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ABSTRACT

A New Compactification for Celestial Mechanics

Daniel Solomon

This is an exposition of a new compactification of Euclidean space enabling the study of trajectories at
and approaching spatial infinity, as well as results obtained for polynomial differential systems and Celestial
Mechanics. The Lorenz system has an attractor for all real values of its parameters, and almost all of the
complete quadratic systems share an interesting feature with the Lorenz system.

Informed by these results, the main theorem is established via a contraction mapping arising from an
integral equation derived from the Celestial Mechanics equations of motion. We establish the existence of an
open set of initial conditions through which pass solutions without singularities, to Newton’s gravitational
equations in R?® on a semi-infinite interval in forward time, for which every pair of particles separates like
At, A > 0, ast — oo . The solutions are constructible as series with rapid uniform convergence and
their asymptotic behavior to any order is prescribed. We show that this family of solutions depends on
6N parameters subject to certain constraints. This confirms the logical converse of Chazy’s 100-year old
result assuming solutions exist for all time, they take the form given by Bohlin: solutions of Bohlin’s form
do exist for all time. An easy consequence not found elsewhere is that the asymptotic directions of many
configurations exiting the universe depend solely on the initial velocities and not on their initial positions.

The N-body problem is fundamental to astrodynamics, since it is an idealization to point masses of the
general problem of the motion of gravitating bodies, such as spacecraft motion within the Solar System.
These new trajectories model paths of real particles escaping to infinity. A particle escaping its primary on
a hyperbolic trajectory in the Kepler problem is the simplest example. This work may have relevance to
new interplanetary trajectories or insight into known trajectories for potential space missions.

I know that the tide is not an independent force, but merely the submission of the water
to the movement of the moon in its orbit. And this in turn is subject to other orbits
which are mightier far than it. And so the whole universe is held fast in the clinging grip
of strong hands, the forces of Earth and Sun, planets and comets, and galaxies, blindly

erupting forces ceaselessly stirring in ripples of silence to the very depth of black space.
— Amos Oz



DEDICATION

This work is dedicated to my children and grandchildren, without whom it would have been finished
many years earlier; I am proud of them every day. It is also dedicated to the memory of Charles Conley, a
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On the other hand, I come from a family of late bloomers. My father left aerospace engineering and was
ordained at the age of 59. He held a pulpit before retiring again in his 70s and along the way he earned an
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CHAPTER 1

Introduction

The differential equation governing the position 3-vectors ¢; of N point-masses m;, i =1, ..., N moving
in R? under the influence of their mutual gravitation is

(1.0.1) § mJ 9 — i) = 1ou
7 Nai—all® m 9q;’
where conventionally U = 3 i<k % > 0 is the negative of the potential energy, and the units are
J

chosen so that the universal gravitational constant is 1. We demonstrate the existence of a multi-parameter
continuum of trajectories escaping to infinity as t — oo in many possible sets of directions in R3. Moreover,
they take the form suggested by Chazy [17], which he credits to Bohlin [13]

(102) q; = a;t + bjlogt+ ¢; + 6,

where each a;,b; and ¢; is a constant 3-vector, the a; and c¢; are nearly arbitrary, b; depends on the a;, and
each 3-vector ¢; is shown to tend to 0. We provide asymptotic approximations and rapidly-converging series
for §;. Chazy [17] showed that if there are solutions that exist for all time, and if the energy h is positive,
the solutions must take the form (1.0.2). Until now, no one had proved that such solutions actually exist.

Under the compactification described in Section 1.2, a set of particles approaching infinity in a given set
of directions becomes a trajectory in the unit ball of RV approaching a critical point of the compactified
flow on its boundary, the unit sphere S®V—1. As we will see, the critical point set is degenerate, a 3N-
1-sphere, contained within the boundary. The flow on the boundary is quite simple, and we describe it
in Chapter 3. We will see how the flow on the boundary gives insight into the flow of the uncompactified
system for large ||¢;|| or ||¢;||. In many cases the Jacobian at critical points at infinity can provide information
on the completeness of the uncompactified problem. However, for Celestial Mechanics the Jacobian of the
compactified flow is nilpotent at every critical point. Thus all eigenvalues are 0, and the Jacobian does not
tell us whether the critical points attract. Despite the lack of information from the Jacobian, we are able
to show that many critical points within the boundary do in fact attract a multi-dimensional continuum of
points. Moreover, the flow on the boundary tends to the same critical point set, and boundary trajectories
provide asymptotic information about escaping trajectories in celestial mechanics.

This Chapter provides the background and context for this work; we discuss escape to infinity in celestial
mechanics, introduce the compactification published for polynomial systems, and summarize results obtained
for polynomial systems. As we will show, our compactification of Euclidean space R™ is its open unit ball
B", the pre-image of whose boundary sphere S*~! (under the compactification) may be viewed is an ideal
set at infinity in an extended R”, represented by all possible directions of the sphere. The compactification
of a differential equation defined on the interior of unit ball extends to its boundary, which can prove fruitful.
The behavior of the system on the boundary sphere is simpler and often illuminates asymptotic analysis.
Indeed, these ideal solutions provide a wealth of information on the solutions of § = f(y) for ||y|| large. This
Chapter includes a survey of relevant literature and concludes with notation conventions.

This compactification method was proposed by Gingold in [38] and was applied to polynomial systems
by Elias and Gingold in [35]. It provides a better understanding of the behavior of solutions of dynamical
systems when the norm of the solutions is large and becomes unbounded. It augments the arsenal of methods
like Lyapunov functions, the Poincaré compactification, and the Poincaré map that are used to prove global
existence of solutions and completeness of dynamical systems.

The compactification described and used here has advantages over the more commonly used stereographic
projection of Bendixson [10], as well as that of Poincaré [85] (see also the Perko text [83] for an exposition):
our compactification distinguishes directions at co and transforms rational ordinary differential equations

1



1. INTRODUCTION 2

to rational ordinary differential equations. The development of the compactification in [38] and [35] was
influenced by the work of Gingold and Gingold [39], where the stereographic projection is obtained as a
degenerate limit of a family of compactifications that account for “all directions at infinity.” However, that
compactification is akin to the Poincaré compactification and possesses radicals that prevent it being a tool
for rational approximations.

Chapter 2 presents some results obtained on compactifying certain polynomial systems. I compactified
the Lorenz system for a wider set of parameters o, p, 8 than is usually treated and proved that it has a
global repeller at infinity. I calculated the asymptotic behavior of the vector fields T, N, B of differential
geometry for a class of quadratic systems in R? including the Lorenz system for all values of its parameters
and its compactification, showing that they coincide to lowest order. On compactifying quadratic systems
in general, I gave a characterization of completeness. This work was published in three papers with Gingold
[40, 41, 42]. Here as well, despite a Jacobian whose eigenvalues are all 0 at the critical points, we are able
to show that the boundary sphere for the Lorenz system repels trajectories that start near the boundary.

In Chapter 3, we extend the compactification of Section 1.2 beyond polynomial systems to the equations
of celestial mechanics, analyze the behavior of the compactified system in the boundary, and investigate
solutions to some approximate systems near the boundary. The compactified system can be extended to the
non-collision boundary points, and and we show in fact that all critical points and singular points of the
system are on the boundary sphere. Next we study the system restricted to the boundary sphere, where the
behavior is so much simpler that exact solutions can be given in closed form. These solutions represent new
objects in Celestial Mechanics, as the compactification of trajectories at co. In the absence of collisions, these
solutions on the boundary approach the critical point set, which is the unit 3N — 1-sphere where x1; = 0.
These solutions offer insight into solutions near the boundary, in particular suggesting a set of approximating
systems near the boundary. We determine properties of solutions to two approximating systems, both of
which can be solved exactly, and one of these solutions is asymptotic to solutions of the compactified system.
The uncompactification of the second approximate solution will be shown to be asymptotic to the new
solutions we give in Chapter 5 to Celestial Mechanics equation.

Given a solution x and an approximation Z, we develop in Chapter 4 the differential equation satisfied
by the difference A = x — Z. We will be interested in decaying solutions A, whose existence guarantees that

¥
x and T are asymptotic to the same point (x*T O;N) as t — 0o, and we can interpret the unit 3/N-vector

z* as the N limiting directions z] of the particles. To better understand the problem for A, which has an
irregular singular point at ¢ = oo, we begin with efforts to solve approximating versions of the problem,
seeking solutions to the linear problem that decay to 0. After a very helpful coordinate transformation,
we solve several approximate problems and find solutions tending to 0. This work with the linear system
inspires our search for solutions to the full problem in the next Chapter, returning to the uncompactified
problem and the selection of a specific form of solution to pursue.

Chapter 5 establishes the main theorem of the dissertation, that solutions of Bohlin’s form (1.0.2) do
indeed exist for all time. We demonstrate the existence of an open set of initial conditions through which
pass solutions without singularities, to Newton’s gravitational equations in R? on a semi-infinite interval
in forward time, for which every pair of particles separates like At, A > 0, as t — oo . The solutions
are constructible as series with rapid uniform convergence and their asymptotic behavior to any order is
prescribed. This family of solutions depends on 6N parameters subject to certain constraints. The key to
the result is converting the differential equation for ¢ into an integral equation for § and showing that integral
equation has a solution. The results of this Chapter were published in 2017 [43].

In Chapter 6, we provide some ideas of directions that this research could be extended. These include

e How and why one might rescale time for the Celestial Mechanics problem, as is done for polynomial
systems in Section 1.2 and Chapter 2

e Compactifying the Celestial Mechanics problem in position only, rather than in y = ( Z )

e Studying the behavior of 1 — R? near the boundary as a Bernoulli problem

e Considering the forced Celestial Mechanics problem

as well as compactifying the ambient R?, rather than phase space; extending the concept to the motion of
charged particles subject to their mutual electromagnetic attraction/repulsion; application of the Conley
Index [21] to study orbits that connect to the invariant set on the boundary; applications of compactification
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to partial differential equations; and applications of the methods and results to astronomy and aerospace
engineering.

1.1. Celestial Mechanics, Singularities, and Infinity
In this Section, we describe the state of knowledge of completeness, escape to infinity, and singularities
in Celestial Mechanics. )
We will view (1.0.1) as an equation for ¢ = (qir7 RN q]TV) € R3N. The equations of motion (1.0.1)

are real analytic everywhere except where two or more of the particles occupy the same point in R3. More
precisely, for j # k, let

Aj = Hdlgy = ar}
A= U A
1<j<k<N

A is called the collision set; it is the union of %(N — 1) codimension-3 subspaces of R3Y. U is real analytic
on R3V\A.

The standard existence and uniqueness theorems tell us that through a given starting position ¢(0) and
velocity ¢(0), there is a unique solution ¢(t), defined for all 0 < ¢ < o, for some maximal o. It remains a
challenge to determine the maximal interval of existence when ¢ is finite; the more so with ¢ = co.

DEFINITION. If o < 0o, then ¢(t) is said to experience a singularity at o.

A familiar example in a much simpler setting is the one-dimensional problem: & = —%, x(0) = 1. Here
x = 0 is a singular point for the differential equation, and there is a solution 2 = /1 — 2¢, for which x (%) =0,
and & (3) = —o00, so 0 = 1/2. We have a result of Painlevé from 1897 [80] that even if the singularity at o
isn’t a collision, ¢ must nevertheless approach the collision set:

Fact. [Painlevé] If q(t) is singular at o, then q(t) = A, ast — o~

PRroOF. First, if ¢(¢) is singular at o, then U — oo as t — o, since otherwise U is bounded and every
particle separation is bounded from below, so the right hand side of (1.0.1) is continuous at ¢ = o, and
the existence theorem says that the solution continues beyond o, contradicting the singularity. Since U is
unbounded, one of its terms must be, and the minimum of the mutual distances must tend to 0 as t — o,
and thus ¢(t) must approach A. O

Moreover, if ¢(t) is singular at o, then since U — oo ast — o~ as in the proof above, by the conservation
of energy, we must have that the kinetic energy 7' = Zfil m; ||gi|| is also unbounded, so one of its terms
must be, so some particle velocity becomes unbounded as ¢t — o~

If ¢(t) approaches a specific point § € A, then the singularity is a collision, say §; = g for some j # k.

DEFINITION. If ¢ experiences a singularity at o, but ¢(t) does not approach a specific point § € A, then
q has a non-collision singularity.

The question of non-collision singularities has been studied for 120 years. Von Zeipel [112] showed in
1908 that

FacT. [Von Zeipel] A non-collision singularity can only occur if the system of particles becomes un-
bounded in finite time.

Having appeared in an obscure journal, von Zeipel’s result went practically unnoticed until 1941, when
Wintner [116] claimed the proof had gaps. In 1986, McGehee [73] filled in the details, showing that the
initial argument had been correct.

Xia gave in 1992 the first example of a non-collision singularity for the N-body problem where N > 5
[117].

DEFINITION. ¢ is an escape trajectory if one or more ||¢;|| tends to co as t — o~, where o < co.

Our study is concerned with the problem of an expanding universe as defined below.
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DEFINITION. The universe is expanding if the system of equations (1.0.1) possess solutions g;(t),i =
1, ..., N that exist on a semi-infinite interval [t, 00) with lim;_, o ||¢;(t) — ¢;(¢)|| = o0, @ # j.

Solutions to an expanding universe beg numerous questions, including: How large is the family of
solutions to an expanding universe? Is it possible to associate with them a series representation that is
absolutely and uniformly convergent on a semi-infinite interval? How fast is the convergence? Is it possible
to obtain approximations as well as asymptotic approximations to any order of accuracy? This dissertation
will provide some answers to these questions.

The existence question of solutions for all forward time has received much attention. In Birkhoff’s
text [12] page 291 on long-term behavior for N > 3, “We shall entirely put to one side the question of
collisions.” T don’t think this means he wasn’t interested in that the existence of solutions (1.0.1) on a
semi-infinite interval without singularities. Pollard’s seminal 1967 paper [86], which was a major inspiration
for the present work, includes a paragraph

“Two assumptions are made throughout. The first is a matter of convenience; the second
is forced upon us by the total ignorance concerning the possible singularities which can
occur. We assume first that the center of mass 0 is fixed. ... Secondly, we suppose
that the coordinates of the particles in some rectangular coordinate system centered at 0
encounter no singularity for positive time ¢.”

Hence for his work, he proves properties of solutions that he assumes exist for all positive time. The present
work addresses the second assumption of Pollard, which same assumption is made by many authors, as is
summarized here.

Pollard [87] provides a detailed description of the Kepler problem; the only singularities are collisions,
and a collision only happens in the linear problem. So there is an open set in the space of initial conditions
whose solutions exist for all forward time. The same is of course true for the N = 2 problem. It was shown
by Painlevé [80] that the only singularities for the 3-body problem are collisions and by Saari [95] that
C'S the set of initial conditions of (1.0.1) leading to collisions is of measure 0 and of Baire first category (a
countable union of nowhere dense sets). An immediate consequence is the existence result for N = 3: The
solution through almost all initial conditions exists for all positive time. Note that the complement of C'S' is
a countable intersection of open sets, so it need not be an open set, so this is not as strong as the result for
N =2.

In 1976 Saari announced [96] for N = 4 that Sing, the set of initial conditions leading to singularity, is
of measure 0 and first category, and the proof was published in 1977 [97]. This is the same existence result
as for N = 3. It is not known whether NC' is empty for N = 4.

There appears to be no comparable result for N > 4. Saari has also shown in several papers in the
early 70s, summarized in [95] for all N that C'S is of measure 0 and first category. It is expected, but not
known, that NC| the set of initial conditions leading to non-collision singularity, is also small in some sense,
which would similarly imply existence for all positive time for most (in the same sense) initial conditions.
Thanks to Xia [117] we know that NC' is not empty for N > 5. Saari and Xia have a 1996 paper [100] on
singularities including a conjecture that the set NC' is the same as a certain set derived from C'S. However,
their conjecture would not imply that Sing is small.

To be sure, there are known solutions in the literature, chiefly central configurations, which Moeckel
[76] notes in an accessible summary are the only explicitly known solutions. We offer by means of our
construction a multi-parameter set of initial conditions through which solutions exist for all positive time.
The Mingarelli’s [75] have provided a study of bounded solutions that exist for all time.

The present work provides a construction of solutions and asymptotic approximations to any order for
our positive energy solutions. Moreover, these solutions do not depend on regularizing after double collisions;
we have found an open set of initial conditions through which singularity-free solutions escape to infinity. We
also have a multi-parameter set of singularity-free solutions, in which all particles but one escape to infinity
as t — o0.

Assuming solutions that exist for all time, there has been much asymptotic information published. The
asymptotic behavior for the Kepler problem and the N = 2 problem is well known [87], depending on the
sign of the total energy h, bounded for h < 0 and unbounded otherwise. In the unbounded case, the particle
separation grows like a multiple of time, asymptotically. For collisions, Pollard’s text [87] notes that near a

)2/3

collision in the 2-body problem, the particle separation shrinks as (|t — o|)”’”, so their relative velocity tends
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to infinity like (|t — O’|)71/ ®. Chazy [17] devoted a substantial amount of effort and space, providing a detailed
analysis for the three types of motion for N = 3: hyperbolic h > 0, parabolic h = 0, and elliptic h < 0. All
three cases required a substantial amount of sophisticated transformations of the dependent and independent
variables that are not easy to extend to the N > 3 case. It is evident from Chazy and later analysis that for
N = 3, the elliptic case h < 0 has far richer dynamics than i > 0, as the former involves oscillatory motion.
It goes without saying that the complications are compounded for N > 3. Noteworthy and remarkable is
also the “Psi Series,” an unconventional type of approximation and/or asymptotic expansion. An expansion
and representation of solutions for N = 3 and h > 0 is provided utilizing a polynomial of the variables 1/t
and logt/t.

In Chapter 5, we obtain a representation of solutions for the relatively simple case of A~ > 0 and arbitrary
N > 3 and also obtain an asymptotic expansion for the solutions as t — oo via integral equations. This work
is also influenced by Chazy who used the leading terms a;t + b; logt 4 ¢;, and this work should be considered
from the point of view of goals and techniques an extension of his work to N > 3 using integral equations.

Let the maximum and minimum particle separations be

R(t) = max ||¢; — ¢;|| and r(t) = rr;gl g — q;] -

Then, Chazy [17] on page 40 shows that for all N, assuming that solutions exist for all positive time and
that the energy is positive, the limit
L= lim —
t—o0

exists; the limit is obviously finite. Moreover, for L # 0 (which holds for all of our solutions), he shows that
the potential energy U ~ A/t for some A > 0, and that the positions ¢; take the form (1.0.2), where each
d; is a series in powers of lngt and % In a footnote, Chazy credits Bohlin [13] for the form of ¢; in the case
of two and three bodies, and notes that Bohlin did not prove that the series converge. Chazy didn’t prove
convergence either, but Chapter 5 does, so we have confirmed Bohlin’s form of the equations and proven
that those solutions do exist for all time.

Chazy’s result was refined and related to escape in a series of papers [70, 86, 90, 94| starting in the late
60s, wherein under the assumption that solutions exist for all forward time, Pollard, Saari, and collaborators
gave additional conditions on solutions under which particles escape as t — oo, as well as growth estimates
of the particles’ position vectors and their mutual separation distances. These references include an analysis
of the asymptotic behavior of solutions of equation (1.0.1) for an expanding universe. Common to all these
articles characterizing such solutions is the assumption that the solution exists on [0, 00). Also common to all
these studies is the use of the Sundman inequality and the Lagrange-Jacobi identity; in addition, Tauberian
theorems play a vital role. In retrospect, it is remarkable how much asymptotic information they succeeded
in obtaining given the tools they had to work with. It is noteworthy how far the theory of an expanding
universe for N > 3 was advanced based on a few scalar relations.

While we have in common with the references mentioned above the desire to study solutions of an
expanding universe and obtain asymptotic relations for them as ¢ — oo, several differences exist and are
now being elaborated upon. First we notice the differences in the methods of construction and proof. Our
technique is based on integral equations and the method of successive approximations for the vector solutions
of (1.0.1) utilizing a vector formulation. The differences in techniques also explain one of the the differences
in the nature of the results obtained. As seen from Theorem 29 and comparing with prior references on
an expanding universe, rather than making the assumption that solutions free of singularities exist on a
semi-infinite interval we prove this result while providing a construction of the vector solutions and their
asymptotic expansions.

We construct a series solution representation on a semi-infinite interval that induces an asymptotic
expansion for the solution to any order of accuracy. It turns out that the rate of convergence is very fast,
which could render the series representation and the asymptotic representation a useful tool for numerical
approximations. In particular, as pointed out by Diacu [26], the global series solutions of the 3-body problem
as provided by Sundman [108| (with non-zero angular momentum) and the series solution provided by Wang
[113] for the N > 3 converge extremely slowly, so slowly in fact that the series provides no useful information
[26]. It is also noteworthy that these series solutions do not identify the singularities; that is, one cannot
determine from the series whether a given initial condition leads to a singularity. We also note the 1994
work of Saari and Diacu [99] on faster than At expansion.
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1.2. Compactifications, Old and New

This Section is dedicated to the review to the exposition and to the promotion of the study of solutions
of differential systems and dynamical systems in the “neighborhood of infinity”. This study promotes and
utilizes a certain non-traditional compactification. We describe the theoretical background necessary to
define neighborhoods and critical points at infinity of solutions of differential systems. We develop an explicit
formula for the leading asymptotic term of diverging solutions to critical points at infinity. Applications to
problems of completeness and incompleteness of dynamical systems are also brought to the fore. A simple
bijection, y = (1 — zf2) 'z, z,y € R¥, with ||z|| < 1, that has a rich geometrical interpretation, plays a
major role in our study.

In Chapter 2, we will describe some results obtained on compactifying some polynomial systems in R¥,
including the celebrated Lorenz system, and in Chapter 3 apply this compactification to Celestial Mechanics,
where k£ = 6N.

The projection of the real line onto a circle with a point removed is a form of compactification that was

known to Greek mathematicians more than two thousand years ago. In 1881 Poincaré [85], studied limit
cycles “at infinity” of two-dimensional polynomial differential equations via compactification. Although the
paper contained errors that were addressed more than a hundred years later by Roeder [92], the original
ideas had lasting impact. An early study of differential equations via compactification was carried out by
Bendixson [10]; see Andronov et al [3], p. 216. Bendixson used the stereographic projection that does not
account for all directions at infinity. See e.g. Ahlfors [2] and Hille [52], for versions of the stereographic
projection. The Poincare compactification is adopted in various textbooks on differential equations [60, 66,
83, 101]. It is widely used to study critical points at infinity; for example, the studies of Chicone and
Sotomayor [18], Cima and Llibre [19], Schlomiuk and Vulpe [102], and their references. It is noteworthy
that the stereographic projection is obtained by Gingold and Gingold [39] as a degenerate limit of a family
of compactifications that account for all directions at infinity. However, that compactification is akin to the
Poincaré compactification [85] and possesses radicals that prevent it being a tool for rational approximations.
The parabolic compactification used here was proposed by Gingold [38] in 2004, and first made use of in
ODEs by Elias and Gingold [35] in 2006. Moreover, they extended and generalized this compactification to
a family of radial compactifications. Compactification is an excellent means to obtain global phase portraits
of vector fields of dynamical systems that include the neighborhood of infinity. The work of Cima and Llibre
[19] is a welcome global analysis and supplement to that of Chen and Liang [15]. Numerous applications of
the Poincare compactification were applied to polynomial systems [3, 18, 19, 60, 83, 85]. See e.g. Willard
[115] for topics of compactification in general topology.
Our unconventional compactification y = ;== has advantages over the stereographic projection uti-
lized by Bendixson [10] because ours distinguishes directions at infinity. Our compactification has also an
advantage over the widely used Poincaré compactification (see e.g. [3, 60| for an exposition), because it
transforms a polynomial differential system into a rational system, whereas the Poincaré compactification
introduces radicals. Compactification offers a natural and systematic approach to study solutions of § = %
for ||y(t)|| large or unbounded. In addition, compactification facilitates the manipulation of unbounded
quantities and can provide us with a priori bounds, which are not obvious otherwise [38].

The usual meaning that a sequence of points z(n) € R¥, n = 1,2,... diverges to infinity in R¥, that
lim,, & ||2(n)|| = oo, loses any sense of the asymptotic direction of z. The definition is compatible with a
common one in stereographic projection in complex analysis that is associated with the extended complex
plane. Just one geometrical point corresponding to the symbol co augments R?; see e.g. |2, 52|. However,
This definition ignores the distinction between the different directions at infinity.

DEFINITION. We say that the unbounded sequence z(n), n = 0,1,2,... diverges in the direction p to
infinity or diverges to cop, ||p|| = 1, if
. . z(n)
1.2.1 lim [|z(n)|| = o and lim ———— =p.
(1.2.1) Tim_[|z(n)] Jim =
Denote by (tmin, tmax), where —00 < tpin < 0 < fmax < 00, the maximal interval of existence of a
solution of a differential system

_dy _

(1.2.2) y== (), y(0) = yo.
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One reason that ¢, Or tmax could be finite is that the solution or its derivative become unbounded near an
endpoint. The continuous analog of diverging in the direction p to infinity in R p is given by

DEFINITION. We say that the vector function y(¢) € C (tmin, tmax) diverges in the direction p to infinity,
or diverges to ocop, denoted

lim y(t) =ocop or lim y(t) = ocop,

t—th t—tmax
if
t
(1.2.3) lm y#) = oo and lim 28—,
t—rtima t—rtmae 1Y)
or
. o y(@)
1.2.4 lim t)|| = o0 and lim =p.
(1.2.4) Jim (@) Jim e =
Analogous to Gingold and Gingold [39], we define an Ultra Extended R* and produce an induced metric.
DEFINITION. the Ultra Extended R*, UERF is the union of R¥ and a certain ideal set D, where
(1.2.5) ID := {oop| ||p| = 1}, UER* :=R* U ID.

As seen in the sequel there is good reason to introduce nonlinear transformations that will allow us to
reduce the investigation of differential systems with unbounded solutions to the investigation of differential
systems with a priori bounded solutions.

In preparation to transforming the equation § = f(y) we need a diffeomorphism that will facilitate
computations and will take the space UERF into a bounded set. We sketch the main ideas. For more details
see Gingold [38]. We project the point y = (y1,...,yr,0) € RE¥*! through the point (0,...,0,1) on the
surface (1.2.6)

(1.2.6) Tppr = (23 + ...+ x2)1/?

and single out Z = (x1,x2,..., %k, Tx+1) as one of the two points of intersection of the parabolic surface
(1.2.6) and the straight line connecting (y1,...,ys,0) and (0,...,0,1) . The determination of Z will be
done by the determination of a certain branch of a multi-valued function as given below. Then, all the
points y = (y1,...,yx,0) map onto a parabolic bowl with coordinate zyy1 = (22 + ... + 22)/2 < 1,
(z1,..., 2k 2ri1)€ R¥T and all the points cop, ||p|| = 1, map onto the “circle” with 21 = (22 4+ ... +
22)Y/2 = 1. Denote by U the open unit ball and by dU its boundary, the unit sphere.

(1.2.7) U:={zeR"| ||z <1}, OU := {z € R* | ||z|| = 1}.

Denote the magnitudes r = ||y||, R = ||z||. Then the transformation

_ T _ R
1R TIR

(1.2.8) Yy

illustrated in Figure 1.2 is shown in [38] to be a bijection from R* onto U. It extends to a bijection from
the ideal set 1D onto OU. The inverse of y = —%5 in R < 1 is defined by the branch

2y 2r
T = , R= .
1+ V1+44r2 1+ V1+44r2

The compactification (1.2.8) induces a metric in UERF in a natural manner. We consider two points
y,9 € UERF. Denote their images under the above bijection by z, 4 respectively. Define a positive definite
function M (y,9) by the Euclidean distance between the compactified points

(1.2.9)

(1.2.10) M(y,9) = [lz — 2.
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FIGURE 1.2.1. Compactification of R?

If y ¢ R, then y = cop; similarly, either § € R¥ or § = cop. Let 7 = ||g||, 0 = ﬁ, 0= ﬁ. It
is shown by Gingold [38] that U ER* is a complete metric space. For the different cases, the chordal metric

is given by the following for y, 7 € R*
~ 2 ~
(0-8) (1-00)
0

0

M(y, ) =\|69 ly — 9II” —

A 5 . 2
M (oop, ) = \/1 — 20pt + 0272 4 (1 _ 927:2)

M (ocop, 00p) = /2 (1 —p'p).

This allows divergence (in a direction) of solutions of dynamical systems to be dealt with as convergence to
the boundary of the compactified system. It is easy to see that if y(¢) diverges to cop, then 6r — 1 and
Oy — p, so M(y,ocop) — 0.

We turn now to the compactification of a polynomial differential system. Let y be a column vector in
R¥. Let y" = (y1,92, ..., y») denote a row vector that is the transpose of y. In particular let 0T = (0, ...,0)
be the transpose of the zero vector. Let ff(y) := (f(¥)1, f(¥)2,-.f(¥)x) be a vector field in R* where
f(y);,7 = 1,2,...,k are scalar polynomial functions. We say that % = f(y) is a polynomial differential
system of degree L if the vector function f(y) is given by

(1.2.11) f) = foly) + frly) + ... fr—1(y) + fr(y),

where f;(y),7 = 0,1,2,..., L are homogeneous polynomial column vectors of degree j and fr(y) # 0 for
some y € R¥. [Note the difference between f(y); and f;(y)]. Now, for f a polynomial of degree L, let

fla)=(-r)"f (1_331%2)

L L—-1 2
(1212) =(01-R)"fo+(1-R*)" fA@) +...4+(1-R?) fro(@)+ (1 - R?) fr_1(z) + fr().
Then the compactification (1.2.8) takes the differential system (1.2.2) into the differential system

dr [(1+R?) I - 2z2t] f()
a1 R (1 r

(1.2.13)

)
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from which we have

d(1 — R?) f
— =2z'c = -2z T 3"
dt 1+ /) (1 /) (1+R?) (1- R?)

DEFINITION. A point yg is a critical point of the differential equation y = f(y), if f(yo) = 0.

+ [(1+ R?) I — 2za'] f(z) B 2t f(x)

(1.2.14)

Note that a critical point can only be reached along a trajectory as time goes to infinity. Our system has
no critical points, because if every ¢; = 0 at a point ¢, then every g—fi =0, and trivially, >, qig—g =0, but
since U is homogeneous of degree —1, the sum is equal to —U by a theorem of Euler. So U(q) = 0, which is
impossible. The following important result is from [35]

LEMMA 1. The transformation (1.2.8) maps critical points of (1.2.2) in R¥ into critical points of (1.2.13)
in U, and vice versa.

PRrOOF. If y is a critical point of (1.2.2); i.e., f(y) = 0, then the right-hand side of (1.2.13) obviously
vanishes at the corresponding z. Conversely, suppose that the right-hand side of (1.2.13) vanishes for some
x € U; then we must have

(1.2.15) flz)— Jimxﬁf(x) =0.

Applying z' to this equation we get
2R? 1— R?

TF N _
' f(x) (1— 1+R2) =z f($)1+R2 = 0.
The fraction is positive, since x is an interior point, so :ch(x) must be 0, and by (1.2.15), f(x) =0, so

fly)=(1- Rz)_L f(z) =0, and y is a critical point. O

1.3. The Flow on the Boundary and at oo

This Section is about the compactified flow on the boundary and its critical points, as well as insights
into the system for large ||y|| to be gained from trajectories in and near the boundary. The flow in the
boundary is in many cases comparatively simple to analyze. As we will see in Chapter 2, for the Lorenz
system and some other systems, the boundary sphere is an invariant set. We show in Chapter 2 that the
boundary repels, and is in fact the dual repeller to the compactification of the well-known Lorenz attractor.

For polynomial systems, the right side of (1.2.13) is singular on the boundary, preventing us from
extending the compactified system to the boundary. We rescale time as developed in [35] and [38] by
considering x and ¢ as functions of a new independent variable 7 € (—oo, c0), where

(1.3.1) j—i = (1+R) (1-R)"™", 40) =to € (tmin, tmax)
(1.3.2) % = (1+R?) f(x) =22t f(a)z, x(0) = zo.

As before, we have

d(1—R?)
dr
The rescaled system (1.3.2) on the open unit ball can be continuously extended to the boundary; we view
(1.3.2) as being defined on the closed unit ball. If R(0) = ||xg|| = 1, the right hand side of (1.3.3) vanishes,
so z(7) stays in the boundary for all time 7, which means the boundary is invariant under (1.3.2). Moreover,
since 1 — R? = 0 is a critical point of (1.3.3), it can only be approached as 7 — 4oc. For any zg in the closed
unit ball, the initial value problems (1.3.2),(1.3.1),(1.3.3) possess unique solutions on —oo < 7 < co. The
approach of a trajectory z(7) to the boundary is the compactification of a trajectory y diverging to infinity,

so we have shown

(1.3.3) =21 [(1 + R?) f(z) =2zt f(x) J;] =-2(1-R? e f(z), 1-R0)?=1-zfx.

PROPOSITION 2. If a trajectory y(t) diverges to infinity in the direction p, then p is a critical point of
(1.3.2) in the boundary.
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Since j—i > 0, (1.3.1) generates a one-to-one mapping between the variable 7 on —co < 7 < oo and the
variable t on (tmin, tmax). We have then

(1.3.4) t—ty= / (1+ R*(1— R tar.
0
If it is possible to estimate the rate of decay of 1 — R?, the following can be used to estimate tmin and tmax
) 0
(1.3.5) b — Ty = / (14 R2)(1 = ROE1dr, 1o — b = / (14 R2)(1 — R)E1dr;
0 —0o0

in particular, if both integrals diverge, the solution y(t) exists for all time ¢. More generally, we have the

qualitative information that the larger L is, the smaller (1 — RQ)L_1 could become and therefore the smaller
tmax — to and tg — tmin may become.

Next we give a rigorous footing to the notion of a critical point cop of a dynamical system using the
compactification.

DEFINITION. We say that oop is a critical (equilibrium) point or that p is a critical direction of (1.2.2)
at infinity if p is a critical point of (1.3.2).

If p is a critical point at infinity, then from (1.3.2), we must have
fp)=p'f(p)p
or, since for any point p on the boundary, f (p) = fr(p)

(1.3.6) fr(p) =p' fr(p)p = pp' f(p).
If in addition we have pfz(p) # 0 then
_ Jr(p)
(13.7) D= )
which implies, on taking magnitudes, that || fz(p)|| = |p'fL(p)|- So
_ Jr (P)
ol

and we call cop a generic critical point at infinity, and we call p a generic critical direction at infinity. The
more interesting critical points at infinity are the points cop that are limits of y as ¢ tends to tmin Or tmax-

The set of initial points yy € R* such that the unbounded solutions of the initial value problem 7 =
f(y), y(to) = yo, satisfies (1.2.3) or (1.2.4), is called the basin of divergence of cop or the basin of divergence
in the p direction. Notice that by this definition at least one value of xy # p must be included in the basin
of divergence of p.

REMARK 3. The set of critical points at infinity of a compactified and parametrized equation are not
well defined without a certain normalization that needs to be introduced or is implicitly assumed. In the
above treatment we “naturally” but arbitrarily defined a parametrization (1.3.1). This determination causes
the remaining equations (1.3.2) and (1.3.3) to be uniquely determined. However, one may introduce spurious
critical points as follows. Consider

(1.3.8) — =g(@)[(1 + B} f(z) — 227 f(w)a]
with
k k
g(z) = H(xj —x;0)*™, m; €N, ino =1.
j=1 j=1
Then the equation pertaining to ¢ would be

it _

(1.3.9) =

g(x)(1+ R*)(1 - R*)F,
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and then the point (21,0, 2,0, - - -, %k,0) can be made to be a spurious critical point at infinity. It is noteworthy
that the case k = 1 differs from the case k > 1. For k =1, (1.3.2) becomes
d _ ~
(1.3.10) dﬁ = [(1+ BRI - 222')f(z) = (1 - R?) f(x).
T

Then z = (1) are the only two critical points of (1.3.10) so that oo(+1) are the only two critical points
at infinity of a scalar polynomial differential equation. However, it seems desirable to choose for k = 1 a
different parametrization with

glo) = (1- )", %:2f(w), &Ry (1-R)

ds
This will eliminate the common factor of the right hand sides of
dx 5 9 dt 9 oy L—1
E:Qf(x)(l—R) and - = (1+R*) (1-R*)" .

Then, if L > 0,z = (£1) will not be critical points of 4 = 2f(x).
The compactification shows that every polynomial differential system possess at least one critical point
in the Ultra Extended R,

PROPOSITION 4. A polynomial differential system with L > 0 possesses at least one critical point in the
UERF.

ProOF. If f(y) = 0 for some y € R* then we are done. Assume now without loss of generality that
there does not exist y € R¥ such that f(y) = 0. By Lemma 1, x(7) has no critical points in the interior, and

in particular by (1.3.2), for every point z in the interior, f(x) # 0. If there is a point z on the boundary
with f(z) = 0, then we are done. If not, then the mapping

(1.3.11) w(z) = L&)

el
is a continuous mapping from U into OU C U. By Brower’s fixed point theorem there exists € U such
that _

z=w(z) = 1
|F(@)

or
(1.3.12) f@) = f@) =,

which we substitute into

(1.3.13) Z—f =2 [I - zz'] f(z),

which is what (1.3.2) reduces to on the boundary, to obtain

Z—i =2[I- xxw Hf(x)” r=2 Hf(x)H [z — R?z] = 0,
since R?2 = 1, and the result follows. O

In Chapter 2, we will consider the flow of (1.3.2) restricted to the boundary for its insight into behavior
of y for large |ly||. Recall that the system on the boundary is much simplified, in particular because on the
boundary, f(x) = fr(z); that is, the flow on the boundary depends only on the highest order terms in f.
The Jacobian at a critical point is a familiar tool for analysis of trajectories near a critical point, and this is
available here, as well. The following is proven in [35]

PROPOSITION 5. The Jacobian of (1.3.2) at a critical point x € OU is determined by the components
fro(z) and fr_1(x) and is given by
ofL

o0fr:
JLi _ wirt == — 2l fro; — 2 (fo-1i— ol fr_1z;) ;.

1.3.14 i =
( 3 ) Jz 3$j 8$j
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As an example of the usefulness of these approaches, the following result proven in [35] gives the rate of
blow up of a solution y with a critical point in the direction p

PROPOSITION 6. Suppose the eigenvalues A1, ... \; of the Jacobian (1.3.14) have negative real parts.
Then there is a k-parameter family of solutions of (1.2.2), with f(y) a polynomial of degree L, that each tend
to infinity in the direction p so that

Yil ~ C\lmax — B B as v — Umax-
llyll ~ et " VED as bt

In particular, y(t) is not defined for all time, so (1.2.2) is not complete.

For the Celestial Mechanics problem, the boundary is not an invariant set; nevertheless, critical points
and trajectories in the boundary will be shown in Chapter 3 to attract near-by trajectories; this corresponds
after uncompactifying to trajectories escaping to infinity. The flow on the boundary is very simple, and
trajectories can be given in closed form. The critical point set in U = B%" is given by

N
CP=<z Zx}szl, Tn4; =0 ¢,

j=1
which is the compactification of the subset
Yi = 0G5, YN+i = G4

of the ultra extended RV, where the a; are constant 3-vectors.

1.4. Notation Glossary and Key Definitions

For any positive integer m, O,,, will denote the m by m matrix with all entries being zero, and I, is the
m by m identity matrix.

0., is the column m-vector with all entries zero. We can specify a diagonal matrix by listing its diagonal
elements:

ap 0 O 0
0 ay O 0
diag {a1,ag,...,an} = 0O 0 . 0 0
D0 0

o 0 0 0 ay
We will often employ a construct known as a “vector of vectors”; we have defined the 3 N-vector ¢, which

t
is composed of the N three-vectors ¢1, g2, ..., qn, or more formally ¢ = (qI, q;, ey q;rv) . So for example,

the square of the magnitude of ¢, which is the sum of the squares of the magnitudes of the ¢;, could be
expressed as

N
lal” =q'a = alai-
i=1

Because we often combine position and velocity into a state vector, we will sometimes use 6 N-vectors and
matrices considered as composed of 3N-blocks. An illustrative example is given below in (4.1.13):

. —1I3n Isy — a*z*t Hrr G

A=JgA+F = , A — 843
A is a 6 N-vector (like ¢), and the matrix Jy is 6N by 6N, defined in terms of four 3N by 3N blocks. Since z*
and G* are 3N-vectors, z*z*" and G*2*" are 3N by 3N matrices, and this information defines Jy completely.
Similarly, F' is a 6 N-vector composed of the two 3N-vectors indicated.

We shall have occasion to use a multi-index, which is very neatly summarized in John’s PDE text [59],
wherein he credits Laurent Schwartz for the notation:

DEFINITION. A multi-index « is a vector of non-negative integers, o = (o, ..., ap), a; € N
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Given a multi-index «, we define the scalars
ol =a1 4+ +an, aol=al...q,l,

and for a vector € R™, the monomial z* = z{'...2%". We can denote a quantity depending on n
nonnegative integers ai,...,ay : Cq = Cq, .. a,. Bach C, may be numbers or vectors, depending on the
context. This enables us to express the general m-th degree polynomial in 21, ...z, as P(z) = Zla\<m Cyz®.

Using the symbol Dy = 9/0xy, we can express the gradient operator D = (Dy,...,D,), so that the
gradient of a function u is given by

Du = (D1u,...,Dyu),

and the general partial derivative operator is given by

glel
D¥=D" ... D= ~—
Lo 98 L x

As an example of the usefulness of this notation, we can express the Taylor polynomial of degree m for a

function f(x) € C™ as
Z D f(o)xa
al

la|<m

DEFINITION. We say that a function f(¢) is real analytic or simply analytic at a point tq if for points x
with ||t — tp]| sufficiently small, the Taylor series for f converges to f(t).

o0
t) = — = (t—1 .
f(t) T (= to)
m=0
We will be interested in convergent series expansions in 1/t for large t. Let z = 1/t; then a function g(t)
is analytic at oo if f(z) = g(1/z) is analytic at z = 0. This means in particular that for sufficiently large ¢,

g(t) is equal to its convergent series
o0
Cm
g(t) = Z e
m=0

We will follow the conventional usage from asymptotic analysis as given by Olver [79]. Starting with a
known function ¢(t), we describe the behavior as ¢ — co of a function f(¢) as follows:

DEFINITION. The function f is said to be asymptotic to ¢, f(t) ~ ¢(t), ast — oo, or ¢ is an asymptotic
approzimation of f if f(t)/#(t) — 1. When there is no ambiguity, we will use the shorthand f ~ ¢.

The function f is of order less than ¢, f(t) = o (¢(t)), as t — oo, or f is little o of ¢ if f(t)/P(t) — 0.
When there is no ambiguity, we will use the shorthand f = 0 (9).

The function f is of order no more than ¢, f(t) = O (¢(t)), as t — oo, or f is big O of ¢ if f(t)/d(t) is
bounded. When there is no ambiguity, we will use the shorthand f = O (¢).

For example,
cost = O(1), logt = o(t), t* +t ~ t2.

Highly desirable in applications are derivations with the symbol ~ of asymptotic equivalence that provide
much more accurate information than the symbols 0 and O. Note in particular that the identically 0 function
is both o (t") and O ("), as t — oo, for all real n, so 0 and O provide less information than ~. A comparison
between the formulas of our Theorem 29 and the formulas cited in Section 5.4 from Saari [94] and Marchal
and Saari [70] show the differences. However, we will have occasion to use the following equivalence relation

DEFINITION. Two positive continuous functions f and g are said to be of the same order, f = g if after
some time there exist constants A and B such that Ag(t) < f(t) < Bg(t). This is the same as saying both
f=0(g) and g = O(f), as t — oo.

For example, if f and g are polynomials of the same degree, then f = g.
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DEFINITION. The open unit ball B¥ C R¥ is {x|||z|| < 1} and its boundary sphere S¥~! is {z| ||| = 1}.
For our purposes starting in Chapter 3, k will be 6N, x is a vector of vectors as above, and we would express

the unit ball as
N

BN = x|y (x;rxj —&-x}r\,ﬂ-xzvﬂ') <1
j=1

Note also that we follow Pollard [86] in using logt to refer to the natural logarithm of ¢, rather than the
usual convention, Int.

We will be dealing with differential equations in the unit ball, some of whose coefficients are given in
powers of 1/t. Since we are interested in long-term behavior, we will study these differential equations near
t = oco. This combination compels us to consider singularities of differential equations at co. There are two
legendary sources that use different names for the same characterization: regular or irregular singularities
(Wasow [114]) vs singularities of the first or second kind (Coddington & Levinson [20]).

DEFINITION. If the matrix A(t) has a singularity at g, then ¢ is called a singular point for the system
(1.4.1) y=A(t)y.

Points that are not singular are called ordinary. If A has a pole at ¢y, but is analytic in a punctured disc
0 < |t —to] < a, a>0,then A may be expressed as

A(t) = (t —to) "1 A(2),

where ;1 > 0 is an integer, A is analytic in the disk |t — to| < a, and A (to) # 0. Singularities are classified as
regular [114] or of the first kind [20] if © = 0, and irregular or of the second kind if y > 1. The reason for
the distinction may be seen in the example

’lbl = W2
. 1
w2 = ;wlv

which has a regular singular point at ¢ = 0. The system is clearly equivalent to the second order system
w1 — wiy/t = 0, which has an analytic solution in the disk |t — ¢p] < a given by the sum of the (obviously

convergent) series
> tk+1
kz:;) (k1) (k + 1)
In general, linear systems with regular singularities have solutions, whereas the study of irregular singularities
is much more complicated.

In order to study the behavior of a system near ¢t = 0o, one makes the substitution t = 1/7, z(7) = y(1/7),
B(7) = A(1/7). Starting with (1.4.1), we obtain

dz B(7)

(1.4.2) .
Then the character of the singularity of (1.4.1) at ¢t = co is defined to be the character of the singularity of
(1.4.2) at 7 = 0. Specifically, if A can be expressed in a Laurent series near ¢t = oo,

A(t) = f ant"™,

n=p—1

w1 =

where a,_1 # 0, then the point ¢ = oo is ordinary if ;4 < 0 and singular otherwise, regular if ;1 = 0 and
irregular if g > 1.



CHAPTER 2

Applications to the Lorenz and Other Polynomial Systems

As a warm up before tackling the Celestial Mechanics problem, I applied the compactification to the
celebrated Lorenz system [68]. This led to some results on the Lorenz system and the characterization of a
large class of complete quadratic systems, as well as the notion of a repeller at co, dual to the well-known
attractor, for the Lorenz system. The work described in this Chapter has been published as [40, 41, 42].

Among the polynomial systems, quadratic systems have attracted a large amount of attention because of
their important role in the mathematical sciences. These systems model diverse natural phenomenon, from
fluid mechanics to the motion of the constellations [3, 4, 6, 7, 23, 24, 46, 47, 55, 56, 60, 65, 68, 69, 83,
84, 102|. They share similar features with the competing species model and the Lotka-Volterra system; see
e.g., [24, 55, 56, 60, 65, 78, 83, 84]. About eight hundred papers on quadratic systems are mentioned in
[91]. The Lorenz system has been a celebrated quadratic system; see the original work of [68] and compare
with [22], [107], and [109]. It continues in recent years to be a source for simulation and generalizations.

In this Chapter, we specialize the polynomial compactification to the Lorenz system and rescale time
with 2& = (1— R?)(14 R?). The resulting system extends smoothly to the boundary, which is invariant. The
system on the boundary is very simple and readily solved; we introduce a new class of solutions to the Lorenz
system. We then show that the boundary sphere repels inward, meaning that in the uncompactified system,
infinity does, too. The dual attractor to this repeller is the much-studied strange attractor for p > 0. In the
second Section we define the space of Lorenz-like quadratic systems and show that they comprise most of the
complete quadratic systems. We improve on the characterization given in Section 1.2 of complete systems
based on the Jacobian at critical boundary points. In the final Section we relate for Lorenz-like systems
the asymptotic behavior of the t-derivatives of y with the 7-derivatives of . We also provide a bound on
t-derivatives of y in terms of powers of y.

2.1. The Lorenz System has a Global Repeller at Infinity

It is well known that the celebrated Lorenz system has an attractor such that every orbit ends inside a
certain ellipsoid in forward time. We complement this result by a new phenomenon and by a new interpre-
tation. We show that “infinity” is a global repeller for a set of parameters wider than that usually treated.
We construct in a compacted space, a unit sphere that serves as the image of an ideal set at infinity. This
sphere is shown to be the union of a family of periodic solutions. Each periodic solution is viewed as a limit
cycle, or an isolated periodic orbit when restricted to a certain plane. This work was published in [40].

Historically, most studies of the Lorenz system have been for positive values of the parameters. The
Lorenz system arises from a PDE in atmospheric dynamics on keeping three low order terms of a Fourier
series. Lorenz originally reported chaotic behavior for o, p, 8 = 10, 28, 8/3 respectively. Sparrow extended
this work, cataloging chaotic behavior for many positive values of the parameters, and the monograph [107]
presents a substantial body of knowledge of the Lorenz system and is a testament to its important status.
Numerous studies of the Lorenz system are focused on the (compact) attractor. As noted above, we applied
the compactification to describe spatial infinity as a repeller for the Lorenz system. We observe that Lorenz
systems are very much not typical of nonlinear systems.

By a Lorenz system [68] we mean a system satisfying

o= o(y2—w1)
(2.1.1) Yo = pY1— Y2 — Y193
¥ys = —Py3+yiy2,

with ¢ > 0, 8 > 0, p € R. Note that most authors deal only with Lorenz systems with positive parameters,
in which realm there is a global attractor. The existence of an attractor for p < 0 is a corollary of the main
result of this Section:
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THEOREM 7. For the Lorenz system, “infinity” is a global repeller.

To this end we construct in a compact space, a unit sphere that serves as the image of an ideal set at
infinity. This sphere is shown to be the union of a family of periodic solutions. Each periodic solution is
viewed as a limit cycle, or an isolated periodic orbit when restricted to a certain plane. As a by-product
of this work we provide a global picture of the vector field of the flow of the Lorenz system by augmenting
the conventional analysis of its finite critical points with equilibrium points at infinity. Compare e.g. with
[60, 107].

2.1.1. Compactification and Behavior at Infinity. To apply the compactification of Section 1.2,
we will compute a little. From (1.2.9), we have

Vigae =2y
r

From (1.2.8), we have

1+ R? 2 R
V14 4r2 = , =—=1-R%
1-R*Y 141442 7

We also need the derivative

ri = y'g =0y —y1)y + pyrye — v3 — By?
1
= D ((0 + p)z129 — 02 — 23 — Ba3)
B S
S T mye

with the last equality serving to define the quadratic form S. Differentiating both sides of the first equation
in (1.2.9) leads to

. 29 8rry
T = —
L+ VI+4r? T3 42 (1+V1+42)°
1—R?
_ 2\ - . 212
= (1-R%)y—2rry(1 — R?) TR
1 0 N O—(x271'1) N 29 I
= ——— | —zx: T1 — T — | =z
1 R? 173 pIy 2 1+ R2 2
X129 —ﬂ$3 T3

This equation is singular on the boundary 90U, so as in Section 1.2, we rescale time with

dt
(2.1.2) — =(1-R*»(1+R?),
dr
with the resulting equation for z(7):
) 0 o(xze — x7) 1
(2.1.3) oyl =1+ R?) | —z1z3 | +(1—-RY | pry—22 | +2SA—R?) | z2 |,
xé T122 —Bs T3
where ’ means %. It is easy to show that R satisfies the equation
1— 2
(2.1.4) w =25(1 — R?)?
T

It is shown in [35] that given initial data, the initial value problem (2.1.2-2.1.4) possesses a unique
solution on —oo < 7 < oo such that ||z(7)|] < 1. In particular, it is easy to see from (2.1.4) that the
boundary sphere R = 1 is invariant. Thus we may consider the flow on the boundary. Setting R = 1 in
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(2.1.3) reduces it to 2’ = 2fy = 2(0, —1‘1$3,$1I2)T, which is readily solved. There are critical points at
(£1,0, O)T and the entire circle 1 = 0. The non-constant solutions are circles in x5 and z3, with x; fixed:

(2.1.5) #(r)=| V1—a?cos(2at+94) |,
V1 —a?sin(2at + 0)

where |a| < 1, and § is related to the starting point (a,v/1 — a2 cosd,v/1 — a?sind)!. Note that the critical
points are limiting cases of the circles as a — £1 or 0. For ease of visualization let us orient the axes so that
1 “points up”. Then the periodic orbits on the unit sphere may be viewed as circles of constant latitude.
Note that the period is m/a so the motion is very slow near the equator, and the equator full of critical
points is a limiting case. If viewed looking down (that is, in along the positive x1-axis), orbits in the upper
hemisphere rotate counter-clockwise, and those in the lower hemisphere rotate clockwise.

Since ||Z(7)|| = 1, & does not correspond under the compactification to anything known in the Lorenz
system. However, these orbits could be interpreted to correspond to ideal solutions y(t) = oo that belong to
the ultra extended R3. In fact, to consider large ||y|| as ||y|| — oo, we restrict our attention to the highest
order terms and solve the approximate Lorenz system

n o= 0
(2.1.6) Y2 = —Y1ys
93 = Y1Y2,

whose solution is easily seen to be (large) circles in yo and ys3, with y; constant:

Cq
(2.1.7) g9(t) = | Cacos(Cit+96) |,
CQ sin(Clt + 6)

where O}, Co, and § define the starting point §(0) = (Cy,Cs cosd, Cysind). The limits of these circles as
llyll — oo do not exist in R?, but they can be understood as orbits in the ideal set D, which “bounds” R?. Let
C? +C3% be large. Then these periodic vector solutions pose a certain enigma. They cannot be interpreted as
natural approximations to solutions of the Lorenz system on an infinite time interval, because all solutions
must enter a certain ellipsoid in forward time. We choose C; = ra and Cy = rv/1 — a? for 0 < |a| < 1. Then
as r — 00, § transforms under compactification to a circle on the unit sphere with constant first coordinate.
Choosing instead any finite C; leads to a family of circles, all of which transform to the equator. Similarly,
choosing a finite Cs leads to a family of circles which transform to the poles.

We can compute the Jacobian at any point of the ball for Lorenz systems, and then specialize to the
boundary sphere. We have

Jij = gij = £ (1 + R?)fai + (1 — R?) [(1 + R?) f1i + 2Sx;])
= gfjf2i+(1+32)aaj;2; - g]jj (14 R?) f1i + 25;]
(2.1.8) +(1 - R?) gfjfu +(1+ RZ‘)gf;j + 255;@ +256;;
This will require a few steps:
os _ (% (fj :pp));f o _ (00 0 one (77

%j 81:j 81‘j

o X1 0 O O *ﬂ

2ﬂ£173
Parts of the first terms inside each set of square brackets in (2.1.8) cancel, with the result that the Jacobian
at any point is given by
0 0 0 0 0 0
2| —2%z3 —ximows —mai | +(1+ RQ) —x3 0 -z
x%xz xw% T1T2T3 To X1 0
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o(xg —x1)r1 0(T2 —T1)22 O(T2 — T1)2X3 2 mae a173
—4R? | (px1 — 20)21  (p1 — T2)T2  (pT1 —X2)w3 | —4S | T9m0 T3 w013
—Bx123 —Brax3 — B3 1Tz ToTz a3
-0 o 0 2003 — (0 + p)z1ze + S 2m179 — (0 + p)2? 2Bz 23
+(1-RYHY| p -1 0] +2(1-R? 201129 — (00 + p)3 222 — (0 + p)r17a + S 2Bm273 |,
0 0 p 20x123 — (0 + p)xaTs 22913 — (0 + p)r1zs  2B23+ S

whose trace is (1 — R?)[(1+ R?)(8 — o — 1) + 105].

We first show that the system is not quasi-hyperbolic at the isolated critical points at infinity, the poles,
and after that we tackle non-isolated critical points on the equator. Setting z; = +1 and z2 = 3 = 0 in the
Jacobian on the sphere yields S = o and

0 0 0
J(£1,0,0)= [ —4p 0 F2
0 +2 0

The characteristic polynomial is A* + 4, and the eigenvalues are {0,2i, —2i}. So orbits near the pole (to
first order) are circles in the plane x; = a, for any constant a near +1. Evidently, the Lorenz system is not
quasi-hyperbolic at the poles. Now set z1 = 0 in the Jacobian on the sphere; S = 22 + 2% and 23 + 23 = 1;
then the Jacobian on the equator is

0 —4015% —4oxo13
—2x3 4(1 — B)x3z3 4(1 — B)zaxd
2z0  4(B—1)x3zs 4(8 — 1)zda3

The characteristic polynomial is A3 , which implies that no critical point cop , where p is on the equator, is
quasi-hyperbolic.

DEFINITION. We say a surface in R? is a periodicity surface for the system § = f(y) if it is the union of
periodic orbits including critical points, and it is the maximal such object in some neighborhood of itself.
The discussion above may be summarized by:

PRrROPOSITION 8. The ideal set 1D is the pre-image of the boundary sphere OU, which is a periodicity
surface of the compactified Lorenz system (2.1.3). The periodic orbits are circles that are limit cycles when
restricted to any of the planes with x1 fived, 0 < |z1| < 1.

REMARK 9. There is great interest in Hilbert’s 16th problem asking for the number of limit cycles
in planar polynomial differential systems [5, 8, 16, 25, 36, 58, 82, 118]. Poincaré is credited with the
discovery of limit cycles at infinity of planar polynomial systems [85, 92|, which are not part of the official
count of total limit cycles in the original Hilbert’s 16th problem. It is natural now to view the set ID as a
periodicity surface of the Lorenz system at infinity and to ask which dynamical systems possess a periodicity
surface at infinity. Much effort is invested in the classification of the finite critical points of autonomous
polynomial differential systems and the classification of the critical points at infinity, as well as their phase
portraits. See e.g. [4, 6] and their references.

2.1.2. Proof of Repulsion. If the circles on the boundary sphere can be shown to attract nearby
orbits (inside the unit ball) in backwards time 7, it should be possible to say something about asymptotic
behavior (in backwards time t) of the Lorenz equation. This suggests limit cycles at infinity. It is easy
enough to show; see e.g., [107], that all trajectories eventually enter a compact set and do not leave it. So
it seems plausible that in some sense oo is a global repeller dual to the well-known attractor. On the other
hand, %%HyHQ = —oy? —y3 — By3 + (0 + p)y1y2 takes both positive and negative values even for large ||y||.
Similarly, if the invariant circles on the boundary sphere are to be seen as repelling, we might hope that R
decreases along orbits, at least near the boundary sphere. It does not in general since S takes both positive
and negative values; however, it is easy to show by rotating the coordinates:

PROPOSITION 10. For the region of parameter space 40 > (o+p)?, 8> 0, S is positive, and R decreases
along trajectories, so the boundary sphere is a global repeller.



2.1. THE LORENZ SYSTEM HAS A GLOBAL REPELLER AT INFINITY 19

Proposition 10 is interesting and illustrative, but not needed for the main result of this Section, which
we are ready to prove. Even though every eigenvalue of the Jacobian at every critical point on the boundary
sphere of the compactified Lorenz system has real part equal to zero, we will show that the sphere repels
nearby orbits.

THEOREM 11. The ideal set at infinity ID is a global repeller in the following sense: If r(t1) = ||y(t1)||
is large enough, then there exists a ta > t1 such that r(t1) > r(t2).

PROOF. We show first that the critical points of the sphere (equator and poles) repel point-wise, and
second via the Poincaré map that the circles & on the boundary repel nearby orbits. Observe that in the
plane of the equator, S = 23 + Bz3, which is positive except at the origin, so that (R?)’ is negative. By the
continuity of S, there is a neighborhood of the equator (z; small and 23 + 22 near 1) on which S is positive,
and (R?)’ is negative. Thus points near the equator move in forward time toward decreasing R; i.e., away
from the equator. Similarly, along the xj-axis, S = ox?, so (R?)’ is negative, and by continuity the poles
have neighborhoods all of whose points move away from the poles.

For large 7, points y = (0,7 cos®,rsinf)’ transform to x = (0, Rcosf, Rsin#)' for R ~ 1, and points
y = (r,0,0)" transform to = (R,0,0) for R ~ 1. In both cases, we have shown that R’ < 0, so that
the initial point moves away from the boundary sphere. Thus ||z| decreases, and by correspondence, ||y||
decreases.

Choose a € (0,1) (the proof for a < 0 is similar) and start with the circle Z in the plane z; = a.
Choose any point on the circle as the starting point #(0). Choose a neighborhood N of #(0) in the plane
perpendicular to the circle at #(0). We will show that for a trajectory z starting sufficiently close to the
boundary sphere, at the time 7 of first return of x to N, we have R(7) < R(0). We can rewrite (2.1.4) in
the convenient form
L0 RY)

(2.1.9) Ty

=25,

which can be integrated from 7 = 0, yielding
1 1 T
- = 25 dr.
1—R2(0) 1- R2(r) /O (w(m))dr

We want to show that the left hand side is positive for 7 = 7, so it suffices to show that fO% S(xz(1))dr > 0.
Since we can write

(2.1.10) /0 " S(w)dr = /0 " (@) + /O " (8() - S@)dr + /ﬂ / S(z)dr,

our result will now follow after we show that the first integral on the right is strictly positive, that S(x(7)) —
S(z(7)) is small enough, and that the difference between 7 and 7/a is small enough.
It is easy to compute the first integral: from (2.1.5) we have

7/a T/a
/ S(z(r))dr = / [aa2 + (1 — a®)(cos? 2at + Bsin® 2a7) — (0 + p)ay/1 — a? cos 2a7} dr
0 0

T Jow+ 5= n).

since the integrals of cos? and sin? over a period are equal to half the period.

The second integral in (2.1.10) is small by the continuous dependence of z on initial conditions and the
uniform continuity of S: Given any § > 0 and any finite time 7', we can choose 1 > 0, such that if the initial
points are close together, ||z(0) — Z(0)|| < n, then for all 7 € [0,T7], ||z(7) — &(7)|] < §. Since S is uniformly
continuous on the compact unit ball, given any € > 0, we can choose § > 0, such that if ||z(7) — &(7)|| < 4,
then |S(x(7)) — S(&(7))] < e.

The difference |7—m/a| can be kept as small as desired, since we know again by the continuous dependence
on initial conditions if x(0) is close enough to #(0) that z(7) stays near &(r) for time longer than w/a.
Specifically, given € > 0 and T > 0, we can choose n > 0, such that if ||z(0) — #(0)|] < 7, we have
lz(T) — &(7)|| stays small for all time 7 € [0,7]. Choosing T' > 7/a means that we can be sure z(7) stays
close to &(7) for 7 =T > m/a. This forces T to be near 7/a: |7 —7/a| < e.



2.2. COMPLETENESS OF QUADRATIC SYSTEMS 20

Now we choose T' enough larger than n/a (' = 27/a is plenty) that we are sure to have T > 7, and
€< [oa*+ 1(1—a?®)(B+1)] /(m/a+ M), where M is a bound for S on the compact unit ball. Now choose
1 small enough that |S(x(7)) — S(&(7))| <, for all 7 € [0,T] and |7 — 7/a| < e. Then

/OT S(x)dr > /0”/61 S(&)dr — /0’% |S(z) — S(&)|dr — /ﬂ:a S(z)dr

>
> 0,

as was to be shown. We must also show that each “circle at infinity” ¢ as ||§|| — oo repels nearby points.
Since 4 = (1+ R?)(1— R?) > 0if R* < 1, 7 increases iff ¢ increases, so it suffices to show that a sufficiently
large initial point y(0) transforms under compactification to a point x(0) sufficiently close to the boundary
sphere that the above applies. We have that x(0) is the solution to y(0) = 1411(2(22))2' Choose #(0) = Hzgg;”,
then Z(0) — 2(0) = §2(0) for some small § > 0. Then

. 1— R(0)2 1
#(0) —z(0)| =6 =1 — R(0) < 1— R(0)* < = ,
1#(0) - 2(0)] (0) < 1= RO)* < it =
so ||£(0) — (0)|] may be made small enough by choosing ||y(0)|| large enough. O

2.2. Completeness of Quadratic Systems

A dynamical system is called complete if every solution of it exists for all t € R. Let K be the dimension
of the vector space of quadratic systems on some R™. The subset of complete quadratic systems is shown to
contain a vector subspace of dimension 2K/3. We provide two proofs, one by the Gronwall lemma and the
second by compactification that is capable of showing incompleteness as well. Characterization of a vector
subspace of complete quadratic systems is provided. The celebrated Lorenz system for all real ranges of its
parameters is shown to belong to this subspace. We also provide a sufficient condition that a system be
incomplete. This work was published in [41].

It would be beneficial to modeling if we would have criteria that will inform us which dynamical systems
are complete and which are not. It would be very helpful to know which systems possess global solutions
for all parameters involved for all time and for all initial values. This is so for more reasons than one. On
one hand, a system with solutions that blow up in finite time could be indicative of a break-down of a
model. On the other hand, modeling certain phenomenon by families of differential systems that are known
in advance to possess solutions that exist for all time has an obvious advantage. Criteria for systems that
are not complete are of great importance as well, because it helps to know the rate of blow up.

The purpose of this study is to determine in a sense to be made precise, how large is the subspace of
complete quadratic systems and to some extent to characterize this subspace. To this end we proceed with
some preliminary definition and notations.

DEFINITION. A system of differential equations y = f(y) (as well as the associated vector field f) is
called complete if every solution to the system exists for all ¢ € R.

Compared to the previous Section, we now extend the definition of a “Lorenz system” to mean a system
satisfying

0 = o(y2— 1)
(2.2.1) Y2 = pY1— Y2 —Y1Y3
¥ys = —Pys+yiy

for any real values of the parameters.
Let £ = L(R*) be the set of quadratic systems

(2.2.2) g = f2(y) + fL(y) + fo, with yT f2(y) =0,

We call the autonomous system (2.2.2) a Lorenz-like system, because it generalizes certain features of the
classical Lorenz system. It is easy to see that all Lorenz systems are in £(R?).



2.2. COMPLETENESS OF QUADRATIC SYSTEMS 21

One of the previously unanswered questions in the literature is whether or not the Lorenz system is
complete for all real values of the parameters.® We fill this gap and answer this question in the affirmative
for the much larger family of systems, to be named N AL. We have not found in the literature a proof of
global existence for the Lorenz system without restricting the parameters (o, p, ) to be positive, but our
proof works for the much larger class. The earliest known completeness proof for the Lorenz system is by
means of a Lyapunov function, which is not readily available for most of the Lorenz-like systems in £. We
chose as a second method of proof the compactification of Section 1.2, which is able to answer not only
questions of completeness but is also able to address issues of incompleteness.

2.2.1. Completeness and Structure of Lorenz-like Systems. In this section we prove the main
theorem that shows as a corollary that the Lorenz system is complete for all its real parameters. This

completeness property is shared by a larger family of non autonomous quadratic systems that is denoted
below by N AL.

DEFINITION. Let CB(R) be the family of scalar functions continuous and bounded on R. Let f2(¢,y) be a
column vector in R* whose components are quadratic forms: fa(t,y), = (¥ fon(t)y), with each fo,,(t) a lower
triangular matrix with entries in CB(R). Let fi(¢,y) = fi1(t)y, where fi(t) is a k x k matrix with entries in
CB(R), and let fy = fo(t) be a column vector in R¥ with entries in CB(R). Then N AL (Non-Autonomous
Lorenz-like) is the class of systems

(223) y = f2(tay) + fl(t7y) + fO(t)a with nyZ(ta y) =0.

The completeness of N AL is given in the theorem below. It also includes a more detailed description of
the structure of £ that could explain the orthogonality property in (2.2.2) as a source of the completeness.

Let A be the linear space of all (at most) quadratic systems on R*. The main result of our study is the
following.

THEOREM 12. i) All systems in NAL are complete. ii) dim(L) = £(k +1)(k + 2) = 2 dim(N) and for
systems in L the elements f3) of the lower triangular matriz fa, satisfy the following relations:

(2.2.4) =0, forn=1,2,...,k,
(2.2.5) for j #n, 3 + fin + f5 =0
(2.2.6) for j <i<m, fo,+fo! + foi =

Note that in the second equation, either the second or third term is 0 because the matriz is triangular.
PRrROOF. We provide two different proofs. The first proof is by Gronwall’s lemma. By virtue of (2.2.3)

we have ‘KyT;y) = 2[yt f1(t,y) + y' fo(t)]. Tt is then easily verified that there exist two constants m and M
such that

)
(2.2.7) myty < d(gty) < My'y.

Let y(to) be an initial value for (2.2.3). Then, by Gronwall’s inequality or by a straightforward integration
we have

(2.2.8) YT (to)y(to) ™M) <y (D)y() <y (to)y(to) M=),

which implies that (2.2.3) is complete.
1%, takes R¥ into the unit
—zt(t)x(t)

. . — 27y 2 — 1- . . . . rs _ _ 2\2 _
ball with inverse v Let R* = xTx. It is easily verified [35] that with f = (1 — R*)*fo + (1

R?)f1(z) + fa(x), the system (2.2.3) transforms into

A second proof utilizes compactification. The transformation y(t) =

(2.2.9) dr (14 R)f(x, (1 R?) = 2(a!f(z, (1 - R)))x
2. dt (1+R2)(1—R2)
! 201 f 2zt f

N proof that the Lorenz system with positive parameters is “complete in forward time” (that is, that all solutions exist
for all time ¢ > 0) can be found in [107] using a Lyapunov function. A proof that it is “complete in backward time” (using the
same Lyapunov function) due to Meisters [74] may also be found in [22].



2.2. COMPLETENESS OF QUADRATIC SYSTEMS 22

from which we have

A1 —R) _ =2t fw, (1- B2)

dt (1+ R2)
By virtue of (2.2.3) we have
(2.2.10) o flz, (1 - R?) =[(1- Rzt fo + 2t f1(x))(1 — R?).

Hence 1 — R?(t) = (1 — R%(to)) exp —2 ftto[(l — Rt fo + 2T f1(2)]ds. It is evident that R?(t) < 1 for ¢ finite
since the integrand is bounded. Thus, ||y(t)|] < oo, and completeness follows.

Turning to the second part of the Theorem, let f(y), be the n'® component of f(y). We can expand
each component from (2.2.2),

k 7 k

i=1 j=1 i=1

By counting parameters we see that dim(N) = K = &(k 4 1)(k + 2), and A is naturally isomorphic to R¥.
L is the linear subspace defined by the condition y' fo = 0, which may be written as

k k i
(2.2.11) Z Z Z f;fm YiY;yn = 0.

n=1i=1 j=1
We collect terms and count the resulting equations. Clearly each fii = 0, since each y? appears only once in
(2.2.11); this is k equations.
There are k(k — 1) distinct terms of the form y,.52, since there are k choices of 7 and then k — 1 choices of

s, yielding k(k — 1) equations. The constraint equations can be found by noting the values of the subscripts
that cause y;y;yn = y,y? (note j < i):

1= — j:n:8f0r3<7ﬁ

j=r = di=n=sforr<s

=r = i=j=S3s.
The resulting constraint equations may be written as
o+ fas (ifs<r) + for (ifr<s) =0.

There are (’;) = g(k —1)(k —2) distinct terms of the form y,ysy:, yielding (g) equations. We take r < s < t,

and by the analogous analysis we can have y;y;y, = y,ysy; as follows:
1=t = j=s,n=rorj=r,n=s
i=s5 = j=r1 n=1t
The resulting constraint equations may be written as
o+ fos + F5{ =0
Since there are k + k(k — 1) + %(k -1)(k—-2)= %(k + 1)(k + 2) constraint equations defining £, we have
dim(L) = £(k + 1)(k + 2), and the ratio is 2. O

EXAMPLE 13. The case k = 2: N'(R?) is 12-dimensional; the general quadratic polynomial vector field
on R? has the form
( Syt + fBlye + f3Y3 + fliyn + fhye + fou )
22yt + [ viye + f33Y5 + flavs + flayz + fo2
It is helpful to view f2(y) (the first three summands in each row of the matrix) as the vector of quadratic

forms:
11 0
(yl ?/2)( 2211 22)(2/1)
_ 21 Jai Y2
f(y)2 = 11 0 y
( Y1 Y2 ) ( 2221 22 > ( ! >
22 Ja2 Y2
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L(R?) is constrained by the condition yf, = 0, which is
YL+ YT + FITYs + faayive + faayys + f3sys = 0.

On collecting terms, we find four constraint equations on the coefficients:

11 22 _
a=1Jn =0
22, 21 _
a1t fee = 0
11 21 _
wtfn =0

so the quadratic forms reduce to

(e (54 ) ()
fo= 4 0
( Y1 Y2 ) i
—-b 0 Y2
and the general system in £ has the form:
< ay1ye + by + fliys + fhye + fo >
—ay? —byiya + fiayn + fiayz + fo2
where a and b are the free parameters a = fa = —fid and b = f2? = —f2}.

2.2.2. Some incomplete systems. It goes without saying that the determination whether a qua-
dratic system is incomplete is also a problem of considerable importance. In the sequel we will make a few
observations regarding such systems and conclude with the formulation of a theorem that will demonstrate
why compactification is central to proving incompleteness.

Under the isomorphism mentioned in the proof of theorem, A inherits an inner product, the Euclidean
inner product on RX allowing us to define £, the orthogonal complement of £ C N. L(R2?)* is four-
dimensional and spanned by the basis elements:

0 )’ vs )’ i) Y1y2

The first two are readily seen to represent the incomplete systems

.9 o
Y170 and .yl_OQ.
g2 =10 Y2 = Y3

The linear span of the third basis element is the set of systems of the form
Y1 = CY1y2
yQ = Cyi

for any constant c. If ¢ # 0, then the system with initial condition y(0) = (1/c,1/c)" has a solution
n(t) = yo(t) = ﬁ, which cannot be extended to ¢ = 1. The span of the fourth basis element may be

analyzed similarly.

EXAMPLE 14. The case k = 3: N(R?®) is ten-dimensional and spanned by the basis elements:

yi 0 0 Y1Y2 Y3
0 ’ yg ) 0 ’ y% ’ Y1Y2 )
0 0 yg 0 0
Y13 Y3 0 0 Y213
0 ) 0 ) y2ys |, Y3 ) Y13
y% Y1Ys y% Y2Y3 Y1Y2

As for k = 2, the first three are easily seen to represent incomplete systems, and the next six are similar to
the third and fourth elements from the & = 2 example. The linear span of the final basis element is the set
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of systems of the form

Y1 = CYays
Y2 = CY1Y3
Ys = cy1y2,

for ¢ any constant. If ¢ # 0, then the system with initial condition y(0) = (1/c,1/c,1/c)! has a solution
1 (t) = y2(t) = ys(t) = ﬁ, which cannot be extended to ¢t = 1.
These examples may be generalized as a proposition.

PROPOSITION 15. The linear space L+ =L(R*)* has a basis all of whose elements represent incomplete
systems.

PROOF. In terms of the quadratic forms fa,, £+ is the span of the following:

{fonr = 1ln=1,2, ...k

(= 5 =Dicmroe
(= i =lncmzk
(B = M= 1 = Dossen

This translates into a basis for £+ in terms of systems of equations:

. Yn = YjYi
o= hecss e { 200 ] xtaa
" ! i#n=1,2, ..., k Yi = YnVj- ) n<j<i

The specific systems given in the examples for £ = 2 and k¥ = 3 above work in the general case. Note as

well that any system in the linear span (excluding the trivial system) of the first k& basis elements is not
complete. O

Broadening the focus now to polynomial systems, the fact that compactification is central to under-
standing completeness as well as incompleteness is seen from the following theorem. We cannot see how the
Gronwall lemma can be used to prove incompleteness.

THEOREM 16. Given the polynomial system §y = f(y), let p be a critical point of the compactified system

d _ ~
(2.2.12) &1+ R)f-2 (fo) z

dr
such that pfp = 1. Consider the Jacobian of the compacted system about these critical points. A necessary
condition for a polynomial dynamical system to be complete is that the eigenvalues of the Jacobians about all

these critical points be purely imaginary.

PROOF. Suppose p is a critical point of the compactified system (2.2.12) at which the Jacobian has
r > 0 eigenvalues a1, ..., «, with negative real parts. [If the real parts of the eigenvalues oy, ..., «, are
positive, then the argument to follow can be made to the time-reversed flow instead]. Then per Chapter IX
of [48], there is an r-parameter family of solutions z(7) that approach the critical point exponentially; for
every solution in the family there is a 7y such that for all 7 > 7

(2.2.13) (7)) = pll < bre™™7,
for some constant b; > 0 and m > 0. Let us turn to the quantity 1 — R?. Near p, ||p| = 1,
L=R(1) = 1= (mi—pi+p) ==Y [2pi(a; —pi) + (2 — pi)’]
i=1 i=1
< 2)z(7) = pl + |z(7) - p|I?
(2.2.14) < bye ™

for some by > 0 and all 7 > 7. Corresponding to the family of solutions of the compactified system, there
is an r-parameter family of solutions of the uncompactified system. Suppose a solution of this family exists
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on [tg, tmax) Where the initial point ¢y corresponds to 7 = 0, and tpax < 00. We will show that ¢,y is finite.

Recall that by inverting 4=

o we have

(2.2.15) tmax — to = / (1-RH"' A+ RY)dyp=1 + I,
0

where
(o]

I ;:/ (1—R>)E"11 + R dn, I, ::/ (1—R?>)E71(1 + R?) dn.
0 T

0

By the continuity of 1 — R?(7) on [0, 70] we conclude that I; is bounded. On the interval [rp, oc) we have by
(2.2.14) that

h - 2b,
I = / (1-RHL"Y 14 R?)dn < / Wge— (L=VImT gy — 202 =m0
o 70 (L—1)m
This concludes the proof that ¢,y is finite. .

The completeness property is expected to be the exception rather than the rule in polynomial systems
of high degree. It would be nice to characterize all the nonlinear polynomial differential systems that are
incomplete. The examples above suggest that the “majority” of elements (perhaps all nontrivial elements)
in £(R¥)* are incomplete. See [35] for some incompleteness results for generic polynomial k-dimensional
systems using compactification.

A differential system need not belong to A" AL in order to be complete, as the following planar quadratic
example shows. Let p(y2) be a linear function and ¢(y2) a quadratic function of y,. Let a, b be real numbers.
Then the system

Yy = pw2)y1 + a(y2), vo = ayr +b.

is a complete quadratic system, but does not necessarily belong to £ or to N AL.

REMARK 17. Completeness could be beneficial to the study of singularities of a dynamical system in
the complex plane [106, 109]|. In particular, [L09] entails the computation of infinitely many coefficients
of a Laurent or 1)-series expansion. Because of the completeness of systems in £, our analysis predicts that
any such expansion for any real parameters must involve complex coefficients. This is corroborated for the
Lorenz system by [109].

2.3. Fields of Lorenz-like Systems Near oo

We study by differential geometry the neighborhood of the unit sphere at infinity and derive conclusions
on Lorenz-like systems. We study the vector fields %, [ =1,2,..., for systems in £ when the norm of y is
large and becomes unbounded. We apply this knowledge to differential geometry for trajectories far from
the origin and show that the mutually orthogonal triplet of differential geometry — T, N, B — is near
that of the compactified system, and that both triplets approach that of the strictly second-degree system
¥ = fa(y). Lastly, we show a similar relationship between higher order derivatives of systems in £ and their
compactifications.

A main purpose of our analysis is to show how the behavior of the compactified system on the boundary
sphere indicates behavior of solutions and their derivatives of the original system for large ||y||. This is helpful
since the compactified system near R = 1 is usually much simpler than the original system. The asymptotic
behavior of the order of growth of the higher derivatives; %,l = 0,1,2,... follows, under appropriate
conditions, as a bonus from a formula that provides the asymptotic directions of the derivatives. This result
was published in [42] with a sketch of the proof, which is provided here in full.

We first exhibit the relevance of the highest-order system § = f3(y) to the original system through
analysis of the moving triple 7, N, B of unit tangent, normal, and binormal vectors. We can show that
T,, Ny, B, for trajectories in £(R®) and those of the compactified trajectories T}, N, B, approach those
of § = fy as R — 1. The continuity properties of the compactified differential equation on the compact unit
ball then imply that for large ||y||, v looks a lot like the solutions of § = f2(y). In fact, the relevance of the
compactified system extends to all orders of derivatives. We stress that we do not expect such correspondence
of vector fields for systems not in L.
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We assume that the system ¢ = f(y), f € L is compactified as above, and the time is rescaled via

% = (1 — R?)(1 + R?), and the compactified, rescaled system is

(2.3.1) ' =1+R)fo+(1-R)[(1+R)fi—2("fi)z] + 1= R*)?[(1+ R*)fo —2 (2" fo) 2] .
)

From (2.3.1), we can write the equation for R?,

%(RQ)’ = 2'2’ = (1-R? ((1 + Rzt f) — 2fo1R2)
+(1 = R?)? (1 + RY)a' fo — 227 fo R?)
= (1-R*?(@'fi+ (1 - Rzl fp)
(2.3.2) (1-R? = 2S(1-R%»? with S=—z'fi — (1 - Rzl fp.
For the strictly second degree polynomial system 5 = fo(y) in £(R3), a direct calculation shows that
f | f2l?[Dfa] f2 — (sz[sz]f2) f2 fo x ([Dfa]f2)

(2.3.3) T

9 =

Bz linEDRs - (Fps) s 12x(PRIRT

where we use the notation [Df;] for the Jacobian of the vector function f;. The expressions in (2.3.3) are
given as functions of the variable y; however, it is easy to see that the values of the expressions are not
changed if they are expressed in terms of . Unless otherwise indicated, all subsequent occurrences of f; and
[Df;] are to be understood as f;(z) and [Df;(x)].

THEOREM 18. Lety € L(R®). Then the triples T,, Ny, By and T,,, Ny, B coincide with Ty, Na, Ba, plus

terms of order O (ﬁ) as R? — 1, away from the zeros of fs.

PRrROOF. To compute the first order terms of the moving triple for x and for y, we will need an expression
for 1/||«]|.

(2.3.4) 2] = (14 R*)?| f2|* + 2(1 + R*)*(1 = R?) f] f + O(1 — R*)*.
From this we can approximate
1 1 it ((1 - R2>2>
~ 1-(1-R>»H +0(~—=%), asR?>—1.
W1~ A BIA ( SR TATE A

Now since T, = 2'/||z’|| we have

_ 2 (-F%) 2T f)x ffs ((1_}32)2> ,
o Hfz”+ I f2l <f1 14+ R2 ||fQ|\2f2 +0 TAE as R — 1.

The first term on the right is 75.
To compute T, we start with y = (1 — R?)"'z and differentiate

dy dt

dr dt

(1-R>)) 24 (1 - R

(1-R?)(1+ R?)

_ 28z +(1- RO+ R f2+ (1 - RY) (1 + R f1 —2(z" f1)z)] Loa- )
(1-R%)(1+ R?

(235) = (1-R)7?(fo+(1-R)f)+0(1- R,

the third equality follows from (2.3.1) & (2.3.2), and the fourth from the fact that S + = f; ~ O(1 — R?).

The unit tangent vector Ty to a trajectory is y divided by its magnitude:

fo+(1-R)f
[ f2 + (1= R2) f1l

’y =

T, = +0(1 — R*)?.

Now the square of the denominator is

If2l? +2(1 = R?) f{f2 +O(1 — R?)2.
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It follows that we can approximate 1/|f2 + (1 — R?)f1]| as

IR PR i O((l—R2)2>
7] (1 (1 R)||f2|2>+ TAEA

so that

Ty~ ——

1
/2]l

+o ("),

PN i
fo+(1 R)(fl |f2||2f2>

Putting it together, we have

(2.3.6) T, = T.+

2(1 — R¥) (2 f1)z (1 - R?)?
Tt )7 +O< e )

It follows that both T}, and T}, approach T% as (1 — R?)/||f2|| — 0.
Now we compute the low order terms of N, and N,. First we need

= 1+ R)f5+ 1 —R)[(1+R)f -2 fr)z— 20zt f1)a']
= (L+R*?[Dfo)fo+ (1= R*)(1+ R)[Dfo] (1 + R*) f1 = 2(a f1)x)
+(1=R?) [(1+ R*’[DAlf2 — 2(z' f1)'x — 2(1 + R?) (2" f1) fo] + O(1 — R?)?,

" !

"122" — 2'T2” 2'. From (2.3.4), using

since f/ = [Df;]z’. Now N, is the unit vector in the direction ||z
[Dfilx = if;, we can write

2'|?P2” = (1+ R*)*[Dfo]fo+ (1 — R*)(1+ R?)*x

{1l [(14 1) (D12 + D11) = 808 f o = 20 )2 - 2 (1D A1) ] + 20 DS

plus higher order terms. The zero order term of z'Tz” is (1 + R2?)3 f; [Dfs]f2 (which vanishes for the Lorenz
system), and the first order term is

(1= B+ B22((1+ B2) (DAL + AIDRIA) = Al £l 1) + 0+ B FIDRIS):

Putting the pieces together, the direction for IV, is

L+ B LI IDLIL — (FIDLIf) 2+ (1 - B?) x
{||fz|2 {(1 + R (IDfilfa + [Dfal f1) — 4(zT 1) fo — 2f1 f1 & — 2 (z'[Df1]f2) I}

w2 IDLA 2~ 0+ B (DAL + AIDRIN) f2 - 0+ B (AIDLS) fz},

which matches N to lowest order.
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N, is the unit vector in the direction n, = ||9%*j — §'j ¥. From (2.3.5), we have
1-RHA+RY)j = [fo+1-R)AV(1-R)Z+[fa+ (1= R)AI0 - R
— (IDfla’ + (1 - BDAN — 2t fi)(1 = B22F) (1 R2)~2
+Hfo = (1= R*) fuld(a fi)(1 - B~
= DA [A+R)f2+ (1 —R*) ((1+R)fi—2("f1)z)] (1 - R =202 f1) fr
HDANA+ R f2 + (1= R)((1+ R*) fi — 2(z" fr)a)](1 - B~
+4(z 1) f2(1 = R +4(zT f1) fu

2 2
%[Dfﬂh + % ([Df2]f1 + [Dfi] f2)

—2(zt A4 Slx
+2(1"i—>]££” + 20" i) fu+ (L+ RY)[DALf
z f1) f2
*Q(CUTfl)[Dfl]er%
(237)  (1=R% = DL+ (1= B (DA + [DL1f) + O(1 - R?)?
Q=BG = |RIPDLf+ (1= B (2f 2 DRI+ £ (DA + DEIF) )

+0(1 - R?)%.
For the other part of n,,

(L= B35 = (DL + (1 - B) (=@ 1) (4 (DRAR) + (BIDA)S + HIDEIR) ) + 00 - B

(=B g = (HIDRIS) fo+ 0= B (AIDAIf2 + BIDLIA + DRI 2+ 00— B2,
so that
(=B, = |ILIPDLLf ~ (AIDRIL) f2+ (1 - R?)
< {21112 IDLLS2 + 1217 (DAL + DLLA)

~ (Aalf+ BIDLIA) £~ (HIDLIL) £}
+0(1 — R%)?
It follows that both N, and N, approach Ns as (1 — R?) — 0. Since B =T x N, we also have that B, and
B, approach Bs. O

We develop an interesting relationship between t-derivatives of y for large ||y| and 7-derivatives of z
near the boundary sphere, but away from critical points and zeros of higher derivatives. We show that for
systems in £, the vector fields of higher derivatives of y with respect to ¢ have the same direction as the
corresponding derivatives of & with respect to 7 for ||y|| large enough. We stress that this property need not
hold for general quadratic systems.

PROPOSITION 19. Let y € L. Then, for all integers n > 0, as ||y|| — oo or R? — 17, we have

(2.3.8) (1 — R (1 + R*)"d"y/dt"™ = d"x/dT™ + O(1 — R?).
Moreover, the order of growth of the derivatives d™y/dt™ is given by
(2.3.9) |d™y/dt™|| < My, |ly|" ™, n=0,1,2,...,

where M, are certain constants. Furthermore, for each n, let S, be the set of points in the boundary where
d"z/dt™ = 0. Then Ve > 0, there is a neighborhood U, of S, in the closed unit ball, with m(U,) < €, such
that for x € the complement of U,, and ||y|| — oo or R? — 1~ we have

d™y/dt"™ d"z/dT"

2.3.10 = +0O(1 — R?).
(2:310) larg @] ~ Tarajary ~ O )
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PROOF. We first prove (2.3.8) by induction. The conclusions in (2.3.9) and (2.3.10) follow from (2.3.8)
and are left as an exercise to the reader. The case n = 0 follows from the definition of x, and we suppose
the formula holds for n — 1. Leibniz’ rule gives

dz  d" "L n\ d" (1 - R?) d'y
2 = _[(1- Ry = —

=0

where (T;) is the binomial coefficient z,(%lz), Separating the two terms for ¢ = n and ¢ = n — 1 from the sum
gives

Ay d'z d(1—R?)d"ly w2 (n\d i1 — R?) diy
2.3.11 1-R)H)—2 = — —p—-—~ — _—
(23.11) T ZZ:O i) atn—i dt
The induction hypothesis allows substitution for all the derivatives of y on the right, but we need two
additional results, both of which are shown by induction.

First, for n > 0, we have

" A d'z
(2.3.12) (1 - R*)™(1 + R?) g = g (- R*)D,,_;,
where D,, is an n'" degree polynomial in %, with rational (in ) continuous coefficients in the unit ball.
The cases n = 0 and 1 are trivial; D_; and Dy are identically zero. Now assume n > 1. Note that

d
(2.3.13) E(l — R*)™ =2nS(1 — R*)"HL
So we have by the induction hypothesis
d"z _ i dn_ll‘ dl
dtn dr \ dtn1 ) dt
d 2y1-n ovion (A" 2 2\ 1 2\-1
= 4 (1-R*)" ™1+ R dT"*1+(1_R)D"_2x (1-R*)™"(1+ R
dar d(Dy—
= (1-R)"1+RH™ [de +28(1 — R*)*D,,_sx + (1 — RQ)(dT”)}

o e dn_ll‘
+2(n — 1)SR2(1 — R2)1 (1 + RQ) L |:d7'nl + (1 — RQ)Dn_2$:|
d"z d"z d(Dy—ox)
_ 2\n 2\n — _ p2 _ 2 n
(I1-R)"(1+ R e e +(1—-R? [25(1 R*)D,, oz + —a }
2(n —1)SR*(1 — R?) [d" 'z 9
1+ R? et + (1= ) Dot
(2.3.14) _ T 0 mD,
drm
where
d(D,_2x 2n — 1)SR? [d* 1z
(2.3.15) Dy_12z = 2S(1 — R?)Dy_sz + ( dT2 ) A ; H?%Q {drn_l +(1- RQ)Dnza:] :

It is easy to see that D,,_1 is as claimed.
Second, for n > 1,

2n—1 dn(]' — RQ)

(2.3.16) (1—-R*)"2(1 + R?) T = D),
where P,(z) is a polynomial in z.
The case n =1 is easy:
d(1-R?) d(1-R? _ 25(1—-R?)

= (1-R)'1+ R} =

dt dr 1+ R2 ’
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so that

1— 2
(1-RH 1+ RQ)d(TR) =28,
and we take P; = 25. Now assume n > 2. Then we have
d*(1 — R?) B i d" (1 - R?) dl
dtn - dr dtn—1 dt
= Ao Ry PR @)] (- RO R,
-

by the induction hypothesis. The 7-derivative via the product rule is
(3-m)25(1 — R (1 + R*)* 2Py ()
+(1 = R%)37"(=28)(3 — 2n)(1 + R)?>7"(1 — R®)?P,_1(x)
dP,_
+(1-R?* "1+ 32)3*2“6171@)
-
— (1 _ R2)37n(1 +R2)272npn(x)’

from which the result follows immediately. Note that if n = 3, the first of the three terms in the above sum
(before the =) is not present, but this does not affect the proof.
Returning to (2.3.11), we substitute using the induction hypothesis, as well as (2.3.12 & 2.3.16):

(- RZ)@ 2+ (1-R)Dyaz 25(1- R%) nd % 4 (1 - R?)D, oz
dtn  ~ (1- R2)n(1+ R2)n 1+ R (1-R)"(1+ R2)n-1
SRy, 2%+ (1— R)Dia
2 \i) @Rz Y1 RY)H(1+ R2)E
Multiplying through by (1 — R2)"(1 + R?)" completes the proof. O

REMARK 20. The reason that Lorenz-like systems distinguish themselves from other nonlinear systems

so that the vector fields % and ‘5—;{, 1=0,1,2,... are asymptotically parallel to each other for large ||y|| can
be traced back to the relation (2.3.13), which again is a result of the orthogonality in (2.2.2). Recall that
orthogonality featured also in the completeness result. It basically says that in a Lorenz-Like system y f(y)

does not grow faster than [|y||? as ||y|| — oc.

For the Lorenz system or any system with ' proportional to (0, —x3,z2)T, it is easy to see that

1 0 1 0 1
| 23], Nai=—F—|—-22]. Bai=|0

Theorem 18 says that the triple T, N, B for an orbit of the Lorenz system and of its compactified version
approach those of (2.3.17) as R? — 1:

(2.3.17) T; =

COROLLARY 21. The moving triple T, N, B for the Lorenz system and the compactified version coincide
with those of the circle &, plus terms of order O ((1_1%2)) as R? — 1.

lz1lly/z3+=3



CHAPTER 3

Celestial Mechanics at oo via Compactification

In this Chapter, we extend the compactification of Section 1.2 beyond polynomial systems to the equa-
tions of celestial mechanics, analyze the behavior of the compactified system in the boundary, and investigate
solutions to some approximate systems near the boundary. In Section 3.1, we develop the differential equa-
tion for the compactified version of (1.0.1) and show that the compactification does not introduce any critical
points in the open unit ball, which means, as in the polynomial case, that the topological structures of the
flows on the open ball and on all of Euclidean space should be identical. The compactified system can be
extended to the boundary points, and and we show in fact that all critical points and singular points of the
system are on the boundary sphere.

In Section 3.2, we study the system restricted to the boundary sphere, where the behavior is less com-
plicated, and exact solutions can be given in closed form. These boundary solutions represent new objects in
Celestial Mechanics, as the compactification of trajectories at co. In the absence of collisions, these solutions
on the boundary approach the critical point set, which is the unit 3N — 1-sphere where xn,; = 0. These
solutions offer insight into solutions near the boundary, in particular suggesting a set of approximating sys-
tems near the boundary. In Section 3.3, we determine properties of solutions to two approximating systems,
both of which can be solved exactly, and one of these solutions is asymptotic to solutions of the compactified
system. The uncompactification of the second approximate solution will be shown to be asymptotic to the
solutions we give in Chapter 5 to Celestial Mechanics equation.

3.1. Compactifying the N-Body Problem

In this Section, we develop the equations of motion for the compactified N-body problem and show
that the compactification does not introduce any critical points in the open unit ball, which means that the
topological structures of the flows on the open ball and on all of Euclidean space should be identical. We
compute time derivatives of interesting quantities and find an expression for the evolution of the distance
of x from the boundary. We show that if a trajectory experiences a singularity as ¢ — o¢~, then the
compactified trajectory approaches the boundary sphere. Even though we don’t expect analytic solutions
to the compactified system, it will prove useful to investigate series coefficients as if there were analytic
solutions.

We make the second-order equation for the ¢; (1.0.1) into a 6 N-dimensional system in the usual way:
fori=1,..., N, let y; = ¢;, and yn4; = ¢;, where for each i, y; and yn,,; are vectors in R3. Then we can
express the system as § = f(y), with the right hand side serving to define f(y) :

Yi = YN+i
(3.1.1) INyi = Zm] Yi— y;.
2Ty~

Our compactified version of the original system of equations will be obtained on substituting y = —+.
All of R%Y is mapped to the open unit ball B¢V, and the pre-image of its boundary SV~ is an ideal set
bounding RV, which may be identified with all directions at infinity. Compactifications in general, and this
one in particular, make it possible to augment the conventional set of solutions of a differential system with
an ideal set of solutions y = oco. Their geometric realization is given by trajectories on SSN~! viewed as
the boundary sphere of the unit ball in RSN . These ideal trajectories are solutions to simplified systems of
differential equations. Indeed, these ideal solutions, as shown in this Chapter, provide a wealth of information
on the solutions of § = f(y) for ||y|| large.

31
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As in Chapter 2, we compactify with y = kz, with k = where R = ||z||. Then

1— R27

(3.1.2) i = % - (W)Ty% =" [f(y) - (W)Tf(y)%] :

where the gradient is taken with respect y. Squaring both sides of the transformation equation y =

2 _ __R?
(1-R2)*’

_a
—R2

gives r with r = ||y||, or

r’RY— (2r* + 1) R? +1° =0,
which leads to R? = (2r% + 1+ v/1+ 4r2) /2r?. Choosing the negative root ensures R € [0,1]. Then

1 1
(3.1.3) K=T—p = 5(1+\/1+4r2).
For future reference, we provide the transformation equations between y € R and = € BSN based on
Y = K

T 2y
—_— r= ——.
1-R? 14+ V1+4r2

It will be useful to solve (3.1.3) for the radical:

2 1+ R?
VItar? = SRR

(3.1.4) y =

R2 1-R2
We compute the gradient (with respect to y) from (3.1.3)
111 1 _ 21— R? 2
(3.1.5) Vk=-———"4Vr? = y( ) = T
221+ 4r2 \/1—i-47"2 1+ R2 1+ R2
Then
2 2 N m;(x;
Vi)t R — - T R2 m;(T; — Tk)
( H) f(y) 1 +R2x f(y) 1 +R2 ;‘TN-&-k ‘;c ka _-7;]”3 ’

so that the evolution of the compactified system in the open unit ball B®V is governed by

i 2 2) mj(x; — xp)
T e 1+RQZ$N+k ot (1= F) ZW T
j#k
. 2 9 mj(z; — x)
TN 44 1T R Z$N+k Tr + (1 - R ZW TN+i

mk {Ek—(E

(3.1.6) (1-R?) Z

s — ak]®

Just as with (3.1.1), the right hand side of this system is analytic on B®V\A, meaning that given any non-
collision point; i.e., any point & € BSV\A, the right-hand side of (3.1.6) is expandable in a power series in
x—&, convergent for ||z —&|| sufficiently small. This does not of course imply that there are analytic solutions
to this system.
Let us define some short hand formulas:
al mi(x; —x N h+(1-R?)°L
gij = lzi —xjl|, h= kz:l;vaN+k, G = ;j( gj]%] k), L= ZxEHka, 0= —2—(1 R )
— j —

These identities follow easily from the definitions:

Gy = (1—R2)2ZJN+k=(1—R2)2qk

N N
. 1 d
(1 - R2)3 Zy;rv+k?/N+k =3 (1 - R2)3 dt Zyj\/JrkyNHc =
k=1 k=1

(1- ’)° Lt

L
dt

DO =
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The short hand allows us to express the system as
Z;, = Or;+zNy

(3.1.7) inyi = (1—R?)°Gi+ 0y,

or
. 9[3]\[ I3N OSN
x-( Osn  0I3n ):c—i—( (1—R2)3G ’
;
where G = (G{,...,G}V) .

We have seen in Section 1.2 that the compactification of a polynomial system does not introduce any
critical points in the interior, and it’s true here as well. If the right hand side of (3.1.2) vanished, we would
have

) = (V8)' f)z =0,
to which we apply (VH)T yielding
(Vr)'y
K

(Ve) ) |1 =0.

Since Vk = %, and f(y) # 0, since the original problem has no critical points, the quantity in the brackets
must vanish, so

2R? 'z _(Vﬁ)Ty_l
1+R 1+R* k7

which requires R? = 1, and = must be on the boundary. Thus

LEMMA 22. The compactified system (3.1.7) has no critical points in the interior of BSN.

By the existence and uniqueness theorems, the system (3.1.7) has a unique solution through any z(to) =
xo € BSN\A, the non-collision points of the closed ball. If zy corresponds under the compactification to

yo = (q(0), §(0))7, then the solution z(t) exists for a maximal interval t € [ty, o), with o defined in Section
1.1.
Consider the system (3.1.7) expressed in terms of ¢; = (1 — R2)3 G; as a further shorthand:

T = Oz +aNg
(3.1.8) TN4i = 9$N+i + oi,
or
. 9[3]\[ I3N O3N
= ( Osn 0Ly )* 7 ¢ )7
t
viewing ¢ = (gb}, ceey ¢TN) as a non-homogeneous element. We will now record a formal solution for (3.1.8)

based on the technique of multiplying by the integrating factor

t
6(8)[3]\[ IgN
exp [/0 < Osn 0(s) Isx >d5}
First note that

t t t
9(8)]3]\[ I3N o OSN ISN
exp {/0 < Osn 0()Isn > ds} = exp {/0 0(s)dslgn +/0 ( Osn Osy ) ds]
t t
Osn  Isn [t o(s)d Osn  thzn
= 0(s)dslI, ds = elo Y18)ds
exp/o (s)dsIgn exp/o ( Osy  Osy ) s=c¢e exp Osn  Osy

_ oJie(s)ds ( Isn - tlsn > '
O3y Isn

On multiplying, we have

;t{eXp [_ /Ot ( G(SZ%N e(SZN )ds} x} - _< g;]vv 9I;§V )eXp [_ /Ot ( e(gng 9(£§Z,N )ds} v
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t
0(s)lsy  Isn .
— d
—|—exp{ /0 ( Osn 9(8)-73N s|x
¢
0(s)Isn Isn > } < Osn >
—exp |- d
eXp[ /0 ( Osn  0(s)Isn N ] ’
A f—groas [Ty —tlan \ | _ - jreas (L —th Osnv
dt O3y Isn O3y Isn o
So we have the formal solution
t
_ Jresyas (s tlan 0 / —prewav [ Ian AN ( O3n 1\
v ‘ ( Osn Iy @(0) + 0 Osy  Isn d(N)
t
— efg 0(s)ds {/ e—fo)‘e(y)du( (t7>‘) Isn >¢(/\)dA+ ( Isy  tl3n )J)(O)}
0

or

Isn Osy Iy
t
_ ftogsyds [ (= A) Isn [tosyds [ Isn tlsn
(3.1.9) /0 el ( e P(A)dX + elo Osn  Ian x(0).

3.1.1. Time derivatives. We evaluate the time derivatives of the short-hand quantities defined just
before (3.1.7) above.

N N
; . . 3
h = Z {wLxNJrk + BE}L\;M%} = Z {xL [9$N+k + (1 — RQ) Gk} + xﬁwk [0z + :cN+k]}
k=1 k=1
s &
(3.1.10) =20h+ A+ (1-R*)"Y alGy,
k=1
where
N
A= ijjierk'rN-i-k'
k=1
And we have
‘ N
(3.1.11) A=2Y"al [9$N+k +(1-RY)° Gk} —20A+2(1-R?)’L.
k=1
If we define analogously to L
N
K= ZJSLGk-,
=1
then we can express
(3.1.12) h=20h+A+(1-R)°K.

To find L and K, we start with

d . .
agjz'k =2(z; - Ik)T (B; —dp) =2 (x; — Ik)T 0(z; —xK) + TNtj — TN1E]

=200% + 2 (2; — 2x)' (Tn4s — Tvan)

SO
d _ 3 —5/2 d 3
%gjk?» =5 () " 9k = 297, [20932% +2 (25— 2i) (@ney — v
30 3
=~ — = (g —x) (ens — oven)
ik 9jk

and we can compute

. d _ T;— g
GkZmJ{(az]xk)dt jk3+ J 3 }

7k ik
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30 3 O(x; —ap) +aoni; — @
:ij{_[SJr5(xj—xk)T(fENﬂ'—xNM)}(xj—xk)Jr (s =) — NM}

9k

20 3 IN+j T
=Y m; {_ [s + = (z — o) (v _xN+k)] (zj — @) + W}
ik

2k Ik ik
mj 3 t
=> - i —ak) + I3 — 5 (25 —2k) (27 — 2k)' | (TN+) — TN4k)
j#k gjk ik
m; 3
=—20Gy + Y =L I — 5 (a; — ) (; — )" | (@ns) — ovan) -
j#k Tk 9jk

Now we have

L= i {GLQ:N-"-R‘ + JICN+k } ZN: { [990N+k +(1- R2)3 Gk} + mj\“rkék}

k=1 k=1

N
=6L+ (1-R*)° G2+ Y al,, G,
k=1

= 9L+ (1 - R?) GMZINMZ’”J

3
[ — = (zj — k) (zj — xk)T] (TNt — TN+k) S
k=1 7k e 9jk

where
N

2 _ T
G* =) GlGk.
k=1
Moreover,

N N N
K Z{ xk+:ck }:Z{GL [0$k+xN+k]+mLGk}:9K+L+ZxLGk

k=1 k=1 k=1

The evolution of 1 — R? is governed by

dR?

= - 22 {olin+alpinin} = 22{ (0w + wak] + 2l [0anan + (1= B2)° Gy |
= 29R2+2h—|—2(1—R2) L=20R*— (1+R*)6=—(1-R%9,
which is more conveniently expressed
d(1— R?
(3.1.13) % = (1-R?)0.
We can integrate this equation formally via
Do (1_ gy = @l=F)
dtlog(l R) = 12 =0
1-R? t "h4 (1-R)°L
(3114) m = eXp/(; Ods = exp (-2‘/0 1-|-—R2d8 .
Lastly, starting with
2
—91+2R —h+(1-R)’L

we differentiate both sides:

1+R29 91@ 1+R2
2 2 dt 2

2
ool 1 2R —h+3(1-R>)’0L+ (1-R)’1
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N
0L+ (1-R)° G2+ al, Cu
k=1

—2Wh+ A+ (1-R)’K+3(1-R)’0L+ (1-R?)’

?

so that

1-R*, 46ht24 2(1-RY)’
1+ R? 1+ R? 1+ R?

é:

N 6
. 2(1—-R?)
WL+ K+ xLMGk] -G
P 1+R

3.1.2. Including infinity. As in Chapter 2, the system (3.1.7) is well-defined on the non-collision
points of the boundary sphere S®V~1, so the system may be extended to those non-collision points of the

boundary. If one or more of the bodies in the original problem escape to infinity (some |¢;|| — oo) or

one or more of the velocities become infinite (some [|¢;|] — 00), then the compactification of y = (¢, qT)T

is a trajectory x that approaches the boundary. In addition, as will be seen in the next Section, there
are trajectories on the boundary, which as compactifications of trajectories at oo, represent new objects in
Celestial Mechanics. We will explore the structure of solutions in the boundary and show how these solutions
are relevant to real trajectories.

We will see that the boundary sphere is an interesting set. Even more so because in fact, all singularities
of Celestial Mechanics are experienced on the boundary:

LEMMA 23. If a trajectory q experiences a singularity at t = 0 < 0o, then x approaches the boundary as

1

t — o~ . Moreover, if q experiences a singularity at o, then (1 — R2)3 L — oo at least as fast as ——.

PrROOF. If there is a singularity at ¢ = o, then we must have U — oo as t — o~. By the conservation
of energy, T — oo, as well, so

T . 3

MiqiGi = )  ————a— = 00

i=1 ' i (1= R

Since ||zx14]| < 1, we must have that 1 — R? — 0, which means x tends to the boundary.
From the integral formula (3.1.14), 1 — R? — 0 requires the exponential

“h+(1-R)L
eXp( /0 1+ R? i ’

o _ 2\3
/ h+(1 R)Lds
0 1+ R2

which means

= 00,

and since obviously || < 1, this is infinite only if (1 — R2)3 L — oo at least as fast as -2, ast —o~. O

o—t’

In terms of the uncompactified trajectory g, the first part of the Lemma says that a singularity (¢ < co)
requires some particle’s distance ¢; and/or velocity ¢; must become unbounded in finite time.
By the Schwarz inequality,

N

N 2 N
h = (Zwﬁvﬂwi) <Y lawilP Y il = 4% (B2 — 42),
i=1 i=1

=1

where A2 = SN |jzx 4%, and the symmetry reduces the problem to one variable. It is easy to find the
maximum of the right-hand side by taking the derivative and finding its zero, which is where A = 2R,

V2
which would make the right hand side equal 2 R%. So, in fact |h| < 1/2.
Let us consider the possibilities for a trajectory = that approaches the boundary as ¢t — o~ starting
with the conservation of energy

N

1 . mM;imi

g midihi— ) T =l = F
i=1 1<jok<n 195 = dk

(where FE is constant), expressed in terms of z
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(1 — R2) m;mig

(3.1.15) 72 m”NHxN“ D e LU UL

D N Frn |

The two terms on the left of (3.1.15) must be finite or infinite together. If they are both bounded, then all
the ||z n44] = O (1 — R?), and the minimum particle separation is bounded away from 0, and since the limit
point x(o) ¢ A, we must have 0 = co. The trajectory approaches a point in the boundary of the form

p— x*
p Osn )

which will be seen in the sequel to be a critical point. Here 2* is composed of the distinct 3-vectors =7, ...z} .
As shown in Section 4.3, this corresponds under compactification to a solution ¢ = at 4 o(t) of (1.0.1) of
particles escaping to infinity. In the terminology of Section 1.2, an escape trajectory ¢ = at + o(t) diverges
to infinity in the direction z* = ﬁ This case illustrates that the converse of the first part of Lemma 23 is
not true; = tending to the boundary is necessary but not sufficient to insure that ¢ has a singularity.

For example, the compactification of hyperbolic escape in the two-body problem, assuming the form of
solutions to be proven in Chapter 5:

m
n=q = at+blogt+c+o(1), y2:q2:7m71y1
2
. 1 1 . ml
Ys=¢1 = a1 +bi—4o0l -], Ys = o = ———s3,
' ' -

in center of mass coordinates. Since the two-body problem is planar, we may assume the motion takes place
in R2. Let M = my + ms. Then

m 2 M M
@:—whAszHmﬁz(u-)wm ar-ar = —Lar, A =llas - arl) = 2L ]
mso ms ma ma

)

We need the sum of the squares of the magnitudes of the y;:

1 1
al“!‘blg +0(t>

m?
= (1 + m;) {||CL1H2 t2 + 2albitlogt + 2al eyt + o(t)}
2

m2 2a1b; logt  2ale; 1 1
<1+2>||a1| 2314+ tg + lét+0(t> .
ms; [lai]| [[ai]|

m2
2 = <1 + mé) {a1t+b1 logt + ¢; —|—0(1)||2 +
2

From the formula

, M alby, M
1= —3-01, S0 ———5 = —=—,
A3, lail]> Al
so we have
oM logt 2aley 1 (1)
2 2 1
rt=At" {1+ ————+ —+ol(- ],
{ A3, t llay|® t t
and

2 _ L[, Mlogt a§c1+ 1 1+0<1)
1+V1+4r2 VAt Afy ot laa]>  2VA) ¢ t) |
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Now the compactified trajectory = to low order

Tz, = \/%t{alt fi\iallogt <|Cic”1 2\f> ai +bilogt +c1 + (1)}
1 1 aley 1 1 1
ﬁal+ﬁ 1—<”a12+m>a1 t+0(t>

1 1 M logt aley 1 1 1
e \/Zt{a1+b1t_f1?’ua1 t <||a1||2+2f> }+O<t2)

1 1 M 1ogt+ M 1 a§c1+ 1 1+ (1)
= —a1- — a — a1 +ol| = |,
VAT T VAT e T VAT T VA \JaP T 2va) e T\

and xo and x4 are —7% times z; and x3, respectively. is easy to see that the trajectory in the ba
d d et d tively. It t that the traject in the ball

approaches the boundary point
1
_( . _ vah
=) x_<$1M>'
2 VA

Note z* is the unit 8-vector in the direction ( “ )

az
On the other hand, if both terms on the left of (3.1.15) are unbounded, then 1 — R? = o (||xn||)" for
some 4, and min ||z; — 2x|| = o (1 — R?), which means z and ¢ must approach A. For example, a collision

trajectory in the 2-body problem must be linear, so we can assume the particle 1 is on the positive z-axis,
and particle 2 is on the negative z-axis. and we know from Pollard’s text [87] that the separation

IM
(3.1.16) ¢ —q~c(o t)2/3, - 5
in center of mass coordinates. So
- - mo 2/3 ( 2/3) o - mq
=q = ——2clo—t —t =g =——t
Y1 =q Vi clo=t)°+o((c—t) ) Y2 = q2 . Y1
. 2m _ _ . m
Yys=q1 = ET[ZC(U t) 1/3+0((U—t) 1/3), y4=qQ=—fm;y3.

The magnitude r is dominated by y3 and y4
4
P2 = 7m1+m2 (o — )’2/3+o((a—t)’2/3)

9 M?
2 3 M 1 3 M 1
= 2o - )V31ff—————fwfwv3+0Qafﬁm)
L+V1+4r2  2/m2+m3c 4 /m?+m3 ¢
Now the compactified trajectory = to low order
3 m 9 moM 1
ry = —f%(aft)+ 27 (o t)4/3+0((c7— )2/3)
2 mj + ms 8 ml + m2
3 M 1
o = ma L3 m (g—t)1/3+0((0—t)1/3),
1/7’)7%-}—7712 4m1+m2
and xo and x4 are *W times x1 and x3, respectively. It is easy to see that the trajectory in the ball
approaches the boundary point
0
0
p=  ms
my

\/ mf +m§

a unit 4-vector.

IThat means ||z ;|| either doesn’t tend to 0 or at least decays more slowly than any multiple of 1 — R2.
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We know from Lemma 23 that the quantity L is unbounded near A. We can use conservation of energy
to constrain the growth of L near a singularity; first, multiply (3.1.15) by (1 — R2)2 and rearrange

N

3 m;m 1 2

U-r)" 3 =g ) miaheny - B R
1<j<k<n I3 7 %k i=1

Since every ||z | <1, the first term on the right is bounded by 1 vazl m;, we have the bound:

2

N
0<(-r) Y oo Y WM op IS o pa- R
1<j<r<n ik 1<j<r<n Jik 25

where m is the minimum of the m;. In particular, we must have D > 0, so we have the bound

1 D
0<(1-Rr)" Y — <.
1<j<h<n ik T
Also let M be the maximum of the m;, so that we can express a bound for G:

m;||z; — x| 1
Gk <> =2 <2M

—.
7k i iz Jik
Then
N 2
1 1 1
LI <Y lonsrll IGHI S 2MN Y <4MN - 37— <4MN | Y7 — |
k=1 j#k Jik 1<j<r<n ik i<r Jik

where the second-last inequality is because 3, g% counts each g% twice and 30, <y counts them
ik SIS

1

ik s

once, and the last inequality follows from the Schwarz inequality. We have the bound for (1 - R2)6 L
2 2

2
(1-R)°|L] < 4MN (1-R?)" > L <4MN | (1-R?)® > L) 4MND7

= 1
; ; m
1<j<k<n Ik 9ik

1<j<k<N
It also follows that (1 — R2)6+€ L approaches 0 as x approaches the boundary and is identically 0 on the
boundary, for any € > 0.

3.1.3. Seeking a series expansion. Now let us suppose that a solution to (3.1.7), starting in the
interior, exists for all time and approaches a critical point x* in the boundary, and we will seek a series
approximation in 1/¢ near the critical point, starting with

T ar/t+ax/t? +az [t 4 ... —ay/t? —2a/t3 + ...
(3.1.17) x = , T =
bi/t+bo/t?> +bs /1 + ... —by /12 — 2bo /13 — Bbz /t* + ...
where the a; and by are column 3N-vectors. In fact, we do not expect analytic solutions x; however, in the
sequel we shall define and develop approximating systems to (3.1.1), which we will see can be solved in closed
form and have analytic solutions. The limited results we obtain here will be valid for the approximating
systems.
For each positive integer m, let
A =al x* and B, = bl z*.

To compute the right hand side of (3.1.7) through 1/t3, we shall need

N e foe i "
byx byay + box bias + bhay + bix 1
_ T 1 191 2 102 201 3
h—ZxNHxi . + o) + 3 +O< )
=1

t 2 t3

B1+bJ{a1—|—Bg+b]{a2+b$a1+Bg O(1>
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Next
(3.1.18)
toe ol t o t f
I B ax b1b1 + aja1 + 2a5x 1 _2A1 biby +aja + 24 1

since z*Tz* = 1. Now since R2 < 1 , we have the convergent series expansion

2 1 = /1—RA\™
mE - ()

2 m=0

valid for all R € [0, 1], so we can approximate

2 1 - R? 1- R2\? A, biby +al 24, 4A2 1
—14 R+< R> +0((1-R)") =1 - 2t - ARTAT D 1+0< >

2 t 212 4¢2 3

—1-

Ai blbi+aja +24, 247 (1
t 2t2 t3 )’

where we’ve replaced O ((1 - RZ)S) with O (45) due to (3.1.18). and we will not need the omitted 1/t

terms for this calculation. Next

= (0= )

_ 17éiblb1+al{a1+2A272A%+O l &+b1a1+B2+bJ{a2+bga1+B3+O l ’
t 2t2 t3 t 12 t3 t4

because (1 — R2)3 L=0(%). So

9:

Bl BlAl - b{al - BQ 93 1
B P s TO\a

where

1 1
03 = — [biag + b;al + 33} + (bial + BQ) A+ (2[)1[)1 + 5&1@1 + Ay — A%) B;.

Next we express (3.1.7) in terms of powers of 1/t and equate terms of like power

o] 00 00
(T‘ - 1)(17«_1 B1 BlAl - b]ial — B2 93 Qy br
D A 2 el ety

r=2 r=0 r=1
LS (B B oW o By fy) b 847
e B t t2 5 ) =tr 8
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which we can rearrange a little bit

= (r—1)a = a . a a b
- r—1 r—1 r—2 r— T
Ztir = Blz o + <b1a1+B2—AlBl)Z — 32 3 _ —
r=2 r=1 r=2 r= 1
le* _ bl Blal + (blal + Bg — A1B1> T* — bg
- t 2

> Bia,_1+ (blal + By — AlBl) ar—o — 03a,_3 — b,
+>
r=3

i (r—1)by—1 _ Blib;;1+<bia1+32*AlB1)i o <+O<1)>G
— r=3

r=2

t’l"

Blbl Blbg + (leal + B2 - AlBl) bl + 8A:1)’G
12 * t3
o Biby_1 + (b];al + By — AlBl> br_o — 03b,_3
+>
r=4

tT

Our next step is to set corresponding coefficients equal, which yields algebraic equations. The r = 1 equation
for @; gives by = Biz*, and the r = 2 equation for &y4; give that B; = 1. So b; = «*. The r = 2 equation
for @; is easy to solve:

= Bia; + (blch + By — A1B1) x* — by
0= (z%a1 + By — A1) ™ — by
bz = Bgl‘*.

With this information, we can simplify

1 By 6 1
9__t_t2+t3+0<t4>

and
03 = — [(E*Tag + Box*Tay + Bg} + (:I:*Tal + Bg) A+ 295” 4+ 2a1a1 + Ay — A2
1 1
—[A2 + A1 By + B3| + (A1 + B2) Ay + 5t §aia1 + Ay — A7
1 1
=—DBs+ 3 + §al{a1

The r = 3 equation for &, ; requires an expansion of G;, which we will not attempt. The 1/t> equation for
a‘,:ia
2@2 = Blag + (bial + BQ — AlBl) a; — ggiﬂ* — bg,
simplifies to
ag = (w*al —+ BQ — Al) ay; — 931'* — b3,
using the fact that by = z*. Substituting for 03 yields

1 1
= Bgal - ng* — b3 = BQCLl — <Bg + 5 + 20,1(11) ¥ — bg,

which we can re-arrange:

1
b3 — Bgit* = Bgal —ag — [2

Next we apply 2*' to both sides yielding %aljalj —|—% = A1 By — A,, which we can use to simplify the previous
equation:

ala —|—1 z*
141 2 :

b3 — BgfL‘* = BQ (a1 — Al.%‘*) — (ag — AQI‘*) 5
which relates the components perpendicular to z* of some of the coefficients. And if b3 = Bsx*, then in
particular, the component of as perpendicular to z* is proportional to the component of a; perpendicular
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to x*. Going beyond these terms in the expansion requires expanding G; and L, and is significantly more
difficult. All we can conclude is that if there is a series expansion in 1/t for a trajectory x approaching a

t
critical point (m*T, OZ[)N) in the boundary, then by = x*, and by = Box™.

3.2. The System on the Boundary Sphere

In this Section we study the system restricted to the boundary, deriving its critical points and all
solutions explicitly. We compute the Jacobian at the critical points (none of which are isolated) and find the
eigenvalues are all 0. Thus, the Jacobian does not indicate anything about stability properties of the critical
points. We find analytic solutions in the boundary and give leading terms in 1/t of boundary trajectories,
exhibiting their asymptotic behavior. We also study the Jacobian along a trajectory in the boundary and
note that its eigenvalues are negative (and tend to 0).

From (3.1.13) it appears that the boundary would be an invariant set, and we will see that as long as
there is no collision, a trajectory starting on the boundary stays on the boundary. However, as particles ¢
and j approach a collision, L = O (l/gfj), and for n = 1, 2, 3, 4, 5, the quantity (1 — R?)"L restricted to the
boundary is similar to a Dirac J-function: vanishing except at collisions, where it is infinite. We cannot say
that R = 0 on the boundary, so the boundary is not an invariant set. It is possible that a trajectory in the
open ball could in finite time reach a point of collision on the boundary. For the uncompactified system, such
a trajectory corresponds to two or more particles escaping to oo while approaching each other, for example
the solution of Xia [117].

Even though the boundary is not invariant, it will prove useful to study the system on it. Setting R =1
in (3.1.7), yields the equations of motion on the open set S~ ~1\ A, the non-collision points of the boundary:

T = —hr;+aN4
(321) j3N+i == 7hl’N+i.

In fact, these equations are not singular on A and could be extended to all of the boundary at the potential
cost of diminishing relevance to real trajectories near collisions. It is easy to see that the critical points are
where all zy1; = 03, which correspond to (uncompactified) particles reaching infinity with finite velocity.
These points comprise a 3N — 1-sphere {IE | Za:ja:l =1, cN4; = 03} within the boundary 6 N — 1-sphere.
Since the full compactified system (3.1.7) has no interior critical points, this 3N — 1-sphere is also the critical
point set for (3.1.7).

Returning to (3.1.7), we can compute its Jacobian at a point on the boundary away from A. The terms
cubic in 1 — R? can be ignored, because if N is either G; or L; then the partial derivative with respect to z;
Or TN 44

o(1-R°N 20(1—R?) 3 ON
Ox Ox ox’
which vanishes on the boundary. So the Jacobian of (3.1.7) at a point on the boundary away from A is the
same as the Jacobian of

=3(1-R? N+ (1-R?)

T, = —mhxi + TN+
. 2
(322) TN 44 —mhiﬂj\ﬁﬂ
We need the following;:
2 @) I
2 _ s _ 3N 13N
V.R*=2x, V, B2 x, Vih ( Iiv  Osn ) T

Then we have the Jacobian on the boundary:

(@) I —hl. I
_ t o 3N dan 3N 3N
(3.2.3) Jaclg = hza' — zx < Ly Osy ) + < 0 —hlsn ) ,
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where zz! is a 6 N-square matrix. At the critical points, all Zn4; = 0,50 h =0, and the Jacobian reduces to

03 03 03 13 —xli{ —$1$£ —.7311‘;{\7
03 03 e 03 —3321‘]; 13 — $2$£ e —JJQJJ;[V
O3 O3 ... Os —xNxI —:Eng e I3 — xNx;rV
O3 O3 ... Os O3 O3 e O3

O3 O3 ... Os O3 O3 e O3

O3 O3 ... Os O3 O3 e O3

where each element of the matrix is a 3x3 block. The Jacobian is nilpotent, with eigenvalues all 0. This
gives us no information about trajectories attracted to the critical points, but as we will see next, the critical
point set does attract trajectories in the boundary. Moreover, in the next Chapter, we will see that the
critical point set and boundary trajectories approaching it also attract nearby (interior) trajectories.

Let us define A =", x}L\,HxNH. Obviously, we will have A € [0,1]. Then from (3.1.10) and (3.1.11), or
directly from (3.2.1), it is easy to see that in the boundary, h and A satisfy the two scalar equations:

(3.2.4) A = —2nA
(3.2.5) h = A—2h%

and the only critical point is at the origin of the (h, A) plane. Considering the ratio, we have

gﬁ_A—QhQ_’_QhQA _1
aA A A2 7
and we can express (3.2.4) as
AJA = —2h.
The first is easy to integrate:
h/A = h(0)/A(0) +t.
SO
. h h(0)
—AJA? = 2 =2 %+t
/ 7= )
1 142h(0)t + A0)#
A A(0)
A(0)
3.2.6 A = .
( ) 1+ 2h(0)t + A(0)¢?

Substituting for A in the h/A equation yields A in closed form:

~ h(0) + A(0)t
1+ 2h(0)t + A(0)t2

(3.2.7)

Note that the quantity th_zA is a constant of the motion, so the motion is restricted to a conic section in the
(h, A) plane. For motion in the closed ball, the relations
N N
0< log £ ansl? =) (@ Foned) (@i oye) = (mTaj + 2l en g+ x}wmﬂ.) — R2 49N
i=1 1=1
imply that || < %RQ % Note that along a trajectory on the boundary both h and A approach 0 as

<
t—)oo,buthw%,andA t%,soh/ANtast—nI:oo.
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E = exp {— /O t h(s)ds} :

Now let

then it is easy to see that

1. tl
(3.2.8) r = E( o?;vv ijvv )x(O)
solves (3.2.1):
E = —hE,
SO
Isn  tlsn Osy  Isn
= —hE 0)+F 0
v (OSN [3N>()+ (O3N O3N)<)
_ Osn  Isy
= hx + ( Osn  Osy )x,

which is (3.2.1). To compute E in closed form, take the square of the magnitude of both sides of (3.2.8),
yielding

1= Z (a:ja:l + .’Ejv+i$N+i)

i=1
N

= E? Z (xj(o)xi(O) + 2ta! (0)z N 4:(0) + t%}wi(o)xNH(O) + z}r\,H(O)xNH(O))

: = E* (1+2h(0)t + A(0)t?),

&)
1

b= V1 + 2h(0)t + A(0)22,

and we have

2;(0) + zn1i(0)2 I zn+i(0)
M T 2n(0) + A(0)2

(3:2.9) Y T 2h(0)t F A)2

v 1 ( Ly sy )x(O).
V1+20(0)t + A(0)2 \ Osnv Isy

This is an exact solution of the compactified flow on the boundary, and if the trajectory avoids collision, the
trajectory approaches the critical point (wN+i(O)T/\/A(O), ij) fast — oo.

This solution has 6N parameters x(0) constrained only by the ten integrals of the motion and being
restricted to the boundary.

As noted above, the system (3.2.1) viewed independently of its derivation is not singular at points of
collision, so it may be extended to the full boundary sphere, and (3.2.9) is the solution on the whole boundary.

or

t
Starting anywhere on the boundary, the trajectory approaches a point (x**, O:T,, N) on the critical 3N — 1

sphere {Zil x;rxz =1,Vi<N, ony; = O} in the boundary 6 N — 1 sphere. Moreover, each 3-vector zn;

is for all time parallel to zxn4;(0). Every starting point x(0) on the boundary sphere moves under the flow

/A(O) ’» V3N

sphere, its stable manifold consists of the set of points

{(xi(O), az;)| a €[0,1], Z%(O)T%(O) =1- a2} )

For a = 0, this is just the critical point itself, and for a = 1, the point (0, z*).
As an aid to visualization, we consider a low-dimensional analog in Figure 3.2.1. Rather than the critical
point set S*N~! within the boundary SV ~! for the N-body problem, we sketch some boundary trajectories

i
eni (O AT _ «t ot f . .. . “ nt T
toward 0 ", 03, ) ast — oo. So given a critical point (z*', 03, ) on the boundary
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xX* = (x;* %,%, 0, 0)

e

St=CP={x2+x,2=1,%x,=x,=0}

$* = boundary

Sl=fx;=x,=0,x.2+x2=1}

FIGURE 3.2.1. Boundary trajectories tending to the critical point set. The two singular
points {x1 = x>} in the critical set CP = S! are marked as o.

tending to the critical point set imagined as an S! within the boundary S?. The third dimension is taken
perpendicular to plane of the page, although there is actually no plane within S? containing the two unlinked
S!. Each critical point has a two-dimensional stable manifold in the boundary, which is suggested by the
three trajectories illustrated.

Note that the solution is an analytic function for sufficiently large ¢, so it has a power series in 1/,
convergent on (7', o0] for some large T. For future reference, we evaluate the asymptotic behavior of this
trajectory as t — oo, again, so long as there is no collision. We now consider trajectories in the boundary

i
approaching the critical set and wish to expand in 1/t a solution near a critical point (x*T, O; N) . The

denominator of (3.2.9) is the square root of

A(0)t2 4 2h(0)t + 1 ~ A(0)? (1 + 2:((8))15 + A(é)ﬂ) ’

so we expand the denominator using the expansion

VoL 30 3
1+r_1 2r+8r +O(r)

1 2m(0)+1\ 7 1 12h(0)t+1 3 (2h(0)t +1)° 1
00t <” A(0)2 ) = Ao (1‘2 A(0)2 +8< A0)22 ))*O(#)
B 1 1 h(0)1 3 h(0)? 1 1 1
RSTO) (t‘A«nw (2A<o>2 ‘2A<o>> t) *O(ﬁ)’
and the asymptotic behavior can be computed
, I z;(0) 7@1,* 1 z;(0) 3R(02 1 N 1
ml) = i*(mm A(0) i)t*( A0)  \24(0)2 2A<o>) i>t2+0(t3)

TN1i(t) = (
(3.210)  h %

as
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where we have used the fact that the initial velocity is parallel to the critical position. We will next compute
from (3.2.3) the Jacobian along a boundary trajectory near the critical point. For ¢ = 1,..., 3N, let
pi(0) = z;(0), the “position” components of 2(0). Working to first order, we start with

* %k * * h * % * %
arat 4+ 1 < Tlx(o) [p(0)z*T + z*p(0)T] — 2%1’@ T) ol

.TIT =

,T*l‘*T O3N

Multiplying on the right by ( ?3]\7 éBN > interchanges columns, and the Jacobian is
3N 3N

1 et 1 [ p(O)z T 42 p(0)T  2h(0)a*a"T
—+ 13N Iy — ozt — 1 (p T(O)p - =50 )

7
(3.2.11)
Osn —2 (Isy + z*a*T)

to first order. Note that the upper right block doesn’t contribute to the eigenvalues, since the lower right
block vanishes.
The eigenvalues of the Jacobian are the zeroes of the characteristic polynomial, which is the determinant

A+ 1) Isn Osn
Osn Msy + % (IgN-F:E*l‘*T

all of whose zeroes are negative, since the zeroes of ‘)\13]\[ + % (I3N + x*x*T)’ are negative real numbers:

1\*Y 1
) ‘ = ()\-‘r t) ‘)\IgN-f— g (IgN -‘rl'*x*T) ,

they are obviously the eigenvalues of the matrix —% (I3N + x*x*T), which are —% times the eigenvalues of
Isny + z*2*t. But the equality (IgN + x*x*T)2 = Ity + 3z*2*T = 3 (IgN + x*x*T) — 2[5 implies that the
eigenvalues of Isy + 2*2*" are 1 and 2. We conclude that the eigenvalues of the Jacobian along a boundary
trajectory near a critical point are —1/¢ and —2/¢, which are negative along the trajectory and tend to 0.
This gives a sense in which the trajectories in the boundary approaching the critical set attract nearby
trajectories. Then as long as the segment of interest of a trajectory on the boundary does not intersect A,
and as long as it starts close enough to the boundary, it approaches the boundary. This means that all the
trajectories in an open set containing the critical point set approach either the critical point set or A.

3.3. Approximate Solutions near the Boundary

For a trajectory of (3.1.7) approaching a critical point in the boundary, there are two approximating
systems to consider, both of which can be solved exactly. Those solutions to approximating systems will
be shown to be approximate solutions of (3.1.7) in a sense to be made precise below. Consider a starting
point z(0) near the boundary. If we suppose it’s close enough that we may assume 1 — R? = 0, the system
(3.1.7) reduces to (3.2.1), whose solution in the interior takes exactly the same form as on the boundary
(3.2.9). On the other hand, if we assume only that 1 — R? is small enough that its cube can be ignored, the
system reduces to (3.2.2). As long as a solution to one of these approximate systems avoids collision, it can
be expected to be a reasonable approximation to a trajectory of the full system (3.1.7). In fact, solutions
to the second approximate system are asymptotic to solutions of (3.1.7). We uncompactify both of these
approximate solutions; the first one turns out to be super-hyperbolic, and the second one will be shown to
be asymptotic to the solutions we give in Chapter 5 to Celestial Mechanics equation. We compute series

!
coefficients in 1/t for both approximate interior trajectories that approach (a:*T, Og N) . We give necessary

and sufficient conditions that the approximate trajectory avoids a collision and find the minimum particle
separation. We show that the existence of a collision in the approximating trajectory is equivalent to the
existence of an initial velocity difference anti-parallel to the corresponding initial position difference; for
example, for some pair a # b

xN+a(0) - $N+b(0) =—0 (Ia(o) - xb(O)),

for some o > 0. We show that without a collision, the minimum distance along the approximating trajectory
has a positive infimum.
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We will form two new differential systems as approximations to (3.1.7); these systems are simple enough
that closed-form solutions can be given. We will use the definition of Gingold and Tovbis [44] starting with
the system

(3.3.1) Z=F(z,t), or Nz:= 2 — F(2,t) =0,

where F' € C? (B,) x C[tg, ), F and its derivatives are bounded on [ty, 00), and B,, is the open ball of radius
p centered at the origin in R™. For our problem, n is the dimension of the space of z, namely n = 6N, and
the vector field F is given by the right-hand side of (3.1.7).

DEFINITION. For a given m € R a function z(t) is called an m-approximate solution of (3.3.1) if z €
Cl[tp,0) and if there exists some ¢ > 0 such that

Nz:O(t_m_‘s), as t — oo.

We will find solutions to our approximating systems and show that these solutions are m-approximate
solutions to (3.1.7).

3.3.1. An approximating system. We begin by extending the boundary system (3.2.1) to the inte-
rior.

LEMMA 24. The approzimating system

Ty = —hr;+xN4
(3.32) Enti = —honyi
for 1 — R? << 1 has an analytic solution
i i(0)t i
(3.3.3) 2 = z;(0) + zn+:(0)  ana = rN4i(0) ’
V/1+2h(0)t + A(0)#2 V/1+2h(0)t + A(0)#2

whose power series in 1/t is convergent for ¢ € (T, 00), for some finite 7.

PROOF. The following calculation is similar to that on the boundary in the previous Section and produces
the same solution (3.2.9) to (3.2.1). It is easy to see that

Isny sy
3.34 = FE 0
(3:3.4) ‘ ( Osn Iy ) @(0)
is a solution, with E' = exp fg hds. Now a straightforward calculation from (3.3.2) gives
1dR?
(3.3.5) ——— =zli=—-R>h+h=(1- R?h,
2 dt
which leads to
d dRr?
_ _p2y — ___ dt —
pr log(1 — R?) T 2h

1-R* = (1-R(0)%)exp <—2 /Ot hds) = E*(1- R(0)%).

Taking squares of magnitudes of (3.3.4) gives
N

R2 = Z (CL‘ZZ‘Z + $1].V+i‘rN+i)

N
-2y (xI(O)xi(O) +2ta] (0)2n14(0) + 2l 4, (0)en14(0) + :CR,H(O)J:N_H(O))

: = B2 (R(0)* + 20(0)t + AO)E%).
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1-RrR* R?
 1-R(0)2  R(0)2+ 2h(0)t + A(0)2"
This is an equation we can solve for R? after cross-multiplying,

(1= R?) (R(0)*> + 2h(0)t + A(0)t*) = R* (1 — R(0)?)

5 R(0)?+2n(0)t + A(0)t?
1+ 2h(0)t+ A(0)t2

E2

so that
(336) B= 1-R*  1+2h(0)t+ A(0)t* — (R(0) + 2h(0)t + A(0)?) _ 1

1 — R(0)? (1 = R(0)?) (1 +2h(0)t + A(0)t?) 1+ 2h(0)t + A(0)t?’
confirming (3.3.3). F is clearly analytic for sufficiently large ¢, so x is, too. d

This solution has 6N parameters :(0) constrained only by the ten integrals of the motion. Note that we

T T
still have x — ($N+i(0)T/\/A(O), OgN) as t — 0o, which is a critical point (ﬂc*T, OgN) on the boundary;
that is, this trajectory approaches the boundary as ¢ — co. We note that this system also has critical points
in the interior of the ball. The critical point set is {z |zny+; = 03 }; however, as we have seen all trajectories

of this system tend to fixed points on the boundary. We can give closed-form expressions for the quantities
h and A from the formal solution (3.3.4)

il h(0) + A(0)t A(0)
h=p Z;@“m+¢”““mﬁ$N“m):1+2mmt+Amﬁw = TL 0+ AO)2
and R? from (3.3.6)
1 — R(0)?

1-R?= )
1+ 2h(0)t 4+ A(0)t2

Let us refer to this solution (3.3.3) to the approximate system (3.3.2) as 7.
Per the definition given at the beginning of this Section, we can now see that Z is a m-approximate
solution for m < 3. First, on adding and subtracting h, we have
oh  2(1-R®)°L 1-R? 2(1-R)°L

=—h-+h— - = —h-— h—
* 14 R2 14+ R2 14+ R2 1+R2

S0
3
~ ~ 9[31\/' I3N ~ O3N 1*R2 2(1_R2) L ~ O3N
=i — _ - = h _ )
Ni=z (03N 913N>x ((132)%: et e )" la-r)e )
where all the quantities (h, R, G, L) are evaluated along Z. Since (1 — R2) h=0 (l/ts), we have

Nfo(;>,

confirming that Z is an m-approximate solution for m < 3.
We will now un-compactify Z.

1 E
g _ = < ISN tIBN ) .Z’(O)

1-R? 1-R?\ Osn Iy
From (3.3.6) we have

E 1 1 VI-ROZ 1 1 1

1-R? VI—R2,\/1-R0)2 VI-R: 1-R(0)? E1-R(0)?

S0
1 Isn  tlsn

3.3.7 = — 0).

( ) Y= ( Osy  Isn y(0)

Note

1
5= V1 + 2k, (0)t + A, (0)22,
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where the subscript = serves to remind us that these quantities derive from the trajectory . We want to
express this in terms of y(0). We have from (3.1.3) that

Y -
14+ V1 +4r2
so that
2\ 2 2
(1-R*)" = :
1+ V144r2 + 202
Then we have
h 2 h dA 2 A
r = an r =
1+ VI+4r2+202 7 T+ VI+4rz 4202 "

where the corresponding quantities for § € R are defined

N N
hy = Z?JIQNM Ay = Zy;r\erinJrz‘-
i=1

i=1

Returning to the computation of g

1/2
_ 4h, (0)t +2A,(0)¢? Iy tlsy
(3:3.8) V= {1 * 1+ /1+4r(0)2 +2r(0)2 } ( Osn  Isn ) y(0),

which is super-hyperbolic [99], since the particle distances from the origin grow like t2. The trajectory (3.3.8)
must satisfy the uncompactification of (3.3.2)

. T d X —h ISN I3N x
YT Re [dt ( )] (1— R2)? ( Osn —holsy ) T_R2 7Y

. O3y Isn ) 2
3.3.9 _ L By,
( ) Y ( Osv Oan )Y 715 V14472 + 272 vy

which is consistent with (3.3.8), as can be seen on differentiating (3.3.7)
B d 1 IgN thN 1 OBN ISN

- 0) + — 0
YT <E> < Osn  Isn y(0) + E\ Osn Oszyn y(0)

d <1> 1 2h,(0) +24,(0)
dt 2 /T+ 2k, (0) + A, (0)2

E
2 hy ([ Iay thzn ) ( Osn  Isy ( Osn  Isy
= — O = h s
YT E ( Osy Iy y(0) + Osn Osn )V ="V T Ogn Osn )Y
which matches (3.3.9).
The asymptotic behavior of this trajectory as t — oo can be analyzed just as the trajectory in the

boundary in the previous Section, so long as there is no collision. The denominator of £ may be expressed
as

>

= E (ha(0) + A (0)1) = 7,

SO

2h(0)t + 1

A 1+ =G

so expanding F in powers of 1/t

o= (2w = 7w (- hoe - Gioe - zim) #) o ()

and the asymptotic behavior has the same lowest terms as (3.2.10):




3.3. APPROXIMATE SOLUTIONS NEAR THE BOUNDARY 50

e z:(0)  h(0) ,\1 ;(0) 3h(0 1 ) )1 1
() = “L(\/m A(0) ’>t+< A(o)+(2A(0)2 2A(0)) l>t2+0<t3)

ont) = (b A (30 1) )0 (1)
h 1 h(0) +(3h(0)2 h(0) 1) (

(3.3.10) -

t A0)2 A(0)2 T A0)  A(0)

We will need one additional asymptotic formula:

1-R? 1 2h(0) 1\ 1 2h(0) 1
Tror = e (0 o awe) = o (U on) O (#)
1 2h(0) 1
TA0)2 A(0)2¢3 +0 <t4> '

3.3.2. A closer approximation. Next we will approximate (3.1.7) more closely, neglecting terms of
order O ((1 - R2)3), and we exhibit our second, closer approximate system, which also has a closed-form

solution analytic in 1/¢t. We will see that solutions to this approximating system, to be called Z in the sequel,
approach the boundary as t — oo, and we will in the next Chapter seek solutions to the full compactified
system (3.1.7) as perturbations of this one.

One justification for describing (3.3.11) as an approximating system to the full compactified system
(3.1.7) is that the two systems have the same Jacobian at critical points on the boundary.

LEMMA 25. The approzimating system

. 2
T = —mhmi + TN+
. 2

for 1 — R2 < 1 has an analytic solution given in closed form
x;(0) + xn44:(0)t
1— R(0)2 + \/(1 + R(0)2)% + 8h(0)t + 4A(0)t2
zn+i(0)

2
1— R(0)2 + \/(1 + R(0)2)* + 8h(0)t + 4A(0)¢2

T, = 2

(3312) TNt

)

whose power series in 1/t is convergent for t € (T, 00), for some finite T.

PROOF. We can solve (3.3.11) the same way: let
_ Isy  tlan
x=F ( Osn  Isn ) x(0),
and differentiate both sides
. o f Isny  tlan Osy  Isy _ E Osy  Isy
x—E( Osn  Ion )x(O)—l—E( Osy  Osy z(0) = =x + x
That has to match (3.3.11) so we have

E 2h toh
—_——=—— E: _2 7d .
i) 1—|—R2’SO exp( /0 1+ R’? s)

Taking squares of magnitudes now gives
N
B2 = B2 (o] (0)2:(0) + 2t (0)2n4:(0) + 2]y 1, (0)2n4:(0) + 2y, (0)2n4:(0) )

i=1
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= E? (R(0)% + 2h(0)t + A(0)t?)
or R2
R(0)% + 2h(0)t 4 A(0)t2

(3.3.13) E? =

A straightforward calculation from (3.3.11)
1dR* . 2hR? 1— R?

3.14 == - _ —
(3.3.14) N R Wy I A By =
leads to

d B h
3.1 “log(l - RY= ——4dt _ _o "
(3.3.15) dt og(l — £ 1— R? 1+ R%’

with solution

1— R? Y oh
1- R(0)2 eXp( /0 1+ R? )
Starting with (3.3.13), we add and subtract 1 in the numerator and then multiply the top and bottom by
1 — R(0)?
R* -1 1— R(0)? N 1

R(0)2 + 2h(0)t + A(0)t2 1 — R(0)2 ~ R(0)2 + 2h(0)t + A(0)t2’
which we can express as a quadratic in F

1 — R(0)? B 1 B
R(0)2 + 2h(0)t + A(0)t? R(0)2 + 2n(0)t + A(0)t2
For the moment, let d = R(0)? + 2h(0)t + A(0)t?, then the quadratic formula provides

- LRO? (JUSRODE 4 (1= R(0)2) + /(1 R(0)2)? +4d

2

E? =

E? +

)

or

— (1= R(0)2) + /(1 + R(0)2)° + 8h(0)t + 4A(0)22
2R(0)2 + 4h(0)t + 2A(0)t2 '
We multiply the numerator and denominator by the conjugate of the numerator to obtain the preferred form

1— R? 2
(3.3.16) E = L

L=ROP 1 _ piyp 4 V(4 R02)? + 8h(0)t + 4A(0)2

This gives the closed form expressions promised. Obviously, for T sufficiently large, the solution is analytic
in 1/t on (T, 00), since |h| <1/2 and 0 < A(0) < 1. O

E=

This solution has 6 N parameters z(0) constrained only by the ten integrals of the motion. Note that we

T T

still have x — (a:N_H(O)T/\/A(O), OgN) as t — 0o, which is a critical point (x*T, OgN) on the boundary;
that is, this trajectory approaches the boundary as ¢ — co. We note that this system also has critical points
in the interior of the ball. The critical point set is {z |zny4; = 03 }; however, as we have seen all trajectories
of this system tend to fixed points on the boundary. We can express the evolution of h and A, as well:

h = E?*(h(0)+tA(0))

A = E?A(0).
We can compute E?

4

== R(0)%)* +2 (1 - R(0)?) \/(1 + R(0)2) + 8h(0)t + 4A(0)£2 + (1 + R(0)2)* 4 8h(0)t + 4A(0)t>

=2+ 2R(0)* +2 (1 — R(0)?) \/(1 + R(0)2)% 4 8h(0)t + 4A(0)t2 + 8h(0)t + 4A(0)¢>
2

1+ R(0)*+ (1 — R(0)?) \/(1 + R(0)2)* 4 8h(0)t 4+ 4A(0)¢2 + 4h(0)t 4 2A(0)¢2 .

E? =
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We can give closed-form expressions for the quantities h and A from the formal solution (3.3.4)
2h(0) 4+ 2A(0)¢
1+ R(0)*+ (1 — R(0)?) \/(1 + R(0)2)? + 8h(0)t + 4A(0)t2 4 4h(0)t + 2A(0)¢2
2A(0)
1+ R(0)*+ (1 — R(0)?) \/(1 + R(0)2)* + 8h(0)t + 4A(0)t2 + 4h(0)t + 2A(0)t2.

Per the definition given at the beginning of this Section, we can now see that z is a m-approximate
solution for m < 3.

Nizi_(ogN QN>x_( Osn >:2@—R%%$_( Osn )7

Osn  Ol3y (1-Rr>’G 1+ R? (1-R>’G

h:

A:

where again all the quantities (h, R, G, L) are evaluated along Z. Since (1 — R2)3 G = O (1/t%), we have

J\/a::O(;B),

confirming that Z is also an m-approximate solution for m < 3.
We will now un-compactify z.

oz 1 Isy  tlsn _( Isn tlzn 1 ([ Iy tlzy
e o(0) - el - o),

1— R2 Osy  Isn Osy  Isn O3y Isn
or
v = vi(0) +tyn+i(0)

This trajectory is hyperbolic, since the particle distances from the origin grow like ¢. The expanding solutions
that we construct in Chapter 5 will be seen to be asymptotic to §. Of course, the trajectory (3.3.17) must
satisfy the uncompactification of (3.3.2)

x d x —2h 0] I x 1— R? x
j=—— —|—= (1—R? = x 3N 13N 9 I
YT1oR [dt( )} (1- R?)? [1+Rz * ( Osn  Osn —r 1+ R?2" (1 - R2)?

or
g = ( Osn I3y )y
O3y Osn ’

which is consistent with (3.3.17).

For future reference, we evaluate the asymptotic behavior of this trajectory as t — oo, again assuming
there is no collision. As long as ¢ is large enough, the radical in (3.3.12) is well defined. Factoring out the
leading term, the denominator of E may be expressed as

2h(0)  (1+R(0)2)> 1 R(0)?
2/ A(0)t \/1+ A(0)t 4A(0)¢2 2,/A(0)t

The big square root has a power series, starting with

(1+R(0)?)*  h(0)?
8A(0)  2A4(0)2

0)

1+%h(0) 1

1
+0(ﬁ),
convergent for

o2
21(0) (14 R(0)?)
A(0)t 4A(0)t2
which obviously holds for sufficiently large .
Including the 1 — R(0)? term, the denominator is

<1,

2 1[n0)  1-RO?2] 1 [QA+RO?)° w0 1
E_Q\/A(O)t <1+t A(0) + N0 2 SA0) 24(0)2 +O<t3)>’
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so we have the first few terms of the series for E, convergent for sufficiently large t:

h(0) 11— R(0)2

1 1
b= VA {1 Ct|A(0) T 2,/A(0)

1

3h(0)?
T

h(0) (1 — R(0)?) 1 —6R(0)>+ R(0)*
24002 T AP 84(0)

We will also need the first few terms of E?

1 _ 2h(0)  1-R(0)* 1\ _ 1 /2h(0) 1-R(0)?
B = Jo)e (1 A0 JA) ) +0 (t4> = A0 <

It is easy to see that for this case also, we have that

h =

1 h(0)  1—-R(0)%?) 1 1 1 2h(0)  1—R(0)%)\ 1
t_<A(0)Jr A(0) >t2+0<t3) A__< )
as t — oo.

We can express the first few terms of x using (3.3.12) as

. . +% ( 2;(0) h(0) 11— R(0)?

.\ 1 [h0) L 1 —R(0)*| ;(0)
A0)  |A0) T ey/A© |7 T B |A0) T 2/A0) | JA©O)
1 | 3h(0)2  h(0)(1—R(0)?) 1-6R(0)>+ R(0)*| . 1
e 2402 T T 40 8A(0) 0 (t?’)
1. 1m0 1o RE?] L
TN+ ¢ A0 T 2y/a) |
1 |3r(0)2  h(0)(1—R(0)?) 1-6R(0)>+ R0)*| . 1
(3.3.18) +3 SA(07 T O SA(D) zi+0 <t4) :
Moreover,
1— R? 11 ( R(0) 11— R(0)?
1-R(02 /A0t ¢t

407 T 24(0) >+O<tl>

which means that this trajectory approaches the boundary more slowly than  does.
Given that x has a series expansion convergent for sufficiently large ¢,

r*+aft+ax/t? + ...
where the a; are 3N-vectors, let Ay = a%
record for later use:

X

z*. We have computed the first few terms just above, which we

FTOERA T E );w(;)

53
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o w(0) [ h(0)  1-R(0)? . _ 1-R(0)?
(3.3.19) ay; = 50 (A(O) + 27A0) ) oA 240 <0
| h0)  1-R(0)*| =:(0) 3h(0)% | h(0) (1 = R(0)*) 1-6R(0)>+R(0)*|
(3.3.20) az; = A0) + 2 A00) A(O)+ 24(0)2 A(0)7 SA0) ]
A, = MOP RO (1-R0)*) 1-6R(0)°+ R(0)!
2 T 2A02 T 24002 8A(0)
B = 1
__h0)  1-R(0)* _ g _ hO)
(3.321) By = ORENZOR Al — By = A(0)
B — 3002 hO)(1-R(0)*) 1-6R(0)°+R(0)"
5T oA02 T AP 8A(0)
_ h(0)> | h(0)(1-R(0)?)  h(0) , _
Ba= A =Jop T sappr T ap s B AR

Note that 1 — 6R(0)? + R(0)* < 0 provided R(0)? > /2 — 1 ~ 0.41. So Ay and By are both positive.
Note that since each Z; stays in the linear span of z;(0) and =}, and each Zn41 is always parallel to x7,
the motion of Z in the ball BSY is actually confined to a three-dimensional subspace, the linear span of the

three independent vectors
x* vy O3n
03N ) 03N ) ‘r* )

where vy is the vector formed via the Graham-Schmidt process starting with v; = «* and Z;(t9). We expect
that asymptotically something similar is true for solutions z of the compactified system (3.1.7) that are
asymptotic to . To be explicit

\/ A(to)xj (t()) — h(to).’bj

V2; VA(to) (R(to)® — A(to)) — h(to)? for 1 <j <3N
j _ M) . _ _ hto)?
st = gt \/R(to)2 Alfo) = 2,y

Next we analyze the initial conditions for this approximation that lead to collision in finite time and
those that don’t.

DEFINITION. Two vectors vy and vy are anti-parallel if there is a positive number § such that v; = —fvs.
If 24(0) = zp(0), for some 0 < ¢ < 0o and some a # b, then from (3.3.12), we must have
2a(0) + 02N +a(0) = 24(0) + oz n45(0).
Then
0 (N +a(0) = 2N 16(0)) = 25(0) — 24(0),

so the ab initial velocity difference is anti-parallel to the initial position difference. The reasoning works in
reverse as well, so for both Z and Z, a collision between particles a and b in the future is equivalent to the
ab initial velocity difference being anti-parallel to the initial position difference.

Now we consider trajectories that approach a collision as ¢ — oo. This means that for some a # b,

* . . *
z, =limz, =limx, = a3,

and a collision as ¢ — oo is equivalent to x* being a point of collision, or equivalently that a pair of initial
velocities are equal.
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Suppose that Z does not experience a collision nor approach one, and consider the particle separation
lra —aoll? = E? [24(0) — 2(0) + ¢ (4a(0) — 2av45(0)) >
= B {II%(O) — (0)[|* + 2t (2(0) — 2(0))" (&n4+a(0) — 2 14(0))

)
2 2
2 o 4a(0) = 2x10(0)] |

_ AW |t — i {tz gy (@al0) —@(0) (a2 — ) | [l2a(0) ~ s(O)] }

VAQO) [l - zp)® A0) |l — =3 ]1”

It was noted above that E tends to 0 like 1/4/A(0)¢; in fact, E is eventually monotone decreasing, as can
be seen from
P 1 d o\ 2 (I-R)h 2(1-R?) n0)+tA(0) o pT(0) +1A(0)
1-R(0)2\ at ~ 1-R(0)?2 1+R2  1-R0)?2 1+R2 1+R2
which is negative provided ¢t > —h(0)/A(0). We can also show that ||z, — x3||? is eventually monotone
decreasing, since

%Hxa _ xb||2 _ 2EE {tQ + 9t (xa(o) - J;17(0))1- (1‘2 - -TZ) n ||Ia(0) — .Z‘b(O)HQ }

VAQ) ||z — ;I A(0) [l — ||
(24(0) — 2 (0))! (23 — a7) }
NI A

+2E? {t +

which is 2E2 times
_h(0) +A®©) {9 gy @al(0) — p(O) (g — ) | [wa(0) — 2 0)]" } s @a(0) 2y (0) (@5 — )
R2 N ) N 2 N ) )
1+ VA0) [|lf — 23| A(0) |z — 3| VA) [|lf — 23|
and this is eventually negative. Thus there is a finite ¢1, such that every particle separation is monotone

decreasing on (t1,00). Since the limit point is not a collision point, all the particle separations must be
positive, and so must the infimum of the particle separations for , which is equal to

min |, ;.

We summarize most of this Section in the Lemma, wherein we have shifted the initial time from ¢ = 0
to t = to:

LEMMA 26. Provided the point £ in the interior of the unit ball has no velocity difference anti-parallel
to the corresponding position difference, the system (3.2.2) has a unique solution Z(t) given in closed form
in (8.3.12) for all t € [tg,00), with T(tg) = . Moreover, T has a power series expansion in 1/t, its first
few terms are given in (3.3.18), the series converges for sufficiently large t, and T tends to a point on the

boundary
z* N 1 Osy  Isn -
=1 )= ——— to).
( O3 > tgglow() Alto), ( O3y  Osn >x( 0)

If in addition, none of the initial velocities are equal, then the limit point is a non-collision point, and the
mfimum of the particle separations is positive.

The approximate solutions Z and & are related to the boundary solution as follows:

PROPOSITION 27. Let Z(t) be as in (3.3.3), a solution to (3.3.2) starting at Z(0). Let p(t) be the unit
vector in the direction Z(t). Then p is the solution to (3.2.1) starting at p(0) = Z(0)/||Z(0)||. Similarly let
Z(t) be as in (3.3.12), a solution to (3.3.11) starting at T(0). Let p(t) be the unit vector in the direction Z(t).
Then p is the solution to (3.2.1) starting at p(0) = z(0)/]|z(0)]].

PrOOF. For any trajectory z, let h, denote the function h = Zf\; z;szH along z. Let R = ||Z||; then
from the derivative of R? given in (3.3.5) we have

.11 )
R=322(1-R)h; =

hz 9
(R,
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x*

p in the boundary

i p(
X(0) x-bar(0) x-tilde(0)

Ficure 3.3.1. Illustrating Proposition 27

Let p = Z/R. Then

. T Rz h53~ 1 03]\/ IgN ~ h:% 2\ ~
e T — = _ J— _ 1 _
PR ® Rx+R<O3N Osy )7~ s 1713
1 03]\] I3N - hj 1—R2 - 1 O3N IgN - hj -
- — ~ 21 - = _
R ( Oy Osv J* T R\UT R )T TR Osy 05 )T T BT

_ O3y  Isn
= hpt ( Osy Oy )P
which is (3.2.1).

Similarly, let R = ||Z||, then p = Z/R. From the derivative of R? given in (3.3.14) we have
o 11_1-R*  hz1—R?

T2RT1+ R R1+RY

Then
. @ Rz 1 2hs Osn Isv \.\ 1—-R?hg_
P=R" R ~ R< 1+R?”+(03N Osw )') TTRER"
1 hs 1-R*] 1/ Osy Isn .
= _— 2 —
R1+R2[ TR ]x—’_R(O?)N O )7

hz _ Osn  Isn Osn  Isy
- = ——h

R < Osn Oy )P PP Osn Osn )P
which is (3.2.1). O

Examples of the trajectories z, &, Z, and p are shown in Figure 3.3.1.
By contrast, if = is a trajectory in the ball; that is, a solution to the compactified system (3.1.7), let

R =|z||, and p = /R,
T | 0y Isn O3 (1-R*6 x
= — —Ri = — —_—_—m
P=R " "RTR (( Osn 0Ly )”“"J“( 1-rYc))T R R

I I 1 0 1-R?)0
:<93N 3N)p+< 3N )+( )p

Osy 013y R\ (1- R2)3 G 2R2
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_( Osn  Isn 1—R? 1 Oz3n

_(031\7 03N>p+[1+ ore | PR (1-Rr)’G
Oy I 1+ R? he +(1— R’ L 1 0

_ av o Tan o) Ay ( ! ) L 3]\21 ,
Osny  Osn 2R 1+R R\ (1-R?)"G
_( Osv Isy he + (1 R2) O3n
Osy Osy )P R2 R (1 RQ) G

_ 7hp131\/ I3N . (1 - R2 03N
Osy  —hplsy )P (1-r>’G )’

which is (3.21) +0 (1 - R?)").

Also note that if z is any of the above trajectories Z, Z, or z, R = ||z||, and p = z/R, then

2
HZ*p”Q:(pr)T(pr):R27pT27ZTp+1:R27EZTZ+1:172R+R2:(17R)2.
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If z is T or Z, or if it is the compactification x of a trajectory ¢ that escapes to oo, this this quantity decays

to 0, giving a further sense in which trajectories in the boundary attract nearby interior trajectories.



CHAPTER 4

Seeking Trajectories that Expand to the Boundary

Given a solution x and an approximation Z from the previous Chapter, we develop in Section 4.1 the
differential equation satisfied by the difference A = x — Z. This requires expressing the right hand side
of (3.1.7) in terms of A and the known Z. We will be interested in decaying solutions A, whose existence

T
guarantees that = and z are asymptotic to the same point p = (ac*T 0}; N) as t — oo, and we can interpret

the unit 3N-vector z* as the N limiting directions x} of the particles. We expand all quantities in & as a
series in powers of the components of A, and compute all terms through O (|[A[?). We then establish a
series expansion in 1/t for the linear portion and compute all terms through O(1/t?). To better understand
the problem for A, which has an irregular singular point at ¢ = co, we begin in Section 4.2 with efforts to
solve approximating versions of the problem, seeking solutions to the linear problem that decay to 0. After a
very helpful coordinate transformation, we solve the Jy problem twice, solve the J_ problem, and solve the
J1 problem by finding a convergent series solution tending to 0. This work with the linear system inspires
our search for solutions to the full problem in the next Chapter. We explain in Section 4.3 the motivation
for returning to the uncompactified problem and the selection of a specific form of solution to pursue in the
next Chapter.

4.1. Perturbation near an approximate solution

Given a solution z and an approximation Z, we develop in this Section the differential equation satisfied
by the difference A = 2 — Z. This requires expressing the right hand side of (3.1.7) in terms of A and the
known Z. We expand all necessary quantities in a series in powers of the components of A, and compute all
terms through O (||A[|?). We then establish a series expansion in 1/t for the linear portion and compute all
terms through O(1/t%).

Let z(t) be a solution to the compactified system (3.1.7) through zo = x(¢o), and let Z(¢) be given by
(3.3.12), a solution to (3.2.2) starting at Z(¢p), which is not assumed to be the same point as x(ty). We
assume that  does not experience a collision for ¢ > t; and does not approach a collision as t — co. Recall
from Lemma 26 that this requires of the initial conditions that no initial velocity difference is anti-parallel
to the corresponding initial position difference and that no initial velocities are equal. Then by definition,
A =z — T satisfies the differential equation

_ 3
A . s —2h 2h Osy Iy 2(1-R*)"L 213 [ Osn
(1) B=ioi=Tmes e (G0 S )a- B e oom) (%

with initial condition A(tg) = z(to) — Z(to) on the interval [tg, o), where 0 < oo is the endpoint of the
maximal interval of existence of x per Section 1.1, and

N 2N
h=> zlayy R*=) zlz
i=1 i=1
are the corresponding quantities for Z, and G is the 3N-vector composed of the G;
Gy

G= :
Gn

Our goal is to establish conditions on z(ty) and Z(tg) so that (4.1.1) will have a solution A, which decays
to 0. The right-hand side of (4.1.1) is analytic in 1/t and A, so we start by expressing the right hand side

of (4.1.1) in terms of Z and A, including terms of O (HAHS) Later, we will express Z in terms of its series

58
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expansion in 1/¢t. While we don’t expect that a solution A will be analytic in 1/t near oo, it will prove
fruitful to expand to low order in A assuming any solution A is small and tends to 0. From

= |z + Al = R +2z'A + R%, with Ra = ||A|,

we can express the reciprocal

11 1 1 i (_1)25cTA+R?A "
1+R?> 14 R? | 200A+RA 14+ R? 1+ R?
1+R? n=0
I N AP eY N CION ST T B
1+ R? 1+ R? (1+ R?)* 1+ R?
1 221A  R2 27 A \?  4zTAR? 2zt A \?

4.1.2 = —[1-—— - —& } & - - O (|a]*Y) .
12 1+R2< 1+ R? 1+R2+(1+R2> +(1+Rz)2 <1+R2> +0(IAI)

As shown, the first two terms inside the big parentheses are constant and linear in A, the next two are

quadratic, and the last two are cubic. The series converges for

27TA + R
1+ R?

which we can guarantee if Ra < V2 — 1, because then

22TA + R4

T SyijA+RﬂszRA+R2A<2(\/§_1)+(\/§_1)2:L

Since

- Osy I 1 Osy I
h=h+z' [ 7N OV ) A+ ith ha = AT 73V 5V A
e ( Isy Osy Thas Witk A =5 Isn  Osn ’

we have the ratio

h 1 - o) I i 27TA + R2\"
_ __|hazt 3N 3N A+h _ZaeT A
1+ R? 1+R2{ T (131\1 Osn T ha nz::() (=1) 1+ R?
B [ 2A+RL L 2TA ? L ArtAR, (A ’
B R 1+ R? 1+ R? (1+R2)” \1+PR?
2
s+ O3y Isy 27TA + R% 2zt A 2zTA 4
All-— — _ hall— —— O (A7) -
o (IsN ngv) ( i+ \itm) |t )| Ol ")
For convenience we arrange by order in A
h _ B, _ 2hatA N 1 Osn LIy \ 5
1+ R? 1+R* (14 R2)2 172" \ Ly Osy
h (2§3TA)2 RRA ( Osn  Isn > A A ha
(1+R2)°  (1+R2)’ Ly Osv )7 (14 R2) 1+ R?
- - 1 a2 _
+4thA7R2 h za:TA - < Osn sy )A (2xT§) . RZ% ) 2hA:vjA2
(1+R2)°  (1+R?) Iin Osn (1+R2)°  (1+ R?) (1+ R?)

+0 ([IA]%) -
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Now we can form H%x, which is the above times Z + A
h h 2hztA 1 h
r = S A Osv v Yagy A
1+ R? 1+ R? (1+ R?) 1+ R? Isn Osn 1+ R?

hzt
. 2hl‘_A2A+ 12.23T( OBN 13]\/ )AA
(1+ R?) 1+R Isn Osn

h(2zTA hR% o
N (x_ )3@_ hR_A 2x—ﬂ<?3N égN )A 2$_A2£+1hAR2j
(1+ R?) (14 R?) s PN S (14 R?) -
_ _ 2 — —
G RN SN ( Osn Isn > A HA Ny ha
3 3 2 2
1+R)° (1+R) L Oav ) (14 m2)" 0 1+ R

4hz' AR . h (2z1A)
(1+R2)>  (1+R?)
B QhAi‘TA )

(1+R2)°

S
I
+
I

T( Osn  Isn )A (%TA)2 R P

— 3 2
Isn Osn (1+R2)°  (1+ R?)
z+0(]|A]Y).

Then the difference

hx —hz = hA—h

2zt A _2ztA . RZ ~ 2zt A N
ii x+mT<O3N sy >Am—hiA—h A x+h<x) z

1+ R2 Isy  Osn 1+ R? 1+ R? 1+ R?
o) I 27T A
_t sN 13w _ e 7
47 ( [ > A (A . +R2x) + haZ
_ 2 - =
h (2zTA) A thé A gt Osn  Isn AﬂA—&-hAA
(1 + R2)2 1 + R2 IgN 03]\7 1 R2

B QhAETA _

REARL R (251A) 27t A 2
+4hl‘ A_R%f h( x_ )ij‘f'.f"- ( OBN I3N >A ( Z _) 5 — RA72 T
(1+ R2) (1+ R?) Isy  Osn (1+ R?) 1+R

- T (

1+ R2

(4.1.3) +0(]|A]Y).

Since G; and L appear multiplied by (1 — R2)3 and since 1 — R? = O(1/t), we will only keep terms of
G; and L to O (||A||2> We start with G, and first we need

Ty —x = Tk — T+ Ay — A
1
e = gt (143 [ - A 18- AP)).
ik

Note from Lemma 26 that for sufficiently large ¢1, the g;; are bounded away from 0 on ¢ > ¢, so this is
meaningful. Let § be the minimum separation distance of the Z;, which is min, || — «}||. Then the set of
reciprocals { gi‘kl} is uniformly bounded by 1/§. We need 9¢_1<;3a which we will expand in a series, convergent
if
1 _ ot 2

—5 2((Ek—.’L'i) (Ak_Az)+||Ak_AzH < 1.

ik
Assuming that the solution A goes to 0, we know that for any € > 0, there is a time t3, such that [|A(?)|| < e,

for ¢ > to. Let us choose € < \/52_15, and restrict our attention to times t > t3 = max {¢1,t2}. Then

1., 01 201k — Al A= AP de 4e?
—— 2@k — )" (Ak — A)) + |Ak — AP < - - <=4 —
gizk[ @k — Zi)" (Ak )+ [ Ak II} o + ) 5 T 5

<2(\/§—1)+(«/§—1>2=1,
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and the series for gfk converges for ¢t > t3. Keeping terms of second order in A, we can expand as

_ __ 3 _ _ 15 _ _ 2
95" = 95" (1 — 5o (2@ =20 (A= A) + 180 = AP + o [2 (@ — 2T (Ak - A)] )+o (Ia17).
Jik Jik
As a linear combination of terms of the form
T — X4 Tp — T + Ap — A 3 N\t _ _
= — (T — %) (Ar — Ay) (T — 7y
9ok i 9in (o ) (B (e )
15 1, ot 2 _
togr (@ =7 (e =80 (ar—2)
3 _ _ _ _
5 [2 (@ — 20 (Ak = A0) (Ak = &) + Ak = Al (31 — 30)] + O (I1AIP).
ik

each G; has a series in A, convergent for ¢ > t3. Collecting terms by powers of A, we have the first few terms

with
G o= > TE (@, —)
ki ik
m 3
Gu(d) = Y [13 — o (& — &) (Tk — m*] (Ar — A)
izt Jik Jik
15 me [, _ it 2 _
G2(4A) = 5 > = {(l‘k =) (A — Ai)} (Tr — 4)
3 m
= ?j [2 (T — 7)1 (Ar = A) (Ak = A) + | A — A2 (75 — @)} .
ki Jik

Recall that I5 is the 3 x 3 identity matrix, and note that for each i # k, (zp — Z;) (T, — @_)T is a 3 X 3 matrix.
For the contribution from the terms of (4.1.1) cubic in 1 — R?, we need

(4.1.4) (1-R*)’=(1-R*’=3(1-R*)? (22" A+ R) +3 (1 — B?) (22A)" + 0 (|| A[%).
Now we can put the pieces together,
(1-R>’G = (1—=R?)’(Gi+ Gu(A) + Gas(A)) — 6 (1 — R?)*ZTA (G + Gui(A))

—3(1- R’ RAG; +3 (1 - R?) (221A)° G+ 0 (|A)P),

which we can rearrange:

(1-R’G = (1-R>°Gi—6(1— R 2IAG; —6(1— BR?)?21AG1,(A)
—3(1- R’ RAG; +12(1- R?) (z1A)° G,
(4.1.5) +(1— R’ Gri(A) + (1 - B2 Gai(A) + O (J|A]P) -

The last two terms above are linear or quadratic in ||Al|, which is decreasing, and O (1/t?) , since 1 — R? =
O (1/t), and they will be neglected going forward. We will see that the first term in (4.1.5) will contribute
to the non-homogeneous term; the next term is linear in A, and the rest are quadratic terms.

Based on the expansion of G; above, we express L through second order in ||Alf:

N
L = Y (@nsr+ Anin) (Gr + Gui(A) + Gar(A)) = L+ Li(A) + La(A) + O (AP
k=1
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the first few terms of its power series, convergent for ¢ > t3, where

N
L = Z E}L\Hkék
k=1
N

N
Li(A) = D> ALLGe+Y ah Gu(d)
k= k=1

1

N N

Ly(A) = Y AL Gu(A) + D 7l Ga (D).
k=1 k=1

Combining (4.1.2) and (4.1.4) we have

, 3 A4 R2 zia)?
(1—1’"22)d B 12 1+§2A+(5+RA§)
1+R 14+ R?
x (1= )" =3(1- B)* (2a%A + RR) +3(1- ) (2574)°) + 0 (JA )

(=R 6(1-R)’ L 3(1-RY)’ , 12(1-RY)

— ‘) ! _ . _ A
1+ 2 1+ 2 © e Bt @)
_ —5\ 3 —o\ 2
2 [ ooy
1+ R? 1+ R? 1+ R?

2ztA \? R} 3 f
— ) — | (1-R?)"+0(|Al*).
The terms in (fTA)Q can be combined, and multiplying this by Lz, we remove terms in A which are O(1/t3),

leaving

3 =0\ 3 =0\ 2 =0\ 2 5
(o) R SR SR 20 R
1+ R2 1+ R2 1+ R2 L+R2 % 14+ Re)’

Then we can put the pieces together

Lo = (L4 Li(A) + Ly(A)) (T + A) + O (A%) = L& + LA + Ly (A)Z + Li(A)A + Ly(A)z + O (| AP,

so that
- ((-R)" 6(1-R)’ . 301-R)’ , 24Q1-R) . o) _
Trr T e e AT v ety U )
1- R’ 6(1-R?)° _
+<(1+R2) - (1+R2) xTA> [LA+ Ly(A)z]
(1-R?)’

- (L(A)A + LaA)a] + 0 (A1),

Since L = O(1/t), the above contains terms in A which are O(1/t%), so we remove them leaving

1-r)"  ((1-R)’ 24(1-R), . 2\. 6(1-R)" i
(4.1.6) Wm_ Tt (1+R2)2 (zTA) Lx—WﬂALl(A)x+O(HAH3).

The first term in (4.1.6) will contribute to the non-homogeneous term below, and the other two are quadratic
in A. Collecting the terms, we have the linear part and the non-homogeneous part in the first two lines,
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followed by the part quadratic in A:

s = (om0 ) -mrme e (G an )]+ (G on))a
i +2R2{h 12f}§2 1f2AR?x_(12f§2>2x _W(xTA)QLx
WﬁALl(A)x—xT< (I);;/V é?’;j\’v )AA
()}

s ) -so- e (%)
a1n =R Ea) () o (ar),

Note that the linear and quadratic terms are explicitly shown only through O(1/t?), as we have removed the
linear and quadratic (in A) terms of O(1/t%) and above.

Our stability analysis of (4.1.7) begins with the linear terms, which we express in terms of the expansion
of Z near the critical point z* from (3.3.18):

T +ar/t+az/t? +az [t + ...

8l
Il

a* (1/t+ Ba/t* + B3/t3 + ...)

where the aj are 3N-vectors and the By, are scalars (since Zyy; x «}), and we know By = 1. Let Ay = a,tx*.

We are assuming that we can choose the initial time ¢y to be as large as necessary, so in particular, we
we will keep terms through 1/¢? in the linear coefficient matrix and the lowest order for each block of the
non-homogeneous term.

LEMMA 28. The coefficient of the linear term on the right side of (4.1.7) is Jo + O(1/t3), where

(4.1.8)
Isy — a2zt — % [z*al +ayz*t — Alx*z*q
—%IgN - t% [BQIgN + x*a{] —t% [x*aé + alaJ{ + agz*t — Alx*aJ{ - Alalx*q
Jo = —i—# [2/12 + a{al +3 - ZAﬂ ol
2
—%G*x*f — Iy + a2t — & [Bg[gN + (By — Ay) x*a*t + x*aﬂ

PROOF. For the linear part including all terms of order 1/t?, we have

— 24, 1 1
R2 = 1+t+t2{2A2+aJ{a1+1}+O<tB>
_ 24 1 1 _o2  4A2 1
2 1 T 2\4 __ 1
1-R? = —t—ﬁ{2A2+a1a1+1}+o(t$), (1- R?) _t2+0(t3),
SO We can express
2 1 Ay 1 ¥ 9 1
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Then with

we have

2h 1 By 1
=+ =40(=).
1+ R? Tt <t3>

Now we can express the matrix Zz' in terms of the expansion above as

ot + % [m*a{ + alx*q + t% [m*a2 + alaJ{ + agm*T] %a:*x*T + t% [ng*x*T + alx*T]

So we can form
_ 1ozt + & [w*a{ + a12*t + ng*x*q Sxrart
2h 1
izt —
1+r T +O(t3)'
rata Osn
Note that multiplying on the right by the matrix < ?31\[ ég’N ) switches the columns, so we have
3N 3N
7 I3N O3N __ 03N IgN 2}_1 o
h t _ st
( Osy Iy )77\ Ly Osy 1+
I3y + & [(Bz + A1) Isn — x*aﬂ a* et + ¢ [33*% + aw*q

—|—t% [m*a; + alaJ{ + agz*t — a:*a:*q
(4.1.10) =
Osn T [Isn + z*2*T)
+f% |:(B2 —+ Al) IgN —+ BQZIT*IE*T + x*a”

Multiplying (4.1.10) by H% =1— 14— 55 |:2A2 + aial +1- ZA%] has the effect of adding to the right
hand side of (4.1.10):

—t%AllgN —%Alx*x*f — t%Al {x*aJ{ + alx*q
7# |:2A2 + aIal +1-— ZA%} xrrt
031\/ 7%2/11 [IgN + l‘*JT*T]

These two add up to three of the blocks of the claimed J;. The first term in the second line of (4.1.7) is
linear in A and contributes

p2\2 A= 24 2 vk
—6 (1 - R?) Ga:T:—t—QAlG z*t
to the lower left corner of the matrix Jo, which completes the calculation, including all terms of order 1/¢2 [

It is reasonable to expect that the lowest order terms in 1/t in each block will be more significant than
the higher order terms. As part of our search for solutions A, we will study two lower-order approximations
to Jo, namely

1
7;]31\/ Ingl‘*ﬂj*T

(4.1.11) Jo )
_24:;241 G* ot _% [IBN +m*x*f]
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1
_ZISN I3N —.Z‘*J?*T

f% {x*al +ayz*t — Alx*x*q

(4.1.12) Ji
2
724?241 G* o+t 7% [131\/ + x*x*f]

Jo is the approximation to Jy including only the lowest order terms in each block—O(1) in the upper right
block, O(1/t) in the diagonal blocks, and O (1/t?) in the lower left block. J; is the approximation including
all first order terms and the lowest order terms in the lower left block. We note from the framework of Elias
and Gingold [34] that off-diagonal elements need not be absolutely integrable, which the upper right hand
block certainly isn’t. It is a priori reasonable to consider ignoring the lower left block since it is of higher
order than the other blocks. The resulting system (to be called J_) will be considered in the next Section.
To compute the non-homogenous term from (4.1.7), we express G; and L through lowest order in 1/t:

1
Tp—T; = xp—x;+ n (a1x — a1;) + O (1/752)
— 1
T 1 B2 * * 1 * 1 * * 2
L= (7)o rgen) = e o),

so we have

3
(-rye = e o
_ p2)3
2(11+}]_§2) Lz = —SA?%x*TG*x*+O(1/t5).

Now we have the linearized system for A, with each block to lowest order in 1/¢. We call (4.1.13) the Jp
problem

. —1I3n Iy — z*a*T Hrre G
(4.1.13) A=JpA+F= . A —8A3

The J; problem is defined similarly, with the same non-homogenous terms

7l13]\/ Ig]\]*il‘*m*Jf
' 1 Lara G
. -3 [x*al +apz*t — Alx*x*T] 3 t
(4.1.14) A=J A+ F= A —8A3
24A2 t%G*
— =Gt —1 [Isn + z*2*T]
Just as the approximating system becomes less relevant if the lower left block of Jy or Ji is removed, we
cannot ignore the non-homogenous terms, even though they are O (1 / t3).
We next consider the nature of the singular point at ¢ = co. The substitution ¢t = 1/7, (1) = A(1/t)

transforms the singularity from ¢ = oo to the origin 7 = 0 and takes the homogeneous part of (4.1.13) to
A

== T

24A2GH o+t % (IgN +x*x*T)

This matrix has a pole of second order at 7 = 0, so by classification of singular points given in Wasow [114],
t = oo is an irregular singular point of (4.1.13), and hence of the full problem (4.1.1).! Note the same obtains
for the J; and J, problems; they also have an irregular singular point at t = co.

INote that the under the alternate singularity classification of Coddington and Levinson [20], our singularity is referred
to as “of the second kind.”
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4.2. The Linear System for A

In this Section, we seek solutions to the linear problem that decay to 0. After a very helpful coordinate
transformation, we solve the Jy problem exactly twice, solve the J_ problem, and solve the J; problem by
finding a convergent series solution tending to 0. This work with the linear system inspires our search for
solutions to the full problem in the next Chapter.

If y € R3N | then there exist a scalar a and a vector b € R*N | b | x* (specifically a = y'2*, b =y —ax*),
such that y = az*+0b is the decomposition of y into components parallel and perpendicular to z*. This makes
it easy to compute the image of y under the operator z*z*'; namely 2*2*y = az*. Moreover, G*2*y = aG*,
and letting y = G* in the preceding sentence we see that z*2*TG* is a vector of length 2*'G* in the direction
x*; in other words, the projection of G* onto x*. These observations suggest changing the basis for R3V so
that the unit vector z* is one of the basis vectors. Note that z*Tz* = 1, that the matrix z*z*T is of rank
one, and consequently that z*z*' is an orthogonal projection matrix

onto the line through x*. These facts imply by linear algebra [53] that there exists a 3N by 3N orthogonal
matrix @3y such that

1 0 0

; . at 0 0 0

P = Qs (¢72™) Qan = Ce
00 --- 0

The above is tantamount to choosing a new orthonormal basis {vy = *,va, ... vy} for R3V, whose vectors
form the columns of Q3n, and where vy = z* is the first element in this new basis. As in Section 3.3 the
transformation

(4.2.1) T =Qi, A=QA, with Q = ( gzz gzz )

simplifies the “velocity” components of the approximation considerably.

Iny1 = 1/t+ Bo/t* 4+ Bg/t* + ...
§N+j = 072SJ§3N7
since each “velocity” Z; is proportional to z}, and z* takes the form Q;Nm* =e :=(1,0,..., O)Jr in the

rotated coordinate system.

4.2.1. Solving the J; Problem. The transformation (4.2.1) takes the system (4.1.13) into

Q3sn O3y \ &
( Osn  Qsn )A

1 — gt
137\] I3N xr T
Q;N OBN ) K

A — Of A T —
A=QN QA +Q'F <O3N Q;N

2
_ 2%;&1 G*op*t _% [I3N + x*x*w

0 ERA
—8A§’( Qin  Osn )

Osn Qly LG
—il3n Isy — P ) [ weTGre
= . A — 843 ,
~ERQInGr el —f [y + P #QiNG"

or
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—1 0 0 0 0 0
_1
: 0 0 1 0 10,
0 .. 0 —1 0 ... 0 1 :
4292) A= J)A+F= , A — 843 0 7
24A 1
=g 0 ... 0 -2 .0 ... 0 Lo
2 0 ... 0 0 -1 . 0
s : . : : : %393N
UMy 0 ... 0 0 .. 0 -1

where g; = v}G’* are the coordinates of G* in the basis {v;}, since Q;NG* is the vector composed of the
inner products of the basis elements with G*.

The matrix Jy is sparse and is clearly exhibited as the sum of a diagonal matrix, a strictly upper
triangular matrix, and a strictly lower triangular matrix J = D + U + L. The triangular matrices’ squares
are easily seen to be the Ogx matrix, as is their product LU. The elements of the matrix UL are 0, except
for the upper left quadrant, which is zero except most of the first column

0 0 ... 0
2
2y 0 ... 0
‘2
72t42AIQSN 0 ... 0
We show that L 4 U is nilpotent:
(L+U)? = UL
(L+U)* = (L+U)UL= Ogn.
This exhibits the decomposition of Jy into diagonal plus nilpotent matrices. The off-diagonal terms don’t
contribute to its eigenvalues, which are {f%, f% }, and the system (4.2.2) resolves into 3N pairs of equations:
. 1. 843
Ay = —¥A1 - tTlgl
. 2442 - 2. 8A3
Asnyr = — 2 Lo1A — ZA3N+1 - ?191
= 1- _
Aj = —7Ajt Asngy
N 24A? o 14 8A3 ,
(423) A3N+j - t2 lngl - ;ASN-Q—]‘ - tTlgj, for 2 S Vi S 3N.

The first two equations are coupled, and oo is a regular singularity for the pair, improving our chances
for finding solutions. In particular, the first equation can be solved exactly:

= t() = 1 ¢ —8A?gld8 to ™ 4A?gl 4A?gl
A = —Aq(t = | ——=—A1(t) — .
T 1(°)+t/ 3 ;i) 12t 3
The choice of Aj(tg) = 4‘1@ gives
0
- 4A3 3+
(4.2.4) A = t;gl = SAi(to).
Next we insert this expression for Ajinto the equations for the “velocity” components:
53]\] ) _ —2A3N L= 24A%gl 4‘4%91 _ 8A:1))gl _ —2A3N L= 814%\91 _ 9614?9%
* t N 12 £3 £3 ¢ N 3 t5

- 1. 24A%g; (4A3g, 8A3g; 1~ 8A43g;  96A3g19; ,
A3N+j = _¥A3N+j_ t2 J ( t3 — t3 J :—ZA3N+]'— t3 S _ t5 J, fOI‘2S] SSN
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The solutions are

A 3 A 1 ["[8A3g  96A%¢3
A3N+1 = t—gA3N+1(t0) — ﬁ/ |: Slgl + s?)lg1:| ds
to
_ 8 Ranan(fo) — 84%g1 log & | 1847g?  4s4ig?
2Nt 12 ¢4 122
. to « 1 [[8A43g; 96A%¢ig;
A3N+j = ?OAgNJ,_](tQ) — E/ |: 812 J + 814 ! j:| dS
to
= A () + 8A%g; 8Alg; | 324%g19; 32A%g1g;
T TN 12 tot 4 t3t
The choices
. 48 A% g3
Asnyi(to) = t4191
0
- 8A43g; 32A3¢19;
Asn+j(to) = té L+ t14 ’
0 0
lead to
Asnes = _SA?gl log t/tg n 48 A3 g%
2 4
- 8A3g;  32A3q19;
(4.2.5) Asnyj 5+ ;4 L.
Lastly we have
_ to « 1 ["[8A3g; 32A%g19;
A]‘ = ?A](to) + E /to |: s + 53 dS
= DA () + 84%g;l08 55 16A%g19; | 1647019,
A t 3 2t
The choice .
- 16A1g1gj
Bjlto) = =
gives
3 ¢
(4.2.6) A, = A9 1085, 1643019,
2. j = .

t t3
We summarize the asymptotic behavior of this solution A and A as t — oo:

A 0(1/t%)
7A; _ O(logt/t) ( A ):( O(logt/t) >
Asn i1 O (logt/t?) |’ ANy O (logt/t?) )~
Asngj O(1/t?)

These go to 0 as t — oo, but slowly.
Now we try a different approach and solve the Jy problem by finding a formal series; we suppose

_ < d
A = = A = il
1 = 3N+1 Z o
r=0 r=0
then the first pair of (4.2.3) become
B i (r—1ec—1 i cr—1  8Ajqy
T - r 4
r=2 t r=1 t t
= (r—1)d,—y 5 o= Cr2 ~d-—1  8A}g
e L A .
r=2 r=2 r=1
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Equating coefficients of like powers yields algebraic equations. For r = 1, we have ¢y = dy = 0. For r = 2,

cT = (1
dl = 2414%9160 + 2d1 = 2d1,

so dip = 0, but ¢; is not yet determined. For r = 3,

262 = C3
2dy = 24A%gici + 2da +8A%gy,

so ca =0 and ¢; = —A;/3, but ds is not yet determined. For r = 4,

3c3 = c3+84%g
3d3 = 24A%gicy + 2ds = 2ds,

which imply c3 = 443¢g; and d3 = 0. For r = 5,

404 =
4d4 = 2414%9163'1‘26&17

socq = 0and dy = 1242g,c3 = 48A%¢%. So far we have the free parameter, do. There is a recurrence relation
(for r > 5):

(r—=2)¢—1 = 0
(7" - 3)d7~,1 = 24A%glcr,2,

so ¢, =d,. =0 for r > 4, and we have

< A1 4A:1))gl

e R
- d 48 A3 g3
Asni1 = t% + t4191 .

The equations for Aj and Aj N+4; can now be solved in terms of the c,:

5 o 2414%9]* Al 4A:13gl 1A ‘ 8Ail)'gj - 1A ) 96A?glgj
3N+j - t2 3t t3 ¢ 3N+j t3 - t 3N+j t5
- c 1 [ 9643919, 3243419,
A3]\/'4’]' = g - ?/ 84 ds = t4 )
500
where we have chosen ¢ = 32’4;# to cancel the integral evaluation at the lower limit. Then
0
% 1o 324%q1g;
Aj = —EA]‘ + TJ
Ao @ +1 $324%19;  16A%g1g;
Tt ot 3 3
6 .
where we have chosen d = —% to cancel the evaluation of the integral at the lower limit. This solution
0

can be rotated back to A, and we have

( A3A1Vj+j ) - ( OO((ll//fz)) )

This convergence to 0 is faster than that of the solution exhibited on the previous page.
We pause to consider the simpler J_ problem, which seeks the solution to
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-1 0 0 0 0 0
-1 0 0 1 0 Eo
: : 0
. ) o ... 0 —¢ o ... 0 1 | :
A=J A+F= A —8A3 0 ,
0 0 0o -2 0 0 w9
0 0 0 -1 .
: SR : R Ag3n
0 0 ... 0 0o ... 0 —1

where we have already taken advantage of the coordinate transformation given at the beginning of this
Section. We seek a brute-force solution for comparison with the Jy results. As above, the system resolves
into 3N pairs of equations:

51 = *%Al - 8%%91
A3N+1 = *%ASN—H - 8%?91
By = 3+ By,
A3N+j = _%A3N+j - STA:;I)gj, for 2 < j < 3N.

Again, the first two equations have a regular singularity at ¢ = co. All but the A;, 1 < j < 3N equation
can be solved immediately:

A =
Asnyr =
Asnyj =
Then the Aj, 1 < j < 3N equation becomes
A,
Aj
with the asymptotic behavior
(o
ANy

4.2.2. The J; Problem. The next step is

4A§91

t3
t2 A 8A3g1 log i
2 an+1(to) — B E—
8Aiy;

2

8Aig;
12
3 t
B 8A3g;log i

)=

1.

O(logt/t)
O (logt/t?) ) ’

to augment the coeflicient matrix, adding terms of order

1/t to the upper right block. We replace (4.1.13) with

1
+1

(4.27) A=A+ F =

24A2
— =G ot

I — gt

-1 [m*aT +az*T— A x*m*q EE

1 1 1

¢ A —8A3 )
#G"

—% (I + x*x*T)
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Since the vector a; is within the linear span of v; = «* = Zn4;(to)/\/A(to) and Z;(to), it makes sense to
choose vq, the second basis element of R*V and the second column of the matrix Qsx, via the Graham-
Schmidt process starting with v; = z* and Z;(¢9). Then we have

vaj = I for1<j<3N
\/A(to

.’f?j(to) = ¥+ \/R(t())g . A(to) _ h(to)QU

Note that The quantity R(to)%? — A(tg) — };‘(fgo))z > 0 by the Schwartz inequality, and is 0 only in the case that
the initial position 3N-vector is parallel to the initial velocity; Z;(tg) = YZn+i(to), ¢ = 1,...3N, for some
real 7. Assuming it is positive, we can rewrite (3.3.19) as

h(to)?
Alto)

a; = All’* + b’UQ, where b = \/R(t0)2 — A(to) —

In the {v;} basis, we have near the boundary

L+ Ay Jt+ Ax /2 + ...

b/t +bBy/t? + ...
0
(4.2.8) Tz = 0
1/t+By/t? + ...
0
0
and
A b0 0
0 0 0 0
z*al = . )
0 0 O 0
so the additional term in the upper right block is
A b 0 0
b 0 0 0
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and the J1 problem takes the form

(4.2.9)
A b
—% O1 0 —f -7 0 0
-5 0 0 -z 1 0 0
0 0 0 t1491
0 0 0
0 0 0o -1 0 0o 1
A= hA+F = A—8A} 0
—24A2 1
;jA; g0 .0 -2 0 L
7t2 192 0 0 0 7% 0
: . 0 t%QBN
; 0
_ 2
2?214193N 0 ... 0 0o ... 0o -1

We have introduced a coupling among A1, Ag, Asn 1, and Asy g, but doesn’t change the other components
of (4.2.3)

Iy 15 Al X b ~ 8A391
Ay = —-A——A —-A — =1
1 P 7 D3N+ T T AN ”
< j b~ -
Ay = *EAQ - ¥A3N+1 + Aznyo
< 24A%¢; ~ 2 - 8A3
Asnyr = — t21g1 Ay — ¥A3N+1 - t;fh
A 24A3gs « 1+ 8A3 g,
4.2.10 A = A A - ==
( ) 3N+2 2 L= R8N +2 3
The other three don’t depend on Ay, so consider the system
1 A b
. -1 -3 7T ) 9
A A2 Ay
(4.2.11) Agnr | = _21572191 -2 0 Asnir | =847 % |,
Asnio Aznyo
- _ 241?2?92 0 _% %

which is easily seen to have a regular singular point at ¢t = co. The eigenvalues of the matrix are the zeros

of the cubic , X
24A1go 2\ b 1 1 2 24 A3 g,
- A=) = A4 = A+ = A4+=) = .
22 (0+3) 1+ ) [(042) (43) - 55

Using these substitutions

aq = 24A%gl
Ay = 2414%92
so the formulas fit on the page, Maxima gives the first few terms in 1/¢ of the eigenvalues:
A = _1 n agb,i n a1A;  a?A? —4dajaz Arb _ a?A? —ajaz A1b ‘o l
t 13/2 212 8y/aqbt5/2 23 t3
1 1 a1A1 a%A% — 4a1a2A1b G%A% — alagAlb 1
Ay = —= —+/asb—7= — — —
2 ;o VEn t e 8+/azbt5/? 23 tolm
2 a1A1 a%A% — a1a2A1b 1
Ag = T g + 3 +o0 3 )

The eigenvalues are real (+0 (1 / t3)) provided go > 0. Finding no way to proceed toward a solution, we next
seek a series solution in 1/¢.
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Assuming b # 0, which holds unless the 3N-position vector (Z1(to),...,Zn(to)) is parallel to the 3N-
velocity vector (Zn41(to), - .., Zan(to))!, we will show the .J; problem admits a convergent power series
solution. We start by showing the system of three equations (4.2.11) has one, and it will then be straight-

forward to find convergent power series for the rest of the equations, and thus for the whole J; problem. We
suppose

T A T A T
=3 Avn=> T Ave=) G
r=0

r=0 r=0
then the equations become
(o) o0 o0 o0
(r—1)cr—1 Cr1 dr_1 er—1  8A%q
Z tr = Z tr +Alz tr +bz tr + t4
r=2 r=1 r=1 r=1

i%: gzcr2+zr1 814191’
t?"
r=2
i% - 24A92§:CT2 Zer 1 814192'
t”’

3
||
o

Again, equating coefficients of like powers yields algebraic equations. For r = 1, we have

0 = ¢o+ Aidy + beg
0 = 2d0
0 = €o,

so cg =dg = eg = 0. For r = 2,
1 = c¢1+ Aidy +beg
di = 2d;
€1 = €,

so d; = 0 by the second equation, then e; = 0 by the first, but ¢; is not yet determined. For r = 3,

2c0 = co+ Aids + beg
2dy = 24A19161 + 2dy + 8A191
2e, = 24A19201 +e9 + 8A1g2.
The second equation gives ¢; = —A;/3, then the third gives e = 0, s0 ¢3 = Ajds. For r =4,
3cs = ¢34 Ayds +bes +8A3¢g,
3ds = 24A%g102 + 2ds
3e3 = 2414%9262 + e3.

The second and third equations simplify:
d3 = 24A%gl co = 24A§g1 dsy
ez = 12Af9202 = 12A?g2d2,
and then
(A1d3 + bes) +4A3g1 = 6A3 (24191 + bga) day + 4A3 ¢,

expressed in terms of the free parameter ds.
There is a recurrence relation for r > 4:

(r=2)c,—1 = Aidr—1+bepy
(7' - 3)d7-_1 = 2414?9107._2
(’f’ — 2)67-_1 = 24A%9207>_2.
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We shift the index, which gives for r > 3

c _ Aldr+ber _ 24A% (Algl + b92> )
" r—1 (r—D\r—2 r-1 B
d _ 24A%glcr_1
" r—2
e _ 24A%920T,1
" r—1

From the recurrence relation, we can apply the ratio test for convergence of the ¢, series:

24.A2
(r—1)

as 7 — 00, so the power series for A, converges for all t. The absolute value of every term in the d, and e,
series is less than the absolute value of the corresponding term in the ¢, series, so they also converge for all
t. All three series are absolutely convergent for all ¢, and each series represents a real analytic function. We
summarize the results of this calculation:

cr Argr bga

r—2 r—1

— 0,
Cr—1

- A Add A3 (24 bgs) dy + 4A3 = ¢
A, = A 12+6 1 (24101 + bg2) do + 91 c

3t t2 t3 —) tr
- dy  24A3g1d
A3N+1 = t% + — 191 2 2414%91 Z P EEa—
~ 12A3g2d
Asn2 % +24A%gs Z

The equations for A; and Asy,; can now be solved in terms of the c,. First, for j > 2,

- 1- 24A 8A Cr_
Asnyj = —*ABNH 193 Z lgj = —*AaNﬂ 24A%g; Z :
r=4
A d 1 K Cr—2 - Cr—2
Asnej = 77 / 2441, Z rds =24A4%g; ) (=t
= r=4
o0 o)
_ Aqds Cr—1
— 24420 S " Tl ogg2g. 2 _ Gt
195 ; (r—1)tr igm + ; r— 1)t

where we have chosen d to cancel the integral term at the lower limit. The absolute value of every term in

this series is less than the absolute value of |c,._1| so the series converges for all ¢ since the ¢, series does.
Then

. 1. bds
A, = _;Az———%bAfngi)—F?zlA QQZ
r= 4

_ 1t bd r
A, = E+,/ _J—24b,439127“+24141922% ds

t 't 52 3) s 2)s

bdg A A

= 7—|—24b glz )t"' 1 —24 1922 IfT 1
b— 24A192

= tid 2 + 24bA glz —) 24A1922
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and for j > 2,
A — Cr—1
r=3
A, = f Cou C’ L o4p2
g 19 Z 1)s—1 19 Z (r— 2)tr 1

- #724‘4%]2 e

where we have chosen e and f to cancel the integral term at the lower limit. It is easy to see that all the
series converge for all values of ¢, so the formal series solution is an actual (power series) solution. This
solution can be rotated back to A, and we have

A Y _( oy
ANyj O (1/t%)
The choice of do = 0 offers an interesting special case:

- A 343
A = —*14- 191+Z

A 24A19192 2
AQ = ti + 24A bg1 Z T — g2 Z Qt"

A - _%;(—1)—241459] b-1 irr—l
r=d
ANH = 48?4191 + 3 %
Brss = 321214191 +§:7
A3N+j _ 4A191 +§: r—l t“

and we have
A\ _ ( o/
AN+ o(1/th) )-
4.3. Return to the Uncompactified Problem

Inspired by the presence of a log term in the solution (4.2.4 - 4.2.6) for A, we suppose there is a solution
x =T+ A, where Z is given in (3.3.12) in closed form as

. 2i(0) + $N+z(0)t

L 2 4\ /(14 R(0)2)? + 4(2h(0)¢ + A(0)¢2)
$N+1(0)
TN +i
2 4\ /(L+ R(0)2)? + 4 (2h(0)t + A(0)P)

and has a power series in 1/t, and A tends to 0 as t — oo, and A = < OO((ll(())ggf//;)) > Then we can write

-~ x* +elogt/t+ g/t o(1/t)
(4:3.1) v < x*/t+flo§;t/t2 —l—gh/t2 > + < o (1/t%) ) ’
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where e, f, g, and h are 3N-vectors. If we would compactify y of the form

_(q )\ _ [ at+blogt+c+d
(4.3.2) y(q)( at+bt+d

where § € C2[tg, 00) has certain properties, in particular that § = 0 (1) as ¢t — oo, then the result is of the
form (4.3.1). This can be seen as we compactify (4.3.2)

q; = ait+bi 10gt+Ci +5z
. by |
4 = ai+?+5i

per the instructions in Section 1.2. First let us define the shorthand

and we proceed as follows:

N N
r? = A% 4+ 2 Z a;rbit logt+2 Z ajcit + o(t)

i=1 i=1
logt b
1+47‘2:4A2t2 <1—|—2 L4 ZZ 1 'LA+ ZZ 1 z +0<1)>

logt b 1 1/2
1/1_;'_47«2:21475(1_'_2 t Z111A+ Zzlz +O<t)>

logt b
2At<1+ t Zzl 7.A+ Zzl z +0<1>>

logt S™N o Tp, 1 1
1+V1+M2:Z%<L+t Zzle: Zl““%+2%+ﬂ<t>

logt Tb A
:Mt(l Yilia +Azzu+ +(1>>

lo,
2 _1<1_ thzlzb+ Zzlz 2126A>+0(1)

1+V1+4r2 At A2

So the compactified trajectory has the asymptotic approximation
- )
1+V14+4r2 \ ¢

1Ogt fvl Tb + 5 Ez 1 ch+2tA 1
Z’ yE To\e

at +blogt + ¢+ o(1)
b 1
a+i+o(3)

a+biEL + ol i, alb; = Yialei+3A ( al o(%)
T 1 1 t ) - &=t lot 2 T S— )+ f
A~ ay +bgm A3 a g g o(7)
(4.3.3) Z b i 1x*Tbx) = %(c—[valx”ci-q-%}x*)%—i—o(%)
N o = g 2 b Z(b_ [ZN1x*TCz+2}$*)t%+0(t%) ,
with the 3N-vector z* = 4a. Note (4.3.1) has the form of

=T+ A,

z* _ 1 a;
Osnv /) A\ O3y /)’

and x can be seen to approach
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a critical point on the boundary.

It would be nice if we could identify the decomposition of z into Z and A; clearly e and f, the second
terms in each part of (4.3.3) present the leading term of A, but A can be expected to have terms in 1/t and
1/t2, as well, so it isn’t possible to separate the third term into pieces from z and A.

The leading terms of (4.3.3) are

* logt 1 logt 1
T+ e+ g+ T+ s 1
4.3.4 T = ¢ L t t +ol =),

where e, f, g, h,r, and s are 3N-vectors
1 N
e = 4 (b - 1-:5 1 I:Tbix*>
1
f = _Z ,_E - l’TTbl‘r*

N 1
- - _ P
g (c Lglxl ¢ + 5

—_

1 al 1
Note that x has the form Z + A, for the choice of A from solving a version of the Jy problem where we found
a term lngt in Section 4.2. Also note that the 3/N-vectors z* and e are orthogonal:

N 1 N N
Y aite; = 1 (Z b, — Zxﬁlh) =0.
=1 i=1 i=1

On the other hand, g is not orthogonal to z*

N 1 N N 1 1
;xﬁgi A (Z"E:TCZ’ i 2) T oA

=1 i=1



CHAPTER 5

Solutions That Escape

This Chapter establishes the main theorem of the dissertation, that solutions of Bohlin’s form (5.0.1) do
indeed exist for all time. The existence is demonstrated of an open set of initial conditions through which
pass solutions without singularities, to Newton’s gravitational equations in R? on a semi-infinite interval
in forward time, for which every pair of particles separates like At, A > 0, as t — oo . The solutions
are constructible as series with rapid uniform convergence and their asymptotic behavior to any order is
prescribed. This family of solutions depends on 6N parameters subject to certain constraints. The key to
the result is converting (1.0.1) the differential equation for q into an integral equation for § and showing that
integral equation has a solution. The main theorem is proven by a chain of lemmas. We substitute for ¢; in
(1.0.1), obtaining an equation for ;. As we are seeking &; = o(1) as t — oo, we match terms > O(1), yielding
a formula for b;. We will decompose the right hand side of (5Z into P1; 4+ P2;, where each P1; is independent
of §. We convert the differential equation into an integral equation for d;,. We propose an iterative solution,
the limit of the sequence given by

5i[n+1]://(P1i+P2Z- (0[n]))

We establish estimates for P1; and P2;, and then prove via induction that each {d;[n]} 7, is uniformly
bounded and Cauchy, and thus converges to a solution ;. As will be apparent, the proof is identical for the
planar problem. The results of this Chapter were published in 2017 [43].

THEOREM 29. Given any set of masses m; > 0 and constant 3-vectors a; and c;, i =1, ..., N, satisfying
lla; — ail| # 0, i # 4, the differential system (1.0.1) possesses unique vector solutions
(5.0.1) qi:ait—&—bilogt—i—ci—i—éi(t)izl,...,N,

on a semi-infinite interval [ts, 0o) where ts > 1, and q; € C*[t5,00). The 3N coefficients b; are uniquely
determined by the 3N coefficients a; as follows

(5.0.2) bizzw i=1,...,N.

g N7
Each vector 6;(t) is approzimated to any level of accuracy by a sequence §;[n] and computed successively by
certain iterations, and

K} logt
0. () = &[n](t) =0 | ——L—
(5.0.3) 6i(t) — di[n](t) = O ([(n +1)2 tn+1> ’
uniformly fort € [ts, 00) as n — 0o, where Ky > 0 will be defined in the sequel.
Moreover, the following asymptotic relations hold with a; # O3,

K} logt
.0.4 ;= {13+ 1\; it +b; 1 ; . A 4
(5.0 ) qi { 3 1}[a1t b; Ogt—&—cz—l—éz[n](t)], where N; = O ([(n 1)”2 o 2),

uniformly for t € [ts, 00) as n — oo, where each A; is a 3-by-3 matriz. If one a; = 03, but b; # 03, the
resulting asymptotic formula will be instead

5.0 o= A+ S logt + ¢+ lal(0]. where 2, =0 (2 L)

uniformly for t € [ts, 00) as n — oo. There are also solutions with one a; = 03 and b; = 03, and the
asymptotic formula

78
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(5.0.6) ¢ = {13+ A} [ei + 6i[n](t)], where A; = O (Mi({)!]Qtnl—i-Q> ’

uniformly for t € [ts, 00) as n — oo. In other words, either all particles escape to infinity, or precisely one
particle reaches the rest point ¢; as t — oo while the rest of the particles escape to infinity.

The remainder of this Chapter continues as follows. In Section 5.1 we define P1; and P2; and convert our
differential system (1.0.1) into an integral system of equations. In Section 5.2, we obtain certain estimates
on components of the integral equations. In Section 5.3 we obtain a sequence of successive approximations
that converge to the desired solutions. We conclude with Section 5.4, where we obtain robust asymptotic
approximations to various quantities associated with the N-body problem and compare them to results of
Pollard and Saari and their collaborators.

5.1. Seeking solutions with escaping trajectories
Given constant 3-vectors a;,b;,¢;, i =1, ..., N, for t > 1, let f; = f;(t) be defined
(5.1.1) fi = fi(t) := a;t + b;logt + ¢;, so that g; = f;(t) + 8;(t) = a;t + b;logt + ¢; + §;(t).
Thus, the equation (1.0.1) becomes

(5.1.2) = bt 28 = my(d; = ; .
2T~/
Our next goal is to substitute ¢; = a;t + b;logt + ¢; + 6;(t) in (5.1.2) and obtain a differential system
for 9;(t) free of the symbol ¢ that will guarantee solutions to (5.1.2) with the desired properties mentioned
above. First, the substitution gives us

bt 24§ =3 m; [(a; — ai) t+ (b —bi)logt + (¢j — i) +9;(t) — ()]

(5.1.3) 3
7 aj —ai)t+(b; —bi)logt + (¢; — i) + 6;(t) — ;1) ||

Our purpose is to bring the second order differential system for §; to the following form
(5.1.4) i = P1;(t) + P2;(6,1)

where each P1; is independent of § and tends to zero as t — oo, and each P2; is dependent on ¢. In addition,
we want that if each §;(t) = the zero vector in R3, then so does every P2;.
Since we can express each ||g; — g; 12 as

2
I(a; — a)|” ¢

« {1 n 2(aj — (J,i)]L [(bj — bi)logt-i-cj —C; +(5j(t) — (51(15)} + H(bj — bi) logt + cj — ¢ +5j(t) — 5i(lf)H2
lla; — asl|* £2 ’

we can write each summand as
m; [(a; —a;) + 1 [(bj — bi) logt + (¢; — ¢;) + 6;(t) — &;(t)]]
(aj — a;)|° 2

—3/2
o {1 L 2 (aj —a;)" [(b; — bi)logt +c; — c; +6;(t) — 6;(t)] + ||(b; — bi) logt +c; — ¢; + 6;(t) — ()| .
laj — a;* 2

Multiplying #? times each side of (5.1.3) yields
—bi n SitQ _ Z mj [(aj — ai) =+ % [(bj — b,) logt + (Cj — Ci) + (5j(t) — 6Z(t)H

3
i H(aj _ai)H

_3/2
" {1 4+ 2 (a; — ai)' [(b; = by)logt +¢; — ci + 8;(t) — 6;(t)] + [|(b; — by) logt + ¢; — ¢ + 8;(t) — &;(t)|? .
laj — as]|* ¢2

Taking the limit as ¢ — oo, assuming bi=o0 (1/t2) as t — 0o, we see we must have the N vector identities:
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m; (a; —a;) .
(5.1.5) bi=-» 2 —2i=1..,N,
i ||aj - al”
where of course we assume that
(5.1.6) laj —a;]| £0,i#j, i,j=1,..., N.
It is evident that with the choice of b; as given in (5.1.5) the equation (5.1.3) becomes

72 fl‘i’(s 5] l mj(ajfai)
g |fj v o P = lay — ail?

While (5.1.7) is a decomposition into components dependent and free of §, a rearrangement as follows will
give us more useful estimates and better control.

Notice that by adding and subtracting the term ., T‘Ljpfiffl"l;] on the right hand side of (5.1.7) we
J

(5.1.7)

obtain

; [fi = fi +6; = 4] m; [f; — fi] my [fi = fil 1~ my (e — ai)
(5.1.8) 5=5" — BL T N L 7 \% .
; 1f = fi+ 85— &l ; It = fill® ; 1= fl® 255 g — aill®

We now define

fj fi a; — a;
Plz t): =
" %;mj(m TR ||aj—aill3)
fi—fitd; =0 fizh
5.1.9 P2;(3(t),t): = : - '
(5.1.9) (6(t),1) ;mg ("fj_fi+5j—6i||3 |fj—fi||3>

This conforms to (5.1.4). Note that if each §;(t) = the zero vector in R?, then so does every P2; (6(t),1).
We summarize the above discussion in the following lemma.

LEMMA 30. Assume (5.1.6) and (5.1.5). If each 6;(t) is a solution of (5.1.4) on an interval [to,00)
tending to 0: each &; = o(1) and &; = 0 (1/t*) as t — oo, then ¢;(t) is a solution of (5.1.2).

If P1 and P2 are well enough behaved, the double integral of (5.1.4) will be well-defined:

(5.1.10) 5i = / / (P1y(u) + P2:(6(u), u)) duds.
t s
Henceforth, we focus on this integral equation; we will need estimates for P1; and P2;.

5.2. Estimates for P1 and P2

In this Section we give several lemmas to demonstrate that there is an interval (¢4, co) on which: if
|0;(¢)]| < 1, then for certain constants Ky, Ky, K3, we have estimates

| PLi]| < Kilogt/t? < 1, and ||P2;]| < Ko/t>.

Moreover, if w is an upper bound for all the ||6; — n;||, then in addition ||P2;(8) — P2;(n)|| < Kzw/t3.
Each denominator of (5.1.5) is the cube of

Aij = laj — aill -
Similarly, we define
Fij = |f; = fill = l(aj — a;) t + (bj — b;)logt + c; — ¢4 -

Then
F2 = laj — ail|*#* + 2t (a; — a;) ((b; — bi) logt + ¢; — ci) + || (b — bi) log t + ¢; — ci|

(5.2.1) = Aizth + 2t (aj — ai)T [(bj — bi) logt + cj — Ci] + ||(b] — b,) logt + cj — Ci||2 .
We assume that (5.1.6) holds, and we factor out the anticipated leading term in (5.2.1) as follows



5.2. ESTIMATES FOR P1 AND P2 81

(5.2 F%:A?th{HQt(aj a;)' [(b; — b)) logt +¢; — ci] + [|(b; — bi) log t + ¢; — i }

A2 12

We can use the following abbreviation for a lengthy expression in (5.2.2)

2 1
(5:2:3) Gij = S (aj = ai) [(b; = bi)logt + ¢ — i) + 5 [|(b — bi) logt +¢; — e,

G
2 A2 42
F% =A%t <1+A2>.

5.2.1. Estimating P1. Our next goal is to provide a simpler representation for P1;(t) as t — oo. To
that end we first determine an approximation for F;;. Notice that (b;; — b;;) logt + ¢;; — ¢;; appears in (5.2.3)
as a factor in each of the two terms. Also observe that for ¢ > 1

so that

Ci; —C;
(524) (bj — b1) 10gt + Cj —C = logt |:(bj — bz) + jlogt :| .
Utilize (5.2.4) in (5.2.3) to obtain
(5.2.5) Gy = 8 ) o0y — ) | (b — by + TG0 | f10BE N gy GG 2
- R s S logt t S logt '
By the Schwarz inequality
Y e —e Y TG < A — ) GG
(a; — as) [(] i) + log < Aij ||(bj — b)) + logt ||’
so that
|G| logt ¢ — ¢ logt — ¢ 2
< 2 1(b; — by bi) .
A7 T At (b; = bi) + logt Amt ' logt

Now by the triangle inequality

|Gi;| _ logt 26 logt (.~ 26 \?| _dlogt[. & logt (. & \?
5.2.6 < 250 2b Sl (2h+ ) V< b b
( ) A T A gt logt + At + log ¢ - At + logt + At + logt ’

where b = max 16k ||, é = maxy, ||ck||, A =min; ; A;; > 0.

LEMMA 31. Assume (5.1.6) and let b be given by (5.1.5). Then

(5.2.7) Fj = A5t ( ! jQ ) , Gij =0,

and for any constant Ko > 413/4 and for any p, 0 < p < 1, there exists to = to(p) > 1 independent of i and
7, such that fort > tg

(5.2.8)

PROOF. By elementary calculus (logt)~* — 0 and ¢t~!logt — 0 as t — oo; so for sufficiently large ¢, the
rest of the terms in the estimate (5.2.6) can be made as small as desired. In particular, for any Ky > 4b/A
there exists tg, such that for ¢t > ¢,

4. & logt(: ¢\’

—<b b < K.

A{ +10gt+ At ( +logt> }_ 0
Moreover, for any p < 1 there exists tg, such that for ¢ > £, loft < £, so (5.2.8) follows with ¢ :=
max {{0, 1?0} [l
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We are ready now to estimate the entire term P1(t). We have with the aid of Lemma 2

fj_fi a; — a; (aj—ai)t—k(bj—bi)logt—b-cj—ci aj — Gy
F? 243 | > m; -
)

3
N\ 3 $2 A3,
J#i A3t (1 + % ) ’ “
5

Pli(f) = ij

i

r _3
Gi]‘ ? (aj—ai)t—|—(bj—bi)logt—|—cj—ci aj — a;
= ij 1+ JERE BEYE)
ij ij

_3
Gij : (CLj —az)t+(b] 7bi)10gt+0j — C;
= ij <1 + A2 ) —1 A?jt3

(aj—ai)t—&—(bj—bi)logt—i-cj—ci aj — a;

* A3 3 1247
Simplifying,
(5.2.9)
_3
Gi; \ (aj —a;)t+ (b —bi)logt+c; —c;  (bj —b;)logt +¢; — ¢
PLi(t) =3 m; (HA;) o yrE ¥
j#i ] ij ]

(bj 71}1) log t+cj—c;

We focus on the expression 5 occurring in P1,(t) and notice that
ij

(5.2.10)

(bj —b;)logt +c; — ¢ logt { cjcl}
= b —b; + .
3 3 J i
Ajt? Ajt logt
Therefore, we have
(ajfai)tJr(bjfbi)logtJrcjfci (ijai (bjfbi)logt+cjfci

A% t3 AL A% t3

With the aid of (5.2.10) we get
a; — a4 (b] 7bi)10gt+6j — C; a; — a4 logt |:b Cj Ci:|
= i — b+ ———

A% 12 A% t3 AR AL log t
(5.2.11) o -+ {bj —u cf?);i}
o A2 '
Finally we rewrite
3
2

logt Cci —C;
-1 i —a; + —— |b; — b; + 2
O ChE )

logt Cj —C;
5.2.12 = bj — by + 2 .
( ) M [J * log t ”

1 m; Gij -

g W gl

We start with the bound

1 m;
IPL@I < 55
Jj#i Y

_3
Gij\ logt c;i — ¢ logt ci — ¢

5.2.13 1+ —1|||a; —a; + —— |bj —b; + T—— bj — b+ 2—=

( ) 8 ( +Afj> 4Gt [] + logt ]H+ A * log t
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[N

Estimates for (1 + j{ ) % _ 1 can be gotten as follows. The Lagrange mean value theorem implies that
-3

Gi 1 3 G’z 1 _5

(5.2.14) (1 + A;) 1= _5,42]. (1+&;) 2,
1] 1]
for some real number &;; satisfying 0 < [§;;] < ‘i? . Recall that by Lemma 2, given any p < 1 and any
ij
Ky > 4b/ A, there exists to independent of ¢ and j, such that for ¢ > tg we have
Gij logt
ii < Kg—— < p.
Therefore,
_3
Gii\ 3Gy, 5 3 s logt 3 p

5.2.15 1 2 1l =|-=-21+&;) 2| <=(1-p) 2K, <= .
(5:2.15) (ng) | oz (&) <50 - < S

We now collect the estimates on each summand in the representation of P1;(¢) in (5.2.13). Invoking
(5.2.15) and the triangle inequality, we have

1 m; 3 _s5_ logt (. logt |- 2¢ logt [ - 2¢
PL,(t)]| < = —2 (1 - Ko—— (2 2b 20+ —
| ()”—ﬁgﬁ{z( p) Ko (a+ t [ +log1tDJr 3 T ot

3M logt _s . logt [+ ¢ 2 (= ¢
2.1 P1; < ———49(1= K — — — — .
(5.2.16) Pl < 3208 i (a2 s )4 2 (64 5}

where M = >, m; and a = maxy |lax||. Combining the above with arguments analogous to those of Lemma
2, we obtain

LEMMA 32. Assume (5.1.6) holds and let b be given by (5.1.5). Then for any p, 0 < p < 1, any
Ky > 4b/A, and any

K > Ve (1-p) 2K
there exists t1 > to such that fort > t;
logt
(5.2.17) IPL®I < K12,
for all i.
In the sequel we will need the double integral
t s
(5.2.18) L;(t) == / / P1;(u)duds.
[ee] oo
To bound L;, we will estimate the integral
LEMMA 33. The double integral
R logt 2r—3 logt
(5.2.19)  U(t) := / / u~ log ududs = 08 —+ s . < L
., =D -22 " () -2 e (-2 e
fort > e2.
PROOF.

) [eS) [eS) % g u_r+1
/ / u” " log ududs = / / — <— ) log ududs,
. Js . Js du r—1

for » > 2. First we calculate the inner integral by parts

o] d u—r+1 S—T’—i-l 00 w™ " 8—r+1 S—r+1
V(s) .—/s = (— 7ﬂ_1>logu0lu— — logs—&—/S r—ldu_ — log s + (7“—1)2'
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e o] d ] 377"+11 57T+1 d
= Vs 8:/ ogs+ —5| ds
/t (#) t r—1 % (r—1)°.

Then

t—T‘+2 t—T-‘,—Q t—7‘+2
= logt + +
-0 -2 e nr—27 (r=12(-2)
— L 1 t+ 1 + 1 — t—’f-‘r? 1 t 4+ A
T\ T e T r—D) T D2\ T ) (-2
We can bound this o
t—" T logt
(r—2)
provided
1 2r —3 logt
— | logt + > < .
v—lﬂr—%< TN e-2) T -2
We can determine the restriction imposed on ¢ by cross-multiplying
(r—2) < (r—1)logt
or o 3
! _1 < logt.

The left-hand side is less than 2, so the inequality certainly holds for all ¢ > e2.

By the Lemma above on the double integral of logu/u", we know that

/ / P1;(u)duds

for t > max{e , tl}. Note that the integral L;(t) — 0, as t — co.

(5.2.20)  ||Li(t)]| =

t S 1
_//wmwwmgm//ow

).

logt

duds < KlT

84

5.2.2. Estimating P2. Much of the calculation leading to a bound for P2; is directly analogous to

r (14

that above for P1;. We start with
(5.2.21)

lai = aill* = [1f3 = fi 65 = 6ill* = 15 = £ill* + 2(fi = f:)" (65 = 60) + 165 — &ill* =

where
Ei(8) =2 (f; — f)1 (6 = 6:) + 116, — 6|

The same calculation that led to (5.2.12) brings us to a useful expression for P2;

PQ_Zm f1+5 _5 _fj_fi
J#i (1 + Ew/ )3/2 Ff;
m 3/2
=Y T {0+ B/ P - fi 8- 00 - (- £
A
5 —3/2
(5.2.22) -5 % ( 1+ =5 L) [fj = fi+0; = 8]+ — b
gAY i
We seek a bound for
~3/2
E;j Ifj = fill 1165 = dall 1165 — dill
1P2:| < 14 2 —1 +
By 10 = &l L 195 — &l
e -~ Y Y
(5.2.23) L N P _1<1+ J ,>+ i — O
Iy Ej F Fij Fi;

)
ij

F2
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We now prepare estimates for the individual terms.
We already know from (5.2.15) that

—3/2
<1_~_G”> <1+370r£t,

A T 20—p)z
SO
5.2.24 Lo 1 (3K logt)
3 3 2
Fj — A 2(1—p)2 ¢

Similarly, by the Mean Value Theorem

ij 1—p)* t (1—p)*’

so that
1 1 Ky logt 1 p
5.2.25 — < 1 1
(5:2.25) F%AW('*u—m2t> 2o\ e
and
1 1 Ky logt 1 P

5.2.26 —y/1 — < —. /1
(5.2:26) By A\ T Aoz e S ay T ao e

Next we want an estimate for
Eij =2[(aj — a;)t+ (b; — b;)logt + (¢ — c)]" (8;(£) — 8:(t)) + 1|6, () — 6 #)

logt ¢;j—¢
— +
t t

T
=2t [0, a0+ 0, -8 | 650 = ain + 1, - au”.

By the Schwarz inequality

T
[%w+wjbnﬁ? %tc]@w>6ﬁ»s a = ag+ (b — b) == + {1 }3;(t) = (D).
so that
og Cj—C4 2
Byl 2[as = as 5 — by 28t sz oy — il + L6 - o
Ry A (1- 543 |

Assuming §; = o(1) as t — oo (as will be shown in the main theorem), then for any € € (0, 1) there is a time
to > t1 such that each [|0;(t)]] < e for t > t2. So we have by the triangle inequality,
- plogt | 2¢ 4¢? - A
B, 2 (20426 4 ) 24 4 _ e at bty
2 = > > 2 I
F2 A2 (1_ |§5J|>t A%t 11— Kyret

ij

Given any Ky > i—d and any p1, 0 < p; < 1, there is a time t3 = max {ta, K2/p} such that for ¢ > t3, we

have

K
(5.2.27) 72

<p <Ll

As before, the Lagrange mean value theorem implies that for some &;;, 0 < [&;;| < I?Zj |

©J

so we can bound

_3
B\ ° 3
2.2 1 *J -1l <=
(5.2.28) ( + Fg) <3




5.2. ESTIMATES FOR P1 AND P2 86

Note that this can be made as small as desired by making p sufficiently small.
Now we put the pieces together to develop a bound for P2; from (5.2.23)

M Ky logt 3 5K2 0 2¢ I
P2;|| < 1 =(1- 1+ — /!
I Z—A2t2( +(1—p)2 t ){2( P ( +At +(1p)2>+At +(1p)2}

M Ky logt> {3 K, ( 2¢ P > 2¢ P }
< 1+ = 1+ = 1+ — )+ 5 1+ .
T AT ( (1—p)? t 2(1-p)3 At (1-p2) A (1—p)?

And for any
3 MK,

> e —
P 2471 )t
there is a time t4 > t3 such that ||P2;|| < K3/t for t > t,.

)

5.2.3. Estimating P2(J) — P2(n) in terms of § — 7. For the induction in the next Section, we will
also need to bound P2;(d,t) — P2;(n,t) for small § — 7. To simplify the formulas, let us define the shorthand

B, "
ij
Then
P2z(§u t) - P21(777t)
m;
_Z =5 (i (8) = V) [f; = fi + 85 = & = (Jig(n) = V) [fj — fi +mj — mil + 85 — 6 —mj + i}
J#i ”
which simplifies due to cancellation:
oy
(5.2.29) P2,(6,t) — P2i(n,t) = > ng (i O) [f5 = fi+ 65 — 6] = Jis(m) [f5 — fi +m5 — mal} -
J#i

Suppose that for all 4, ||6; — ;|| < w. Because of the bound (5.2.27), we have

(5.2.30) 17,;(8)] < {1 - Iﬂ 3/2.

Then we may express the quantity within the brackets of (5.2.29)
Jij(0) [f5 — fi+ 65 — &) = Ji(m) [f5 — fi +mj — il
= (Jij(8) = Jig()) [f5 — fil + Ji5(0) [05 — &) = Tz (n) [nj — mi] -
On adding and subtracting J;;(n) (6; — J;), we can rewrite it as
(Ji5(6) = Jig(m) [f5 — fil + i3 (0) [0; — 6i] = Jij(n) (65 — 65) + Jij(n) (85 — 6:) — Jij (n) [n; — ma]
= (Ji5(6) = Jiz(m) [f5 — fil + [Ji5(6) = Jig(m)] (85 — 6i) + Jiz(n) ([6; — i] — [mj — mi])

(5.2.31) = (Ji;(8) = Ji(m) [f5 — fi + 05 — 6] + Jiz(n) ([6; — mj] — [6; — ma) -

In summary,

(5.2.32) P2;(5,t) — P2;(n,t) = > % {(Ji5(8) = Tiy(m) [f; = fi + 05 — 8] + Tiz(n) ([0 — my] = [0 — mi])}
i i

so we have

1P2(3,t) = P2i(n, 1) H<Z 2L {135(8) = Jig ()] (Fig + 116 = 8ill) + 13 ()] (185 — msll + 116 = mall)}

J#i 5

(5233) ||P2(5 t) P2 |<Z |J 7!]“( )| 14 2¢ N 1 17& *3/22w
2. i(0, (n,t ” ij ig\M 7, 7 ;

J#i
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We start with an estimate of J;;(6) — J;j(n) for small 6 — 7. By the mean value theorem, there is a

number &;; between E%Z(é) and E};iy’) such that
j ij

—3/2 —3/2
Ei;(9) Ei;(n) 3 Ei(6) — Eij(n) _5/2
(8 — Toim) = [ 1 2\ B AV %) N ] J\ g )82
Since we have
| i
2
Fij

< K
-t

b

we know that

|Jij(6) — Jij(m)] <

3|E(0) — By (| _ K2\~
2 F} t '

Next we seek a bound on |E;;(6) — E;;(n)| in terms of § and 7.
(5.2.34) Eij(8) — Eyy(n) = 2(f; — £)7 (65 — 6 —ny +ne) + 185 — &ill* — [Inj — mall®.
The first term of (5.2.34) is bounded by 2F;; (||6; — ;]| + ||6; — m:]) < 4F;jw. The difference between the
squares in (5.2.34) factors

16; — 8ll® = lln; — mill> = (85 — & +m5 — n:) (85 — 6 —mj +mi)
which is bounded by
(165 = 0l + llmy — mall) (165 — msll + [16; — mall) < (2€ + 2€) 2w = Bew.

K, —5/2
(=)
1P2:(8,t) — P2;(n,t)| <> % { < bw

K2 —5/2 2e 2w KQ —3/2
1-=2 I+ +==1-=2

m; 6e Ky\ 2 % Ky] %2
. _ ) < —J _ _ .
1P2:(5,t) — P2:(n,)|| < 2w j%éi 7 {({:’w FJ <1 ; > 1+ 7 -5

Because of the bound (5.2.24), we conclude

So we have

6w 12ew

3 4F;w + Sew Ky\ /2
- o < J - I = A
055 (8) = Jij(n)] < <1 > jars 72

2 F? t

In summary, we can now bound (5.2.33)

LEMMA 34. Under the same conditions as Lemma 32, and for any K4 > %4—1\3/,[, there is a time ty > t3
independent of i such that fort > ty, N

1P2:(6,t) = P2i(n, t)]| < Kqw/t,
where w is a bound for all ||6; — n;|.
5.3. The integral equation

In this Section we return to the integral equation (5.1.10) at the end of Section 5.1. We propose an
iterative solution

(5.3.1) diln+1] = /too /00 (P1;(u) + P2;(8[n](u),u)) duds,

starting with each 6;[0] = the zero vector. Having developed estimates for P1; and P2;, we can show that
the sequence {d;[n]} converges to a function d; with the requisite properties. With the definition (5.2.18) we
can rewrite (5.3.1) as

5ifn + 1] :Li(t)—i—/oo /Oo P2,(8[n], w)duds.

We give induction arguments to show that for all n and for all 4, ||d;[n]|| = O (logt/t) and ||§;[n + 1] — d;[n]|| =
O (logt/t"*1) as t — oo.
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THEOREM 35. Under the conditions of Lemma 34, the sequence {§;[n]} converges to a function &;, which
satisfies the integral equation (5.1.10), as well as the differential equation (5.1.7).
PROOF. Since each §;[0](¢) = 7, so is every P2; = ﬁ, and we have
6i[1] = Ly(t),
and as noted above (5.2.20) || L;| < K15 st “for t > t4, so

18:[1] — & [0]]] = 18 [1]l| = || Lal] < Ky = 1°gt

In general, starting with J;[n] and making the induction hypothesis that for t > ty4
logt

(5.3.2) 10:[n] = d;[n —1]|| < Cp i1=1,...,N,
where C7 = K, is defined in Lemma 32 and
K4C, Kyt
Crpr = ——5; ie, Cp = —L K,
(n+1) (n')
We will show that the corresponding statement holds for n + 1.
First, from the formula
(5.3.3) d[n] = 8[1] + (6[2] = 6[1]) + - - - + (6[n] — d[n — 1])
and using the induction hypothesis, we can bound
6l < 16 [+ N16s[2] = &i[1][] + - - + [|di[n] — di[n — 1]
logt logt logt
< O G e+ O
logt Ky _ logt KZ’_l logt
= Ki—+—K,——+--- K
Ity +(n!)2 g
log t K, Kpt
= Ki—— |14+ —
T < 4t + (n!)? tn—1
logt = 1
S Kli ’
t kZ:l (kD?

for t > Ky4. According to the tables in Gradshteyn & Ryzhik [45] Section 0.246, the series sums to the
number Iy(2) —1 ~ 1.2795853 < 1.28. The function ft is monotone on the interval (e, 0o), decreasing from
1/e at t = e and approaching 0 as t — co. For any ¢ < 1, there is a time t5 = max {4, t4, K4}, such that,

for all n

logt
(5.3.4) t>ts = ||6i[n]] < 1.28K1% <e<l.

This bound is independent of n, so the sequence {§;[n]|} is bounded for ¢ > ¢5, and the bound can in fact be
made as small as desired by choosing sufficiently large ¢5.
The goal of the induction is to show that the sequence is Cauchy; note that

(5.3.5) Siln + 1] = &i[n / / (P2, (8[n]) = P2, (8[n —1])).

We have shown in Section 5.2 that if w is a bound on all the ||d;[n] — §;[n —1]||, i=1 N, then

geeey 5

1P2; (8[n]) = P2; (8n = 1)) < Kyw/t’
According to (5.3.2), we can choose

_c, logt.
Then we have
logu K,C, logt logt
ol 1) =il < K, [ [ e < O
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which completes the induction.
For convergence considerations, note that the series
(o] Cn
n
n=1 ¢

converges for all £ > 0 by the ratio test, since the ratio of successive terms

. K
Cni1 _ 4 S—

as n — oo, uniformly for ¢ > ¢5 > 0. Thus the limit of the sum (5.3.3) serves to define the solution

(5.3.6) 0 = lim_6;[n] }: n] — &;[n — 1))
and each
10;]] <e< 1.
|
To obtain the rate of convergence of the series, we have the error after the n'" term:
= > logt
18:(t) = &:[nl ) = || D @lE®) —&li—0m)| < D Ci—
j=n+1 Jj=n+1
<K' logt logt <~ 1 Ki ' logt 1 K\" & 1 K\
= -4;2K1t§ :Kltg 2 T ET = tg ( 1)'2<t4>+z ‘|2<t4)
j=n+1 (]) j=n+1 (]) [ n+ ] j=n+2 (])
1 Ky\" logt > HN2 (KN 1 logt
=K1,2<4> logt 1+ZW<4) :O('Qog),
[(n+ )] t t Pt (" t [(mn+1)]2 ¢t
Notice that for t > t5 > K4, we have
e D2 (K" 1 Ko\
(5.3.7) E:K"+£}<‘ﬂ <§: [n+ VI <4> .
=, G\ f
j=n+2 j=n-+2
n—1
The infinite series > o J—n+2 K”J_!;%” (%)J converges very fast as the ratio of two successive terms is
Gi < Gane d 2t

We turn to high order asymptotic approximations. By adding and subtracting §;[n](¢), we can express
each

¢ = a;it + b;logt + ¢; + §;[n](t) + 6;(¢t) — & [n](t) ,i=1, ..., N.
Let
Vin = a;t + b; logt + ¢; + 0;[n](t)
be the n'" approximation to ¢;. Assume that a; # 03; then one of its components a;, # 0, where u is one of

x, y, or z. Consequently, there exists a continuous 3-vector w;, = w;, () on a semi-infinite interval [t5, c0)
such that

(5.3.8) wl vin =1, |win|| = O™, as t — .

For example, let v = x. Then, wjn = ([aixt +biz logt+ciz + iz [n](t)] 71, 0,0) is one of the continuous vectors
that satisfies w;[nvm = 1. Notice that

57; (t) — (52 [n] (t) = ((52 (t) — 51 [’I’L} (t)) wjnvm = ((52 (t) — 51‘ [’I’L] (t)) w;rn ((Iit + bl IOgt +c; + 57, [ﬂ](t)) .

So we can express
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(5.3.9) @ = {I + (8:(8) — 8;[n] (1) wjn} (ast + bilogt + ¢ + &:[n] (1)) ,
with
5310 @0 - a0 wh, =0 ()

uniformly for ¢ € [t5, 00) as n — oo, which is (5.0.5). If one of the a; = 03, but b; # 03, then the resulting
asymptotic formula will be

5311) (0 = il ], = 0 (- ks )

uniformly for ¢ € [t5, 00) as n — 0.
Now recall from Section 5.2 the notation Ffj = ||f; — f;ll. Starting with ¢; —¢; = fi — f; + 9, — ¢; and
substituting from (5.2.21) and (5.2.7), we have

2 2 i 2 42 v )
—allP=F2 1 = A% 1 1 .
llai — q;ll ij ( + F%) ijt < + A%) ( + F%)

By virtue of the estimates (5.2.8) and (5.2.27), we know that for ¢ > t3,

2
A2,

<p<l,

o
712J §p1<1a

7]
so that

la: — a;1* = A%#* (1= p) (1 = p1)
is bounded away from 0. Thus for all i # j, for ¢t > t5, we have ||¢; — ¢;|| > 0, and there is no singularity,
nor does the system approach collision as ¢ — co. This completes the proof of Theorem 29.

The compactification of ¢ in Section 4.3 shows that ¢ has a critical direction z* at infinity. Note also
that if = is the compactification of ¢, then = ~ Z.

We offer the following interpretation of the parameters, as well as a proof of the special case mentioned
in Theorem 29. Each a; is evidently the asymptotic velocity of the i*" particle. The b; are coefficients of
the asymptotic acceleration as t goes to infinity. The ¢; represent asymptotic translation of an individual
particle. Moreover, as seen in the main theorem, ¢; can be interpreted as the asymptotic limit as ¢ — oo
of the position of precisely one particle in our configuration for a certain choice of parameters. In Theorem
29, we asserted the existence of the special case where one particle tends to a fixed, finite position, and the
others escape to infinity as ¢ — oo. This is also especially easy to see for N = 3: take a; = 0, as # 0, and
a3 = —mz/m3zaz. Then by = 0, and since each §; — 0, we have ¢; — ¢;, while ¢2 and g3 escape in opposite
directions. For N > 3, suppose a; = 0, the ao,...,any_1 are linearly independent, but otherwise arbitrary
vectors, and choose ay so that
N—-1

an 1 m;a;
(5.3.12) — =)
llan]l my i llasll

j=2
for example ax could be the unit vector in the direction of the right-hand side of (5.3.12). Then b; = 0, and
we have ¢ — ¢;.

The theorem may be read as the converse of Chazy’s result that if solutions exist for all time, then the
functions §; can be expressed as psi-series; that is, as a series in powers of 1/t and log¢/t. Since the functions
d; have been shown here to exist, the solutions ¢; exist for all time, and we know from Chazy that the §;
can be expressed as psi-series. See Kozlov and Palamodov [62] for information on psi-series. We offer the
conjecture that J; has an even simpler form:

— [9n ha,
d ~ Z Ln —i—logttn} ,
n=1

where each g, and h,, is a 3N-vector.
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Note that by the construction of this Chapter, the initial time ¢5 could be quite large, so the initial
conditions

gi (t5) = a;ts +bilogts +¢; + 9; (t5)
Gi (ts) = a; +bi/ts +0;(ts),

and the latter is very close to a;. As noted above, the asymptotic direction of particle ¢; exiting the system
is proportional to a;. This justifies the statement in the Abstract that the asymptotic directions of many
configurations exiting the universe depend solely on the initial velocities and not on their initial positions.

5.4. Comparisons with previous work

In this Section, we compare our approximations and asymptotic approximations (for an open set of
solutions that exist for all forward time) with those of Pollard, Saari, and collaborators. They were able to
obtain some asymptotic approximations under the assumption that solutions exist for all forward time. As
pointed out in Chapter 1 and proven in the previous Section, our result establishes the existence of an open
set of solutions that exist for all forward time, in which all (or all but one) particles escape. As will be seen
our asymptotic approximations for these solutions offer much more precision.

For the sake of this comparison with previous work on this subject matter, we make the customary
assumption that the coordinate system is fixed at the center of mass, so that

ka% =0 kafik = 0.
& &

This must hold for all values of ¢, so we have the same condition on the components of gx:

(5.4.1) kaak =0 kabk =0 kaCk =0 ka(sk =0 kask =0.
k k k k k

The special case of N = 2 is illustrative; the two-body problem is well known [87] to transform to the
Kepler problem for a fictitious particle at » = g2 — ¢, satisfying

.. T
P = (my +ma) —s,
Il
the constant total energy for which is
_1 172 — it my
2 Il
Since mi1q; + mage = 0 and mia; + maoas = 0, we know
mi + mg mi + ma
r=—-———-—q Anp=a-al= ladl,
ma
so that
2
my + ma .2 mi + ma my + ma
ot = (LI ) g - ) laal? -
ms %ﬁﬂll ma HH

which is constant and must equal its limit as t — oo, namely
mi + mo
2H = () laa||* =
m

Since H > 0, r experiences hyperbolic escape, and [87] gives the result that

(5.4.2) 7|l /t = V2H.

Hence we have ||r|| /t — A1a, as expected.
Returning to the general case, let us define the kinetic and potential energy and evaluate them for the
expansion

¢ = ait + bilogt + ¢c; + 6;(t) :
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)

2 .
+ 0k

by -
ak'i‘?k'i‘(sk

T::%ZWMW:%ka

m;mg mimyg
Uu:. = 2 J
;qg—%ll ;Cllt j — ak) +logt (bj — br) + ¢ — cx + 05 — O

_ 1 m;imyg
N ;Z ) logt (p . 1(q. . '
j<k ((lj —ak)+ 1 (bj —bk)‘i‘f(cj —C}c'f‘(sj _§k)

The denominator can be expressed as the square root of

1 9 2 . bi
= §ka {ak| + %albk +2a£6k + ’ T

logt 1 1
2 2
llaj — axl|” + == (a; — ar)’ (b; — be) + 7 (a5 = ap)' (¢ — ek +6; = 8) + 2 llei = cw+ 65 — ol
which is equal to
)
logt a; — ag
la; — al” $ 1+ 8 . 5 | (b —br)
t\ llaj — axll
t 2
+1< %—ak> o —en b8 — 5+ L= et 8— il
2 2
la; — ax|l £ la; — axl
Let
logt ! 1 ! 1 +0; — 0k
0) a; —a a; —a Cci: —C P
Xjk: & < J k2> (bjbk)+<]]€2> (Cj*Ck+5jf§k)+f2 J k J 2k N
t \llaj — axl| t\llaj — ax|l t lla; — ak|
so that )
U= 1§ Tk gy,
t — |la; — ax||

i<k
We can bound X, via the Schwarz inequality, recalling that each ||J;|| < e
g I —bell_, e, el +2¢ | 1 ey —cul” + dells —eul +4e

tllay—anl T a2 s — sl

| Xjk] <

Now for any n > 0, there is a tg > ¢5 such that |X;;| < n for all ¢ > ¢s. This implies the existence of a
and

; —1/2 . Lo . L
convergent series for (1 + Xjy) /2 in powers of X, which is equivalent to a series in powers of bft

1/t, convergent for ¢t > tg, starting with

1 T
logt a; — ay 1 a; — ay
1-— J b, —b) — — [ ———= ci —cp) -
2tQm—%W>(J : %<%—%W =)

So we can express

1 m;imy logt mimy ;
_72 Hajj,ak” YD) Ha‘iak”zﬁ (aj —ax)" (b; — by)
j<k 1133
1 mimyg 1
_ﬁ ]73(aj_a'k)T (Cj_ck)—FO(tQ) .
i<k lla; — axll

The constant total energy h = T — U must be equal to its limit as ¢ — oo, namely 1 > my||ax|/* > 0.
In particular, its 1/t coefficient must vanish; i.e.,

Y el = 3
la; — ax|l’

i<k
which holds due to (5.1.5), as follows:

m a m;m
§ywwfzmkzj L) S T (g — ay) + a0y — o))

iz ey — akH ik llag — ax|
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mimy 2 2 m;my ||la; — ak|| mimyg
=3l — afa; + ol — ala } = 0 IS g Z L
ik llag — ax in ey —axl] 7 llag — arll

Following [86], we define half the moment of inertia

1 1
= §ka||%||2 = §ka laxt + by logt + cx + 6|

1
=3 ka {Hak\|2t2 + 2t10gta£bk + 2ta£ (ck + Ok) + ||br logt + ¢ + 5k||2}

= ht® + tlogtz mkaibk + tz mkalck + O(logt).

We are now able to compare our results explicitly with the work of Pollard, Saari, and collaborators.
Under the assumption that a solution has no singularity, Pollard in 1967 [86] shows in Theorem 6.1 that
if h > 0 and U ~ o/t for some constant a > 0, then I = ht? + atlogt + o(tlogt), as t — oo. With the
expansion of I given above for our solutions, we see that a = ) mkazbk = Zj<k H:j’_inz’;n, I has the expected
form, and we feature the next term in the expansion of I. In addition, his Theorem 7.2 says that under the
same assumption and conditions, at least N — 1 of the particles escape to infinity as ¢ — oo. It is easy to
see for our solutions that every ¢, escapes, or all escape but one.

In 1970, Pollard and Saari [90] consider the case where h > 0, but U does not decay as quickly as a/t;
that is, tU — o0, and provide a more general condition:

/ VJUGs) - fto ul(u

ds<oo,

which assures that at least two particles escape.
In 1971, Saari [94] again starts with the assumption that there is no singularity, and he gives the Lemma
that if there are two particles, say ¢; and ¢ with limsup ||g1 — g2|| = o0, and two particles ¢; and ¢; with

g — a;l
lar — g2

g — a;ll

0 < lim inf
lar — g2l

< limsup < 00,

then either
(5.4.3) ¢ = Cit + O (logt)
or

lg: — g5l ~ /%,
where for two positive functions f and g, f &~ g means that after some time there exist constants A and B
such that Ag(t) < f(¢t) < Bg(t). The meaning of the hypothesis is that ¢; and g2 become arbitrarily far
apart, and ¢; and g; do not get closer to each other nor separate at a higher order than ¢; and g¢2. The
conclusion means that either ¢; grows linearly (or like logt if C; = 0) or ¢; and g¢; separate like t2/3. Our
solutions meet the hypothesis, since all pairs ¢; and ¢; separate like A;;¢. In particular, our solutions adhere
0 (5.4.3) with at most one C; = 0.

Saari continues with Theorem 1 (p. 224), which adapted to our restricted setting of particles only, reads
as follows:

THEOREM. If solutions to (1.0.1) exist on (0,00) and if

(5.4.4) lim inf T/U > %
then either

(5.4.5) q; = a;t +bjlogt+ o(logt)
or

(5.4.6) lgi — a;ll = *7%, i # 4,

where a;,b; are constant vectors, ||a; — a;|| # 0 for i # j.
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This means in particular that in the absence of behavior Saari calls “oscillatory and pulsating” (which
our new solutions do not exhibit), the particles separate into clusters, within which the particle separations
are bounded as t — co. The clusters form subsystems wherein the clusters separate like t2/3. Lastly the
subsystems separate from each other as C't. Our solutions do not have oscillatory or pulsating behavior, and
all the particles separate from each other like C't; more specifically, particles ¢ and j separate from each other
as A;;t, meaning these solutions do not cluster or form subsystems remaining any more closely together.

A further result, Theorem 8 (p. 236) in [94], again adapted for our case of no clustering improves on
(5.4.5):

(5.4.7) g = ajt+bjlogt + ¢+ 0 (t717%).

For our solutions, we note that a; and c¢; are arbitrary, limited only that the a; must be distinct, and we
have provided b; the coefficient of the the logt term in terms of the a; and improved the error term from
O (t71/3) to O (log t/t).

In 1976, Marchal and Saari [70] provide a framework that allow for the study of an expanding universe
of clusters of particles. Their Corollary 1, adapted to our setting of particles only (since our solutions do not
form clusters), may be read as follows:

COROLLARY. If solutions to (1.0.1) exist on (0,00) and R(t) = O(t), then

(5.4.8) g =ajt+ 0 (t2/3) , j=1,2,--- /N and limsupr(t) >0, as t = oo,
where the a; are constant vectors.

They also show that if in addition, the total energy i > 0, then at least two particles escape.

Our assumptions and techniques are radically different from the assumptions and techniques employed
by Pollard, Saari, and collaborators. In particular, we have provided an existence proof of a multi-parameter
set of solutions leading to total escape. We have shown that given any two sets of 3-vectors, a; and ¢; and
masses m;, ¢ = 1,..., N satisfying the conditions in the beginning of this Chapter, there is a set of vector
functions 0;(¢), ¢ =1,..., N, as found above so that

gi = a;it +b;logt+c; +9;(t), i=1,...,N,

is a solution to (1.0.1) for ¢ > t5, where the b; are given by (5.1.5). Moreover, each §; = O (logt/t), improving
on (5.4.7) and (5.4.8). There is no singularity, as shown above, since we have bounded every |l¢; — g;|| away
from 0. Obviously, the total energy is positive, and all the particles escape (or all but one) as t — oo.
Moreover, §; is approximated by a rapidly-converging series.

It is now evident that our technique can yield an approximation, as well as an asymptotic approximation,
to any level of desired accuracy, of any physical quantity relevant to the evolution of our configurations of
an expanding universe.

In the category of positive energy solutions it might be possible to learn more about how “many” (perhaps
the measure of the set or its Baire category or at least its dimension) solutions there are in some appropriate
space of masses and initial conditions (or maybe just initial conditions) for N > 4 in the following partition
of the set of all positive energy solutions:

e form clusters and subsystems like in Saari [94]

e oscillating and pulsating

e all particles separate like At — contains an open neighborhood of infinity, as described in this
Chapter

e end in collision — a set of measure 0 per Saari [95]

e expand faster than At

e end in non-collision singularity

The new solutions of this Chapter being so numerous might allow us to say that other expanding solutions
form a comparatively small set; e.g., maybe oscillating and pulsating motion or clustering is comparatively
rare. Or maybe one could show that the union of clustering solutions with these new ones form a dense open
set of initial conditions. In addition, it would be interesting to characterize initial conditions according to
whether they lead to clustering or not.
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Lemaitre [67] appears to have been the first to notice that the Einstein field equations of General
Relativity admit solutions that expand forever. Hubble’s observation [57] that many galaxies are receding
from us suggests we are living in such a solution. Paraphrasing [94], the asymptotic formula

ldi— gl 1
lgi —a;ll ¢
is the Newtonian version of Hubble’s law.



CHAPTER 6

For Further Investigation

There are several directions in which one might extend this work, as well as additional areas where this
compactification might elucidate; for example,

(1)

(6.0.2)

(6.0.3)

In Celestial Mechanics, one can rescale time in such a way that the singularities are transformed into
critical points of the new system' for example, introducing the rescaled time 7 with ﬂ = ( - R2)4
makes the equations for £ non-singular everywhere, and the boundary invariant in 7; singularities
in ¢ translate to boundary points in x, so singularities in ¢ would be approached as 7 approaches
o0, but as t = ¢~ < o0o. In the polynomial setting it has been possible to compute asymptotic
behavior of solutions that blow up in finite time. Here it could provide asymptotic behavior as ¢
approaches a singularity. Similarly, rescaling with a power of the product of all the g;; causes the
collision set to become critical points instead, which leads to a new way to regularize collisions. A
modest start on exploring these ideas is given in Section 1 of this Chapter.

One might also learn something by compactifying in position only, rather than in position and
velocity together. This is discussed briefly in Section 2.

With v =1 — R?, one may consider (3.1.13) as a Bernoulli equation in v

2 204
S N §
1+ R? 1+ R?
Some approaches to this are suggested in Section 3.

If we add a forcing term to the equations of celestial mechanics, assuming that the inhomogeneity
is given as a power series

oo
Cim
Z rm’

m=2

convergent for sufficiently large ¢, the differential equation governing the positions ¢; of N point-
masses m;, i = 1, ..., N moving in R? becomes

oo
L

g — qj m—2

Some calculations about this are given in Section 4.
It might be possible to apply the integral equation and contraction mapping to the compactified
problem and establish the existence of solutions to the compactified system (3.1.7) of the form

x_( A+Blogt+cl+€1 )
BNJrz 2 +CN+zt2 + Nt

which could be uncompactified to the solution gq.

It might be useful to compactify the ambient space R?, rather than the multi-dimensional phase
space, and see what happens when you compactify (1.0.1) that way.

The equations of motion governing the behavior of particles influenced only by each other’s charge
is very similar to (1.0.1), with the additional possibility of repulsive forces. A similar approach
might be useful.

For differential systems of equations where the boundary is or contains an invariant set under the
compactified flow, the Conley Index [21] might be applied to as another tool to study orbits that
connect to the invariant set on the boundary. Hell has explored this in her dissertation and a paper
[49, 50].

96
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(9) Compactifying a partial differential equation is a different kind of situation, because PDE inherently
are infinite dimensional, and when you “compactify” R> or L? and add the boundary sphere, the
result is not compact. In fact, the boundary sphere isn’t even compact, being diffeomorphic to
the whole of R* per Bessega [11]. Maybe this could be overcome by compactifying to the Hilbert
Cube or by compactifying the ambient space, rather than phase space. One intuits that behavior
at infinity of PDE problems might be illuminated. In particular, the Einstein equation of general
relativity is a hyperbolic PDE on R* or some other, presumably non-compact, four-dimensional
manifold. Cosmologists have used other compactifications, as for example in [37]. Moreover, part of
Physics’ grand unification program considers a ten- or eleven-dimensional manifold, some of whose
directions may already be compact; see [14] for a discussion of how a ten-dimensional universe
might be a bundle over our familiar four-dimensional space-time, with a compact six-dimensional
Calabi-Yau manifold as a fiber.

(10) The existence of trajectories that escape to infinity might be applicable to the aerospace engineering
problem of spacecraft mission design. If so, this would be an extension or broadening of hyperbolic
escape in the Kepler problem, which has been used for decades as part of the design of spacecraft
missions away from Earth’s vicinity. The patched-conic method of orbital mechanics “patches”
together the escape hyperbola, the ellipse arc about the Sun, and an arrival hyperbola at a target
body.

6.1. Rescaled time

If we let g =[], <;j 9ij, it is easy to see that gL is bounded everywhere in the closed unit ball. We

saw in Section 3.1 that (1 — R2)6 L is also. These factors can be combined; g™ (1 — R2)3+3n L is bounded
provided m +n > 1, and we have options to rescale time in (3.1.7) and remove the singularities from the
compactified system (instead of regularizing the collisions) by rescaling time with

dt 1 3n
6.1.1 — =-(1+R*)g™(1-R*>)™".
(6.1.1) &= LT R (1= R
The choice of m = 2 and n = 0 makes the rescaled system bounded on the closed unit ball. Letting ' denote
differentiation with respect to 7, we have the rescaled compactified system for n = 0:

1+ R?
(6.1.2) T, = 5 g"wnti — [h+ (1= R*)*L] g™,
1+ R?
(6.1.3) Py = (1 R g7Gy — [h+ (1 R2)PL] g

2

For m = 3, the resulting system is continuous on the closed unit ball, with continuous first derivatives in the
interior. Thus all solutions exist for all time 7, so critical points are approached only as 7 — +o0. For m = 2
or 3, it is easy to see that the rescaled system has the same critical points as before rescaling (3.1.7), as well
as where the original (uncompactified) system has a collision: if particles a and b coincide, then g, = 0, so
g = 0; g°L is bounded on the ball but discontinuous on A, and g3L = 0 on A; thus each z/ = 0.

For x’lv+i7 only the sum term in (6.1.3) need be considered. Now, if ¢ # a, ¢ # b, then the sum contains
no terms with denominator 0, and g = 0. If instead i = a (b is similar), the sum over j includes b, so g*
times that term vanishes; the rest of the terms (j # b) are finite, so xy; vanishes. In summary, collisions
in the uncompactified system transform to critical points in the rescaled, compactified system.

With either choice, the boundary sphere becomes invariant under the rescaled flow (and consequently
so does the interior), since from (3.1.13), the additional factors of g;; give

dR?  dt dR?
—— =——=g9"(1-R)h+(1-R*)’L|=0
=SSl =g R+ (- R
on the boundary, since g2>L is bounded on the unit ball.

Thus any trajectory in the open ball stays in the ball for all finite time, but may approach the boundary
as 7 — Foo. We consider the system of equations restricted to the boundary sphere:

(6.1.4)
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= —hg™z; + g TN

Ty = —hg" TN
Critical points on the boundary fall into two categories: Type I critical points are when all zy4; = 0, in
other words the set of type I critical points is the 3N — 1 sphere given by the conditions Zf\;l xjxl =1 and
xn4i; = 0. Type II critical points are when any two particles coincide on the boundary, so the set of type II
critical points is the intersection of the boundary sphere with A.

Transforming back to the original system, we see that the set of type I critical points at oo is where the
velocities are all 0. This suggests the possibility of compactifying only in the positions and not the velocities;
this notion is pursued in the sequel.

We can easily compute the Jacobian at the critical points on the boundary. Because the 7—derivative
of R? has 1 — R? as a factor, we can ignore all terms containing a factor of (1 — R2)2. As a result, we can
compute the Jacobian as if the equations of motion were

1 2
x, = —hg™z; + +

2

9" TN i
(6.1.5) Ty, = —hg"rNy

The trajectories of the solutions to (6.1.5) look a lot like those of (3.2.9), except for the addition of Type
II critical points, reflecting the fact that collisions can be reached in finite time ¢, but require infinite time
7. It is easy to see that A and h satisfy

A" = —24°hA
(6.1.6) o= g*(A—2h?).
Then the 7-derivative of h/A is g%. So we have
A’ o h h ,
ﬁ**lq 27722(2)’
h*—A

which we can integrate with the result again that -z~ is constant.

6.2. Compactify in Position Only

Given that we start with a second order system containing no terms in g, it may be useful to compactify
only in the position variables and consider the resulting second order equation, or possibly to compactify
position and velocity components separately. Starting again with the force equation (1.0.1), we let ¢ = sz,
where kK = ﬁ as before, except that z is the 3N-dimensional position vector. Then we have & in terms of
z and ¢ :

. q t.4 4 2y - 1— R? i
(6.2.1) &= = (VK5 =(1-R)q TR (z'q) x,

which we can differentiate again:

(6.2.2) i=(1-R%3|I- (x xT)] 3 mj(x; —x;)  2d° A ot

2 .
2 3 T _ =t 2T
1+ R pary 9i; 1-R 1+ R

where we have used the vector identity (27y) z = (2 27) y, as well as the identity

1+R> ..
mx z,
obtained by taking the inner product of both sides of (6.2.1) with x.
The system (6.2.2) is singular at the boundary and at points of collision, so it might be helpful to rescale
time as above.

zhg =



6.3. ANALYZE 1 — R> AS A BERNOULLI EQUATION 99

6.3. Analyze 1 — R? as a Bernoulli equation
Multiply (6.0.1) by kv¥~1 to obtain

2kvk 2hkt3

6.3.1 k= b1y = — _ ,
( ) v v T >

Notice that for k+ 3 > 6 we know by Lemma 23 that inj; L is bounded at a collision or any other singular

point of the system of ode’s. Put v¥ = p®. Then

ak™?! ka~?!

v=p =p=v

JR+3 [pak_l} B3 _ pa(br3)k!

Substituting these makes (6.3.1) an equation in the dependent variable p, namely,

—2kph  2kpekHIET

a—1_. __ _
WP R 1+ R?
) —2hk:o<_1p 2La—1kpa(k+3)k71—(x+1
1+ R2 1+ R? '

We wish to determine the rate of decrease to zero of 1 — R2(t) as t — b~, where b < oo is the endpoint
of the maximal interval of existence. To this end we consider the Bernoulli equation and replace the form of
the term

_2La—1k.poc(k+3)k71—a+1

1+ R2

If we set
ak+3)k t—a+1=0=a[(k+3)k -1 =-1

Oé[(k‘i’g)*k]:*k:-go{@a:?,

then we can express
p(t) = (exp /tt %dn) p(to) + /tt [exp / t md”] 6L(s)ds

_ <exp /tt %dn) {p(tg) +/tt {exp/:o %dn] 6L(s)ds}.

Notice that if as expected and based on the approximate solution h(n) ~n~1, as 1 — oo,

<exp /t: %dn) ~ t3p(to), /t: [exp /:0 %dn] 6L(s)ds] = O(1).

)~ [ Jesp [ | L))~ Pptto) = 0) ~ £ )]

The above is not the right a. This takes the Bernoulli equation into a linear equation. However, the

Therefore,

inhomogeneous term %‘};k may not be continuous or even bounded on [tg,b) so we change its form as
follows
_QLa—1kpa(k+3)k*1—a+1 _2LV6V—6a—1kpa(k+3)k’l—a+1 _2Lyea—1kpa(k+3)k*1—a+1—6ak*1

1+ R2 B 1+ R? 1+ R? ’
and choosing « such that

alk+3)k —a+1—-6ak™ ' =a[(k+3)k' —1-6k"+1=0=

k
a[(k+3)—k—6]k_1+1:—3ak_1+1:0<:>a:g.
The resulting equation for p is linear; therefore a solution p(t) exists on an entire interval [¢g, b] on which the
coefficients are continuous functions of t.
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The equation can be integrated and the solution obtained is valid on an interval [tg, b] where b is allowed
to be a singular or any collision point of the N body system of equations with b < co. Then

(6.3.2) p(t) = (exp /t: %dn) p(to) — /t: [exp /St ﬂ%dn] 605 L(s)ds

So if we assume that to = b is finite and p(b~) = 0 then we have

plt) = /tb [exp /st %dn] 6U5L(s)ds = v*F " = u3.

—1

Notice that
VF(to) = p*(to) = [L — R*(t0)]" = plto) = [1 — R*(to)]*

Evidently,
p(t) > 0= p(ty) > 2(2 + %)_1 (/t exp —2(2 + %)_1 /ts thz)(mdn) L(s)ds
plte)  _ [1— R2(ty)P+D) Lo 3 [ hn)
(6.3.3) 2o+ 8T 2+ 5T > (/t exp —2(2+ 7) ! /t den) L(s)ds.

The inequality (6.3.3) says that independent of the singularities manifested in L(s) and/or ¢ = oo in the
integral on the right hand side of (6.3.3) is bounded. Moreover, it can be made arbitrarily small if 1 — R?(t,)
is small. We can also put to =~t, v < 1.

On the other hand p(t) < 1. Hence, (6.3.2) implies that

o) = (o= [ hsan) {nto) = 55 [ (o= [ ) isyas <1

or that
2 t 2 h(n) ) } 2 /t h(n)
tg) — ——= exp — dn | L(s)ds » < ex dn.
{p(O) 2+2/t0( P 2+2/t01+R2<n> n) sy Se oy | TRy ™

What happens if b is infinite, and no collisions at finite points took place? Then, we reconsider
_ 2v b 204 I
1+ R? 1+ R?
_2ha—1p _2La—1p4a—o¢+1
1+ R? 1+ R?

In order for the Bernoulli equation to be linearized we need to choose o = —%. We would hope to prove the
following lemma.

p:

LEMMA 36. Let a solution of (3.1.7) exist on [to,b) with b finite. Then,

i) 1 — R%(t) ewists and is well defined on [tg, b].

ii) b is a finite singularity iff 1 — R?(b) = 0.

i11) If two particles j and k are such that they coalesce for a sequence of pointst; — b~ then the derivatives
blow up.

6.4. Celestial Mechanics with a Forcing Term

Before considering the full problem, (6.0.3), we start with the simple case of the forced 1-dimensional
Kepler problem

. 1 ¢

for ¢ # 0, the solution to which we seek in the form

0o dm
(6.4.2) y=at+b+ > -

m=1
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Possibly there is a reason why one of the cases ¢ > 0 or ¢ < 0 can be neglected. Next we multiply (6.4.1) by

Y2, so we can write it as

(6.4.3) y? ( _ t%) -1

We will need the computations:

- 2
Yy —at2+2abt+b2+2atz +2bZ+<Z§m>

= m=1

=a t2+2abt+b2+2ad1+2az

m= 2 m=2 1=1

t’ﬂl

2ady + 2bd dp N dy e 1
— a®t2 + 2abt + b® + 2ad, + 2T a2+ L' 424 Z L2 Y Y o ids
m=2 )

[e%s} m—1
2adsy + 2bd 1
2,2 2 2 1 .
(6.4.4) = a“t* + 2abt + b* + 2ad; + — + E o [Zde+1 + 2bd,,, + ;:1 dmle] .

. c ¢ > Am—2
y—t—Q:—t—2+Z(m—2)(m—1) -

m=3

The left side of (6.4.3) is the product of the last two lines,

2ab b2 + 2ad 2ady + 2bd;) > g
—a%c— at c ( +t2a 1) ( adsy + 1) —c Z tm+2 lgadmﬂ + 2bd,,, + Z dmidil
=1

m=2

2ady + 2bd; | < dm—
+[a2t2+2abt+b2+2ad1+a2—;1] D> (m—2)(m—1) 2

oo m—3 j—1
1 .
(645) + E - [2&dj+1 + 2bdj + E djzdl‘| (m —j - 2) (m -] ].) dm,jfg.

t
m=5 =2 i=1

The last quantity in the first line above may be expressed
0o 1 m—3
— — |2ad,—1 + 2bd,,— Apm—i—od; | .
CT; m [ a 1+ 2+ ; 2 1

As can be seen in (6.4.5) the first appearance of each d,; that is, the lowest order term (in t) containing d,,
is the coefficient of ¢~ which arises in the middle row of (6.4.5) as

ad,,

m(m—+1) i

)

which is linear in d,,, and all the d,,, can be computed. The lowest order terms of the product are

e 2a%d; — 2abce N 6a®dy + 2abdy — (b* + 2ady) ¢ N 12a%d3 + 6abdy + 2 (b* + 2ady) di — (2ady + 2bdy)
; t 2 3
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Since this must equal —1 for all values of ¢, the first term must equal —1, and all the numerators must vanish;
leading to equations for the coefficients of (6.4.2):

a’c =

2a%d, — 2abe

6a’dy + 2abdy — (b* + 2ady) ¢ =

12a’ds + 12abds + 2 (b% + 2ad;) di — 2 (adz + bd1) ¢ =

20a’dy + 24abds + 6 (b° + 2ady) da + 4 (ady + bdy) dy — (2ad3 + 2bds + df) ¢ =

m (m + 1) a*dy, + 2m (m — 1) abdy,—1 + (m — 1) (m — 2) (b* + 2ad) dyn—2

SO O O O =

m—3 j—1
+ 2adj+1 + dej + Z dj_idi‘| (m -7 - 2) (m -7 - 1) dm_j_g
j=2 i=1

m—3
— [mdml +2bd,, o + Z dmizdi] c = 0

i=1
for m > 4. These simplify
a®> = 1/c

dl = bC\/E

1
dy = 2 (2bc" =07

C 3 2, 22 19 3 2.2
ds = o5 (Ve+3be® = 2% — SbPe+ [2W0e+30%] Ve

where b is a free parameter. In general d,, can be expressed as a polynomial in d;, j < m:

m—3 T
m(m+1)d, = [2adm_1 + 2dm o+ Y dmiadi | ¢
=1

—2m (m — 1) abed,,—1 — (m — 1) (m — 2) (b° + 2ady ) cdym—2

_3 j—1 7
C Z [2adj+1 + 2bdj + Zdj—ldl (m 7]. — 2) (m 7] — 1) dm_]‘_27

j=2 i=1

where we have used the fact that a? = 1/c.
Now the case of general N. If we suppose that there is a power series solution

= dim
(646) q; = a;t +b; + Z om0
m=1

where a;, b, and d,,; are 3-vectors, then each denominator in (6.0.3) admits a power series. It follows that
the right hand side of (6.0.3) has a power series expansion, which can be compared with that found on
differentiating (6.4.6) term-by-term:

(6.4.7) Gi=Y (m—1)(m—2) %
m=3

On the other hand, we can attempt to compactify (6.0.3) and see where that goes.

6.4.1. Seeking a Power Series for ¢;. The goal is to equate the right hand sides of (6.4.7) and (6.0.3)
after (6.4.6) has been used to substitute for ¢ in the latter. The result is to be expressed as a power series
in 1/t, and compared term by term to find the series coefficients in (6.4.6). We will substitute with (6.4.6)
in (6.0.3), starting with the denominators:

llg; — g;11% =

> dzm*dm
(aifaj)t+bifbj+ Z Tj
m=1
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- dzm - djm

= A3 42t (a; — ;)" (b — by) + [[bs — byl|* + 2t (@ — a;)" Y~

tm
m=1
= d d = d i
+2(bi—bj)TZ%+ Z%
m=1 m=1
4242 ¥ 2 + i s dim — djm
= Ajt" + 2t (a; —az)" (bi — bj) + [|bi — bj||” + 2 (a; — a;)" (din — dj1) + 2 (a; — a;) Ztmi—l
m=2
< i —d < i —di ||’
+2(b —0)" > TR D e
m=1 m=1
2 1b; — b;||* + 2 (a; — a;)" (diy — djy) 1
A2 42 T i ' i ] i j
—Aijt {1+z‘112j15(ai_aj) (bz—b])—F A?th +O tfg 5

where A;; = ||a; — a;||. So that

; —3/2
- —3;— 2 b; — b2 + 2 (a; — a;)" (din — d; 1
lgi — sl = = A% 3{1+Azt<aiaj>*<bibj>+” il (A%z L J’m()}
ij ij

3. 3 1
:Aijgt 3 {1 — ?jt ((Li —aj)T (bl —bj)} +0 <t5> .

Each term in the first sum of (6.0.3) can be expressed as m; times

—3,— 3 S d'm_dim
Aij?’t 3{1—M(ai—a1)T(bi—bj)} [(aj_ai)t+bj_bi+ Z ]T
ij

m=1

_ A—34—2 + i
=4 {“J’_“i_/@jt(“i‘%‘) (b = bj) (a; — ai) + ~— }+o(t4>

- aj; — a; 1 3
B * A% t3

1 1
AT 13—1%(%—%)(%—%)](bj—bi)JrO(ﬁ)_

So we set equal the right hand sides of (6.4.7) and (6.0.3)

> d a; —a
im—2 j — Q4
(m—1)(m-2) =52 =3 =
m=3 e v
1 3 t o~ Cim 1
(6.4.8) *ZW Iy — 2 (aj — a;) (a; — a) (b —bi)+ Y 07
j#i ij m=2

Since this must be true for all values of ¢ (sufficiently large that the series all converge), the coefficients ¢2
and t3 must be equal, so we have the equations:

a; — a;
(6.4.9) 0=>" o o
J#i “
1 3
(6410) 2d;1 = Z Afg I3 — AT (aj - ai) (ai — aj)T] (b] — bl) + ¢i3.
j# gl

Note that if we sum (6.4.9) over 4, we find that Zivzl ¢iz2 = 0, a condition on the forcing term. Moreover, if
we would keep additional terms in the power series, we would have equations for higher degree coefficients,
and could in principle establish an algebraic equation for every degree. The form of the resulting equations
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suggests that if one starts with a convergent series (6.4.6) for ¢;, it is possible to find ¢;,, such that (6.4.6)
is a solution of (6.0.3); one would need to verify that the series (6.0.2) converges.
Here we consider small NV cases. For the two-body problem, let ¢ = g2 — ¢1; then we have

. C -
§= (ml +m2 + Z 2m 1m
Jlal® H 2

which is the forced Kepler problem in R, with G = m; + my, instead of G = 1. Here we repeat equations
(6.4.9) and (6.4.10) for the N = 2 case:

as —a
(6.4.11) Cl2 = —Co2 = — 2A3 !
12
1 3 t
(6.4.12) 2d11 = A3 I3 + A2 (a2 - al) (a2 — al) (b2 — bl) + c13.
12 12
The first of these can be met by setting a = —c12/ ||c12 ||3/27 and choosing the pair a1, as, such that as = a1+a,

and the second defines dy1, with b; and by as yet undetermined.
Here we repeat equations (6.4.9) and (6.4.10) for the case N = 3:

a2 — a1 as — a1

ap — ag az — ag
A, A

(6.4.13) 0=
Aty A3y

+ c12 0=

+ Co2 C32 = —C12 — C22

1 3 1 3
2d11 = Afiﬁ |:.[3 + A%Q ( — al) (CLQ — al)T:| (b2 — bl) A“i’3 |:I3, =+ A%:)’ ( — 01) ((Lg — al)T] (bg — bl) + C13

1 3 1 3
2do1 = -5 {Is + (a1 —az2) (a1 — az)q (b1 —b2) + [13 + (as —az) (ag — ag)T] (b3 — b2) + co3
EER Az, " ' A3y A3,
(6.4.14)
2d Is + 5 (a1 — as) (a1 —a3)'| (by — bg) + = Is + 5 (as — a3) (az — a3)"| (ba — b3) + ¢
w= g | BT g 3) (a1 —ag 1m0 g | Bt g 3) (a2 — as 2 — b3) + c33.

If we sum the last three equations, we find that
2d11 + 2d21 + 2d31 = 13 + 23 + C33.
We can solve the N = 3 equations, beginning with (6.4.13), which we solve for the differences
a2 — a1 1 asz — a1 1 a3 — ag 1

= - (—c12 + c2) = - (—c12 +c32) = - (—ca2 +c32),
A3, 3 A3, 3 A3, 3
which works if the numerators on the left are equal to the vectors on the right divided by the 3/2 power of
the magnitude of the vector on the right; e.g.,

1y —ay = VE—2tem
[[—c12 + caz]

We only need the differences in the a; to determine the d;; from (6.4.14), with the b; unconstrained.

6.4.2. Compactifying the Forced N-Body Problem. In this Section, we develop the equations of
motion for the compactified N-body problem and show that the compactification does not introduce any
critical points in the open unit ball, which means that the topological structures of the flows on the open
ball and on all of Euclidean space should be identical. We show that if a trajectory experiences a singularity
as t — o, then the compactified trajectory approaches the boundary sphere. The Section closes with the
behavior of the magnitude of the compactified 6 N-vector, which quantity satisfies a Bernoulli equation.

We make the second-order equation for the ¢; (1.0.1) into a 6 N-dimensional system in the usual way:
fori=1,..., N, let y; = ¢;, and yny4; = ¢;, where for each 4, y; and yy4; are vectors in R3. Then we can
express the system as § = f(y,t), with the right hand side serving to define f(y,t) :

Yi = YN+i

(6.4.15) PN ij (y; — i) icﬁ

lyi —y; 1P =,




6.4. CELESTIAL MECHANICS WITH A FORCING TERM 105

Our compactified version of the original system of equations will be obtained on substituting y = =. All
of R is mapped to the open unit ball, and the pre-image of its boundary SN ~! is an ideal set bounding
RSN which may be identified with all directions at infinity. Compactifications in general, and this one
in particular, make it possible to augment the conventional set of solutions of a differential system with
an ideal set of solutions y = oo. Their geometric realization is given by trajectories on SSN~! viewed as
the boundary sphere of the unit ball in RY. One should expect these ideal trajectories to be solutions to
simplified systems of differential equations. Indeed, these ideal solutions, as shown in this Chapter, provide
a wealth of information on the solutions of § = f(y) for ||y|| large.

As in Chapter 2, we compactify with y = kz, with kK = where R = ||z||. Then

1—R2>»

. _ Y Y y
(6.4.16) i =2 = (UR)y = n ) - (VO FW) Y]
Squaring both sides of the transformation equation y = %= gives r? = ﬁ, which leads to R? =
(2r2 + 1+ V14 4r2) /2r%, with r = [jy||. To ensure R € [0,1], we choose the negative sign. Then x =
=z = 2(1+ V1 + 4r?). The last equation can be solved for the radical: V1 + 412 = 1+§2, so that

2y _2y(17R2) 2

(6.417) V= e T 1t R It R
Then
2 2 N m;(x; C;
VKT :7.131- -z QL‘T 1—R2 Hog\bg — k) + im ’
(V91 $0) = g ) = 7 v | T ¢ ; e Z

so that the evolution of the compactified system in the open unit ball B®Y in RV is governed by

oo

. 2 2 mj(z; — xg) Cim
T INHT TR Zf”NHc e+ (1 - RY) J; EEraE +m=2 ol
3 my(zr — ;) ¢
. 2 k\Lk — Lyg 2 im
v = (L-R) ) G+ (1R 3 30
ki i — ] m=2
N
_szf xk+(1_R2)BZw+i% Exes
1+ R2 N+k £ |z — a3 tm v
k=1 j#k J m=2

I also looked at the forced problem restricted to the boundary; I get the same critical point set, but not
exact formulas for solutions on the boundary, like we have in the non-forced case.
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