is the shortest (I,J)-exchange chain from e, to e;.

Note that if (e}, e,,...) is an infinite (I,J)-exchange string, then for each i € N, the (I,J)-

fundamental circuit of e; does not contain any e; for j > i+ 1.

Definition 4.4.2. A covering (I,J) for (M, N) is special if and only if I and J are disjoint and

the followings hold:

1. There exists a partition of E = | | E; such that
kek

M =P M,

keKk
with each M, being a matroid on the set E,.

2. There exists a partition of E = |_|El’ such that
leL

N=n,

lel
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with each N; being a matroid on the set E;.

3. For any circuit C of M, either C is finite or (E, \ C) NJ is finite, for the unique k € K

such that C C E,.

4. For any circuit C of N, either C is finite or (El’ N C ) N1 is finite, for the unique [ € L such

that C C E|.

The partition E = | | E; is called I-special or e-special for e € I and the partition E = | |E;
kek leL

is called J-special or e-special when e € J.

Remark 4.4.3. Let M be finitary and N = €p,c; N; with each N, being a uniform matroid of

rank finite. If (M, N) has a covering, then it also has a special covering.

Definition 4.4.4. We say a € E is essential for (M, N) if and only if (M, N) has a covering and

(M,N) /{a} has no covering.

Lemma 4.4.5. If a € E is essential for (M,N), then for any covering (I,J) of (M,N) we have

a €cly,(I)Ncly(J).

Proof. By symmetry it suffices to show that a € cl,,(I). Suppose, for a contradiction, that
a ¢ cl,(I). So, a € J and I U {a} is independent in M. Then, (I,J \ {a}) is a covering for

(M,N) /{a} which is a contradiction with the assumption. ]

Lemma 4.4.6. Let (I1,J) be a covering for (M,N) and S = (x,, X1, X5, ,X,) an (I,J)-exchange
chain from x, to x, with x,, € J. If x,, & cly,(I), then (I',J") is a covering for (M,N) in which

I'=s1uSnJ)N(SnDandJ =JU(SNI)N(SNJ). (See figure 4.4.1)
Proof. We show by induction on k € N that we have the followings:

1. If

Ik =IU {xn:xn—ZJ T xn—Zk} N {xn—l’ Xp—3.-+) xn—2k+1}
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I I
M M
Xn—1 Xy Xp Xn X3 X
Xn X3 X Xn—1 Xy Xg
N N
J J’
(a) before the exchange (b) after the exchange

Figure 4.4.1: The (I,J)-exchange chain (x,, x;, X5, ,x,) and the covering (I,J) and (I’,J’)
for (M,N).
and

Jk =JU {xn—la Xn—35+++5 xn—2k+1} N {xn’ Xn—2s5+++5 xn—zk} E
then (I, J}) is a covering for (M,N) and x,_,._; ¢ cly(Ji)-

2. If

Ik =IU {xmxn—ZJ ce xn—zk} N {xn—la Xp—3--+5 Xn—2k—1}

and

Jk =Ju {Xn—l’xn—S cee )xn—zk—l} N {xn:xn—ZJ s :Xn—zk} 5
then (I, J;) is a covering for (M,N) and x,,_y_5 & cly,(I;)

First observe that (1) implies (2). So, it in enough to show that the case (1) is true for k = 0.
When k = 0, we have I, = IU{x,} and J, =J \ {x,,} . Since by the assumption x, & cl,,(I), we
have (I,,J,) is a covering for (M, N). Also, we have x,_; ¢ cly(J,) because x,, € C, , in which

n—17°

C

Xy

| is the (I, J)-fundamental circuit of x,,_; and x, ¢ J,. This implies that the case (1) is true
for k = 0 and this completes the proof of the induction. Now, since for any k € N, (I;,J;) is a
covering for (M, N) we have (I’,J’) is a covering for (M,N) in which I' =T1U(SNJ)~(SNI)

andJ ' =Ju(SNI)~N(SnJ). ]
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4.4.2 Proof of Theorems 4.1.9, 4.1.10, and Corollary 4.1.11

Lemma 4.4.7. Suppose a € E is essential for (M,N). Let (I,J) be a covering for (M,N) and A
be the set of all elements of E to which there exists an (I,J)-exchange chain starting at a. Then

AC cly,(I) and A C cly(J).

Proof. Suppose, for a contradiction, that there exists some

beAN(cl,(I)ucly(J)).

By symmetry, we can assume that a € I. Since b € A, there exists an (I,J)-exchange N-chain
from a to b. Let

S = {XO)XlsXZ)”' :xn}

with x, = a and x, = b, be the shortest (I,J)-exchange N-chain from a to b. Let

I'=1u(SnJ)~N(SNI),

and

J'=Ju(SnI)~(SnJ).

By the lemma 4.4.6 and the choice of b we have (I’,J’) is a covering for (M, N). See figure
4.4.2 for the case when b € J. Let 6 be the family of all circuits C of M such that C CTUS.

For each C € €6, let

so(C) =min{i € {0,1,...,n} :iis odd and x; € C}
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I I
M A M A
Xy a b X3 X3
b X3 X3 Xy a
N N
J J’
(a) before the exchange (b) after the exchange
Figure 4.4.2: A shortest N —(I,J)-exchange chain (a, x;, x,, X3, -+, b) from a to b for the case

when b € A\ cly,(I).

be the smallest odd index i of x; in C (we will call it the smallest odd index of C) and

le(C) =max{i € {0,1,...,n} :iiseven and x; € C}

be the largest even such index. Let

€' ={C e %6 :1e(C) <so(C)}.

By the lemma 4.4.5, we have a € cl,,(I’) and so there exists a circuit C¥ of M such that

aeCMCcr ufal.

Since CM € €’ it follows that €’ # @&. Let C’ be a circuit in ¢’ for which the smallest odd
index is as large as possible and let i = so(C”). If n is odd, then b ¢ cl,,(I) implying that i < n.

There is circuit C; of M that x; € C; € I U{x;} and x,,, € C,. In particular C; ¢ ¢’ implying
that C; # C’. By eliminating x; from C; and C’ we get a circuit C"”of M that C” C (C;UC")\{x;}.
Since S is the shortest (I,J)-exchange N-chain from a to b, it follows that C; contains no
x; with even j > i + 1 and consequently we have C” € 4’. Since so(C”) > i, we have a

contradiction. O
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Lemma 4.4.8. Let (I,J) be a special covering for (M,N) and S = (ey, e;,e,,...) be an infinite
(I,J)-exchange chain. Then there is an infinite (I,J)-exchange string starting at e, that is a

sub-sequence of S.

Proof. Without loss of generality, we can assume that e, € I. Then we have
{60562164,"'} clI and {61,63,65,'--} CJ.

Leti €N, C,, be the (I,J)-fundamental circuit of ¢;, and E = | | Ey be an e;-special partition of
kek

E.

1. If C,, is finite, then let

ai:max{jeN:ejeCei}.

2. Otherwise, then let

Q; = max {j €N:e; € C, withe;_; € E; \ C, where E is such that C, C Ek} .

Let (f3; : i € N) be the sequence defined inductively by

Bo = ag

Bis1 = ®p,+1

for each i € N. Now consider the circuit C,, and from the sequence S, remove any e, such
that 0 < k < 8,. The sub-sequence S’ = <eo, €p,r€p > of elements of S is an (I,J)-exchange
chain such that for each i € N, the circuit C, , contains no eg for j > i + 1. This implies that
S = (eo, €p.,€p, " > is an (I, J)-exchange string starting at e,,. O
Lemma 4.4.9. Let (I,J) be a special covering, a € E essential for (M,N), and A the set of all

elements of E to which there exist an (I,J)-exchange chain starting at a. If (I’,J") is a covering

for (M[,,N[,), then AC cl,,(I") and A C cly(J").
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Proof. Let (I’,J") be a covering for (M[,,NT,). We show that A C cl,,(I') and the proof of
A C cly(J') follows by a similar argument.

Suppose, for a contradiction, that there is some b € A\ cl,,(I'). We assume that b € I and
the proof for the case when b € J can be obtained by a similar idea and construction.

We claim that there exists an infinite (I,J)-exchange chain (x,, X, X5, X3, -+ ) with x, = b
such that

{XO,Xz,X4,“'} ngﬂI

and

{XIJXB:XSJ'”} gI/n‘]

To prove this claim we define a bipartite graph G; on vertex sets

P=InJ and Q=JNT

as follows: For every vertex y € P, let C, € J U {y} be the (I,J)-fundamental circuit of y.
In the graph G;, we connect the vertex y to all elements in C, NI’. We define a bipartite graph

G, on vertex set

Q=JnNI and P\{b}=(IﬁJ’)\{b}

as follows: For every vertex x € Q, let C,, € I U {x} be the (I,J)-fundamental circuit of x.
In graph G,, we connect the vertex x to all elements in (C, NJ') \ {b}.

In the followings, we show that in the graph G, the vertex set P is matchable into the
vertex set Q and in the graph G,, the vertex set Q is matchable into the vertex set P \ {b}.

First consider the graph G; and the partition of the vertex set
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Figure 4.4.3: Graphs G, and G,

P=| |p with P =EnP
leL

where E = | |E] is a J-special. Since P = | |P, is a partition of the vertex set P and for

leL leL
any ,1’ € L, the vertex sets E [P,] and E [P, ] are disjoint, to show that P is matchable into the
vertex set Q, it is enough to show that for any arbitrary [ € L, the vertex set P, is matchable

into E [P;]. Now, let | € L, then we have two possibilities:
1. either every y € P, has finite degree.
2. or the set P is finite.

This is true because, if (1) does not hold, then for some y € P, the circuit C, which is the
(I,J)-fundamental circuit of y is infinite. Since (I,J) is a special cover, we have (El’ N Cy) NI
is finite and since P, C (El’ N C y) N1, this implies that the set P, is finite.

By symmetry, consider the graph G, and the partition of the vertex set

Q:|_|Qk with  Qr=ENQ

kek

where E = |_| E, is an I-special. Since Q = |_| Q, is a partition of the vertex set Q and for
keK keK

any k,k’ € K, the vertex sets E [P, ] and E [P, ] are disjoint, to show that Q is matchable into
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the vertex set P \ {b}, it is enough to show that for any arbitrary k € K, the vertex set Q, is

matchable into E[Q,]. Now, let k € K, by a similar argument as above we have:
1. either every x € Q; has finite degree.
2. or the set Q, is finite.

By symmetry, it suffices to show that in the graph G,, for every k € K, the vertex set Q, is
matchable into E[Q,]. Let k € K.

By Theorem 4.1.3, it is enough to show that for every finite set F € Q, we have |F| < |E[F]].
Suppose, for a contradiction, that there is F, € Q, with |F,| > |E(F,)|. In the following we show
that this leads to a contradiction.

Let Z be the family of all pairs (F, ¢) where F is a finite set,

Fng:

and

¢ ={C,: xeF}

such that C, is a circuit of M and

x €C,,
C.NF ={x},
C, CQUI,
and
|F|> |G (F, <€)
where

G(F,¢)={yeP~{b}:yeC, forsome C, € €}
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and

G'(F,¢)=G(F,¢)U{z€Q~\F:z€C, for some C, € €}

is independent in M.

Observe that Z # 0 since (F,, 6,) € & in which
%, ={C, : x € Fyand C,is the (I,J)—fundamental circuit of x }.

Let (1/;, ‘%) € Z be such that

A A
F) < |F| for any (F, ¢) € &. Since for any x € F, there is C,,

the (I,J)—fundamental circuit of x, which
AN A
C.NG (F %) £0

and

A
F

AN A
| (k%))

AN A A
there is some y, € G (F ,6 ) for which there are at least two elements x, x’ € F with
YoE€C,NC,.

A A A
Fix x, € F such that y, € C, and let H' C F \ {x,} be the set of all x € F \ {x,} such that
Yo € C,. Eliminate y, from all pairs of circuits C, and C, for all x € H’ as follows: For each

x € H', let C/ be a circuit of M such that
c.c(c,uc, ) and y,¢C.
Let H = F \ {x,} and C, = C, for any x € H \ H'. We claim that (H,¢") C % where

€ = {C)’(:er}.

We first need to show that x € C_ for any x € H. If x € H \ H, it is obvious. Let x € H’
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and suppose, for a contradiction, that x ¢ C’. Since
C. C (Cx U CXO) N {yo}

and G’ (F, €) is independent in M, we must have x, € C.. Now elimination of x, from the
circuits C; and C,, gives a circuit of M in G’ (F, ¢) which is a contradiction with G'(F, €) is

independent in M. Obviously
C.NH={x} and C. CQ,UI.

Also, we have

H|> |G(H, %)
because
|F| > |G (F, ¢6)|
and
|H|=|F|—1
and
|G(H,¢')| <G(F,¢)—-1
because

G(H,%") S G(F,6)~{yo}-

It remains to show that G’ (H, 6’) is independent in M. First, note that
G'(H,6¢') € G'(F,6) U {xo} \ {yo}-

Suppose, for a contradiction, that there is a circuit C of M such that C € G’ (H, €’). Observe

that x, € C and y, ¢ C. So, C and C,, are two distinct circuits of M containing x,. Now, by



CHAPTER 4. CRITICAL SETS 55

eliminating x, from the circuits C and C, , we get a circuit of M inside G’ (F, ¢) which is a

contradiction with G’ (F, ) is independent in M. Hence,
p
(H,%¢')c & with |H|<|F|.

This is a contradiction with the definition of 1’} . So, we proved that in the graph G,, the vertex
set Q, is matchable into E [Q, ] for any k € K. This implies that in the graph G,, Q is matchable
into the vertex set P\ {b} and similarly, in the graph G,, the vertex set P is matchable into the
vertex set Q.

Thus, there exists an infinite (I,J)-exchange chain S = {x,, x;, X,, X3, - -+ } with x, = b such
that

{XOJX23X4J”.} gJ/ﬂI

and

{x1,x3,x5,---} CI'NJ.

Let x; €S and L be an (I, J)-exchange chain from a to x;. Now, let

S'=S~{b,x, - ,Xj_1} = {Xj;xj+1,xj+2""}

and S” = S’ U L. By the lemma 4.4.8, there exists an infinite (I,J)—exchange string
S/// = {Zo, ZIJZZ: T }

with z, = a that is a sub-sequence of S. Let

I"=1U(Ss"NJ)~(S"NI),
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I J’
bXZ .. 22 a
< X3 X " %3 2

Figure 4.4.4: The sets S = {b, x;, X5, X3,--- } and S"”" = {a,2,,2, - - - } for the case a €.

and

J'=JU(S"nI)N (S nJ).

We show that (I”,J”) is a covering for (M, N). Without loss of generality, we can assume
that a € I and follow the next argument. The proof for the case that a ¢ I follows by a similar
argument and replacing odd and even indices.

By symmetry, it is enough to show that I”is independent in M. Suppose, for a contradiction,
that there is a circuit C of M such that C € I”. Observe that C N {z;,2,2s,- -} # 0. Since the

partition E =| | E is an I-special, the set C N {2, 25,25, - - } is finite because:
kek

1. If C is finite, then clearly C N {2, 23,25, -} is finite.

2. If C is infinite and 2, € C for some r € {1,3,5,---}, then (Ek N Czr) N J is finite for
the unique k € K that C, € K. Since C N {z,23,%5,"""} € (E;< N Czr) N J, we have

C ﬂ {21,23,25, e } iS ﬁnite.

Let i to be the largest odd index that z; € C and I* =1 \ {z;,,}. Observe that the pair (I*,J)
is independent in (M,N). Since z; ¢ cl,;(I*), by the lemma 4.4.6 we have (I,J) is a pair of

independent sets for (M, N) in which

[ =T"U{21,23,%5, "+ ,2;} \ {20,22,24,--- ,zi_l}
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and

J=JU {20,22,24,--- ,zi_l} N {21,23,%5, ,2;} .

But, the circuit C C T which is a contradiction with T is independent in M. So the proof that
(I1”,J") is a covering for (M, N) is completed.

Since a is is essential for (M,N), by the lemma 4.4.5, we have
a€cly(I")ncy(J")

and since we considered the case that a € I, we have a ¢ I”. So, there is a circuit C of M such
that a € C € 1” U{a}. Observe that C N {z,2;,%s,--} # 0. Here we get a contradiction again
by using the fact that the partition E =| | E is an I-special and applying the lemma 4.4.6 and

kek
the proof completes. ]

Now we are ready to prove Theorem 4.1.9.

Proof of Theorem 4.1.9. Let A be the set of all elements of E to which there exist an (I,J)-
exchange chain starting at a. We show that A is a critical set. Suppose not, then there is
a covering (I’,J’) for (M[,,N[,) such that I'nNJ’ # 0. Let b € I’NJ’. There is an (I,J)-
exchange chain from a to b. So, there is covering (I”,J") for (M [,, N[,) with a € I NJ"”. Now,
(I"~{a},J") is a covering for (M [,,N[,). By the lemma 4.4.9, we have A C cl,,(I” \ {a}), and

hence a € cl,,(I"” \ {a}) which is a contradiction. ]

Lemma 4.4.10. Suppose (M, N) has a covering and .« = {A C E : A is ciritical for (M,N)}. Then

.o is critical for (M,N).

Proof. Let .of ={ACE :Ais ciritical for (M,N)} and K = | J.«/. Since (M,N) has a covering,
(MTg,N[x) has a covering. So, it is enough to show that every covering of (M [, N [) is also
a packing. Suppose, for a contradiction, that there is a covering (I,J) for (M [, N[y) that

INJ #@. Let beInJ . There is some A € ./ such that b € A. Observe that (I NA,J NA)
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is a covering for (M[,,N,), b € INA, and b € J N A which implies that (I NA,J NA) is not a

packing for (M [,,N[,). This is a contradiction with A being a critical set for (M, N). O

Proof of Theorem 4.1.10. Let .o/ = {A CE : A is ciritical for (M,N)}. Since (M, N) has a cover-
ing, by the lemma 4.4.10, we have K = U . is critical for (M,N). Therefore K is a maximal

critical set for (M,N). O

Proof of Corollary 4.1.11. Let a € E’. Since a is essential for (M, N) by Theorem 4.1.9, there is
a critical set A, such that a € A,. Now, let K = | JA,. By the lemma 4.4.10, K is a critical set

acE’

for (M,N) and also E’ CK. O

Remark 4.4.11. If (M, N) has no covering, then the lemma 4.4.10 may not be true. For example,
let M be the algebraic cycle matroid of a double ray on an edge set E and N a matroid with
the family of independent sets to be the empty set. First observe that (M, N) has no covering.
Now, let ./ = {AC E : Ais ciritical for (M,N)}. Then | J.& = E which is not a critical set for

(M, N) because (M, N) has no covering.

Remark 4.4.12. If & = (F; :i €1) is a family of sets and (A, : a < y) a sequence of critical sets
for # such that A, € Ag for every a < § <y, then K = JA, is a critical set for & (see for
example [28]). But, this result is not true for critical sets fg: Znatroids in general. Consider the
matroids (M, N) in Remark 4.4.11 and the sequence (A, : i € w) such that A; C E with |A;| =i

and A, € A for every a < 3 < w. Observe that (A, : i € w) is a sequence of critical sets for

(M,N). But | JA, = E which is not a critical set for (M, N) because (M, N) has no covering.

a<w



Chapter 5

Matroid Intersection Conjecture for

Singular Matroids

5.1 Introduction

In this chapter assume that M and N are matroids on a common ground set E. In Chapter 5,
we first introduce the following condition which is equivalent to the condition (X1) introduced

in 4.1.
Definition 5.1.1. We say that (M, N) has a blockage if and only if

o there exists a critical set K C E for (M,N) and a € E \ K such that a € cl,;(K) and

a € cly(K).

The first main result in this chapter is the following and concerns arbitrary matroids. Recall
that we say (M, N) has the Packing/Covering Property if and only if there exists a partition

E =P UC such that (M[,,N[,) has a packing and (M.C,N.C) has a covering.
Theorem 5.1.2. Suppose the followings are equivalent:

1. (M,N) has a covering.

59
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2. (M,N) has no blockage.

Then (M, N) has the Packing/Covering Property.
The next main results in this chapter are the following and for a particular matroids that
we call them singular. We say M and N are singular if and only if they are disjoint union of

matroids either uniform of rank one or uniform of co-rank one.

Theorem 5.1.3. If matroids M and N are singular, then there exists a maximal critical set for M

and N.

Theorem 5.1.4. Let M and N be singular matroids on an infinite countable set E. Then the

followings are equivalent:
1. (M,N) has a covering.
2. (M,N) has no blockage.

Theorem 5.1.4 and Theorem 5.1.2 imply that the Matroid Intersection Conjecture is true

for singular matroids on an infinite countable set.

Corollary 5.1.5. If matroids M and N are singular on an infinite countable set E, then M and N

satisfy the Matroid Intersection Conjecture.

In section 2, we prove Theorem 5.1.2. The remaining sections cover the proof of Theorem

5.1.3. and Corollary 5.1.4. and the main part of the proof is in Section 4.

5.2 Proof of Theorem 5.1.2

Definition 5.2.1. We say (M, N) is loose if and only if for every nonempty set P C E, the pair

(M1p,NTp) has no packing.

Lemma 5.2.2. Let (M,N) be any matroids on E. There exists a partition E = P L C such that

(M1p,NTp) has a packing and (M.C,N.C) is loose.
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Proof. Let
o ={(PL?):PCE and & =(S,,S,) being a packing for (M [,,N,)}.
Let (B#),(P',#?') € .o/ and define
(P®)<(P,®') ifandonlyif PCP,S CS,S,CS,

Let (A, : a < r) be a sequence of elements of ./ such that A, € Ag for a < 3. Observe that
UAa € ./. Therefore by Zorn’s Lemma, there exists a maximal element (13, ﬁ) in .&/. Let

a<y

C =E~P. Then (M.C,N.C) is loose. ]
Now we are ready to prove the Theorem 5.1.2.

Proof of Theorem 5.1.2. By the lemma 5.2.2, there exists a partition E = P U C such that
(MTp,NTp) has a packing and (M.C,N.C) is loose. If (M.C,N.C) has a covering, then (M,N)
has the Packing/Covering Property. Suppose, for a contradiction, that (M.C, N.C) has no cover-
ing. Then by the assumption, (M.C,N.C) has a blockage. So, there exists a critical set K C C for
(M.C,N.C)and a € C \K such that a € cly; -(K)and a € cly -(K). Let (M',N’) = (M.C,N.C).
Since K is a critical set for (M’,N’), we have (M’[;,N’l) has a covering. Let (I,J) be a cov-
ering for (M'[,N’[x). Since K is a critical set for (M’,N’), we have (I,J) is also a packing
for (M'[x,N'[¢). But (M’,N’) is loose and this implies that K = §J. Since a € cl,;;,(K) and
a € cly/(K) and K = §§, we have {a} is a loop of M’ and N’. This implies that (#, @) is a packing
for (M’ Map N f{a})- So, (M’ Map N [{a}) has a packing and this is a contradiction with (M’,N")

is loose. O
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5.3 Proof of Theorem 5.1.3

One of the key elements in our proof for Theorem 5.1.4 is using maximal critical sets. In this
section we show that for singular matroids maximal critical sets exists. Here, we first provide

an explicit definition of singular matroids.

Definition 5.3.1. Matroids M and N on a common ground set E are called singular if and only

if the followings hold:

1. There exists a partition of E =| |E; such that

i€l

M =PMm;

iel

with each M; being either a uniform matroid of rank one or a uniform matroid co-rank

one on the set E;.

2. There exists a partition of E = |_|E]’ such that
jeJ

N =N,

j&eJ

with each N; being either a uniform matroid of rank one or a uniform matroid co-rank

one on the set E]’

First, observe that for singular matroids M and N where each M; and each N; being a
uniform matroid of rank one, we have M and N are partition matroids. So, the family of
singular matroids contains the family of partition matroids. Also, for singular matroids M and
N where each M; is a uniform matroid of co-rank 1 and each N; is a uniform matroid of rank
one, we have M* and N are partition matroids corresponding to a bipartite graph with the

edges sets E.

Lemma 5.3.2. Let (M,N) be singular, K C E a critical set for (M,N), and L C E \ K a critical

set for (M/K,N /K). Then K U L is a critical set for (M,N).
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Figure 5.3.1: The covering (I,J) for (M [, N [¢) and the covering (I’,J") for (M'[,,N'T,).

Proof. Since K is a critical set for (M,N), there exists a covering (I,J) for (M [, N [¢). Let
(M’,N’) = (M/K,N/K). Since L is a critical set for (M’,N’), there exists a covering (I’,J")
for (M';,N’[,). See the figure 5.3.1. Since I’ is independent in M’ = M /K, we have K U I’
is independent in M, hence I UI’ is independent in M. Similarly, J UJ’ is independent in N.
Thus (IUI’,J UJ') is a covering for (M lkur), N [(KUL)). To show that K U L is a critical set for
(M,N), it remains to show that any covering (I”,J”) for (M Mkur)» N [(KUL)) is also a packing.
Since K is critical for (M,N) and (I” NK,J” NK) is a covering for (M [, N ), the set I NK
spans K in M and the set J” NK spans K in N. So, it remains to show that I” spans L in M and
J” spans L in N. Now, consider (I” N L,J” N L) which is a covering for (M [;,N[,).

First, we show that (I” N L,J” N L) is also a covering for (M’[,,N’[,). It is enough to show
that I’ N L is independent in M’ and J” N L is independent in N’. Suppose, for a contradiction,
that there exists a circuit C of M’ such that C C I” N L. Since I” N L is independent in M, the

set C is independent in M and can be extended to CM a circuit of M such that
cMc(I"nL) UK.

Since (M, N) is singular, M = @M, with each M, being either a uniform matroid of rank one
rerR

or a uniform matroid of co-rank one on the set E,. So, there exists some r € R such that C¥ is

a circuit of the matroid M,. Now, we have two possibilities: either M, is a uniform matroid of
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rank one, or M, is a uniform matroid of co-rank one.
If M. is a uniform matroid of rank one, then the circuit C¥ = {a, b} with a € I” N L and
b € K. Observe that since I” is independent in M, we have b € J” NK. Since I’ NK spans K

in M, it spans {b} in M. Thus, there is a circuit C, of M such that
beC, < (I"nK)u{b}.

Observe that C, is also a circuit of the matroid M,. Therefor, C, = {b,c} with ¢ € (I” NK).
Now by the circuit elimination axiom and eliminating {b} from the circuits C¥ and C,, there
is a circuit C’ of M, such that C’ C {a,c}. Since M, is a uniform matroid of rank one, the set
{a, c} is the circuit C'of M,. But, {a,c} € I” which is a contradiction with I” is independent in
M.

If M, is a uniform matroid of co-rank one, then CM = E,. Since I” is independent in M, we
have CY¥ NJ”"NK # (. Let

xecC"nJ'NK.

Since I” NK spans K in M, there is a circuit C, of M such that
x€C, C(I"NK)U{x}.

Since x € E, and M, is a uniform matroid of co-rank one, C, = E,. This implies that C¥ =C,,
but C, C K and hence C, N L = @. This is a contradiction because C¥ N L # 0.

So, we proved that I” N L is independent in M’. Similarly, it can be shown that J” N L is
independent in N’. Thus, (I”NL,J”NL) is a covering for (M’[;,N’[;). Since L is a critical
set for (M’,N’), the covering (I” N L,J” NL) is also a packing for (M'[;,N’l;). Hence, I" N L

spans L in M’. Let y € (J” N L). There exists a circuit C, of M’ such that

yec,cI’nlL.
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If C, is a circuit of M, then {y} is spanned in M by I”NL. Otherwise, the set C, can be extended

to Cy a circuit of M such that
yec,cclc(I"nL)uKu{y}.

Let s €RR be such that the circuit C} € E;.
First assume M, is a uniform matroid of rank one. If E,NI" # @, then {y} is spanned in M

by I”. Otherwise, E,NI” =@ and hence C)) NJ" NK # 0. Let
z€C)'nJ"NK.

Since K is critical for (M, N), the set {z} is spanned in M by I” N K. Thus there is a circuit C,
of M such that

z€C, C(I"NK)u{z}.

Then C, NI"” C E, which is a contradiction with E,N 1" = {.

Now, assume that M; is a uniform matroid of co-rank one. Then C ;” =E,.If
cycr’uiy},
then {y} is spanned in M by I”. Otherwise, C;VI NJ”"NK # 0. Let
wecC y NnJ"NK.

Since K is critical for (M,N), the set {w} is spanned in M by I” N K. Therefore, there exists a
circuit C,, of M such that

weC, C(I"nK)u{w}.

Since M is a uniform matroid of co-rank one and w € E_, the circuit C,, = E,. Hence Cy =C,.

But since C,, € K, we have C,, N L = @ and this is a contradiction with C;V’ NL# 0.
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Thus, we proved that for any y € J”NL, the set {y} is spanned in M by I”. This implies that
1" is a spanning set for the matroid M | (x,;). By a similar argument, it can be shown that J” is
a spanning set for the matroid N [,;). Therefore, (I”,J") is a packing for (M Mury N [(KUL)).

This completes the proof that K U L is a critical set for (M, N). O

Lemma 5.3.3. Let (M, N) be such that it has a special covering. Let A C E be such that for any
covering (I,J) of (M,N), A C cly(J). Then there exists a critical set K C E for (M,N) such that

ACK.

Proof. We want to show that any a € A is essential for (M, N). Suppose, for a contradiction,
that there is some a € A that is not essential for (M,N). Therefore, (M/{a},N/{a}) has a
covering. Let (I,J) be a covering for (M/{a},N/{a}). Then (IU{a},J) is a covering for
(M,N) and a ¢ cly(J) which is a contradiction with a € A C cly(J). So, for any a € A, a is
essential for (M,N). Since (M, N) has a special covering, by lemma 4.1.11 there exist a critical

set K C E for (M,N) such that ACK. H
By a similar argument we can show the following result.

Lemma 5.3.4. Let (M,N) be such that it has a special covering. Let A C E be such that for any
covering (I,J) of (M,N), A C cly,(I). Then there exists a critical set K C E for (M,N) such that

ACK.
Now we are ready to prove Theorem 5.1.3.

Proof of Theorem 5.1.3. If (M,N) has a covering, then by the lemma 4.4.10, there exists a
maximal critical set. Otherwise, let E’ C E be a maximal subset of E such that (M [z,N [z)
has a covering. Let (I,J) be a covering for (M [;,N ) and a € E \ E’. Since E’is maximal,

(M g+, N [g+) has no covering in which E” = E’ U {a}. Therefore,

aecl,(I) and aecly().
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E

E/

Figure 5.3.2: The circuits CM and CV.

Let CM be the circuit of M such that

aeC” cI1uU{a}

and C" be the circuit of N such that

aec¥ cJufa}.

See the figure 5.3.2. We first show that there exists a critical set K; C E’ for (M, N) such that

c” \{a} CK,.

Since (M, N) is singular, M = G%Mr with each M, being either a uniform matroid of rank one
=
or uniform matroid of co—rankrone on the set E,. Let r € R be such that C” CE,.
If M, is a uniform matroid of rank one, then CM = {a, x} with x € I. We want to show that
for any covering (I’,J’) for (M [z,N ) , we have x € cly(J’). Suppose, for a contradiction,

that there exists a covering (I’,J") for (M [, N /) such that x ¢ cly(J’). This implies that x € I’

and J' U {x} is independent in N. Since x € I’ and I'is independent in M, we have E. N1’ = (.
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Thus, I’ U {a} \ {x} is independent in M. Therefore

(I’U {a} N {x},J'U {x})

is a covering for (M [z, N [z.). This is a contradiction with E’ being a maximal set such that
(M1g,NTg) has a covering.
If M, is a uniform matroid of co-rank one, then C¥ = E,. We want to show that for any

covering (I’,J’) for (M [, N [z), we have
M\ A{a} C ey ().
Suppose, for a contradiction, that there exists a covering (I’,J") for (M [z, N ;) and some
yec”\{a}

such thaty ¢ cly(J’). So, J'U{y} isindependent in N. Observe that I'U{a}~\{y} is independent
in M because if there is a circuit C of M such that C € I’ U{a} \ {y}, then sine a € C and M,
is a uniform matroid of co-rank one, we have C = E,. Hence CM = C , but y € C¥ \ C which

is a contradiction. Therefore,

(IF'ufa}~{y},0'u{y})

is a covering for (M [+, N [g.). This is a contradiction with E’ being a maximal set such that
(M1g,NTg) has a covering.

Thus, we proved that for any covering (I’,J’) of (M [z, N [/), we have CY \ {a} C cl(J').
Now we can apply lemma 5.3.3 for the matroids (M [/, N [/) . Since (M [/, N ) has a covering
and is singular, it has a special covering. Thus, by the lemma 5.3.3 there exists a critical set
K, C E' for (M1,N ) such that C¥ \ {a} C K;. By a similar argument, we can show that
exists a critical set K, C E’ for (M [, N [/) such that CV \ {a} C K,.

Since (M ,N g ) has a covering and K; and K, are critical sets for (M [, N [) by the
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lemma 4.4.10, we have K = K; UK, is a critical set for (M [z, N [/), such that
(CMUCN)\ {a} CK.

Therefore, we proved that for any a € E \ E’, there exists a critical set K C E’ for (M [z, N [z)
such that (CM UCY) \ {a} € K where C and C" are the unique circuits of M and N with
aeC™CJu{alandaecCcy cJu{a}.

Now, let

o = {K C E’' : K is a critical set for (M,N)}.

Since (M [, N [) has a covering by the lemma 4.4.10, we have | | ./ is a critical set for (M, N).
We want to show that U ./ is a maximal critical set for (M, N). Suppose, for a contradiction,

that U ./ is not maximal and it can be extended to a critical set K for (M, N) with
| J# ck.
Observe that K \ E’ # §. Let a € K \. E’and C¥ be the unique circuit of M such that
aeC” CcI1uU{a}
and C" the unique circuit of N such that
aec cJju{a}.

Let (T, 7) be a covering for (M Iz, N ff). Since a € K \ E’, there exists a critical set K C E’ for
(M1, N1g) such that (CM u CN) \ {a} CK. Since K C E’ is a critical set for (M, N[z), we

have K C | J./. This implies that K C K and in particular

cMuchN cKk.
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Observe that (7 NK,JN K) is a covering for (M [, N [). Since K is a critical set for (M [z, N [z/),
the covering (f NK,JNK ) is also a packing.

If a € I, then CM ¢ T because I is independent in M. Let z € C¥ \ 1. Since z € J NK and
(Tﬂ K,JNK ) is a packing, we have z € cl;, (TﬂK ) Thus, there exists a circuit C, of M such
that

z€C, c(INK)u{z}.

Let s € R be such that z € E,.
If M, is a uniform matroid of rank one, then C¥ = {a,z} and C, = {z,w} for some w € I.
By the circuit elimination axiom and eliminating z from the circuits C™ and C, we get {a, w}
is a circuit of M. But, {a,w} C I which is a contradiction with I is independent in M. If M, is a
uniform matroid of co-rank one, then C¥ = E;, = C, but a € CM \ C, which is a contradiction.
If a € J, then CV ¢ J because J is independent in N. Then, by a similar argument we get

a contradiction. This completes the proof that | | .« is a maximal critical set for (M,N). O

5.4 Proof of Theorem 5.1.4 and Corollary 5.1.5

In this section, we first provide some required lemma for our proof of Theorem 5.1.4 and then

we prove Theorem 5.1.4.

Lemma 5.4.1. Let (M, N) be singular, e € E, and K a maximal critical set for (M \ {e},N \ {e})

such that e ¢ cly(K). Then, there exists no critical set K* for (M \ {e},N \ {e}) such that e € cly(K*).

Proof. Suppose, for a contradiction, that there is a critical set K* for (M \ {e},N \ {e}) such
that e € cly(K™).

First observe that K* \ cly(K) # 0. Otherwise, if K* C cly(K), then

cly (K*) € cly(cly(K)) = cly (K).
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E

cly(K)

N

Figure 5.4.1: Critical sets K and K*and the circuit CY.

But e € cly(K*) and this implies that e € cl(K) which is a contradiction with the assumption.

Therefore, K* \ cly(K) # 0. Since e € cly(K*), there is a circuit Cﬁ’ of N such that
e e Cév C(K*u{e}).

Observe that Cév N (cly(K) U {e}) # 0 because otherwise e € cly(K) which is a contradiction
with the assumption. Let x € Cév N (cly(K)U {e}). See the figure 5.4.1. We want to show that
x ¢ cl, (K).

Suppose, for a contradiction, that x € cl;(K). We get a contradiction by showing that
K U {x} is a critical set for (M,N). Since K is a critical set for (M, N), for any covering (I,J)
for (M Iy, N[x), we have x € cl,(I). Since x ¢ K, this implies that for any covering (I,J)
for (M[x,N[x), we have I U {x} is dependent in M. Since x ¢ cly(K), we have K U {x} is
independent in N. Thus, for any covering (I,J) for (M [, N [¢), we have JU{x} is independent
in N. Therefore, (I,J U {x}) is a covering for (M l ko> N [(KU{X})). Now, we want to show that
any covering (I',J’) for (M Mot N [(KU{X})) is also a packing. First observe that (I’,J" \ {x})
is a covering for (M [, N [). Since K is a critical set for (M,N), (I’,J’ \ {x}) is also a packing
for (Mg, N [x). Therefore, I’ is spanned in N by J’ \ {x} and J’ \ {x} is spanned in M by I'.

So, to show that (I’,J’ \ {x}) is a packing, it remains to show that {x} is spanned in M by
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E

cly(K)ucly(K)

Figure 5.4.2: The sets L and L'.

I’. This is true because I’ U {x} is dependent in M. This completes the proof that K U {x}is a
critical set for (M,N).As e ¢ (K U {x}), we have KU{x} is a critical set for (M \ {e},N \ {e}).
Now, this is a contradiction with K being a maximal critical set for (M \ {e},N \ {e}).

Since x € K* and x ¢ cly(K) and we proved that x ¢ cl,,(K), we have
K* N (cly (K) U cly(K)) # 0.

Let L = K* N\ (cl,(K) U cly(K)). We want to prove that there exists a critical set L’ C L for
(M/K,N/K).Let (M’,N') = (M/K,N/K).

Let (I,J) be a covering for (M [, N [¢.). If
(I N (cl(K)ucly(K)),J \ (cy(K)Uucly(K)))

are independent in (M’, N’), then it is a covering for (M’ [, N’[;) and we let L’ = L. Otherwise,
either I \ (cl,;(K) U cly(K)) is dependent in M’ or J \ (cl,,(K) U cly(K)) is dependent in N’. If

I~ (cly (K)Ucly(K)) is dependent in M, then there exists a circuit C”" of M’ such that

cM c I\ (cly(K)Ucly(K)).
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Since I is independent in M, the set C¥ can be extended to a circuit C¥ of M such that

CM . CM C K. Since(M,N) is singular, M = E%Mr with each M, being either a uniform
re

matroid of rank one or a uniform matroid of co-rank one on the set E,. Let r € R be such that

CM C E,. We first show that M, can not be a uniform matroid of rank one. This is true because

if M, is a uniform matroid of rank one, then C™ = {a, b} such that a € L and b € K. Since

b € K, and {a, b} is a circuit of M, we have a € cl;(K) which is a contradiction with a € L.

This implies that M. is a uniform matroid of co-rank 1 and C¥ = E.. Let
€ = {CM/ CIN(cy(K)ucly(K)): CcM' is a circuit of M’}.

If J N (cly(K) U cly(K)) is dependent in N’, by a similar argument we can show that any circuit

CY'of N’such that C¥' C I \ (cl,;(K) Ucly(K)) does not belong to a uniform matroid of rank

one. Let
g = {CN/ CIN(cy(K)ucly(K)): cY' is a circuit ofN’}.
Therefore
un~Je
is independent in M’ and
(JNL)~ U D

is independent in N. Let

=1~ J(®u9).

We first show that x € L” which implies that L’ # @. Since e € C¥ C K*U{e} and K* is a critical
set for (M,N) and (I,J) is a covering for (M [, N [x.), we have Cév N {e} € J. Since x € Civ,
we havex € J. Since x € L, if x ¢ L’, then x € CN" such that CV’ is a circuit of N’ and it can
be extended to C € K U CV' a circuit of a uniform matroid of co-rank one. Let s € R such that
C = E,. Since CY = E,, we get C' = C, but e € CY \ C which is a contradiction. Therefore

x € L’ and hence L’ #@ and (INL’,JNL’) is a covering for (M'[;,,N’l;,). To show that L’ is



CHAPTER 5. MATROID INTERSECTION CONJECTURE FOR SINGULAR MATROIDS 74

a critical set for (M’,N’), it remains to show that any covering (I’,J") for (M'[,,,N’[,,) is also
a packing.
Let (I’,J") be a covering for (M'(;,,N’[;,). We want to show that I’U(I \ L’) is independent

in M and J' U (J \ L’) is independent in N, and hence
(ru(r~r),Ju(I\L"))

is a covering for (M [, N ). Suppose, for a contradiction, that I’ U (I \ L") is dependent in
M. Then, there exists a circuit C of M such that ¢ €I’ U(I \ L’). Since I \ L’ is independent
in M, we have € NI’ # @. Let w € R be such that C CE,,.

If M,, is a unifrom matroid of rank one, then € = {c,d} withc € I’ and d € I \ L’. Observe
that ¢ ¢ L because otherwise C C L’ and hence ¢ C I’ which is a contradiction with I’ is
independent in M. Thus, C \ L # @ and d € € \ L. Therefore d € cl,,(K) U cly(K). Observe
that d ¢ K because otherwise ¢ € cl,;(K) which is a contradiction with ¢ € I’. Since I’ is
independent in M’ = M /K, we have E,, NK = ). Thus d ¢ cl,,(K) and so d € cl,;(K) U cly(K)
implies that d € cly(K). Now, we show that K U {d} is a critical set for (M,N). Since K U {d}
is independent in M, we have (M lugap, N [(Ku{d})) has a covering. It remains to show that
any covering (A, B) for (M lwutap> N [(Ku{d})) is also a packing. Let (A,B) be a covering for
(M M kugap> N [(Ku{d})). Then (AN {d},B \ {d}) is a covering for (M [, N [ ). Since K is a critical
set for (M,N), (AN {d},B \ {d}) is also a packing. Since d € cly(K), we have d ¢ B. So,d € A
and d € cly(K) and this completes the proof that the covering (A, B) is also a packing for
(M M kugap> N [(Ku{d})). So, K U {d} is a critical set for (M, N) which is a contradiction with K is
a maximal critical set for (M \ {e},N \ {e}).

If M,, is a uniform matroid of co-rank one, then C = E,,. Since I is independent in M, we
have C NJ # 0. Therefore CNINL is independent in M /K. Thus ¢ NL C L. Now, since
Ccru(I~L)wegetCNLCI. Since €\ L CK,wehave CNL is a circuit of M /K which

is a contradiction with I’ is independent in M /K.
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Thus, we proved that I’ U (I \ L’) is independent in M. By a similar argument, it can be

shown that J' U (J \ L’) is independent in N. Hence,
(ru(r~r),Ju(I\L"))
is a covering for (M [x., N [.). Since K* is a critical set for (M, N), the covering
(ru(r~r),Ju(J\L"))

is also a packing. We want to show that (I’,J’) is a packing for (M'[,,,N’[,,). Let y € J'. Then

{y}is spanned in M by I’ U (I \ L"). So, there exists a circuit C ;‘,” of M such that

yeCyQI’U(I\L’)U{y}.

0

Let o € R be such that C}’YI CE,. If M, is a uniform matroid of co-rank one, then C}’YI =E
We want to show that C JJ)/[ N L’ is a circuit of M /K. Suppose, for a contradiction, that C ;” NL is
not a circuit of M /K. This implies that Cfvw N(L'UK)#0. Letq € Cfvw N\ (L’ UK). First observe
that q ¢ cly, (K) Ucly(K). So, g € L. But since q € I and q ¢ L’, there is a circuit C; of M such
that C, was removed from L. Since q € E, and M, is a uniform matroid of co-rank one, we
have C, = E,. Therefore C; = C}. But, C)' N L’ # @ and C, N L’ = @ which is a contradiction
with C, = C}I,”. Thus y € cl,, (I').

If M, is a uniform matroid of rank one, then C;VI = {y, p} such that p € E,. We want to show
that p € I, and hence Cfv” is a circuit of M /K. Since y € L/, we have y ¢ cl,(K), so KNE, = .
This implies p € L because otherwise if p € cl,;(K) U cly(K) we get a contradiction with K is
a maximal critical set for (M \ {e},N \ {e}). If p ¢ L’ since p € L, there is a circuit C,of M
such that C, was removed from L which implies that C, is a circuit of a uniform matroid of
co-rank one, and hence M, is a uniform matroid of co-rank one which is a contradiction with

assumption. Thus y € cl,,(I").
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So, we proved that I’ spans L’ in M’. Similarly, it can be shown that J’ spans L’ in M’.
Hence, the covering (I’,J’) is also a packing for (M’[,,,N’l;,). This completes the proof that L’
is a critical set for (M’,N’). Now, by the lemma 5.3.2, we have K UL’ is a critical set for (M,N).
Since e ¢ (KU L'), we get KUL' is a critical set for (M \ {e},N \ {e}) which is a contradiction

with K is a maximal critical set for (M \ {e},N \ {e}). ]

Lemma 5.4.2. Let (M, N) be singular, K’ € Ex{e;} a critical set for (M’',N") = (M \ {e;},N/ {e;}),
and e; € E \ (K" U {e;}) such that e; € cly,(K") and e; € cly,(K"). Then, for any covering (I,J)

for (M1, N'Tx), €; € cly/(J).

Proof. Let (I,J) be a covering for (M'[/,N'[x.). Since e; € cly.(K’), there exists a circuit cN'of
N’such that

e ecV QK’U{ej}.

If CN'NI =0, then e; € cly,(J). So, suppose C¥'NI # P andlet x € C¥'NI. Since K’ is a critical
set for (M’,N’), we have x € cly,(J). Let C be the circuit of N’ such that x € C € J U {x}.
Since (M, N) is singular, M = @M, with each M, being either a uniform matroid of rank

reR

one or a uniform matroid of co-rank one on the set E, and N = N, with each N, being a
s€8

either a uniform matroid of rank one or a uniform matroid of co-rank one on the set E/. Since
x € CV' N C, there exists some s € S such that CV' C E! and C C E.. Observe that N; can not
be a uniform matroid of co-rank one because otherwise C¥' = C = E but e; € ¢V and e;¢C
which is a contradiction. So, N, is a uniform matroid of rank one. This implies that CV" is also
a circuit of N. Because otherwise, CN ‘U {e;} is a circuit of N. Then, we have {ei, e]-,x} ccV
which is a contradiction with N; is a uniform matroid of rank 1.

Therefore, CV' = {ej,x}. If C U {e;} is a circuit of the matroid N, then {e;, x} is a circuit
of N. Now, by the circuit elimination axiom and eliminating x from the circuits C¥ = {ej, x}
and {e;,x}, we have the set {ei,ej} is a circuit of N. Therefore, {ej} is a loop of N’. But

{e]-} - {e j,x} which is a contradiction because both are circuits of N’. Thus, C is a circuit of

the matroid N and C = {x,y} for some y € J. Then, by the circuit elimination axiom and
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eliminating x from the circuits C¥" and C, we get {ej, y} is a circuit of N. This implies that

e; € cly/(J). O
Definition. Recall Definition 5.1.1. We say (M, N) has a blockage if and only if

e there exists a critical set K € E for (M,N) and a € E \ K such that a € cl;,(K) and

a € cly(K).

Lemma 5.4.3. Let (M, N) be singular with no blockage. Let e; € E and K C E \{e;} be a maximal

critical set for (M \ {e;},N \ {e;}). If e; ¢ cly(K), then

(M ~{e;},N/{e})

also has no blockage and if e; ¢ cl,,(K), then

(M/{e;},N~{e;})

also has no blockage.

Proof. Lete; € E and K C E \ {e;} be a maximal critical set for (M \ {e;},N \ {e;}). We first

show that if e; ¢ cly(K) then,
(M',N") = (M~ {e;},N/ {e;})

also has no blockage. Suppose, for a contradiction, that (M’,N’) has a blockage. This means
there exists a critical set K’ C EX{e;} for (M',N’) and e; € EX (K" U {e;}) such that e; € I} (K")
and e; € cly,(K’). We want to show that for each of the following cases we get a contradiction.

[Al] (M [(K,U{ej}),N [(K,U{ej})) has a covering.

[A2] (M l(ufe,})- N [(K,U{ej})) has no covering.

First, we consider the case [A1]. Let (I,J) be a covering for (M (ko (e} N e {ej})). We

want to show that e; € cly(J).
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We have (I~ {e;},J \{e;}) is a covering for (M I, N I). If
JUfe}~{e;}
is dependent in N, then e; € cly(J \ {¢;}) and hence ¢; € cl(J). Otherwise,
JUfe}~{e;}

is independent in N. Then, (I N {ej} ,J N {ej}) is a covering for (M'[4,, N'[.). Now, by the

lemma 5.4.2 we have e; € cly, (J AN {ej}). Therefore, there exists a circuit C of N’ such that
eJ-ECEJU{ej}.

If e; € J, then since J is independent in N we have C U {e;} is a circuit of N. This implies that
e; € cly(J). Now, we show thate; & I.

. € 1. Since e; € cl;;(K’), there exists a circuit CM

Suppose, for a contradiction, that e; ;

of M such that e; € C¥ C K'U {ej}. Observe that C¥ NJ # P and let x’ € C¥ NJ. Since
(I ~ {e]-} AN {ej}) is a covering for (M’ [¢,,N’[x/) and K’ is a critical set for (M’,N’) we have
(I N {ej} ,J N {ej}) is a packing. Hence, x’ € clM(I ~ {ej}). So, there exists a circuit C,, of M
such that

x' €Cu C(IN{e;})uix}.

Since (M,N) is singular, M = @M, with each M, being either a uniform matroid of rank

reR

one or a uniform matroid of co-rank one on the set E, and N = €N, with each N, being
SES

either a uniform matroid of rank one or a uniform matroid of co-rank one on the set E/. Since

x" € C,, N CM, there exists some r € R such that C¥ C E, and C,, C E,. If M, is a uniform

matroid of rank one, then C¥ = {ej,x’}. By the circuit elimination axiom and eliminating

x' from the circuits C¥ and C,, we get a circuit of M in I which is a contradiction with I is

independent in M. If M, is a uniform matroid of co-rank one, then C¥ = E, = C,.. But,
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e; € CM and e; ¢ C,, which is a contradiction with C" = C,.. Therefore, we proved that e; ¢ I
and hence e; € cly(J) for any covering (I,J) for (M [(K,U{ej}),N [(K,U{ej})) .

Now, let (I’,J”) be a covering for (M [(K,U{ej}),N [(K,U{ej})) and CV be the circuit of N such
that

e;€eCN CJ' U{e}.

We want to show that for any covering (I”,J"”) for (M Mo, ) N N(xou {ej})) we have
CV \{e;} € cly(J).

Let (I”,J”) be a covering for (M [(K,U {¢,})’ N [(K,U {ej})). Suppose, for a contradiction, that there
exists some

becV N (cy(J)u{el).

So, b € I” and J” U {b} is independent in N. Then,
(I” N {e]-},J” u{b}~ {ej})

is a covering for (M [/, N [) but it is not a covering for (M’[x,,N'[x,) because K’ is a critical
set for (M’,N’) and
(1"~ Aej}, 7 u by~ {ej})

is not a packing. This implies that J” U {b} \ {ej} is dependent in N’. So, there exists a circuit
C, of N'such that

beC, CJ U{b}\{e}.

Since J”U{b} \ {ej} is independent in N, the set C, U {e;} is a circuit of N. We also know that

e; € cly(J”). So, there exists a circuit C of N such that

e, €CCJ " U{e}.
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Now, by the circuit elimination axiom and eliminating e; from the circuits C and C, U {e;}, we
get a circuit C, of N such that C, C (E UC,) \ {e;} . This implies that C, € J” U {b} which is a
contradiction with J” U {b} is independent in N.

Thus, we proved that for any covering (I”,J") for (M [(K,U {ej}),N [(K,U {e}-}))’ we have
CV N {e;} € cly(J”).

Now, by the lemma 5.3.3, there exists a critical set K* € K'U {ej} for (M [(cufe,})o N [(K,U{ej}))
such that

CN \{e;} CK*.

This implies that e; € cly(K*) where K* is also a critical set for (M,N). Since e; ¢ K*, we
have K* is a critical set for (M \ {e;},N \ {¢;}) and e; € cly(K*). By the lemma 5.3.3, this is
a contradiction with K € E \ {e;} being a maximal critical set for (M \ {e;},N \ {e;}) with
e; & cly(K).

Now, we consider the case [A2] that (M [(cufe, 1) N (ko {ej})) has no covering. Let (1,J)
be a covering for (M'[,,N'l¢/). Observe that (f J ) is also a covering for (M [/, N[y ). Since
(M [(ufe;})> N erw {ej})) has no covering, J U {ej} is dependent in N. So, there exists a circuit
C of N such that

ejeégju{ej}.

Since by the assumption, e; € cly/(K’), there exists a circuit CN' of N’ such that
e;eCV cK'U{e;}.

Here, we want to show that CV' is also a circuit of N. Suppose, for a contradiction, that

CN'U{e,} is a circuit of N. Since e; € ¢NCY', there is some s; € S such that ¢c E! and cN' ¢ E!.
] ]

IfNSj is a uniform matroid of rank one, then CV' U{e;} = {ej, ei} and € = {e]-, c} for some c € J.

Now, by the circuit elimination axiom and eliminating e; from the circuits ¢ and CY', we have
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the set {e,, c} is a circuit of N. Hence, {c} is a loop of N’. This is a contradiction because {c} C J
and J is independent in N”. If N;, is a uniform matroid of co-rank one, then CV U{e;} = Es’]_ =C.
But e; € € which is a contradiction with C¥" U {e;} = €. Thus, we proved that C"' is a circuit
of N.

Now, we want to show that for any covering (I"”7,J"") for (M [¢., N ), we have
eV e} € ey (97).
Suppose, for a contradiction, that there exists a covering (I"”,J”") for (M [, N [¢,) and
dec¥ N (cdy(I")u{e;}).

So, d € I’ and d ¢ cly(J""). Observe that (M lierufe 1) N (o {ej})) has no covering implies

that J”" U {ej} is dependent in N. So, there exists a circuit C of N such that
~ i
e;eCcJU {ej} .

Now, since e; € CY¥' N C, there exists some s, € S such that CV' C Es’0 and C C Es’o. If N, is a
uniform matroid of rank one, then CN' = {ej,d} and C = {ej,f} for some f € J”. Now, by
the circuit elimination axiom and eliminating e; from the circuits CV and C, we have {d, f} is
a circuit of N. This implies that d € cly(J”) which is a contradiction with the assumption. If
N;, is a uniform matroid of co-rank one, then cV = ES’0 =C.Butd e C" and d ¢ C whichis a
contradiction with C¥" = C. Thus, we proved that for any covering (I"”,J") for (M ¢/, N [x),

we have

eV e} cely(97).

Now, by the lemma 5.3.3, there exists a critical set K; € K’ for (M [/, N ) such that

V'~ {ej} CK;.
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This implies that e; € cly(K;). Now, we want to show that there exists a critical set K, € K’ for
(M, N) such that e; € cly,(K,).

Since K’ is a critical set for (M’,N’), the pair (M'[4,, N’'[«.) has a covering. Let (f,j) be a
covering for (M'lx,,N’[x.). Since J is independent in N’, we have J U {e,} is independent in
N. This implies that (f,j U {ei}) is a covering for (M [(K/U{ei}),N[(K/U{ei})). Since e; € cly,(K),
there exists a circuit CM of M such that e;€C McKuU {ej} . Now, we want to show that for
any covering (I*,J*) for (M lacuge > N T(K/u{e,-})), we have CM < {ej} C cly, (I*).

Let (I*,J*) be a covering for (M [ote ) N [(K,U{ei})). Since J* is independent in N [k, })s
we have J* is independent in N'. Therefore, (I* \ {e;},J* \ {¢;}) is a covering for (M’ [/, N' /).
Since K’ is a critical set for (M’,N’), we have (I*\ {e;},J* \ {¢;}) is also a packing. Let
g eCcY (I* U {ej}). Since I* \ {e;} spans K’ in M, g € cl,,(I* \ {e;}) which implies that

g € cly,(I*). This completes the proof that
M\ A{e;} €y (1)

for any covering (I*,J*) for (M [(K,U{ei}),N[(K,U{ei})). Now, by the lemma 5.3.3, there exists a

critical set K, € K’ U {e;} for (M lauge ) N [(K,U{ei})) such that
cM < A{e;} €K,

This implies that e; € cly(K,). Since (M loge ) N [(K/U{ei})) has a covering, by the lemma
4.4.10, K = K, UK, is a critical set for (M lote ) N [(K,U{ei})). So, we have K is a critical set for
(M,N) with

e; € clM(I?) and e; € clN(I?).

This is a contradiction with (M, N) has no blockage. This completes the proof that ife; ¢ cly (K),

then

(M ~Ae;},N/{e;})
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also has no blockage. By a similar argument, it can be shown that if e; ¢ cl,,(K), then

(M/{e;},N~A{e;})

also has no blockage. O

Lemma 5.4.4. Let (M,N) be singular, e € E, and K C E \ {e} a maximal critical set for
(M \ {e},N X\ {e}) such that e ¢ cly(K) and (M’,N’) = (M ~\ {e},N/{e}). Then if e € E/ such
that N, is a uniform matroid of co-rank one and E is infinite, there exists some v € E! \ {e} such

that K is also a maximal critical set for (M’ ~\ {v},N’ \ {v}) and v ¢ cl,; (K).

Proof. Lets € S be such that e € E and assume that N is a uniform matroid of co-rank one
and E is an infinite set. Since e ¢ cly(K), there exists an element v € E/ such that v ¢ K. We
first show that

vécly,(K) and v ¢ cly(K).

Since e ¢ K, so v ¢ cly(K). So, K U {v} is independent in N. Now suppose, for a contra-
diction, that v € cl,(K). Let (I,J) be a covering for (M [, N[y). Since K is a critical set for
(M,N), we have (I,J) is also a packing for (M [, N[). So v € cl,,(K) implies that v € cl,,(I).
Since v ¢ cly(K), for any covering (I,J) for (M [y, N[x), the pair (I,J U{v}) is a covering
for (M [(KU{V}),N[(KU{V})). We want to show that K U {v} is a critical set for (M,N). Since
(M [ o> N T {V})) has a covering, it remains to show that each of its covering is also a pack-
ing. Let (7,7) be a covering for (M r(KU{v}))Nr(KU{v}))' Observe that (T\ (v}, J~ {v}) is a

covering for (M [, N [). Since K is a critical set for (M,N) and v € cl,,(K) we have
ve clM(T\ {v}).

This implies that v € J. On the other hand, since K is a critical set for (M,N), we have

(f S {v},J N {v}) is also a packing. Therefore, we have
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vE clM(f)
K e clM(f\ {v})
K e clN(j\ {v}).

This implies that (T, 7) is a packing for (M I o, N [(KU{V})). This completes the proof that
K U {v} is a critical set for (M,N). Now, since e ¢ K U {v}, we have K U {v} is a critical
set for for (M \ {e},N \ {e}) which is a contradiction with K is a maximal critical set for
(M \ {e},N \ {e}). So, we proved that v ¢ cl,(K) and v ¢ cly(K).

Let (M',N’) = (M \ {e},N/{e}). We want to show that K is also a maximal critical set for
(M’ \ {v},N’\ {v}). We first show that K is a critical set for (M’,N’). Let (I,J) be a covering
for (Mg, N [x). Since I is independent in M, it is independent in M’ = M \ {e}. Since v ¢ J,
the set J is independent in N’ = N/ {e} .Thus, (I,J) is a covering for (M'[, N'¢). It remains to
show that every covering is a packing. Let (I’,J’) be a covering for (M'[;,N'l). Then (I',J") is
a covering for (M [, N ). Since K is a critical set for (M, N), the pair (I’,J’) is also a packing
for (M [, N [). Since I’ spans K in M, it also spans K in M’. Since J’spans K in N and v ¢ K,
J'spans K in N’ = N/ {e}. This implies that (I’,J’) is also a packing for (M'[x, N'lx). Thus, K is
also a critical set for (M’,N’). Observe that K is a maximal critical set for (M’ \ {v},N’ ~ {v})
because otherwise if it can be extended to a larger critical set K with K C K, then K is also a
critical set for (M \ {e},N \ {e}) which is a contradiction with K is a maximal critical set for

(M \ {e},N \ {e}). Now, since v ¢ cl,,(K), we have v ¢ cl,; (K). O
By a similar argument as in the proof of the lemma 5.4.4, we have the following result.

Lemma 5.4.5. Let (M,N) be singular, e € E, and K C E \ {e} a maximal critical set for
(M \ {e},N \ {e}) such that e ¢ cl;(K) and (M’,N") = (M/ {e},N \ {e}). Then if e € E, such
that M, is a uniform matroid of co-rank 1 and E, is infinite, there exists some w € E, \ {e} such

that K is also a maximal critical set for (M’ ~\ {w},N’ ~\ {w}) and w ¢ cl.(K).

Now we are ready to prove Theorem 5.1.4.
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Proof of Theorem 5.1.4. First we show that for any arbitrary matroids (M, N) on any common
set E, (1) always implies (2). Assume that (M,N) has a covering and a blockage. So, there
exists a critical set K C E for (M,N) and a € E \ K such that a € cl;(K) and a € cly(K). Let
(I,J) be a covering for (M,N). Then, (I NK,J NK) is a covering for (M [, N[). Since K is
a critical set for (M, N), the covering (I NK,J NK) is also a packing. Since a € cl,,(K) and
a € cly(K) and (I NK,J NK) is a packing, we have a € cl,(INK) and a € cly(J NK). Now, if
a €1, since a € cl,,(I NK) we get a contradiction with I is independent in M. If a € J, since
a € cly(J NK) we get a contradiction with J is independent in N.

Now we want to show that (2) implies (1). Assume that (M, N) is singular on an infinite
countable set E and has no blockage. Let E = {e; : i € N}. Using induction, we want to con-
struct a covering (A, B) for (M,N). Since (M,N) is singular, M = E%Mr with each M, being
either a uniform matroid of rank one or a uniform matroid of co-r;jlk one on the set E, and
N = N, with each N, being a either a uniform matroid of rank one or a uniform matroid of

seS
co-rank one on the set ES’ Let

R’ ={r €R: M, is an infinite co-rank one matroid}

and

S’={s €S : N, is an infinite co-rank one matroid} .

Since R and S are countable sets, we can enumerate the set R’ US’ = {t : t € T} such that
either T =Nor T = {1,...,n} for some n € N. By induction on i € N, we will define a pair

(A;, B;) of finite disjoint subsets of E such that

{31,"‘ :ei—l} g141 UBl

and a pair (M;, N;) of matroids on the common set E; = E \ (A; U B;) such that (M;, N;) has no

blockage. Then we take A= | JA; and B = JB; and we will show that (A, B) is a covering for
ieEN ieEN
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(M, N).

Let A; = B; = 0 and (M;,N;) = (M,N). Now, suppose the pair (A;, B;) and the matroids

(M;,N;) on the set E; without a blockage are defined. If e; € A; UB;, then let

(Ais1,Bi1) = (A, By),
(Mi41,Ni1) = (M, N),
Ei, =E.
Otherwise, let the set K; C E; \ {e;} be a maximal critical set for (M; \ {e;},N; \ {e;}). Since
(M;,N;) has no blockage, we can not have both e; € cl), (K;) and e; € cly (K;). We are going to

consider the following cases:
Casel e; ¢ cly.(K;).
Case2 e; € cly (K;).

First, assume that we have the [Casel] that e; ¢ cly(K;). We perform an induction that
stops after finitely many steps and as a result of this induction, we obtain a finite subset

V= {v°,v},v2,...,v"1} of E such that v, = ¢; and
A1 UBi =A;UB; UY,

and a pair of matroids (M/,N}) on the set E/ = E,\ {v°,v},v2,...,v/ '} foreach 1< j <n
such that it has no blockage and a pair (A, B)) of finite disjoint subsets of E.
Let v =¢; and
(4l.B}) = (4. B u{v})
(M N]) = (M~ v} N/ {v)).

Then by the lemma 5.4.3, (M}, N1) also has no blockage. If v* ¢ E! for any t € T, then let
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Otherwise, v € E;l for some t; € T, then by the lemma 5.4.4, there exists some v, € Egl ~ {vl.o}
such that K; is also a maximal critical set for (M} \ {v!},N! \ {v!}) and v! ¢ cl,;1(K;). Then

let

(A3,B7) = (a4, u{v'}.B,u{v}),
(MiZ’NiZ) = (Mil/ {vil} ’Nil N {Vil})'
Since (Ml.l, Nl.l) has no blockage, by the lemma 5.4.3, (Ml.z, Nl.z) also has no blockage. If v! ¢ E,

forany t € T, or if v! € E, for some t € T such that t > t,, then let

Now, suppose that the matroids (Mij,Nl.j) on the set El] =E, \ {vl.o, vivz ., vij_l} without
a blockage and the finite sets (A{,B{ ) are defined. We want to either define the element v;,
the matroids (Ml.jH,Nin) on the set EijJrl = El] N {vf} , and the sets (AJI:H,B{H), or finish the
induction and define n = j.

Suppose j is an even number. If vij_1 ¢ E, forany t €T, or if vij_1 € E, for some t € T such

that t > t;_; in which v/ " € E_, then let
.
n=j.

Otherwise, vij_1 €E, for some ¢; € T such that t; < t;_;. Then by the lemma 5.4.5, there exists
some vij SN {vij_l} such that K; is also a maximal critical set for (MlJ N {vlj } ,Nij N {vlj D

and v/ ¢ cl i(K;). Then let
i N; 1

(4B = (LB u {v]})

(v 7N ) = (! S {3 N V).

Since (Ml.j,Nij) has no blockage, by the lemma 5.4.3, (Min,Nl.jH) also has no blockage.
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We claim that for some j this induction stops and n = j. Suppose, for a contradiction, that

the induction does not stop. Then we get an infinite decreasing sequence
B> ty> . >t > >
of elements of N which is a contradiction. Therefore there exists some n < t; such that
Vi={v,vivE vt

Now, suppose j is an odd number. If vl.j_1 ¢ E foranys € T, or if vl.j_1 € E for somes € T

such that s > s, ; in which vij e E,, then let
n=j.

Otherwise, vl.j_1 € E/ for somes; € T such thats; <s; ;. Then by the lemma 5.4.4, there exists
J
some vl.j € Es’j N {vl.j_l} such that K; is also a maximal critical set for (Ml] N {vf } ,Nij AN {vl] })

and vij ¢ cl,,i(K;). Then let

(4, B") = (aju {v]}.B)

(v ;) = (g {v N S ()

Since (Ml] ,Nl.j ) has no blockage, by the lemma 5.4.3, (Ml] +1,Nij+1) also has no blockage. We
claim that for some j we will stop the induction and n = j. Suppose, for a contradiction, that

the induction does not stop. Then we get an infinite decreasing sequence
§1>8,>...>58; >8> ...

of elements of N with s; = t; which is a contradiction. Therefore there exists some n < t; such
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that

— o .,1 .2 n—1
Vi—{vi,vi,vi,...,vi }

Now, we let
(A1, Bin) = (A?’B?)
(Mi41,Niy1) = (Min,Nin)
Ei=ENV.
Now, assume that we have the [Case2] that e; € cly (K;). Since (M;,N;) has no blockage, we

have e; ¢ cl), (K;). Similarly as in the [Casel], we can construct a finite subset
_[,0 1 .2 -1
Vi—{vi,vi,vi,...,vi" }

of E such that v} = e; and

A1 UB =A;UB; UV,

and a pair of matroids (Ml.j,Nl.j) on the set ElJ =E;\ {vf, vivi,o., vl.j_l} foreach1<j<n
such that it has no blockage and a pair (Ajl:,B{' ) of finite disjoint subsets of E. The difference is

that

(4, B!) = (4 U {v'}.B),
(M, N7) = (M {7} Ne s (v}).

Then, we let

(Ai41,Bi1) = (A?:B?)
(M1, Nij1) = (Min’Nin)
Ei=ENV.
Now, let A= JA; and B = | JB;. Observe that (4, B) is a pair of disjoint subsets of E because

ieN ieN
for each i € N we have (A;, B;) is a pair of disjoint subsets of E. We want to show that (A, B)
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is a covering for (M,N). It is enough to show that (A, B) are independent sets in (M,N). We
first show that B is independent in N. Suppose, for a contradiction, that there is a circuit C of
N such that C C B.

First assume that C is a finite circuit. Let enumerate the circuit C = {ecl, €cprnnes ecm} such
that each ¢; €N and ¢; <¢; ifand only if i < j for the 1 <i, j < m. Let p € N be that such that
e, = e. . Then, {ep} is a loop in the matroid N,,. LetK, € E, \ {ep} be a maximal critical set for
(Mp N {ep} N, N {ep}). Since {ep} is a loop of N, we have e, € cle (Kp). On the other side, we
know that (Mp,Np) has no blockage. This implies that e, ¢ clMp (Kp). Soe, EA; which implies
that e, €A. So, we have e, € C N A which is a contradiction with the assumption that C € B.

Now, assume that C is an infinite circuit. Let i € N be such that e; € C and i < j for any

e; € C. Consider the subset {e;, e,,...,¢;_;} of E and the family of sets {V;,V,,...,V,_;}. Since

the set V, is finite for each 1 <m <i—1, we have

1
Va
1

i

a

is finite. Therefore
i—1
cnl v,
a=1
is finite. Let j € N be the smallest index such that
i—1

e;eCN | V..

a=1

i—1
Since e; ¢ U1 V,, we have e; € A; UB;. Let the set K; C E; \ {ej} be a maximal critical set for
a=

(M~ {e;}. N N {ei}).

Since e; € B we have ¢; ¢ cly (K;). So, there exists some vj1 e€C\ {v](.)} such that v].l € A?.

This implies that v} € A. So, we have v; € C N A which is a contradiction with C € B. This
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completes the proof that B is independent in N. By a similar argument, it can be shown that A

is independent in M. Thus, (A, B) is a covering for (M,N). O

Now we are ready to conclude the the Matroid Intersection Conjecture for singular matroids

on an infinite countable set.

Proof of Corollary 5.1.5. Since M is singular if and only if M* is singular, it is enough to show
that M* and N satisfies the Matroid Intersection Conjecture. Since matroids M and N are sin-

gular on an infinite countable set E, by Theorem 5.1.4, we have the followings are equivalent:
1. (M,N) has a covering.
2. (M,N) has no blockage.

Now, by Theorem 5.1.2, we have (M, N) has the Packing/Covering Property. Finally, by Theo-

rem 3.1.3, we have (M*, N) satisfies the Matroid Intersection Conjecture. H



Chapter 6

Conclusion and Future Work

6.1 Summary

For this chapter, we assume that M and N are matroids on a common ground set E. In this
section, we summarize the main results of this dissertation that imply the Matroid Intersection

Conjecture 1.2.1.

Theorem. 3.1.9. If (M,N) has the Almost Intersection Property, then it satisfies the Matroid

Intersection Conjecture.

Theorem. 5.1.2. If the followings are equivalent:
1. (M,N) has a covering.
2. (M,N) has no blockage.

than (M, N) has the Packing /Covering Property.

We proved that the Matroid Intersection Conjecture 1.2.1 is true for (M, N) in the following

cases:
e M has finite rank and N is arbitrary (Section 3.4).

e M is patchwork and N is arbitrary (Section 3.4).
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e M and N are singular matroids on an infinite countable set E (Section 5.4).

We also provided a new proof that the Matroid Intersection Conjecture 1.2.1 is true for

(M, N) in the following case:

e M and the dual of N are nearly finitary matroids (Section 3.4).

6.2 Statements Equivalent to the Matroid Intersection Con-
jecture

In this section, we summarize the conjectures related to this dissertation. We first state the
conjectures that are equivalent to the Matroid Intersection Conjecture. Then, in Corollary
6.2.3, we provide more statements equivalent to the Packing/Covering Conjecture.

The equivalency of the following conjectures is proved in [12].

The Matroid Intersection Conjecture: Any two matroids M and N on a common set E have
a common independent set I admitting a partition I = J,,LJy such that cl,,(J,,)Ucly(Jy) = E.

The pairwise Packing/Covering Conjecture: Any pair of matroids on the same ground
set has the Packing/Covering property.

The Packing/Covering Conjecture: Any family of matroids on the same ground set has
the Packing/Covering property.

The Packing Conjecture: A family of matroids (M, : k € K) on the same ground set E has
a packing if and only if the following condition is true for every Y C E:

If (M,..Y : k € K) has a covering, then it also has a packing.

The Covering Conjecture: A family of matroids (M, : k € K) on the same ground set E has
a covering if and only if the following condition is true for every Y C E:

If (M ]y : k € K) has a packing, then it also has a covering.

Remark 6.2.1. Here, we sum up the cases for which the pairwise Packing/Covering conjecture

is known to be true:
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1. When both matroids are finitary [7].
2. When both matroids are nearly finitary [7].

3. When one matroid is finitary the other is a countable direct sum of matroids whose duals

are of finite rank [5].
4. When both matroids has only countably many circuits [12].

5. When one matroid is M. (G) and the other is M. (G) for a a locally finite graph G with

a tree-decomposition into finite parts of adhesion at most 2 [11].

6. When one matroid is My, (G) and the other is My, (G) for a a locally finite graph G with
a tree-decomposition into finite parts of adhesion at most 2 where ¥;and ¥, are Borel

sets of ends of G [11].
7. When one is a finite co-rank matroid and the other is arbitrary (Section 3.4).
8. When one is a patchwork matroid and the other is arbitrary (Section 3.4).
9. When both matroids are singular on a countable ground set (Section 5.4).

Definition 6.2.2. Let .# = (M, : k € K) be a family of matroids on P and P C E. A hindrance

for .4 on P is a packing (S, : k €K) of A, = (Mlp: k €K) with | S, # P, thatis, itis a
kek

packing of . [, that is not a covering. An obstruction for .# on P is a packing of ./ [, such

that . [, has no covering. The family ./ is called unhindered if and only if it has no hindrance

(on any P C E) and unobstructed if and only if it has no obstruction (on any P C E).

In the following, we provide more statements that are all equivalent to the Packing/Covering

conjecture.

Corollary 6.2.3. Let .¢/ be a class of matroids closed under contractions (in particular, it can be

the class of all matroids). The following conditions are equivalent:
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1. For every family .# of matroids from .« on the same set, .# is unobstructed if and only

if it has a covering.

2. For every family .# of matroids from .«/ on the same set, if .# is unobstructed then it

has a covering.

3. For every family .# of matroids from .o/ on the same set, if ./ is unhindered then it has

a covering.

4. For every family .# of matroids from .« on the same set, if .# is loose then it has a

covering.

5. Every family of matroids from . on the same set has the Packing/Covering property.

Proof. Clearly (1) implies (2), (2) implies (3), and (3) implies (4).

To see that (4) implies (5), let .# C .« be a family of matroids on E. There is P C E
such that . [, has a packing and . .C is loose (where C = E \\ P). Since ./ is closed under
contractions, by (4) .#.C has a covering.

To see that (5) implies (1), let .# be unobstructed and E = P LI C be a partition such
that ./ I, has a packing and .#.C has a covering. Since ./ is unobstructed, the family ./ [,
has a covering. If (A; : i € 1) is a covering of ./ [, and (A’ RS I) is a covering of ./ .C, then

i

(Al-UA’l. :iEI) is a covering of ./ . O

6.3 Future Work

We are certain that we can use our tools and results in Chapter 4 to attack the Matroid In-
tersection Conjecture 1.2.1 for a more general family of matroids. We propose the following

definition and conjecture.

Definition 6.3.1. Let M = @M, be a matroid corresponding to the partition E = | |E; with
iel iel
each M; is either a uniform matroid of rank finite or a uniform matroid co-rank finite on the
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set E;, and N = (DN; corresponding to the partition E = |_|EJ’ with each N; is either a uniform
jeJ jeJ
matroid of rank finite or a uniform matroid co-rank finite on the set E }’ We call such matroids

M and N strong.

Conjecture 6.3.2. If M and N are strong on an infinite countable set E, then the followings are

equivalent:
1. (M,N) has a covering.
2. (M,N) has no blockage.

If we prove that this conjecture is true, then by Theorem 5.1.2 we can prove that the Matroid

Intersection Conjecture is true for strong matroids.
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